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Abstract

We study when the neural tangent kernel (NTK) approximation is valid for training a model
with the square loss. In the lazy training setting of Chizat et al. (2019), we show that
rescaling the model by a factor of o = O(T') suffices for the NTK approximation to be valid
until training time 7. Our bound is tight and improves on the previous bound of Chizat
et al. (2019) which required a larger rescaling factor of a = O(T?).

1 Introduction

In the modern machine learning paradigm, practitioners train the weights w of a large neural network model
fuw : Rdin — Rut via a gradient-based optimizer. Theoretical understanding lags behind, since the training
dynamics are non-linear and hence difficult to analyze. To address this, Jacot et al. (2018) proposed an
approximation to the dynamics called the NTK approximation, and proved it was valid for infinitely-wide
networks trained by gradient descent'. The NTK approximation has been extremely influential, leading to
theoretical explanations for a range of questions, including why deep learning can memorize training data
(Du et al., 2018; 2019; Allen-Zhu et al., 2019a;b; Arora et al., 2019a; Cao & Gu, 2019; Lee et al., 2019),
why neural networks exhibit spectral bias (Cao et al., 2019; Basri et al., 2020; Canatar et al., 2021), and
why different architectures generalize differently (Bietti & Mairal, 2019; Mei et al., 2021; Wang et al., 2021).
Nevertheless, in practice the training dynamics of neural networks often diverge from the predictions of the
NTK approximation (see, e.g., Arora et al. (2019b)) Therefore, it is of interest to understand exactly under
which conditions the NTK approximation holds. In this paper, we ask the following question:

Can we give tight conditions for when the NTK approximation is valid?

1.1 The “lazy training” setting of Chizat et al. (2019)

The work of Chizat et al. (2019) showed that the NTK approximation actually holds for training any
differentiable model, as long as the model’s outputs are rescaled so that the model’s outputs change by a
large amount even when the weights change by a small amount. The correctness of the NTK approximation
for infinite-width models is a consequence of this observation, because by the default the model is rescaled as
the width tends to infinity; see the related work in Section 1.3 for more details.

Rescaling the model Let h: R? — F be a smoothly-parametrized model, where F is a separable Hilbert
space. Let a > 0 be a parameter which controls the rescaling of the model and which should be thought of as
large. We train the rescaled model ah with gradient flow to minimize a smooth loss function R : F — R, .2
Namely, the weights w(t) € RP are initialized at w(0) = wy and evolve according to the gradient flow

dw 1
o S VuR(hw(D). (1)

1Under a specific scaling of the initialization and learning rate as width tends to infinity.

2We use the Hilbert space notation as in Chizat et al. (2019). We can recover the setting of training a neural network fu, :
R¢ — R on a finite training dataset {(z1,y1), ..., (®n,yn)} C R? x R with empirical loss function £(w) = 2 2?21 U fw (i), yi)

T n

as follows. Let H = R™ be the Hilbert space, let h(w) = [fw(®1),. .., fw(®n)], and let R(v) = % Z?:l L(vi, yi)-
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NTK approximation Define the linear approximation of the model around the initial weights wqg by
h(w) = h(wo) + Dh(wo)(w — wp) , (2)

where Dh is the first derivative of h in w. Let w(t) be weights initialized at w(0) = wy that evolve according
to the gradient flow from training the rescaled linearized model ah:
dw 1 =
T —?V@R(ah(w(t))) ‘ (3)
The NTK approximation states that ~
ah(w(t)) =~ ah(w(t)).

In other words, it states that the linearization of the model & is valid throughout training. This allows for
much simpler analysis of the training dynamics since the model A is linear in its parameters, and so the
evolution of h(w) can be understood via a kernel gradient flow in function space.

When is the NTK approximation valid? Chizat et al. (2019) proves that if the rescaling parameter «
is large, then the NTK approximation is valid. The intuition is that the weights do not need to move far from
their initialization in order to change the output of the model significantly, so the linearization (2) is valid for
longer. Since the weights stay close to initialization, Chizat et al. (2019) refer to this regime of training as
“lazy training.” The following bound is proved.3

Proposition 1.1 (Theorem 2.3 of Chizat et al. (2019)). Let R(y) = 3|ly — y*||* be the square loss, where
y* € F are the target labels. Assume that h is Lip(h)-Lipschitz and that Dh is Lip(Dh)-Lipschitz in a ball of

radius p around wg. Then, for any time 0 <T < ap/(Lip(h)v/Ry),
lah(w(T)) — ah(w(T))|| < TLip(h)*k\/ Ro, (4)

where Ry := R(ah(wy)) is the loss at initialization, and Kk is
T_.
k= —Lip(Dh)\/ Ry .
@
Notice that if we take « large, then the right-hand-side of (4) is small, so the NTK approximation is valid.

1.2 Our results

Our contribution is to refine the bound of Chizat et al. (2019) for large time scales. We prove:

Theorem 1.2 (NTK approximation error bound). Let R(y) = 3|ly — y*||* be the square loss. Assume that

Dh is Lip(Dh)-Lipschitz in a ball of radius p around wq. Then, at any time 0 < T < o?p?/ Ry,
|ah(w(T)) — ah(w(T))|| < min(6kv/Ro, v/8Ro) . (5)

Furthermore, the converse is true. Our bound is tight up to a constant factor.

Theorem 1.3 (Converse to Theorem 1.2). For any «,T,Lip(Dh), and Ry, there is a model h : R — R,
an initialization wo € R, and a target y* € R such that, for the risk R(y) = %(y —y*)?, the initial risk is
R(ah(wg)) = Ry, the derivative map Dh is Lip(Dh)-Lipschitz, and

Jadh(u(T)) ~ ah(@(T))] = min(wy/Ro, £ v/Fo).

Comparison to Chizat et al. (2019) In contrast to our theorem, the bound (4) depends on the Lipschitz
constant of h, and incurs an extra factor of TLip(h)?. So if Lip(Dh), Lip(h), and Ry are bounded by constants,
our result shows that the NTK approximation (up to O(e) error) is valid for times T' = O(«e), while the
previously known bound is valid for T'= O(y/ae). Since the regime of interest is training for large times
T > 1, our result shows that the NTK approximation holds for much longer time horizons than previously
known.

3See Section 1.3 for discussion on the other results of Chizat et al. (2019).
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1.3 Additional related literature

Other results of Chizat et al. (2019) In addition to the bound of Proposition 1.1 above, Chizat et al.
(2019) controls the error in the NTK approximation in two other settings: (a) for general losses, but o must
be taken exponential in 7', and (b) for strongly convex losses and infinite training time 7', but the problem
must be “well-conditioned.” We work in the setting of Proposition 1.1 instead, since it is more aligned with
the situation in practice, where we have long training times and the problem is ill-conditioned. Indeed, the
experiments of Chizat et al. (2019) report that for convolutional neural networks on CIFAR10 trained in the
lazy regime, the problem is ill-conditioned, and training takes a long time to converge.

Other works on the validity of the NTK approximation The result of Jacot et al. (2018) on the
validity of NTK for infinitely-wide neural networks can be viewed under the lazy training setting, since the
hyperparameters chosen by Jacot et al. (2018) give rescalings of models in hyperparameter regimes where the
NTK approximation is invalid even at infinite width (Chizat & Bach, 2018; Rotskoff & Vanden-Eijnden, 2018;
Sirignano & Spiliopoulos, 2022; Mei et al., 2018; 2019; Yang & Hu, 2021). This fact is used by Woodworth et al.
(2020); Geiger et al. (2020; 2021) to study the effect of interpolating between lazy and non-lazy training by
varying the scaling parameter o. Most work points towards provable benefits of non-lazy training (Allen-Zhu
& Li, 2019; Bai & Lee, 2019; Bai et al., 2020; Chen et al., 2020; Nichani et al., 2022; Ghorbani et al., 2020;
Malach et al., 2021; Abbe et al., 2022; 2023; Mousavi-Hosseini et al., 2022; Damian et al., 2022; Bietti et al.,
2022; Ba et al., 2022) although interestingly there are settings where lazy training provably outperforms
non-lazy training (Petrini et al., 2022).

2 Proof ideas

2.1 Proof ideas for Theorem 1.2

Proof of Chizat et al. (2019) In order to give intuition for our proof, we first explain the idea behind
the proof in Chizat et al. (2019). Define residuals r(¢),7(t) € F under training the original rescaled model
and the linearized rescaled model as r(t) = y* — ah(w(t)) and 7(t) = y* — ah(w(t)). It is well known that
these evolve according to

dr dr _

i —Kiyr and i —Kor,
for the time-dependent kernel K; : F — F which is the linear operator given by K; := Dh(w(t))Dh(w(t))T.
To compare these trajectories, Chizat et al. (2019) observes that, since Ky is p.s.d.,

1d
2dt
which, dividing both sides by ||r — 7|| and using that ||r|| < +/Ro implies

llr —7||* = —(r — 7, Kyr — Kor) < —(r — 7, (K; — Ko)r),

d _ . .
Zillr =7l < 1K = Kollllrl] < 2Lip(h)Lip(Dh)||w — wol|v/Ro - (6)

Using the Lipschitzness of the model, Chizat et al. (2019) furthermore proves that the weight change is
bounded by ||w(t) — wol|| < tv/RoLip(h)/a. Plugging this into (6) yields the bound in Proposition 1.1,

la(w(T)) — ah(w(T))|| = |r(T) - #(T)] < /0 2Lip(h)*Lip(Dh)t* Roa™ 'dt = T*Lip(h)*Lip(Dh)Ro/c.

A simple strengthening of the bound for long time horizons Our first attempt to strengthen this
bound for longer time horizons is to use an improved bound on the movement of the weights. Consider the
following proposition implicit in Chizat et al. (2019).

Proposition 2.1 (Bound on weight change, implicit in proof of Theorem 2.2 in Chizat et al. (2019)).

lw(T) —wol < VTRo/a  and  |[w(T) —wol < /TRo/a. (7)
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Proof of Proposition 2.1. By (a) Cauchy-Schwarz, and (b) the nonnegativity of the loss R,

T w T w
(1) ~wio)] < [ ||d||dt<¢ 7 [ 1 G e = \/ L[ mantwona 'S VT,

The bound for w is analogous. O

This bound (7) has the benefit of v/ dependence (instead of linear ¢ dependence), and also does not depend
on the Lipschitzness constant. So if we plug it into (6), we obtain

T
|ah(w(T)) — ah(w(T))|| < /0 2Lip(h)Lip(Dh)|jw — wo|[VtRoa tdt = T3/2L1p(h)Lip(Dh)R0/a.

This improves over Proposition 1.1 for long time horizons since the time dependence scales as T°/2 instead of
as T2. However, it still depends on the Lipschitz constant Lip(h) of h, and it also falls short of the linear in
T dependence of Theorem 1.2.

Intuition for the tight bound of Theorem 1.2 In order to avoid dependence on Lip(h) and obtain a
linear dependence in T', a new approach is required. The bound (6) is not a feasible starting point, since
it depends on Lip(h). Furthermore, in order to achieve linear T dependence using (6), we would need that
[lw — wo|| = O(1) for a constant that does not depend on the time horizon, which is not true unless the
problem is well-conditioned.

In the full proof in Appendix A, we bound ||r(T) — #(T)| = ||ah(w(T)) — ah(w(T))||, which requires working
with a product integral formulation of the dynamics of r to handle the time-varying kernels K; (Dollard
& Friedman, 1984). Here, we highlight some of the ideas by providing a proof of a simplified statement.
Consider r/(t) € F which is initialized as 7/(0) = r(0) and evolves as

dr’

CUR
dt rr

The intuition is that this is a “worst-case” scenario, since it is at time ¢ = T' that the kernel K; can differ the
most from K. So intuitively if we can prove that »/(T") and 7(T') are close, then the same should be true
for r(T) and 7(T). For convenience, define the operators A = Dh(wg)" and B = Dh(w(T))" — Dh(w) .
Since the kernels do not vary in time, the closed-form solution is

r(t) = e AFBTAED () and  7(t) = e AT A (0)

We prove that the time evolution operators for ' and 7 are close in operator norm.
Lemma 2.2. For any t > 0, we have ||e~(ATB) (A+B)t _ o=ATAt < 9| B||\/%.

Proof of Lemma 2.2. Define Z(¢) = —(A + (B) (A + (B)t. By the fundamental theorem of calculus

1
JemA+BTA+BI _ =AT Al | 20) _ 20 = | / 4 2Oac) < sup | Le? ).
o d¢ el0,1] d¢

Using the integral representation of the exponential map (Dollard & Friedman, 1984),

1
6(17T)Z(<)(%Z(C))eTZ(C)dTH

1
= ||t/ eI MZO(ATB+ BTA+2¢B" B)e™?©dr|
0

1 1
< ||t/ e<1*T>Z<<>(A+gB)TBeTZ<<>dT||+||t/ eU=MZOBT (A4 ¢(B)e™?Odr||
0 0

(Term 1) (Term 2)
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By symmetry under transposing and reversing time, (Term 1) = (Term 2), so it suffices to bound the first
term. Since ||e74(9)|| < 1,

1
(Term 1) < t/ le* =2 A+ (B)T(IBI|emldr
0

1
<B| [ 42O+ ¢B)dr
0

1
=181 [ Vlet =70+ BT (A + (Bet— O ar

1
—VAlBI [ /lei-202(Q)c0-070)dr
0
1
S\/EHBH/ sup V de=2(1=m)Aqr
0 A>0

1
:\/{t||BH/O V1/(2e(1 = 1))dr
= \/2t/e|| B .

where in the third-to-last line we use the Courant-Fischer-Weyl theorem and the fact that Z(({) is negative
semidefinite. Combining these bounds |le~(A+B) T (A+B)t _ o=AT AL < 9. 517e| B|| < 2BVt O

Using Lemma 2.2, we can show that the dynamics of v are close to those of 7:
IF(T) = 7(T)|| < min(3x+/Ro, V/8Ro) - (8)
To see why, notice that the weight-change bound in Proposition 2.1 implies
|B|| < Lip(Dh)||lw(T) — wo|| < Lip(Dh)\/TRo/a.
So Lemma 2.2 implies
I#(T) = F(T)|| < 2Lip(DR)T/Roa ™ [r(0) | = 2] (0)]|.

Combining this with ||r'(T) —#(T)|| < || (T)||+||7(T)|| < 2||r(0)|| = 2/2R, implies (8). Thus, we have shown
the result of Theorem 1.2 if we replace r by r’. The actual proof of the theorem handles the time-varying
kernel K, and is in Appendix A.

2.2 Proof ideas for Theorem 1.3

The converse in Theorem 1.3 is achieved in the simple case where h(w) = aw + %wa for a = % and

b = Lip(Dh), and wo = 0 and R(y) = 3(y — v/2Ry)?, as we show in Appendix B by direct calculation.

3 Discussion

A limitation of our result is that it applies only to the gradient flow, which corresponds to SGD with
infinitesimally small step size. However, larger step sizes are beneficial for generalization in practice (see, e.g.,
Li et al. (2021); Andriushchenko et al. (2022)), so it would be interesting to understand the validity of the
NTK approximation in that setting. Another limitation is that our result applies only to the square loss, and
not to other popular losses such as the cross-entropy loss. Indeed, the known bounds in the setting of general
losses require either a “well-conditioning” assumption, or taking « exponential in the training time 7' (Chizat
et al., 2019). Can one prove bounds of analogous to Theorem 1.2 for more general losses, with « depending
polynomially on 7', and without conditioning assumptions?

A natural question raised by our bounds in Theorems 1.2 and 1.3 is: how do the dynamics behave just outside
the regime where the NTK approximation is valid? For models h where Lip(h) and Lip(Dh) are bounded by
a constant, can we understand the dynamics in the regime where T' > C« for some large constant C' and
a > C, at the edge of the lazy training regime?
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A Proof of Theorem 1.2

A.1 Notations

We let Rg := R(ah(wp)) denote the loss at initialization. We define the residuals r(t), 7(t) € F under training
the original model and the linearized model as

r(t) = y* — ah(w(t)), and 7(t) = y* — ah(w(t)).

Since the evolution of w and w is given by the gradient flow in (1) and (3), the residuals evolve as follows.

We write DhT = (%)T to denote the adjoint of Dh = 45

dr  dr dw B 1 T _ T
il aDh(w)(—=VF,(w)) = aD(w)(aDh(w) VR(ah(w))) = —Dh(w)Dh(w) ',
since VR(ah(w)) = —(y* — ah(w)) = —r. An analogous result can be derived for the residual i under the

linearized dynamics:

dr

== —Dh(w)Dh(w) 7.

For any time t > 0, define the kernel K; : F — F as

K, := Dh(w(t))Dh(w(t))" .

Since Ko = Dh(w(0))Dh(w(0))" = Dh(w(t))Dh(w(t))T, we can write the dynamics in compact form:

dr dr _
% = —Ktr and E = —KO’I". (9)

A.2 Basic facts about boundedness and continuity of the kernel

We begin with a series of simple propositions. First, the weights w(t) stay with in the ball of radius p around
wy, allowing us to use the bounds Lip(h) and Lip(Dh) on the Lipschitz constants of h and Dh.

Lemma A.1l. For any time 0 <t <T, we have ||lw(t) — wol| < p.
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Proof. Immediate from Proposition 2.1 and the fact that T' < p?a?/Ry. O

Now we show that the kernels K; and K, stay close during training, in the sense that the difference between
Dh and Dh during training is bounded.

Lemma A.2. For any time 0 <t < T, we have
| Dh(w(t)) — Dh(w(t))|| < Lip(Dh)y/tRo/a

Proof. Since (a) h is the linearization of h at wg, and (b) |Jw(t) — wo|| < min(p, v/Ry/a) by Lemma A.1
and Proposition 2.1,

|Dh(w(t)) — Dh(w(®)]| 2 | Dh(uw(t)) — Dhwo)] < Lip(Dh)+/tRo/a.

O
This allows us to show that the kernel K is bounded at all times ¢ € [0, 7] in operator norm.
Lemma A.3. For anyt € [0,T], we have | K|| < 3||[Dh(w(0))||? + 2Lip(Dh)tRy/a?.
Proof. By triangle inequality and Lemma A.2,
1K, — Kol| = [[Dh(w(t)) Dh(w(t)) " — Dh(w(0))Dh(w(0)) ||
< IDh(w(®))I* + I\Dh( ()]
< (IID(w(t)) — Dh(w(0)) | + [|DA(w(0))]))* + [[DA(w(0))]*
< 3||Dh(w(0))||* + 2Lip(Dh)tRo /o .
O

And finally we note that the kernel evolves continously in time.

Lemma A.4. The map t — K; is continuous (in the operator norm topology) in the interval [0,T).

Proof. First, t — w(t) is continuous in time, since it solves the gradient flow. Second, we know that w(t) is
in the ball of radius p around wy by Lemma A.1, and in this ball the map w +— Dh(w) is continuous because
Lip(Dh) < oo. Finally, Dh — DhDR' is continuous. O

A.3 Product integral formulation of dynamics

Now we can present an equivalent formulation of the training dynamics (9) in terms of product integration.
Forany 0 <z <y <T,let P(y,z) : RP — F solve the operator integral equation

Ply,z)=1-— /y K P(t,z)dt. (10)

A solution P(y,x) are guaranteed to exist and to be unique:

Lemma A.5. The unique solution to the integral equation (10) is given as follows. For any 0 <z <y <T
define sm ;= (y —x)(j/m)+x and 6 = (y — x)/m, and let P(y,z) be the product integral

m
T) = Hestds = lim He—éKsj . P ) S L )
m—r o0 m—r o0

Proof. Existence, uniqueness, and the expression as an infinite product are guaranteed by Theorems 3.4.1,
3.4.2, and 3.5.1 of Dollard & Friedman (1984), since ¢t — K, lies in L1(0,T'), which is the space of “strongly
integrable” functions on [0, 7] defined in Definition 3.3.1 of Dollard & Friedman (1984). This fact is guaranteed
by the separability of F and the continuity and boundedness of ¢t — K; (Lemmas A.3 and A.4). O
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The operators P(y,x) are the time-evolution operators corresponding to the differential equation (9) for the
residual error ;. Namely, for any time 0 <t < T,

re = P(t,0)rg .
On the other hand, the solution to the linearized dynamics (9) is given by
Ty = eiKOtTO )

— Kot

since e is the time-evolution operator when the kernel does not evolve with time.

A.4  Error bound between product integrals

To prove Theorem 1.2, it suffices to bound || P(t,0) — e~ %0ot||, the difference of the time-evolution operators
under the full dynamics versus the linearized dynamics. We will do this via a general theorem. To state it,
we must define the total variation norm of a time-indexed sequence of operators:

Definition A.6. Let {Ct}te[z,y] be a sequence of time-bounded operators C; : RP — F so that t — C} is
continuous in the interval [z, y]. Then the total variation norm of {C}};e(y,y is

’npfl

V({Ct}te[w,y]) = ;1;1733 Z HCti - Ctri—l”?

i=1

where the supremum is taken over partitions P = {P = {o =t < t3 < -+ <tpp1 < tn, = y}} of the
interval [z, y].

We may now state the general result.

Theorem A.7. Let F be a separable Hilbert space, and let {Ay}icio, ), { Bt }eecjo,r) be time-indexed sequences
of bounded operators Ay : RP — F and By : RP — F such that t — A; and t — By are continuous in [0,T].
Then,

T T
T T

ITLe et =TT e 5 I < ( sup 14¢ = Bell)(2VT + 3T - V({A¢ = Bhieppry) -

o o tefo,

If we can establish Theorem A.7, then we may prove Theorem 1.2 as follows.

Proof of Theorem 1.2. for each ¢t > 0 we choose the linear operators Ay, By : R? — F by A; = Dh(w(t)) and
B; = Dh(w(0)) so that A;A] = K; and B;B, = K. We know that A;, B; are bounded by Lemma A.3,
and that ¢ — A; is continuous by Lemma A.4. (Also ¢t — By is trivially continuous). So we may apply
Theorem A.7 to bound the difference in the residuals.

We first bound the total variation norm of {A; — B;}icjo,7], By (a) the fact from Lemma A.1 that w(t) is in
a ball of radius at most p around wo where w — Dh(w) is Lip(Dh)-Lipschitz; (b) the fact that ¢ — w(t) is
differentiable, since it solves a gradient flow; and (¢) Proposition 2.1,

np—1

V({A¢ = Bi}iep,m) = sup Z [Dh(w(tit1)) = Dh(w(0)) — Dh(w(t:)) + Dh(w(0))]|

np—1
=sup > [[Dh(w(tis1)) — Dh(w(t;))|
PePpP i—1
(a) np1
< Lip(Dh) sup > |[w(tis1) — w(t;)]|
PeP i—1

T

® .. dw

= Lip(Dh / —||dt
om) [ 15

(c)

< Lip(Dh)y/TRo/«

10
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When we plug the above expression into Theorem A.7, along with the bound ||A; — By|| < Lip(Dh)VtRo/«
from Lemma A.2, we obtain:

T T
lrr =7l = I([[ e ** = TT e ™ %*)roll < (Lip(Dh)/TRo/a)(2VT + 3Lip(DR)T*?\/Ro/a) /2R,

s=0 s=0
= (2k + 3K%)\/2Ry,
where « = LLip(Dh)+/Ry.
Also note that

lrr = 7ol < llrell + lrrll = V2R(ah(w(T))) + 1/ 2R(ah(w(T))) < 21/2Ro,
since the gradient flow does not increase the risk. So

|rr — 77| < min(2k + 3x%,2)\/2Ry < 6K/ Ry -

It remains only to prove Theorem A.7.

A.5 Reduction to the finite-dimensional case

We first show that in order to prove Theorem A.7, it suffices to consider the case where F is a finite-dimensional
Hilbert space. The argument is standard, and uses the fact that F has a countable orthonormal basis.

Lemma A.8. Theorem A.7 is true for general separable Hilbert spaces F if it is true whenever F is
finite-dimensional.

Proof. Suppose that F is a separable Hilbert space and A;, B; : RP — F satisfy the hypotheses of Theorem A.7.
Let {fi}ien be a countable orthonormal basis for F, which is guaranteed by separability of F. For any n, let
Pn : F — F be the linear projection operator defined by

0, otherwise

Pn(fi) = {

By (a) Duhamel’s formula in Theorem 3.5.8 of Dollard & Friedman (1984), (b) the fact that |e=As AL | <1
and ||e*7J"ASAsT7DrT | <1 because A;A] and P, A ;A] P, are positive semidefinite.

T T
| He—AsAsTds _ He—Pw,AsAIP;dsH
0 0

T T -
QQILA <IIe‘A“Q“S>(ATAI-—ﬁzATAjiﬂd (Ile—Pw%AZPId{)dT|
T 0

T T T
T TpT
= / | Lo WA, AT = PuA, AT ||| T e P44 Pt ar
0 T 0

® (T
g/ |A, Al — P, A, ATP || dr (11)
0

We have chosen P,, so that for any bounded linear operator M : F — F, we have lim,,_ oo PnMP, = M.
Since 7+ A, A] is continuous in 7, and A, is bounded for each 7, the expression in (11) converges to 0 as
n — oco. By triangle inequality, we conclude that

T T T T
[ He—AsAjds _ He—BsBjdsH < limsup || He—’PnASA;r’PIds _ H e—Pn,BSBZPstH _
0 0 nTee g 0

11



Under review as submission to TMLR

Notice that P, A; and P,, B; are bounded maps from R? to span{fi,..., f»}, and t — P, A; and t — P, B;
are continuous and bounded. So using the theorem in the case where F is finite-dimensional, the right-hand
side can be bounded by

T T
lim sup| H e~ PrAsA P ds _ H e~ PnBsB[ P, ds I

<limsup( sup |[PnAs — PpBil)(2VT + 3T - V({PAr — PuBi}icio ) dt)

n—oo  te[0,T)

::(st]HA¢——BAD(2V?1+3T-LK{A¢—-B{hemTde.
telo, T

A.6 Bound for the finite-dimensional case

We conclude by proving Theorem A.7 in the finite-dimensional case, where we write A,, B, € R"*? as
time-indexed matrices. In order to prove a bound, we will interpolate between the dynamics we wish to
compare. Let

C, =B, — A, e R™*
For any ¢ € [0,1] and ¢ € [0,T], we define the kernel
Ky = (A +CC)(Ar+¢C)T € R™™
This interpolates between the kernels of interest, since on the one hand, K;o = A4A] and on the other
K1 = B;B]. For any z,y € [0,T], let

Y
P(y7:17; <) — He—Kt,gdt c R™X7.

xT

The derivative E%P(y, x; ) exists by Theorem 1.5.3 of Dollard & Friedman (1984), since (i) Ky ¢ is continuous

in ¢ for each fixed ¢, (ii) K, is differentiable in ¢ in the L' sense?, and (iii) has a partial derivative 8155,4

that is integrable in t. The formula for (%P(y, x;¢) is given by the following formula, which generalizes the
integral representation of the exponential map:®

0 e Y L OKy ¢
FCP(ZAJ;’C) - _/1: P(y,t,C) 8(

P(t,x; ¢)dt (12)

Our main lemma is:
Lemma A.9. For all ¢ € [0, 1], we have the bound

OP(T,0;
1200 < (sup | Cul)EVT +3T - V({Chieo) -
¢ t€[0,7)

This lemma suffices to prove Theorem A.7.

Proof of Theorem A.7. Using the fundamental theorem of calculus,

T T 1
OP(T,0;
ITLe A7 = TLe® ) = 1P o) - Proso)l < [ 1225,
which combined with Lemma A.9 proves Theorem A.7. O

4For any ¢ € [0,1], lime/_, s 5¢
5The proof is a consequence of Duhamel’s formula. This a tool used in a variety of contexts, including perturbative analysis
of path integrals in quantum mechanics Dollard & Friedman (1984).

T, K — Ky, K . . .
o | = —te £.C ||dt = 0, since the matrices Ay, By are uniformly bounded.

12
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A.7 Proof of Lemma A.9
By a direct calculation,

0K, ¢
¢

= (A4 + CC)C + (A +CCy) T,

so, by (12),

T
c P(T,0:¢) = / P(T,4:0)((Ar + CCCT + Co( Ay + CC)T)P(#,0; C)dt
0

T
/ P(T,t;¢)(A; + ¢Cy)C,T P(t,0;€) dt—/ P(T,t;¢)Cy(As + CCy) T P(t,0;¢)dt
0

M1 ]\/12

The arguments are similar for bounding M; and Ms, so we only bound M;. We will need two technical
bounds, whose proofs are deferred to Section A.8.

Claim 1. For any 0 <t < T, we have |P(t,0;()| < 1.
Claim 2. For any 0 <t <T, we have ||P(T,t;{)(A: + CCy)|| < 2\/% +3V{Cs }sepe,11)-

Using (a) Claim 1, and (b) Claim 2,

(a) T
1M < (sup G / IP(T, 1) (A + CCy)ldt (13)

te[0,7] 0

2 o ([ g+ IVUC e (14

> fes[l(l)%’] t o 2@ sJselt,T)

T

— (sup |C)(VT +3 / V({CuYacpr))d) . (15)

te[0,T]

Lemma A.9 is proved by noting that, symmetrically,
T
M0 < (sup [CADVT+3 [ V({Culseipa)d).
t€[0,T] 0

and, for any t € [0,7],

V({Cs}se,g) + V{Cstsep,r) = V{Cstseo,r) -
A.8 Deferred proofs of Claims 1 and 2
Claim 3 (Deferred Claim 1). For any 0 <t < T, we have ||P(t,0;¢)| < 1.

Proof. This follows from the definition of the product integral as an infinite product, and the fact that each
term e %K+i.¢ in the product has norm at most 1 because Ky, ¢ is positive semidefinite. O]

In order to prove Claim 2, we need two more claims:

Claim 4. For any X € R"*¢ and t > 0,

1
2Vt

le= XXt x || <

13
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Proof. Since XX T is positive semidefinite,

T 1
e X|| = \/He—XXTtXXTe—XXTtH <sup Ve Mhe=M =supe /At < ——.
A>0 A>0 2Vt

Claim 5. For any time-indexed sequence of matrices (Xt)iepo,r] in R™*4 such that t — X, is continuous in
[0,T], and any 0 < a <b< T,

b

T T
”e—XbXb (b—a)Xb _ (H e—XsXS ds) XaH < 3V({Xs}se[a,b])

This latter claim shows that we can approximate the product integral with an exponential. The proof is
involved, and is provided in Section A.9. Assuming the previous two claims, we may prove Claim 2.

Claim 6 (Deferred Claim 2). For any 0 <t < T, we have

[1P(T,t; Q) (Ar + CCy)| < - + 3V Cslsere) -

1
2¢/T —
Proof. By Claim 4, since K7 = (Ar + (Cr)(Ar + (C7) 7,

1

7KT’<(T7t) A + C < .
le (Ar +¢ T)H_iz T

By the triangle inequality, it remains to prove
le= ¥ 7T (Ag + (Or) — P(T,:0)(Ar +¢C) Tl < 3V({Ciserer),
and this is implied by Claim 5, defining X; = A; + (Cy and a =t, b=T. O

A.9 Deferred proof of Claim 5

The proof will be by interpolation, using the integral representation of the exponential map provided in (12),
similarly to the main body of the proof, but of course interpolating with respect to a different parameter. We
begin the following claim, which we will subsequently strengthen.

Claim 7. For any symmetric X,Y € R™™ and t > 0,
lem XX +Y) — e X < 3]V

14
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Proof. For any 7 € [0,1], define X (7) = X + 7Y, which interpolates between X and Y. Then by (a) the
derivative of the exponential map in (12), and (b) the fact that X'(7) =Y and ||67X2(T)t/2H <1,

||e’(X+Y)2t(X +Y) - e XX

=1 [ ()l

_ X2(n)t/2 x 7X2('r)t/2> d
12 (r)e |
d — T — 27'
< sup [|me XX ()em X2

refo,1] AT

@ sup ||67X2(T)t/QX/(T)efX2(T)t/2
1
_ (t/2) / e_(l—s)X2(T)t/2 (X/(T)X(T) + X(T)X/(7_))e—sX2(T)t/QX(T)e_Xz(T)t/QdS
0
1
_ (t/2)/0 67X2(T)t/2X(T)67(lfs)X2(r)t/2(X/(T)X(T) + X(T)X/(T))675X2(T)t/2d5||

(b) 1
< st[lp] Y|+ ||(t/2)/ e_(l_s)Xz(T)t/z(YX(T) + X(T)Y)e_sxz(T)t/QX(T)e_XQ(T)t/stH
r€[0,1 0

T

1
+1|(/2) / e X M2 X (1)~ =X M2y X (1) + X (1)Y)e™ X (M1/244),
0

T

and by (a) supy>g Ae~N1/2 = 1/\/et, and (b) |le™M| < 1if M is p.s.d.,
1
T < (f/Q)/ le= =IOV X (r) + X ()Y e X O X (r)e X D2 | ds
0

) 1 1
< (t/2) / &= O X (1) + X (7)Y )em O —ds
0 et

\/Z ! - —S 2 T —S 2 T - —S 2 T —S 2 T
< 27\/5/0 le= =X Y [[1X (7)e X2 4 flemOmIXTOEX (1) [y [ le X2 ds

L Mmooy g o L
2e Jo Vst /(1 —s)t
o v [t 1 1
< R —
2¢ Jo Vs (1—13s)

=M ys -2y

—S 2 T
1Y [[le*X"2)|ds

<Yl
Similarly, To < ||Y]]. O
Claim 8. For any X,Y € R™¥4 (not necessarily symmetric) and t > 0,
le” XTI X L y) — e XX T x| < 3y

Proof. We will use Claim 7, combined with a general method for lifting facts from symmetric matrices to
asymmetric matrices (see, e.g., Tao (2011) for other similar arguments). Assume without loss of generality
that n = d, since otherwise we can pad with zeros. Define n = 2n and

- [0 X7 0o v’

X = Y 0

¥ O}ER”X”andY:[

} € RX7,

15
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These are symmetric matrices by construction. Furthermore,

o [XTX 0
2 _
X _{ 0 XXT

] and(XjLY)Z:{(XJFY)T(XJFY) 0 ]

0 (X+Y)(X+Y)T

Because of the block-diagonal structure of these matrices,

o o~ XXt 0 i o K47V _ e~ (X+Y) T (X+Y)t 0
= T 6 P T
0 XX Tt 0 o— (XYY (X+Y)Tt
So
9, — 0 e~ XXt xT
€7X tX = T
e—XX tX 0
Similarly,
o5 _ —(X+Y) T (X4t x oy T
(X472 _ 0 e (X+Y)
e (X+Y)= e~ (XNt (X 4 Y) 0

For any matrix M € R"*", we have ||M|| = sup,cgn-1 ||Mv||. So for any matrices My, My € R™™", we have
0 M1 0 M1 v
M, 0 Ms 0 0

This means that, using Claim 7,

= s [z = ]

‘ > sup
vesSn—

vesSn—1
||67(X+Y)(X+Y)Tt(X —|—Y) _ efXXTtX” < ||67()_(+l_’)2t(5( +Y) _ 6)_(2tXH < 3HYH )

Finally, using the symmetry of Y and the block-diagonal structure of Y2,

— = YTy 0
_nv2n/2
=172 = | Vo ye]

1/2
= max([[Y Y|V YY) = Y.

We conclude by using these results to prove Claim 5 with a telescoping argument.

Claim 9 (Restatement of Claim 5). For any time-indexzed sequence of matrices (Xy)iejo,r) in R"*¢ such that
t — Xy is continuous in [0,T], and any 0 <a <b<T,

b
T T
||e—XbXb (b—a)Xb _ (H e—XSXS ds) XaH < 3V({Xs}se[a,b})

Proof. We will do this by approximating the product integral by a finite product of m matrices, and taking
the limit m — oco. For any m > 0 and j € {0,...,m}, and t € [0, 7], let t,, ; = (b — a)(j/m) + a, and define
the finite-product approximation to the product integral for any k € {0,...,m}

m
k
Pm,k = H Qm,j m,k

j=k+1

where .
Xt s Xim,j (b—a)/m

Qm,j =e

16
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Notice that for k = 0 we have

m
-X X _
Prjo = He tmag Xt 5 (=)
Jj=1

and so by continuity of s — X for s € [0,T] and boundedness of X, we know from Theorem 1.1 of Dollard

& Friedman (1984) that
b
: _ H —X X[ ds
n}gnoo Pm,[) - € ’

This means that

b
He—XbXJ(b—a)Xb _ (H e—XsXsTds> X
a

b
||Pm,thm,m _ <H e—XsX;rds> XaH

a

= lim ||PpmXt,, . — PmoXt

m— o0 ™0

Finally, telescoping and (a) using ||@Qm, ;|| < 1 for all j, and (b) Claim 8,

m
| < Z ||Pm,kXtm,k - P’m,kletm,k71 ”
k=1

||Pm,th - Pm,lXtm,l

m,m

NERINGE

m
I TI @mi | (@i Xtns = Qb (@m—1)* X, )]

j=k+1
(a) _ _
< Q) ™ X = Q1) X
k=1
() X
< Z 3||Xtm,k - thz,k—l ”

ES
Il

V({Xs}se[a,b])'

The lemma follows by taking m — oo, since the bound is independent of m. O

<

w

B Proof of Theorem 1.3

The converse bound in Theorem 1.2 is achieved in the simple case where h : R — R is given by h(w) =

aw + $bw? for a = ﬁ and b = Lip(Dh). We also let wg = 0 and y* = /2Ry so that all conditions are

satisfied. The evolution of the residuals r(t) = y* — ah(w(t)) and 7(t) = y* — ah(w(t)) is given by

dr dr _
i —K;r and pri —Kor,

where K; = Dh(w(t))Dh(w(t))" = (a + bw(t))? and Ko = a?. Since r = y* — a(aw + Zw?), we can express
the evolution of the residuals r and 7 as:
i,

dr 9 _
Z = (@4 2y - S—— 1
o (a®* +2b(y* —r)/a)r and o a“r (16)
Since b(y* —7)/a > 0 at all times, we must have a? 4+ 2b(y* — r)/a > a®. This means that at all times

r(t) < T(t) = e ty*.
So, at any time t > T/2,

r(t) < r(T/2) < H(T)2) = e /YD T2y — o=1/2px

17
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By plugging this into (16), for times ¢t > T'/2,

% < —(a® + 2Lip(Dh)(1 — e~ V2)\/2Ry Ja)r < —(a® + 1.1k/T)r-
So, at time T', assuming that x < 1 without loss of generality,

r(T) < 7(T/2)e=WTHLIR/TIT/2) _ (T /) 1270550 < gxe=1o=055% < yxo=1(1 _ (.4p).
So

lah(w(T)) — ah(®(T))| = |r(T) — #(T)| > e~ y* — (1 — 0.4r)e”'y*| > 0.4re"\/2Ry > /R0 /5.

18
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