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Abstract

We study reinforcement learning from human feedback in general Markov decision1

processes, where agents learn from trajectory-level preference comparisons. A2

central challenge in this setting is to design algorithms that select informative3

preference queries to identify the underlying reward while ensuring theoretical4

guarantees. We propose a meta-algorithm based on randomized exploration, which5

avoids the computational challenges associated with optimistic approaches and6

remains tractable. We establish both regret and last-iterate guarantees under mild7

reinforcement learning oracle assumptions. To improve query complexity, we8

introduce and analyze an improved algorithm that collects batches of trajectory9

pairs and applies optimal experimental design to select informative comparison10

queries. The batch structure also enables parallelization of preference queries,11

which is relevant in practical deployment as feedback can be gathered concurrently.12

Empirical evaluation confirms that the proposed method is competitive with reward-13

based reinforcement learning while requiring a small number of preference queries.14

1 Introduction15

Reinforcement learning (RL) is a fundamental paradigm in machine learning, where agents learn16

to make sequential decisions by interacting with an environment to maximize cumulative rewards17

[Barto, 2021]. RL has enabled advances in domains such as game play [Silver et al., 2017], robotics18

[Todorov et al., 2012], or autonomous driving [Lu et al., 2023]. However, the practicality of RL is19

hindered by the challenge of designing rewards: crafting a reward function that aligns with human20

objectives is often difficult, and a misspecified reward function can lead to suboptimal or unsafe21

behavior [Amodei et al., 2016, Hadfield-Menell et al., 2017]. This motivates the development of22

principled alternatives to manual reward design.23

Rather than relying on manually specified reward functions, reinforcement learning from human24

feedback (RLHF) guides learning through preference feedback: at each step, a human oracle compares25

trajectories and indicates which is preferable [Christiano et al., 2017]. This preference signal is often26

much easier to provide than engineering a reward function [Pereira et al., 2019, Lee et al., 2023].27

RLHF has proven to be effective in robotics [Jain et al., 2013] and, more recently, fine-tuning of large28

language models [Stiennon et al., 2020, Ziegler et al., 2019, Rafailov et al., 2023]. This highlights29

the practical relevance of RLHF compared to reward-based learning.30

Despite its empirical success, the theoretical foundations of RLHF are still in development. Existing31

works first studied the simpler setting of dueling bandits. In this context, the learner selects pairs32

of actions and observes noisy preference feedback [Yue et al., 2012, Komiyama et al., 2015]. Clas-33

sical algorithms for regret minimization in this setting include approaches based on zeroth-order34

optimization [Yue and Joachims, 2009] or the principle of optimism [Ailon et al., 2014]. A key35

challenge in this setting is reducing the number of preference queries. For this purpose, several recent36

Submitted to 39th Conference on Neural Information Processing Systems (NeurIPS 2025). Do not distribute.



works propose strategic query selection strategies for dueling bandits [Das et al., 2024, Liu et al.,37

2024, Scheid et al., 2024, Mukherjee et al., 2024], often hinging on optimal experimental design38

mechanisms [Pukelsheim, 2006]. However, such approaches are usually limited to finite-armed39

bandits, where the resulting optimization problems can be solved efficiently.40

In the online RL setting, the theory of RLHF has received increasing attention, with several works41

establishing either regret or probably approximately correct (PAC) guarantees. PAC-RL methods42

aim to identify a near-optimal policy with high probability [Xu et al., 2020, Novoseller et al., 2020,43

Zhu et al., 2023], while regret-based approaches provide bounds on the cumulative reward during44

learning [Pacchiano et al., 2021, Chen et al., 2022, Wu and Sun, 2023]. Similar to dueling bandits,45

a central challenge in RLHF is to actively select informative trajectory comparisons to drive learning.46

In RL, however, this active-learning problem presents additional difficulties: First, the learner cannot47

freely choose arbitrary state-action pairs or trajectories, but must reach them through exploration48

[Wagenmaker et al., 2022]. Second, many existing approaches with guarantees [Pacchiano et al., 2021,49

Zhan et al., 2024] rely on maximizing an exploration bonus involving a norm of state distributions – a50

problem which is known to be computationally intractable even in tabular settings [Efroni et al., 2021].51

To sidestep these challenges, another line of work focuses on RLHF with offline data. In this setting,52

learning proceeds over a fixed pre-collected dataset of trajectory preferences [Zhu et al., 2023, Zhan53

et al., 2023]. Although this offline paradigm avoids the need for online exploration and active query54

selection, it depends critically on having access to sufficiently diverse and informative preference55

data a priori [Rashidinejad et al., 2021, Xie et al., 2021, Zanette et al., 2021, Zanette, 2023] — a56

requirement that can be difficult to meet in practice. Hence, this merely shifts the exploration and57

active learning challenges to the data collection phase.58

Despite progress on statistical guarantees in RLHF, two key challenges remain open: the design59

of tractable algorithms for active preference query selection and reducing the workload of human60

preference annotators. In existing approaches, a human must provide feedback at every round, which61

is impractical in real-world applications. Our goal in this work is to develop RLHF algorithms that62

are computationally efficient, reduce the demand for human feedback, and actively select informative63

queries. Some recent work has made progress on tractability. For instance, Wu and Sun [2023]64

proposes a randomized exploration algorithm with regret guarantees, but their method is limited65

to linear dynamics. In parallel, Wang et al. [2023] introduces a general reduction from RLHF to66

standard RL and establishes PAC-style guarantees under RL oracle access. However, neither approach67

addresses the open challenges of reducing feedback requirements or enabling active query selection.68

Contributions In this work, we focus on reinforcement learning from human feedback (RLHF)69

and develop meta-algorithms that reduce the RLHF problem to standard RL by leveraging existing70

RL algorithms as subroutines. Our approach combines randomized exploration for tractability, lazy71

updates to reduce human workload, and experimental design to actively select informative preference72

queries. We provide both regret and PAC-style guarantees under RL oracle assumptions. Our73

contributions are as follows:74

• We propose general meta-algorithms for RLHF using RL oracles, and provide provable75

regret and PAC guarantees in general MDPs.76

• We present a second meta-algorithm with better scalability and query efficiency thanks77

to: Lazy updates, inspired by linear bandits [Abbasi-Yadkori et al., 2011], which enables78

parallelization of the preference oracle calls; Greedy optimal design, which selects high-79

quality preference queries and improves sample efficiency.80

• We provide empirical results showing that: Our algorithm is implementable and competitive81

with reward-based RL; The improved algorithm achieves comparable performance while82

significantly reducing the query complexity.83

2 Preliminaries84

Notation Let N and R denote the sets of natural and real numbers, respectively. We write ∥·∥ for85

the Euclidean norm and ⟨·, ·⟩ for the standard inner product in Rd. Moreover, for a positive definite86

matrix A ∈ Rd×d, we denote ∥x∥A :=
√

⟨x,Ax⟩ for the Mahalanobis norm. Furthermore, we87

denote the closed Euclidean ball of radius a > 0 by Bd(a) ⊂ Rd, and for a compact subset X ⊂ Rn,88
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we denote the set of all probability measures supported on X by ∆X . Finally, we use the standard89

notation O(n) and Ω(n) for asymptotic upper and lower bounds, as well as Õ(n) = O(npolylog(n))90

for suppressing polylogarithmic terms.91

Setting We consider an infinite-horizon1 Markov decision process (MDP) M = {S,A, ν0, P, r, γ}92

with compact state and action spaces S ⊂ Rn and A ⊂ Rm, respectively, initial state distribution93

s0 ∼ ν0, transition law sh+1 ∼ P (·|sh, ah), and discount rate γ ∈ (0, 1). We assume a linear reward94

model rθ∗(s, a) := ⟨θ∗, ϕ(s, a)⟩, where ∥θ∗∥ ≤ B and ϕ : S × A → Rd is a feature mapping95

such that maxs,a ∥ϕ(s, a)∥ ≤ L. We denote the set of all trajectories as T := (S ×A)
∞, and the96

distribution over T induced by a stationary Markov policy π : S → ∆A as Pπ. For a trajectory97

τ = (s0, a0, s1 . . .) ∈ T , we denote the discounted sum of features by ϕ(τ) :=
∑∞

h=0 γ
hϕ(sh, ah)98

and the feature expectation of a policy π by ϕ(π) := Eτ∼Pπ [ϕ(τ)]. Furthermore, given a reward99

parameter θ, we denote the value of a policy π by V π
θ := Eτ∼Pπ

[∑∞
h=0 γ

hrθ(sh, ah)
]
= ⟨θ, ϕ(π)⟩100

and the optimal value by V ∗
θ := maxπ V

π
θ .101

Interaction protocol For each round t = 1, . . . , T of RLHF, a learner, the MDP, and a preference102

oracle interact as follows. The learner selects two policies πt and π′
t, and executes them to obtain103

two trajectories τt ∼ Pπt
and τ ′t ∼ Pπ′

t
. Subsequently, the learner may query the preference oracle,104

which returns a binary label yt = 1 (τt ≻ τ ′t) ∈ {0, 1}. The label equals one if the trajectory τt is105

preferred over τ ′t , denoted as τt ≻ τ ′t , and zero otherwise. Each such interaction is one RLHF round.106

Preference model We consider a stochastic preference model characterized by a preference function107

P : T × T → [0, 1], assigning to each pair of trajectories τ, τ ′ ∈ T the probability P(τ ≻ τ ′) of108

preferring τ to τ ′. We make the following assumption about the preference model.109

Assumption 2.1 (Bradley–Terry model). The preference function P satisfies for all τ, τ ′ ∈ T110

P(τ ≻ τ ′) = σ (⟨θ∗, ϕ(τ)− ϕ(τ ′)⟩) , (1)

where σ(x) = 1/(1 + e−x) denotes the sigmoid function.111

This preference model is a special case of the Plackett-Luce model [Plackett, 1975, Luce et al., 1959],112

and is commonly used in the dueling bandit setting as well as the RLHF framework [Yue et al., 2012,113

Christiano et al., 2017, Ouyang et al., 2022]. In particular, this model satisfies the strong stochastic114

transitivity property [Strzalecki, 2025]. That is, for any three trajectories τ1 ≻ τ2 ≻ τ3 we have115

P(τ1 ≻ τ3) > max{P(τ1 ≻ τ2),P(τ2 ≻ τ3)}, capturing the monotonicity of preferences.116

Remark 2.2. In practice, we cannot compare trajectories of infinite length. Fortunately, many117

environments terminate in finite time, and otherwise one may truncate each trajectory at horizon118

H = O(logγ(ε)), introducing at most an ε error in value estimates (see e.g. [Schlaginhaufen and119

Kamgarpour, 2024]). For simplicity, however, we omit this truncation step in our presentation.120

Regret To assess the learner’s online performance, we consider the cumulative regret121

R(T ) =

T∑
t=1

(V ∗
θ∗ − V πt

θ∗ ) + (V ∗
θ∗ − V

π′
t

θ∗ )

2
=

1

2

T∑
t=1

(
2V ∗

θ∗ − V πt

θ∗ − V
π′
t

θ∗

)
.

Cumulative regret has been widely adopted in the RL and RLHF literature [Abbasi-Yadkori et al.,122

2011, Zanette et al., 2020, Wang et al., 2023, Zhan et al., 2024]. However, cumulative regret doesn’t123

provide us with a guarantee of the last iterate’s suboptimality. As a second metric, we therefore also124

consider the suboptimality of an output policy.125

Suboptimality The suboptimality of an output policy π̂ is defined by126

SubOpt(π̂) := V ∗
θ∗ − V π̂

θ∗ .

Suboptimality has previously been considered as a performance metric for offline RLHF Zhu et al.127

[2023], contextual bandits Das et al. [2024], and online RLHF [Wang et al., 2023]. In the following,128

we propose a meta-algorithm that features two variants: one with theoretical guarantees on cumulative129

regret, and another specifically ensuring a bound on last-iterate suboptimality.130

1Our results extend directly to the finite-horizon setting as well. However, we focus on the infinite-horizon
discounted setting, as it is more commonly encountered in deep reinforcement learning.
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3 Randomized Preference Optimization131

3.1 Algorithm132

Our algorithm proceeds in three essential steps. First, the preference feedback data is used to estimate133

the reward parameter using maximum likelihood estimation. Then, a reward parameter is sampled134

from a Gaussian distribution, which is reminiscent of linear Thompson sampling [Abeille and Lazaric,135

2017]. Finally, an RL oracle is used to find an approximately optimal policy for the sampled reward136

parameter, and we query the preference oracle by comparing one trajectory from this new policy137

against one from the previous policy.138

Maximum likelihood estimation Considering our preference model (1), a standard approach for139

estimating the reward parameter θ∗ is via maximum likelihood estimation. Given a pair of trajectories140

τk = (sh,k, ah,k)
∞
h=0 and τk = (s′h,k, a

′
h,k)

∞
h=0 we consider the design points xk := ϕ(τk)−ϕ(τ ′k) =141 ∑∞

h=0 γ
h(ϕ(sh,k, ah,k)− ϕ(s′h,k, a

′
h,k)) and the preference labels yk = 1(τk ≻ τ ′k). In round t, the142

preference dataset is Dt = {(xk, yk)}t−1
k=1 and the corresponding (constrained) maximum likelihood143

estimator (MLE) is given by θ̂t = argmin∥θ∥≤B LDt
(θ), where144

LDt
(θ) := −

∑
(x,y)∈Dt

[y log σ(⟨θ, x⟩) + (1− y) log σ(−⟨θ, x⟩)] , (2)

is the negative log-likelihood of the Bradley-Terry model (1). The loss function (2) is the familiar145

logistic loss from logistic regression [Shalev-Shwartz and Ben-David, 2014]. In particular, it is a146

convex problem that can be solved efficiently using standard methods such as LBFGS [Liu and147

Nocedal, 1989]. Moreover, we have the following time-uniform confidence result.148

Lemma 3.1. Let λ > 0 and define the design matrix at time t given by Vt =
∑t−1

s=1 xtx
⊤
t +λI . Then,149

with probability 1− δ, for all t ≥ 1, the true reward parameter θ∗ is contained in the ellipsoid150

Et(δ) :=
{
θ :
∥∥∥θ − θ̂t

∥∥∥2
Vt

≤ βt(δ)
2 := O

(
κ

[
log

(
1

δ

)
+ d log

(
t

d

)]
+ λ

)}
.

Here, κ := maxθ∈Bd(B),x∈Bd(2LHγ) 1/σ̇ (⟨θ, x⟩) denotes the Lipschitz constant of the inverse sig-151

moid function, and Hγ = (1− γ)−1 the effective horizon of the MDP.152

The above lemma hinges on a likelihood-ratio confidence set from Lee et al. [2024]. The proof and153

the precise constants are deferred to Appendix A.154

Remark 3.2. Compared to the standard analysis of stochastic linear bandits Abbasi-Yadkori et al.155

[2011], our parameter βt includes an additional factor of
√
κ, which arises naturally due to preference-156

based feedback. This result improves upon the bound provided by Zhu et al. [2023], which incurs a157

larger factor of κ instead of
√
κ. While the

√
κ factor can theoretically be avoided by constructing158

confidence sets using the Hessian of the negative log-likelihood LDt
[Lee et al., 2024, Das et al.,159

2024], it reappears in the regret bounds as shown in [Das et al., 2024]. Thus, we adopt confidence160

sets based on Vt, as both Vt and its inverse can be efficiently updated via rank-one operations, unlike161

Hessian-based approaches.162

Randomized exploration Many approaches to regret minimization and pure exploration in RLHF163

often rely on maximizing an exploration bonus ∥ϕ(πt)− ϕ(π′
t)∥V −1

t
. Although such methods yield164

provable guarantees for regret [Pacchiano et al., 2021] or last-iterate suboptimality [Das et al., 2024],165

they are computationally intractable in RL settings (see Appendix E.2 for a discussion). To address166

this, we adopt a randomized exploration scheme inspired by Thompson sampling algorithms for linear167

bandits. In line with Abeille and Lazaric [2017], we sample the reward parameter from an inflated168

version of the confidence set defined in Lemma 3.1, which produces a computationally efficient169

alternative to optimism-based approaches. Furthermore, we also show that this randomized strategy170

extends to the pure exploration setting.171

RL oracle With the objective of a meta-algorithm, we assume access to the following RL oracle.172

Assumption 3.3 (PAC-RL oracle). We assume access to an (ε, δ)-PAC oracle, APACRL , for the RL173

problem. That is, a polynomial-time algorithm that produces for every ε > 0, δ > 0, and θ ∈ Rd a174

policy π = APACRL (θ, ε, δ) such that with probability at least 1− δ we have V ∗
θ − V π

θ ≤ ε.175
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This assumption of a PAC-RL oracle is satisfied in several settings, including tabular and linear MDPs176

[Dann et al., 2019, Ménard et al., 2021, Al Marjani et al., 2021, Wagenmaker et al., 2022, He et al.,177

2021]. Moreover, it is relatively mild compared to stronger oracles considered in the RLHF literature178

[Zhan et al., 2024], such as reward-free algorithms [Wang et al., 2020, Kaufmann et al., 2021, Ménard179

et al., 2021]. In practice, common choices for APACRL are policy optimization methods such as proximal180

policy optimization (PPO) [Schulman et al., 2017] or soft actor critic [Haarnoja et al., 2018], which181

have shown strong empirical performance in continuous control and large-scale applications such as182

training large language models.183

Algorithm statement Our algorithm RPO presented below comes in two variants: a variant that184

balances exploration and exploitation for regret minimization (α = 1), and a variant for pure185

exploration (α = 0). In line 4, we sample a reward parameter from a confidence set inflated by
√
d.186

Then, in line 5, we compute the policy πt using an RL oracle. Finally, in line 10, we use the new187

preference data to update the reward parameter using maximum likelihood.188

Algorithm 1: Randomized Preference Optimization (RPO)
Input: Number iterations T , confidence δ > 0, regularization λ > 0, algorithm type α ∈ {0, 1}.

1 Set ε = 1/
√
T and δ′ = δ/5.

2 Initialize design matrix V1 = λI , preference data set D1 = ∅, parameter θ̂1, and policy π0.
3 for t = 1, 2, . . . , T do
4 θ̃t ∼ N

(
αθ̂t, βt(δ

′)2V −1
t

)
; // Reward sampling

5 πt = APACRL
(
θ̃t, ε, δ

′/T
)
, π′

t = πt−1; // Update policy with RL
6 xt = ϕ(τt)− ϕ(τ ′t) with τt ∼ Pπt

, τ ′t ∼ Pπ′
t
;

7 yt = 1(τt ≻ τ ′t); // Preference feedback
8 Dt+1 = Dt ∪ (yt, xt);
9 Vt+1 = Vt + xtx

⊤
t ;

10 θ̂t+1 ∈ argmin∥θ∥≤B LDt+1(θ) ; // Reward estimation
11 end

Output: Policy π̂ = APACRL
(
θ̄T , ε, δ

′) with θ̄T = 1
T

∑T
t=1 θ̂t.

189

3.2 Theoretical results190

We analyze the regret of Algorithm 1 and the suboptimality of its output policy π̂.191

3.2.1 Regret analysis192

We show that Algorithm 1 with α = 1 has sublinear regret with high probability.193

Theorem 3.4. Using Algorithm 1 with α = 1, it holds for any δ > 0 and T ∈ N, with probability at194

least 1− δ that195

R(T ) ≤ O
(√

κd3T log(dT/δ)3
)
.

The regret bound of Theorem 3.4 matches the best existing bounds for algorithms with randomized196

exploration in reinforcement learning, see [Efroni et al., 2021, Ouhamma et al., 2023]. In addition,197

due to learning from preferences, we have an extra
√
κ factor (see Remark 3.2), which is in line with198

other recent work on RLHF [Wu and Sun, 2023, Das et al., 2024].199

Comparison with prior work For episodic tabular MDPs Pacchiano et al. [2021] prove a regret200

bound of Õ(κd
√
T ). Similarly, Chen et al. [2022] considers episodic linear MDPs and derives201

a regret bound of Õ(d
√
HT ), avoiding dependence on κ by assuming a linear preference model.202

However, these approaches rely on a type of optimism which is computationally intractable (see203

Appendix E.2). Similar to us, Wu and Sun [2023] avoids this challenge by resorting to randomized204

exploration and proves a Õ(d3
√
κT ) regret bound for linear MDPs. Compared to Wu and Sun [2023],205

our analysis improves the dependence on dimensionality from d3 to d3/2 and avoids the need for206

truncation techniques on the value function. Furthermore, our settings differ in two key points: First,207

we assume access to an RL oracle without restricting the class of MDPs, whereas Wu and Sun [2023]208
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considers linear MDPs. Second, their approach is model-based, while Algorithm 1 is oracle-based209

and can accommodate both model-based and model-free implementations.210

Proof idea The full proof of this Theorem is provided in Appendix B. Analogous to the analysis211

of linear Thompson sampling [Abeille and Lazaric, 2017], the main idea is to control the regret212

by showing that randomized exploration ensures a constant probability of optimism. However,213

compared to the linear bandit analysis, our setting comes with additional challenges: First, due to214

preference-based learning we require a different regret decomposition accounting for the reference215

policy. Second, as we observe preference feedback on trajectories rather than policies, we need216

to apply Freedman’s inequality (see Lemma A.9) to control the deviation between expected and217

observed features. Lastly, as we assume a PAC RL oracle – in place of an exact maximization oracle –218

we need to carefully track the resulting approximation error.219

3.2.2 Suboptimality gap220

The pure exploration version of RPO with α = 0, in contrast to α = 1, may incur linear regret during221

learning as the policy πt can be highly suboptimal. However, Theorem 3.5 below shows that it outputs222

a policy that is Õ(1/
√
T )-optimal.223

Theorem 3.5. Using Algorithm 1 with α = 0, it holds for any δ > 0 and T ∈ N, with probability at224

least 1− δ that225

SubOpt (π̂) = O

√κd3

T
log

(
dT

δ

)3
 .

In other words, we need Õ(κd3/ε2) iterations to output an ε-optimal policy with high probability.226

Except for the extra
√
d dependency, which is inherent to approaches based on Thompson sampling,2227

we match the last iterate guarantee proposed by Das et al. [2024] for contextual linear bandits, but228

with an algorithm that is tractable in the full RL setting.229

Comparison with prior work Few works provide suboptimality guarantees in preference-based230

RL. Wang et al. [2023] propose a meta-algorithm interfacing with a PAC-RL oracle that outputs an231

ε-optimal policy after Õ(κ2d3/ε2) queries. A different approach by Zhan et al. [2024] leverages232

optimal design to prove a bound of Õ((|S|2|A|d+κ2d2)/ε2), but their method relies on an intractable233

maximization oracle. In comparison, our algorithm achieves a bound of Õ(κd3/ε2), improving the234

dependence on κ over both prior results. The additional factor of d compared to Zhan et al. [2024]235

is expected, as our method is randomized rather than optimistic, see [Abeille and Lazaric, 2017].236

Notably, to the best of our knowledge, this is the first algorithm, whether in preference-based or237

reward-based RL, that provides last-iterate guarantees using randomized exploration.238

Proof idea The proof of Theorem 3.5, presented in Appendix D, builds on Das et al. [2024]’s239

suboptimality analysis for the contextual bandits setting. However, to sidestep the intractability of240

maximizing an exploration bonus over policies, we leverage randomized exploration [Abeille and241

Lazaric, 2017] to ensure a constant probability of optimism. This allows us to derive a bound on the242

output policy’s suboptimality that mirrors the regret bound, without needing additional assumptions.243

3.3 Practical limitations244

While Algorithm 1 is tractable and statistically efficient, it presents certain limitations. First, invoking245

an RL oracle at every round (line 5) can cause high latency, especially in continuous state spaces.246

Second, issuing preference queries at each round (line 7) is impractical when the oracle is a human,247

due to the need for continuous feedback. Finally, requesting a label for all trajectory pairs can be248

expensive and inefficient, as many comparisons are uninformative.249

The next section presents a refined algorithm addressing these limitations. The new approach decou-250

ples trajectory collection from query selection, and queries only the most informative comparisons.251

2Recently, Abeille et al. [2025] show that for certain classes of linear bandits the additional
√
d factor can be

avoided. However, their assumptions are not directly applicable to our preference-based RL setting.
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4 A practical algorithm with efficient query selection252

We present Algorithm 2, an improved method for preference collection and active query selection.253

4.1 Algorithm254

As discussed earlier, we design Algorithm 2 by using lazy updates to collect a batch of trajectory255

pairs, then applying optimal design to select the informative queries from the batch.256

Algorithm 2: Lazy Randomized Preference Optimization with Optimal Design (LRPO-OD)
Input: Number iterations T , confidence δ > 0, regularization λ > 1, constant C > 0.

1 Set ε = 1/
√
T , δ′ = δ/5, tstop = 1.

2 Initialize design matrices V0 = W0 = λI , preference datasets D = D0 = ∅, parameter θ̂0.
3 for t = 1, 2, . . . , T do
4 if det(Wt) > (1 + C) det(Wtstop) then
5 Dopt, Vt = D-OptDes(D, Vtstop ,det(Wt)) ; // Greedy D-Optimal design
6 Dt = Dtstop ;
7 for (τ, τ ′) ∈ Dopt do
8 x = ϕ(τ)− ϕ(τ ′), y = 1(τ ≻ τ ′) ; // Preference feedback
9 Dt = Dt ∪ {(x, y)};

10 end
11 θ̂t ∈ argmin∥θ∥≤B LDt

(θ) ; // Reward estimation

12 tstop = t, D = ∅, π′ = APACRL

(
θ̂t, ε, δ

′/T
)

;

13 end
14 θ̃t ∼ N (θ̂tstop , βtstop(δ

′)2V −1
tstop); // Reward sampling

15 πt = APACRL

(
θ̃t, ε, δ

′/T
)

; // Update policy with RL

16 xt = ϕ(τt)− ϕ(τ ′t) with τt ∼ Pπt
, τ ′t ∼ Pπ′ ;

17 If t = tstop, then Wt+1 = Vt + xtx
⊤
t , else: Wt+1 = Wt + xtx

⊤
t ;

18 D = D ∪ {(τt, τ ′t)};
19 end

257

Lazy updates We use an idea from Abbasi-Yadkori et al. [2011] to collect many trajectory pairs258

without querying the preference oracle. The modification compared to Algorithm 1 is collecting259

trajectories without updating the MLE θ̂tstop until the information gain, represented by det(Vt),260

increases by a multiplicative constant; see line 4 of Algorithm 2. We show that this procedure limits261

the number of batches to O(log(T )). In other words, the average (over batches) size of a given262

batch is of order O(T/ log(T )). A key advantage of this lazy update structure is that the preference263

queries (line 8) can be collected in parallel across all trajectory pairs within a batch. This significantly264

reduces the workload of the preference oracle, e.g. a human annotator, by eliminating the need for265

round-by-round feedback. In particular, the algorithm no longer pauses at each timestep to wait for266

preference labels. To our knowledge, this is the first approach to support parallelization of queries in267

online preference-based reinforcement learning, even in settings as simple as dueling bandits.268

D-Optimal design To select informative preference queries from the collected trajectories above,269

we leverage tools from optimal experimental design. Specifically, we apply an approximate D-optimal270

design criterion to each collected batch of trajectory pairs; see Appendix E.1 for background on271

D-optimal design. Given the current matrix Vtstop and the set of candidate trajectory pairs D, we use272

a greedy algorithm to solve the following maximization problem:273

max
{nx}

log det

(
Vtstop +

∑
x∈D

nxxx
⊤

)
subject to

∑
x∈D

nx = |D|, nx ∈ N.

Due to the submodularity of the log det function for λ greater than one, the greedy procedure of274

Algorithm 3 achieves an (1 − 1/e)-approximation to the optimal solution; see [Nemhauser et al.,275

1978, Krause et al., 2008] and Appendix E.1.276
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Another key feature of Algorithm 3 is that the while loop is stopped early if det(V ) exceeds the277

threshold value. This threshold is set as the determinant of the naive design, where every trajectory278

pair is queried once. When this early termination is satisfied, Algorithm 2 requires fewer samples279

than Algorithm 1. In particular, since the optimal design maximizes the information gain (measured280

by det(V )), this termination condition is expected to be satisfied frequently in practice.281

Algorithm 3: Greedy D-Optimal Design
Input: Dataset D, current design matrix V , threshold for the determinant value α.

1 Initialize and dataset Dopt = ∅
2 while det(V ) < α and |Dopt| ≤ |D| do
3 (τ, τ ′) = argmax(τ,τ ′)∈D det(V + (ϕ(τ)− ϕ(τ ′))(ϕ(τ)− ϕ(τ ′))⊤)

4 V = V + xx⊤, where x = ϕ(τ)− ϕ(τ ′); Dopt = Dopt ∪ {(τ, τ ′)}
5 end

Output: Curated dataset Dopt, design matrix V .

282

4.2 Theoretical result283

We now provide our high probability regret bound for Algorithm 2.284

Theorem 4.1. Instantiating Algorithm 2 with C > 0 and λ > 1, it holds for any δ > 0 and T ∈ N,285

with probability at least 1− δ that286

R(T ) ≤ O
(√

(1 + C)κd3T log(dT/δ)3
)
.

In addition, the number of times the condition of line 4 holds is at most d
log(1+C) log

(
1 +

T (LHγ)
2

λd

)
.287

Therefore, the size of the batches is on average of order Õ(T/(d log(T ))).288

Compared to Theorem 3.4, the above regret bound increases only by constant factors. Regarding the289

number of preference queries, Sekhari et al. [2023] shows that at least Ω(T ) queries are required to290

achieve O(
√
T ) regret in the worst case. However, optimal design may lead to significantly fewer291

queries in favorable instances, as demonstrated in our experiments. Importantly, approximate optimal292

design does not compromise our guarantees, as it ensures a 1/(1− 1/e) approximation to the optimal.293

Proof idea We present here the key ideas of the proof of Theorem 4.1, the full proof is in Appendix294

C. The lazy update mechanism used in our algorithm does not degrade the regret bound beyond a295

constant factor. This follows from the analysis of Abbasi-Yadkori et al. [2011], which shows that296

the elliptical potentials (related to the determinant of the design matrix) grow by at most a factor297

of (1 + C) compared to the standard design matrix of Algorithm 1. For the experimental design298

component, we adapt the proof of the standard elliptical lemma [Lattimore and Szepesvári, 2020,299

Lemma 19.4] to bring out the information gain, measured as log detWt. This information gain is300

then related to log detVt thanks to standard results from submodular optimization. Specifically, the301

greedy strategy in Algorithm 3 achieves a (1− 1/e) approximation of the optimal information gain.302

Together, these results allow us to derive a regret bound for this improved algorithm, which matches303

the original up to constant factors.304

5 Experiments305

We validate our theoretical results on regret minimization (Theorems 3.4 and 4.1) on the306

Isaac-Cartpole-v0 environment from Nvidia Isaac Lab [Mittal et al., 2023]. In this task the307

goal is to balance a pole on a cart by applying left or right forces, preventing the pole from falling.308

We compare RPO (for α = 1) with its lazy variants (LRPO without optimal design and LRPO-OD with309

optimal design). To simulate human preferences, we generate synthetic preferences using the built-in310

task-specific reward function. Furthermore, we adopt PPO [Schulman et al., 2017] as our RL oracle311

using 30 PPO steps per iteration of Algorithm 1 and 2. Moreover, to reduce variance in the reward312

estimate, we sample five trajectories from πt and π′
t in each RLHF round.313

Figure 1 shows that all three algorithms achieve performance competitive with RL using ground314

truth rewards. However, LRPO-OD reaches the highest performance while requiring significantly315
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(a) (b)

Figure 1: Comparison of RLHF algorithms in terms of (a) the ground truth reward V πt

θ∗ (estimated
from samples) and (b) number of preference queries performed. In particular, for the choice α = 1,
we compare RPO (green, Algorithm 1) with it’s lazy versions LRPO and LRPO-OD (orange & blue).
Here, LRPO and LRPO-OD refer to Algorithm 2 without and with optimal design subroutine. The solid
lines indicate the median and the shaded areas the 0.2 and 0.8 quantiles, across 10 independent runs.
The dashed blue line indicates the mean reward achieved by PPO with the ground truth parameter θ∗.

fewer preference queries. This highlights that, despite theoretical worst-case lower bounds, the316

number of preference queries can be considerably reduced in practice by selecting informative queries317

with optimal design. Additional experimental results and further implementation and evaluation318

details are provided in Appendix F. Furthermore, our code to run these experiments on Isaac Lab’s319

manager-based environments is included in the supplementary materials and will be publicly released.320

6 Conclusion321

We introduced a simple meta-algorithm for reinforcement learning from human feedback (RLHF) that322

leverages randomized exploration to achieve both regret and PAC-style guarantees. Our framework323

applies to general MDPs and utilizes an RL oracle as a subroutine. Notably, to our knowledge, our324

PAC-RL guarantee is the first for a randomized algorithm in both RLHF and RL settings. Building325

on this foundation, we developed an improved variant with better scalability and query efficiency,326

for which we also established regret guarantees. This variant employs lazy updates to enable327

parallelization of preference oracle calls, significantly reducing the demand on human annotators.328

Additionally, we apply greedy optimal design to select informative comparisons. Empirically, our329

approach is competitive with reward-based RL while requiring significantly fewer preference queries.330

Overall, our contributions advance the state of RLHF by combining strong theoretical guarantees with331

practical algorithm design, improving efficiency and broadening applicability to real-world scenarios.332

Our work opens several directions for future research. First, we provide separate algorithms for333

regret minimization and PAC guarantees; it remains unclear whether this separation is necessary, and334

developing a unified algorithm that simultaneously achieves both objectives is an open challenge.335

Second, we adopt the Bradley-Terry model for preference generation, which may not fully capture336

the complexity of real-world human feedback. Extending the framework to richer preference models337

is an important direction. Third, our approach relies on an RL oracle at every RLHF step, which may338

be computationally demanding. While using a reward-free algorithm as an RL oracle is theoretically339

efficient, practical RL implementations are typically based on policy optimization, which is not a340

reward-free algorithm, and often entails high sample complexity. Thus, it remains open whether we341

could require fewer RL oracle calls or whether reward-free oracles can be successfully implemented.342

Finally, our experimental evaluation is limited to simple robotic control tasks with synthetic feedback.343

Assessing performance on more complex tasks and with real human or LLM-generated feedback344

would offer a stronger test of the method’s practical applicability.345
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• Please see the NeurIPS code and data submission guidelines (https://nips.cc/636

public/guides/CodeSubmissionPolicy) for more details.637

• While we encourage the release of code and data, we understand that this might not be638

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not639

including code, unless this is central to the contribution (e.g., for a new open-source640

benchmark).641

• The instructions should contain the exact command and environment needed to run to642

reproduce the results. See the NeurIPS code and data submission guidelines (https:643

//nips.cc/public/guides/CodeSubmissionPolicy) for more details.644

• The authors should provide instructions on data access and preparation, including how645

to access the raw data, preprocessed data, intermediate data, and generated data, etc.646

• The authors should provide scripts to reproduce all experimental results for the new647

proposed method and baselines. If only a subset of experiments are reproducible, they648

should state which ones are omitted from the script and why.649

• At submission time, to preserve anonymity, the authors should release anonymized650

versions (if applicable).651

• Providing as much information as possible in supplemental material (appended to the652

paper) is recommended, but including URLs to data and code is permitted.653

6. Experimental setting/details654

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-655

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the656

results?657

Answer: [Yes]658

Justification: The details are provided in Appendix F.659

Guidelines:660

• The answer NA means that the paper does not include experiments.661

• The experimental setting should be presented in the core of the paper to a level of detail662

that is necessary to appreciate the results and make sense of them.663

• The full details can be provided either with the code, in appendix, or as supplemental664

material.665

7. Experiment statistical significance666

Question: Does the paper report error bars suitably and correctly defined or other appropriate667

information about the statistical significance of the experiments?668

Answer: [Yes]669

Justification: Our experiment section provides shaded areas for the standard deviation of670

the performance curves over 10 independent training runs. Additional details can be found671

therein.672

Guidelines:673

• The answer NA means that the paper does not include experiments.674

• The authors should answer "Yes" if the results are accompanied by error bars, confi-675

dence intervals, or statistical significance tests, at least for the experiments that support676

the main claims of the paper.677

• The factors of variability that the error bars are capturing should be clearly stated (for678

example, train/test split, initialization, random drawing of some parameter, or overall679

run with given experimental conditions).680

• The method for calculating the error bars should be explained (closed form formula,681

call to a library function, bootstrap, etc.)682

• The assumptions made should be given (e.g., Normally distributed errors).683
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• It should be clear whether the error bar is the standard deviation or the standard error684

of the mean.685

• It is OK to report 1-sigma error bars, but one should state it. The authors should686

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis687

of Normality of errors is not verified.688

• For asymmetric distributions, the authors should be careful not to show in tables or689
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error rates).691

• If error bars are reported in tables or plots, The authors should explain in the text how692

they were calculated and reference the corresponding figures or tables in the text.693

8. Experiments compute resources694

Question: For each experiment, does the paper provide sufficient information on the com-695

puter resources (type of compute workers, memory, time of execution) needed to reproduce696

the experiments?697

Answer: [Yes]698

Justification: See appendix F.699
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or cloud provider, including relevant memory and storage.703

• The paper should provide the amount of compute required for each of the individual704
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didn’t make it into the paper).708
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Answer: [Yes]712
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eration due to laws or regulations in their jurisdiction).719

10. Broader impacts720

Question: Does the paper discuss both potential positive societal impacts and negative721

societal impacts of the work performed?722

Answer: [NA]723

Justification: We do not foresee any negative societal impact for our algorithms.724
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• The answer NA means that there is no societal impact of the work performed.726
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• Examples of negative societal impacts include potential malicious or unintended uses729

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations730

(e.g., deployment of technologies that could make decisions that unfairly impact specific731

groups), privacy considerations, and security considerations.732
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• The conference expects that many papers will be foundational research and not tied733

to particular applications, let alone deployments. However, if there is a direct path to734

any negative applications, the authors should point it out. For example, it is legitimate735

to point out that an improvement in the quality of generative models could be used to736
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technology is being used as intended but gives incorrect results, and harms following742

from (intentional or unintentional) misuse of the technology.743

• If there are negative societal impacts, the authors could also discuss possible mitigation744

strategies (e.g., gated release of models, providing defenses in addition to attacks,745

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from746

feedback over time, improving the efficiency and accessibility of ML).747

11. Safeguards748

Question: Does the paper describe safeguards that have been put in place for responsible749

release of data or models that have a high risk for misuse (e.g., pretrained language models,750

image generators, or scraped datasets)?751

Answer: [NA]752

Justification: We do not release models or datasets in this paper.753
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• The answer NA means that the paper poses no such risks.755

• Released models that have a high risk for misuse or dual-use should be released with756

necessary safeguards to allow for controlled use of the model, for example by requiring757

that users adhere to usage guidelines or restrictions to access the model or implementing758

safety filters.759

• Datasets that have been scraped from the Internet could pose safety risks. The authors760

should describe how they avoided releasing unsafe images.761

• We recognize that providing effective safeguards is challenging, and many papers do762

not require this, but we encourage authors to take this into account and make a best763

faith effort.764

12. Licenses for existing assets765

Question: Are the creators or original owners of assets (e.g., code, data, models), used in766

the paper, properly credited and are the license and terms of use explicitly mentioned and767
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URL.775
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• For scraped data from a particular source (e.g., website), the copyright and terms of777
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has curated licenses for some datasets. Their licensing guide can help determine the781

license of a dataset.782

• For existing datasets that are re-packaged, both the original license and the license of783

the derived asset (if it has changed) should be provided.784
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• If this information is not available online, the authors are encouraged to reach out to785

the asset’s creators.786

13. New assets787
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provided alongside the assets?789
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create an anonymized URL or include an anonymized zip file.800
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institution) were obtained?821
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guidelines for their institution.832
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Question: Does the paper describe the usage of LLMs if it is an important, original, or836

non-standard component of the core methods in this research? Note that if the LLM is used837

only for writing, editing, or formatting purposes and does not impact the core methodology,838

scientific rigorousness, or originality of the research, declaration is not required.839
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A Technical results847

This section presents the technical results necessary for our theorems’ proofs.848

A.1 Confidence set849

The first result is a confidence set for the maximum likelihood estimation. It is an elliptical relaxation850

of the confidence set provided in Theorem 3.1 of Lee et al. [2024].851

Lemma A.1 (Confidence set for the reward estimation). Define for a given λ > 0 the following set:852

Et(δ) :=
{
θ :
∥∥∥θ − θ̂t

∥∥∥2
Vt

≤ βt(δ)
2 := κ

[
log

(
1

δ

)
+ d log

(
max

{
e,

4eBLHγ(t− 1)

d

})]
+ 4λB2

}
,

with Vt =
∑t−1

s=1 xtx
⊤
t + λI , κ = max∥θ∥≤B,x∈X

1
σ̇(⟨θ,x⟩) = O(e2BLHγ ), Hγ = (1− γ)−1, and σ̇853

is the first derivative of σ.854

Then, it holds that:855

Pr [∃t ≥ 1 : θ∗ /∈ Et(δ)] ≤ δ,

that is, Et(δ) is a high-probability confidence set for θ∗ uniformly in time.856

Proof. By a first-order Taylor approximation with integral remainder, we have857

LDt
(θ∗) = LDt

(θ̂t) + ⟨∇LDt
(θ̂t), θ

∗ − θ̂t⟩+ (θ∗ − θ̂t)
⊤Gt(θ̂t, θ

∗)(θ∗ − θ̂t),

where LDt
was defined in Equation (2) and858

Gt(θ̂t, θ
∗) =

∫ 1

0

(1− τ)

(
t−1∑
s=1

σ̇(⟨θ̂t + τ(θ∗ − θ̂t), xs⟩)xsx
⊤
s

)
dτ

=

t−1∑
s=1

[∫ 1

0

(1− τ)σ̇(⟨θ̂t + τ(θ∗ − θ̂t), xs⟩) dτ
]
xsx

⊤
s

⪰ κ−1
t−1∑
s=1

xsx
⊤
s . (3)

Rearranging terms gives859

LDt
(θ∗)− LDt

(θ̂t)
(i)

≥ (θ∗ − θ̂t)
⊤Gt(θ̂t, θ

∗)(θ∗ − θ̂t)

(ii)

≥ (θ∗ − θ̂t)
⊤

(
κ−1

t−1∑
s=1

xsx
⊤
s

)
(θ∗ − θ̂t)

= κ−1
∥∥∥θ∗ − θ̂t

∥∥∥2
Vt

− κ−1λ
∥∥∥θ∗ − θ̂t

∥∥∥2 ,
where (i) follows from the first order optimality condition for θ̂t and (ii) from the lower bound in (3).860

Rearranging again and applying [Lee et al., 2024, Theorem 3.1] with the Lipschitz constant of LDt
861

equal to Lt = 2LHγ(t− 1), we get862 ∥∥∥θ∗ − θ̂t

∥∥∥2
Vt

≤ κ

[
log

(
1

δ

)
+ d log

(
max

{
e,

4eBLHγ(t− 1)

d

})]
+ 4λB2.

863

A.2 Optimism with constant probability864

We first recall the following standard concentration and anti-concentration property of the Gaussian865

distribution.866

Lemma A.2 (Appendix A of [Abeille and Lazaric, 2017]). Let z ∼ N (0, I) be a d-dimensional867

Gaussian random vector. Then, we have:868
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1. Anti-concentration: For any u ∈ Bd(1), we have Pr [⟨u, z⟩ ≥ 1] ≥ 1
4
√
eπ

.869

2. Concentration: Pr
[
∥z∥ ≤

√
2d log(2d/δ)

]
≥ 1− δ.870

The anti-concentration property yields the following key result, which is required to prove a constant871

probability of optimism and subsequently control pessimism terms in the regret. Although it has872

been proven by Abeille and Lazaric [2017] in their linear Thompson sampling analysis, we provide a873

concise proof based on convex analysis for completeness.874

Lemma A.3. Let f : Rd → R be a continuous and convex function, and consider the ellipsoid875

E :=
{
x ∈ Rd : ∥x− x0∥A ≤ b

}
for a positive definite matrix A and b > 0. If x̃ ∼ N (x0, b

2A−1),876

then Pr [f(x̃) ≥ maxx∈E f(x)] ≥ 1/ (4
√
eπ).877

Proof. Note that by definition of x̃ we have x̃
d
= x0 + bA−1/2z̃, where z̃ ∼ N (0, I). Hence,878

considering g(z) := f(x0 + bA−1/2z), we have879

p := Pr

[
f(x̃) ≥ max

x∈E
f(x)

]
= Pr

[
g(z̃) ≥ max

z∈Bd(1)
g(z)

]
,

where we used that x0 + bA−1/2z ∈ E if and only if z ∈ Bd(1). Since g is a continuous convex880

function, we can choose z̄ ∈ argmaxz∈Bd(1) g(z) such that ∥z̄∥ = 1. By optimality of z̄ it holds that881

[Rockafellar, 1997, Theorem 32.4]882

∂f(z̄) ⊆ NBd(1)(z̄),

where NBd(1)(z̄) =
{
h ∈ Rd : h = λz̄, λ ≥ 0

}
denotes the normal cone to Bd(1) at z̄. Hence, by883

convexity of g we have884

g(z̃) ≥ g(z̄) + ⟨λz̄, z̃ − z̄⟩ = g(z̄) + λ(⟨z̄, z̃⟩ − 1), for some λ ≥ 0.

Therefore, ⟨z̄, z̃⟩ ≥ 1 implies that g(z̃) ≥ g(z̄), which yields the lower bound885

p = Pr [g(z̃) ≥ g(z̄)] ≥ Pr [⟨z̃, z̄⟩ ≥ 1] .

In light of Lemma A.2, this implies that p ≥ 1/(4
√
eπ).886

A.3 Elliptical potential bounds887

The following lemma provides an upper bound on the sum of norms of sequentially observed vectors888

in the norm induced by their design matrix. These norms of vectors are commonly called elliptical889

potentials.890

Lemma A.4 (Lemma 19.4 of Lattimore and Szepesvári [2020]). Let {Xt}t≥0 ∈ Rd and for all t ≥ 0,891

∥Xt∥ ≤ L, let Vt = λId +
∑t−1

s=0 XsX
⊤
s for some λ > 0. Then,892

T∑
t=1

min{1, ∥Xt∥2V −1
t

} ≤ 2d log

(
1 +

TL2

dλ

)
.

In the analysis of our algorithms, a central challenge is to control the norms of policy feature893

differences ϕ(πt) − ϕ(πt)
′. However, the learner only observes the trajectory features ϕ(τt) and894

ϕ(τ ′t), which are random realizations of the policy features. To overcome this, we build on Lemma895

A.4 and introduce new tools to bound the sum of norms of policy feature differences.896

Lemma A.5 (Elliptical lemma). 1) Let {Xt}t≥0 ∈ Rd and for all t ≥ 0, ∥Xt∥ ≤ L, let Vt =897

λId +
∑t−1

s=0 XsX
⊤
s for some λ > 0. Then,898

T∑
t=1

∥Xt∥2V −1
t

≤ 2d log

(
1 +

TL2

dλ

)
+

3dL2

log(2)λ
log

(
1 +

L2

log(2)λ

)
.
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2) Let {Xt}t≥0 ∈ Rd be a sequence of random vectors adapted to a filtration {Ft}t≥0. Assume that899

for all t ≥ 0, ∥Xt∥ ≤ L almost surely. Then, for all δ > 0, it holds with probability at least 1− δ900

that:901

∀T ∈ N,
T∑

t=1

E[∥Xt∥V −1
t

|Ft] ≤2

√
T

(
2d log

(
1+

TL2

dλ

)
+

3dL2

log(2)λ
log

(
1+

L2

log(2)λ

))
+

8L√
λ
log(1/δ),

where Vt = λId +
∑t−1

s=0 XsX
⊤
s for some λ > 0.902

The first statement is a small improvement over Lemma A.4 because it involves ∥Xt∥2V −1
t

instead of903

min{1, ∥Xt∥2V −1
t

} and maintains a similar upper bound. In the second statement, {Xt}t≥0 represent904

trajectory features and their expected values are policy features. Hence, the second statement of the905

lemma above allows us to control the elliptical potentials of the policy features while only observing906

trajectory features.907

Proof. First statement: The proof of this result is based on the observation in [Lattimore and908

Szepesvári, 2020, Exercise 19.3]. Namely, the number of times the term ∥Xt∥2V −1
t

can be larger than909

one is at most 3d
log(2) log(1 +

L2

λ log(2) ).910

Let’s define the rounds TT = {t ≤ T, ∥Xt∥2V −1
t

≤ 1}, we have:911

T∑
t=1

∥Xt∥2V −1
t

=
∑
t∈TT

∥Xt∥2V −1
t

+
∑
t/∈TT

∥Xt∥2V −1
t

≤
∑
t∈TT

min{1, ∥Xt∥2V −1
t

}+ 3dL2

λ log(2)
log(1 +

L2

λ log(2)
),

where the first term of the last inequality follows by definition of TT . The second term follows912

because the number of times 1 ≤ t ≤ T not in TT is at most 3d
log(2) log(1 +

L2

λ log(2) ) as previously913

discussed, and because ∥Xt∥2V −1
t

≤ L2/λ. Then, the proof is concluded by bounding the first sum914

on the right-hand side using Lemma A.4.915

Second statement: The proof proceeds by using Lemma A.9. We have for any δ > 0 that with916

probability 1− δ:917

T∑
t=1

E[∥Xt∥V −1
t

|Ft] ≤ 2

T∑
t=1

∥Xt∥V −1
t

+
8L√
λ
log(1/δ)

≤ 2

√√√√T

T∑
t=1

∥Xt∥2V −1
t

+
8L√
λ
log(1/δ)

≤ 2

√
T

(
2d log

(
1+

TL2

dλ

)
+

3dL2

log(2)λ
log

(
1+

L2

log(2)λ

))
+

8L√
λ
log(1/δ),

where the first inequality uses Lemma A.9, the second uses the Cauchy-Schwarz inequality, and the918

last follows from the first result of the lemma.919

We now present a variant of the elliptical potentials lemma above, adapted for the case where the920

design matrix is updated with optimal design and lazy updates; see Algorithm 2 for more details.921

Lemma A.6 (Lazy elliptical lemma). Let {Xt}t≥0 ∈ Rd be a sequence of random vectors adapted922

to a filtration {Ft}t≥0. Assume that for all t ≥ 0, ∥Xt∥ ≤ L. Then, we have the following results:923
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1) For all λ > 0 and C > 0, it holds that924

T∑
t=1

∥Xt∥2V −1
t

≤ 2(1 + C)d

1− 1/e
log

(
1 +

TL2

dλ

)
+

3dL2

log(2)λ
log

(
1 +

L2

log(2)λ

)
.

where Vt is the matrix in Algorithm 2. Recall that Vt is defined with the following lazy update925

procedure:926

• Initialize V0 = λI , W0 = λI , D = ∅,927

• At a given round t ∈ N:928

– Update Wt:929

* If D = ∅ update Wt = Vt + xt−1x
⊤
t−1,930

* else Wt = Wt−1 + xt−1x
⊤
t−1, Vt = Vt−1.931

– Update set D = D ∪ {xt−1}932

– if detWt > (1 + C) detVt:933

* update Vt = Vt−1 +
∑

x∈D-OptDes(D,det(Wt))
xx⊤934

* reset D = ∅.935

the operator D-OptDes is the procedure described in Algorithm 3.936

2) For all δ > 0, it holds with probability at least 1− δ that:937

∀T ∈ N,
T∑

t=1

E[∥Xt∥V −1
t

|Ft] ≤

√
8(1 + C)dT

(1− 1/e)2
log

(
1 +

TL2

dλ

)
+
12dL2T

log(2)λ
log

(
1+

L2

log(2)λ

)
+

8L√
λ
log(1/δ).

Compared to Lemma A.5, we lose a factor of 1+C
1−1/2 in the first statement and of 1+C

(1−1/e)2 in the938

second statement. The factor (1 + C) arises because we only update the matrix Vt once detWt939

exceeds detVt by a constant (1 + C). The 1/(1− 1/e) factors arise from the use of optimal design.940

Proof. First statement: We proceed in two steps: First, we relate Vt to Wt, similar to the standard941

proofs for lazy updates (see proof of Theorem 4 of Abbasi-Yadkori et al. [2011] for example); The942

second step consists of using arguments of approximate optimality of greedy optimal design from943

[Nemhauser et al., 1978].944

Step 1: Here, we relate the matrix norm in V −1
t to the matrix norm in Wt.945

We have for all t ∈ N that Wt ≥ Vt, which implies that V −1
t ≥ W−1

t . Then, using Lemma A.8 we946

have:947

∀x ∈ Rd, ∥x∥2V −1
t

≤ ∥x∥2W−1
t

det(V −1
t )

det(W−1
t )

. (4)

By definition of Vt, we know that for all t ≥ 1, det(Wt) ≤ (1 + C) det(Vt), which implies that948

det(V −1
t ) ≤ (1 + C) det(W−1

t ). Then, from (4) we obtain that:949

∀x ∈ Rd, ∥x∥2V −1
t

≤ (1 + C) ∥x∥2W−1
t

.

Now, for rounds tstop ∈ N such that detVtstop > (1 +C) detVtstop−1, and all rounds t > tstop such950

that detWt ≤ (1 + C) detVtstop we have:951

t∑
q=tstop

∥xq∥2V −1
t

=

t∑
q=tstop

∥xq∥2V −1
tstop

≤ (1 + C)

t∑
q=tstop

∥xq∥2W−1
q

.

In addition, we have:952

t−1∑
q=tstop

min{1, ∥xq∥2V −1
t

} ≤ 2(1+C)

t−1∑
q=tstop

log(1+∥xq∥2W−1
q

) = 2(1+C) log(det(Wt)/ det(Wtstop)),
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where the last equality follows because det(Wq+1)
det(Wq)

= 1+ ∥xq∥2W−1
q

(see the proof of [Abbasi-Yadkori953

et al., 2011, Lemma 11] for example).954

Step 2: We now relate the terms (log det(Wt))t≤t′stop
to the term log det(Vt′stop

) where t′stop is the955

first time greater than tstop such that det(Vt′stop
) > (1 + C) det(Vt′stop−1).956

Based on Algorithm 3, there are two possibilities:957

1. either the new design matrix Vt′stop
is such that detVt′stop

> detWt′stop
,958

2. or the procedure D-OptDes
(
D,det(Wt′stop

)
)

terminates after adding |D| elements to the959

matrix Vtstop .960

In the first case, we have by definition that detVt′stop
≥ detWt′stop

. We now show that a similar result961

also holds in the second case.962

Consider the set D at time t′stop. The set function S ⊂ D → log det
(
Vtstop +

∑
x∈S xxT

)
is963

submodular [Krause et al., 2008]. Therefore, it follows from [Nemhauser et al., 1978] that the greedy964

algorithm maximizing the above function is (1− 1/e) optimal. Namely, consider the set Dopt defined965

by greedily adding the features x ∈ D until |Dopt| = |D|. Then, it holds that:966

log det

Vtstop +
∑

x∈Dopt

xxT

 ≥ (1− 1/e) max
S⊂D,|S|≤|D|

log det

(
Vtstop +

∑
x∈S

xxT

)
.

From the above, we deduce that for all t ≤ t′stop:967

log det(Wt) = log det(Vtstop +

t∑
s=tstop

xsx
T
s ) ≤ max

S⊂D,|S|≤|D|
log det

(
Vtstop +

∑
x∈S

xxT

)

≤ 1

1− 1/e
log det

Vtstop +
∑

x∈Dopt

xxT

 .

We conclude that in both cases of termination of Algorithm 3, it holds for all t ≤ t′stop that:968

log det(Wt) ≤ 1
1−1/e log det

(
Vt′stop

)
.969

Combination of steps 1 and 2: From step 1, we know that:970

t−1∑
q=1

min{1, ∥xq∥2V −1
t

} ≤ 2(1 + C)

t−1∑
q=1

log(1 + ∥xq∥2W−1
q

) = 2(1 + C) log(det(Wt)/ det(W0)),

In addition, exercise 19.3 of [Lattimore and Szepesvári, 2020] proves that the number of times where971

∥xq∥W−1
t

is greater than one is at most 3d
log(2) log

(
1 + L2

λ log(2)

)
. Therefore, we deduce that for all972

T ∈ N:973

T∑
q=0

∥xq∥2V −1
t

≤
T∑

q=0

min{1, ∥xq∥2V −1
t

}+ 3dL2

λ log(2)
log

(
1 +

L2

λ log(2)

)

≤ 2(1 + C) log(det(Wt)/ det(W0)) +
3dL2

λ log(2)
log

(
1 +

L2

λ log(2)

)
.

Finally, plugging the result of step 2 above yields that:974

T∑
q=0

∥xq∥2V −1
t

≤ 2(1 + C)

1− 1/e
log(det(VT )/ det(V0)) +

3dL2

λ log(2)
log

(
1 +

L2

λ log(2)

)

≤ 2(1 + C)d

1− 1/e
log

(
1 +

TL2

λ

)
+

3dL2

λ log(2)
log

(
1 +

L2

λ log(2)

)
.
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This concludes the proof of the first result.975

Second statement: We know from inequality (4) that for all t ∈ [τ, τ ′ − 1]:976

E[∥Xt∥V −1
t

|Ft] ≤ E[∥Xt∥W−1
t

|Ft].

Then, using Lemma A.9 we obtain:977

τ ′−1∑
t=τ

E[∥Xt∥V −1
t

|Ft] ≤ 2

τ ′−1∑
t=τ

∥Xt∥W−1
t

+
8L√
λ
log(1/δ).

Then, we can conclude the proof using the same arguments as for the first result.978

A.4 Miscellaneous979

Proposition A.7. The function f(θ) = supπ∈(∆A)S ⟨θ, ϕ(π)⟩ is convex and continuous over Rd.980

Proof. The function f is the support function of the set Z = {ϕ(π) : π : S → ∆A}. To prove the981

convexity, note that for any η ∈ (0, 1), we have982

f(ηθ + (1− η)θ′) ≤ η sup
z∈Z

⟨θ, z⟩+ (1− η) sup
z∈Z

⟨θ′, z⟩ ≤ ηf(θ) + (1− η)f(θ′).

Furthermore, any convex function is continuous over the relative interior of its effective domain983

dom f = {x : f(x) < ∞} (see e.g. [Rockafellar, 1997, Theorem 10.1]). Since |f(θ)| ≤ ∥θ∥LHγ ,984

this implies that f is continuous over Rd.985

Lemma A.8 (Lemma 12 of [Abbasi-Yadkori et al., 2011]). Let A,B, and C be positive semi-definite986

matrices such that A = B + C. Then, we have that:987

sup
x ̸=0

xTAx

xTBx
≤ det(A)

det(B)
.

This next lemma is one of the versions of Freedman’s inequality [Freedman, 1975].988

Lemma A.9 (Lemma 2 of Zhu and Nowak [2022]). Let (Zt)t≤T be a real-valued sequence of989

random variables adapted to a filtration Ft. If |Zt| ≤ B almost surely, then with probability at least990

1− δ,991
T∑

t=1

Zt ≤
3

2

T∑
t=1

Et [Zt] + 4B log
(
2δ−1

)
and992

T∑
t=1

Et [Zt] ≤ 2

T∑
t=1

Zt + 8B log
(
2δ−1

)
.

B Proof of Theorem 3.4993

Proof. The proof proceeds in four steps. We first define a set of good events of concentration of994

parameters and sums of trajectory features, we show that they are satisfied with high probability.995

Second, we decompose the regret into two terms: a pessimism term and an estimation error term. We996

then show that the pessimism term is controlled by establishing a constant probability of optimism,997

and the estimation error term is controlled by the estimation error of the maximum likelihood998

estimator.999

Throughout the proof, we work with the two filtrations Ft = σ(x1, y1, . . . , xt−1, yt−1) and Fθ
t =1000

σ(Ft, θ̃t). In particular, both θ̂t and Vt are Ft measurable. Therefore, θ̃t follows a Gaussian1001

distribution given Ft, i.e. θ̃t | Ft ∼ N (θ̂t, β
2
t V

−1
t ), while it is fully determined by Fθ

t .1002

Step 1 (good events): Recall that in Algorithm 1 we set ε = 1/
√
T and δ′ = δ/5. We define the1003

following high probability events.1004
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1. Let δ′′ = δ′/T and c(δ′′) :=
√

2d log(2d/δ′′) =
√
2d log(10dT/δ). Consider the inflated1005

ellipsoid1006

ETS
t :=

{
θ ∈ Rd :

∥∥∥θ − θ̂t

∥∥∥
Vt

≤ βt(δ
′)c(δ′′)

}
= c(δ′′)Et(δ′).

We define the events1007

Êt := {θ∗ ∈ Et} , Ẽt :=
{
(1− α)θ̂t + θ̃t ∈ ETS

t

}
, and Et := Êt ∩ Ẽt

and let G1 :=
⋂T

t=1 Et. This event implies that θ∗ lies in the confidence set uniformly over1008

times t ≤ T , and the sampled parameter is close to αθ̂t.1009

2. Let G2 denote the event that for1010

CT := 2

√
T

(
2d log

(
1+

4TL2H2
γ

dλ

)
+
12dL2H2

γ

log(2)λ
log

(
1+

4L2H2
γ

log(2)λ

))
+

16LHγ√
λ

log

(
2

δ′

)
,

it holds that1011
T∑

t=1

E
[
∥ϕ(τt)− ϕ(τ ′t)∥V −1

t
| Ft

]
≤ CT ,

and that1012
T∑

t=1

E
[
∥ϕ(τt)− ϕ(τ ′t)∥V −1

t
| Fθ

t

]
≤ CT .

3. Let G3 =
{
∀t ∈ [1, T ] : V ∗

θ̃t
− V πt

θ̃t
≤ ε
}

, where πt = APACRL

(
θ̃t, ε, δ

′/T
)

.1013

4. Let G4 denote the event that V ∗
θ̄T

− V π̂
θ̄T

≤ ε where π̂ = APACRL
(
θ̄T , ε, δ

′).1014

As shown below, with probability at least 1− δ, all the above good events happen at the same time.1015

Proposition B.1. Let G :=
⋂4

i=1 Gi. It holds that Pr [G] ≥ 1− δ.1016

Proof. For the event G1, Lemma 3.1 and A.2 imply that Pr
[⋃T

t=1 Ê
∁
t

]
≤ δ′ and Pr[Ẽ∁

t ] ≤ δ′/T for1017

any t ∈ [1, T ]. Hence, a union bound yields Pr
[
G∁

1

]
≤ 2δ′. Furthermore, by Lemma A.5 2), we1018

have Pr
[
G∁

2

]
≤ δ′. Moreover, by union bound and the definition of APACRL , we have Pr

[
G∁

3

]
≤ δ′ and1019

Pr
[
G∁

4

]
≤ δ′. Hence, we have Pr [G] ≥ 1−

∑4
i=1 Pr

[
G∁

i

]
≥ 1− δ.1020

Remark B.2. Note that throughout this proof, we consider α = 1. However, we defined the good1021

events for general α ∈ {0, 1} so we can reuse Proposition B.1 for the proof of Theorem 3.5, which1022

requires α = 0 instead. In particular, the event G4 is relevant only for the setting with α = 0.1023

Step 2 (regret decomposition): Recall that in algorithm 1, we choose π′
t = πt−1. Hence, we can upper1024

bound the cumulative regret as follows1025

R(T ) =
1

2

T∑
t=1

(
2V ∗

θ∗ − V πt

θ∗ − V
π′
t

θ∗

)
≤

T∑
t=1

(V ∗
θ∗ − V πt

θ∗ ) + V ∗
θ∗ − V

π′
0

θ∗

≤
T∑

t=1

(V ∗
θ∗ − V πt

θ∗ )︸ ︷︷ ︸
rt

+BLHγ .
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Let ∆t(θ) := maxπ⟨θ, ϕ(π)− ϕ(π′
t)⟩. On the good event G, we can decompose the instantaneous1026

regret as follows1027

rt := V ∗
θ∗ − V πt

θ∗

=
(
V ∗
θ∗ − V

π′
t

θ∗

)
−
(
V πt

θ̃t
− V

π′
t

θ̃t

)
+
(
V πt

θ̃t
− V

π′
t

θ̃t

)
−
(
V πt

θ∗ − V
π′
t

θ∗

)
≤
(
V ∗
θ∗ − V

π′
t

θ∗

)
−
(
V ∗
θ̃t
− V

π′
t

θ̃t

)
+ ε+

(
V πt

θ̃t
− V

π′
t

θ̃t

)
−
(
V πt

θ∗ − V
π′
t

θ∗

)
= ∆t(θ

∗)−∆t(θ̃t)︸ ︷︷ ︸
rTS
t

+ ⟨θ̃t − θ∗, ϕ(πt)− ϕ(π′
t)⟩︸ ︷︷ ︸

rMLE
t

+ε.

Here, rTS
t is a pessimism term that is negative by construction for optimistic algorithms, and rMLE

t is1028

related to the estimation error of the reward parameter.1029

Step 3 (bounding rTS
t ): This part of the analysis highlights the distinctiveness of randomized explo-1030

ration. While optimistic algorithms ensure negativity of rTS
t through their intractable optimization1031

procedures, randomized exploration controls it using probability arguments. Specifically, following1032

the proof of Abeille and Lazaric [2017], we begin by bounding rTS
t on the good event via a conditional1033

expectation given the optimism event. The bound on rTS
t then follows by a careful application of the1034

anti-concentration property established in Lemma A.3.1035

Conditioned on Ẽt, we can lower bound1036

∆t(θ̃t) ≥ min
θ∈ETS

t

∆t(θ) = max
π

⟨θt, ϕ(π)− ϕ(π′
t)⟩ =: ∆t,

for some θt ∈ ETS
t . Moreover, if Ot :=

{
∆t(θ̃t) ≥ ∆t(θ

∗)
}

denotes the event of θ̃t being optimistic1037

at time t, we can upper bound ∆t(θ
∗) as follows1038

∆t(θ
∗)1(Et) ≤ E

[
∆t(θ̃t)1(Et) | Ft, Ot

]
.

Putting this together, we get1039

rTS
t 1(Et) ≤ E

[(
∆t(θ̃t)−∆t

)
1(Et) | Ft, Ot

]
(i)

≤ E
[(

⟨θ̃t, ϕ(πt)− ϕ(π′
t)⟩+ ε−max

π
⟨θt, ϕ(π)− ϕ(π′

t)⟩
)
1(Et) | Ft, Ot

]
(ii)
= E

[(
⟨θ̃t, ϕ(πt)− ϕ(π′

t)⟩ − ⟨θt, ϕ(πt)− ϕ(π′
t)⟩
)
1(Et) | Ft, Ot

]
+ ε

(iii)

≤ 2βt(δ
′)c(δ′′)E

[
∥ϕ(πt)− ϕ(π′

t)∥V −1
t

| Ft, Êt, Ot

]
Pr
[
Êt | Ft

]
+ ε,

where (i) follows from ε-optimality of πt, in (ii) we used that maxπ⟨θt, ϕ(π) − ϕ(πt)⟩ ≥ 0, and1040

(iii) follows from the Cauchy-Schwarz inequality. By the law of total probability, we have that1041

E
[
∥ϕ(πt)− ϕ(π′

t)∥V −1
t

| Ft, Êt, Ot

]
≤ E

[
∥ϕ(πt)− ϕ(π′

t)∥V −1
t

| Ft, Êt

]
/Pr

[
Ot|Ft, Êt

]
.

Next, as θ∗ ∈ Et on Êt, we have1042

Pr
[
Ot | Ft, Êt

]
≥ Pr

[
∆t(θ̃t) ≥ max

θ∈Et

∆t(θ) | Ft

]
.

Since θ 7→ ∆t(θ) is the sum of a linear function and the function θ 7→ maxπ⟨θ, ϕ(π)⟩ which1043

is convex and continuous by Proposition A.7. Then, applying Lemma A.3 with f(θ) = ∆t(θ),1044

x̃ = θ̃t | Ft, and E = Et, we have1045

Pr
[
Ot | Ft, Êt

]
≥ 1/

(
4
√
eπ
)
=: p.

As a result, we can upper bound the instantaneous regret as1046

rTS
t 1(Et) ≤

2βt(δ
′)c(δ′′)E

[
∥ϕ(πt)− ϕ(π′

t)∥V −1
t

| Ft

]
p

+ ε

≤
2βt(δ

′)c(δ′′)E
[
∥ϕ(τt)− ϕ(τ ′t)∥V −1

t
| Ft

]
p

+ ε,
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where the second inequality follows from the convexity of norms. Applying Lemma A.5 2), we have1047

on the good event G that1048

T∑
t=1

rTS
t ≤ 2βT (δ

′)c(δ′′)

p

T∑
t=1

E
[
∥ϕ(τt)− ϕ(τ ′t)∥V −1

t
| Ft

]
+ Tε (5)

≤ 2βT (δ
′)c(δ′′)

p
CT + Tε,

for the constant1049

CT = 2

√
T

(
2d log

(
1+

4TL2H2
γ

dλ

)
+
12dL2H2

γ

log(2)λ
log

(
1+

4L2H2
γ

log(2)λ

))
+

16LHγ√
λ

log

(
2

δ′

)
.

Step 4 (bounding rMLE
t ): Conditioned on event Et we have1050

rMLE
t = ⟨θ̃t − θ∗, ϕ(πt)− ϕ(π′

t)⟩
= ⟨θ̃t − θ̂t, ϕ(πt)− ϕ(π′

t)⟩+ ⟨θ̂t − θ∗, ϕ(πt)− ϕ(π′
t)⟩

≤ βt(δ
′)(1 + c(δ′′)) ∥ϕ(πt)− ϕ(π′

t)∥V −1
t

≤ βt(δ
′)(1 + c(δ′′))E

[
∥ϕ(τt)− ϕ(τ ′t)∥V −1

t
|Fθ

t

]
,

where the last inequality follows from the convexity of norms. From here, we can again apply the1051

second result of Lemma A.5. We deduce that on the good event G, we have1052

T∑
t=1

rMLE
t ≤ βT (δ

′)(1 + c(δ′′))

T∑
t=1

E
[
∥ϕ(τt)− ϕ(τ ′t)∥V −1

t
|Fθ

t

]
≤ βT (δ

′)(1 + c(δ′′))CT .

In summary, we can conclude that with probability at least 1− δ, the regret can be bounded as follows1053

R(T ) ≤
T∑

t=1

(
rTS
t + rMLE

t

)
+ Tε+BLHγ

≤
(
2βT (δ

′)c(δ′′)

p
+ βT (δ

′)(1 + c(δ′′))

)
CT + 2Tε+BLHγ

≤ 3βT (δ
′)c(δ′′)

p
CT + 2Tε+BLHγ

=

3

[√
κ
[
log
(
5
δ

)
+ d log

(
max

{
e,

4eBLHγ(T−1)
d

})]
+ 2

√
λB

]√
2d log(10dT/δ)

p

·

[
2

√
T

(
2d log

(
1+

4TL2H2
γ

dλ

)
+
12dL2H2

γ

log(2)λ
log

(
1+

4L2H2
γ

log(2)λ

))
+

16LHγ√
λ

log

(
10

δ

)]
+ 2

√
T +BLHγ

= O

√κd3T log

(
dT

δ

)3
 .

1054

C Proof of Theorem 4.11055

We start the proof by showing that the number of rounds where the design matrix is updated is small.1056
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Lemma C.1 (Number of design matrix updates). Using Algorithm 2 with a parameter C > 0, it1057

holds that:1058
T∑

t=1

1{Vt ̸= Vt−1} ≤ d

log
(

1+C
1−1/e

) log

(
1 +

T (LHγ)
2

λd

)
.

That is, the number of updates of the matrix Vt is at most logarithmic in the number of interactions T .1059

Proof. Denote NT =
∑T

t=1 1 [Vt ̸= Vt−1], and let T ′ < T be the last time the matrix Vt was updated.1060

Then,1061

det(VT ) ≥ (1 + C)/(1− 1/e) det(VT ′)

≥ ((1 + C)/(1− 1/e))NT det(λI).

The first inequality follows because detWT ≥ (1 + C) detVT ′ and because greedy D-Optimal1062

design ensures that detVT ≥ 1
1−1/e detWT , where Wt is defined in Algorithm 2.1063

Then, using the trace-determinant inequality, we have:1064 (
1 + C

1− 1/e

)NT

λd ≤
(
λd+ T (LHγ)

2

d

)d

and then,1065

NT ≤ d

log
(

1+C
1−1/e

) log

(
1 +

T (LHγ)
2

λd

)
.

1066

We now present the proof for the regret bound, which proceeds similarly to that of Theorem 3.4 up1067

to some modifications. The first change is in the regret decomposition, which needs to be adapted1068

because we no longer compare to the past policy but rather to π′
t = APACRL (θ̂tstop(t), ε, δ). The second1069

change is using Lemma A.6 instead of Lemma A.5 to bound the sum of norms of trajectory features.1070

Finally, the good events defined in the proof of Theorem 3.4 are slightly modified to account for the1071

lazy design matrix and the new choice of comparator policy π′
t.1072

Proof. Let us first define the function tstop : N → N, which to a time t, assigns the last time1073

tstop(t) ≤ t that the update condition (line 4 in Algorithm 2) was met.1074

We work with the same two filtrations as before Ft = σ(x1, y1, . . . , xt−1, yt−1) and Fθ
t = σ(Ft, θ̃t).1075

And we recall that, given Ft, θ̃t in Algorithm 2 is sampled from N (θ̂tstop(t), β
2
tstop(t)

V −1
tstop(t)

).1076

Step 1 (good events): Consider δ′ = δ/4, we redefine the high-probability events:1077

1. Let δ′′ = δ′/T and c(δ′′) :=
√
2d log(2d/δ′′). Consider the inflated ellipsoid1078

ETS
tstop(t)

:=

{
θ ∈ Rd :

∥∥∥θ − θ̂tstop(t)

∥∥∥
Vtstop(t)

≤ βtstop(t)(δ
′)c(δ′′)

}
.

We define the events Et := Êt ∩ Ẽt, Êt :=
{
θ∗ ∈ Etstop(t)

}
, Ẽt :=

{
θ̃t ∈ ETS

tstop(t)

}
,1079

and let G1 :=
⋂T

t=1 Et.1080

2. Let CT := 2

√
T
(

8(1+C)d

(1−1/e)2
log

(
1+

4TL2H2
γ

dλ

)
+

12dL2H2
γ

log(2)λ
log

(
1+

4L2H2
γ

log(2)λ

))
+

16LHγ√
λ

log
(

2
δ′

)
, and1081

define G2 as the event under which it holds that1082

T∑
t=1

E
[
∥ϕ(τt)− ϕ(τ ′t)∥V −1

tstop(t)
| Ft

]
≤ CT ,

and1083
T∑

t=1

E
[
∥ϕ(τt)− ϕ(τ ′t)∥V −1

tstop(t)
| Fθ

t

]
≤ CT .
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3. Let G3 =
{
∀t ∈ [1, T ] : V ∗

θ̃t
− V πt

θ̃t
≤ ε
}

, where πt = APACRL

(
θ̃t, ε, δ

′/T
)

.1084

We also define the intersection, G :=
⋂3

i=1 Gi, of all good events.1085

We now compare each of these events to their counterparts in the proof of Theorem 3.4. The event1086

G1 is modified because we replace Vt by Vtstop(t) and θ̂t by θ̂tstop(t). The event G1 still holds with1087

probability at least 1− 2δ′ using the same concentration arguments as before. The event G2 is also1088

modified to account for the lazy design matrix, and it holds with probability 1− δ′ thanks to Lemma1089

A.6. Finally, the event G3 remains unchanged.1090

We conclude that G happens with probability at least 1− δ.1091

Step 2 (regret decomposition): Since Algorithm 2 uses a different comparator policy π′
t than Algorithm1092

1, we derive a new regret decomposition.1093

R(T ) =
1

2

T∑
t=1

(
2V ∗

θ∗ − V πt

θ∗ − V
π′
t

θ∗

)
=

1

2

T∑
t=1

((V ∗
θ∗ − V πt

θ∗ ) + ⟨θ∗, ϕ(π∗)− ϕ(π′
t)⟩)

=
1

2

T∑
t=1

((V ∗
θ∗ − V πt

θ∗ ) + ⟨θ∗, ϕ(π∗)− ϕ(πt)⟩+ ⟨θ∗, ϕ(πt)− ϕ(π′
t)⟩)

=
1

2

T∑
t=1

(
2(V ∗

θ∗ − V πt

θ∗ ) + ⟨θ∗ − θ̂tstop(t), ϕ(πt)− ϕ(π′
t)⟩+ ⟨θ̂tstop(t), ϕ(πt)− ϕ(π′

t)⟩
)

≤ 1

2

T∑
t=1

2 (V ∗
θ∗ − V πt

θ∗ )︸ ︷︷ ︸
rt

+
∥∥∥θ∗ − θ̂tstop(t)

∥∥∥
Vtstop(t)

∥ϕ(πt)− ϕ(π′
t)∥V −1

tstop(t)
+ ε

 ,

where the last line follows from the Cauchy-Schwarz inequality and because π′
t = APACRL (θ̂tstop(t), ε, δ).1094

The second term in the decomposition above can be bounded on the good event G as:1095

T∑
t=1

∥∥∥θ∗ − θ̂tstop(t)

∥∥∥
Vtstop(t)

∥ϕ(πt)− ϕ(π′
t)∥V −1

tstop(t)
≤ βT

T∑
t=1

∥ϕ(πt)− ϕ(π′
t)∥V −1

tstop(t)

≤ βTCT

where CT = 2

√
T
(

8(1+C)d
(1−1/e)2 log

(
1+

4TL2H2
γ

dλ

)
+

12dL2H2
γ

log(2)λ log
(
1+

4L2H2
γ

log(2)λ

))
+

16LHγ√
λ

log
(

2
δ′

)
.1096

For the first term in the regret decomposition, similarly to Appendix B, we have that:1097

rt = V ∗
θ∗ − V πt

θ∗ = ∆t(θ
∗)−∆t(θ̃t)︸ ︷︷ ︸

rTS
t

+ ⟨θ̃t − θ∗, ϕ(πt)− ϕ(π′
t)⟩︸ ︷︷ ︸

rMLE
t

where we recall the gap function ∆t(θ) := maxπ⟨θ, ϕ(π)− ϕ(π′
t)⟩.1098

Step 3 (bounding rTS
t ): The proof for

∑
t r

TS
t proceeds exactly like Appendix B up to Equation (5),1099

this is because the probability of the optimism event Ot and the events Et and Êt is unaffected by1100

the change to the algorithm. Then, we have that:1101

RTS(T ) =

T∑
t=1

rTS
t ≤ 2βT (δ

′)c(δ′′)

p

T∑
t=1

E
[
∥ϕ(τt)− ϕ(τ ′t)∥V −1

t
| Ft

]
+ Tε.

We can then conclude, on the good event G, that1102

RTS(T ) ≤ 2βT (δ
′)c(δ′′)

p
CT + Tε.
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Step 4 (bounding rMLE
t ): This proof is similar to that of the first term in the regret decomposition. The1103

only difference is that we use the confidence set for θ̃t instead of θ̂tstop(t). Then, it holds that:1104

T∑
t=1

rMLE
t ≤ βT (δ

′)(1 + c(δ′′))

T∑
t=1

∥ϕ(πt)− ϕ(π′
t)∥V −1

t

≤ βT (δ
′)(1 + c(δ′′))

T∑
t=1

E[∥ϕ(τt)− ϕ(τ ′t)∥V −1
t

|Fθ
t ],

≤ βT (δ
′)(1 + c(δ′′))CT

where the second inequality follows from the convexity of the norm.1105

In summary, we conclude that with probability at least 1− δ, the regret can be bounded as follows:1106

R(T ) ≤ 1

2

T∑
t=1

2 (V ∗
θ∗ − V πt

θ∗ )︸ ︷︷ ︸
=rTS

t +rMLE
t

+
∥∥∥θ∗ − θ̂tstop(t)

∥∥∥
Vtstop(t)︸ ︷︷ ︸

≤βT

∥ϕ(πt)− ϕ(π′
t)∥V −1

tstop(t)
+ ε


≤ 2βT (δ

′)c(δ′′)

p
CT + Tε+ βT (δ

′)(1 + c(δ′′))CT +
βT

2
CT + Tε.

1107

D Proof of Theorem 3.51108

Proof. Recall that in Algorithm 1, we set ε = 1/
√
T , δ′ = δ/5, and π̂ = APACRL (θ̄T , ε, δ

′) for1109

θ̄T = 1
T

∑T
t=1 θ̂t. Moreover, as α = 0, we further have θ̃t | Ft ∼ N (0, β2

t V
−1
t ), and choose the1110

policies πt = APACRL (θ̃t) and π′
t = πt−1.1111

In the following, we will denote π∗ ∈ argmaxπ⟨θ∗, ϕ(π)⟩ for an arbitrary optimal policy corre-1112

sponding to the ground truth reward parameter θ∗. Under the good event G of Proposition B.1, we1113

can bound the suboptimality of π̂ as follows1114

SubOpt(π̂) = ⟨θ∗, ϕ(π∗)− ϕ(π̂)⟩
≤ ⟨θ∗ − θ̄T , ϕ(π

∗)− ϕ(π̂)⟩+ ε

= ε+
1

T

T∑
t=1

⟨θ∗ − θ̂t, ϕ(π
∗)− ϕ(π̂)⟩,

where we used ε-optimality of π̂ and the definition of θ̄T . Now, recall that conditioned on Et, we1115

have θ∗ ∈ Et and θ̂t + θ̃t ∈ ETS
t . Define Ēt = {θ : θ + θ̂ ∈ Et}. Then, on the good event G it holds1116

that:1117

⟨θ∗ − θ̂t, ϕ(π
∗)− ϕ(π̂)⟩1 (Et) ≤ max

π,π′
max
θ∈Et

⟨θ − θ̂t, ϕ(π)− ϕ(π′)⟩1
(
Ẽt

)
= max

π,π′
max
θ∈Ēt

⟨θ, ϕ(π)− ϕ(π′)⟩1
(
Ẽt

)
(i)
= βt max

π,π′
∥ϕ(π)− ϕ(π′)∥V −1

t
1

(
Ẽt

)
(ii)

≤ βt max
π,π′

(
∥ϕ(π)− ϕ(π′

t)∥V −1
t

+ ∥ϕ(π′
t)− ϕ(π′)∥V −1

t

)
1

(
Ẽt

)
= 2βt max

π
∥ϕ(π)− ϕ(π′

t)∥V −1
t

1

(
Ẽt

)
(iii)
= 2max

π
max
θ∈Ēt

⟨θ, ϕ(π)− ϕ(π′
t)⟩1

(
Ẽt

)
= 2max

θ∈Ēt

max
π

⟨θ, ϕ(π)− ϕ(π′
t)⟩1

(
Ẽt

)
.
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Here, (i) and (iii) follow because Ēt is a centred ellipsoid and (ii) from the triangle inequality. Next,1118

we define the non-negative function ft(θ) := maxπ⟨θ, ϕ(π)− ϕ(π′
t)⟩ and the event Ot = {ft(θ̃t) ≥1119

maxθ∈Ēt
ft(θ)}. By Proposition A.7 ft is convex and continuous. Applying Lemma A.3 with f = ft,1120

x̃ = θ̃t | Ft, and E = Ēt, it holds that Pr [Ot | Ft] ≥ p := 1/(4
√
eπ). Hence,1121

⟨θ∗ − θ̂t, ϕ(π
∗)− ϕ(π̂)⟩1 (Et) ≤ 2max

θ∈Ēt

max
π

⟨θ, ϕ(π)− ϕ(π′
t)⟩1

(
Ẽt

)
≤ 2E

[
max
π

⟨θ̃t, ϕ(π)− ϕ(π′
t)⟩1

(
Ẽt

)
| Ot,Ft

]
≤ 2E

[
⟨θ̃t, ϕ(πt)− ϕ(π′

t)⟩1
(
Ẽt

)
| Ot,Ft

]
+ 2ε

≤ 2βt(δ
′)c(δ′′)E

[
∥ϕ(πt)− ϕ(π′

t)∥V −1
t

| Ot,Ft

]
+ 2ε

≤ 2βt(δ
′)c(δ′′)

p
E
[
∥ϕ(πt)− ϕ(π′

t)∥V −1
t

| Ft

]
+ 2ε.

Using Lemma A.5, we conclude that with probability 1− δ, we have that1122

SubOpt(π̂) ≤ 3ε+
2βt(δ

′)c(δ′′)

pT

T∑
t=1

E
[
∥ϕ(πt)− ϕ(π′

t)∥V −1
t

| Ft

]

≤ 3√
T

+

2

[√
κ
[
log
(
5
δ

)
+ d log

(
max

{
e,

4eBLHγ(T−1)
d

})]
+ 2

√
λB

]√
2d log(10dT/δ)

pT

·

[
2

√
T

(
2d log

(
1+

4TL2H2
γ

dλ

)
+
12dL2H2

γ

log(2)λ
log

(
1+

4L2H2
γ

log(2)λ

))
+

16LHγ√
λ

log

(
10

δ

)]

=O

√κd3

T
log

(
dT

δ

)3
 .

1123

E Discussion and background1124

E.1 Background on optimal experimental design1125

Given a possibly infinite set of features X ⊂ Rd, a D-optimal design is defined as a distribution π1126

such that:1127

π ∈ argmax
π∈∆X

log det

(∑
x∈X

π(x)xx⊤

)
.

The Kiefer-Wolfowitz theorem, see [Kiefer and Wolfowitz, 1960], shows that a D-optimal design also1128

ensures that maxx∈X ∥x∥2(∑x∈X π(x)xx⊤)
−1 = d. A direct consequence is that X is a subset of the1129

ellipsoid {x ∈ Rd : ∥x∥2(∑x∈X π(x)xx⊤)−1 ≤ d}. The Kiefer-Wolfowitz theorem can be interpreted1130

by saying that the set {x ∈ Rd : ∥x∥2(∑x∈X π(x)xx⊤)−1 ≤ d} is the minimum volume ellipsoid1131

containing X , see [Lattimore and Szepesvári, 2020, Theorem 21.1].1132

In the case where we have a budget of n samples for the design, we can define D-optimal de-1133

sign as the best allocation {nx}x∈X ∈ N of the n samples such that log det
(∑

x∈X nxxx
⊤) is1134

maximized and
∑

x∈X nx = n. Finding a D-optimal design with a budget of n is a challeng-1135

ing combinatorial optimization problem. However, there is a key property of the log det func-1136

tion that enables an efficient approximation scheme. Namely, for a set X ⊂ Rd, the set function1137

S ⊂ X → log det
(
λI +

∑
x∈S xx⊤) is submodular if λ is greater than one. Submodularity is a prop-1138

erty describing decreasing additional benefit, known as diminishing returns. Fortunately, a submodular1139

set function can be approximately maximized using a greedy algorithm, [Nemhauser et al., 1978].1140

33



Therefore, using Algorithm 3, we know that if tstop and t′stop are two consecutive update times, then1141

the design matrix satisfies: log det
(
Vt′stop

)
≥ (1− 1/e)maxS⊂X log det

(
Vtstop +

∑
x∈S xx⊤).1142

E.2 On the intractability of optimistic approaches1143

Optimism in the face of uncertainty is a widely used principle for regret minimization and exploration1144

in reinforcement learning. In the bandit setting, optimistic algorithms can be applied directly and1145

yield minimax-optimal regret bounds [Auer, 2002]. However, in more general settings–such as linear1146

bandits or MDPs–these approaches often lead to intractable optimization problems.1147

Optimism for regret minimization. For regret minimization in RLHF, an optimistic algorithm1148

would choose the policy πt to maximize the upper confidence bound on the reward difference relative1149

to a comparator policy π′
t, typically the previous policy:1150

πt = argmax
π

max
θ∈Et

V π
θ − V

π′
t

θ = argmax
π

V π
θ̂t
+ βt ∥ϕ(π)− ϕ(π′

t)∥V −1
t

,

where Et is a confidence set for θ∗. This leads to the following bound on the instantaneous regret:1151

rt =
(
V ∗
θ∗ − V

π′
t

θ∗

)
−
(
V πt

θ∗ − V
π′
t

θ∗

)
≤
(
max
π

max
θ∈Et

V π
θ − V

π′
t

θ

)
−
(
V πt

θ∗ − V
π′
t

θ∗

)
=
(
V πt

θ̃t
− V

π′
t

θ̃t

)
−
(
V πt

θ∗ − V
π′
t

θ∗

)
≤
∥∥∥θ̃t − θ∗

∥∥∥
Vt

∥ϕ(πt)− ϕ(π′
t)∥V −1

t
≤ 2βt(δ

′) ∥ϕ(πt)− ϕ(π′
t)∥V −1

t
,

where θ̃t ∈ Et. The cumulative regret can then be bounded using standard elliptical potential1152

arguments (see Lemma A.5).1153

Optimism for pure exploration. Optimistic algorithms are also successful for minimizing the1154

suboptimality gap of the final policy. In this case, algorithms aim to maximize the information gain1155

by selecting either a policy pair (πt, π
′
t) or a single policy πt relative to a reference policy π′

t to1156

maximize the exploration bonus:1157

∥ϕ(π)− ϕ(π′)∥V −1
t

.

These formulations are appealing due to their theoretical guarantees. However, not much can be said1158

about the computational efficiency of the subsequent optimization problems.1159

Challenge of optimizing the exploration bonus. As shown by Efroni et al. [2021], optimizing these1160

exploration bonuses is intractable even in tabular MDPs with a known transition law. Specifically,1161

maximizing the bonus reduces to the following problem over the set of discounted occupancy1162

measures:1163

max
µ∈M

⟨rθ, µ⟩+ βt

∥∥E(s,a)∼µϕ(s, a)− ϕ(π′
t)
∥∥
V −1
t

,

where M := {µπ : µπ(s, a) =
∑∞

t=0 γ
tPπ(st = s, at = a), π : S → ∆A} is the set of valid occu-1164

pancy measures induced by stationary policies [Puterman, 2014]. The norm term is strictly convex in1165

µ due to the strict convexity of the norm and the linearity of expectations. As a result, this is a convex1166

maximization problem, which is NP-hard in general [Atamtürk and Gómez, 2017].1167

These intractability results highlight a major limitation of optimistic algorithms. Although they yield1168

strong statistical guarantees, their practical implementation in general MDPs remains computationally1169

challenging. This motivates exploring alternative approaches, such as randomized exploration, which1170

can provide almost optimal theoretical guarantees while being computationally tractable.1171

F Experiments1172

Here, we provide additional details for experiments on Isaac Lab’s Isaac-Cartpole-v0 environ-1173

ment, as well as experimental results for the pure exploration version of our algorithm.1174
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Implementation details All experiments run on Isaac Lab’s unmodified Isaac-Cartpole-v01175

environment using the default PPO configuration. We train over 30 RLHF iterations, using 30 steps1176

of PPO at each iteration, and training is repeated for 10 independent seeds. For the randomized1177

exploration, we set βt = 0.01 + max(1, log t) and λ = 1, and for lazy updates we set C = 1. At1178

each RLHF iteration we compare 5 independently sampled trajectories of horizon H = 150. For the1179

maximum likelihood estimation we perform 500 Adam steps (batch size 64, ℓ2 penalty λ = 10−1).1180

Experiments were executed on a single machine equipped with an Intel i9-14900KS CPU and an1181

NVIDIA RTX 4090 GPU; completing 30 RLHF iterations required approximately 2 min 50 s.1182

Pure exploration Our results for the pure exploration setting with α = 0 are shown in Figure 2 and1183

3 below. In Figure 2, we see that all three versions of RPO achieve performance competitive to RL1184

with the ground truth reward3, but LRPO-OD needs the least preference queries. Moreover, in Figure 31185

we see that the performance during training is poor, i.e. the regret is large, which is to be expected1186

due to the pure exploration scheme.1187

(a) (b)

Figure 2: Comparison of RLHF algorithms in terms of (a) the last iterate ground truth reward V π̂
θ∗

(estimated from samples) and (b) number of preference queries performed. In particular, for the choice
α = 0, we compare RPO (green, Algorithm 1) with it’s lazy versions LRPO and LRPO-OD (orange &
blue). Here, LRPO and LRPO-OD refer to Algorithm 2 without and with optimal design subroutine.
The error bars indicate the 0.2 and 0.8 quantiles, across 10 independent runs. The dashed blue line
indicates the mean reward achieved by PPO with the ground truth parameter θ∗.

Figure 3: Comparing the ground truth rewards V πt

θ∗ (estimated from samples) of RLHF algorithms
for pure exploration (i.e. α = 0) during training, using the same color codes as in Figure 2.

3Note that the RL baseline makes 24× 4096× 50 = 4′915′200 queries to the ground truth reward, whereas
RPO uses at most 150 binary preference queries.
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