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APPENDIX

In the subsequent sections, we begin by highlighting related works, establishing the context and
relevance of this paper within the broader academic discourse in Section [A] The experimental
intricacies pertaining to the motivating example introduced in Section [3|are detailed in Section [B]
The pseudo-code for our PDRVI-L algorithm is delineated in Section [C] Within Section [D] we
elucidate the methodologies and findings from our experiments on the American option and CartPole.
Section [E| presents the rigorous proof for Theorem[d Meanwhile, Section [Foffers detailed proofs for
Theorem [5.2} Theorem[5.3} and Theorem 5.1}

A  RELATED WORK

Offline RL: Recent research interests arouse to design offline RL algorithms with fewer dataset
requirements based on a shared intuition called pessimism, i.e., the agent can act conservatively in the
face of state-action pairs that the dataset has not covered. Empirical evidence has emerged (Fujimoto
et al., [2019; Wu et al., |2019; |Kumar et al.| 2019; [Fujimoto & Gu, 2021} [Kumar et al.| 2020; Kostrikov:
et al., 2021; |Wu et al., 2021 |Wang et al., |2018; (Chen et al.,|2020; |Yang et al., [2021bj} |[Kostrikov et al.,
2022). Jin et al.| (2021)) prove that a pessimistic variant of the value iteration algorithm can achieve
sample-efficient suboptimality under a mild data coverage assumption. Xie et al.|(2021)) introduce
the notion of Bellman consistent pessimism to design a general function approximation algorithm.
Rashidinejad et al.|(2021) design the lower confidence bound algorithm utilizing pessimism in the
face of uncertainty and show it is almost adaptively optimal in MDPs.

Linear Function Approximation: Research interests on the provable efficient RL under the linear
model representations have emerged in recent years. [Yang & Wang| (2019) propose a parametric -
learning algorithm to find an approximate-optimal policy with access to a generative model. Zanette
et al.| (2021) considers the Linear Bellman Complete model and designs the efficient actor-critic
algorithm that achieves improvement in dependence on d. |Yin et al.|(2022) designs the variance-aware
pessimistic value iteration to improve the suboptimality bounds over the best-known existing results.
On the other hand, Wang et al.| (2020); Zanette|(2021) prove the statistical hardness of offline RL with
linear representations by proving that the sample sizes could be exponential in the problem horizon
for the value estimation task of any policy.

Robust MDP and RL: The robust optimization approach has been used to address the parameters
uncertainty in MDPs first by [Satia & Lave Jrj (1973) and later by |[Xu & Mannor| (2010); Iyengar
(2005); Nilim & El Ghaoui (2005); |Wiesemann et al.| (2013); Kaufman & Schaefer| (2013)); |[Ho et al.
(2018;2021); [Wiesemann et al.|(2013). Although flourishing in the supervised learning (Namkoong
& Duchil 2017} [Bertsimas et al., 2018} |Duchi & Namkoong} 2021} |Duchi et al., 2021)), few works
consider computing the optimal robust policy for RL. For online RL, a line of work has considered
learning the optimal MDP policy under worst-case perturbations of the observation or environmental
dynamics (Rajeswaran et al 2016} [Pattanaik et al |2017; Huang et al.| 2017 |Pinto et al.l 2017}
Zhang et al., 2020). For offline RL, Zhou et al.|(2021b)) studies the distributionally robust policy with
the offline dataset, where they focus on the KL ambiguity set and (s, a)-rectangular assumption and
develop a value iteration algorithm. |Yang et al.|(2021a) improve the results in|Zhou et al.|(2021b)
and extend the algorithms to other uncertainty sets. However, current theoretical advances mainly
focus on tabular settings.

Among the previous work, one of the closest works to ours isTamar et al.| (2014}, which develops a
robust ADP method based on a projected Bellman equation. Based on this, |Badrinath & Kalathil
(2021)) address the model-free robust RL with large state spaces by the proposed robust least squares
policy iteration algorithm. While both provide the convergence guarantee for their algorithm, as
shown in Section 3] their robustify-then-approximate (RTA) design fail to exploit the latent structure
of the problem and may lead to the conflict between robustness and approximator, which finally yields
suboptimal decisions. Besides,|[Panaganti et al.| (2022a)) considers the robust RL problem with general
function approximator. Their algorithmic design highly depend on the choice of the ambiguity set and
have no theoretical guarantee under weaker data coverage condition. The other closed work to ours
is|Goyal & Grand-Clement (2022), which considers a more general assumption for the ambiguity
set, called d-rectangular for MDPs with low dimensional linear representation. They mainly focus

1Goyal & Grand-Clement| (2022)) call it r-rectangular.
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on the optimal policy structure for robust MDPs and the computational cost given the ambiguity set.
In contrast, we study the offline RL setting and focus on the linear function approximation with a
provable finite-sample guarantee for the suboptimality.

B DETAILS OF THE MOTIVATING EXAMPLE

For convenience, given a r.v. X, we denote its distributional robust value (refer Lemma as
9(X,p) = supgso{—Blog(Ex~p[eX/?]) — B - p}. For any action a, the corresponding reward

distribution is
. {N(l,l) wp. l—a
“ \WNV(0,05) w.p. a
Based on the definition of (s, a)-rectangular, the robust action-value function Qsa(a) = g(74, 1).
The projected value function is approximated with a linear function Qpr0j(a) = [1 — a;a] " w, where
w = argmin, B, 7(0,1)(Vea(a) — [1 — a; a]Tu)?. The d-rectangular robust action-value function is
Qa(a) = (1 —a)g(ro,1) +ag(r1,1).

(7

C ALGORITHM DESIGN FOR THE PDRVI-L

Algorithm 2 PDRVI-L

1: Input: 3, D = {(sg,aﬁ,r;)}]xh[il.

2: Imit: Vi = 0.

3: forsteph = H to 1 do

4 Ay 0L b (s ap) d(sTap) |+ AT
5: 0« A;l [Zle o(s7, a’,;)rﬂ
6: if h = H then
7.
8

’l/U\H 0
: else
9: Update wy, ; with Equation [}
10:  end if

~

11: ﬁh:min(9h+1ﬁh,H—h+1)+
122 Qnlye) ¢ &) D — i S (s, a)Lilly -
13: 7p(- | -) ¢ argmaxy, (Qn(-, ), mn(- | -))a

14: V() < (@Qn( ) 7l | ))a
15: end for

D EXPERIMENT SETUP

D.1 AMERICAN OPTION PRICING

We set the feature dimension d = 31 and collect a dataset with 1000 trajectories as the offline dataset.
We assume that the price follows Bernoulli distribution (Cox et al.| (1979),

CuSh, W.p. Po,
Shi1 = { u P ®)
€dSh, W.p. 1—po,

where the ¢,, and ¢4 are the price up and down factors and py is the probability that the price goes up.
The initial price sq is uniformly sampled from [ — €, k + €], where & = 100 is the strike price and
e = 5 in our simulation. The agent can take an action to exercise the option (a;, = 1) or not exercise
(ap, = 0) at the time step h. If exercising the option, the agent receives a reward max (0, k — sp,) and
the state transits into an exit state. Otherwise, the price will fluctuate based on the above model and
no reward will be assigned. In our experiments, we set H = 20, ¢, = 1.02, ¢4 = 0.98. We limit
the price in [80, 140] and discretize with the precision of 1 decimal place. Thus the state space size
|S| = 602.
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Since Q(sp,a = 1) = max(0, k — sp) is known in advance, we do not need to do any approximation

for a5, = 1, and only need to estimate @(sh7 a = 0) = ¢(sp,) @y The features are chosen as
é(sn) = [@(sh,51); - -+, 0(5n,54)] T, where s1, .. ., 54 are selected anchor states and (s, s;), Vi €
[d] is the pairwise similarity measure. In particular, we set $1 = Smin = 80, ¢ = Smax=140, and
A = $i11 — 8 = (Smax — Smin)/(d — 1),Vi € [d — 1]. The similarity measure ¢(sp,s;) =
max(0,1 — |sp — s;|/A), Vi € [d], which is the partition to the nearest anchor states. Before training
the agent, we collect data with a fixed behavior policy for IV trajectories. Since taking a;, = 1 will
terminate the episode, it is helpless for learning the transition model. Hence, we use a fixed policy
to collect data, which always chooses a; = 0. All the experiments are finished on a server with an
AMD EPYC 7702 64-Core Processor CPU.

D.2 CARTPOLE

For our PDRVI-L algorithm, we construct the feature map ¢(s,a) = (¢1, ¢2, -+ , ¢q) € R? using
the gaussian kernel where for action a € {0, 1}, the feature map with bandwidth o is defined as
e (s =P
¢a~d/2+7ﬁ(sa a; U) = exp 252 Vi€ [ /2] )

We generate the anchor states s; by uniformly sampling from the state space S = R* with each
component sample from a uniform distribution U[—1, 1]. The feature dimension is d = 512.We
choose LCB coefficient v = 0.03 and the p = 0.1. Note that Cartpole is a inifinite-horizon sequential
decision process and we set the discount factoris as 0.95. We iterate the algorithm until the infinity
norm of the difference between two consecutive value functions is less than 1074,

Now we discuss the offline dataset used in the training of PDRVI-L and RFQI. The setup is the
same as that in [Panaganti et al.| (2022a)) for fair comparison. To be specific, we train proximal policy
optimization (PPO) |Schulman et al.| (2017 algorithm using RL baseline zoo [Raffin| (2020) with
default parameters. Then we generate the Cartpole dataset with 10° samples using an e-greedy
version of the PPO trained policy with € = 0.3. The preparation of the dataset can be finished by
simply running the |Github Repo) of |Panaganti et al.| (2022a)).

Next we introduce the details of the baseline algorithms. We directly adopt the implementation
of RFQI from |Panaganti et al.|(2022a) and use the default parameters. For the implementation of
PDRVI, please refer tolJin et al.|(2021)).

D.3 REPRODUCTION OF RAPI
In this part, we introduce the implementation of RAPI Tamar et al.|(2014) in our setting. Since the
original RAPI focuses on the online setting with general uncertainty set, we instantiate RAPI with the

episode MDP and KL-divergence as the uncertainty measure. Similar to our method, we incorporate
Lemma4.1]to robust problem for each (s, a):

0sa(V) = Bes[g,lio) {fﬁlog (Ep(.‘sja)efv(')/ﬁ) - pﬂ} . (10)

In the offline setting, the main challenge is to estimate the |E p(.‘s,a)e_v(')/ A from data. Since the
ordinary least squares (OLS) has the close form solution, we can estimate Equation [I0] with

K
6sa(V) = sup {—Blog <¢(s,a)TA;1 <Z¢(s;,a;). (e—Ws;H)/ﬁ))) _pﬁ}. (11)
=1

B€[0,00)

Plugging it into the template of RAPI, we have the algorithm in Algorithm 3]

E PROOF OF SECTION 4]

Before we prove the main theorem, we first introduce the following lemma.
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Algorithm 3 RPVI with KL-divergence

1: Input: 3, D = {(s;,aﬁ,r;)}fk}il.

2: Tmit: Vi = 0.
3: for step h = H to 1 do
4 A SN b (st al) o (sTyal) | + AT

5. if h = H then

6 oy e AR [N o0 ap)r]

7:  else

s e A (S 0 (7a0) (7 + 0a (Vi)
9: endif

100 Qn() o) Tan
11: ih( [ ) ¢ argmaxq, Q
122 V(") « (Qn(, ), 7n(- |

13: end for

R(s)sma(c )
))A

Lemma E.1 (Robust Extended Value Difference). Let m = {m;}L | and n' = {x} }L | as two dif-
ferent policies. Denote Py and P as two different ambiguity sets. Finally we use V.5 = {Vhﬂ:’P}hE[ H]
denotes the value function using pOIicy 7 and the ambiguity set P. Forall s € S, we have

Vitp, (5) = ViTp, (s ZE w[en(sh, an)ls1 = s

+ ZEPMKQZIPQ (5,7, 7 (:[sn) = 7' (-|sn)).als1 = 3],
h=1

where

th (57 &) - P, Ggﬁﬁ(s,a) EPI [V};—lﬂ)l (S/)] B P2€7i?,£(s,a) EP2 [szr+1,7?2 (Sl)]’

and P} = {Pﬁh}thlfor some Py}, € Py p.
Proof.
Vhﬂ:PI (S) - V}:/PZ (8) = <QZ}P1 (87 ')a ﬂ—h('|sh)>./4 - <QZ:P2 (87 -),71';1('|Sh)>_,4
= (QF 5, (5,) = QF p, (5, )y T (-lsn)) 4 + (QF p, (5, )y w ([s1) — 7' (-]51,)) a

(12)
Note that
T -Qr = inf  Ep, [V N — inf  Ep, [V™ 1.
Qh,pl(s7a‘) Qh,Pz(Sva) Pl,h,egll,h,(s,a) Pl,h[ h+1,’P1(3 )] P2,heg;h(s,a) Pz,h[ h+17732(5 )]
(13)
We set
Py, =ar min Ep, [V/© s,
1,h gpl,hepl,h(&a) Pl h+1,7>1( )l
Py, =ar min Ep [V/© M.
2,h gP2,h,€7)2,h(57a) P2[ h+1,792( )]
Then
Equation[T3]= inf  Ep [V §)] — inf  Ep, [V p (s
q @ PonePrn(s.a) Pl,h[ h+1,73‘1( )l PonPon(s,a) P h+1,7>2( )l
= inf EPM [Vhﬂ+1,7>1 (3/)] - inf Ep, [Vlf+1,732(5/)]

P1,n€P1,1n(s,a)

inf Ep, [V " — inf Ep, [V ! 14
+P21h6g11‘h(s’a) P Vi 1,9, (8")] Pz‘heglm(sya) P Vi 1.9, (8")] (14)

P> 1 €P1,1n(s,a)

= EP{,;L Vi1,p, (s") — Vhﬂ+1,792(3/)}

+ inf Ep, [V, s’ inf Ep, [V .
Panem (ea) P [V p, (8)] — Pan P (5.0) P [Vig1,p,(5")]
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Now we prove the last equality, i.e., there exists Py, € Py (s, a) such that

inf  Ep,  [V© N — inf  Ep[V/™ N =Eps [V N =V 1.
Pl,hegll,h(s,a) Pl,h[ h+1,731(5 )] Pg,hegll,h(s,a) Pl h+1,732<3 )l Pl,,L[ h+1,731(3) h+1,792(5 )l

Define h(P) = Ep[V)[, | p (s') — V}Zil’%(s’)]. First we have

PePilI,l;f(s,a) hP) = Pe;ﬁf(s,a) EP[VhﬂH,Pl(SI) - VIZT+1,P2(5/)]
= P€7’ilI,lhf(S;a) EP[Vhll’pl(S,)} B Pe?’ill,lhf(s,a) EP[Vhw"‘lﬂ’z (5/)]
On the other hand,
inf E VT N — inf E V‘Il" ’
Pl.,hG'anLh(S,a) Pl,h[ h+1,P; (S )] PQ,hE’l;ll,h(S,a) PQ[ h+1,Ps (5 )]
= inf Epl,h [‘/;ZT+1,731 (S/)] - ]EP;,h, [Vhﬂ+177)2 (S/)]

Py L, €P1,1(s,a)
SEP;,L [V}:r—&-lﬂ?l (5/)] - EP;,,L [fo+1,7>2 (5/)]

< Sup EP[V/‘ZT—i-l,Pl(S/) - Vhﬂ+1,7>2(3/)}-

PePi,n(s,a)
In summary,
inf  h(P)< inf  Ep, , [V" N—  inf  Ep[Vi, . (s)] <  sup  h(P).
PEPn(s.a) ( )_Pl,hepl,h(s,a) P Vi, (5)] Pon€Prn(s.a) Po Vi1, p, ( )]_Peplf(s,a) (P)

We know the ambiguity set constructed by the Cressie-Read divergence is a convex set, thus it is
connected. Moreover, h function is continuous with respect to the finite-dimension probability P. By
the general intermediate value theorem in topological spaces, we know there exists Py, € Py 1(s, a)
such that

inf  Ep ,[Vip ()=  inf  Ep Vi p ()] =Eps Vi p (s)) = Vs p, (5]
Ply}LGPL}L(S,a) 1,)7,[ h+1,P1( )] P2,}LEP1,}L(S7LL) 2[ h+1,’P2( )] Lh[ h+1,P1( ) h+1,P2( )]
Iteratively preceeding with Equation @ and EI, combining with the initization that V7, » =
Vf;;_l_% = 0, we have

H
Vip, (5) = Vip, (s ZEP;, [t (sn,an)]s1 = 5]
h=1

H
+ Y Epr 2@ py (5:), 7 (Clsn) — 7 (-lsn)) als1 = s,

where

th(s,a) = inf Ep, [V (s)] — inf Ep, , [V, (s)].
h( ) PrnePin(s.a) Pl,h[ h,P2( )] Pon€Pr.n(s:a) P2,h,[ h,Pz( )}

Lemma E.2 (Decomposition of Suboptimality (DRO version)).

SubOpt(7; P) Z]EP* * (Sh7 ), Th(Isn) — 7n(-[sn))]s1 ~ p]

+ Z]EP* [en(sn,an)|s1 ~ p] — ZEP*,%[Lh(ShaahNSl ~ pl,
h=1

where
th(s;a) —EP*[Vh+1P( )] — [V;HP( s,
P*:ar min E V S/ s P*:ar min E,\ ‘/‘rr . 3/ .
h gPhEPh(s,a) P;L[ h+1,73( )] h gﬁheﬁh(s,a) Ph[ h+1,77( )]
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Proof. By the definition above, the suboptimality of the policy 7 can be decomposed as

SubOPH(R; P) = (Bon [V (5)] = Eana[Vi(5)]) + (Bona[Vi (5)] = Esnu[V7 (), (19)

1 11

where {‘A/h}thl are the estimated value functions constructed by any algorithm.
To clarify the proof, we write explicitly the dependence of the value function with respect to the

policy, the ambiguity set: Vi(s) = Vfﬁ(s) and V*(s) = fo;(s). Correspondingly, we have

@1(3, a) = Ql 7)(s a) and Q5 (s,a) = Q’ffp(s, a). Apply Lemmato the I term in equation
with m = 7*, 7’ = 7 and P; = P as the ambiguity set centered around the training transition model
while P, = P as the ambiguity set centered around the empirical model. Thus we have

ViTp(s) ZEP* - (@} 5(sns ), 77 (lsn) — Tn(-lsn))ls1 = o]

(16)

+ ZEP* “[tn(sh,an)|s1 = s],

where
Lh(sfu ah) IE’P* [Vh+1 7)( /)} - E [V}:r+1 73( /)]

Similarily, apply Lemma[E.]to the II term in equation[T5] we have

Vfﬁ(s) - V1ﬁ,7>(5) = —(ny(s) - Vfﬁ(s))
H a7

= — ZEP*’%[Lh(sh,ahﬂsl = S].
h=1

Putting equation [T6]and equation [I7]into equation [I5] we yield the desired conclusions. O

Proof of Lemma[.2]. Recall the Bellman equation for the d-rectangular robust MDP (Equation [4)):

B,V)(s,a) =r(s,a) + inf Eyop (1sa)V (s
BV o) = o)+, BV )

. 18)
= i(s,a)0n; + i(s,a) min AR (
- Y s+ 3 e, :

! cPKL i
i€[d] i€[d] hai (¥n.55p)

Since M € M™P from the proof of above that for any f € F, we have B, f € F forany h € [H],
which finish the second part of the proof of lemma4.2] O

Lemma E.3. For any fix h € [H] and i € [d], we denote

Bh.i € argmax{—f 'Ewh,i[e_vh“(s/)/ﬁ’”] — Bh.ip}-
Br,i=0

* R . H—h+1
Then B, ;, < B = =
Proof. This proof is by invoking the part 2 in the Lemma 4 in Zhou et al.| (2021b) with M = H. [

Thus in the following, we consider the variant of the dual form of the KL optimization,

sup {—Bhi - By, eV /0] — gy o}
Bn,i€[0,8]
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Algorithm 4 PDRVI-L-META
N,H

1: Input: 3, D = {(s}, ap, r})}, 2y
2: Imit: Vg = 0.
3: forstep h = H to 1 do
4 Ap Zivzl ¢ (st,a},) ¢ (s, aZ)T + M
O = A [0 oo ap)r
if h = H then
’l/U\H +~0
else T
Y () < A} {Zﬁ;l ¢ (s ap) 1 (shq =) } ,fors’ €S

10: Wi+ Oni + SUPse[0,00) {—510g (qz);rz (e_r/h“/ﬂ - 1) + 1) - Pﬁ}
11:  endif R

12: U :min(@thﬁFh,Hchrl)_,_

130 Qu(o) < 6(,) 0 — 1 Tiy i, )il

14 Fy(-| ) argmaxe, (Qn( )Tl | ))a

150 Vi() < (Qn( ), Tn(- | ))a

16: end for

S AR

F PROOF OF THEOREM [5.2]

In the following, we rewrite our algorithms into the form of PDRVI-L-META. The proposed PDRVI-

L-META algorithm is to facilitate the presentation of our proof. In specific, we introduce 1)y, as the
estimator for ¢, in the update of wj,. We ignore the rewritten for Algorithm |1|as it is similar.

Before we start the proof, it is obvious to note that Ele ¢i(s,a) = 1,¥(s,a) € S x A under
the Assumption In this section, we mainly prove the Theorem By setting the model
mis-specification & = 0, we can recover the results in Theorem

Proposition F.1. With probability at least 1 — 6, for all h € [H|, we have
d
(s, a) <B(ME = 1)(26Vd +103/d(r) Y [l bi(s, a) L]
i=1

d
+ 22, [B(e™E —1)VHG Y 65, )il + (H = ),
i=1

for (1 = log(2N + 16Nd3/2H2eH/8) and ¢y = log(24NH> ),
op

Proof. From the DRO Bellman optimality equation and Lemma[4.1] we denote

(B Vit1)(s,a) = ra(s,a) +  inf  Ep,, (s.a) Vs ()]

Pry1€Phi1
=rn(s,a)+ inf Ep  lsa Vi (s
(o), i Byl T ()
+ inf E ls.a Via1(s)] — inf Fs Vier1 (s’
<Ph+167>h+1 Pry1(cls, )[ h+1(8)] PrirePrin Ph,+1(.|s,a)[ ht1(s)])

d
= ¢il(s,a)0ni + (H — h)¢
=1

d
+3 6i(s,0) max_{—Bhi - log(Ey, [ /5]y — B, ).
i=1 ﬁh,ie[évﬁ]
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Combined with the empirical Bellman operator in our algorithm ]

th(s,a) = (BrVii1)(s,a) — (BnViy1)(s, a)

- B (19)
= ¢(s,a) " (O — On) + 6(s,a) " (wp — Wn) + (H — h)E,
where wy, ; = maxﬂh,ie[g,ﬁ]{_ﬁhvi log(IEiphyi[e’ﬁhﬂ(sl)/ﬁhvi]) — Bh.ip} and
Ty = may g5~ log(i] [V (/B 1] 11) — By ip).
Step 1: we analyze the error in the reward estimation, i.e., ¢(s,a) " (6, — §h)
N
(s, a)T<9h —0n) = ¢(s, a)TAleAheh — (s, a)TA}ZI[Z ¢(shy ap)rn(sy, ap)]
T=1
N
= ¢(S7 a)TAfleheh - ¢(S7 a)TA [Z (;5(82, a;;)(b(s;—w a/;—L)Teh]
=1
= ¢(S7 a)TA}ZlAheh - d)(sa CL) A (Ah - AI)Q (20)

= Ao(s, a) T Ay O
< MOnllz- 1 165, 0) |y
S \% d)\”(b(S,Q)HA;l

d
< VdA ZH@(S: @)Ly
i=1
Here the last inequality is from

16041 = \/ 0 Ay 0 < (1A Y260l < V)N,
by using the fact that ||A; || < A~! and the Deﬁnition

Step 2: we turn to the estimation error from the transition model, i.e., ¢(s, a) " (wy, — @y,). We define
two auxiliary functions:

dn.i(B) == =B log(ty e N8 1] 4 1) — Bp,

and ~ ,
9ni(B) = —B - log(Ey, ,[e"+ /%)) — Bp.
Then
|Z bi(s,a)(wh,; — Wh,;i)]
i€[d]
<Y " [6i(s, ) (wni — Wp )| @1
i€[d]
=Y dils,a)] max_ gni(Bng) = max_ (Bl
icld) Bh,i€[8,8] Bh,i€[8,8]
< Z ®i(s,a) max |ghz(ﬂhz) Gn,i(Bn.i)l
’Le[d] ﬂh 16[5

= 6u(s,a) max_{|n - (Qog(By;[(e™ T/ Pri — 1)) +1) — log(Ey, e /] )
’Le[d] ﬁh 1€[B ﬁ ’ Y

= 3" uls,@) s (6~ Qog(§ e o1 s — HI0n] 4 M) —log(Ry, ol TtV o))
. ﬁh ZG[B ' '
1€[d]

< Z ¢z(37 a) max {wh ;- (¢h z[ (H—Vhy1(s))/Bn,i _ eH/ﬁh,,i] + et/ Bri _ Ey, , [6(H*Vh+1(S/))/ﬂh,7‘,])|}7
’LE[d] ﬁh ze[ﬂﬁ

(22)
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where the last inequality follows from the factby setting x = f3y, ; log(@zi [eH=Vi+1())/Bni
efl/Bri] 4 eH/Pri) and y = By, ;logEy, , [e(H=Vi+1()/Bn.i). To ease the presentation, we index
the finite states from 1 to S and introduce the vector ‘7h+1 € RS where [\7h+1] j = ‘7;”(5]) and
[H — ‘7h+1]j =H— ‘7h+1(5j)-

We denote 1; € R¥*1 with the j-the component as 1 and the other components are 0 and 1 € R is
a all-one vector. Notice that

E,, JeH =V (8)/Bns

,i[e(H_‘A/}H»l(S/))/IBh,i _ eH/ﬁ,m] + eH/Bh
= 1/);,1'(e(Hi‘A/h*'l)/Bh"1 — eH/Bhﬂ‘r) + eH/Bh,,l

— Il;r%[};{(e(Hf‘/}h,-H)/ﬁh,i o eH/Bh”i) + eH/ﬁh'i
- njAglAw;(e(Hﬁhm/ﬁh,i e H/Bniy g H/

N
= ﬂiTAﬁl(Z O(sT,al)d(sT,al) T + )] (eH=Vae)/Bri _ H/Bniy 4 oH/Bni
T=1

N
= 1A Y dlsh af)o (s, ap) Ty (Vi) B — e HTBn)
=1

+ AﬂjA;lwg(e(Hﬁhm/ﬁh,i /By g H/

N
=17 A Y 6(sh, af) B (s, af) T (e H=Viet) /B /Py
=1

+ /\]JA;lw,j(gH—‘?hH)/Bh,i — HIBny g H/ B
and

ﬁi[(e(H7§h+1(sl))/ﬁhr,t _ 6H/Bh‘7t)] + /B

_ Jr(e(Hff/hH)/ﬁh,@ — HIBny g H B

X

N
= 1A (s, af)L(shay) T (U= Vie)/Brs _ oHY By o H/ s,

=1

where 1(sj,,) € R*1 with the correponding component for the s}, 41 being 1 and the other

being 0 and ¥y, = [Yn.1,%n2,  ,¥n.a)] € RS, Now we are ready for controlling the error in
Equation 21} In particular, we aim to control the error within the maximum of Equation 21| for any

given 5, ; € [B, 5], that is

1

’/Bh,i (,IZ;LFJZ[(e(vah,+1(8/))/Bh,1‘, . eH/Bh,i)] + eH/Bh,,i _ ]Ewh [6(H7‘7h,+1(5/))/ﬁh,,7‘,]) ’ )

By using the above decomposition, we have

‘ﬂh,i (@,—[(aH—%H(s'))/ﬁh,i — eH/Bri)] - eH/Bri |, [e<H—m+1<s’>>/6h,i]> ’

i

N
B i AL <Z Sshsap) - (L(shy1) = Pasr ([sh, a)) T (e Ve Ons — eH/ﬁ”"’L')) |
=1

+ ]mh,iﬂj AT (eH=Vhs)Brs _ H/Bnsy|

23



Under review as a conference paper at ICLR 2024

We further decompose the difference,

N
Bl AL (Z ¢(sq,ah) - (U(sh 1) = Prya(clsh, af) T (e Vien)/Bi eH/'Bh’i)> ’
T=1

+ ‘Aﬁh’i]l;rAfl,(/}Z(e(H—‘/}h+1)/5h,i _ eH/ﬂh,z‘)

= |81 AL <Z¢ $hya7) - (Prar (187, af) = Prya(-|sh, af)) T (eH Vi) /B — eH/ﬁh’i')>‘

+ | Bn 1T AR (Z $(shaf) - (1(shy1) — Prra(-|sh, ap)) T (e =Vis)/ns _ eH/ﬂw)
=1

+ ‘AﬁhJH;FA;lw;{(e(H_‘/}thl)/Bh,i _ eH/ﬁh,i)’

N N
< |EBna(e™ e = 1) LT Y o ap) + Buali Ay (Z ¢(shsap) - €,(Bn.i» Vh+1)>

T=1

T=1

+ ‘Aﬂh’i]l;-rAglt/);(e(H*‘A/h+1)/5h,i _ eH/ﬂh,i) 7

where (8,V) = (Pua (187 a7) — Ush )T (€=)/A00 — ch) and [oli=¥)/ons
eH/,Bh,,i‘ < (EH/ﬂim —1).

Plug into Equation[22] we have
|6(s,a) " (wp — @)

d
= > ¢ils,a)(wn,; — Wps)|

i=1
N
Z max_ ¢i(s,a)|Bni(e™/ P — 1) 1T A Y é(sh, ap)|
1,3h1 [57B] =1
I
d N ~ (23)
+Y ils, )1 AN O b(sar) - max Brieh(Bui Viar))]
i=1 =1 Bn,i€18,8]
it
d
—|—Z max_ ¢(s, )| \ui 1] A, ) (e~ Vit1)/Bh.i _eH/ﬂh,i))|.
"1 Bri€(B.8]

II1

For I term in for any A1, ; € [, B] we know,
N
EZ\Bh Mot — 1) 4i(s,a) L] AT Y 6(s, a7
T=1
N
<5Z\wh M1t~ 1)gu(s,0) - Ty o3 B(sF a) o -
=1

Note that

d
S MBni (e~ 1)gi(s,a) - Uil < B2 Zn@ sa) |y
=1
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Then we turn to control HZiV:l o(sh,ap)ll A+ as follow,

N N N
1Y élshap)llyr = [ O d(sh.ap)) TA (D é(sh. a7))
T=1 T=1 T=1
N N
= ’H(A;l(z o(s},ar) Z¢ sp,al))
=1 =1

Thus

N
I 52 max_ ;(s,a)|Bni (/O —1) 1T A S 6(sh.af)
—1 Bh, 16[5):5} =1

<f\fﬁ HIB Z||¢z s,a)l; ||A i

For term III and any S35, ; € 8, 8],

d
Z‘Aﬁh;i¢i<s7 a)]lgl'Aglz/,;{(e(H—VhH)/ﬁh,i _ eH/ﬁh,i)|

i=1

d
<D Al a) LA, 1| Bpioy (e~ Via)Bri — HIBn|

i=1

d
<ABEME = 1) gi(s, a) 1] AL L

=1
d
< VAAB(EME = 1) Y (i, a) 1T Ao
=1
d
—1/2
< VAAB(EME = 1) 2 YNl (s, )il

i=1

< Vrg(e™E - le@ s, @)Ll y-1,

the second inequality is from ||e(H*‘7’1+1)/Bh=i —efl/Bni||
is from ||z|; < V/d||z||2 for any z € RY.

< (e® /8 _ 1) and the three inequality
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To control IT term, we invoke Lemma|[G.1] with the choice of A = 1 and then with probability at least
1-9,

max_ Bpi€; (Bhi, Vier))|
ﬁh Li€[B,0]

d N
Z‘sz(sva)]l;rA Z¢ Shvah
i=1 T=1

d

ZW)Z (s,a)L; ”A 1HZ¢ (sh-ap)

max Bh zeh(ﬁh zthJrl)”A—
Bh €[B,8]

< (4vdp(e/E — 1)\/ log(2N + 16N d3/2 H2e/8)

+2ﬁ6<eH/ﬂ—1><\/I§-1g<2d{fH ) +VE) S s )il

i=1

(/8 —1)(8B+v/d¢i +2v2,/ BHE,) ZH@ (5,0) 1351,

where the first inequality is from \/z +y < /z + /y for 2,y > 0. The second inequality is by

VG > 1 where ¢; = log(2N + 16N d3/2H?ef/8) and ¢, =

log(QdNH )

Thus we have
¢(s,a) " (wn — wp)|

d d
< B2 (V8 VI VD D s il + 2V, [3(eE 1) VG S 61(s, )]
i =1

+evdp(e/E — Zu@sanHAl

d
< BB —1)(eVd+9-/dG) Zna»i(s,a)ﬂilu; +2v2, /B2~ 1)VHG Y 16i(s, a)Lila 0
+EVdp(eM2 - ZH@ 5,0) L0,

(24)
where the second inequality is by noticing that f(3) =

— B(et1/8 — 1) and g(8) = v/B(e/? — 1) are
both monotonically decreasing with 5 > 0 and the last inequality is from \/d{; > 1.

Plug Equation[20]and [24]into Equation [T9]to finally upper bound the Bellman error.
|tn(s; a)l
= [(BVis1)(s,0) = (BuVisa)(s,0)]

d
< VA il a) Ly + B™E — 1)(EVA+ 9 ) Y l|éi(s. a) i,
=1 1=

d d
+2V2 B~ 1)VHG Y 01(s, )il + VB2 —1) Y l10u(s, )il + (H — )€
i=1

i=1

d d
< B2 = 1)(26Vd +10/dC) Y lldils, a) il + 2V2 (BT~ DVHG Y gi(s, )il
=1 =

where the last inequality is from the fact that f(3) = 8(ef’/# —1) > H > landand /d¢; > 1. O
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Proof of Theorem[3.2] Our policy is the greedy policy w.r.t. to the estimated Q-function, thus we can
reduce the suboptimality reduction in Lemma[E.2]into

Mm

SubOpt(7; P) ZEA th (Shyan) | s1~p] — E+ [th (Sh,yap) | $1 ~ ] (25)

i
L

Putting Proposition in the Equation We know that with probability at least 1 — 6/2,
SubOpt(7; P)

H
< (18— 1)(26VdB + 10 VG B +2v2\[BVHG) - D (BxlIA; ex(otsan] + Ene (147 liwcissan]) + -+
h=1

+(H - 1)HE/2.

Based on the Assumption [5.1] Definition[2.T]and using the similar steps in the proof of Corollar 4.6 in
Jin et al[(2021), we can conclude that when N is sufficiently large so that N > 40/c - log(4dH /),
for all h € [H], it holds that with probability at least 1 — §/2,

d
1A, lex(o(s.a)) = Z\\(bi(S»a)]lillA;l
=1

d
<D (s, )Ll Ayt~

i=1
- \/TN =c/VN, V(s,a) €S x AVhe [H)

where the second inequality is from Assumption[d.1] In conclusions, when N > 40/c - log(4dH /5),
we have probability at least 1 — 6,

SubOPt (7; P) < et HB(e™/E — 1)(6V/d+ dCr) /N2 + e\ [B(e/E — 1)\/GHY2 N2
+ (H - 1)Hg,

for some absolute constants ¢; and cs that only depend on c. O

G AUXILIARY LEMMAS FOR THE PROOF FOR THEOREM

Lemma G.1. Foralli € [d], By, € [8, 8], and the estimator {Vh}h | constructed from Algorlthml
we have the following holds with probability at least 1 — 6,

N

> v _ H
132 G5k 07) - 6By Vien) 3 S16a(/75 = 126, 4 8(e/e = 1) (=
T=1 ) it

C2+2)7

for ¢1 = log(2N + 16N d3/2H?eM/8), ¢, = 10g(%) and some absolute constant ¢ > 1.

Proof. For the fixed h € [H] and fixed 7 € [N], we define the o-algebra,

1)Vo
Fp = 0({5h NOA }T/ 1Y {Th »3h+1}:/ 1) ),

i.e., F7 is the filtration generated by the samples {s},a]}7,_, U {r], shH}(T DY0 Notice that

Ele}, (Bn,i, IA/hH)\f,:] = 0. However, ‘7h+1 depends on {(s7,, a},)}rerny Via {(s7/, a7, ) Y hrsh,re[n]
and thus we cannot directly apply vanilla concentration bounds to control ||Z]TV=1 o(st,a}) -
fﬁ(ﬂh,i,VhH)”A;l-

To tackle this point, we consider the function family V3, (R). In specific,

Vi(R) = {Viu(z;@) : S — [0, H — h + 1]|||@]| < R},
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and

Vi (z;%) = max{¢(s, a)Tﬁx}.

acA

We let NV (R) be the minimal e-cover of V;,(R) with respect to the supremum norm, i.e., for any
function V' € V,,(R), there exists a function V' € N (R) such that

sup|V(s) = V'(s)| <e.
seS

Hence, for 17h+1, we have VhT 4 € N (R) such that

sup|Vh41(s) — V}j+1(8)| < s.
seS

For the ease of presentation, we ignore the subscript of 3} ; and use 3 in the following. Next we
denote N (83, 3) the minimal e-cover of the [3, 3] with respect to the absolute value, i.e., for any

j € B, B], there exists N, (3) € N(3, B) such that

1B —=N(B)| < e

We proceed our analysis for all i € [d] and 3 € [f3, /3]

1> é(sh-a)er (B, Vi) I

TE[N]
<2| Z P(sh,, ap)er, (B, h+1>||A 1+ 2| Z ¢ shaah)(eh(ﬁvvh-i-l) — (s h+1))”i;1
T€[N] T€[N] )
< sup 2 Z O(shap,)en (B, )HA 1+ 2| Z 3(s,, ap ) (€4, (B, V1) — €48, h+1>)||i;1
VEN(R) L g[N] T€[N]
< sup 4 ¢(s,, af)er,(Ne(B), V)3 -1+
VEN(R) Tez[;v] A

T )4\\2 (ko ap)(er.(B, V) = e, (Ne(B), V) I3 1 + -+

II

+20 Y ésh,ap) (e (8, Vi) = (B, Vi) (262)

TE[N]

II1

where the first and second inequality is from the fact that ||ja + b||3 < 2||a|Z + 2||b]|3 for any vectors
a,b € R? and any positive definite matrix A € R%*?, Here we decompose it into three parts: I term
represents the error within a finite ball N (R) which can be controlled via classical finite-sample
error. II term is the discretion error from the 3, which can be controlled by choose proper €. III term
is also the discretion error from the V' function space.
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We invoke Lemma|[G.2] Lemma([[.7)and Lemma [[.§] for the term I, IT and III respectively and have
with probability at least 1 — ¢, for all h € [H],

> ¢(827aﬁ)62(6,‘7h+1)lli;1

TE[N]

< 4d (eH/ﬁ . 1)2 log (1 + JI)

48 (e - 1)" log (Hwe(R,B,m |Ne(ﬁ,ﬁ)|>

o

+ 16N2(H - h)2€262H/5 + 8N26262H/5
AB4 G2

2 4R

N H
< 4d(e/P —1)%1og(1 + e 8(ef/P —1)2 - log( )+ 8d(ef/P —1)% . log(1 + —)
€

edp
6N (H = 0)*€ oy SN?E oy
2B AB2 ’

where the second inequality is from Lemma and the fact that NV, (53, B) <

HE

By choosing R = 2Hd*/?, A\ =1, e = m, then for all 3 € [, B]

1D (s ap)er (8. Vi) I3

TE[N]
H 2dN H3 1 1
H/B 2 H/B 2
§4d(6 / —1) 10g(2N)+8(€ / —1) -Elog( 5p )+ﬁ+m

1 8d(ef/? —1)? log(1 + 16Nd*/2H2e )
< 16d(e"/P —1)%log(2N + 16Nd*/2H?eH/8)

H 2dN H3 1 1
(ef/B _1)2. T loe(8 Yy 4 — 4 =
87 1) S loa(E ) + g + g
H 2dN H3
< 16d(ef/? —1)%1og(2N + 16 Nd*>/ 2 H?eH/8) 4 8(ef/8 — 1)2(E log( dé ) +2),
P
where the second inequality is from 2N > 1 and the third inequality is from (e/# — 1)2 >
2 2 4
(%—F%)QZ%‘F%Zﬁﬁ-ﬁ. O

Lemma G.2 (Concentration of Self-Normalized Processes). Let V : S — [0, H| be any fixed
function. For any fixed h € [H], any 0 < § <1, all V € N.(R) and all 3 € N.(B, B), we have the
Jfollowing holds with probability at least 1 — 6,

N H|N(R,B,\)| |N(B, B
|\;¢(sz,aﬁ)eﬁ(B7V)||i;1 >d(eH/B—1)2log(l+];\])+2(6H/5—1)2-10g( Ne( 5)|| (Bﬂ”)

Proof. Recall the definition of the filtration F; and note that ¢(s7,a},) € F;. Moreover, for

any fixed function V' : & — [0, H] and any fixed 3 € [, /], we have €;(3,V) € F] and
Ele}, (B, V)|Ff] = E[(P(-|s},a}) — L(sf.1)) " (eH=VI/B — eH/B)|FT] = 0. Moreover, as we
have |e, (V)| € [0,eH/% — 1], for all fixed h € [H] and all 7 € [N], €}(3,V) is mean zero and

(eH/8 — 1)-sub-Gaussian conditional on F7 .

We invoke Lemmawith V=X\1X;=¢(s},a}), n = €} (B,V) and R = ef1/# — 1, we have

N det(Ap)1/2
P (Zqﬁ(mh,ah) BV > 2 1) -log<Meef(;?Iw>> <5

T=1
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for any 6 > 0. Moreover, det(\ - I) = A%, and

N
ARl = IX-T+>" é(sf,, af)p(sf,, ap) || 27)
T=1
N
<M+ llo(shan)e(sq,ap) | (28)
=1
<A+ N, 29)

det(Ay) < (A + N)? for Ay, is a positive-definite matrix. Hence we know

det(Ah 1/2
2(eH/B —1)2 . log (5 “dot(N .)1)1/2

=2(ef/P —1)2. glog (1 + JI) +2(eH/8 —1)% . log(1/6)
N
< d(ef/P —1)21og <1 + A) +2(eH/P —1)% . 1og(1/6),
which implies
al N
P <IIZ ¢(sh,ap)en (B, V)|I3 -1 > d(e™? —1)*log(1 + )t 2(eM/7 — 1) log(1/5)> <.
h
T=1

Finally we know by the union bound that for all h € [H], the following holds with probability at least
1—46,all V€ N.(R) and all B € N.(3, B),

A

N )
[{ T T T 2 f[/ﬂ
”; (Sh’ h)ﬁh(ﬁ7 V )”A;l >d (6 - 1) log <]— —+ >

o

H PROOF OF THEOREM 3.3l

In this section, we mainly prove the Theorem[5.3] By setting the model mis-specification £ = 0, we
can recover the results in Theorem [5.11

Proof of Theorem[5.1] Following the same argument, Vip1 depends on {(s},,a7)}reiny via
{(s}/,a},) }hr>n,repn and thus we cannot directly apply vanilla concentration bounds to control

N ~
13"7=1 ¢(sh> ap) - €4, (Bh.is V)[4 1

To tackle this point, we consider the function family V},(R). In specific,
Vi(R) = {Vi(z;w,v,A) : S = [0,H — h+ 1]||lw|| < R,y € [0,B],A = X-I},

and

d
Vi(z;w,v,A) = glg‘({max{qS(s, a)lw—~- Z \/(@:(57 a)l;) TA=(pi(s,a)1;),0}}.
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We continue from the Equation [26ain Subsection[G] i.e.,

1> é(sq, af)ern (B, Vh+1)HA—1 < LS 4> ¢(sh, ap)eh (Ne(B), V)Higl +-
TE[N] Ne(R) TE[N]

I

+ sup 4| Y (Ssq,aR) (e (8, V) — R (Ne(B), VIR s+

VEN(R) i in

11
+2|| Z Sh?ah 6h 57Vh+1) - 6h(ﬂ7vh,+1))||i;15

TE[N]

II1

We invoke Lemma[G.2] Lemma [[.7]and Lemma [.8] for the term I, II and III respectively and for all
h € [H] and any /3 € [B, B] we have the following holds with probability at least 1 — 4, ,

> ¢(827a2)62(5,‘7h+1)lli;1

TE[N]

<d4d (eH/'B — 1>2log (1 + ]/\\7)

P8 (e 1)’ o (HWJR,B’MI INe<ﬂ,ﬂ>|>

5

+ 16N2<H - h)2€2€2H/5 + 8N2€262H/ﬂ
AB4 5?2

< 4d(e/P —1)%1og(1 + %) +8(ef/8 —1)2. log(I_gp) +8d(ef!/P — 1)2 . log(1 + ?)

n 16N2(H — h)%e? C2H/B | 8NZe?
AB4 AB?

where the second inequality is from Lemma and the fact that [N (3, B)| < p—hl.

dB?
B L g(ef/P —1)2 . d%log(1 + 8‘[2

);

By choosing R = 2Hd3/2, (, = 1og(2dNH ), C3 = log(2N + 32N2H3d5/2¢e2H/P), X = 1,
v = BE —1)(Vd + c1dy/T) + ea(e HIS 1) HG, B =2.¢

1> ¢(sh,ap)en (B, Vi) I

_ 2 B8
= INFcA/F = 5 then

TE[N]
H_  2dNH? 1 1
H/B 2 H/B 2
§4d(€ / —].) ~log(2N)+8(e / —1) El ( (5/) ) @—’_W
+8d(e™/P — 1)? log(1 + SNH2e 2 ) + 8d2(ef!/P — 1) - log(1 + 32(c')2 N2 H3d5/2e2H/5)
1 1
< 16d(ef/P —1)%log(2N + 8N H?e/8) + 51t ame
3
+8(ef/8 —1)2. %log(ngH )+ 8d%(eH/P —1)2 - log(1 + 32(¢')AN2 H3d%/2~e2H/B)
P
, H._ 2dNH?
< 16d(e"/P —1)%1og(2N 4+ 16Nd>/ 2 H2eH/B) 4 8(ef/P — 1)%(= log( ) +2)

B dp

+8d%(ef/P — 1)2 - log(1 + 32(¢')2 N2 H3d%/2e2H/8)

H.  2INH?
< 32d%(eM/P —1)% . 1og(2N + 32(¢' )2 N2H3d%/ 2ye?H/8) 4 g(ef/P — 1)2. (ﬁ log( )+ 2)

H 2dNH?
< 64d?(eM/P —1)% log(2N + 32(¢' )2 N2H3d%/ 2ye?H/8) 4 g(ef/P — 1)2. 7 log( d )
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Thus we have

N

max  Buil| Y ¢(sh, af) - 6 (Bnis Vi)l
icldBniclBB ;1 ‘ A,

< max 8By (e — 1) \log(2N + B2N2H35/2¢e2H/ )
ie[d]wgh,iE[évﬂ]

H 2dNH3
+ max  2v28, i(ef/Pri —1). log( )
i€(d),Bn.,:€[8,5) Bhi op

< max 8By (e — 1) y/log(2N + B2N2H3S/2¢e2H/ )
ield) ni 18,7

2dNH?
+ max  24/2B,(ef!/Pri — 1) . Hlog( )
i€(d),Bn..€18.5) op

< 8dp(et/E — )@+2f\[ H/E —1)\/HC,

holds for probability at least 1 — ¢ for all h € [H| for some constant ¢ > 1 and (; =
and (3 = log(2N + 32N2H3d%/?¢e*M/P). Thus we have

log( 2dNH )

¢(s,a) " (wn — @)

d
< max_ Bua(eP —1)(EVAd+8dy/ G+ V)Y [ldils, a) iy

ie[d]»ﬁh,iE[ﬁaﬁ] i=1

d
+2v24/Bhi(e/Pri — 1)\ /H(, ZH@(S, a)Lif|y -
i=1

d d
< B2~ 1)(eVd+94/G) Y ll6i(s, a)Lilly o+ 2V2 (B2~ DVHG Y gi(s,a) il
=1 =1

(30)
where the last inequality is by noticing that f(3) = B(ef!/# — 1) and g(B) = v/B(ef/# — 1) are
both monotonically decreasing with 5 > 0.

Plug Equation [30]and [20]into Equation [I9]to finally upper bound the Bellman error with the choice
A

s

d d
i (s,0)] < VA llils, a)Lilly, o+ B2 = 1)(EVA+9dV/G) D lldi(s, )il
=1 . =1
+2v2, /B8 = 1) 3 |i(s, )il + (H = h)E
=1

d d
< B8~ 1)(eVA+ 10d/G) D l16s(s, a)Lill o +2v2, [B(eE — 1)VHG Y oi(s a) iy
=1 =1

where the last inequality is from the fact that f(3) = f(ef!/# —1) > H > 1 and and \/d(3 > 1 as
N >e/2.
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Using the similar steps in the proof of Corollar 4.5 inJin et al.|(2021)), we know that

SubOpt(7; P) < ¢ ZE EN (64(5, @) 1) T AL (0(s, ) 1,)] + H(H — 1)¢/2

< ZEZ@ H(i(s, ) 1) (@i(s, a)1) )]+ H(H = 1)¢/2

| /\

Ah,i
Z Z THa N )+ HE g2

Z Z,/HTNHLI —1)¢/2

<c-d"*H/VN + H(H —1)¢£/2,
where ¢’ = clﬁ(eH/g 1) (Ed+d3/?\/C3) H/—I—czf eH/B 1)d"/?2H?3/2\/C; and ¢y, ¢, are some
absolute constants only depend on c'.

In conclusions, we have probability at least 1 — 6,

SubOpt(7; P) <c18(ef/B —1)(ed + d*/*\/C3) H/NYV? + ¢y \@(eH/é —1)d2H?/?\/¢y /N2
+ H(H —1)¢/2.
O

I AUXILIARY LEMMA

Before we proceed our analysis, we need the following lemmas.

Fact L1. Forx,y > 0and b > 0, we have |e™% — =% < bz — y|.

Fact L2. Forx,y > 0and b > 0, we have b|x — y| < [e?® — Y|

Lemma 1.1 (e-Covering Number Jin et al.[(2020)). Let V denote a class of functions mapping from
S to R with following parametric form

V(s) = max wT(}b(s7 a),

a

where the parameters w satisfy ||w|| < L, € [0,B] Assume ||¢(z,a)|| < 1 for all (x,a)
pairs, and let N be the e-covering number of V with respect to the distance dist (V,V') =
sup, |V (z) — V'(x)|. Then

log|Ne(R, B, \)| < dslog(1+ 4R/e).

Lemma 1.2. Let V denote a class of functions mapping from S to R with following parametric form

d
V(s) = maxw’ ¢(s,a) + 6/ (4i(s,a) 1) TA 1 (dx(5,0)1,),
=1

where the parameters (w, 3, A) satisfy ||w| < L, 8 € [0, B] and the minimum eigenvalue satisfies
Amin(A) > A\ Assume ||¢(z, a)|| < 1 for all (z,a) pairs, and let N be the e-covering number of V
with respect to the distance dist (V, V') = sup, |V (x) — V'(z)|. Then

log N < dlog(1 +4L/e) + d?log {1 +8d'/2B2/ ()\52)} .

Proof. Equivalently, we can reparametrize the function class V by let A = 32A~1, so we have

V(s) = max w To(s,a) —Q—Z\/@sa )T A(di(s,a)1y),
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for |w|| < L and ||A|| < B>A~!. For any two functions V7, Vo € V, let them take the form in Eq.
(27) with parameters (w1, A1) and (w2, As), respectively. Then, since both min{-, H} and max,
are contraction maps, we have

dist (V3 V2)

< sup w] ¢(z,a) +Z\/ (¢i(s,a)1;) T Ax(¢i(s, a)l )1 -
lwz z,a) +Z\/ (¢i(s,a)1;) T A1(¢i(s,a)l )] i
< L |l ¢+Z\/ (#i(s,a)1:) T A1 (¢i(s, a)1; 1 — w2 ¢+Z\/ (6i(s,a)1:) T Az (¢i(s, )1 )H

< sup J(un—wn) [+ sup ZV [(#i(s,0)1)T (A1 = 42) (én(s,)1y)|

¢:ll¢lI<1 el <1 ;=

= [lwr — wall + V][ A1 — Az o ZH@ s, a) 14|

”—11

< wr —wal| + /141 — Azl p,

where the second last inequality follows from the fact that |\/z — \/y| < /|z — y| holds for any
x,y > 0. For matrices, || - || and || - || denote the matrix operator norm and Frobenius norm
respectively.

Let C,, be an e /2-cover of {w € R? | ||w]|| < L} with respect to the 2-norm, and C 4 be an & /4-cover

of {A e R4 | ||Al|p < d'/?B2\~'} with respect to the Frobenius norm. By Lemma D.5, we

know: )

d
Col < (1+4LJ2), |Cal < [1 +8d'/2B?/ (Agz)}

By Eq. (28), for any V; € V, there exists wo € C,, and Ay € C4 such that V, parametrized by
(we, As) satisfies dist (V1, V) < . Hence, it holds that N < |C,| - |C 4|, which gives:

log V. < log |Cu| + log [Ca| < dlog(1 + 4L /<) + d® log [1 +8dY2B2) (AEQ)]
This concludes the proof. O

Lemma 1.3 (Self-Normalized Bound for Vector-Valued Martingales |Abbasi-Yadkori et al.| (2011)).
Let {F:}32, be a filtration. Let {n:}{2, be a real-valued stochastic process such that 0 is Fi-
measurable and 1, is conditionally R-sub-gaussian for some R > 0, i.e.,

A2 R2

VA € R,E[eM|F, 4] <e

Let {X;}2, be an R%-valued stochstic process such that Xy is F;_1-measurable. Assume that V is
a d x d positive definite matrix. For any t > 0, define

.
V= V+ZXX Sp=> nX
s=1

s=1
Then for any § > 0, with probability at least 1 — 6, for all t > 0,
det(V;)Y/2 det(V)~1/2
1) )
Lemma L4. Forany 0 <z < H, |5’ — 8| < e for some € > 0, we have

I1Se3, -+ < 2R log(

, AH
| e(H=2)/8' _ (H=2)/8 < 2H/B. e

34



Under review as a conference paper at ICLR 2024

Proof. We denote f(z) = e(H#=*)/% Then

|f'(2)] = =)=
H
H
<e /2.272
4H
2H/8
<e /'Fa

where the last inequality is from the fact that z > 5 — € > g Thus by the mean value theorem we
know

eH-2)/8 _ (T-2)/8| < 2m/p AH

g
O
Lemma L5. Forany 3 € [, B, and any e-net over 1B, B), i.e., N.(B) for some € > 0, we have
4H
€(8.V) = eNL(B). V)] < 2624/ 2
Proof.
€(8,V) — e(Ne(B), V)]
B [ VD] (VLB _ (R [ H-VE DN _ ((H-VE 1 ))/N(B))
(B [eHVEN/B _ (H=V )N L |(H=V($T0)/B _ ((H=V (T ) N8
4H
< 9¢2H/B. . ﬁe’
where the last inequality is form Lemma[[.4] O
Lemma L6. Forany Viand Vi :S — [0, H], and |VT — V|| < ¢, for some € > 0, we have
2
(8, V1) = e(B, V)| < 2T
Proof.
‘6(65 VT) - 6(ﬁ7 Vi)l
— B [eEH-VIN/BY _ (H-VIN/B _ (R, [eH-VHN/B] _ JH-Vs"))/B
[Eqr[e J—e (Esle J—e )|
= [Ey [eH-VI(N/B _ H=VI/B)| 4 |(eH-VI)/B _ (H=-VI()/By|
= e H B [ VIEN/B _ (~VEEB| 4 (VT E/B _ (V8|
< eHIBZ
where the last inequality is form Fact|[[.T] O
Lemma 1.7.

1>~ (@7 a) ((8,V) = G(Ne(B), VI)I -+ <

TE[N]
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Proof.
1> (@(sh aR) (e (8, V) = G(Ne(B), VI3 -+

TE N]

<Z¢ D TA 6(shaf) - (7(8,V) — 5 (Ne(B), V) - (e, (B, V) — € (Ne(B), V)

7,7

4(H_h)2€2 ol T T = T T
< TGQH/ﬂZ‘¢(3h7ah)TAhl¢(Shvah)|

A(H — h)2e? N _
< o 0NN b(sh ap) P IA,

2 2.2
S 4N (H z h) € eZH/§7
AB
where the first inequality is from Lemma [.3]

Lemma L.8.

T T T T T 4N262
| Z B(shyap)(€r (B, Vat1) — €, (5, V;LTH))H?\;l < TﬁzezH/E-

TE[N]

Proof.
1> ésh ai) (e (8, Vi) = €. (8, Vil )l

TE[N]

N
<Y ds7.an) A b(sh aR) - (6(B, Vir) — R (B, Vi) - (6] (B, Vin) — e, (B, Vifyy)

7,7’

4¢? al - .
< N o(s7.aR) A 0T aF)
B

= 7,7’

A

462 al T T T/ 7'/ -
—5 12 N, ap)llle(sr s an AL

B @ 7,7
2.2
JANE Ly

O

where the first inequality is from Lemma [[.6|and the last inequality is from the fact that Hx||2 < |l=|l1
for any z € R? and Assumptlonthat l|¢(s,a)|l1 = 1 and also the fact that [|A; '] < +
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