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In this supplementary material, we present proofs of theorems in the main text, detailed explanations
of the experiments, and additional experimental results. First, Section [A|shows algorithm details,
including proofs of theorems, toy examples, and pseudocode. In particular, Section[A]6-8 present
additional differences from the existing trust region-based safe RL algorithms. Section |B|describes
the detail of the experimental settings. Section [C]shows experimental results, including additional
ablation experiments. Then, the proposed algorithm is compared with the state-of-the-art traditional
RL algorithm in Section [D] The traditional RL algorithm is trained with various sets of reward
weights, but SDAC shows the highest reward sums among them. These experiments exhibit the
challenge of reward tunning when using traditional RL algorithms to perform the locomotion tasks.
Finally, Section [E|presents the computational analysis of the gradient integration method. The table
of contents is listed in Table[T}
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A Algorithm Details

A.1 Proof of Theorem 3.1

We denote the policy parameter space as U C R9, the parameter at the tth iteration as ¢; € W,
the Hessian matrix as H(¢;) = V7, Dxr(my, ||7y)| 4=y, and the kth cost surrogate as Fy(¢;) =
Fl"™(my,; ). As we focus on the ¢th iteration, the following notations are used for brevity: H =
H(¢y) and g, = VFj(1¢). The proposed gradient integration at ¢th iteration is defined as the
following quadratic program (QP):

1
g; = argmin igTHg s.t. g g + cp <0 for VE, 1)
9

where ¢, = min(y/2eg] H =gy, Fi(my; &) — di, + ¢). In the remainder of this section, we introduce

the assumptions and new definitions, discuss the existence of a solution @) show the convergence to
the feasibility condition for varying step size cases, and provide the proof of Theorem 3.1}

Assumption. 1) Each Fj is differentiable and convex, 2) V F}, is L-Lipschitz continuous, 3) all
eigenvalues of the Hessian matrix H (1)) are equal or greater than R € R+ for Vi) € U, and 4)

{Y|Fr(¥) + ¢ < dy, for Yk} # 0.

Definition. Using the Cholesky decomposition, the Hessian matrix can be expressed as H = B - BT
where B is a lower triangular matrix. By introducing new terms, g := B~ 'g;, and b, := BT g,, the
following is satisfied: g/ H !¢y = ||gx||3. Additionally, we define the in-boundary and out-boundary
sets as:

IBy = {¢|Fk(w) —di+¢ < \/26VFk(z/;)TH1(w)VFk(¢)} :

0By i= {WIFLY) — du+ ¢ 2 (VR 0V E(0) .

The minimum of ||gx|| in OBy is denoted as my, and the maximum of ||gx|| in IBy, is denoted as
M. Also, mingmy, and maxy M}, are denoted as m and M, respectively, and we can say that m is
positive.

Lemma A.1. For all k, the minimum value of my, is positive.

Proof. Assume that there exist k € {1, ..., K} such that my, is equal to zero at a policy parameter
* € OBy, ie., ||[VF,(¢¥*)|| = 0. Since Fy, is convex, ¢* is a minimum point of Fj, min,, Fj(¢)) =
Fr(¢*) < di — (. However, Fi(¢*) > dr — ¢ as ¥* € OBy, so my is positive due to the
contradiction. Hence, the minimum of my, is also positive. O

Lemma A.2. A solution of (I}) always exists.

Proof. There exists a policy parameter ¢ € {1|Fj,(¢) + ¢ < dj, for Yk} due to the assumptions.
Let g = 1) — ;. Then, the following inequality holds.

gF (W — b)) +ex < g (0 — p) + Fu(hy) + ¢ — di, < F(¥) + ¢ — dg. (. F is convex.)
= gg(ﬂ; — )+ < Fk(’lZ)) + ¢ — dy < 0 for Vk.

Since z/AJ — 1), satisfies all constraints of H the feasible set is non-empty and convex. Also, H is
positive definite, so the QP has a unique solution. O

LemmalA.2|shows the existence of solution of (I). We introduce a new lemma, which shows ||b; || is
bounded by /€.

Lemma A.3. There exists T € R such that ||b|| < T'\/e.

Proof. By solving the dual problem of (I)), g; can be expressed as:

Ck — Z]‘;&k )\ngTH_lgk
g9r H gy,

K
gy = — Z)\kH_lgk s.t. A, = max

,0) for Vk.
k=1
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The following inequality holds for Vk:
V2e||g V2
Ak < max <Ck O> < max <€|gk||,0> < <.

1x12" [|gk]1? 73

Using triangular inequality,
101l = 1B gel | = 1D MB"H " gul| <D Ael[BTH ™ g
k k
BTH-!
< V2 Y |||H9k|| — KV
9k
k

Hence, for every constant 1" > V2K, the statement holds. O

Now, we show the convergence of the proposed gradient integration method in the case of varying
step sizes.

Lemma A.4. Suppose the following constants k1, ko are given: 0 < k1 < \?11?2}?22 and 0 < kg < 1.

IfV/2eM < ¢ and a policy is updated by 1,11 = 1)y + B1gs, where k1 < B; < Qﬁrﬁf Ko, the policy
satisfies Fy,(v) < dy for Vk within a finite time.

: _ 2V2emR g1 A / :
Proof. We can reformulate the step size as 5; = AL B}, where S oemR 1 < B; < Ka. Since the

eigenvalues of H is equal to or bigger than R and H is symmetric and positive definite, %I —H!

is positive semi-definite. Hence, 27 H 'z < f||z|/? is satisfied. Using this fact, the following
inequality holds:

L . . . .
F (Vs + Begr) — Fe(ty) < BV EL ()  g¢ + §\|5tgt||2 (.- VF} is L-Lipschitz continuous.)
L
= Begi gt + §5t2H9tH2
L
= Bigi gt + §5t2thH_1bt (-gi=B""Tb)

L
< —Brek + ﬁﬂf”btﬂz- (o ghge+cr <0)

Now, we will show that ) enters IBy, in a finite time for Vi € OBy and that the kth constraint is
satisfied for Vi € IBg. Thus, we divide into two cases, 1) ¢ € OBy, and 2) ¢y € IBy. For the first

case, cx = v/2€||gx||, so the following inequality holds:
L
Fi (V1 + Brge) — Fre(¥r) < By <—\/£|gk|| + 2R5t||bt||2>

< Biv/2e (gl + mB)) @
< BiVZem (B} — 1) < ra(kz — 1)v/2em < 0.

The value of F}, decreases strictly with each update step according to (2). Hence, 1, can reach IB,
by repeatedly updating the policy. We now check whether the constraint is satisfied for the second
case. For the second case, the following inequality holds by applying ¢, = Fj(v:) — di. + C:

Fio(r + Bege) — Fultbe) < Brdi — BiFu(the) — BeC + %ﬂfnbtm

= Fr (b + Brg) — di < (1= B (Fi(sbe) — di,) + Bi(—C + V2emB}).
Since ¢; € 1By,
Fi(ve) = di < V2€l|gil| = ¢ < V2eM — ¢ < 0.
Since m < M and 3] < 1,

—(+V2emB; < —(+V2eM <0,

Hence, Fy (¢ + Big:) < di, which means that the kth constraint is satisfied if ¢, € IBy. As v,
reaches IBy, for Vk within a finite time according to (2), the policy can satisfy all constraints within a
finite time. O
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Lemma [A 4] shows the convergence to the feasibility condition in the case of varying step sizes. We
finally show the proof of Theorem 3.1} which can be considered a special case of varying step sizes.

Theorem 3.1. Assume that the cost surrogates are differentiable and convex, gradients of the
surrogates are L-Lipschitz continuous, eigenvalues of the Hessian are equal or greater than a positive
value R € R, and {)|F(my; ) + ¢ < di, Vk} # 0. Then, there exists E € R~ such that if
0 < € < E and a policy is updated by the proposed gradient integration method, all constraints are
satisfied within finite time steps.

Proof. The proposed step size is 3; = min(1,v/2¢/||bs||), and the sufficient conditions that guarantee
the convergence according to Lemma[A.4] are followings:

2v2
VIM < ¢, and xy < < V2R

S TihlE Ko for Jkq, Ka.
¢

From the first condition, ¢ < ¢2/(2M?). To satisfy the second condition, the proposed step size 3
should satisfy the followings:

V2e _ 2v/2emR 2mR
< < Ko & ||b]| < Ka.
= Tl = i e = T
If € < 2((mRrk2)/(LK))?, the following inequality holds:
2mR 2mR
V2e < l?lK ke = ||bi]| < Kv2e < m Ko. (. Lemmal[Ad])

If 1 < v/2¢/|b¢]|?, it is obvious that k1 < 1 = S;. If 1 > v/2¢/||bs
setting k1 < 1/K:

, we can get the followings by

1 V2e
k1 < — < = Bt (3)

K = |[be]]
Hence, if e < E = %min(%ﬂ(mﬁ?ﬂz), 0 <k < min(?fglf/’?, +),and 0 < Ky < 1, the
sufficient conditions are satisfied. O

A.2 Toy Example for Gradient Integration Method

The problem of the toy example in Figure[I]in the main paper is defined as:

minimize\/(\/gacl + o+ 2)2+4(xy — V3zy + 4)?2 st.x1 >0, 21 — 229 <0, @)
Z1,T2
where there are two linear constraints. The initial points for the naive and gradient integration methods
are r1 = —2.5 and x5 = —3.0, which do not satisfied the two constraints. We use the Hessian matrix
for the trust region as identity matrix and the trust region size as 0.5 in both methods. The naive
method minimizes the constraints in order from the first to the second constraint.



91

92
93
94

95
96
97
98
99
100

101
102
103
104
105

106

107
108
109

110
111

112

A.3  Proof of Theorem

In this section, we show that a sequence, Z,11 = 7" Zj, converges to the ZJ. First, we rewrite
the operator 7" for random variables to an operator for distributions and show that the operator is
contractive. Flnally, we show that Z7 is the unique fixed point.

Before starting the proof, we introduce useful notions and distance metrics. As the return Z%(s, a)
is a random variable, we define the distribution of Z%(s,a) as v (s, a). Let n be the distribution
of a random variable X. Then, we can express the distribution of affine transformation of random
variable, a X + b, using the pushforward operator, which is defined by Rowland et al.| [2018]], as
(fa,p)#(n). To measure a distance between two distributions, Bellemare et al.|[2023] has defined the

dlstancel as follows:
1/p
) = ([ 1P o) = Pl ) )

where F),(x) is the cumulative distribution function. This distance is 1/p-homogeneous, regular,
and p-convex (see Section 4 of Bellemare et al.|[2023]] for more details). For functions that map
state-action pairs to distributions, a distance can be defined as [Bellemare et al.l 2023]]: {,,(v1,1v2) =
SUP(s,a)esx alp(V1(8,a),v2(s, a)). Then, we can rewrite the operator 7" for random variables in
(T0) as an operator for distributions as below.

1— A
T (s, a) == 72)\1
N =

(6)
X EH H 77(5]‘, aj) ]Ea’~71'(~|si+1) |:(f,yi+17zi:0 'Ytrt)#(y(si—i-h a/))i| ‘50 =s,a90 =a| ,
where 7)(s,a) = “EZB and N is a normalization factor Since the random variable Z (s, a) and the

distribution v(s, a) is equivalent, the operators in (10) and (@) are also equivalent. Hence, we are
going to show the proof of Theorem [3.2) using (6) instead of (I0). We first show that the operator
T!“™ has a contraction property.

Lemma A.5. Under the distance Zp and the assumption that the state, action, and reward spaces are
finite, T/*™ is v /P-contractive.

Proof. First, the operator can be rewritten using summation as follows.

Z)\‘ Z Z Pr,(s0, a0, 70, s Sit+1) Hn(sj,aj)
~~ j=1

a’€A (50,a0,70,--,Si+1)

T (s, a)

=7

X 7r(a |5i+1)(f’yi+172i:0’ytm)#( (32+17 ))

- Z/\ZZZPM ) [T nGss00) | 7lallsion) 3 tumars,

=0 a'€A T j=1 s'€S

x Z <H 1Tk_rk> i) (V(,a")
Z X Z Z Z it S 'ytr{)#(y(slv a/))

=0 aEASGSrO

X ]EM H 77 S5 CL] ‘Sz-l-l s'=sit1 (H lrkzrk>

::11)5/,(14,,7'6

(N

i

:%ZZ D Nwg g (o si_ i) V(' a))).

1=0s'€Sa’€A ],



113 Since the sum of weights of distributions should be one, we can find the normalization factor
e N = (1=X) 2720 Y ses 2aca 2oy, NWs,a,r,- Then, the following inequality can be derived
115 using the homogeneity, regularity, and’ convex1ty of [

(T v (s,a), TY " va(s, a))

C_ZZZZWWMMEMMMWD

i=0 s€S a€A ro:i

ZZZZ)\ wsa?m yitl S U,YTt)#(Z/Q(S,a))>

1=0 s€S a€A 1o:;

<ZZZZ (1-2X )\wsarmlp ((f Hl’zizmtn)#(ul(&a)),

=0 s€S a€A 10:5

(Fyon e Ovtn)#(w(s,a))) ®)
< Z Z Z Z (1 — XA wb @ro b ((fyir1,0)5 (w1 (s, @), (fyivr,0) 2 (v2(s,a)))

i=0 s€S a€A ro:;

Sy U it 4,4, 0), s (5,0)

i=0 s€S a€A ro:i

S U st 1, (1,1

i=0 s€S a€A T0:4
< (L (1/1,1/2))p.

116 Therefore, I, (T} v1, T} " ve) < yYPL, (v1,v2). O

\ A

117 By the Banach’s fixed point theorem, the operator 7;"™ has a unique fixed distribution. We now show
118 that the fixed distribution is v/%.

119 Lemma A.6. The fixed distribution of the operator T}*™ is VF,.

120 Proof. From the definition of ZF, the following equality holds [Rowland et al., 2018]: v%(s, a) =
12t Ep[(fy,r)#(VE(s',a’))]. Then, it can be shown that v}, is the fixed distribution by applying the
122 operator 7" to v

I A
TE™VE(s,a) = —— Y X
>

X E# H TI(Sja aj) ]Ea’w‘n'('|8i+1) [(ffyﬂrl,zi:o vtn)#(Vﬁ(SiHa a/))} 'SO =S,a0 = a

©)
= N ZX { St S e J# (VR(Si41, Gig1)) S0 = 8,00 = a}
1= = i T
=N Z)\ vg(s,a) = vi(s,a).
i=0
123 O
124 Theorem 3.2. Let define a distributional operator T}"™, whose probability density function is:
Pr(T}""Z (s, a):z) %
(10

ZE A H aJ|SJ |:PI‘ <i’Yth+7i+1Z(si+17a/)_z>:|

a;|Sj)a’~
]| ] a’~m (- ‘51+1) —0

so—s,ao—a:| .

125 Then, a sequence, Zy1(s,a) = T\"" Zi(s,a) ¥(s, a), converges to Z,.



126
127
128
129

130

131
132
133

134

135
136
137
138
139

140
141
142
143
144
145
146
147

Proof. The operator 7" is 4'/P_contractive under the distance [, according to Lemma Also,
the fixed distribution of the operator is v, which is equivalent to Z%, according to Lemma|A.6| By
the Banach’s fixed point theorem, the sequence, Zy 11 (s, a) = T,"" Zi (s, a) V(s, a), converges to
the fixed distribution of the operator, ZF.

A.4 Pseudocode of TD()\) Target Distribution

We provide the pseudocode for calculating TD(\) target distribution for the reward critic in Algorithm
[I] The target distribution for the cost critics can also be obtained by simply replacing the reward part
with the cost.

Algorithm 1 TD(\) Target Distribution

Input: Policy network 7, critic network Z7, and trajectory {(s¢, at, pu(at|st), 7, di, Se41) Hieq-
Sample an action a ; ~ 7y (s741) and get Zi°* = rp + (1 — dp)yZ§ (s741, A/ yq)-
Initialize the total weight wyoy = A.
fort =T to1do .
Sample an action aj | ~ 7y (s;41) and get Zt( b=+ (1 —d)vZF (141, 541)-
Set the current weight w =1 — .
Combine the two targets, (Zt(l), w) and (ZAt(tOt)7 Wiot ), and sort the combined target according
to the positions of atoms.
Build the CDF of the combined target by accumulating the weights at each atom.

Project the combined target into a quantile distribution with M’ atoms, which is Zt(proj), using
the CDF (find the atom positions corresponding to each quantile).
Update Zt(t_of) =711+ (1— dt_l)fth(pm‘]) and wiop = )\%(1 —di—1)(1 = X+ wiot ).
end for
Return { 7T

A.5 Quantitative Analysis on TD()\) Target Distribution

We experiment with a toy example to measure the bias and variance of the reward estimation according
to A. The toy example has two states, s; and ss; the state distribution is defined as an uniform;
the reward function is defined as r(s1) ~ A(—0.005,0.02) and r(s2) ~ N (0.005, 0.03). We train
parameterized reward distributions by minimizing the quantile regression loss with the TD()\) target
distribution for A = 0,0.5,0.9, and 1.0. The experimental results are presented in the table below.

Table 2: Experimental results of the toy example.

5th iteration

10th iteration

15th iteration

20th iteration

25th iteration

A=0.0 4.813(0.173) 4.024 (0.253) 3.498 (0.085) 3.131(0.103) 2.835(0.070)
A=0.5 4.621(0.185) 3.688(0.273) 2.925(0.183) 2.379(0.134) 2.057 (0.070)
A=0.9 4.141(0.461) 2.237(0.402) 1.389(0.132) 1.058(0.031) 0.923(0.019)
A=10 2.886(0.767) 1.733(0.365) 1.509 (0.514) 1.142(0.325) 1.109 (0.476)

The values in the table are the mean and standard deviation of the past five values of the Wasserstein
distance between the true reward return and the estimated distribution. Looking at the fifth iteration,
it is clear that the larger the A value, the smaller the mean and the higher the standard deviation. At
the 25th iteration, the run with A = 0.9 has the lowest mean and standard deviation, indicating that
training has converged. On the other hand, the run with A = 1.0 has the biggest standard deviation,
and the mean is greater than when A = 0.9, indicating that the significant variance hinders training.
In conclusion, we measured bias and variance quantitatively through the toy example, and the results
are well aligned with our claim that A can trade off bias and variance.
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A.6 Policy Update Rule

To solve the constrained optimization problem (6) in the main text, we find a policy update direction
by linearly approximating the objective and safety constraints and quadratically approximating the
trust region constraint, as done by |Achiam et al.|[2017]]. After finding the direction, we update the
policy using a line search method. Given the current policy parameter iy € W, the approximated
problem can be expressed as follows:

z* = argmax gz s.t. 1:rTHx <, b{x + ¢ < 0 VE, an
rev 2

where g = VyJH (my)lyp=pe» H = Vi, Dxr(my, |[7p) =y, bk = VyFL T (145 @) |y=y,, and

¢, = Fy(my; ) — di. Since is convex, we can use an existing convex optimization solver.

However, the search space, which is the policy parameter space ¥, is excessively large, so we reduce

the space by converting (TT) to a dual problem as follows:

1
g\, v) = min, L(z, \,v) = ming{—g” 2 + v(za' Hx — €) + \T(Bz + ¢)}

2
-1
= — | ¢"H Yg—2¢g"TH BTN+ NTBH BT A | + Mc—ve (12)
U0 | Y—\— ~—-— \W—’S
T =:

=q =:r

-1
= 27(q — 2PN+ ATSN) + AT e — ve,
v
where B = (b, ..,bx),c = (c1,...,cx)T,and A € RE > 0and v € R > 0 are Lagrange multipliers.
Then, the optimal A\ and v can be obtained by a convex optimization solver. After obtaining the
optimal values, (\*,v*) = argmax, ,g(A, v), the policy update direction z* are calculated by
L H=*(g — BTX*). Then, the policy is updated by ;.1 = ¢, + Bx*, where §3 is a step size, which
can be found through a backtracking method (please refer to Section 6.3.2 of |Dennis and Schnabel
[1996]).

Before using the above policy update rule, we should note that the existing trust-region method with
the risk-averse constraint [[Kim and Oh| [2022a] and the equations (T} [5} [6) of the main text are slightly
different. There are two differences: 1) the objective is augmented with an entropy bonus, and 2) the
surrogates are expressed with Q-functions instead of value functions. To use the entropy-regularized
objective for the trust region method, it is required to show that the objective is bounded by the KL
divergence. We present the existence of bound in Appendix Next, there is no problem using the
Q-functions because it is mathematically equivalent between the original surrogates [Kim and Ohl
2022a] and the new ones expressed with Q-functions defined in @) of the main text. However, we
experimentally show that using the Q-functions in off-policy settings has advantages in Appendix

A8

A.7 Bound of Entropy-Augmented Objective

In the main text, the objective of the safe RL problem is augmented by entropy regularization as
follows:

J(m) :==E[Z}(s,a)|s ~ p.a ~ x(|s)] + BE | Y A H(x(-[s:))|p, 7, P| . (13)

t=0
To use the entropy-regularized objective for the trust region method, it is required to show that
the objective is bounded by the KL divergence. To this end, we show that the entropy-regularzied
objective in (I3) has a bound expressed by the KL divergence in this section. Before showing the
boundness, we present a new function and a lemma. A value difference function is defined as follows:
57 (s) :=E[R(s,a,8) + V() = V™(s) | a ~ 7' (-|s),s' ~ P(:|s,a)] = E [A"(s,a)],

where A™(s,a) = Q7 (s,a) — V7 (s,a).

Lemma A.7. The maximum of |6™ (s) — 6™(s)| is equal or less than er\/ 2D (||n’), where
er = max |A™ (s, a)|.
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Proof. The value difference can be expressed in a vector form,

67 (5) = 67(s) = Y _ (' (als) — w(als)) A" (s,a) = (7' (:]s) = 7(-|s), A™(s,"))-

a

Using Holder’s inequality, the following inequality holds:
167 () = 5™ ()] < (17" (-ls) = w(C[)llr - 1A (5, )] oo
= 2Dy (7' (+|8)]|7(-|s))max, A™ (s, a).
= 167" = 87 loo = maxs|0™ (5) — 67(5)| < 2epmax, Dy (m(1s)]|7'(|s))

0™ = 0™ ||oe < epy/2DE(x[[7). O

Theorem A.8. Let us assume that maxsH (m(:|s)) < oo for Vm € II. The difference between the
objective and surrogate functions is bounded by a term consisting of KL divergence as:

) = 77w < 7 D?E"(WHW’)(56H+6R\/2D"‘°‘X(u\lﬁ’))7 (14)

o (7TH7T') = max Dky(w(-|s)||7'(]s)), and the equality holds

Using Pinsker’s inequality,

where ey = max |H (7'(:]s))],

when ' = .
Proof. The surrogate function can be expressed in vector form as follows:
1 / /
) = (o VI 4 g (a8 + plat BT

where H™ (s) = H(x'(-|s)). The objective function of 7’ can also be expressed in a vector form
using Lemma 1 from|Achiam et al.|[2017]],

J(r') = ﬁE [R(s,a, s') + BHW/(S) | s ~ d™,a ~ 7' (-]s), s ~ P(-|s,a)}
1 7T/ Trl s
T, B 570 +8H7 ()] + B [V7(s)

1 ’ ’ ’7
— T dﬂ' 571' Hﬂ' .
(V) + A 57+ BT
By Lemma 3 from Achiam et al[[2017], ||d™ — d™ ||, < T 2= /2D (x| |7"). Then, the following
inequality is satisfied:
(A=) (T (") = T (x"))]
= [(d™ —d", 6™y + B(d™ —d" H™)|
S |<d7'r, _ dlt’(sﬂ/>| +6|<d7r _dT{'/,HTF/>|

= (™ = a6 = 67)| + Bl(d" —d" , HT)| (.07 =0)

<™ = 12|67~ 87 loo + Blld™ — d |12 |H™ || (' Holder's inequality)
2

< 10\ Dl Dl + 2\ oDl (. LemmalE)

Zﬁ Dy (wl[7) (fﬁeHHeR D (|| )).

If 7/ = 7, the KL divergence term becomes zero, so equality holds. O
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A.8 Comparison of Q-Function and Value Function-Based Surrogates

The original surrogate is defined as follows:

JA () = J(m) + —— B [”/(“)

1—yduu | plals)

where A7 (s,a) := Q™ (s,a) — V™ (s,a), and the surrogate is the same as that of OffTRPO [Meng
et al.,[2022]] and OffTRC [Kim and Ohl 2022a]]. An entropy-regularized version can be derived as:

Aﬂ(s,a)} , (15)

1 7' (als)
wm(n') = ——(BE [H(r'(- E
I o) = g + (SR o) + B, [T
Then, the surrogate expressed by Q-functions in (5 of the main text, called SAC-style version, can
be rewritten as:

7 () = 3() + 7 (BE W ()] + B, @ (0] ). (7)
In this section, we evaluate the original, entropy-regularized, and SAC-style versions in the continuous
control tasks of the MuJoCo simulators [Todorov et al., 2012]]. We use neural networks with two
hidden layers with (512, 512) nodes and ReL.U for the activation function. The output of a value
network is linear, but the input is different; the original and entropy-regularized versions use states,
and the SAC-style version uses state-action pairs. The input of a policy network is the state, the
output is mean y and std o, and actions are squashed into tanh(u + eo), € ~ N(0,1) as in SAC
[Haarnoja et al., 2018]]. The entropy coefficient g in the entropy-regularized and SAC-style versions
are adaptively adjusted to keep the entropy above a threshold (set as —d given A C R?%). The
hyperparameters for all versions are summarized in Table 3]

A’T(s,a)} ) (16)

Table 3: Hyperparameters for all versions.

Parameter | Value
Discount factor 0.99
Trust region size € 0.001
Length of replay buffer 10°
Critic learning rate 0.0003
Trace-decay A 0.97
Initial entropy coefficient 5 | 1.0

[ learning rate 0.01

The training curves are presented in Figure[I] All methods are trained with five different random
seeds. Although the entropy-regularized version (I6) and SAC-style version (I7) are mathematically
equivalent, it can be observed that the performance of the SAC-style version is superior to the
regularized version. It can be inferred that this is due to the variance of importance sampling. In the
off-policy setting, the sampling probabilities of the behavioral and current policies can be significantly
different, so the variance of the importance ratio is huge. The increased variance prevents estimating
the objective accurately, so significant performance degradation can happen. As a result, using the
Q-function-based surrogates has an advantage for efficient learning.

10



221

222
223
224
225

226
227
228
229
230

231
232
233
234
235

237
238

240
241

3000

6000 10000

8000
2000
6000

Score
Score

4000

1000

—— Original
~——— Entropy

2000

—— SAC-style 0 0
0 1 2 3 4 5 [ 1 2 3 4 5 1 2 3 4 5
Steps le6 Steps 1e6 Steps 1e6
(a) Ant-v3 (b) HalfCheetah-v3 (c) Hopper-v3
8000
150
6000 4000
100
g e ]
S 4000 S S
3 D 5 ¥ 2000
2000
0 o N —
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
Steps le6 Steps 1le6 Steps le6
(d) Humanoid-v3 (e) Swimmer-v3 (f) Walker2d-v3

Figure 1: MuJoCo training curves.

B Experimental Settings

‘:o%' s
.‘ "o 4

(a) Point goal. (b) Car button. (c) Cassie. (d) Laikago. (e) Mini-Cheetah.

Figure 2: (a) and (b) are Safety Gym tasks. (c), (d), and (e) are locomotion tasks.

Safety Gym. We use the goal and button tasks with the point and car robots in the Safety Gym
environment [Ray et al| 2019], as shown in Figure[2aland [2b} The environmental setting for the goal
task is the same as in|Kim and Oh|[2022b]. Eight hazard regions and one goal are randomly spawned
at the beginning of each episode, and a robot gets a reward and cost as follows:

R(Sv a, S,) = _Adgoal + 1dg031§0.37

/ . . (18)
C(s,a,s") = Sigmoid(10 - (0.2 — dhazard)),

where dgoa1 s the distance to the goal, and dpazara is the minimum distance to hazard regions. If
dgoal is less than or equal to 0.3, a goal is respawned. The state consists of relative goal position,
goal distance, linear and angular velocities, acceleration, and LiDAR values. The action space is
two-dimensional, which consists of xy-directional forces for the point and wheel velocities for the
car robot.

The environmental settings for the button task are the same as in [2022]. There are five
hazard regions, four dynamic obstacles, and four buttons, and all components are fixed throughout the
training. The initial position of a robot and an activated button are randomly placed at the beginning
of each episode. The reward function is the same as in (I8), but the cost is different since there is no
dense signal for contacts. We define the cost function for the button task as an indicator function that
outputs one if the robot makes contact with an obstacle or an inactive button or enters a hazardous
region. We add LiDAR values of buttons and obstacles to the state of the goal task, and actions are
the same as the goal task. The length of the episode is 1000 steps without early termination.

Locomeotion Tasks. We use three different legged robots, Mini-Cheetah, Laikago, and Cassie, for
the locomotion tasks, as shown in Figure 2¢] 2d} and[2c] The tasks aim to control robots to follow
cmd ,,cmd , ,cmd

a velocity command on flat terrain. A velocity command is given by (v$ Uy W ), where

11
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v5™ ~ U(—1.0,1.0) for Cassie and U4 (—1.0,2.0) otherwise, v;™ = 0, and W™ ~ U(—0.5,0.5).
To lower the task complexity, we set the y-directional linear velocity to zero but can scale to any
non-zero value. As in other locomotion studies [Lee et al.|[2020, [Miki et al., 2022], central phases are
introduced to produce periodic motion, which are defined as ¢;(t) = ¢; o+ f-t for Vi € {1, ..., niegs },
where f is a frequency coefficient and is set to 10, and ¢; ¢ is an initial phase. Actuators of robots
are controlled by PD control towards target positions given by actions. The state consists of velocity
command, orientation of the robot frame, linear and angular velocities of the robot, positions and
speeds of the actuators, central phases, history of positions and speeds of the actuators (past two
steps), and history of actions (past two steps). A foot contact timing £ can be defined as follows:

{Z(s) =—1+2- ]-sin(dh)SO Vi € {1, ...,mcgs}, (19)
where a value of -1 means that the ith foot is on the ground; otherwise, the foot is in the air. For
the quadrupedal robots, Mini-Cheetah and Laikago, we use the initial phases as ¢y = {0, 7, 7, 0},

which generates trot gaits. For the bipedal robot, Cassie, the initial phases are defined as ¢g = {0, 7},
which generates walk gaits. Then, the reward and cost functions are defined as follows:

R(s,a,s") = —0.1- (||v§c’aySe - Ufﬁdﬂg + Hw?ase - wzde% +1073. Rpower),
, , , Nlegs R (20)
Cl (57 a,s ) - 1angle2a7 CQ(Sa a,s ) = 1height§ba 03('57 a,Ss ) = Z (1 - 51 : fl)/(2 : nlegs)7
=1
where the power consumption Rpower = 2 i |7;iv;], the sum of the torque times the actuator speed, is
added to the reward as a regularization term, v?%° is the xy-directional linear velocity of the base

zy
frame of robots, wb®s is the z-directional angular velocity of the base frame, and £ € {—1,1}™ess is

the current feet contact vector. For balancing, the first cost indicates whether the angle between the
z-axis vector of the robot base and the world is greater than a threshold (a = 15° for all robots). For
standing, the second cost indicates the height of CoM is less than a threshold (b = 0.3, 0.35, 0.7 for
Mini-Cheetah, Laikago, and Cassie, respectively), and the last cost is to check that the current feet

contact vector £ matches the pre-defined timing &. The length of the episode is 500 steps. There is no
early termination, but if a robot falls to the ground, the state is frozen until the end of the episode.

Hyperparameter Settings. The structure of neural networks consists of two hidden layers with
(512,512) nodes and ReLU activation for all baselines and the proposed method. The input of value
networks is state-action pairs, and the output is the positions of atoms. The input of policy networks
is the state, the output is mean p and std o, and actions are squashed into tanh(u + o), € ~ A (0, 1).
We use a fixed entropy coefficient 5. The trust region size € is set to 0.001 for all trust region-based
methods. The overall hyperparameters for the proposed method can be summarized in Table ]

Table 4: Hyperparameter settings for the Safety Gym and locomotion tasks.

Parameter | Safety Gym | Locomotion

Discount factor ~ 0.99 0.99

Trust region size € 0.001 0.001

Length of replay buffer 108 10°

Critic learning rate 0.0003 0.0003

Trace-decay A 0.97 0.97

Entropy coefficient 3 0.0 0.001

The number of critic atoms M 25 25

The number of target atoms M’ | 50 50

Constraint risk level o 0.25,0.5,and 1.0 | 1.0

threshold dj, 0.025/(1 — ) [0.025,0.025,0.4] /(1 — )
Slack coefficient ¢ - mingd; = 0.025/(1 — v)

Since the range of the cost is [0, 1], the maximum discounted cost sum is 1/(1 — 7). Thus, the
threshold is set by target cost rate times 1/(1 — ). For the locomotion tasks, the third cost in
is designed for foot stamping, which is not essential to safety. Hence, we set the threshold to near
the maximum (if a robot does not stamp, the cost rate becomes 0.5). In addition, baseline safe RL
methods use multiple critic networks for the cost function, such as target [Yang et al., | 2021]] or square
value networks [Kim and Oh|[2022a]]. To match the number of network parameters, we use two critics
as an ensemble, as in Kuznetsov et al.| [2020].
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Tips for Hyperparameter Tuning.

Discount factor +, Critic learning rate: Since these are commonly used hyperparameters, we
do not discuss these.

Trace-decay A, Trust region size e: The ablation studies on these hyperparameters are
presented in Appendix [C.3] From the results, we recommend setting the trace-decay to
0.95 ~ 0.99 as in other TD(\)-based methods [Precup et al., 2000]. Also, the results show
that the performance is not sensitive to the trust region size. However, if the trust region size
is too large, the approximation error increases, so it is better to set it below 0.003.

Entropy coefficient 3: This value is fixed in our experiments, but it can be adjusted automat-
ically as done in SAC [Haarnoja et al., [2018]].

The number of atoms M, M’: Although experiments on the number of atoms did not
performed, performance is expected to increase as the number of atoms increases, as in
other distributional RL methods [Dabney et al.,2018|].

Length of replay buffer: The effect of the length of the replay buffer can be confirmed
through the experimental results from an off policy-based safe RL method [Kim and Oh}
2022al]. According to that, the length does not impact performance unless it is too short. We
recommend setting it to 10 to 100 times the collected trajectory length.

Constraint risk level «, threshold d;: If the cost sum follows a Gaussian distribution,
the mean-std constraint is identical to the CVaR constraint. Then, the probability of the
worst case can be controlled by adjusting . For example, if we set « = 0.125 and
d = 0.03/(1 — ~), the mean-std constraint enforces the probability that the average cost
is less than 0.03 during an episode greater than 95% = ®(¢(®~!(«))/a). Through this
meaning, proper « and dy, can be found.

Slack coefficient (: As mentioned at the end of Section|3.1] it is recommended to set this
coefficient as large as possible. Since dj — ¢ should be positive, we recommend setting ¢ to
mink dk

In conclusion, most hyperparameters are not sensitive, so few need to be optimized. It seems that «
and dj, need to be set based on the meaning described above. Additionally, if the approximation error
of critics is significant, the trust region size should be set smaller.
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C Experimental Results

C.1 Safety Gym

In this section, we present the training curves of the Safety Gym tasks separately according to the
risk level of constraints for better readability. Figure [3]shows The training results of the risk-neutral
constrained algorithms and risk-averse constrained algorithms with ov = 1.0. Figures [ and [5]show
the training results of the risk-averse constrained algorithms with o = 0.25 and 0.5, respectively.
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Figure 3: Training curves of risk-neutral constrained algorithms for the Safety Gym tasks. The solid
line and shaded area represent the average and std values, respectively. The black dashed lines in the
second row indicate thresholds. All methods are trained with five random seeds.
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Figure 4: Training curves of risk-averse constrained algorithms with a = 0.5 for the Safety Gym.
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Figure 5: Training curves of risk-averse constrained algorithms with o = 0.25 for the Safety Gym.

C.2 Ablation Study on Components of SDAC

There are three main differences between SDAC and the existing trust region-based safe RL algorithm
for mean-std constraints [Kim and Oh, [2022a], called OffTRC: 1) feasibility handling methods in
multi-constraint settings, 2) the use of distributional critics, and 3) the use of Q-functions instead of
advantage functions, as explained in Appendix [A-6|and[A-8] Since the ablation study for feasibility
handling is conducted in Section [5.3] we perform ablation studies for the distributional critic and
Q-function in this section. We call SDAC with only distributional critics as SDAC-Dist and SDAC
with only Q-functions as SDAC-Q. If all components are absent, SDAC is identical to OffTRC [Kim
and Ohl 2022a]. The variants are trained with the point goal task of the Safety Gym, and the training
results are shown in Figure [} SDAC-Q lowers the cost rate quickly but shows the lowest score.
SDAC-Dist shows scores similar to SDAC, but the cost rate converges above the threshold 0.025. In
conclusion, SDAC can efficiently satisfy the safety constraints through the use of Q-functions and
improve score performance through the distributional critics.

Score Cost Rate Total CVs
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20 0125 4
2000 1
154 0.100
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- - ' - 0.000 - - - - 0 - - - -
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Figure 6: Training curves of variants of SDAC for the point goal task.
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C.3 Ablation Study on Hyperparameters

To check the effects of the hyperparameters, we conduct ablation studies on the trust region size €
and entropy coefficient 5. The results on the entropy coefficient are presented in Figure|7al showing
that the score significantly decreases when 3 is 0.01. This indicates that policies with high entropy
fail to improve score performance since they focus on satisfying the constraints. Thus, the entropy
coefficient should be adjusted cautiously, or it can be better to set the coefficient to zero. The results on
the trust region size are shown in Figure [7b] which shows that the results do not change significantly
regardless of the trust region size. However, the score convergence rate for e = 0.01 is the slowest
because the estimation error of the surrogate increases as the trust region size increases according to

Theorem[A.8]
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(b) Trust region size e.

Figure 7: Training curves of SDAC with different hyperparameters for the point goal task.
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D Comparison with RL Algorithms

In this section, we compare the proposed safe RL algorithm with traditional RL algorithms in the
locomotion tasks and show that safe RL has the advantage of not requiring reward tuning. We use
the truncated quantile critic (TQC) [Kuznetsov et al.l 2020], a state-of-the-art algorithm in existing
RL benchmarks [Todorov et al., 2012], as traditional RL baselines. To apply the same experiment to
traditional RL, it is necessary to design a reward reflecting safety. We construct the reward through
a weighted sum as R = (R — Z?:1 w;Cy) /(1 + 2?21 w;), where R and Cy 5 3} are used to train
safe RL methods and are defined in Appendix [B] and R is called the true reward. The weights of the
reward function wy; o 3 are searched by a Bayesian optimization tooﬂ to maximize the true reward
of TQC in the Mini-Cheetah task. Among the 63 weights searched through Bayesian optimization,
the top five weights are listed in Table 5]

Table 5: Weights of the reward function for the Mini-Cheetah task.

Reward weights | wy | we | ws

#1 1.588 | 0.299 | 0.174
#2 1.340 | 0.284 | 0.148
#3 1.841 | 0.545 | 0.951
#4 6.560 | 0.187 | 4.920
#5 1.603 | 0.448 | 0.564

Figure|[8]shows the training curves of the Mini-Cheetah task experiments where TQC is trained using
the weight pairs listed in Table[5] The graph shows that it is difficult for TQC to lower the second
cost below the threshold while all costs of SDAC are below the threshold. In particular, TQC with
the fifth weight pairs shows the lowest second cost rate, but the true reward sum is the lowest. This
shows that it is challenging to obtain good task performance while satisfying the constraints through
reward tuning.

o True Reward Sum 1 Cost Rate 1 Cost Rate 2 | Cost Rate 3
o8 —— SDAC
_s0 ’ 0.8 0.4 TQcl
0.6 0.6 — TQC2
-100 — Tac3
150 04 04 0.2 —— TQc4
0.2 0.2 — TQCs
=200 0. = 0. 0.
0.0 0.5 1.0 15 2.0 %.0 0.5 1.0 15 2.0 %.0 0.5 1.0 15 2.0 %.0 0.5 1.0 15 2.0
Steps 1e6 Steps 1le6 Steps 1le6 Steps 1le6

Figure 8: Training curves of the Mini-Cheetah task. The black dashed lines show the thresholds
used for the safe RL method. The solid line represents the average value, and the shaded area shows
one-fifth of the std value. The number after TQC in the legend indicates which of the reward weights
in Table E]is used. All methods are trained with five different random seeds.

'We use Sweeps from Weights & Biases Biewald| [2020].
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E Computational Cost Analysis

E.1 Complexity of Gradient Integration Method

In this section, we analyze the computational cost of the gradient integration method. The proposed
gradient integration method has three subparts. First, it is required to calculate policy gradients
of each cost surrogate, gi, and H*ng for Vk € {1,2,..., K}, where H is the Hessian matrix of
the KL divergence. H ~!g;, can be computed using the conjugate gradient method, which requires
only a constant number of back-propagation on the cost surrogate, so the computational cost can be
expressed as K - O(BackProp).

Second, the quadratic problem in Section [3.1]is transformed to a dual problem, where the trans-
formation process requires inner products between g and H g, for Vk,m € {1,2,..., K}. The
computational cost can be expressed as K2 - O(InnerProd).

Finally, the transformed quadratic problem is solved in the dual space € RX using a quadratic
programming solver. Since K is usually much smaller than the number of policy parameters, the
computational cost almost negligible compared to the others. Then, the cost of the gradient integration
is K - O(BackProp) + K2 - O(InnerProd) + C. Since the back-propagation and the inner products
is prozportional to the number of policy parameters |¢|, the computational cost can be simplified as
O(K= - [¢]).

E.2 Quantitative Analysis
Table 6: Training time of Safe RL algorithms (in hours). The training time of each algorithm is

measured as the average time required for training with five random seeds. The total training steps
are 5 - 10 and 3 - 10° for the point goal task and the Mini-Cheetah task, respectively.

Task | SDAC (proposed) | OffTRC | WCSAC | CPO | CVPO
Point goal (Safety Gym) 7.96 ‘ 4.86 ‘ 19.07 ‘ 2.61 ‘ 47.43

Mini-Cheetah (Locomotion) | 8.36 6.54 16.41 1.99

We analyze the computational cost of the proposed method quantitatively. To do this, we measure
the training time of the proposed method, SDAC, and the safe RL baselines. We use a workstation
whose CPU is the Intel Xeon €5-2650 v3, and GPU is the NVIDIA GeForce GTX TITAN X. The
results are presented in Table[6] While CPO is the fastest algorithm, its performance, such as the
sum of rewards, is relatively poor compared to other algorithms. The main reason why CPO shows
the fastest computation time is that CPO is an on-policy algorithm, hence, it does not require an
insertion to (and deletion from) a replay memory, and batch sampling. SDAC shows the third fastest
computation time in all algorithms and the second best one among off-policy algorithms. Especially,
SDAC is slightly slower than OffTRC, which is the fastest one among off-policy algorithms. This
result shows the benefit of SDAC since SDAC outperforms OffTRC in terms of the returns and CV,
but the training time is not significantly increased over Off TRC. WCSAC, which is based on SAC, has
a slower training time because it updates networks more frequently than other algorithms. CVPO, an
EM-based safe RL algorithm, has the slowest training time. In the E-step of CVPO, a non-parametric
policy is optimized to solve a local subproblem, and the optimization process requires discretizing
the action space and solving a non-linear convex optimization for all batch states. Because of this,
CVPO takes the longest to train an RL agent.
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