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‘“Learning single-index models via harmonic decomposition"'
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A Additional discussions and details from the main text

A.1 Discussion on learning spherical SIMs

Likelihood ratio. In our Definition 1, we consider spherical SIMs such that v < v4, and the
associated Radon-Nikodym derivative satisfies || d‘lif;‘io | 22(vy.0) < 00. We can expand the likelihood

ratio in L?(v4,0) into the Gegenbauer basis:

dv, L% (va,0) =
dl/dc,lo (y,r,2) =1+ ;gd,e(% 1Qu(2), (18)
where 4
4V = By, [ S (V. R 2)QUD)] = B QY. ).

The mutual y?-mutual information divergence of ((Y, R), Z) is given by

dUd 2 00
_— —1= E .
(dud,o) éﬂH&MHLQ

Link function ; unknown. When v, is unknown, similar to [15], one can still hope to learn the
planted direction w., as long as it is possible to approximate the non-linearity 7,(y, r) using random
linear combinations of the first few orthogonal functions in a basis of LQ(Vd,y, r)- Similar to [15,
Assumption 4.1] this requires assuming that the expansion of 7, has non-vanishing mass on these
first few basis functions of L?(vg y, ). Intuitively, this amounts to a ‘smoothness’ condition on the
link function v4. We leave this as a direction for future work.

IX2 [Vd] = Eud,o

Weak to strong recovery. In our framework, it is only meaningful to restrict ourselves to the
sequence {vq}q>1 such that I, 2 [1,] is non-vanishing and there exists a component £ > 1 (independent
of d) such that ||£4,¢|| 2 > ¢ > 0. For example, in Gaussian SIMs with the generative exponent k.,
such an ¢ = k, always (both with or without using the norm). Under this mild assumption, we can
carry out the online SGD algorithm similar to the final phase algorithms of [2, 14, 49] but now on
the frequency Q. As we have non-vanishing signal ||£q (|| = ©4(1), we can achieve strong recovery
|(w, w,)| > 1 — e using O(d/c) samples, and so O(d? /) runtime hiding constants in /.

Spherical SIMs with sample-runtime trade-off. Below we show how to construct examples of
spherical single-index models with |, . > |t .. We construct v4 such that it is a mixture of two

spherical SIMs. Consider 1/((11) and 1/((12) associated to two Gaussian SIMs with generative exponents
k1 and ko, where we marginalized over the norm (that is, R = 1). In particular, as shown in [15,

Theorem 5.1], we can choose the Gaussian SIMs to be y9) = o (R-Z)+7N(0, 1), with [|oj[|0c < 00
and 7 sufficiently large such that C—! < I/[(il) (y)/ 1/(32)(;/) <C.

Assume that (Y, Z) ~ vy (recall R = 1 here, and we remove it for clarity) is drawn with probability

(1) (2)
d

d~“ from v, ’ and with probability 1 — d~* from v;”, where o > 0 is a constant chosen later. In
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this model, we have

£40(Y) = E,,[Qu(2)|Y] = d*CH V)N () + CP ()R (v),

where ) )
§0(Y) =E0[Qu2)Y), &) =E,mQ(2)Y],
and
1 1
) = ) =

d= 4 (do = D (V) /v (V) PP ¥ +1-de

From our choice of l/((ij ), there exists a constant C, such that for d > C, we have C~1 <

clV (y), c¥ (y) < C forall y € R. We deduce that there exist a constant C' sufficiently large but
independent of d such that

I€a,el|22 < Cmax(d=2 €0} |22, €3 1122),

a3 = € max (a- 2a\|§ 32 = CRIEENEa, 132 - C2a2efIEs ),

where the L2-norms are with respect to the associated nulls v o, VL(i 0)’ and 1/(2)

19)

Consider k, a multiple of 10 for simplicity, and set ko = ky, k1 = 2k, /5, and o = k, /5. Using

(1) ().

Lemma 2, we can bound the contributions from v; * and v,

* Consider the contributions of Vfll) to the sample and runtime complexity:

— Sample complexity:

(< kla 0= kl[Z} . 20 Vlnde ~ d2k176/2 _ d4k*/576/2,
€213
/< kla Y 7‘é k1[2} . d2a \/ndf d2k17€/2+1 —_ d4k*/576/2+1, (20)
B 1ES112
0>k 22 \/"d > RHe/2 — 2Ke/5+0/2
1E$112

Thus the optimal sample complexity is achieved at degree £ = ki = 2k, /5 with dk+/>
lower bound.

— Runtime complexity:

<k, L= kl[Q} : d2e et nd( = g%k — d4k*/57
€512,
. 20 nde 21 _ gdk, /541
Y4 S kl, l ié k’l[Q} : d Hg(l)” = d°" =d , (21)
£>k: 2a nd > gkt _ g2k /54L
[Svi

Thus the optimal runtime complexity is achleved at degrees £ < k1 = 2k, /5, £ = k1[2]
with d**+/ lower bound.
(2

* Consider the contributions of v, ) to the sample and runtime complexity:
— Sample complexity:

n
(ks (=hof2] s Y0 < et/ = gt
1€a2 1172
1/TL
14 S k27 14 ¢ kQ [2] : H (2)C|l|f = dk1*€/2+1 — (il(>*7£/2+17 (22)
3
A/
ko : 7“ (2)T|e Nde/2.
3
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Thus the optimal sample complexity is achieved at degree ¢ = ky = k, with d*+/2
lower bound.

— Runtime complexity:

(<o, 0= hol2):  —pit e = db = d,
1€a.ll72
. nd,e ko+1 _ gk,+1
Egkg,gikQ[Q] — = d"? =d y 23
1ES 122 23)
Nd,e Y
B
15112

Thus the optimal runtime complexity is achieved at degrees £ < ko = ky, £ = ko[2]
with d* lower bound.

From the bounds (19), the sample or runtime complexity for each /¢ is the minimum of the two
contributions associated to 1/51) and V((f). We deduce that in this model:

* Optimal sample complexity is achieved at degree | . = ki, with a matching algorithm that
succeeds with m = ©4(d**/2) samples and T = ©(d**) runtime (thanks to contribution
VK(IQ)).

* Optimal runtime is achieved at degrees It = ¢ with ¢ < 2k, /5 with £ = 2k, /5[2].
For example, choosing It = 2k, /5, we have a matching algorithm that succeeds with
T = ©,4(d*/5) runtime and m = ©4(d*+/%) samples (thanks to contribution ).

We conjecture that for this distribution 4, no algorithm exists that achieves both optimal sample
complexity m = ©,4(d**/?) and optimal runtime complexity T = ©4(d*+/?). Further note, that by
choosing intermediary degrees ¢, one can trade-off sample and runtime complexity.

A.2 Discussion on learning Gaussian SIMs

Consider learning a Gaussian single-index model (1) with link function p € P(R?) and generative
exponent k, := k,(p). Recall the definition from [15]:

ki(p) = argmin{k > 1 : [[(xllr2(p) > 0 where (i(Y) := E,[Hex(G)|Y]}. (24)

In light of our results on learning general spherical SIMs via harmonic decomposition (Section 3),
we revisit the three algorithms for learning Gaussian SIMs mentioned in the introduction [2, 14, 15],
and reinterpret their behavior through the lens of spherical harmonics.

Throughout, let 7, : R — R be a transformation of the label satisfying:

1
ITllzz =1, [ Tillee <€, Tu = B [T (Y)Hew, (G)] 2 F Gk, 22

Such transformations always exist (see [15, Lemma F.2]). Informally, one can construct 7, by
truncating Cy, /||Ck, || L2 (with truncation at large enough value as to approximately preserve the
correlation with Hey ).

Online SGD with Hermite neuron. In a seminal paper, Ben Arous et al. [2] studied online SGD
on a non-convex loss over w € S?~!, with planted signal w, and a k,-order saddle at the equator
(w,w,) = 0. Adapting their results to the task of learning Gaussian SIMs, their algorithm performs
online SGD on the population loss

weSd—1t

2
min L(w) :=Eq z)p,. [(Tk(y) - Hek*(<w,w>)) ] , (HeSGD)
and succeeds with suboptimal m = ©4(d*~1) samples and T = O4(d**).

We now reinterpret this result through the lens of harmonic decomposition. The following informal
observations aim to build intuition rather than make formal statements:
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Observation 1 (Informal, harmonic structure of the loss). When |(w,w.)| > d~'/2, the loss
landscape L(w) is dominated by degree-k, spherical harmonics. The resulting SGD dynamics
behaves similarly to online SGD using Qx, ((w, z)) in place of Hey, ((w, x)).

This suggests that algorithm (HeSGD) effectively restricts itself to the degree-k, subspace Vi, . As
a consequence, we expect its performance to be constrained by the query complexity lower bound
Q4(d*+), and its behavior to be similar to the degree-k, online SGD estimator (SGD-Alg) in Section 3.
We further provide an alternative perspective that highlights the role of the norm ||«||2 of the input
data in learning Gaussian SIMs:

Observation 2 (Informal, norm-invariance of dynamics). The SGD dynamics of [2] remains essen-
tially the same if the input x is replaced by T - x /||x||2, where 7 ~ x4 is sampled independently.

This indicates that the algorithm does not exploit the radial component |||z, and effectively operates
on the normalized direction z = x/||x||2. From our theory (Section 4), any such estimator incurs a
query complexity of 4(d*+). In this sense, algorithm (HeSGD) is runtime-optimal among methods
that ignore radial information.

Landscape smoothing. To address the suboptimality of (HeSGD), Damian et al. [14] introduced a
landscape smoothing operator that averages the loss on a sphere around each parameter w € S%:

min By, i) [c (Mﬂ . (SmLD)

weSd—1 Hw—i—)\uHQ

This modification achieves near-optimal complexities: m = ©4(d*/2) and T = O4(d*+/211).

Observation 3 (Informal, low-pass filtering effect). Landscape smoothing suppresses high-frequency
components of the loss, effectively amplifying lower-degree harmonics. The initial phase of SGD
dynamics behaves essentially like optimization over Q1 ({w, z)) and Q2 ((w, 2)).

Thus, smoothing can be interpreted as projecting the dynamics onto low-degree harmonic
components—specifically, the statistics of the spectral algorithm (SP-Alg) associated to spheri-
cal harmonics of degree ¢ € {1,2}. In this sense, the first phase of the dynamics on (SmLD)
essentially corresponds to running SGD on the optimal spectral estimator (SP-Alg).

Partial trace estimator. In a subsequent work, Damian et al. [15] proposed an estimator based on
the partial trace of a Hermite tensor, inspired by techniques from tensor PCA. Their construction
begins with the empirical Hermite tensor:

. 1
T=— > Ti(yi)Hey, (z;) € (RT)®F, (25)
i€[m)]
where Hey, (x) denotes the rank-k, multivariate Hermite tensor, and 7, is the transformation defined
earlier. The expectation E[T] is proportional to w®+. To extract this principal component, they

compute a partial trace of the empirical tensor by contracting 7" with identity tensors. This results in
an empirical vector or matrix, depending on whether k, is odd or even. The resulting estimator is

. 1
: b= > Teyi) B, (lil|2),

i€[m]

kyodd: wg=

1212

m (PrTR)
. 'y ' 1 T
ke even: @ = argmaxw' Mw, M := . E Te(wi) P, (|l l2) [wix] —1a],
i=1

weSd—1

where P is a univariate polynomial derived from the contraction of the Hermite tensor. In the
odd case, a second refinement phase (see Section D) is used to boost wg from d~—1/* to constant
correlation with w,. This estimator achieves the optimal sample complexity © 4(d*+/?) and optimal
runtime @d(dk*/ 2‘“), matching the lower bounds for learning Gaussian SIMs (see Eq. (3)).

Importantly, estimator (PrTR) corresponds precisely to the general spectral estimator (SP-Alg),
associated to the optimal degree ¢ € {1, 2} harmonic subspaces, using

Te(y,m) = Tu(y) P« (r) with £ =1 ifk,isodd, and ¢ =2 ifk, iseven.
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Observation 4 (Informal, lower-frequency projection). Partial trace effectively projects the high-
degree Hermite tensor onto lower-degree spherical harmonic subspaces (¢ = 1 or 2 for partial trace
over all but 1 or 2 coordinates).

Although our estimator recovers (PrTR) in the Gaussian case, we emphasize that its derivation is very
different (including constructing the non-linearity 7;(y, r), see Appendix G). We construct it directly
from rotational invariance and harmonic decomposition, without relying on prior knowledge of tensor
PCA, contractions of Hermite tensors, or Gaussian-specific identities. We believe this alternative,
transparent derivation of (PrTR) highlights the advantages of the harmonic perspective when learning
single-index models.

Remark A.1. Both landscape smoothing [7] and partial trace estimators [25] originate in the tensor
PCA literature, where a similar gap between ‘local’ and optimal algorithms arises—with dk+/2
versus d*~—1 gap in signal strength. It is intriguing to connect the phenomena observed in SIMs
(Observations 3 and 4) to analogous behaviors in tensor PCA. We leave this direction for future work.

Next, we provide quick computations to justify the above observations.

Observation 1: harmonic decomposition of the loss. First, note that
L(w) = 2 — 2By, Eg[Hex, ((w., z))Hex, ((w, 2))] = 2 — 2Ty, (w., w)",

and it is enough to consider the correlation loss. Let’s decompose the landscape into contributions
from the different harmonic subspaces: using the Hermite to Gegenbauer polynomial decomposition
in Eq. (17), we get

Ex[Hey, ((w., ) Hei, (w,2)] = Y Elfi. o(r)’[E[Qe((w., 2))Qe((w, 2))]
<k
1=k, [2]

1B, el
= Y 0 (w,w.)),
i<k VIt
1=k[2]
where || Bk, ¢]|22/\/Ttac = Oa(d™*+/2) (see Appendix B). For |(w., w)| > Ci,d /2, the leading
contribution in the loss (and its gradient) is ¢ = k, (recall that the leading term in Q¢((w, w,))

is ©4(d"?)(w,w,)?). Informally, this implies that we could have replaced He, ((w.,x)) by
Qk, ({wy, 2)) in the above loss.

(26)

Observation 2: dynamics with independent norm. Let’s consider the loss (26) when we have
independent norms between the input and the signal:

_ _ E[B, (1)) w. w
E[Hey, (r - (w., 2))Hey, (7 - (w, 2))] = ;C B Qe((w, w.)), 27

where E[SBy, ¢(7)]%/\/ftas = ©a(d—k+¢/2) (see Appendix B). In particular, the leading term £ = k,
remain the same between Eq. (27) and Eq. (26). Following the proof in [2] (see Section E), the
dynamics with same hyperparameters behaves similarly between the two losses (27) and (26).

Observation 3: low-pass filtering of landscape smoothing. Again, it is enough to directly consider
the correlation term. Let’s decompose

w + Au _ 1Bk, el 72
EynryEx [Hek*«w*,az))Hek* <||w+)\u|2 w)} = Z}; mz(/\)WQé«waw*»’

=k, [2]

where each frequency (26) in the original loss £(w) is now reweighted by

1 w + Au 1 1+ X2
= (2 ) - L o ()]
N0 [w + Aull N, 1+2\Z+ A
When A = 0, we indeed have m(0) = Q¢(1)/,/fige = 1. For A > 1, we have my(\) < 1/X%, and
as long as |[(w, w,)| < A7L, the loss (and its gradient) are dominated by frequencies ¢ € {1,2}.
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A.3 Correlation queries and the information exponent

In the main text, we focused on the generative exponent introduced by [15]: this notion tightly capture
the optimal complexity of learning Gaussian single-index models among Statistical Query and Low-
Degree Polynomial algorithms. An earlier notion—the information exponent—was proposed in
[21, 2]. Specifically, for scalar labels Y C R, the information exponent (IE) of p is defined by

ki(p) = argmin{k > 1 : E,[YHes(G)] # 0}. (28)

This exponent captures the complexity of learning with so-called correlation statistical query (CSQ)
algorithms, which only access labels through correlation statistics y¢(x). In other words, using the
terminology introduced in Appendix C.1, it captures the complexity of Q-restricted SQ algorithms,
with

Q = Qcsq :={o(y,x) = yod(z) : ¢ measurable function}.
We denote CSQ(q, 7) := Qcsq-SQ(g, 7) this restricted class of SQ algorithms.

For CSQ algorithm, Damian et al. [14] showed lower bounds within the Q-SQ framework of
m = @d(dk|(p)/2)7 T= @d(dkl(p)/2+1)- (29)

Note however, that only the generative exponent reflects the fundamental hardness of the learning
task: indeed, we always have k,(p) < ki(p), with k,(p) always one or two for all y polynomial
function of x (while ki(p) = k if y = Hey(G)). In the case k,(p) < ki(p), the complexity predicted
by the information exponent can be improved upon by using non-correlation queries, such as using
a non-correlation loss [15] or by reusing samples [18]. Nonetheless, IE remains relevant in several
natural settings, such as online stochastic gradient descent on the squared or cross-entropy loss.

Below, we discuss how to recover this information exponent from our harmonic framework when
considering Qcsq-SQ algorithms. Introduce the CSQ query complexity

. Nd.e
QCSQ( ) min
21 €502,

where we defined
1

c(i:SZQ(Yv R) = YQ*,Z(R), q*,g(R) = —
’ 1Y 2

Adapting the proofs in Appendix C.1, we obtain the following query complexity lower bound:

Proposition 1 (CSQ lower bound). Fix vy € £4. If an algorithm A € CSQ(q,T) succeeds at
distinguishing P, «, from P, o, then we must have

q/7% > QS Q(uy). (30)

Using the non-linearity 7;(Y, R) := Y ¢, ¢(R) in our algorithms (SP-Alg), (SGD-Alg) and (T U-Alg)
described in Section 3, we can prove the same Theorem 2 with sample complexities replaced
by /nae/l1€g SZQ |2, and runtime complexities replaced by nq.¢/[|£5 ZQ 2. (one simply plug these
nonlinearities in the theorems in Appendices D, E and F).

Specializing to the Gaussian case, one recover the exact same result as in Section 4, but now with k,
(generative exponent) replaced by k; (information exponent) of the Gaussian SIM p. In particular, for
all ¢ < k;, we have

||§CSQH22 =d~ =0/ for f = kymod 2 and ||§CSQHL2 < d==HD/2 for ¢ # ky mod 2.

Similarly to the generative exponent case (and general SQ), the optimal degrees for learning Gaussian
SIMs with CSQ algorithms are always achieves at Im , = |1, € {1,2}, with the spectral estimator
(SP-Alg) achieving

m = O4(d"P/?), T = Qg(dh(P)/2+1),

Similar results as in Section 4 hold for learning with CSQ algorithms without using the norm ||z||2.
We note, however, that here, non-CSQ algorithms can achieve much better performance (attaining the
complexity predicted by the generative exponent).
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B Harmonic analysis on the sphere

In this section, we mention several facts about spherical harmonics, Gegenbauer polynomials, and
their relationship. We will then discuss the harmonic decomposition of Hermite polynomials into
Gegenbauer polynomials, which would be critical in all our analyses for the isotropic Gaussian input
measure.

B.1 Spherical harmonics, Gegenbauer and Hermite polynomials

Spherical Harmonics. Consider the d-dimensional sphere S¥~! := {z : ||z]|2 = 1} and the
uniform probability measure 7; = Unif(S?~!) on it. This induces a Hilbert space L?(S%~1, 74)
equipped with the inner product:

(f,9)2(r0) = /esd ) f(z2)g(z) 74(dz), forany f, g€ LQ(Td)

For ¢ € N, consider ‘N/d’ ¢ be the space of degree ¢ homogeneous harmonic polynomials (i.e. homoge-
neous polynomial ¢ : RY — R with Ag(-) = 0). Let V, be the space of functions by restricting the

domain to S?~! of functions in ‘7(17@. A classical result from harmonic analysis (see [42, 11, 12] for
additional background) is that we can decompose

L3S 7y @ V- (31)
The dimension of each subspace is given by:

2W+d—-2(d+{—
diIn(deg) =Nde = +< + 3) .

d—2 l

For each ¢ € N, the orthonormal bases for Vg, is given by {Y;f” 4 € nge}. We then have the
following orthogonality properties:

Y YD), = dudi.

d

Remark B.1. If one considers the unitary representation p : Oy — U(L?(S%1)) of the orthogonal
group Og = {R € R¥*?: RTR =1} given by

p(R) f(z) = f(R"2),

then Eq. (31) is also a decomposition of L?(S?~!, 74) into a direct sum of irreducible representations
of Oy (see [12] for a detailed treatment on the subject).

Gegenbauer Polynomials. Let 741 denote the marginal distribution of the first coordinate (z, e1)
with z ~ 7,. We consider the family of Gegenbauer polynomials on L?([—1, 1], 741), denoted by

{Qéd) : £ € N}, where Qéd) is the degree-¢ polynomial satisfying

/ Q" (R (D) ard2) = | Q7 (2 e))Q" (= 1)) Ta(d2) = dui.
gd—
A relationship between the spherical harmonics and Gegenbauer polynomials is as follows:
Q" (2,2 Z YD (2)v P (2), forall 2,2’ € S¢1. (32)
71 sE TLd [

Another important relationship is for any w, v € S~

QY ((w, v
(@G, Qo) = Pt &)
’ J4
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where Qéd) (1) = \/Td,¢ as derived in Eq. (43) in Appendix I. We note that the normalization of

Gegenbauer polynomials considered here is such that ||Q§d) | 2(ry.,) = 1 holds. Another popular
choice is such that the value at 1 evaluates to 1 which we shall explicitly refer by the family of

polynomials {Pe(d)}geN and The normalizing factor is such that Pe(d) ()= Qéd) () /Tdc-

The derivative of the £*" Gegenbauer polynomial for > 1 can be expressed as

d @y oy — =2 Var sy o) A
P (2) = Q" (2) VBN RSNy 1(2)=C0(d,0) Q7 (2), (34

where for a fixed constant ¢ and growing d, we have C(d, £) = ©4(v/d). Let f € L?(S%!, 7,) such
that f is invariant by the action of O, = {W € Oy: Wlw = w } which is the set of orthogonal
matrices which keeps the direction w fixed, i.e. f only depends on the projection (w, z). Then f
admits the following decomposition

d
F(z) =3 ((w, 2)). (35)
£=0
Hermite polynomials. Consider the probabilist’s Hermite polynomials {Hey : k£ € N}, in the
a2
normalization that form an orthonormal basis of L?(R,~), where y(dz) = ¢ \/27:2 is the standard
Gaussian measure. Hey, is a polynomial of degree k.
Egn(o,1) [He; (G)Her (G)] = djp. -
As a consequence, for any g € L?(R, ), we have the following decomposition
9(z) =" mr(g) He(z), 1x(g9) = Egono,)lg(G)Her(G)] .
k=0
B.2 Harmonic decomposition of Hermite into Gegenbauer polynomials
We know that  ~ N(0, I;) can be equivalently represented by
x = |z - i7 where ||x||2 =: 7 ~ xq and T Unif(S?~1) are independent.
]2 ]2

Therefore, 1 = r - w1, where 1 ~ N(0, 1) and z; ~ 741. In what follows, we denote = x; and
z = z for convenience. The Gegenbauer polynomials are an orthonormal basis for 741 and Hermite
polynomials are (unnormalized) orthogonal basis for N(0,1). Our goal is to explicitly express

Hey(x) = Heg(r - 2) in terms Gegenbauer polynomials {Qéd)(z)}, formalized in the following
proposition.
Proposition 2 (Decomposing Hermite into Gegenbauer). For any k € N, we have

Her(r-2) =Y Bre(r)QV” (2), (36)
=0

where By ¢(r) = 0if (¢ > k) or ({ # k mod 2), and otherwise
VEWK(d,? N (NY(_1)N—i 42
Bre(r) = N1 Q(N ) Z (l)i(Hl . ) (37)
o) 2 T+ 2))
where N = (k — ()/2 and K (d, ¢) < d* as d — oo and { is constant, i.e. K(d,{) = ©4(d").

Essentially, we are decomposing the Hermite basis into the Gegenbauer polynomials, which is
the correct basis for the “directional” component z, and explicitly computing the coefficients that
depend on the radial component . Such relationship is derived by technical algebraic manipulations,
and in similar spirit to [34], relating Hermite and Gegenbauer polynomials. However, the precise
expression is sensitive to the normalization used for Gegenbauer polynomials. Thus, we provide
explicit calculations of this decomposition in Appendix I in our choice of normalization.

For our upper and lower bound analyses, in order to measure correlation of Hey (r - z) with di) (2),
using both type of queries (with or without norm), the asymptotic bounds on the following moments
of these coefficients will play an important role.
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Lemma 3. For any fixed ¢ < k € N with same parity, i.e. k = ¢ mod 2, we have

ErmxalBre(r)?] <

and  E,y, [ﬂkx(r)]Q = d- k=0

926 In order to show this lemma, we will use the following well-known facts.

927 Fact 1 (Moments of x4 distribution). For any p € N, the even and odd moments of x 4 distribution
928 are given by,

2 = 2p+1 = \/EF( ) 5
Eyroa[r?] = jl;[o(dﬂy) and By, [r?PT!] = E[r] Jl;[()(d+2]+1) = W 1;[ (d+2j+1)
(38)
Therefore, for any fixed m € N, the asymptotic behavior of the m*™ moment as d — oo is given by
m/2]—1
Epron, [F™] = (\/&. 1{m = 1 mod 2}) I @+2)).
j=0

Fact 2. For any univariate polynomial g : R — R, the n*™ forward finite difference of g at any value
u is given by
n
n .
A" = -1 ) .
o) =3 () 0ot )
For any polynomial g, the n*" forward finite difference A"g(u) = 0 if deg(g) < n and A"g(u) is a

non-zero constant if deg(g) = n. Moreover, for any polynomial given by shifted binomial coefficient
of degree n, with shift ug € R

(u+wup)(u+uy—1)- (u+u—n+1) . <u+u0),

gn(u) =

n! n

929 the constant value of n*" forward finite difference is unity, i.e. A"g(u) = 1.

930 Proof of Lemma 3. We will use the above facts directly along with K (d,¢) = d* and N, k,( are
931 constants (not dependent on d) from Proposition 2 throughout the proof. We start by the first part of
932 the claim

9 k! N (_1)2N7n7m E[ 2Z+2n+2m]
ErNXd[ﬁk,f(r) ] = (]V'<)2>22N (Z Z ng-f) 1(d+ 9 )Hm+2 1(d+2j) )

n=0m=0 7=0

N -1 2N—n—m l4+m+n—1 d+2
<ZZ )( 1) Hj — @+ j)> (using Fact 1)

né m+£—1
n=0m=0 ]+0 d+2 )H + (d+2j)

e (S T e e

N
Hj:O (d + 2]) n=0m=0 j=m-+~ j=n+L
N N N N +m+n—1 N+e—1
~q N _1\2N—n—m . .
> ()0 e T @+2) T @+2)
n=0m=0 j=m+L j=n+L
ety N N N+4—1 N N l+m+n—1
—d Z(n)(l)N” IT @+2i) | > (m>(1)Nm IT @+25)
n=0 j=n+¢ m=0 j=m+L
N N4£-1 N d
(k=0) N N C4+m+n—1
=d = 1N d+2j < > -1 Nm(2 )2%!
3 (e I (5 (e :

933 We are now going to show that term inside the parenthesis is some constant independent of d. Apriori
934 it may seem that it depends on d, however, we have a sum of several terms with alternative positive
935 and negative signs and we will show that all the terms that depend on d mutually cancel out.
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938

939

941

942

943
944

To show this we first observe that g(m) = (%“n:"*l) is a polynomial of degree n given by binomial

coefficient. And, therefore, the N'*! forward finite difference AN g(m) = 0 for any n < N, or
siimply 1 for n = N using Fact 2. Formally,

N d
3 g -1
<N>(_1>N—m(2 +m-+n )2"11':2”11' '§Nn7
m

n
m=0
where the scaling factor of 2"n! of the polynomial g(m) can be taken out as the forward finite
difference operator A" is linear. We conclude that

[ (r)?] = a5 i (V) jﬁ}“ 2) (i (M) aysm (e 1)2%!)

(k—0) N N Nxt-d
=d = _1)N-n i) - -2"n)
S (3)e0s e IT @2 - dw 2
n=0 j=n+t
(k 4)

=d-
We now show the second part that
E[Br,e(r))? < d=*70 .
Let us consider any k, ¢ such that they have the same parity £k = ¢ mod 2. We have

_ VK@D [~ (DY R
BBkl = = ymyom (z_; 15 (d+2))

N [£/2]+i—1 .
oy (d +29) .
= d'? (Vd-1{¢ =1 mod 2 <N> —)N-ini=0 Fact 1
( { mo }) <Z ; (-1) H?igﬁl(d—FQj) (using Fact 1)

i=0
N
_ grv/2] (Z (N) I — 11 )
0 Hj=2/2+i(d +2j)
2] XN: < > [T5 " (d+2))
i=0 NH 1(d+QJ)Hﬁfﬂ/lei(d‘*‘?j)
dw/z] N N N,Z'N+’L 1 ‘
= g 20 +eull <_)(—1) [T @+2)
j=1

In the last line, we used the fact that k = ¢ mod 2and N = (k—¢)/2 and thus forevery 0 < i < N,

N+i—1 i+0—1 N+i—1 2j l4+i—1 2]
. N aN+£/2 o N+0—£/2]
1 @2 [T @rzp=a ] (1+%4) T (1+%) =0+ o ,

=i j=£/24i j=i Jj=1e/2]+i
and k—¢ k+¢
+
N+(—1¢/2] = ( 5 ) +0—14/2] = — = [£/2] = [k/2].
Continuing to simplify the original expressmn
are/21 N Ny .
E[B,e(r dfk/ﬂZH'Od ( >( 1) H (d+2j)
j=t
1 &L (N dyitN-1
_ _)N-if 2 )2V
=2 (e ()
—d"
d+z+N 1 .
Here the last line followed from the fact that the polynomial ¢(i) = ( ) is of degree IV given

by a shifted binomial coefficient, and thus, the N th forward finite dlfference of g is constant, which in
this case is just 1 by Fact 2. We finally conclude the proof by noting that E[By »(r)]? < d~*=9, O
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B.3 Proof of Proposition 2

We now return to the deferred proof of Proposition 2. First, we use the explicit expression of Hey, so
that ||Hek||L2 =1.

Lk/2] m k—2m Lk/2] m.k—2m k—2m
(-1 x (=1)™r z
Hep(r-z) =H = V! —VE! .
ex(r-2) e () k mz::() m!(k —2m)! 2m F mz::o m!(k —2m)! 2m 39)

Our goal is to express 22 in terms of Qéd) (z) to get the final decomposition. To this end, we use
the explicit expressions computed with (a different normalization) of Gegenbauer polynomials. In
particular, using [20, ]

n! L71/2Joz—|—n—2l 1

S oon — ! Ma+1),—

Zn

l C\(2), (40)

where (b), is the rising factorial and C’éa) (z) is an unnormalized Gegenbauer polynomial di) (%)
with o = (d — 2)/2 satisfying

9 Céa)(z)C,(Ca)(Z)(l — 272 dz = oy, 00+ a)[D(a)]?

+1 12«
/ w2 L'+ 2a) @)

We can express Céa)(z)/\/K(d, 0) = Qéd)(z) where K (d, £) can be computed using

L[ e 1 @2 g L2yan
1= @ dz) = * 1—2%)" 2 d
K(d, ) /,1 Co ()" ma(d2) K(d,0B(at3.1) /,1 Co ()7 (1 =27)" 27 (d2)

where B(-, -) is the standard Beta function. We can use Eq. (41) to compute

_ 21729 (€ + 201)
KO = B lar LA+ )@ -

It is straight-forward to simplify

_al(f+2a)  (d-2)T(d-2+¢)
K(d,6) = D(a+0OT(2a)  0(d—2+20T(d—2) Ou(d").

and also substituting Céo‘) (1) from [48], we obtain

W, C9) [0t or@a) TRate)  [2rd_2(dri-3\
‘ ()_\/W_ ol2a+0)  TQa)! d_2< 0 )— Nd,f -
(43)
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956 We are now ready to combine the equations derived and compute the desired decomposition Eq. (36).
957 Forany M € N, we let ={meN:m<Mandm =M mod 2}. Recall from (39)

I-k/QJ( 1)m k—2m k: 2m (k m)/27,m u™
Hey(r-u) = ‘FZ mi(k — 2m)l _2m = Vil Z mi( k: m)/2)! 2(=m)/2
mE
(Change of variables)
(k m)/2,.m m! Lm/2] a—+m—2l 1
()
_\/> Z ml k m)/Q) om9(k—m)/2 Z l'(a+1)m Cm 2l( )
mE
(Using (40))
(k m)/2,m 1 a+/ 1 (d)
= K(d, /¢
VB S S m X G e T VRGO 90
me KE
(Changing £ = m — 21 andC(a) VK(d, 1) ng))
k
a+/l —1)(k=m)/2pm 1
d E Z Q(d) Z ( k-) 2\ 9(k+m)/2 |
20 k—m)j2) 2652 ((m— /2N a+ Dimrsy 2
ZG m=k mod 2

z u)Br.e(r), whereif £ & | k |then By (r) = 0.

=0
958 Otherwise, letting N = (k — £)/2

B a+/ k (—1)("'_7”)/27“m
Bre(r) = k! K(d,£) o mZ:e ((k —m)/2)1 2+m)72((m — 0) /2)} (e + 1) (1) /2
m=k mod 2

a+l N (_1)N7ir€+2i . ‘
' =
k'K (d, ) " (; N = )20 072 () (o + Dot (changing m = £ + 21)

= VR K(d, £) a+¢ (zN: (N> (_1)N—i7a€+21> |

(NH2N  « 26t (a4 1) 44

=0
Recall that « = (d — 2)/2 here, and thus
f4i—1 il 0y i1
L+ £+ N ol+i — A :
2 (4 1)y =2 1'[()(@+1+J)_2 HO<2+1+J>_ Ho(d+23).
j= i= j=

959 Thus, for { = k mod 2

)N —ipl+2i
Ber) = VETK(d, 0) d + 20 — 2(Z(N> (—1)N—ipt+ )

(N)2N  d-2 1546 (d+2)

960 The lemma follows by redefining K (d, ¢) with K (d, £)(d + 2¢ — 2)%/(d — 2)? = ©4(d") .

=0
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C Statistical Query (SQ) and Low-Degree Polynomial (LDP) lower bounds

In this appendix, we briefly review the statistical query (SQ) and low-degree polynomial (LDP)
frameworks and present the proof of Theorem 1. In particular, we provide an interpretation of our
lower bounds in terms of subproblems with queries restricted to the harmonic subspace Vg ;.

C.1 Statistical Query lower bounds

The Statistical Query (SQ) framework, introduced by Kearns [31], models algorithms that interact
with data only through expectations of query functions, rather than direct access to samples. The
complexity of these algorithms is measured up to some worst-case tolerance on these expectations.
While based on worst-case error rather than sampling error encountered in practice, the SQ framework
has proven remarkably effective in analyzing the computational complexity of statistical problems,
often yielding accurate predictions for algorithmic feasibility. We refer to [10, 39] for additional
background.

Below, it will be useful to present a variant of SQ algorithms, called query-restricted statistical
query algorithms, introduced in [28]. In this model, queries are restricted to a set @ C RY xRY of
measurable functions V x R% — R. We denote Q-SQ(g, 7) this class of algorithms, with number of
queries ¢ and tolerance 7 > 0. We will mainly consider the standard case of unrestricted queries,
denoted SQ(g, 7), where Q contains all measurable functions. In Appendix A.3 we discuss the case
of correlation statistical queries (CSQ).

Our lower bounds hold for the detection problem (hypothesis testing) of distinguishing between
Prw:wesS™}  vs.  {P,0} (44)

Below, we describe Q-SQ algorithms in this context.

O-restricted SQ algorithm. For a number of queries ¢ and tolerance 7 > 0, a Q-restricted SQ
algorithm 4 € Q-SQ(q, 7) for detecting SIMs takes an input distribution P from (44) and operates
in ¢ rounds where at each round ¢ € {1,...,q}, it issues a query ¢; € Q, and receives a response v;

such that
|0: — Ee[¢4(y, @)]| < 7+/Varg, (), (45)

where we set Py to be the null distribution (that is, P, o here). The query ¢, can depend on the past
responses v1, . .., V¢—1. After issuing g queries, the learner outputs A(P) € {0, 1}. We say that A
succeeds in distinguishing P,,, ., and P,,, o, if A(P,, ) = 1 forall w € S*~1, and A(P,, ) = 0.
Remark C.1. The variance scaling on the right-hand side in (45) is non-standard in the SQ literature.
It is introduced here as a convenient way to normalize queries, which is necessary for 7 to be
meaningful. We note that other normalizations are possible and refer to [28, Remark 3.1] for a
discussion.

General lower-bound. The following proposition is a simple, standard lower bound on the query
complexity based on the second moment method (e.g., see [28]):

Proposition 3 (General Q-restricted SQ lower bound). Fixvq € £4. If an algorithm A € Q-SQ(q, T)
succeeds at distinguishing P, «, from P, o, then we must have

-1
VarwNTd {Epud,w ¢}
sup
g0 Varp, {0}

q/T* > (46)

Proof. Consider A € Q-SQ(g, 7) and denote ¢1, ..., ¢, € Q the sequence of queries issued by A
when it receives responses v; = Ep, ,[#:],t € [g]. Here the responses are fixed and deterministic,
and the queries {¢; };c[q do not depend on the source distribution P, ., and in particular w. By
union bound and Markov’s inequality,

Vary~r, {E o
q wrTg VP, | 2 Pt
Purr, (3t € 4], [Bp,, ., [¢1] —vil > 7/ Vare,, ,[61]) < 55 - sup Vare. L (00]

t€lq]

q VarwNTd{EPud,w¢}
< — - sup .
T2 4eo  Varp,, {9}
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This implies that the v; = Epydvo[qﬁt] responses are compatible for all ¢ queries with positive
probability over w ~ 74 whenever inequality (46) is not satisfied, and A fails the detection task in
that case. This concludes the proof. O

The query complexity bound in Theorem 1.(i) follows from Proposition 3 with unrestricted queries
Qsq and the following identity:

Lemma 4. For vy € £, and Qsq the class of unrestricted queries (all measurable functions), we
have the identity

Var’u)NTd {EIP’,,d w¢} ||§d [”%2 1
su ' T =sup ———=— = [Q.(va)] " (47)
¢>eQ]2Q VarPud,o{éf’} zzlf UL Q. (va)]

We defer the proof of this lemma below to Section C.1.1. The identity (47) shows that the lower bound
effectively decouples across the different harmonic subspaces. Below, we provide an interpretation of
this result: if we restrict the queries Q to be in V¢, then the SQ lower bound becomes nq.¢/||£q,¢ |2L2
Specifically, for each ¢ > 1, define Qsq ¢ to be the set of all queries ¢(y, «) than can be written as

Sy @)= > guly.r)Vis(2), (48)

SE[nd_z]

where {Ygs}se[nu] is a basis of V; ,. Then by Proposition 3 and the proof of Lemma 4, we have:

Corollary 3. Fixvg € Lqand ( > 1. Ifan algorithm A € Qsq -SQ(q, T) succeeds at distinguishing
Py, w from Py, o, then we must have

—1
q/m* > | sup Varwr, B2, w0} _ _Mde

L L (49)
P€Qsq,¢ VarPyd,o{d)} ”Ed,f”%ﬁ

For each £ > 1, we show algorithms with queries restricted to V¢ as in (48) that matches this
lower bound. Thus, effectively, the problem decouples into subproblems, one for each V; ,: on each
harmonic subspace, we have a matching upper and lower bound on the query complexity, and the
optimal algorithm is obtained by choosing the optimal degree ¢ that attains the maximum in (47).

C.1.1 Proof of Lemma 4

For clarity, we drop the subscript v4 below and denote P, := P, ., and Py := P, o. Note that a
property of the null distribution is that

Eq [Ep,, [9]] = Ep, [4],
that is, Py is the marginal distribution of (y, «) under the uniform prior w ~ 74. Thus,
Var,{Ep, ¢} = Eq [|A¢(w)|2] , where Ag(w) =Ep,[¢] — Ep,[6].
Let’s introduce the Radon-Nikodym derivative and write

8o(w0) = Br, | (G2 0m02.7) ~ 1) a0, 2.1

Recall that the likelihood ratio decomposes into Gegenbauer polynomials as (equality in L?(IPg))

dP,,

W mT) = 1= CaroM)Qe((w,2), Gaelyo.) = Eny[Qu(2)Y = yo, B =1].
=1

Similarly, we can expand ¢ € L%(PPy) as

O(yo, z,m) =Y s (o, m)Yes (2),

£=0 s€[nq,¢)

33



1025

1026

1027

1028
1029

1030

1031

1032
1033
1034

1035
1036
1037

1038
1039

1040

1041

1042

1043
1044

1045
1046

1047
1048

where {Yis}r>0,se[ng ] 18 an orthonormal basis of spherical harmonics in L*(S*~!). Using the

identity Q¢((w, 2)) = ny é/Q Zse[nd .1 Yes(w)Ys(2), we obtain the decomposition

3

Z Z EIP’O [€a,e(Yo, 7)ues (Yo, 7)]

n
=1 s€lna.q] d,¢

and thus,

E s(Yo,
wl| B (w Z Z Po [€d,e( Z/o;L r)ags(yo, )2 .

=1 s€[ng,e] d.t
Denote Py = Zse[nd ] s Yys the projection on the degree-¢ harmonics. We can decompose the
supremum over ¢ € Qsq as

- Ey[[Ag(w) ]
¢b€uQIiQ Varp, (¢)

= sup
PEQsq Zﬁ>1 ||P2¢HL2 >1 Nd.e

[Pepll%. Ep, [£a,0(yo, T)oves (o, 7)]?
2 2 [Pell?.

SE[’I’Ld,g]
oy Peolize [y (e )i
¢€QSQ2521||PZ¢H%2 >1 Nd.e YEL2(Va,v,R) ‘|¢||%2
o lléacel?
qup 2z POl = el
9€Qsq Zz21||P£¢||2L2 >1 MNdye ’

which concludes the proof of this lemma.

C.2 Low-Degree Polynomial lower bounds

We now consider sample complexity lower bounds within the Low-Degree Polynomial (LDP)
framework—another powerful tool for studying computational hardness in statistical inference
problems. We refer to [24, 32, 40] for background.

Below we follow the presentation of [15]. The planted distribution with m samples is generated by first
drawing w ~ 74 (uniformly at random on the sphere), then sampling m points (y;, ;) ~iid Py, w. -
The null distribution corresponds to (y;, ;) ~4iq Pu, 0. The likelihood ratio in this model is given by

dP,, w
R((yi733i)i€[M]) =Ey H = (Yi, i)
i€[m] HPVd’O

We consider the orthogonal projection P<p (in LQ(]P’@”” )) onto degree at most D polynomial in z;,
that is, we allow arbitrary degree on the scalars (y;, rl) ‘We denote

R<p((Yi> Ti)icim)) = P<pR((Yi, Ti)icm))- (50
Informally, the low-degree conjecture [24] states that for D = wy(log d):

o Weak detection hardness: If |R<p||2. = 1+ 04(1), then no polynomial time algorithm

can distinguish between E., [P5"" ] and P?d% with non-vanishing probability.

* Strong detection hardness: If | R<p||3. = Oa(1), then polynomial time algorithm can only
succeed with constant probability.

Below, we state our results for weak and strong detection for a sequence of spherical SIMs {vg}4>1
with v4 € £,4. Recall that we defined:

M, (v4) = inf AL
021 [[a,el1 7

Without loss of generality, we will assume that M, (v4) = Og4(poly(d))—that is, the model can be
solved in polynomial time—as stated in the following assumption:
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Assumption 3. There exists p € N such that the sequence {vg}q>1 satisfies M, (vq) = Og(dP/?).

We can now state our bound on the low-degree projection of the likelihood ratio in this problem.

Theorem 3. Let {v4}4>1 be a sequence of spherical SIMs vy € £, satisfying Assumption 3 for some
integer p € N. Consider the detection task with m samples as defined above. There exists a constant
¢ > 0 that only depends on the constants in Assumption 3 such that if D < cd?/ ®+%), then

pp/2—1

D s
Replf ~15 3 (mw[ewﬂn) . 51)

In particular,

(i) (Weak detection.) If m = o4 (g;/(;ii ) then [|R<p||7- = 1+ 04(1).

(ii) (Strong detection.) If m = Oy (g;f;ﬂ ) then ||[R<p||3. = Oq(1).

The proof of this theorem can be found in Section C.2.1 below.

Combining this theorem with the low-degree conjecture stated above, we conclude that no-polynomial
time algorithm can detect (and thus, estimate) the spherical single-index model P,,, ., unless

m = M, (vg).

We further remark that we recover the tight threshold M, (v4) /DP/?~ from [15]. Indeed, consider the
case of Gaussian SIM with information exponent k,. We can set p = k,, and our bound recover the
(conjectured) optimal computational-statistical trade-off d+/2 /D*+/2=1 from [15], which matches
the optimal known trade-off in tensor PCA [47].

Decoupling across harmonic subspaces. Again, we provide an interpretation of this lower bound
as the optimal lower bound among subproblems indexed by ¢ > 1. For each £ > 1, we consider
the task of detecting single-index models only using degree-¢ spherical harmonics. We consider
only using polynomials that are product of degree-¢ spherical harmonics in z;. Denote P<p ¢ the
projection onto this subspace, that is

P<p,eR((Yis Ti)ieim)) = > Eq lH gd,é(yiari)Qf(<w7zi>)] :
Scm],|S|<|D/¢] €S
Then we have the following upper bound on the norm of this projected likelihood ratio.

Corollary 4. Let {vq}q>1 be a sequence of spherical SIMs vq € L4 satisfying Assumption 3 for
some integer p € N. Consider the detection task with m samples as defined above and fix (, € N.
Then for all D > 1, we have

s=1

LD/2.] €. /2—1 2
D*=
[R<pllf—1< D (me \/ﬁ’z* L2> . (52)
4.0,

By analogy with the low-degree conjecture, we expect that no polynomial-time algorithm only using
degree-¢ spherical harmonics will succeed at the detection task, unless

V1, (53)

€a.e. 72

It would be interesting to make this subspace-restricted low-degree polynomial statement more formal,
and we leave it to future work. Our harmonic tensor unfolding estimator matches this heuristic sample
lower bound (53) for each ¢, > 3.

mz
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C.2.1 Proof of Theorem 3

Recalling the expansion of the likelihood function into Gegenbauer polynomials, we can write

dPy, w
R<p((Yi,7is 2i)ie[m]) = P<pEuw H = (i, 74, Z4)

i€[m] va,0

Yo Eo| [T Ge(irdQu((w, 2:))

L+ 4Ly <D ic[m]

The norm of this projection with respect to P?m is then given by

1€a,e.113 '
||R§D||22: E’w’w’ #sz“waw» ) (54)
" e1+..§m§D i€1;7£] Vit
where we used 5
B2 [Qe((w, 2) @k (2, w')] = ~==Qu((w, w).

Let’s separate the zero degrees from the non-zero degrees in (54):

D 2
||RSD||%212(T> > Euw H”fﬁ;if@zi«w,w’»

s=1 1<y,....£s<D i€[s]
Li+..+£,<D

To upper bound the expectation, we will not be careful and simply use Holder’s inequality and the
hypercontractivity (Lemma 25) of Gegenbauer polynomials,

Euwauw | [] Qutww))| < I IQulee < I 5%/

i€[s] i€(s] i€[s]

‘We obtain the upper bound

D 2 D
2 1< m fi/2H§d;‘€i||L2 < m s
Reolie-1= X (") X I welie <3 (7 )otor0r

s=1 1<y,...,6s<D i€ls]
l1+...+4:<D
where )
2
p(s,D) = E :ypw.
=1 V1L

Let’s upper bound p(s, D). By definition ||£4,¢||32/nq4,e < 1/M, for all £ > 1 (where we denote
M, = M, (vq) for simplicity). Furthermore, by Assumption 3, we have M, < Cdr/?. Using
I€a.¢llL2 < 1, we deduce a second upper bound

I€aellZs _ - d?
Vide —  Mioymag

Separating ¢ < p and ¢ > p, we get

€/2 D gt/2qp/2  ¢p/2 D plt=p)/24p/2

P
s E
D) < M s S
(s, )—Z M, +C Z Myy/mae — M. p+Ce:p+1 Viae

Using that for £ < D < \/d, we have ng s > C(Z) > c(d/¥)* for some constant ¢ > 0, the sum
simplifies to

D (t—p)/2 qp/2 d (t—p)/2 gp/2pt/2 oo 2\ ¢ p/2+2
3 DI o g DDMIRE oy (D) < o2
(=pt1 Nd,e (=p+1 d —1
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Assuming that D < d?/®+49) /C, we deduce that

p(s, D) <

Thus, we obtain

IReplZ: - 1<Z(8) S a1y i( D <p+1>])s,

s=1

which concludes the proof of Theorem 3.

Restricted projection. Consider the likelihood ratio projected on degree-¢, spherical harmonics.
The proof is particularly simple in this case:

ESNAYIETIAY ,
B 2) (42 s
s=1 v
|D/e,] s .
sl /2
;(s)(,/ndl*)ts

LD/t) [ pytejae 5\
< Y (w2 Lol
s=1 L.

D Spectral estimators

IN

In this section, we provide the spectral algorithm for Theorem 2 (part 1).
Requirement 1. We are going to implement our algorithms on Ty satisfying the following criteria.

L |[Tell2 = Land By 12y, [Te(y, 7)Qe(2)] := Ba,e > 0 (w.lo.g.).
2. There exits kg > 1, k € N, such that, for any p > 3, we have || To||, < k¢ pk/?

Note that a transformation 7, satisfying Assumption 2 is a special case of this requirement with &k = 0
and Bq¢ > ||€a.¢l| 2/ ke, and thus the theorem will follow by invoking the guarantee for this more
general Ty satisfying Requirement 1. We first specify the spectral algorithm.

Algorithm 2: A spectral algorithm on the frequency £ = 1 and ¢/ = 2.

Input :Anexample set S = {(z;,y;) : i € [m]} ~4iq Pa,, the frequency £ € {1,2}, and a
transformation 7.
Output : An estimator @ € R%.

1 Decompose x; = (1, z;).

2 if / = 1 then
3 | Letd,, = %Zie[m]ﬁ(ymﬁ)ﬁzr
1106 4 ’ﬁ] _ fim
[[v5n ]2
5 end
6 if / = 2 then
7 Let Mm = %Z:il ﬁ(yZ,TZ)(dZVZ;r 71(1).
8 Let w = v1(M,,) be the eigenvector associated with the highest magnitude eigenvalue .
9 end
10 Return w .

1107

1108
1109
1110

D.1 Analysis of / = 2
Let M* := E[M,,] and (A}, v]);c[q be eigenpairs of w* such that [A]| > --- > |\}]. We first

show that the top eigenvector v = w, with A} = (1 + 04(1))84,2 and the other eigenvalues are of
vanishing order relative to A7.
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1111 Lemma 5. We have that M™ has top eigenvalue \{ = (1 + 04(1)) Ba,2 with v1(M™) = w. and
12 forany 2 < i < d, we have |\f| < %1 .

1113 Proof. We have that E(, , .yp,, [T(y,7) | 2] = > 20 Ba,eQe((ws, z)). We now analyze M~
1114 through its quadratic form: for any w € S?~!, consider

. 1
w! M*w = — ZE(yiyrhzi)pr* [T (yi, ri)dwT(ziz;r —Ly)w] =K, 2yop,, [T (Y, r)(d(w, z)% —1)]
i=1

— (14 04(1)E(y 2o [T (4, 7) QS ((w, 2))]
= (14 04(1))8 M
d d,2 Norei

where we used the fact that Q;d)(z) = (1+04(1))(dz? — 1). As di)(-) has its maximum value at
1. Clearly, the w " M *w is maximized for w = w,, and thus it is an eigenvector with the eigenvalue

A} = (L+ 04(1))Ba2Q5” (1)/yiaz = (14 0a(1) Bz
It suffices to show that the other eigenvalues are of much lower magnitude. For any w 1 w.,, we
have di)(<'w,'w*>) = gd)(()) = (14 04(1))(—1), and thus, for 2 < i < d, we have
Baz oM
Viaz ~d
1115 O

XL = (1+04(1))

1116 Our goal is to ensure that the top eigenvectors w = v1(M,,) and w, = v1(M™) are close to
1117 each other, when m is chose sufficiently large. By Davis-Kahan’s theorem, it suffices to show the
1118 concentration between the empirically estimated matrix M ,,,, and its expectation, in the following
1119 sense.

Lemma 6. There exists a constant C' > 0 (only depending on k) such that, for any § > 0, with

ked k242 [ d
m>C (118,510 e
72, ( Pazlog™™ "\ 557

we have that with probability 1 — 6,
. Al
||Mm -M ||0p < gl )

1120 where recall that N} is the top eigenvalue of M* (see Lemma 5).

1121 Proof. Our goal is to use Lemma 28, with Y; = - (T (y;, ;) (dz;2] — Iq) — M*) € R¥? which

m
1122 are zero mean, and thus, Y = M,, — M™. Let us bound the each quantity of interest

. 1 . 2
0% = [E[(Myy, — M*)*|l2 = —|[E[(M — M")?|l < — |E[M]]|2
2

<= sup w E[M?w
M pegd-1

2 sup Eqpzymp,. w' [T(y,7)? ((d° —2d)2z2" + 1) w
M wesd—1

2
= — Sup E(y,r,z)NJP’w* [T(y77")2((d2 - Qd) <wa Z>2 + 1)]
M pyesd-1

1128 We now note that g(z) = (d* — 2d)(w, z)* + 1 is a polynomial of degree 2 with ||g(z)||2(r,) < d.
1124 Therefore using spherical hypercontractivity (Lemma 25), we have ||g(2)| zr(r,) S p - d. Applying
1125 Lemma 27 then gives us

.
By, [T (@ = 20) (w,2)* + 1] £ d- T8 - (1o (1754 ) )  dloger)
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1126

1127
1128

1129

where we used the fact that | 7|3 = 1 and ||7||4 < log(ke). We finally obtain that

dlog kg

o<

~

m
We next analyze the other variance term using similar idea:

oZ:= sup E[(u' (M, —M)Ww)? = e sup E[(u'(M; - M)v)?] < sup  E[(u'Mv)?

4
u,veSd—1 M 4, vesd-1 M 4 vesd—1

<2 s E[T(rdu, 2, 2) - (u,0)?]

M qvesd-1

We would like to use Lemma 27 to bound the expectation, for which we will first obtain a tight bound
on all the moments of g(2z) := (d(u, z){v, z) — (u,v))2. Let us compute

l9llz2(ra) S Eld" (w, 2)" (v, 2)" + 1]V = (d'E[(u, 2)" (v, 2)"] + 1)!/2
< (d"VE[(u, 2)*[E[(v, 2)°] + 1)/? = (@' - E[2}] + 1)/* S 1.

In the above, we used the Cauchy-Schwarz inequality, rotational invariance of 74, and E[2§] < 1/d*
respectively. Using hypercontractivity (Lemma 25), we have ||g||r»(-,) S (p — 1)?. We now use
Lemma 27 to conclude that

171l
T 1713 - max (1, 10g(JF)) 7
0. 5 \/ o S BT, )0, 2) — ()] 5 S UEAP VL LY
again we used that |74 < kg. Our next goal is to compute R = E [max;cp,,1||Y||3 1 2,
~ €[n] 2
where Y; = (T (y;,ri)dz;z] — M*). And thus, |Vl < L(d|T(yi,m:)| + |M*||2) <
L(d| T (yi, )| + Ba2) , using Lemma 5. For any p > 3, bounding the p'" moment
1 d ke p*/?
E[| Y57 < (I TNy + Baz) S ——

Using Lemma 29, we have

1/2< d- Ky 1ogk/2m.

~

R=E {maXHYiH%]
i€[m] m

The threshold for choosing R is:

01/2R1/2+\@R§\/(dlogm)l/z.dm logk/2m+dm logk/2m<dnglogk/2m

~ )
m m m m

where in the last step, we used the fact that we are in the regime m > d, only keeping the dominant
term. Therefore, for any § > 0 we can choose some R that satisfies

d kg log"%(m/§)
m

RS and IP’(m[aX]IIYillz > R) <4/2,
1elm

where in the last inequality, we used Lemma 29. Finally, we apply Lemma 28. With probability
1—6/2—de™t, we have

1/3
My — Moy < [dlog(ke) v [log Hg+<d,%( log"/?(m/5) . dlogw) t2/3+dw logk/2(m/6)t.
m m m m m

Choosing ¢ = log(2d/¢), we obtain with probability 1 — 4,

1/3
[ My, — M*|op S dlogre \/log(w)log(d/é) N d2kglog ke log"' % (m/)8)log?(d/§)
m P ~ m m m?2

| log®/2(m/6) log(d/d)
- .
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Therefore, there exists a constant C' > 0 such that, for

d d
(1 + Bazlogt/*t? (W»
d,2

70[1[

mo =

any m > my, with probability 1 — 4,

[ M = M [[op <

Proof of Theorem 2: Spectral algorithm, case / = 2:

B2

Baz2 _ Al
16 — 8 °

requirement Requirement 1, we have that choosing m sufficiently large that is

Cligd

m <
B

by Davis and Kahn’s theorem, we have

min ||sv(Mpy) —v1(M7)]2 < |

se{£1}

According to Lemma 5, this corresponds to

min ||sw — wy|2 <

se{x1}

(1 + Bazlogh/?+2 ( d

)

93 2
|Mm — M*”OP
AT — A3
Ai/8 1

(1+o(1)A; — 4~

O

For any transformation 7, satisfying

Rearranging terms, we obtain |(w, w.)| > 1/4 . Finally, the above sample complexity bound of m
simplifies to the one provided in Theorem 2 under the stronger Assumption 2.

D.2 Analysis for /=1

We now analyze the case £ = 1 case, where the analysis is even simpler and follows by concentration
of vector to its expected value. For simplicity, we will denote 7 = 7T;. Let us first evaluate the
expectation of the vector statistic v,, computed by the algorithm.

Lemma 7. We have that E[v,,] = 84

Proof. For any i € [d],

1 Wy .

E[vpmn)i = By ayob, [T 07 (20)] = Eqyop 2yt [T (4, 7) Q1 (2, €3))]

= BaiEy oy, Q8 (., 2)) Q) (2, €0))] = Ba1 Qi ((w., e5))/ /AT

£=0
= ﬂd,l : (w*)z .

We conclude that E[v,,] = B41w..

O

We now show that for sufficiently large sample size, our final estimator @ has the desired overlap
with the ground-truth w. via concentration arguments.

Lemma 8. There exists a universal constant C' > 0 such that for any § > 0 and any

m > M (1 + L log(’<?+1)/2 (
Bia Vd

— and m >
0Ba -

respectively, with probability 1 — §, we have

<'Umaw*>

d71/4

[omll2

4

and

40

<vm;w*>

[omll2

>

Clﬁgd

2
Baa

(

14 élog(kJrl)/Z

A~

(

dlig
0Bda.1

)



112 Proof. Denote v* = E[v,,] and define X; := L (T (y,r)Vd(z;, w.) — (v*,w.)). Calculating the
1143 variance

- 1 log Ky
02 = ZE[XE} S’ %E(yvrvz)’\’ﬂmw* [T(y7 7")2d<z, w*>2] ,S m 5
i=1

where in the last inequality we used Lemma 27 and the fact that || 7 ||z = 1 and g(2) = d(w., 2)? is
a polynomial of degree two with ||g||2 < 1. Moreover, for any p > 2

(T 2pl|Q1ll2p + Ba,1) < rop pit1)/2

1
Xi <*(E iy 73) [P o zi) P17 )<
1Xillp < — (BIT (v, 70) IP1Q1 (e, 2:)) IPT/P + Ban ) S - S0
where in the last inequality, we used (v*, w*) = 41 < 1 (cf. Lemma 7) and || T |2, < k¢ (2p)*/?

and ||Q1]]2p < v/2p by hypercontractivity (Lemma 25). Applying Lemma 30, with probability 1 — 6,

< log(ke)log(1/4) L log(1/6) log**+Y/2(m /8) .

~J
m m

[{vm — 0", w.)]|

1144 Therefore, there is a constant C' > 0 such that with any m > Clie\/(j / 6371, with probability 1 — e 4
1145 for small enough ¢ > 0

(55)
Now let vﬂ-n = vy, — (U, W)W, be the component of v,,, orthogonal to w,. Our goal is to find a

high probability bound on ||v: ||2. Due to spherical symmetry, w.l.o.g., fix w, = e; and s0 S ~ e,
and the norm of the desired vector is given by

d m
Z(vm)? where v} = % T (yi,r) V()1 -

j=2 =1

Observe that vﬁ,; is a linear combination of m i.i.d. vectors, however, the coefficients of linear
combinations 7 (y;,7;) are not independent from the vectors (z;)_; themselves, since it is coupled
with z; 1. We will decouple the laws and make coefficients independent of the vectors. To this end,
consider (y,r,z) ~ P, and Z ~ 74_1 independent of (y,r, z). Then the following two random
variables have identical laws:

7@ﬂﬁw4;ﬁg@z

Using such argument for each of m samples, and v;; viewed as a random vector of variables

:,; ) 7(’ 1(3;,:2”11))2 . Thus, with probabil-

ity 1 — 2e~9, we have ||[v ||z < 0.V/d. Therefore, it suffices to bound .. By Lemma 30, for any
§ > 0 such that log(1/6) < cd for some ¢ > 0, we have with probability 1 — /2,

(V/dZ;);e[m) is sub-gaussian with variance parameter o2 < —1; 3

Vikelog k k21og(1/6) log(m/8)k
o? S Blo?) + Yo log(1/8) + 2 /7712 alm/0)"

Here, the condition log(1/8) < cd arises from the fact the function g(z) = 1/(1 — 27) has ||g||, <1
only for some p < cd for some universal constant ¢ > 0.

1 Vel 2log(1/6)1 o)k
o2 < nger K lofliz log(1/5)+w og(1/ )20g(m/ ) '
m m?l m
1146 Finally, for any 6 < e~%", choosing sample size
CW\/&( 1 kt1)/2 [ dke
m > 1+ —logh+h)/2 (2L ) ) 56
g, vt 5B 0
1147 with probability 1 — §/2 — e=2¢
2
d d1/4
25 Pt b g ouva g Pd  Bu
cvVd VeVd VC
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1157

1158
1159

1
1160 2

For C > 1 sufficiently large, we obtain with probability 1 — §/2 — e =24,
oz ll2 < Bad"/*
Combining this with (55), with probability 1 — §/2 — e 2% — ="
[Vm — v |2 < 2B42d"*.
Therefore, we finally analyze our overlap combining with (55). For C' > 0 sufficiently large, for any
0 > 0, for any m > CryVd (1 + \1[ log(k'H)/2 (;’3 dé)) with probability 1 — 4,

/32
<'Um>w*> > <’U ;w*> + <vm —v aw*> > Bd,l - Bd,1/4 > d- 1/4
lvmllz = lv*llz + [lvm —v*ll2 ~ Ba1 +2Bg1d"* — 4
Similarly, if in Eq.(56), we instead chose a sample of size m > Cﬁge d (1 + Lioghth)/2 ((S"Bf—ddl))

for sufficiently large C' > 1, then we obtain a tighter control on ||'vm — v*||2, and directly achieve
weak recovery. With probability 1 — §/2 — e=24 — e
Vi < BaaVd < Paa
el S Ve
Combining this with (55), with probability 1 — §
(Upn, W) < (v*, wy) + (v, — v, wy) < Bay — Bap/4 1

lvmll < o and  [[vy, — v"[|l2 <204, -

[omlla = llo*ll2 + lom —v*ll2 = Bag+26a1 4~
O

Note that the regime of interest where we can hope to succeed in polynomial sample and runtime is
when [|€4,1 |2 > poly(d)~! i.e. which corresponds to 341 >> poly(d)~! for 7 from Requirement 1.
In this regime, Lemma 8 establishes that with sample complexity

m < Clﬁgf\/ g(1/6) and m< Cﬁgéd log(1/6)
1

d d,1
one can achieve the overlaps
(o, w,)| > dV4/4 and (@, w.)| > 1/4.
This nearly finishes the proof of Theorem 2 for the case ¢ = 1 (under stronger Assumption 2). De-
pending on the problem, the sample complexity bound either matches the one provided in Theorem 2,

or it is suboptimal by a factor of O(+/d). In the latter case, we can first get to Qq(d~/4) overlap,
followed by another boosting phase, as long as the following assumption holds.

N Ja
Teael?; =€ (Hgdln Vd)

Note that this assumption holds for Gaussian SIMs according to the discussion in Section 4, i.e. all
¢ = k, mod 2 are all optimal for samples. The next section is dedicated to showing the guarantee for
boosting procedure.

Assumption 4. There exists { > 3 and ¢ > 0 such that

D.3 Boosting the overlap to achieve weak recovery

We now show how to boost the overlap from Q4(d~'/4) to Q4(1) using the following procedure.

Algorithm 3: A single step of the boosting algorithm on ¢ > 3.

Input :Anexample set S = {(x;,y;) : © € [m]} ~iq Puw,, the frequency £ > 3, a
transformation 77, and a vector wy such that (wg, w,) > d~/*/4.
Output : The vector w.
Let T = [log d] be the total number of steps to be taken.
Divide the training set S = {S(*) }iepy) into disjoint collections of T steps, where
SO =]s]/20+2.

sfort=1,...,T do

4 | w; = boost-step(w;_1,SW).
5 end

6 Rerurn w = wr
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Algorithm 4: boost-step

Input :An example set S of size m and a vector v such that (v, w.,) = a € [d~'/*/4,1/4].
Output : The new vector v, With (¥, W) = Qe -
Compute o = - 377, Te(yi, 1) Q (v, 2:)) 2.

_ ¥
Return v, = Tolls -

We have the following guarantee for one step of boosting algorithm.

Lemma 9. There exists a constant C = C(k, ) and ¢ = c(k, £) such that the following holds. For
the input v such that (v, w,) = o € [d~%2°/4,1/4] of the boost-step procedure (Algorithm 4), we
have that for any

m > C’/@lgiﬁ3 20‘%_4 ,

with probability 1 — e, we have 0o, = (U, Ws) > 20x.

Using this lemma we can obtain the following theorem on the performance of the boosting algorithm.
Theorem 4. There exists a constant C = C(k,£) > 1 and ¢ = c(k, ) > 0 such that the following
holds. On the initialization |{(wq,w.,)| > d~'/*/4, the boosting algorithm (Algorithm 3) on the
training set S whose size is

N
m < Chrp—5—,
d,e

with probability 1 — e~ we have (w,w.) > 1/4.

Proof. According to Lemma 9, choosing |S(M)| > —fed .~ ”B“/(?Z (hiding constants in k, £), with
d,l

~ ﬂg,z"gz_él
probability 1 — e~%" we have |(w, w.)| > 2ag. The sample size threshold for subsequent iteration
is strictly less than 1/2 of the previous one since a € [d~'/%,1/4] and £ > 3. Therefore, the overlap
increases geometrically, and we have (wy,w,) > 1/4in T = log(d'/*) = logd iterations. The
probability of success is still 1 — e~%" by union bound over log d for smaller ¢ > 0. For the total
sample size it suffices to choose,

T T
1 Vdt
m= S| <> 1SV =15V} 5 < AW S ke
t=1 t=1 d,l

O

We now return to the deferred proof that shows the overlap increases geometrically in the boost-step
procedure.

Proof of Lemma 9. Recall from Appendix B that we use Py (-) = Q¢(+)/+/Ta.¢ to denote Gegenbauer
polynomial that is normalized to have P;(1) = 1. We first note that

v" =E[0] = Ep,_[Te(y,1)Qi((v, 2))2] = VuEp,_ [Te(y,7)Qe((v, 2))]
= BasVoE[Qe((ws, 2))Qe((v, )]
= BaeVoPi((w.,v)) = Ba P ((v, w.))w.
= ,Bd,gPé(oz)w* .
Consider any fixed w € S9! and consider the following analysis. Define X; =
L (Te(yi, ) Qy((v, 23)) (2, w) — (v4, w)). Using Lemma 27, we can say that
BIX7] < 3 Be, [Ty, ) Qul(0, )% (2, w)"] < — log!(w0),

where we used the fact that g(z) = Q}((v, 2))?(z,w)? is a polynomial of degree 2¢ with ||g||> < 1.
Thus, by Lemma 25, we have ||g||, < p?, which allows us to use Lemma 27. Similarly, computing

1 1 kg pRH0/2
1Xillp S —EllTe(y,r) Qu((v, 2))(z,w) 1P < A Tellzpllgllzp S ———

=g(z)
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1172

1173

where we used the facts that || 77||2, < s¢p"/? and g(z) is a polynomial of degree £ with ||g|[2 < 1
and thus, by hypercontractivity, we have ||g||2, < pf/2. Using Lemma 30, with probability 1 — §

log’ k¢ log(1/6) L log(1/6) log*+9/2(m /4)
m m '

(0 -0 w)| S

Therefore, invoking this guarantee for w € {w., v}, we obtain that with probability 1 — e~

log! kg log(1/6) . rie log(1/9) log ¥ +97/2(m ) 6)

(&= v w)|+ 16— v, v)| £ ~ 8

Our next goal is to bound || |2, where &= is the component of # orthogonal to span{w,, v}.
Due to rotational symmetry, w.l.o.g., let us say w, = e; and v = ae; + V1 — a2es. Then
0T = — (D)€, — (D)2es. So our goal is to bound

) R
|9l where @ = ~ > Ty, ri)Qulazin + V1 — a2z 2)(21)34
i=1

Consider the following analysis similar to the proof of Lemma 8. For a single sample (y, r, z) ~ Pe,,
one can define Z ~ S9~3 independent of (y, r, z). The following two random variables have identical
distribution.

Q)(az + V1 — 06222)2
V1= 22— 22

Now let us define v/dz ~ c0n51der 27, the component of z; that is orthogonal to . Using the identical
argument from Lemma 7 that ¢ ©7 is sub-Gaussian in random variables (Zi)ie[m)» With probability

Te(y,m)Qy(cz1 + V1 — a?22)(2i)3.a = Te(y, 1)

1 —e 24 we have |9 < 0,V/d, where the parameter

Q)lazii+vV1—a?z
zzm,ﬂ ol i

d(l - ’Z'Ll _27“2)

Using exactly the same bounding strategy used in Lemma 8, for any § > d~%°, we have with
probability 1 — =",

2 o logre | Viklogky K2 1og(1/6)log"™*(m/ )
ST T s m? '

log(1/4) +

Overall, we can conclude that there exists some constant C'(k, £) > 1 such that choosing any

m > Cry

d
2 _20—4°
Ba.e

s

with probability 1 — e~

{—2 £—2
||1A}L|| 5 O'*\/g 5 Bd,@a \/a < « ﬂd,@
VCd 16

1By
—

and (0 —v",w,) <

Combining we have

o= vl < (14 o1 220

Finally, analyzing the quantity of desired interest under this high probability event that happens with
probability 1 — e~%":

(0, wy) _ (W wa) + (0 — v w.) | PaeP(a) = Faee’ 100

ey = <vnext7 w*> =

ol = llo*lla+ o —v*lla = BaeP)(a) + Baea>/50
aﬁ—l ot 98

> (1 1 100 | > Y S,

> (T+o( ))(ae_lJra;OQ 2 e il 22
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E Online SGD estimator

In this section, we present the analysis of the online SGD on the harmonic loss which corresponds to
theorem 2Part 3. As in Section section 3, we will implement the algorithm on 7, for £ > 2. We work
under the following assumption

Assumption 5. For each { > 1, we assume that there exists Tg such that ||T||r2 = 1, [|Telloo < Ko,
consider Ty := €4.0/||€a.¢|| L2, and we have the following inequality
[1€a.ells < Cll€aellLz (57)
and also we gave the following
E[7e(y, r)Qe((w, 2))] = Ba,e > 0.
In the following we introduce the following loss
L(w; zi, i, i) = |(T(y,7) = Qul(w, 2)))*] . (58)

We first present the online SGD algorithm

Algorithm 5: Online SGD algorithm on the frequency /.

Input :Anexampleset S = {(x;,y;) : # € [m]} ~iig Puw,. the frequency ¢ > 2, and a
transformation 7y, a step size n and a number of step-size.
Output : An estimator 1w € RY .
Decompose x; = (14, ;).
Sample w, € S,
fort=1,...,Ndo
Compute Lz = L(wi_l; ZiyYi, 7‘7;)
w;i—1 —Tlvf_i__ll L;

wi—1

Let w; =

end
Return wy .

We state the formal statement for weak recovery of online SGD. We focus on weak recovery, and
refer to the section for explanations on how to boost the weak to strong recovery. We also only focus
on £ > 3, however notice that the proof can be adapted to the cases ¢ € {1, 2}.

Theorem 5 (Online SGD for learning v ). Let (w;);>o the iterates of the SGD dynamics with the

loss given by Eq.(58), with b > sy (where sy only depends on £) then conditionally on mq > %, we

then have

+ < Cédé—l

.
12> T3
/ 5(1,@

with probability at least ¢ > 0 for some constant ¢ > 0.

The good initialization probability is at least constant [49]. Thus, the above online SGD algorithm
succeeds in total with probability at least constant bounded away from zero. We can then boost the
confidence to 1 — § by just choosing the best estimator over multiple starts, and O(log(1/0)) trails
suffice.

Let introduce some notations for the following, denote m; = (w;, w.), we define 7, = inf{t >
0: m¢ < c},and 7, = inf{t > 0: m; > c}.

Proof of theorem 5. Let £ > 3. Consider a transformation 7, given by assumption 5. We then have
the following

E[T(y,7)l2] = ) BacQe((z,w.)).

£=0
We first state a lemma on the population loss defined as
L(w) = E[L(w; z,y,7)]. (59)
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Lemma 10 (Population loss). Let £ > 1, consider the normalized tranformation T, given by
Assumption 5, we then have the following inequality

Ym > zﬁ, (VS L(w), w,) < —2(1 — m?)By, e%ﬁhw,w*)f‘l, (60)

X €—2)(¢+d—3 ‘
where s* = \/(Z—((i/Q—)?f)(Z—&-d/g—Q) cos(m/?).

Discretization bounds. In this part, we give bounds on the discretization error from the online SGD
and the population loss gradient flow. Consider the SGD iterations

*ﬁvzsj_lL(wt;Zt,””tvyt)
|lwy — nVS " L(wy; 2, e, 30) ||

Wi41 =

initialized at w uniformly on the sphere S~ 1.

Proposition 4 (Discretization bound). With probability at least 1 — py, i, 1, ic5» Where

KodTn? b? /2.3, / 251
PnKi,Ke,K3 = T-ﬁ-eXp — +IC3T'd n°+ ’C1’C2T’I7 d—-,

2(83,¢ + K2d?n?)dn>T + 2bd'/21)(Ba,c + nd®/?)

where we have

4e\"? 2\/2
Ki=Ke|— ) log(|Tell1)™~,

14
e\ 4472 1712 46/2
Ky = 4K/¢ 4] 8
: (46) 17 og(II’fIIi) ’
de /2
Ka =2 () oulI TR

We then have

T-1
mo £(€+d—2) 2 /—1
mrp > - -H?ﬁz,d? ;(1 —mg)my .

Conditioned on the event {T < 7‘172 AT, / \/E}’ we have the following inequality

5" l- €+d—2
\/g+ *3“ 1)20+1 Zm

mr >

Sample complexity for weak recovery We are interested in the weak recovery setting i.e we want to
bound 7 /5. We work under the event {7T" < 7'1 72 N\ Ty e / f} we then can apply the same analysis as

in [49]. We choose 1 = c¢3¢,4d~*/2, we then have

d€/2—1
7771+/2 - L-(0+d—2) °
ﬂ 0,d (d—1)27+1
Rearranging this, it gives us
o _ 2df—1_(c/~(e+d—2)>1
S e A S A\
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E.1 Proof of Lemma 10

Proof. We remind that we have 7, which is normalized and we also have the expansion

E[Ti(y,r Zﬁd@z ((w., 2)). 61)

Consider the population mean-squared loss (We can also directly use the correlation loss)

d 2 d
£(w) =By s [(m, r) = Q" ((w,2))) } = 2= 2840 [Taly, 1)L ((w, 2))] .
Using the above decomposition (61), and orthogonality of spherical harmonics

d d

L(w) =2 = 284 E[Q" (w., 2))Q)" ((w, 2))].

Using the identity (33), we then have
Bae
L(w) =2 - 222 Q" ((w.,w)).

/1e.d
Let denote m := (w,, w), we can rewrite the loss in term of the overlap parameter. We now want to
compute the spherical gradient of the population loss

ST L (w), w*) = —(1 — m2) (m) = —2(1 — m? Par @ w,,w))
(Ve L(w),w*)=-(1 )(m) = —2(1 )\/W 0 ((we,w))".

We can use the representation of the derivative of Gegenbauer i.e di) (z) = % znjfl ;lf 12 (2)
([49] Fact C.3). So, the loss can be written as
- Ll+d—2
(V" L(w), w*) = —(1 = m?)e(m) = —2(1 — m?) LT AZ2) paea .
(d—1)yMarzi—

We can use the facts C.4 and C.5 from [49] (note that the Gegenbauer polynomials in [49] is
normalized such that Pg(d)( 1) = 1, meanwhile we consider Q = +/B(d, ?)) to state that

vmz2ﬁ, (VT L(w), w.) < —2(1—m )[;’MW@,W)@*—H 62)

. (—2)(0+d—3)
where s* = \/(2751/27):3()(£+d/272) cos(m/¥). O

E.2 Proof of Proposition 4

Proof. In the following, we denote r; = |w; — nVi:l_lL('wt; z+,y¢)|| and the martingale part
M, = L(wy; z¢, y:) — E[L(wy; 24, y¢)]. We have the recursion
1 a-1 a—1 N
Mty = — (mt — (VS L(w,y), w,) — (VS M;,w >) . (63)
t

The strategy of the proof is to use the results from [49]. The proofs of these lemmas are classical
bounds of martingale relying on some assumptions on the moments of the gradients. Notice here
that C'is no longer a constant and extra care of the analysis is necessary for the proof of Lemma [49,
Lemma B.4]. To prove the lemmas [49, Lemmas B.2,B.3,B.4], we need to prove the bounds on the
growth of gradients norms of [49, Lemma B.8]. We check this

Eyro [IVe (L(wss 26690 ] = By [Py (20)(QF) (w0, 20) T (9, 7) 1)
< By || (@) (G020 T |
07E || Q= (2] T

02
= (45) E [T (y.)?) log(1/E [T (y.r)))'?

1e\ 2 2\¢/2
< wat (%) eI
< dK;.
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where we have used Lemma 27, the identity and the hypercontractivity and Jensen inequality in the
last line.

Etyr o [IVS  (L(we; 24,76, 90) 1] = Eqy ooy [IPaoe () (QSD) ((w, 2:)) Te(y, ) |[4]

<Eqrs D@z@y«wzmwﬂ

< C@' || (w2 17y

4o\ 44/2 T2 4¢/2
< 4, [ %€ 8
<ac'e(§) Il (|T )
4e/

4

4

4 40/2 2
<arce()  Imltos (174 )

4
4

< d%KC,.
We have M (wy; 24,74, y:) = L(wy; 21,7, Y1) — E[0(wy; 24,74, y¢)], hence

d—1 d—1 d—1
(Ve M(wi; ze,me,y0), ) = (Vs (L(we; 20,76, ), ws) — B[V, (L(wys 2¢, 74, y1), w*)]
— (w0, V5 (L(wg; ze, 1o, yo)ym + E[m{w, V5, (L(we; 26,71, 32))]-
We then have

E(y77’7z) [<v§571 (M(’th, Zt, Tt yt)7 w*>2]
< 2Var(y,r,z)(V§71(L(wt; 24,7 Ye), Wy)) + 2Varg, .oy ((w “N(L(wy; 24, 7, ye))m)
< 2E[(z4,w.) Q) (w0, 20))2T (3, 1)) + 2E[ (24, w.)*( <d>> ((w, ) Ta(y, )]

de £/2
<2 () oI TR = K,

where we have used the inequality (a + b)> < 2(a? + b?), hypercontractivity of Gegenbauer
polynomials.

Conditioned on the event {T" < 7. } and using the inequality (62), we have

2s*/v/d?’

0 +d—2) ,

1 -1
My > - <mt +2n(1 — m%)ﬂg_’d T my - n(VS Mt,w*>) .

t

Using the following bound on 7, which is for all £ € N, we have
1/Tt Z 1- UQHVUHL(wta Y, Tty zt)||2a
and plugging this into previous inequality, we have

G+ d—2)

mur = Mt 20(1=mg) B a———————m
(64)
where & = ||V L(wriyr, rr, 27)|1* - (Vo L(wriyr, rr, 27), w*)|2.
We use [49, Lemma B.3] to state that with probability at least 1 — K 3”’ , we have for all A > 0,
t—1 .,
-1
sup7 Z<VS Mt,'w*> <A (65)
=T =0

We employ [49, Lemma B.6] to state that for all A > 0, with probability at least 1 — 7“\2”7’3, we
have

sup n? Z & < A (66)

t<T
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1248 We sum the equation 64 to obtain

T-1 T-1
0-(L+d—2) -
i > mo+ 2 A LED 5 4t 3 M)
t=0 t=0
T-1 T—1
=0 Y ma| |V, L(wis ye, e 20) 1P = D> nér,
t=0 t=0

1249 We then use (65),(66) and plug it into (64), and use A = b/ V/d, to state that with probability at least
1250 1 — KsT'dY2n3 — VKK Tn?d—1, we have

T—

T—1
™ -(0+d—2
my > 10y gy feal (L4 );umt ;mwuvw,L (w2

(67)
1251 We now bound the term coming from the projection step in inequality (67). We adapt the proof to
1252 take account the dependency on || 7¢||2.

1253 Lemma 11. Forall A > 0, iffor all t < T,m; € [2b//d,1/2], and n < M, with probability
)\2

KoTd Y 2n?
1254 at least 1 — 25— — exp (— BT KB T B T @7 ) » We have
T-1 T-1
C+d—2) ,_
N Z 4] |V aw, L(we; g, 74, 20) || 41 Z 1 —mi)Ba, e%mf b<an
t=0 t=0

1255 Proof. The proof is a slight adaptation of [49, Lemma B.4,B.5]. An adaptation of the proof of Lemma
1256 B.4 gives us the following. Forall A > 0, if forallt < T,m; € [Zb/\/&, 1/2], and n > 0, we have

T-1

)\2
P D, <-)\N< — .
IE IR eXp( 20574 +’C2d2772)772T+2>\77(Be,d+?7d3/2)>

1257 Besides, the adaptation of Lemma B.5 gives us

T—1
Ko TdY 202
P (fgpnz S ImalI Ve LlP Ly, s asrz > /\> —=
— t=0

1258 Combining the two inequalities, we end up the desired claim. O

1259 We then use A\ = b/+/d, and we obtain that with probability at least 1 — Dn.Kq,Ka, ks Where

Pn,K1,K2,K3

’C2dT772 b? 1/2_3 25—
=1 - KsTdY VK1 Ko Tn?d ™!
b P T2, T IRl + 2bd (B + dirz) ) T VAR

1260 we have
T-1

mo £-(L+d—2) o -1
mr Z == +5€,dTU ;(1 —mi)m; .

1261 Conditioned on the event {T" < 7;2 AT, y \/E}’ we have the following inequality

l- €+d—2
mT,f—F 5@d T2 Zm

1262 O
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F Harmonic tensor unfolding

In this section, we present the analysis of the harmonic tensor unfolding which corresponds to
theorem 2[Part 3]. As in the two previous sections, we will implement the algorithm on 7, for £ > 2.

Assumption 6. For vy € £4 and { > 1, there exist Ty : Y x R>o — R and k¢ > 1 such that
[Tellzz = 1 [ Telloo < e and E[Te(y, r)Qe({w, 2))] = Ba,e > 0.

We remind some notations for tensors. Let A, B € (R%)®*, we define the inner-product

(A,B) = Z Aiy, i By iy
i1yt

We call the tensor X symmetric if, for any permutation 7 € G,, X™ = X. We also denote the
unfolded matrix of the tensor T' € (R?)®2¢ as Mat,(T') € R4 x R4 with coefficients given by

Mat(T)q)ir....ig).Groode—a) = Lirrosicsja,eies

where we identify (i1, .. .,4,) with 14+ > 7_ (ix —1)d*~ 1, and (j1, ..., jo—q) with 1+ ch;ql (Jk —
1)d*~1. In the following, we will drop the dependancy on ¢ since the unfolding parameter will be
made clear. We now present the Harmonic tensor unfolding. The main difference with the spherical
tensor unfolding is that the Harmonic tensor is the projection of the tensor 2®¢ into the space of
traceless symmetric tensor, and it allows to decouple the different harmonic subspaces and it yields a
simpler analysis. In the following two subsections, we will work under the following assumption

We define the Harmonic tensors.

Definition 2 (Harmonic Tensors). For every k > 0, we define Hy, € Sym((RY)®¥) the unique
symmetric tensor such that for all w € S, and for all z € S, we have

d

V) (=, w) = (Ha(2), w®h). (68)
Proof of uniqueness of Zonal tensor. Let T, T’ two symmetric tensors that satisfy the identity 68.Con-
sider the Warring decomposition of 7' — T” i.e there exists K > 0, and vy, ...,vx € S* ! such
that

K
T-T = Zaivl@k.
i=1
Using that for all w € S, (w®* T — T") = 0, we have

K
1T = T'* =" (T — T, vP*¥)
=0.

We then conclude that 7= T”, and it proves the uniqueness. O

The uniqueness property is due to the fact that the tensor is defined to be symmetric.

Remark F.1. These tensors seem to appear in physics litterature as Harmonic tensors. Besides
another interpretation of these tensors, is that it can be seen as the projection into the space of
symmetric, trace-less tensors of the tensor 2®¢,

These tensor satisfy a Reproducing property Eq.72. We state here some properties of the Harmonic
Tensors. The algorithm of harmonic tensor unfolding uses the harmonic tensors defined above, and
unfold it. Given enough samples, the unfold matrix has a left-singular value that has good alignment
with the feature vector w®¢. We then compute the vectorization. We show that the vectorization does
not hurt the alignment of the signal.

We can now state our result on tensor unfolding recovery.
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Theorem 6 (Tensor unfolding). Let ¥, denote the the top right singular vector of M.,,. Under
Assumption 6, there exists a constant Cy, such that for for any § > 0 with probability at least 1 — 0,
and for

red®/?0log(2d/5)  CoerZd'/?klog(2d/5)

n
[[€a,ell2e [[€a,¢ll3€2 ’

we have
(w,d) >1—e. (69)

In particular, in view of the boosting lemma, it is sufficient to consider e = 1/2, and we end up with
the following sample complexity

. red®/?0log(2d/5)  Cer2d'/?klog(2d/5)
B [[€aell2 [1€a.ell3

It proves the part about harmonic tensor in the theorem.

The rest of section is devoted to the proof of this result. We first prove some results on Harmonic
tensors, then we focus on even and odd cases.

F.1 Preliminaries on Harmonic tensors.
Lemma 12. We have the following properties:

* Hy has the following expression

Lk/2]
Hi(z) = Z Ck,;Sym <z®k_2j ® I?O , (70)
=0

I'(k—j4+d/2—1)28=27 \/B(d,k) .
where i, j = (=1)* r((d/]2—1§k1(n)_2k)! o =4

* Let O € O(d), we then have
Hi(Oz) = OPFHy(2).

Proof. We decompose the Gegenbauer polynomials into monomials

@ Lk/2] 4
Qy, ((z,w)) = Z Ck7j<w>z>k_2ja
=0

where we have that
WLk —j+d/2—1)2% /B(d, k)

~ 2
T(d/2 — Dkl(n—2k) Q1)

ck,j = (-1)

Besides, we have

Rk ®R(k—2j ®7 _ . i . . . .
<'w , (z ( ) ® I, )> = E Wiy o Wiy Ziy - Zig oy Oy o1 njpa ik

11,.00ylk

k—2j k—2j
= H Zwijzij H Zwijwij
j=1 3 j=1

(w, )" Jw].
So, we end up with the claimed identity. For the second identity, we use the fact that
Qr((Ow, 2)) = (H(2), (Ow)®*) = (O®*H(z), w®*),

and
Qk(<w’ OZ)) = <7‘[(OZ), w®k>7

we can identify the two elements. O

51



1312

1313
1314

1315

1316

1317

1318
1319

1320

1321

1322

1328

1324

1325

1326

1327

1328

1329

1330

We remind the zonal property of Gegenbauer polynomials
Lemma 13 (Zonal property of Gegenbauer ([12])). Let f € L2(S?~1). Consider the projection Py,

of f into the spherical harmonics of degree k denoted Vi, this projection can be written as

Py f(@) = iiag - Eo[f(2)Q ((z,2))].

Proof. We have the following identity 32 for Gegenbauer polynomials, for all z, z € S~1,

Qr((z,

‘We then have that

E:[Qr((z,2))f(2)] =

Nd,k

ndk

nd,k

1
VIidk i

> Vi /)Yni(x) =

:E:: };IL yixz

Pka
nd k

;

(71)

O

Definition 3 (Reproducing Property of Tensor). Consider the following operator M ; : L*(S4~1) —
Sym(R)®F which is defined as the unique element such that

PVk f(ili) =

<$®k,Mk(f)>

The unicity comes from the same reasoning as Definition 1.
Lemma 14. Let { € N, and k € N, we have the following identity

E,egi1

D (2, w)) He(2) | = Loy

,Hk(w).

Nd,k

Proof. We have the following form for the Reproducing property
M(f) =

Using Zonal property of Gegenbauer polynomials (71), we have

We then use the fact that the uniqueness to identify the two tensors, and so we have that

M.(f) = /nak /Sdi1 f(2)Hi(z)dog_1.

We have

Lk Qr((w*, 2)) = Py, Qr((w", 2)) =

= \/Nd,k /SLF1 f(z)
= \/Nd,k /SLH f(z){z

Viar Ez[f

(2)Hi(2)].

D ((z,2))dog-1(z)

Ok Hp(2))dog_1(z)

= <::c®k,,/nd7k-/ f(z)’}—[k(z)dad_l(z)>.
§d—1

Using uniqueness of the linear form, we have if £ # k,

If ¢ = k, we have

M (Qr((w

")) =0.

M (Qr({w",-))) = Hp(w").

Using the above equality and the fact above, we have that

N [Q;(Cd) ((z,

We then conclude the following

E.[Q\ ((z,w

52
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w))Hi(2)] = My (z = Qr((w”, 2)))

S
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Denote M, the unfolded matrix Mat (£ "% | 75 (y;, 7;)Hi(w)) obtained from tensor y, and we
denote M :=E[M,,].

Proposition 5. Let k > 2. There exists a constant K only depending on C such that
||M*Ck,0’w®m(’w®m)-r||op < Cdk/271/2. (74)

Proof. We use the following Lemma

Lemma 15 (Lemma 4.13 from [46]). Let T € (RY)®* be an k-order tensor with same dimension,
we then have

1Mat(T)lop < [T - (75)
We then compute the Frobenius norm of the tensor Hy(w) — ¢ ow®*
Lm/2]
[Hi(w) = crow® |p = || D ereSym(w®F 20 @ 1) — ¢ ow®*
=0 »
lm/2]
= Z cr.eSym(w® k=20 ®1§9
=1 .
Lm/2]
< Z Ch HSym(w®(k_2£) ® I?e)H
=1 F
Lm/2]
< D cnellwl* Ll
=1
Lm/2]
< Z cped'/? < CdFI21/2,
=1

where we have used that || AB||r < || Al|F - || Bl r,||SymA| r < ||A||r. Using the fact that Mat is
linear, and Mat(w®*) = w®*/2(w®*/2)T we end up with

Mat (Hj(w) — ck’0w®k) = M — ¢ ow® /2 (w®F/2)T,
Using inequality 75 from Lemma 15, we have

HM _ Ck70w®k/2(w®k/2)-r”op < Cdk/271/2.

F.2 Proof of Theorem 6 for even case.

This subsection is devoted to the study of the matrix unfolding algorithm in the even case. In all
the section, we consider £ = 2m. In the following, we will denote T, € (R4)®* the tensor of the
algorithm, and we denote M,, € R¥"*?" the unfolded matrix. We begin with the following lemma
about the expectation of the unfold matrix.

Lemma 16. We have the identity

E[Te(y,r)Ha(z)] = Durte() 76)

AVALZ N

Proof of 16. We first decompose E[7;(y, )| 2] into Gegenbauer basis i.e

+oo
E[Te(y,r)l2] = ) fa.iQi((w, 2)).
=0
We then have the following identity

BTy V()] = S asBLQs (w, 2) Hal)] — DPel)
e\Y, 74 = v d,i % ) 4 = \/67;235 .
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Using the proposition we have
E[Te(y, r)He(2)] = CoBajw® + W,
where |W||p = o(d~1/?). O

Combining the equation (76) and proposition 5, we have that the largest eigenvalue is given by ¢ g
and associated to the eigenvector w®™. We now control the fluctuations of the unfold matrix. Define
Wz' = Mat(ﬁ (yi; T’z)Hg(zz))

Lemma 17. Let § > 0. With probability at least 1 — 0, the following inequality holds

g " ACokGd™ L log (3¢
1ZW1-E[W}H < fud £1og<2d>+\/ engdmthog(5) (77)
n

i=1 op

3n ) n

With these two results, we can prove the theorem 6.

Proof of theorem 6 for even case. Combining the lemma 16 and lemma 17, and the Davis-Kahan
theorem, we have with probability at least 1 — J, we have

4Cer2dm Llog(32)
n

£d™ plog (24) +
<11}7 w, >2 > ]_ _ 3n ég ( ) }

- Ba,e

red™Clog(2d/9) 4cm§dmelog(2d/a)

TEaellae TeaelZe2 , we have the desired result. O

Taking n >

We now prove the Lemma 17

Proof of Lemma 17. Denote Z; = Ty(y;,r;)Mat(H,(z;)). We bound the variance of M, =
17
n =1 “

o= e pruae]

— % E zn:(Zk —E[Z4)) zn:(Zz - E[Ze])T]
k=1 k=1 op
< 2 E(Z ~ EIZ])(Z — E{Z]) oy
1

< ~|E[ZzZ "],
_nII [ Jlop

gl sup E[T(y,r)?xzMat(H,(z))Mat(H,(z)) Tz "].

T pesd™—1

[ 7ell3

n

IN

IE[Mat(#; (2))Mat(He(2))"]|op-
We bound the last term in the following. We then have

Mat(H,)Mat(H,)" = Cont(H,(2) @ He(z)),

where the contraction operation is defined as

Cont(T1 @ T2) iy, (i) = D (T itsesimsirstn (T2)es i

Lemma 18. There exists an universal constant Cy that only depend on { such that we have

[E [Cont(He(2) @ He(2)] llop < Ced™.
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1366 Using the lemma 18, we bound o2
2 anQdm
o? <

n
1367 We bound the operator norm almsot surely for all ¢ € {1,...,n} by the following
Ked™
17e(y, r)Mat(He(2)) — E[Te(y, r)Mat(H,(2))][lop < Zn

1368 Using Berstein inequality for matrices, with probability at least 1 — d, we have

1N dr 2d AC, k2 dm 0log (24
7ZXZ7]E[X} < e £log <>+\/ Al og(a).
"= op 3n o n

1369 This is the desired result. O

1370 Proof of Claim 18. We have

L¢/2]
E[Ho(2) ® Ho(2)] = Y coqB [He(2) @ Sym(z2¢20) @ 157)
q=0

= cooF [He(2) ® 2],
1371 where we used that for all (i1, ...,%), we have Sym(z®(‘~2) @ I?i)ih_w € Vi_o4, and so we
1372 deduce E[H,(z)Sym(z®~2) @ I7"),, ;] = 0, which implies that for all i < ¢, we have
E[H,(2) ® Sym(2®"*) @ IF7)] = 0.
1373 By definition of the Harmonic tensor,

1£/2]
E[He(2z) @ He(2)] = ce0 Z ce,qE [Sym(z®(£_2q) @I ® zz} .
q=0

1374 We state the Wick formula for spherical measure.

1375 Lemma 19 (Wick formula). Let z be a uniform vector on S?=1 we then have

£
Lo=op2)
1;[ d(d+2)--(d+20—2) > 11 ... (78)

PEPE({kl,...,k[}) {r,s}

1376 where P}({k1,...,k¢}) denotes the set of pairings of the set {k1, ... ke}.

1377 By Wick formula (19),

E [Sym(z®<é_2q> ® I?q) ® Z®l:|
(ih 7i2) (.j17 ;.jl)

{—2q
= E : Héla(i 2q+2k—1) b0 (0—2q+2k) [H Zig (k) HZJI;|

G’EGZ k=1

1 q
= 024 - - (d-l— 2(5 11— q Z U Lo (£—2q+2k—1) 100 (£—2q+2k) Z H 6'Yr;'Ys

Pepgz(g,q)(io(SZ72q)7j) {r.,s}

ngiprq 1
= /! E : H510(2—2q+2k—1)7ia(€—2q+2k) E : H 5%7757
oeSy k=1 PePf([_@(io(Se,Qq),j) {r,s}
1378 where ~ is an enumeration of the set {ig(l),...,io(g_gq),jl,...,jg}. Let focus on

1379 [E [Cont(H(2z) @ He(2))] By linearity, we only need to compute it for

(il7--<7i171)7(j17---ajm)-
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1380

1381

1382
1383

1384
1385
1386

1387
1388

1389

1390

1391

1392

1393

Sym(22(¢=29) @ 159) ® 2¢,

E [Cont(Sym(z‘X’(e*zq) 17" ® zz)}
(il,...,im)v(jly-~»7jm)

= Z E[Sym(z(@(g_m]) ® I(;@)Q) ® zz](ilw-,im,kl,m,km),(jl,m

E1veoskm

_ l+q E E'
=Cpd™ H(Sla(z 2q42k—1) o (L—2q+2k)

km €S, k=1 PepP?

SGd T 2 2 by

ki,...km 0€&e PEPS, . (ig(<e—2q),9) {r:s}
=Cd™ Y >
Y] P€P2(Z q)( o(<t—2q)5d) Kryeskm {r,s}

Consider the matrix M p,, € R?"*?" with coefficients given by

»jmaklfuwkm)

>

H Ok, ks

2(@,q)(io<<zfzq)7j) {r,s}

H 5’Ym’¥s H 60([ 2g+2k—1)bo (£—2q+2k)
§ : H 5%,% H 60((’ 2q+2k— 1)40(2 2q+2k)°

q
(Mpyo')(i11-~»7im)7(j17---aj7n) = E H 6i0(£—2q+k‘,):i0(£—2q+k+1) H 6’%»%'

kiyeokom k=1

{r.s}

The rest of the analysis is devoted to bound the operator norm of these matrices, In the following,
we denote M p := M p 4. Fix P € P22( 1—q) and let assume o = ¢4 without losing any generality.

Denote £ := {i € {i1,...,%m,J1,-..,Jm}: Ikq paired with ¢} i.e the set of indices which are paired
with a term {k; };=1,....m, and also denote np = |{k;: 3k such that k; is paired with k; }| . We then

have

q
(MP)(ilv---aim)v(jlawvjm) = H ( Z 6761,162) H(Z 6’67:,2') H 5ik—2q+laik—2q+k+1 H

i€n, ki,ka i€l ky k=1: £¢L
q

— ginpl ) )
- d §lk—2q+kvlk—2q+k+l

5'Yr,’Ys .

k=1: ¢¢L {r,s}eP: r,s¢L

We now prove the following inequality. Suppose we have a matrix M € R¢

given by

I
M(il7---1im)7(j1’>---,jm,) = H 662i,62i+17

m o dm

{r,s}eP: rs¢L

with coefficients

where ¢; is a set of 2r different indices of {41, ...,%m, 1, -, Jm - We then have the following

[M|lop < [|M][r

2
< Z Mk’th
k1,ko

< dmfr/Q )
We then have the following inequality
1M o < d™ 772

Applying this fact to M p, which has exactly 2¢ — 2np — | £| kronecker, we then have

M pllop < qmtenp—t+|L]/2
Using the fact that 2m = 2np + |L£|, we then deduce that
||MP||op S d2m+’l’7,p7£ S dne S am.

This reasonning hold true for all the matrices M p, we then have by triangular inequality

Cr,0Ct,q HIE {Cont(Sym(zQ@(e’Qq) I ® zf)}
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1394 with C; which is still a universal constant. We now bound the operator norm of Cont(H,(z)@H,(z)),
1395 using the triangular inequality, we have the following

[ [Cont(He(2) @ He(2))]]

Lk/2]
<o Z Ch.q H]E [Cont(Sym(z®<e_2q> ® I?q) ® zz)]
q

op

op

< Cpd™.
1396 O

1397 We can adapt the proof to the case where 7 satisfies the weaker assumption using similar ideas of
1398 the analysis of Section . We are not giving details of this adaptation in this appendix.

1399 E.3 Proof of Proposition 6 for odd case.

1400 Here we focus on /¢ = 2k 4+ 1. In the following, we denote M, =

101 =50 Tokg1 (yi, ri)Mat (Hapi1(2:)) € R *d""" " and consider the matrix T,, = M,M] ¢
k k

1402 R? ¥4 and the matrix M = E[M,,],

1403 Proof of Proposition 6 for odd case. We first state some lemmas needed for the proof. We follow the
1404 1idea of [26] and we decompose the matrix of interest into different parts

T,=MM"+M(M, - M) + (M, - M)M" + (M, — M)(M, - M)". (79
1405 The next lemmas bound the norm of matrices in the above equation.
1406 Lemma 20. Let n > 0, with probability at least 1 — 6, we have

<o1Voz, (80)
op

(M = M)V, = M)T — 5 (752 (s ) M3 )

1407 where we introduced o1 and o4 defined as

o < kid***+11og(d/d) N \/Ck/iid%Jrl N Crrid3 +1log(d/6)

< I < — , 81)
1408 and
2 2k+1 2d AC k2 A2k 1 ke loo (24
oy < T piog (22 44| 2Rk o8(). (82)
3n? ) n?
1400 Lemma 21. Let n > 0, with probability at least 1 — 6, we have
C dk 7— 2 d2k
(M, — M)M || < 225 LL sl y e, — log(C/8)". (83)

1410 We also compute the expectation of the unfolded matrix.

1411 Lemma 22. Denote v, € R the singular values associated to the largest left singular values \,, we
1412 then have .
241 2
U1 = 'wf) * ) A > Ckﬂd,k'

1413 With the lemmas in hands, we can prove the desired result. Let apply the argument by [26]. Denote

s uw e R the top eigenvector of T',,, which is also the top eigenvector of M ,, := T,LTI —clg. We
1415 have with probability at least 1 — 46,

W Tou=u" (MMT + M(M, — M)T + (M, — M)M" + (M, — M)(M, — M)T)) u
— (u, MM u) +u7 (M(Mn ~ M)+ (M, - M)M" + (M, — M)(M, — M)T)) u

1
< B u) + 205 + 01 V oy + uT = (E[XXT] - EIXJE[X]T) u
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1416

1417

1418

1419

1420

1421

1422
1423

1424

1425

1426

1427

1428
1429
1430

1431

1432

1433

1434

1435

Cd*/? log?(d)
Sll€allzve 2

2d2k+11 d 5 C 4d2k+1 C 4d3k+11 d/s
o < nzog(/)#zmk 4 Gk log(d/o)

‘We then notice that for n > we have that

< CpfB3 e
n2 n = d,k=»

and we also have

o2 <

2 12k+1 2 J2k+1 2d
Kid 2d 4C Kk d* 1k log(5) 9
Wklog <6> =+ \/ n2 S Ckﬂd,ks'

So, we deduce that
oo Vo < Ckﬂ?l,ké"
We also have the following bound

Cor1d* | Tonsa||% a2t
oy < 21 [ T2k 4] + Coks1 ﬁlog(C/(s)kSC%Jrlﬂg,k&

n

Combining the bounds, we then have
'U,TT"'U, < ﬂ37k<w®kv ’LL> + CQk-ﬁ-lﬂ(g,kE

We also use that 1 (E[X X" - E[X|E[X ]T) can be decomposed into three different parts; one
< dk+1/2.

part aligned with w®*, a diagonal part cI;x and W € R?" *4" and we have that W |op
Using Courant-Fisher theorem, we have

w Thu > (W) T, (w®*) > A% — 0(e)?).

So we end up with
(w® u) > 1—0(e).

F.4 Proof of the lemmas.

We now provide proofs of the lemmas (20).

Proof of Lemma.20. For the sake of clarity, in the following we denote the matrix X; :=
T (y;,ri)Mat(H,(z;)), and denote Y'; = X; —E[X;]. We notice that the matrix (M ,,—M)(M , —
M)T is a U-statistic

1

(M, - M)(M, - M)"=— > (X, -E[X)(X; -E[X,;])". (84)
" <ijen

We decompose this sum as

SO X - EXDX - EXD + Y (X —BXX, - EX) 69

1<i#j<n
We now have the two lemmas.
Lemma 23. With probability at least 1 — 26, we have

1 < 1
Sy viy] -~ (BXXT - EXEX]T)| <o, (36)
i=1 op
where oy = SR jos(@/0) \/ Comf @4 | Curfd™t log(d/o) g
1
= ) (Xi—EX))(X; -EX;)T|| <o, (87)
1<i#j<n on

2 j2k+1 2 J2k+1 2d
d ACk ki d klo
where oy = ”’“an klog (—26d) + \/ LA — e(5)
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1436 Using the two bounds (86) and (87), with probability at least 1 — 29, we have

SO’l\/JQ. (88)
op

1437 O

(M, — M)(M, ~ M)T ~ LE [T(y, ) Mat(H,(=)Mat(Hs(=))"]

1438 Proof of Lemma 23. Let bound the matrix variance statistics of the sum

1 n

o? = sup FE x’ Z YiYiTYjYJT T
x ..
%

1 1
sup —E [mTYYTYYT} 2+ —E {wTYlYIYgYﬂ x

1 1
swp—E [ YYYY |2+ 2 E[YYT|E[YYT|@
z N n
1439 We expand this and we end up bounding the following quantities

E[7 (y,7)"a" Mat(Hay+1(2))Mat(Hop11(2)) " Mat(Hop 1 (2)) Mat(Hop41(2)) ]
< I T1I5% sup E[z"Mat(Hay11 (2)) Mat(Hop 1 (2)) "Mat(Hap11(2)) Mat(Hop11(2)) ' 2].

1440 Lemma 24. We have the following bound

|E[Mat(Haois1(2))Mat(Hans1(2)) " Mat(Hojr1 (2)) Mat(Hopr1(2)) ] [lop < Crd®5/2.

1441 So, we obtain the following bound

4 33k+3/2

1
—E[2TYYTYY |2 :
n n
1442 For the other term, using the same reasonning we have

_ Gl Taldd
< el

1
—a'E [YYT} E {YYT} x
n
1443 We then have the following bound on the matrix variance statistic
4 g2k+1 , 4 13k+3/2
2 < GITIAE | CulTlda+>

n? n3
1444 Let now bound the operator norm almost surely for all ¢ € {1,...,n}
1 2 J2k+1
H ﬁyiyj < M_
n op n

1445 Using Berstein’s inequality, with probability at least 1 — J, we have

op

I7sl5d**  log(d/3) \/Ckllﬁlé%od”“+1  Cull TellSod®+1 log(d/9)
n2

n? n3
_ Rpd?F ! log(d/9) N \/cknﬁd%ﬂ N Crrid3h+11og(d/5)

- n2 2

n n3

1446 This proves the desired claim. We prove the second identity. We proceed by first decoupling the
1447 matrices (see [45, 19] Chapter 6.1), and we then focusonthe >, _; ., X X', where X j are i.i.d

148 copies of X ;, and rewriting the sum like - 37 (XZ- Dt X;-),

1 T 1 . T
P = > YyY]| >t|<KP anz Y)Y >t
1<i#j<n i=1 i

op op
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1449

1450
1451

1452

1453

1454

1455

1456

1457
1458

1459
1460

We use the following observation

1< T 1 ¢ 1~ it 1< T
EZ Yy Y| = ;ZYZ' ' gZYj 5 Yy
=1 =1 =1

2
J#i Jj=1

We now use Bernstein’s inequality for each of the terms, and we get that with probability with at least
1 —2K4, we have

1
— Y, Y] <o (89)
n

1<i#j<n op

where o is given by

09 —

K%d%ﬂklog 2d N 4Ckﬁid2k+1klog(%).
3n? ) n2

Proof of Lemma 21. We want to bound the following quantity

H(Mn - M)MTHOP

=z, - ppy M)
Td. k op
v ]
— Bl (M — M) w0, + || (M, — pay (MM (W) T o g okt ()T
5 P 7ld,k ’ op
Mat(H w))T
= CoBupll(Mi — Myw®+ |, 1 |(M,, — M), ( ( ﬁj ) _ cmd,kwm“(w@kf)

op

< CrBal (M = M)w® o + Crd ™" | M, — M|,

We then have with probability at least 1 — 4,

dktt 2d ACk K3 dF 1k log (24
1M, — Moy < 8 g (24 | 2Ckme Klo ()
3n 1) n

)

Now, we focus on the first term, without losing any generality, we assume w* = e;. We define the

function f(z) = ||(M,(z) — M))e$*T1||2, we notice that f is a degree k polynomial of the sphere,
we then use Hypercontractivity lemma 25 to state the following tail bound

B(If(z) — E[f(2)] > t) < ce~ (ovsitrem) ©0)

where ¢, C are universal constants, and Var(f(z) is the variance of f(z). We first compute the
expectation of f,

E[f(2)] = E[| (M, — M)eS* (]
= %E [Tors1(y, )% (Mat(Hars1(2)) — E[Y (2)]) ¥ 2]
| T2k

IN

S
; Z E[Mat(H2k+1(Z))?l,...,ik,l ..... 1)

T1yeenylk
< Crd* | Tarna I3
= -

n
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1461
1462

1463

1464

1465

1466
1467
1468

1469
1470

1471

where we used the same computations that in proof of the even case to state that
E[Mat(Hox11)(2)7, . i,1...1] < Ck. We now compute the variance parameter of f,

Var(f(2)) < E[|(Mn — M)ef™ "]

2
=E %Z(Yie;@k“,yje?k*w
i#]
1
= —E > (Vi e Y e ) (Vi ePH Y, e )

11751502772

1
= EE [(Yle?k"'l,Yge?k"'l)ﬂ
<Gz

Combining 90 with the two above bounds, we then have with probability at least 1 — 6,

k

Copp1d* 2 d
2hAT Tk Catr 7 log(C/0)".

(M, — M)M T op <

This is the desired result. O
Proof of Lemma 22. The proof is very similar to the proof of lemma 16. O

Proof of Lemma 24. The proof is similar in spirit to lemma 18, however we need to control an order
4 tensor. In this proof, we use the following shortcuts S, (2) := Sym(2®¢~2¢ @ I57). We then bound
this in the following way

E[H((Z)@He(Z)@Hg(Z)@H@(Z)] = Z Cf,lhCe,qzc@,%c&%E[Sm (Z)®Sq2 (z)®SQS (z)®SQ4 (Z)]

q1,92,93,94

We denote 31 = (i1,...,1¢), and the same for i%,4%, and i*. We can focus on the term inside
expectation, and we get by expanding this term as in proof of lemma

]E[th (Z) ® 5112 (Z) ® SQS (Z) ® S(M (z)]il,i27i3,i4

£—2q1 £—2q2 £—2q3 £—2q4 q1

1
= —E H Z;1 H zZ:2 H Z:3 H Z:4 H61 1
Z AL ] tor(s) Yop(s) Yos) 4 You(s) o1 (e—2q1+21-1) "oy (£—2q1 +21)
01,02,03,04€6 j=1 j=1 j=1 j=1 =1
q2 g3 q4
X H 51-2 2 H 51'3 i3 H 51-4 G4
o(6—2q3+21—1) "oy (£—2q2+21) o3(£—2q3+21—1)" o3 (¢—2q3+21) o4(6—2q4+21-1)" 04 (£—2q4+21)
=1 =1 =

q1
~ C,d2 1 —a2—q3—q § : E : H 5 Hdl "
¢ RERRE Yoy (6—2q1+21—1) Yoy (£—2q; +21)

01,02,03,04€S, PePf[’_qu_2(12_2(13_2(14 {r,s} =1

q2

g3 q4
X | I(slz 2 I | (Sis i3 I | 51-4 4 s
; oo (L—2q9+21—1) "oy (£—2g9+21) o3(¢—2q3+21—1)""o3(£—2q3+21) o4 (£—2q4+21—1) oy (£—2g4+21)
=1 =1 =1

where we introduced ~y is an enumeration of the set over the partition. We notice that we have

Cont (He(z) ® Ho(z) @ He(2) @ He(2)) = Mat(Hy(z))Mat(H, () Mat(H,(z))Mat(H, ()T
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1472 We compute E[Cont (H,(2) @ He(z) @ He(2) @ He(2)) (ir,in)sGrserin)®
E[Sq, (2) @ Sg,(2) ® Sg,(2) @ S, (Z)]il, eyt (G5 esi)
= Z E[Sq, (2) @ S, (2) ® Sgy(2) © S, (z)](i,ul),(ul,u2)7(u27u3)7(u37,’)

ul,u? uld

q1
~ Cfd2l—q1—qz—q3—q4 § E § H 57 - H
Tl ol(e 2¢1+21—1)° al(e 2qq1+21)

01,02,03,04€6, PEPM 241 —2q5— 243244 ul,u?,us {rs} =1

q2

g3 q4
X | |5i2 2 I | i3 I | 4
oo (L—2q04+21—1)""oq(£—2g5+21) 03(2 2q3421—1)""og(£—2g3+21) 04(5 2q4+21—1) "o (£—2q4+21)
=1 =1 =1

1473 Let define the matrix M p, with coefficients given by

q2
Mpo)isein) g = D, 1] 0 H H
(MP.)(i1,vesin) (i) YrTs Gy (=201 +20-1) %0y (0~ 241 +21) G (—2an121-1) Yoy (0~ 205 +20)

ul u?,ud {rs} =1
g3 qa
X | | 5i3 i3 | I
og(t—2q3+2l—1) " og(£—2q3+21) 04(ﬁ 2g4+21—1)°" 0'4(1 2g4+21)
=1 =1

1474 Using the same reasoning as in the proof of lemma 18, we are bounding the operator norm of this ma-
1475 trix. We denote M p := M p;q. Fix P € P ¢ P42272q172q272q372q4, and let assume o = i4 without

1476 losing any generality. Denote £ := {i € {iy,... ik, j1,---,j%}: I € {u',u? u3} paired with i}

1477 i.e the set of indices which are paired with a term {u!, u? u?}, and also denote np = {p €
17 {ul,u® w3} Ju € {u',u? u3} such that p is paired with u}. In the following, we make some
1479 abuse of notations and use i to denote an enumeration of {i1, ..., 4, j1,...,Jm} for the sake of

1480  clarity, we then have

(MP) iy, in),Grseensin)

a1 a2
1) I | 0,1 ) | |
Z H TroYs Yoy (0—2qq+21—1) Y0 (6—2q7 +21) 0 (= 2qp+21—1) i (—2q5+21)

ul ,u? ud {rs} =1
q3 g4
0| ORI i
l o3(L—2q3+21—1) Y03 (£—2g3+21) 04(2 2q4421—1)° a4(z 2q4+21)
=1 =1
q1
= H (Z (Sql’qQ) H(Z 5&,1’) H 67“'75 H 57;"1(5*2Q1+2n71)*i61<[72q1+2n)
€N, 41,92 €L qi {r,s}eP: r,s¢L n=1: n¢L
q2 a3 qa
S Y i II o II o i
09 (L—2q9+2n—1)tog (£—2g9+2n) 03 (L—2q+2n) bog(£—2q+2n+1) 04 (£—2q4+2n—1) 1ty (£—2q4+2n)
n=1: n¢L n=1: n¢L n=1: n¢L
q1 q2
— (lnPl ) ) . )
=d 5’Yr-,’Ys 57’01(€72q1+2n71)7101(2721114»271) 5162(172(12«#271,71)710‘2(2721124»271)
{r,s}eP: r,s¢L n=1: n¢L n=1: n¢L
qs3 g4
X H 51‘03(£72q+2n)»i03(272q+2n+1) H 5ia4(172q4+2n71)»ia4(272q4+2n)
n=1: n¢L n=1: n¢L

1481 We proceed as in the proof of lemma 18, and we overall get the following inequality
M pllop < Cod3h+3/2,
1482 Using triangular inequality, we end up with the following bound
IE [Cont(Sg, (w) @ Sy (w) @ Sy (w) @ Sy (W]l < Ced®™ /2.

o

1483 Combining all the bounds, we then have the desired statement
B [Cont (He(2) ® He(z) @ He(2) @ He(2))]llp < Cod® 5372,

o

1484 O
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s G Proofs for Gaussian SIMs

1286 In this, we shall prove the results from Section 4. We first start by showing the rates on L? norm of
1487 coefficients £ ¢ for a Gaussian SIM of generative exponent k, (cf. Lemma 1). We now prove our
1488 lemma on the rates of {; » when one is allowed to exploit the norm in the query.

1489 Proof of Lemma 1. We start by recalling that, from [15], Generative exponent k, (p), is only defined
1490 for p whose v is such that vg < 74, where Ug o 1= vy ® Xq ® 74,1 is completely decoupled
1491 null, and || d‘};;do | 22(74.4) is bounded by a constant independent of d. Let {v4}q be a sequence of
1492 problems for Gaussian SIM p, i.e. vg = xgand vy(Y | Z,R) = p(Y | Z- R) = p(Y | X). Let
1493 Dg0 = Vy ® Vg ® vz. Let us consider the log-likelihood ratio decomposition in Lz(ﬁd’o) identical
1494 to the one in [15, Lemma D.l]

dl/d L? (Da
o, wr2) K Z Ce(y)Her(r-2),  CG(y) = Ey,r z)mv,[Hex(R- 2) | Y =y].
Va0
0 >k,
1455 Denote A = ||Cxl||,,» Which are completely determined the model p independent of d, and by

1496  definition of generative exponent (2) we have )\ﬁ* > 0. We now use the decomposition of Hermite
1497 into Gegenbauer polynomials from Proposition 2 to rewrite the above as

k
dl/d (Da d d
oW r2) 2SN G Brer) QS (2 Z Q¥ (2) " Bre(r)Guly)
d,0 k>k, (=0 E>ky
1498 We can now expand the same directly in the Gegenbauer basis
dI/d L2 vq, — — d
F(yara Z) : € y,’f‘) + Zéd,O(y7r)£d,€(yar)Qg )(Z) )
V4,0
’ 1
where
= dvay,r d
Caoly.r) = 20— (y,r)  and  Ear(y.r) = EwrzymnlQ)” (2) | Y =y, R=1]

dvgy ® va,r

Equating both sides, we find that

Eao(y,r) = M r) =143 G)Bro(r) =1+9(y,7),

dvgy ® vg, R )

=v(y,r)
and for £ > 1
Ea,0(y,m)Eae(y, T Fizao Z Ce(W)Bre(r) = > Ce(y)Bre(r) where Iy := {k > k, : k = mod 2}.
k>ky ke,

1400 In the last equality, we used the fact that 5y, ¢(r) = 0 for £ # k mod 2. Our goal is to bound
Evyléae(y,7)?] = Epy o [€a.0(ys )00 (y, )% = By o [€a.0 (Y, 7)*Ea ey, 7)*Eao(y, ) ']

= (1+ 04(1)Ep, 4 [€a,0(y: 7)*Eae(y, 7).
Thus, the problem has reduced to computing the expecation of the following term under 74 o

Eao(Wm) 2 €ae W) =D Bre?GW) +2 > G (U)Ch W)k, o () e(r) -
keZ, (k2>k1)€EZ,
1500 _
Eﬁd,o[gd,o(i% T)2§d,@(y7 7“)2] = Z E[ﬁkJ(T)Q} )‘i+2 Z E[Ckl (y)Ckl (y)]E[ckhé(T)ckmf(T)] :
keZ, (k2>k1)€EL,

oD
We now use the bound from Lemma 3 and find the rates for each term in the above. For any ¢ < k,
with ¢ = k, mod 2 then

Z ]E[Bk,é(r)z])\i = )\E* d-=0/2 Z )\z d—k=0/2 — )\k*d—(k*—@/2,

k>T, ki <k€Z,
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where in the last step we noticed that the latter term forms a geometric series with decaying ratio
whose leading term is of smaller order than the former term. We now show that the cross terms from
(91) are of smaller order in the absolute value.

D Bl @) @Eleke(M)ere ™I < Y7 EG ()G (9] [Eler e(r)er o(r)]

(k2>k1)€Z, (k2>k1)€EL,
< Y el wE[ckl,e(r)?] Elck, (r)?]
(k2>k1)€EL,
s Y aEs Y o
(k2>k1)€Ie k1€Zy
5 di(k*;£+1) .

Substituting this bound in (91), we conclude that for any ¢ < k, with £ = k, mod 2, we have

Eoyol€a0(y,7)2Eae(y,r)?] < d~ (=072,
We now do similar simplifications for the case ¢ < k, such that £ # k, mod 2.

ZEﬁkz Akﬁmm)\zd (k=0)/2 < g=(+1-0)/2
k>T, ]’f?EIz

Bounding the cross terms

D B ()G ek, e(Mer M <Y |/\k1>\k-2|'\/]E[Ckl,e(TV]'E[%,E(TW

(k2>k1)€Z, (k2>k1)€EZ,
kl+k2 A
S S d
(k2>k1)€Z, k1€Z,

< g~ (=)
Putting the bounds in (91), for any ¢ < k, such that £ # k, mod 2, we have
Eool€a0(y, m)€ae(y, 7)?] S d- 17072,

O

We next show the proof of Lemma 2 which helps us characterize the complexity when one is only
allowed to use the directional component z.

Proof of Lemma 2. The proof is very similar to that of Lemma 1, but with a slightly more care in the
decomposition to account for the fact that we only observe (y, z). For clarity, we will continue to
denote the original problem (y, ) with v,4, and the new spherical single index model where one only
observes (y, z) by vg.

Again, we have {v }q with vg = xgand p(Y | X) = p(Y | Z-R) = vg(Y | Z,R). Let

Vg0 = vy ® Vg ® vz be the completely decoupled null. We will also let {v4}4 be the sequence of
problem associated with {14} where we only observe (y, z). We have

dizdo (g.r,2) =172 ™ ¢ (g)Hey (1 - 2), where Gu(y) = By, zyva[Hen(R- 2) | Y =]
’ k>ky
_ k
Fao Z Ce(y) D Bre(r)Qy R ZQ(d)(Z) > Bra(r)Ci(y)
k>ky =0 k>ky

where in the second line, we used the harmonic decomposition of Hermite from Proposition 2. We
marginalize the radius to explicitly write the likelihood ratio of only (y, z) part under v4 and 7y g, is
identical to that of v4 and vg 0 = vy ® 7q4,1.

Qi ) o)1 80 50D () S Bl ()] () -
=0

dv
4,0 el
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1518 We can also expand the log likelihood ratio of (y, z) directly in the Gegenbauer basis

dv L wao)
2 =1 S €)@ @)  where €asly) = Byl QL (2) | Y =,
’ 0>1

Equating both, we have for any ¢ > 1
L v
Eaoly (“)ng E[Bk.e(r ng E[Bk,e(r)] where Zp := {k > k, : k =¢ mod 2}.
k>ky k€L,
Squaring both sides
a0’ = Y EBremPG®+2 Y G ()G (9)E[ck, o(r)]Eler, o(r)]

k>T, (k2>k1)eIg
1519

I€aillZztoy) = D EBeePPAL+2 Y Ellk, 1)k (0)Elck, o(r)Elck, o(r)] . (92)

k€I, (ko>k1)ETL,

We now use the rates on E,. ., [Bx.¢(7)]* from Lemma 3 to carry out the simplification similar to the
one done in the proof of Lemma 1. For any ¢ < k, with £ = k, mod 2

ZE[ﬁkl( )] )\2 \_/)\2 d- (kx—2) 4 Z )\2 d- (k—2) \_/)\k d (kx —f)

kE€L, ki <k€Z,

1520 where the step followed by observing that it is a sum of geometric series whose rate is dominated by
1521 the first term. We now show the bound on the magnitude of the cross terms

| Z E[Ckl(y)<k1(y)]E[Ckl,Z(T)}E[ckz,f(’r)]‘ < Z |E[Ck1( )Ckl( )]' | [Ckl»z( )]E[C}Q’g(T‘)H

(k2>k1)€Zy (k2>k1)€L,
< S Pkl /Eler, (0] Efew, o(r)]?
(ka>k1)€EZ,
< Z d—(%—z) < Z d— (k1 —t+1)
(k2>k1)€L, k1€Zy

< g (ke—t41)
Combining these rates with (92), we obtain for any ¢ < k, with £ = k, mod 2,

||€d,[||%2(vy) = Ev [é-d’e(y)Q] = d_(k*—@
We do similar calculation now for £ < k, such that £ # k, mod 2.
Z E[Br.e(r)]* A7 =< min A2d-(h=0 < g-(ke—t41)
k2T ret,

1522 Bounding the cross terms

| Z E[Ckl (Y)Chy (y)]]E[ckl,@(T)]E[Cb,f(r)]| < Z |/\1€1 )‘k2‘ : |]E[Ck1,5(r)} ’ E[ckmf(’r)]l

(k2>k1)€Z, (k2>k1)€EL,

S Z d_(%—e) 5 Z d*(k1*€+1) 5d—(k*72+2) .

(k2>k1)€EL, k1€Z,

Substituting these bounds in (92), for any ¢ < k, such that ¢ # k, mod 2, we have

By oléae(y,m)?) S (ke =t41)

1523 O
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H Information-theoretic sample complexity

In this section, we prove an information-theoretic sample complexity upper bound. We exhibit an
estimator (which is not computable in polynomial time) that achieves strong recovery with O(d)
samples for general spherically symmetric measure under a mild assumption on the sequence {v,}
that there is £ > 1 such that ||£g¢|| 2 = Q4(1) (cf. Appendix A). The proof is directly adapted from
[15, Theorem 6.1].

Proposition 6. Under the assumption that there exists { > 1 such that ||qllrz = ©4(1),
there exists an estimator (non polynomially computable) that returns w € S®' that satisfies
(W, w,)| > 1 — &, with probability at least 1 — 2e~% with information theoretic sample complexity
m = O (% log(1/¢)) , hiding constants in { and ||4.¢| 12

Proof. For any 6 > 0, let N5 be a §-net of S%~1, and we can choose N5 such that || < (%)d )
Consider the following g(y, 7, z) = £4.¢(y, 7)Q¢(2). For simplicity, let us denote 840 = ||€a.¢| L2
Fix a truncation R > 0, and denote L,,(w) defined as

1 n
Ln(w) := n Zg(<wvzi>ayivri)l\g((w,zi),yi,m)\gR-
i=1

We consider the min-max estimator

L, (w)

W € argmin max
wesd—1 WEN;

Qe (w, w))

Using Lemma 27, we have
Elg((w, 2),y,7)%] = Eléa.e((w, 2))*Qe((w, 2)%)] < 57, 10g(3/53,0)*/*.

Using Bernstein’s lemma, we have for any w € S9!, with probability at least 1 — 2¢~*

5 3 /2
iles () ¢
, Lot
n

| Ln (w) — E[Ln (w)]] <

By union bound and setting ¢ = d (log (2) + 1), we then have with probability at least 1 — 2e ¢,

2 3 k/2 3
Fhoton () e () | mafion (1)
1UEJV% ~ n '

We bound the effect of the truncation

sup Ly (w) — E[Ly(w)]| ©3)

[E[Ln(w) = Elg((w, 2),y,7)]]| = [Elg((w, 2), ¥, 7)1 |g((w,2)y.0) 1> R]|
< VElg((w, z),y,7)2P(lg((w, ), y,7)| > R)
< BaeVP(lg((w, 2),y,7)| > R).
We then have the following control on the moments of |g({w, 2),y,))]

Ellg((w, 2),y,7)P]V? < E[|Qe({w, 2)éa.e(y, r)IP1? < (20)",

by using Jensen inequality and spherical hypercontractivity. By taking R > (2¢)*, and 6§ = RY/¢ /2e

2ptP { 1/¢
< < R
P(lg({w, z),y,7)| > R) < = exp ( 26R

Combining the two inequalities gives

E[Lo (w)] — Elg({w, 2),y,7)]] < Bugexp (—j;Rl/f) .
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Combining the above inequalities, we then have

B Qi) ﬁz,@e«w,fv»‘

weN;s e Nd,e
2 w, W, 2 w, W
< max |L,(w) — PaQel ) + max |L,(w) — —ﬂd’eQé« >)’
weNs Nd,¢ weNs N, ¢
2 w, w,
<2 max |L,(w) — P el >)’
weNs 7ldvé
< 2 max [Ln(w) — Efg((w, 2),y,7)]]
/
< _ 4 _r p1ye
< s [L0(w) - BlL(w)] + 3 exp (~ 1)
k/2
Biclog(g;) t R ¢
< <B ) + — +3%xp <—R1/Z>.
n n 4e
We have the following
. Le/2]
‘Qd(w,w*)) — Qf(<w7w>)‘ _ 1 Z o (<w w*>€—2q _ <w ,w>€—2q)
VM0 Nd,¢ | 1= 4 ’ ’
= 067’0 ’<’lU,’UJ*>€ _ <w7,a}>€| + O(d—l)
(W

‘We then deduce that
N B34Qe((w, w.)) Bﬁ,z@e((w,ﬁﬁ)‘ _ Bieceo

max |(w,w,)" — (w,ﬁ:)é‘ +0(d™1).

wEN V1 e Ve v d.e wEN
Using [22, Lemma 25], we then have
2 . .
Barero o st —w.| S B3, (maX Qel{w,w.) _ Qel{w, @) ‘ +6+O(d‘1)>
/Nde se{£1} weN; \/Md e \/Md e

Using this inequality above, and plugging the inequality, we have

(log(55-)2dlog (3) Rdlog (2 i
min_||sw — w2 S \/ +0+ Og(5)+3£exp<—4€R1/£)

se{£1} n n

Choosing R = (4elog(3/9))*, it yields

2, i.clog(55,)"?d1og (3)  Rdlog (2 ¢
Pagcro min_||stw—w.,| < (5+\/ Pae L8 () +3%exp (—R1/€> .

Vd,e se{x1} n n de
Taking 6 = O(sﬁi ») concludes the proof. O

I Additional technical results

The distribution 74 = Unif(S?~!) has a well-celebrated hypercontractivity property.

Lemma 25 (Spherical Hypercontractivity [3]). Forany { € N and f € L?(74) which is a degree {
polynomial, for any p > 2, we have

ey < @ =172 fllL2(rg) -

We will often couple this with the following standard tail-bound.
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Lemma 26 (Lemma 24 in [14]). Let § > 0 and X be a mean zero random variable satisfying

_ 21log(1/0)
k )
for some k. Then with probability 1 — §, we have | X| < Bp"*/? .

E[|X["]'? < Bp*/? forp

Similar to [14], we will use the following lemma to bound E[XY] instead of standard Cauchy-
Schwarz, when we have a tight bound || X||; and all moments Y|, but a very loose bound on
[X1[2.

Lemma 27 (Lemma 23 in [14]). Let X, Y be random variables with |Y ||, < B p*/2. Then

2. (1Xl2 )
E[XY] < || X||1- B - (2¢)*/? - max (1, log( ))
k 1 X[

Lemma 28 (Lemma 1.5 in [15]). Let Y = 22;1 Z;, where Z; are self-adjoint, mean zero, i.i.d.
Define

o=E[YY? o' = sup E[((v, Yw))?'/2 R:E[Erel%f](|‘zi||2]l/2‘

v,wesSd—1
Then for
R> RY?0'? + V2R
and t > 0, if 6 = P(max||Z;|| > R) with probability 1 — § — de™*
Y —E[Y]| <20+ 0,t'/? + RY352/32/3 + Rt.
Lemma 29. Let {Zi}ie[n] be a sequence of independent random variables with polynomial tails,
i.e. there exists B,k such that E[|Z;|P]'/? < Bp"?. Define R = max;c(, Zi. Then for any
p < logn/k, we have E[|R|P]*/? < Blog"/?(n) and for any § > 0, with probability at least 1 — 6,
R < Blog"*(n/9).

Lemma 30 (Lemma 1.3 from [15]). Let X1,...,X,, be independent mean zero random variables
such that for all p > 2, we have || X;||, < Bp*/? for some k and let 0> = ;" | E[X?]. Let
Y =37 | X;. Then with pribability at least 1 — 4,

V| <g ov/log(1/8) + Blog(1/5)log(n/8)*/?.
Lemma 31 ([44]). Let X, be i.i.d random matrices of dimensions dy X ds. Assume that each matrix
is bounded by
Vk, [| Xk — E[Xk][lop < L.
Consider v(Z) = max{|| - E[(Xy — E[X])(Xx — E[X)TL [ 5= E(Xy —
E[X )T (X — E[X )]}, then with probability at least 1 — §,

‘ < glog (d1—(|5—d2) +\/4v10g<d1j;d2>.
op

zn:(Xk - E[X4])
k=1
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