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A Contextual Bandits

In this section, we apply Theorem 12 and the approach of Foster and Rakhlin [2020] to the setting
of contextual bandits with contexts drawn from a smooth distribution, considered in Block et al.
[2022]. Unlike in that work, however, we will realize regret bounds achievable by an oracle-efficient
algorithm that are polynomially improved both in the horizon and the number of actions in the
particular case of noiseless rewards that are piecewise linear.

We consider the following setting: the learner has access to the context set B¢ and an action set A
with [A] = A < co. Let
A
95 = {8t = (8F )uca 8 € 97}
where G is as in Theorem 12, be a class of functions g : Bﬁl x A — R. Before the game begins,
Nature selects some ¢* € erl unknown to the learner. At each time ¢, Nature draws x; from a
o-smooth distribution on B¢; the learner then chooses a; € A, observes £*(z, a;) and suffers the
same loss. Given £* € GZ, it is clear that the best policy, given a context is greedy:
mex () = argmin £*(z, a).
a€A
The goal of the learner is to minimize regret, Reg, to the optimal policy 7¢+. The primary difference
between our setting and that of Foster and Rakhlin [2020], Block et al. [2022], other than the fact
that we are considering a particular function class 9;‘, is that our losses are noiseless, while the prior
works allow for some noise that is mean zero conditional on the history. We have the following regret
bound:

Corollary 13. Suppose that we are in the contextual bandit setting outlined above with G5 from (6.3)
and X x A identified with some subset of B{. Then there is an oracle-efficient algorithm that, for all
T, with probability at least 1 — 6, achieves

Regy < 80 - A\/T (K2dlog(d) + K2log (ATK/(00))) + 8 - /AT log (4/5).

We prove Corollary 13 in Appendix A.1 using the reduction of Foster and Rakhlin [2020, Theorem
1] and Theorem 12. Note that, in contradistinction to the corresponding bound proved as Block et al.
[2022, Theorem 12], we achieve the optimal v/T regret, albeit with stronger assumptions on the
setting.

A.1 Proof of Corollary 13

In this section, we prove Corollary 13 by applying the black box reduction of Foster and Rakhlin
[2020] to our Theorem 12. The key lemma is as follows:

Lemma 14. Suppose that we are in the setting of Corollary 13 and that we predict j;(a) and sample
at according to Algorithm 2. Then, for all T, with probability at least 1 — 6, we have

T
> Tge(ar) # li(ar)] < A (136K2dlog(d) +91K?log (MZZKQ> + K20+ 1))

t=1

Proof. We begin by noting that

T
ZH (a¢) # li(a)] ZZH a) # L(a)]l[a; = a]

acA t=1
let

. 0
UZ{foralllgthandaeﬂlfpt7agMthenat;«éa}

A union bound implies that P(U) > 1 — %. Restricting to U, we note that for any B C B{ measurable,
Pi(z; € B) < 2AT pq(B)
pt at o 05

P; (z: € Blaz = a) <
thus after restricting to U, the distribution of x; conditioned on a; = a is (2(,;40T ) -smooth with respect
to j1q. Thus for each a, we may apply the regret bound from Theorem 12 and, summing over a € A
concludes the proof. |
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Algorithm 2 Inverse Gap Weighting [Foster and Rakhlin, 2020] with Piecewise Regression

1: Init: A instances of the Piecewise Regressor (Algorithm 7) regressor(a) for a € A, learning
rate v > 0, exploration parameter p > 0.

2: foreachtimet=1,2,... do
3 recieve r;
4 for each action a € A do
5: predict §;(a) = regressor(a).predict(x;) % Prediction step of Algorithm 7
6 Assign by < argmin,c 4 9¢(a)
7 for each a # b; do
8 Assign
v L (% 1 Gap Weighting)
D, — — nverse Gap Weighting
O (Ge(a) = 9e(by)
Assign
Dib, < 1 — Z Dt.a (% Inverse Gap Weighting)
a#by
9: sample a; ~ p; and play a,
10 observe /;(a;)
11: update regressor(a).update(z,, as, ¢;(a;)) % Update step of Algorithm 7

We can now prove Corollary 13:
Proof of Corollary 13. Note that by Lipschitzness and boundedness, twice the mistake bound is

larger than the square loss regret considered in Foster and Rakhlin [2020]. Applying Foster and
Rakhlin [2020, Theorem 1] concludes the proof. |
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B Preliminaries

In this section, we provide some key definitions and results that come up in our analysis. We divide
the section by theme, with the first part collection results on probability and concentration, the second
part on geometric measure theory, and the third on convex geometry.

B.1 Probability and Concentration

We begin by stating the foundation of our regret bounds.

Lemma 15 (Ville’s Inequality [Ville, 1939]). Let %, denote a filtration and suppose that the sequence
of random variables A, is a supermartingale with respect to .%,. Suppose that

P(A; > 0forallt >0)=1.
Then for any x > 0, the following inequality holds:

P <supAt > a:) <

t>0

E [Ao]_

We will also require a standard Chernoff bound.

Lemma 16 (Chernoff Bound). Let X1, ..., X; be a sequence of binary random variables such that
E[X’L | Xla ey Xifl] > . Then,

P [th X; < tn/2] < exp(—11)/8).

=1

Finally, we will clear up any confusion about which distribution is smooth: that of contexts x; or that
of samples (¢, y).

Lemma 17. Suppose that x ~ p and (x,y) ~ p where p, p are distributions. Suppose that y € {+1}.
Then if p is o-smooth with respect to i then p is ()-smooth with respect to i ® Unif({£1}).
Conversely, if D is o-smooth with respect to u ® Unif ({£1}) then p is o-smooth with respect to .

Proof. The converse follows immediately from Lemma 35, proved in Appendix E.1. To prove the
first statement, note that any distribution on {41} is £-smooth with respect to Unif({+1}). Thus,
decomposing p(x, y) = p(x) - p(y|z) concludes the proof. [ |

B.2 Geometric Measure Theory

The key definition is that of Hausdorff measure, which formally generalizes our intuitive notion of
volume and surface area.

Definition 18 (Hausdorff Measure [Federer, 2014]). Let X be a metric space. For any k € R, we
define the k-dimensional Hausdorff measure of a set A C X to be

27Ky, lim volS (A
W ;{gvok( ),
where
o0
volg (A) := inf {Z(diam Ul)k‘

i=1 i=1

o0
AcC U U; and diam U; < 5}

and diam U; is the diameter of the set U;, i.e., the maximal distance between any two points contained
in U;. We define the Hausdorff dimension dim(A) = inf{k > 0| voly(A) > 0}. As is common, when
we integrate with respect to the Hausdorff measure, we denote the measure in the integral as dJ*
instead of dvoly.

Note that when X = R then voly exactly coincides with the Lebesgue measure [Federer, 2014]. The
following is an immediate consequence of the definition:

Lemma 19. For a given set A C X, let N(A,¢€) denote the minimal number of balls of radius €
required to cover A. Then
vol,(A) < wre"N(A4, ¢).
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Proof. Tt is immediate from the definition that vol}, is monotone nonincreasing as ¢ | 0. The result
follows by letting U; be the set of balls of radius € covering A. |

‘We also use the co-area formula:

Theorem 20 (Co-area Formula [Federer, 2014]). Let ¢ : R™ — R™ be a Lipschitz function with
n > m. Then, for A C R™,

| \JaetDo@) Do) )i (@) = [ volo (@7 (0)ax" ).
¢~1(A) A

This in turn implies the projection formula:

Corollary 21 ([Federer, 2014]). Let ¢ : X — Y denote a 1-Lipchitz map between m-dimensional
sets X0,Y. Then vol,, (¢(X)) < vol,, (X).

Proof. By Theorem 20,

sup,, \/det(DqS(x)DqS(x)T)

vl (6(0) = [ asem(y) < [ a5 @) < ol ),

$() inf, volo(¢~(y))
where the last inequality holds because the Lipschitz assumption bounds the largest singular value of
D¢ and for any y € ¢(X), there is at least one point z € ¢~ (y). [ |

B.3 Convex Geometry

We first define a polytope:

Definition 22. We say that a set A C R? is a polytope if it is the intersection of a finite number of
halfspaces. If A is the intersection of K halfspaces, we say that it has K faces.

We now define an ellipsoid:

Definition 23. Let A € R¥? be a positive definite matrix and let a € R be a point. We define an
ellipsoid to be
&(A,a) = {weRY(w—a)TA (w—a) <1}.

Note that the volume of an ellipsoid is given by vol (E(A, a)) = way/det(A).

‘We now define the John ellipsoid associated with a convex body:

Theorem 24 (John Ellipsoid [John, 1948, Ball et al., 1997]). Let A C R? be a convex body, i.e.,
a convex set with nonempty interior. Then there is a unique ellispoid € 4 that has maximal volume
subject to the condition that the ellipsoid is contained in A. Furthermore, A C d - € 4.

We require the following general fact about ellipsoids:

Lemma 25 (Corollary 15 from Rivin [2007]). Suppose € = E(A, a) is an ellipsoid and A has
eigenvalues given by ¢ = (q1, . .., qq). Then,

volg_1(9€) < ||g|| - Vd - vola(&). (B.1)

Finally, we have the following result about cutting planes through the center of the John ellipsoid:

Lemma 26 (Tarasov et al. [1988], Khachiyan [1990]). Let A C R? be a polytope with John ellipsoid
& A with center a. Let A’ be the intersection of A and a halfspace going through a, i.e., there is some
w € R? such that

A =An{weRY(w,z) > (a,2)}.

If € A+ is the John ellipsoid of A’, then

VOld(EAf> < gvold(SA).
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C Technical Workhorses

This appendix proves the technical workhorses, the abstract decay lemma (Lemma 3), and the main
geometric lemma, Lemma 4.

C.1 Proof of Lemma 3: The Abstract Decay Lemma

We prove a slightly more general form of the lemma, with a weaker assumption on the sequence of z:

Lemma 27. Suppose that a sequence ({1, z:) satisfies (R, ¢)-geometric decay with respect to some a
won 2, and define a sequence of stopping times t,,, where t,, = t ift is the m*" time that {,(z) = 1.
Let my denote the maximal m such that t,, <t and thus t,,, is last time before t that {5 = 1. Suppose
that for all t, the distribution of z; conditional on t,,, is o-smooth with respect to p. Then for all
T € N, with probability at least 1 — 6,

og () | e—1

1
;Et(zt)gél tog (1) +1—\/E'

(C.1)

Proof. Fix a sequence of positive integers hy, for & € N, whose values we tune at the end of the proof.
Let 79 = 0 and for all m > 0, let

Tm—1+tkhm

Z Et(zt) =1

t=Tm_1+(k—=1)hm

Tm = Tm—1 +inf ¢ k>0

= Tpp—1 + inf {k > O‘Ht € Tm—1+ [(k = DA, khpy — 1] st £(2¢) = 1} )

Furthermore, let 7'(m) = Y ;" | (7% — Tk—1)hs and
ty = inf {t > T(m — 1)|ty(z) = 1} . (C2)

In words, we consider epochs of length h,,, whose length can change every time we make a mistake
in an epoch. We have T'(m) the time of the m'" change of epoch and 7,,, the number of epochs of
length h,, we have to go before we make a mistake; we also have ¢,, is the time of the first mistake
after the m!” change of epoch size. Let

T(m)—1

> la(z). (C3)

s=tm+1

be the number of mistakes in a given epoch other than the first mistake. Let 7,, = min —m 1)
where we abbreviate R,,, = R;, . We first claim that with probability at least 1 — 4, for all m it holds
that:

1 m
A <log<) eflz (hy —1). (C.4)
To see this, let
ng = exp <)\A Z ﬂkhk>

We show that B;) is a supermartingale for all A > 0. To see this, we have

T(m)—1

E [B,,|B,,_.] = Bj,_1E |exp | A Z I[§s # ys) — (€* — 1) T (B — 1) ‘Bg | <BN .
s=tm+1

where the inequality follows because the conditional probability of a mistake for t,,+1 < T'(m)—1 <
T, by the assumption of smoothness conditional on a sub-sigma algebra of that generated by ¢,,,_1
and realizability and 7'(m) — 1 — (¢,,, + 1) < h,,, — 1 by construction. Thus we may apply Ville’s
inequality from Lemma 15 and recover (C.4).
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Claim 1. With probability at least 1 — 6, it holds for all m that

0
T — Tm—1 > Max <1,log (WmhmT>) . (C.5)
Proof of Claim 1. For any 7,,—1 + (k — 1)h,, <t < Ty—1 + khyy, smoothness implies
P (li(z) = 1|€s(zs) = 0forall s < t) < hyy 7. (C.6)

where we note that the event that £5(z;) = 0 for s < ¢ is contained in the sigma-algebra generated by
tm,. A union bound then implies that

P |3t € Tt + [(k — Dhum, khim) st £e(z) = 1

gs(zs) =0,Vs € [Tm—lv (k - 1)hm) < M-

Hence, letting X,, be a random variable distributed geometrically with parameter 7,, =
min(hy,Tm, 1), T — Tim—1 Stochastically dominates X,,,. Thus, for any A < —log(1 — ),
A

Tme
E[ A(Twﬁ‘rmq)] <R [erm] = Tm __ ) C.7
¢ <E[e*] 1—(1—mm)er 9
We further note that
~ 1 (1—7p)e !
log (1 — (1 — H>1- — =— = Cs8
og (1= (1 =Tm)e™) 21— 1— 1—7met 1T (1—7m)et €8)
o1
> - C9
S R (€9
Thus, setting A = —1, we see that with probability at least %,
1 T e ! 1)
m— Tm—1 > 1+1 — ] —1 - -—2>1 . 1
Tm Tm—1 = + 0og <7Tm> Og<5) 1—671 el Og<h7_rmT> (C 0)
Because 7,,, — 7,,—1 > 0 by construction, we may then take a union bound to conclude the proof of
the claim. ]
Now we note that .
T>T(m) = (tk — ho1) P (C.11)
k=1
and, further, that if m is the maximal m such that the preceding display holds,
Regr <mp + Apy. (C.12)

Thus, combining (C.4) and (C.5), along with the fact that 7, < c¥Ry/o, with probability at least
1 — 26, we have

<A od
T> 1 —— | h C.13
—,§°g<ckRohkT> . (C.13)
1 " . Ro
Regy < mgp +log | = +(e—1)§ "—(hx — 1) (C.14)
) = o

Now, let hj, = 1 for k < 2log (T;g“) /log (1) and let hy, = ¢~ 3 otherwise. Then we see that if
(C.13) and (C.14) hold, then

logT  2log (£fe) log (LHe)
<2 z < —4——200 2 .1
= log () * log (3) ~ loge ' €15
and
m k& - %) i 1
;c —(he—1) g?zoca =17 (C.16)

Thus we see that with probability at least 1 — .

Reg <qleGort) | . (C.17)
T leg(y)  1-ve

which proves the result. |
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We note that Lemma 3 follows immediately because ¢,,, < ¢ almost surely and so the sigma algebra
generated by ¢,,, is contained in that generated by the history up to ¢ — 1 and so the smoothness
assumption of Lemma 3 implies that of Lemma 27.

C.2 Proof of Lemma 4: The Key Geometric Lemma

We begin by proving the following technical geometric lemma, which, for simplicity, considers
subsets of the sphere, rather than of the ball. This ultimately suffices due to positive homogeneity of
linear classifiers.

Lemma 28. Let F C S%~' be a measurable subset of the (d — 1)-dimensional sphere imbedded in

RY. Let D(F) denote the set of points in S~ orthogonal to at least one point in 7, i.e.,
D(F) = {x € S Yforsomew € F, (w,x) = 0} . (C.18)
Then, if voly, is the k-dimensional Hausdorff measure on the sphere, we have

volg_1(D(F)) < 2- 4% volg_1 (F) 4 491 voly_o(0F). (C.19)

Proof. For a given set A C S971, denote by T'(A, ¢) the “tube” of radius € around A4, i.e., the set of
points in S?~! with distance at most ¢ from a point in A.

Note that for any fixed point w € F, we have D(w) is just the (d — 2)-sphere formed by intersection
the linear space orthogonal to w with S4~1. If Bg(w) denotes the &-ball around w in S¢~1, then we
claim that D(B.(w)) € T(D(w), ). Indeed, suppose that v € B.(w) so that (w’, v) = 0 for some
w' € B.(w). Let a be a member of the orthogonal group such that cw’ = v and (cw, w) = 0. Then
(v+ afw—w'),w) = 0and ||a(w — w')|| = ||lw—w'|| < e, proving the claim.

Let N(F, ¢) denote the minimum size of an e-net of F and let P(7, ¢) denote the maximum size of
an e-packing. By abuse of notation, we will also use [V (? ,€) to denote the minimal e-net itself. The

~

fact that D(B.(w)) C T(D(w), ) implies that

volg_1(D(F)) < volg_y U TDw),e) | <N(F,e)-vola_1(T(D(w),e))  (C.20)
weN (F,e)

By packing, covering duality, we have

N ~ € 2d71V01d—1(T(§:a5))
NG < p(5.5) < 1 cal
(Fe) < ( ’2> ~ volg_1(B:(w)) 2

Now, we may apply Gray [2003, Theorem 10.20], the generalization of Steiner’s formula to submani-
folds of a sphere, to get

Vold,l(T(f;", g)) < vold,l(fr\") + vold,g(agf) (247 1e + 297 1) (C.22)
Putting this together, we have

_yvolg_1(T(D(w),¢€)) X A . B
! vc(l)ld_l(BE(w))) (VOld—l(?) + voly_2(0F) (2d 1o 4 od 5d)) .
(C.23)

Now we may apply Weyl’s tube formula [Weyl, 1939] (see Gray [2003], Lotz [2015] for a clear
exposition on the topic) to S%~2 imbedded as the equator of S?~* to get that for any ¢ < 1,

vola1 (T(D(w),e)) _ 2war (1+)7 = (1-2)")  ((1+e)" - (1-e))

volg_1(D(F)) <2

voly_1(Be(w)) e twg_1 gd—1
(C.24)
As £ 1 1, the above expression tends to 2¢. Putting everything together, we have
volg_1(D(F)) < 2- 4% voly_1 (F) 4 2 - 221 yoly_o(8F). (C.25)
as desired. |
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We now use the homogenity of the inner product to show that it suffices to consider the sphere:

Lemma 29. Let 3 C B¢ and let §"t denote its projection to SY~1. Suppose that F is such that
S":{rﬂogrglandfeg"}.

Then, N

VOld(?) o VOld_l (C‘F)
volg(BY) — volg_1(S4-1)

Proof. Let f/fr — r7F. Then we see from Theorem 20 that volg_1 (?T) =791 yoly_q (fAf) Thus,

1 1
voly(F) = / voly—1(F,)dr = Vold_l(fj‘)/ FA=1 g
0 0

In particular, this holds for F = B¢. Thus, we have

volgy(F) volg_1(F) fol ri=tdr volg_1(F)

volg(BY) Vold,l(%\?) fol rd—1gp  volg_1(S4-1)

as desired. |

We now put everything together:

Proof of Lemma 4. Let D(F) be the set of # € D such that ||z|| = 1 and let 7 be defined similarly.
By the positive homogeneity of both D(F) and &, we have

~ voly(D)  volg_1(D(F))
’ud( B VOld(31) B VOldfl(agl) (20
_volg(F) V01d71(§r ) (C.27)

Ha(F) = volg(By)  volg_1(0B1)

where voly_1(+) denotes the (d — 1)-dimensional Hausdorff measure. Thus, it suffices to compare

~ ~

voly—1(D(F)) with volg_1(F), which is the content of Lemma 28. The result follows. |
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D Proofs From Section 4

In this appendix, we provide proofs of Theorem 5 and Proposition 6.

D.1 Proof of Theorem 5

In order to apply Lemma 3 to prove Theorem 5, we need to show that the loss functions satisfy

(R, c)-geometric decay. We will show this for R = 4%*!d?? and ¢ = § using Lemma 4 and some

more convex geometry. We begin by proving the following characterization of the disagreement
region, which will in turn allow us to apply Lemma 4:

Lemma 30. Suppose that we are in the situation of Theorem 5. Then we have

D, C {z € B{| (w,x) = 0 for some w € Fy} . (D.1)

Proof. Recall that the version space is defined as
F={w € Fl{w, ysxzs) > 0forall s < t}. (D.2)

If © € Dy, then there are w,w’ € F; such that sign({w’, z)) # sign({w”,x)). Consider the
continuous function h(A) = (Aw” + (1 — A\)w', z); by the intermediate value theorem, there is some
0 <X <landw = Nw"” + (1 — A*)w’ such that (w, z) = 0. By convexity of F;, then w € F;
and thus Dy is contained within the set of points orthogonal to at least one point in J. ]

With Lemma 30 in hand, we will be able to apply Lemma 4 and it will suffice to control x(F;) and
volg—1(F+). The next result bounds these quantities in terms of their analogues in &;:

Lemma 31. Let F C RY be a convex body with John ellipsoid &. Then we have

w(F) < du(€) volg_1(0F) < 2d%pu(€). (D.3)

Proof. Note that it is a classical fact that ¥ C d - € [John, 1948] and thus p(F) < d?u(€). We thus
only have to prove the second bound. To do this we first note that

volg—1(0F) < volg_1(9(d - €)). (D.4)

To see that this is the case, consider 7 : 9(d - £) — 9F be projection onto the convex F. Then 7 is
a contraction and thus shrinks Hausdorff measure as per Corollary 21. We now apply Lemma 25
and note that because our ellipsoids are contained in the ball, ||g|| < 2- V/d, where q is the vector of
semi-axis lengths, i.e., the eigenvalues of the associated positive definite matrix. Thus we have

volg_1(0(d - &)) = d¥ voly_1(9€) < d?~1 (2du(€)), (D.5)

and the result follows. |

We are now finally ready to apply the geometry that we have done so far to prove a slightly more
general form of Theorem 5, which we will require to apply some of our reductions below.

Proposition 32. Suppose we are in the situation of Theorem 5 with the added complication that
at any time t, the adversary can choose to censor round t from the learner, so the learner does not
observe y; and does not suffer loss at time t. We further allow x to be drawn adversarially with
the condition that if x; is drawn adversarially, then the adversary always censors time t. Then the
conclusion of Theorem 5 holds.

Proof. By Lemma 3, it suffices to show that with our choice of w;, the sequence

£, = T [sign({ws, x4)) # y; and round ¢ is not censored]

satisfies (R, ¢) geometric decay with respect to y for come R, c. In particular, we need to find an
R > p(Dy) and a ¢ < 1 such that if we make a mistake, then (D y1) < cu(Dy). Note that if £, = 1
then we must have x; € D; and y, is not censored. By Lemma 30 it suffices to control the size of the
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set of points orthogonal to at least one w € F; by Lemma 4, it in turn suffices to control u(J;) and
voly_1(F¢). Applying Lemma 31 to the preceding logic, we have:

d+1
w(Dy) <241 u(F,) + o volg_1(0F) (D.6)
4d+1
<2-4%71 . qdp(e,) + 22 du(&y) (D.7)
w
< 4018y, (D.8)

As 11(&;) < 1, we may choose R = 49+1d%? and reduce to showing that every time we make a
mistake, 1(€¢41) < cu(€y) for some c.

Now, suppose that we make a mistake at time ¢, i.e., (w;, yzx;) < 0. Then, we have

Fiy1 = Fe N {w € F|(w, zey) >0} C FeN{w € F(w, z4ys) > (we, 21Ye) } - (D.9)

by monotonicity. Thus J;, is a subset of the intersection of F; and a halfspace through the center
of &;. Thus, by Lemma 26, vol(£;11) < % vol(&€¢). Thus, we may choose ¢ = % and conclude the
proof. ]

We remark that Theorem 5 trivially follows from Proposition 32 by restricting the adversary to never
censor a time .

D.2 Proof of Theorem 6

We construct separate adversaries which regret E [Regy] > Q(d) and E [Reg;] > © (log (£)).
Randomizing between the two with probability one-half gives the lower bound.

We first note that any algorithm must experience E [Reg,| > d—;l against some adversary; indeed, as

a generic set of d + 1 points defines a hyperplane, a realizable adversary can choose y; as independent
Rademachers for each 1 < d < d + 1 and the learner will suffer expected regret %.

We now construct an adversary in one dimension that will force E [Regy] > € (log (£)); by
projecting onto some fixed direction, the higher dimensional case reduces to this setting. Thus,
suppose that the z; are required to be sampled from a distribution that is o-smooth with respect to the
uniform measure on the unit interval. At each time ¢, let D be the interval between the rightmost x
labelled —1 and the leftmost x4 labelled 1, let R; be its length and w; its midpoint. Fix 0 < e < 1 to
be tuned later and let

1—¢
2

~ 1
be the set of points in the disagreement region close to its boundary. We let the adversary select

the distribution that picks uniformly from D, with probability min (M, 1) and with remaining

(e

probability selects 0. If |x; — w;| > %, then y; is determined by realizability. Otherwise, let y; be
an independent Rademacher random variable.

Let 7w, = min (%, 1) and ¢,,, be the m" time that z; € ﬁt, we see that t,,, 1 —t,, is geometrically
distributed with parameter 7,, and thus

B — My —mA—S log [ —— B D.11
eXP( —m ZOg(l—(l—ﬂ)@‘)) (D.11)

k=1

is a supermartingale for A < ming<,, (—log(1l — 7)) = —log(1 — m,,,). Note that by construction,
Ryt1 > (1 — )Ry, and thus R,;, > (1 — &)™. Setting A = 7, < —log(1l — m,,) and applying
Ville’s Inequality, Lemma 15, we get that with probability at least 1 — ¢, for all m,

log (5) 1 & T
tm < — 4+ — I _ ). D.12
<m % +ﬁm];og<1_(1_mm> (D.12)

m
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‘We now note that

1 Tk 1 Tm
Pt (e e el -1 D.13
Tm, 0g<1—(1—7rk)671'k> = T (1—(1—71'm)e”m ) ( )
eTrm _ 1 1 — T
= D.14
Tm 1-— (1 — 7rm)e7"m ( )
2
sle-U5 (D.15)

using monotonicity, the fact that 7,,, < 1 and the following computation:

- = 2k = 1 1 x?
1—(1—=x)e :1—(1—x)ZE:Zx <(k_1)'—k'>22. (D.16)
k=0 k=2 ’ ’

Now, using the fact that 7,,, > £(1 — )™, we have

1 -2
tm <m+ 2(1—&) ™ log (5> +2(e — Dm (5) (1—e)~2m, (D.17)
€ o
Setting e = 1 — e~ !, we see that there is some constant ¢ > 0 such that with probability at least 1 — 4§,
1
tym < cmax <O’€m log <5) ,maQeQm) . (D.18)

In particular, there is a universal constant C such that if m = C'log (mg(l)) , then with probability
g 5

at least 1 — 6 we have Reg, > m because the probability of a mistake, given that x; € l~)t is % The
result follows.

D.3 Lower bound against naive play.

In this section, we show that it is necessary to choose the half-spaces w; intelligently in order to attain
logarithmic-in-1/0 regret.

Consider d = 1, so y; is the uniform measure on the interval [—1, 1]. We define Ft*es := {z
sign(x — ¢)} as the set of (monotone) threshold classifiers. Given a function class F, we say that
a learning strategy is consistent, if at each t € [T, it selects an f; € F; in the version space
Fo={feF: flzs) =ys, 1<s<t—1}. Define the left and right endpoints of the negative
and positive regions

Ti = -1 Ty = —1 Ts = mi 1 i Yy =1} 5.
Ty maX{ ,gsa%ct{wt Yt }}, Tt mm{ ,lrgnsuglt{wt Yt }}

For a given 7 > 0, we consider the strategy

- {SIgn (x4 — Z4—1 — 1) L1410 <Ty (D.19)

sign (w¢ — £ (Z4—1 + T4—1)) otherwise.
This is consistent with Fthres  since the thresholds are always chosen strictly between ;1 and Z;_.

However, the strategy is very naive, since it defaults to setting the threshold only slightly to the right
of Z;_1. As a consequence, we show it suffers Q(1/c) regret when 7 is small.

Proposition 33. Fixn > 0. For T > 1 and o € (1/T,1/4), there exists an F*'**5-realizable, o
smooth adversary such that the strategy in Equation (D.19) suffers expected regret linear in 1 /o for
n small:

ElRegs] > ] (1-2L).

Proof. Ateachtime 1 <t < T, := |1/0], the adversary selects
xy=—14+20(—1)+ 20a;,, a; ~ Unif([0,1]).
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For times ¢ > Ty, the adversary selects x; ~ Unif([—1,1]). This adversary is clearly o smooth,
satisfies z; € —1 + 20t — 1,¢] until Ty, and then plays arbitrarily. Moreover, for ¢ < 1/T,
x4 € [—1,1] for all ¢.Fixing a ground-truth classifier f*(x) = sign(z —1), we see ys = f*(a¢) = —1
is realizable for all £.

Lastly, we analyze the regret of Equation (D.19); notice that under the above adversary, z; = 1, so
we are always in the first case y; = sign(x; — maxj<s<¢—1 s —1). Then, for any ¢t < T,

P (g = ye|Fi—1) =P (wt <n+ 1<I£1§§(_1xs|yt1>
Sp[l’t S?’]—‘rQ(t-l)O’-l ‘ ytfl]
= PatNUnif([O,l]) [—1 + 20’(t — 1) + 20a; < n+ 2(t — 1)0’ — 1]

n } n
Py, ~Unit([0,1)) |:at < 55 55

Hence,

E

E[Reg,] = E[P[g # ye | F1-1]]
t=1
To
> > E[P[g #ye | Fi-1]]
t;:
= 1-E[PH: =y | Fi-1]]
t;ol i i
) en ) meewe
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E Proofs from Section 5

E.1 Proof of Corollary 8

The key technical result is contained in the following lemma, which says that we can lift a o-smooth
distribution on B to one on B+ and only lose a factor that is exponential in dimension. Because
our regret guarantees are only logarithmic in o, this will translate into a factor that is only linear in d
by reducing to the setting of Theorem 5. We have the following result:

Lemma 34. There exist a probability kernel X : B¢ — A(Bf“) that satisfies the following two
properties: first,

Pic () (for all = (w,b) € RY x R, sign((w,z) + b) = sign((w,))) = 1,

and second, if p is o-smooth with respect to g, then X o p is o’-smooth with respect to 141, where
o' =0/4"%and 7 ~ Kopifr ~pand T ~ K(-|x).

Proof. For general b, define w := (w, b), let ¢(z, 2) = #, and let

T = ¢(w¢, 1) 2z ~ Unif(1,2). (E.1)
Note that whenever = € B¢, Pz, € B¢ | 2, = x] = 1. Moreover,

sign((w, z;) + b) = sign({w, (z, 1))) = sign((w, z¢(x¢, 1))) = sign({w, z;)).

Since our proposed algorithm is a function only of the version space F;, and not the disagreement
region, it follows that we can assume without loss of generality that the learner interacts with the
distribution p; induced by drawing x; ~ py, z; ~ Unif[1, 2], and Z; = ¢(a, 2¢).

To conclude, we must argue that if x; ~ p; is o-smooth with respect to the uniform measure (4 on

B¢, then &; ~ Py is o’-smooth with respect to the uniform measure f1441 on B‘f“, for an appropriate

o'.

Let fi4+1 denote the density of T = ¢(x, z), where z € Unif[1, 2] when 2 ~ pg4. Then,

dpe()  _ dpe(T) ey (T)
dpa1(T)  djtg11(2)  pasi(2)

(E2)

To bound the first term, consider ¢!, the inverse of ¢ from B‘f/4 x [%,1/2] = B‘f/4 x [1,2] given
by

oz = (z,2) — ((z/2),4z)

Then, p; is the pushforward under ¢! of the measure p; ® Unif [%, %], and jig4; the pushforward of

tta @ Unif[%, 1]. Thus, by Lemma 35, we have that p; is o-smooth with respect to fig1.

Now, we compute ﬁiiig It suffices to show that for any set H C B‘f/Q x [+,1/2], we have

far1(H) < Cdpay (H), (E.3)

for some desirable constant C. Let J,-1 denote the Jacobian of the map ¢~ : (z,u) — (z/z,42).
Then, J,-1 is a triangular matrix with determinant 4(1/2)?. Thus, on H C 'Bii/g x [+,1/2], its
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Algorithm 3 Binary Classification with Affine Thresholds

1: Initialize Wl = B?+1, w, =eq € Wl,
2: fort=1,2,... do

3: Recieve z;, draw z; ~ Unif(1, 2), and assign

~ zi(xe, 1

Ty d(wg,2¢) = %
4:
5: predict

J = sign({Wy, Tt)), (% self.classify(z+))

6. Update W, 1 = W, N {@ € BE| (@, ) > 0}
7: if §; # y; then (% self.errorUpdate(x:))
8: Wiy < JohnEllpsoidCenter(W; 1)
9: % returns center of John Ellpsoid of given convex body

determinant is at most | det s, (z, z)| = 4%**. Hence,
ﬂd-ﬁ-l(H) = P(m,z)wﬁ‘fonif[l,Q] [(b(JC, Z) € H]
= Po oy umdxumit)n,z (7, 2) € 07 (H)]
_ f¢_1(H) dzdz
volgy1 (B¢ x Unif[1, 2])
_ fH | det(J¢—1)(I’z)|dJUdZ
 volgy1 (B¢ x Unif[1, 2])
49+ vol(H)
~ volgy1 (B¢ x Unif([1,2])

49 ol 1 (BYH)

= H) -
Ha+ (H) volas1 (BY x Unif[1, 2])
4941 yol . 4 (BT
= pa+1(H) - H(d i)
volg(B¢)
— gd+1 VT < 4d+2
d+3 ~
Combining these computations with (E.2) yields
dpe(2)  _  dpe(E)  faa () _ o1gqd+2
dpa+1(2)  dftg+1(2)  pa+1(2) ’
which concludes the proof. |

Lemma 35. Suppose that f : X — Y is a measurable map and suppose that p, | are measures on
X and p is o-smooth with respect to . Define the pushforward measure on'Y by taking f.pu(B) =
u(f~Y(B)) for any measurable B C Y. Then f,p is o-smooth with respect to f,ji.
Proof. Let B C Y be measurable. Then

fep(B) = p(f7H(B)) <

As this holds for any B C Y, the result follows. [ |

u(f~1(B)) < fon(B) (E4)

g

We now describe Algorithm 3. At each time ¢, we draw z; ~ Unif(1, 2) independently and form
Ty = ¢(xy, 2¢), where ¢ is as in (E.1). We then run the classify and update subroutines of Algorithm 1
at each time step on the new data sequence (7, y;). We are now ready to prove Corollary 8:
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Algorithm 4 Binary Classification with Nonlinear Features

1: Initialize Wl = Bf“, w1 =e; € Wy, ¢ : BY — B
2: fort=1,2,... do

3: Recieve x,, predict
g = sign((Wy, P(x4))), (% self.classify(x))
4:  Update W, = W, N {@ € BI| (@, d(z¢)ye) > 0}
5: if §; # y; then (% self.errorUpdate(z:))
6: W41 < JohnEllpsoidCenter(W, 1)
7: % returns center of John Ellpsoid of given convex body

Proof of Corollary 8. We use Algorithm 3 to reduce the problem to the situation of Theorem 5.
Indeed, by Lemma 34, the data sequence (7, y;) satisfies the property that 7, is (4*d’20) -smooth

with respect to 1441 and is realizable by the function class ?ﬁil. The result then follows immediately

from Theorem 5. [ |

E.2 Proof of Theorem 9

We now prove begin generalizing beyond linear function classes with Theorem 9. The key technical
result shows that if ¢ : B¢ — B is well-behaved, then ¢, 114 is o-smooth with respect to f14, which
will then allow us to apply Theorem 5.

Lemma 36. Suppose that p is a measure on BY that is o-smooth with respect to g and suppose that
¢ : B¢ — B is a function satisfying the following two properties:

s There is some c > 0 such that |det(D¢(z))| > c for all x € BS.

s There is some N € N such that for every x € BY, it holds that |¢>71($)| < N, where
¢~ (x) = {y € Bflo(y) = z}.

Then, ¢p is ( ﬁa) -smooth with respect to jiq.

Proof. By Lemma 35, we have that ¢, p is o-smooth with respect to ¢, 4. Thus, as

doup _ de.p . doypiq
dug — déepa  pd

it suffices to bound the latter factor. By the area formula [Federer, 2014], we have for any B C B‘f

that
/ dpia()
$=1(B)

_ / |det(Dg(x))]
s-1(p) |det(Do(x))]
1

1 / det(De(x))] djralz)
¢~1(B)

Cc

¢*Hd(B)

dpta()

IN

Thus we see that for any B,

and so the result follows. ]

As a corollary, we generalize Theorem 5 to adversaries that are now realizable to a class linear in
some new set of features:
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Corollary 37. Let ¢ be a map as in Lemma 36 and suppose that we are in the smoothed online
learning setting with an adversary realizable with respecto to F o ¢ = {x — f(p(x))|f € F}. If we
run Algorithm 4 on the data (¢(x¢), y:), then for all T, with probability at least 1 — 0, it holds that

N T
Reg; < 136dlog(d) + 341og (c) + 34log (5) +56
g

Proof. The statement follows immediately from applying Theorem 5 to the data sequence (p(x¢), y)
and using Lemma 36 to bound the smoothness.

Finally, we prove the simpler result stated in Section 5:

Proof of Theorem 9. By Corollary 37, it suffices to bound N and ¢ in Lemma 36. Suppose that
d(x) = (¢1(x1), ..., pa(xq)) as in the statement of the result. Then we see that D¢(x) is diagonal
with ¢! (z;) as the i*" element of the diagonal and thus

d

det(Do(2)) = [ I¢(2i)| = o

i=1

where the final inequality follows from the assumption. Note that if ¢, > 0 for all 7, then ¢ is strictly
increasing coordinate wise and thus we may take N = 1. The result follows. ]

E.3 Proof of Theorem 10

In this section, we show that our techniques extend to polynomial decision boundaries. Morally,
we proceed on similar lines as to the proof of Theorem 9 outlined in the previous section, but there
are a number of new technical subtleties that appear in this analysis that were not present before.
The most salient difference between the maps considered above and that which is required for a
polynomial decision boundary is that polynomial features require imbedding our problem into a
higher dimensional space; while Lemma 35 ensures that the pushforward of the law of each x;
is smooth with respect to the pushforward of 4, our analysis is very specific to the dominating
measure being uniform on the ball, which can never happen if we are pushing y; forward into a
higher dimensional space. In order to resolve this difficulty, we will present a reduction that allows
us to combine multiple points into one ‘meta-point,” whose law will be smooth with respect to the
uniform measure on the higher dimensional ball. We will then be able to reduce to a similar setting
as considered in Theorem 5 and deduce a similar regret bound. We prove the following result:

Proposition 38. Suppose that ¢ : B — BT satisfies the following properties:
e ¢ is L-Lipschitz.

* ¢ is polynomial in the sense that each of the coordinates of ¢ is a polynomial in the
coordinates of x € BY with degree at most (.

* There is an o > 0 such that the Jacobian D¢ satisfies:
et (Bxmp, [DO2)DO()T]) = o2

Suppose further that the x; € B¢ are generated in a o-smooth manner and the y; are realizable with
respect to F' o ¢. Then there is a universal constant C such that for all T, if we set

lin
p = Cmllog <Lf5T>

and run Algorithm 5, then with probability at least 1 — 6,
1 dlTL
Regr < C (m log(m) + log (a) + ?m2dlog? (6)) .
o
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Proof. Consider the sequence of stopping times p,, where pp = 0 and, for 7 > 0,

t t
pr =inf ¢ t > p;_1|max Z I[ys = 1 and g = —1], Z Iy =—land g, =1] | >p
s=pr_1 s=pr_1
for some p to be determined. Furthermore, let
¢, =1[te (2p+1)Nandt —2p < p, <t for some 7]
We begin by claiming that the following inequality holds:
Lz

T
Regr < (2p+1) (1 + Z&s) <@2p+1) |1+ Z Lopt1ye | - (E.5)
t=1

t'=1

Indeed, we note that the sum is equal to 77, the maximal 7 such that p, < T and the pigeonhole
principle tells us that we suffer at most 2p + 1 mistakes in the interval p._; <t < p,. There are at
most 2p mistakes in the interval p,,. < ¢ < T and so the first inequality holds. The second inequality
follows from noting that £; = 1 implies that t = (2p 4 1)¢’ for some ¢'. For each 1 < 7 < 77, we let

1 .
xﬂ'*p Z d(xt)

pr—1<t<p,
Yyt=y- and Gt £y

Now, fix 3,y > 0 to be set later and let

U, = {for all ¢ such that P;(j; # y:) < 7, it holds that §; = y; }
Uy = {for all ¢ such that P;(y; = y) < S for some y, it holds that y; # y} .

We claim that for some p, there is a sequence of E’T € BT such that if
U= {z, =7/ forall 7}
U=U NU; NU3

then first, P(U) > 1 — 278 — T~ — g and second, the T/ are o’-smooth with respect to g,,. This
claim, and the dependence of ¢’ on the relevant parameters is the subject of Proposition 39 below.
For now, we will take it as given. Now, recalling the disagreement region and version space notation
Dy, 4, as from Appendix D, we note that if £ = 1 and 7 is maximal subject to p, < (2p + 1)t,
then we must have 7, € D, _,. To see this, note that wy = w,__, for p,_; <t < p, and thus

w,, _, is such that (w, _,,ys¢(xs)) < 0 for each such s. By linearity, we have

1§
<wPr—1 ) yrm7'> = 5 Z <wl7r71 » Y ¢($Tl)> <0

i=1
Realizabilty implies that there is some w such that (w, ys¢(x5)) > 0 for all s, and so linearity implies
that, for that w,

12

<’U_)7y7_f7—> = - Z <w?§7'f7'> >0

P

Thus we see that 7 € D, _,. We now note that for any t,

(2p + Dpm(Dyp, )
Po . (prnyr =1) < o =

where ¢ is as in Proposition 39. Applying now Lemmas 4, 30 and 31 in the same way as in the proof
of Theorem 5, we place ourselves now into the situation of Lemma 27, the generalized version of the
master reduction Lemma 3. Thus, we have that for all T, with probability at least 1 — 9,

. 2T (2p+1)4™+im2™
L2p+lj IOg (41()2;04_1)0./5 ) e—1
> lepinr <4 Ton (2

=1 og (g) 1-— 8

<C (1 +mlog(m) + log (?) + 10;(;))
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Algorithm 5 Binary Classification with Polynomial Features
1: Initialize Wy = B, &y = e; € Wy, ¢ : B — B My, M_; = {}.peN
2: fort=1,2,... do
3: Recieve x,, predict

g = sign({Wy, P(x4))), (% self.classify(z;))

Update Wt+1 = Wt N {’&7 S ‘B(li+1| <’Lfl7, ¢(mt)yt> > O}

if §: # y: then (% self.errorUpdate(x:))
Update M,, < M,, U {z;}

if max (|My], |M_1|) = p then
Update
Wiy < JohnEllpsoidCenter(W; 1)

% returns center of John Ellpsoid of given convex body
Reset My, M_q + {}

TeY X} ANk

—_—

If we set

T
p=Cmllog (ﬁ)

then plugging in the penultimate display into (E.5), taking v = % and 8 =
bounds from Proposition 39 concludes the proof.

)

57> and plugging in the

We note that Theorem 10 follows immediately from Proposition 38. The key difficulty in the proof of
Proposition 38, that we left until now, is the smoothness of the T... We state this fact, and provide a
quantitative bound on the smoothness parameter, in the next proposition:

Proposition 39. Let ¢ : B¢ — B be an L-Lipschitz function whose coordinates are polynomials in
the coordinates of © € BY, with degree at most . Suppose ¢ is such that

det (Ezp, [Dé(2)Do(z)"]) > o

Fix any p € N such that pd > m. Suppose that (x1,y1), ..., (X7, yr) is a data sequence satisfying
the following four properties:

* The distribution of x conditional on the history is g-smooth with respect to jiq.
o Fory € {£1}, foranyt, Py(y. = y) > 5.
* The y; are realizable with respect to J|\ o ¢.

* For any t, and any choice of §: by the learner, Py (s # yt) > .

where P, is the conditional probability of the history up to time t. Now, consider the set of stopping
times p, with py = 0 and

t t
pr=infQt>prgfmax | Y Iy =1landje=—-1], Y Ilg=-landfp=1]|>p

S=pPr—1 S=pr—1

Lety,. =y, andlet
12
Tr = — Z ¢ (mTk)
Pia

where 11, ..., T, are the p times pr_1 <t < p, satifying y; =y, and §; # y.. There is a universal
constant C' such that if
r

p > Cmllog (6)
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then there is a data sequence a sequence T, € B satisfying the following three properties. First, the
Sequence (ﬂ, AR r/eqlizable with respect to Fiit. Second, with probability at least 1 — 6, for all t,
Ty = T} Third, the T, is o’-smooth with respect 1o [i,,, where

B o 24mp
o =ca-p? (;) ¢—mttpd) g—pd (E.6)

wisth ¢ a universal constant

Intuitively, we wait until we have misclassified a class p times and then form a ‘meta-point’ (Z,, ¥, )
that will allow us to reduce to the setting of Theorem 5. The meta-point will be constructed by
averaging samples x; in order to ensure smoothness with respect to fi,.

We will show that Proposition 39 follows from three results that we will prove below. First, we show
that if ¢ is well-behaved, and the x; are o-smooth with respect to pg, then the Z; are o’-smooth with
respect to fiy,.

Proposition 40. Suppose that ¢ : B¢ — BT is a smooth map between Euclidean balls of dimensions
d and m with Jacobian D¢. Consider the function f : (R?)P — R™ defined as

12
Y(x,. .., xpy) = EZQS(%) (E.7)
i=1
Suppose that that the following three conditions are satisfied:

s There is some V. C (BH)*P and ¢ > 0 such that for ,u?p-almost every x € V,
det(Dy(z)Dep(2)T) > 2.

e For some ¢ > 2

sup max |0”¢;(z)] <2700 (E.8)
e V=M

In particular, this holds if ¢(z) is a polynomial of degree at most .
* Finally, suppose that the joint distribution of (x1, ... ,xp) is oP-smooth with respect to u;@p .

If pd > m, then the law of Y¥(x1,...,xp), conditioned on (x1,...,x,) € V is o’-smooth with
respect to [y, the uniform measure on BY*, where
, ao? P((x1,...,xp) €V)

o = T (E.9)

Second, we show that if ¢ is a polynomial, then it is well-behaved in the sense of Proposition 40 with
high probability, by proving the more general small-ball type estimate below:

Proposition 41. There exists a univesal constant C such that the following holds. Let ¥ : R? —
Sf be any function whose image is contained in the set of PSD matrices and whose entries are
polynomials of degree at most {, and let 1, . . .,x, be a sequence of random-variables such that,
foreacht, x| x1,...,x:—1 is o-smooth with respect to a common log-concave measure (i, and
]P)zw,u[)‘max(\:[/(x)) < B] = 1. Define

A= By [U(2)

Suppose that p > 161og(1/6) + £ log(24B) + 1 (log det(A) + Dllog(C¥)). Then,
1<& o \¢D
— . < [ —
P ldet (p ;:1 \IJ(:zz,)) < (CE) det(A)

Finally, we will show that if the probabilities corresponding to each label are well-controlled, then
the laws of x,, are smooth with respect to p4:

<.

Proposition 42. Let (z+,,yr,), ..., (2r,,Yyr,) be the sequence of points defined in Proposition 39,
arising from a sequence of (x, yt) with the x; being o-smooth conditional on the history and for
eacht, and y € {£1} it holds that P(y, = y) > 8 and that P(§; # yi) > 7. Then, for each i, it
holds that the law of x,, conditional on the history up to time 7;,_1 is (S~yo /T)-smooth with respect
to uq. In particular, the law of (-, ..., xr,), conditional on the sigma-algebra generated by p, _1,

is (Byo /T)P-smooth with respect to u5".
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Proof. Note that a peeling argument and induction show that the second statement follows immedi-
ately from the first. For any 7, %, denote probability conditioned on the history up to time 7;_; by
P,,_,.Let B C B¢ be measurable. Then we compute that P, | (x,, € B) can be given by:

< Z ]P)T'L—I(Ti >1— I)Pﬂ:fl(zt € B|yt 7é gt and Yt = gT)

P,._, € Bly: = y-
< S P (n>t-1) i1 (%1 € Blye = 5r)

1<t<T v
< ]PJTi_l (7__ St 1)]1]’-@,] (ze€Blye=1,9-=1)P-,_, (5721)*%”;”,1(ZEtEB\yt:*Lg'r:*l)Pn,] (¥-=1)
1<t<T
P, (x:€B
= P, (7 >t71)7ﬂ"1( 1€ B)
1<t<T By
< Tna(B)
Bryo
Thus, the result follows. ]

Propositions 40 and 41 will be shown below but for now we will take them as given. We can now
prove the key proposition:

Proof of Proposition 39. Let

p (2p+1)tm
&= {det (; Z(D({)quT)(xﬂ.)) > (@U) ’ (Ct)=*ma? for all T}

i=1

and note that by the fact that 7 < T’

> Cmlog <€LaT> ’

d

applying a union bound to Proposition 41 and using Proposition 42 to ensure that the hypothesis holds,
shows that P(U) > 1—4. On U we will let T = T, and on U¢, we will draw T/ from f,,,, conditioned
on (T, 7, ) being realizable with respect to J77’,. Note that we have realizability by construction on
U°. On U, we have that T/, = 7, and note that convexity implies that if y,, = --- =y, , then any
realizable adversary must classify T, as 7. Indeed, if w € J7]} is in the version space, and j,. = 1,

then
1 & 1L
wvfz(b(x’ri) = 7Z<w7¢($7'i)> >0
P P4
and similarly if . = —1. Thus, realizability holds. As we have already seen that

{there exists 7 such that 7/, # T} C &°

and P(U¢) < 4, it suffices to show smoothness of Z/. On U¢, the construction implies that T, are
smooth, so we now restrict to the event £. We first compute the Jacobian of :

Di(an, ... 2,) = % Dé(z1) Dé(zz) - Do(z)]
and thus ,
DYDY’ = %ZDwxi)Dw(wi)T
=1

which in turn implies:

det(DyDyT) = p~™ det ( > Dz/;(xi)Dz/J(xi)T> .
i=1

SRR
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Thus, under U, we have that

(2p+1)em
det(DYDY")(2r,, ... 2r)) = p ™ (W’) ’ (COHma? = 32

T
We may now use Proposition 42 to get that (x,,,...,,,) has alaw that is (3o /T)P smooth with
respect to uffp and apply Proposition 40 to get that, conditional on &, the law of 9 (2, ..., 2, ) is

o’-smooth with respect to p,,,, where

Byo\"
()
- 2m~+mpd Jpd
where we let V = U and note that P((z,,,...,z,,) € U) > 1. The result follows. [ |

g

E.3.1 Proof of Propossition 40
We will proceed by using the co-area formula [Federer, 2014]. For a given = € (B{)", let

J()(x) =/ det (Dy(a)D(x)7) (E.10)

and let {7 denote the j-dimensional Hausdorff measure. Then the co-area formula tells us that for
any B C V, we have

/ J(6)(2)dFP (z) = / GEP—m (1 () AH™ () E.11)
Pp~1(B) B

We make use of the following lemma:
Lemma 43. Suppose that ¢ is as in Proposition 40. Then for all y,

g_cdp—m(w—l (y)) < £2m+mpd

Before proving the lemma, we require a preliminary result from Yomdin [1984]; we reprove it here
in order to keep track of the constant.

Lemma 44. Fix k € N and suppose that Y C B is a hypersurface and let B¥ C BY. Suppose that
any line passing through B¢ intersects Y in at most € points. Then,
s &

T
A(3)

Proof. Because B is convex, we may consider the map 7 : Y — 9B, of projection to the boundary.
Recentering so that B has center at the origin, we have 7(y) = By the co-area formula
introduced as (E.11), we have

volp—1(Y) <

(E.12)

IIyH

/ J(m) (y)dFH " (y) = HO (=1 (2))dFH* 1 (2) (E.13)
B
Now, note that .J (7 (y)) > r* and thus we have
fa'Bk ))dj{k 1( ) (21
volp_1(Y) = [ dF! < E.14
k—1(Y) / (y) < Tk NG (E.19)
where the last inequality comes from combining the fact that by assumption voly(x) ' (2)) < £ and
the expression for the surface area of S91. ]

Proof of Lemma 43. We apply Yomdin [1984, Theorem 3 (iii)] iteratively on the coordinates of .
In particular, we apply Lemma 44 in order to keep track of the explicit constant in Yomdin [1984,
Lemma 7] and apply Yomdin [1984, Lemma 4] to show that we may choose 7 = (20 - £2)~1
Lemma 44. Thus we have for any y € BT,

m—1 pd—
volpa-m(f 1) < [ | =7 (20 27 (E.15)
o LA (PLJ)
Jj=0 2
< (2mtmpd (E.16)
using the fact that pd > m. The result follows. |
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Returning now to the proof of Proposition 40, we see for a given set B C V/, that
o P volgy (¢~ (B))

P(¢(x1,...,2p) € Bl(x1,...,2p) € V) < ) (E.17)
U—peQ’rn+’mpd
—————vol, (B (E.18)
apy o)
O.—p£2m+mpdwm
(B (E.19)
wdP(V) (B)

where the first inequality follows from the definition of smoothness, the second inequality follows
by (E.11) and the above claims, and the last inequality follows by the definition of fi,,,. The result
follows by using the fact that

: (E.20)

m

and bounding ()% < A (1) < ()%,

E.3.2 Proof of Proposition 41

We first introduce a small-ball estimate for sums of PSD random variables, in the spirit of Simchowitz
et al. [2018].

Lemma 45. Let X1, Xo, ..., X, be i.i.d. of positive semi-definite, RP*P valued random variables,
and suppose there exists B,n > 0 and A € S?_+ Sor which, for all t € [p)],

PAmax(X¢) > B =0
th[UTXU >0l Av | X1,..., X 4] >21n, Yve RP.
Then, if p > 8y~ log(1/6) + £ log(128) + Llogdet(A~1),

n

1 & n
P|- Xt —-A
PRIE

<.

In particular,
1< n\ P
— E i < | = <o.
P [det < v Xz) (4) det(A)] 0

Proof. The proof follows along the lines of Simchowitz et al. [2018], sharpened slightly for the
less general setting. Let X = Zle X;. By a Chernoff bound (Lemma 16), for any v € §P~1,

Plo™Sv < gpuTAv/2] = P[}0_ 0" X < mpoTAv/2] < PP I{o T Xjv < ol Av} <
np/2] < exp(—np/8), where we use that X; = 0. Hence, for any finite subset T C §P~1,

Pu"Sv > v’ Av- %, Yo € T] > 1 — exp(—np/8 + log |T)).
To conclude, we show that there exists a finite set T of size at most exp(% log(%) + 1 logdet(A))
such that, if vTXv > v Av - nT'/2 for all T, then X > %.

We take T to be an ¢ = /n/4B-net of the set 85 := {v € R : v Av = 1}. Then, if v’ %o >
vTAv-np/2 =np/2 for all & € §,, it holds

np
1
which means that ¥ > “ZA. Define the ellipsoid € := {v € R vTAv < 1} D 84. Note that
since Amax(A) < B, €5 D {v: ||v||? < 1/B} D 2eBP, since e = \/n/4B

1 1
7'Y0 > ivTEU —(0—v)"2(0 —v) > 51T = Bpl|o —v|]? >

1
S WE

epD epD 5 D
7y < PGB ¥ 8a)  vol(5B1 +8a)  vollGEn) _ (8) det(A~1/2).
vol(§BYP) vol(§BP) vol (£BP) 5e
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Hence, we can take

12B

D 64 1
log|T| < Elog( log( p )+ Elogdet(A).

1 D
- — < —
2582) +3 log det(A) < 5

Lemma 46. Let U : R4 — SE be any function whose image are PSD matrices whose entries are
polynomials of degree at most {. Let p be any distribution which is o-smooth with respect to a
log-concave measure ji. Then, there exist a universal constant C such that, for any v € RP \ 0,

1

Poplv U(z)v < ot (Cl 0" By W(2)v] < 3

Proof. Consider the polynomial function f,(z) = v ¥(z)v. This is a polynomial of degree / in z,
and nonnegative. By Carbery and Wright [2001, Theorem 8], with ¢ = ¢, we have
Eonulfo(@)'* a7V Poy(fo(2) < o] < C'2,
where C” is a universal constant. Reparametrizing o <— o - E;,[fo ()], we have
Pyp [fo(z) < Eznp [fo(z)]] < C'talt

To conclude, take a = (2C"¢/a)~*, we get

Ponylful(@) < (20°0/0) " Eanlfo (@)]] < 5
Hence,

Penplfole) < (20'1/0)  BunlFu(@)]) < 5
Taking C' = 2C" and substituting f,(x) = v ¥(x)v concludes. [ |
Proof of Proposition 41. Let p; denote the conditional distribution of z; | x1,...,x;—1. By assump-

tion, p; is o-smooth with respect to the log-concave measure i, so

Plo" U (z)v < (CO 0T By O(2)v | 21,0 24-1] <

DN | =

Hence, we can apply Lemma 45 with < 1/2, B + B, and A « (C¢)~“A. Using that
det((Cf)~*A) = (C¢)~P*det(A) concludes. [ |
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F Proofs from Section 6

In this section, we prove the extensions of our results to the multipiece setting.

F.1 Proof of Theorem 11

Algorithm Description. Algorithm 6 gives our algorithm for K -class classification. We maintain

(12( ) instances of the binary classification algorithm, Algorithm 1. That is, each Ay;, maintains a

)

wt(” at each time ¢, and

Al(fiﬁ).classify(x) = sign((wgi’j), w)).

To gain intuition, recall that we assume the ground-truth classifier to

[*(x) = arg max(z, w}), (F.1)
i€[K]

where the argmax is taken lexicographically. Hence, f*(x) admits the following equivalent represen-
tation:
*(z) = min {i : (z,w) > max(x, w’
F(a) = min {i (. 0) > max(r.wl))
= HI[III(I]{’L ssign((z, wl —wl) >, Vi > i} (F2)
i€

Hence, f*(x) can be thought of running a lexicographic tournament, picking out the first index 4
which ‘wins’ over all lesser indices k. This is what motivates the selection of § in Appendix F.1 of
Algorithm 6.

Proof of Theorem 11. We reduce to the generalized, “censored” variation of our linear classification
setting, depicted in Proposition 32. For pairs ¢ < j, define

wi) = wl —wl y,gi’j) = sign((wii’j),azﬁ), g}ﬁi’j) = .Ag’nj).classify(xt)
Note that

g =1 Vj > i whenever i = y,. (E3)

For simplicty, lets assume that w*(*)) # 0 for i < j. We address the edgecase where this term
may be zero at the end. Further, let 7; < j; denote the indices select in Equation (F.4). Then,
since the algorithm always selects such a pair (i¢, j;) whenever a mistake is made (and defining, say
(i, j¢) = (0, 0) to indicate no mistake),

DG Ay =Y K i) = (i,)}-

t=1 i<j t=1
The following claim reduces to binary-losses.
Claim 2. For the indices iy < j; selected in Equation (F4), andany 1 <i < j < K,
(e, o) = (i)} = Mo # 9 MG, ) = (3,9))-
(

Moreover, when (i, ji) = (4,7), yti’j) = sign(§: — y:), and thus can be determined by learner.

Proof. Indeed, at a round where I{ (i, j;) = (i, )}, we have §; # y;. We have two cases
* When y; < 9, then Equation (F.4) selects ¢ = y; and j as some index for which y;” ) = -1,
such an index must exist by the choice of §; in Appendix F.1 (otherwise, either 4, < v,

or else y; would be correctly selected as the true class). On the other hand, yti’j )=

Sign(<w£i’j)7 x)) = 1 = sign(g: — y:) by Equation (F.3). Thus, yti’j) + gii’j)
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o If §; < w;, then from Appendix F.1 it must be the case that g)t(” ) = 1fori = 7 and

J = y. being the indices selected in Equation (F.4). But by the reverse of Equation (F.3),

yt(i’j) = —1 = sign(y; — y:). Hence, @ii’j) # yy’j)-

Hence, we may write

T T
STig Ay =3 65, 6 =1y £ gV (i, i) = ()}

t=1 i<j t=1

We now claim that the losses ﬂﬁi’j) = ]I{yt(i’j) # yt(i’j)}]l{(z’hjt) = (i,7)} precisely corresponding
to the censored binary setting of Proposition 32.Indeed, consider a setting where x1, x2,... are

selected by the o-smooth adversary, and the label is gt(” ) defined above. Al(fi’nj) does not always see

yf” ), but whenever Egi’j ) = 1, Claim 2 shows that the learner does indeed observe the true value

97 Thus, by Proposition 32, it holds for any fixed i < j that with probability 1 — 4,

T
"y T
>4 < 136dlog(d) + 341log (06> + 56

t=1

Union bounding over all ([2( ) < K? pairs i < j and summing, we conclude that with probability
1-46,

T
o TK?
Regp = > Y 4" <136 2dlog(d) + 34K log ( ) +56K2.

— od
i>j5 t=1

TK?
< 136K?dlog(d) + 90K log < 5 )
g

Modification for non-unique ground truth classifiers. Here, we can modify Al(fi’nj) with the
following rule: predict @gw )
reinitalize A'"7) to have w("?) = ¢;, as in Algorithm 1.

= 1 until there is an time ¢ for which (i;,j;) = (4,7), and then

Consider an i < j with w! = w?!. We claim (i, j;) # (i, ) for any ¢. Now, suppose there is a time ¢

that (44, j:) = (4, 7), let T denote the first time ¢ for which this is true. Then, Q,W ) = 1. But in addition
yr # j for any t because we assume the arg max in Equation (F.1) is broken lexicograophically.

Thus, from Equation (F.4), it must be that y. = 7, and that j is such that g)t(” ) = —1; this gives a

contradiction.
Now consider i < j with w? # w?. Then our modification of g]t(i’j ) only increases Zthl eﬁ” ) by at
most 1. This adds at most (12() < K? to the total regret (modifying the constant of 90 to 91).

F.2 Formal Guarantees for Piecewise Regression

We will prove a slightly more general version of Theorem 12 and then derive the result in Section 6
as a corollary. First, we will define what kinds of regression classes our result will apply to:

Definition 47. Let G : X — R be a function class. We say that G is {-determined with respect to
some measure (i, on X if the following two conditions hold:

* The values on { points in general position uniquely determine the function, i.e.,
P (there exist g # ¢’ € G such that g(z;) = ¢'(x;) for 1 <i < landz; ~ ) =0 (F5)

* Two functions intersect only on measure zero sets, i.e., forall g,g' € G,
p({zeX:glx)=g(x)})=0 (F.6)
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Algorithm 6 K-class linear classification
(4,9)

1: Initialize Binary classifiers A, »", 7 < j
2: fort=1,2,... do
3 recieve N N
4 fori< jdoj" = Ag‘i’j).classify(zt)
5. predict g, = min{i € [K]: 9\ =1, i < j < K} (% self.classify(z:))
6 if y; # y; then (% self.errorUpdate(x:))
7 Define
: : N (2% ) . -
()= iZ v €U > g = 1) ifwe < (E4)
Y=Y ) =W ifg; <y
8: Update Al(fi’nj) .errorUpdate(x;)

Note that linear classes in R? are trivially d-determined with respect to the Lebesgue measure,
and thus with respect to any measure absolutely continuous with respect to the Lebesgue measure.
Polynomial classes are also /-determined with respect to the Lebesgue measure for some ¢ depending
on d and the degree of the polynomials. We observe that our definition of an /-determined function
class is an offline analogue to the notion of eluder dimension from Russo and Van Roy [2013].

Now, for a given function class G : X — R, we denote by

K
G5 = {I = gyr(r) = Zgl(z)ﬂ[f(:r) = i

gi€Gand f € Sf} (E7)

where JF is the set of K -class linear classifiers from Theorem 11. We will continue to suppose that
the x; are drawn from distributions that are o-smooth with respect to ; and that the labels y, are
realizable with respect to G.

Assumption 1 (Oblivious, realizable smoothed sequential setting). We suppose smoothed online
learning setting and the adversary is realizable with respect to G5 and oblivious in the sense that
before the learning process begins, the adversary chooses g* = (g7, ..., g%) € §¥% and f* € F and
lets y; = (&%) p+(x¢) for all t. We assume further that g* has unique entries: g; # g; fori < j.

Lastly, we assume we have access to the following ERM oracle.

Definition 48 (ERM Oracle). Given U = {(z1,y1),-- -, (Tn,ym)}, where (z;,y;) € B¢ x Y,
ERM(U, G, K) returns an < K, and ¢1, . .., gn and partition C1, ..., C, of U such that, for all
(x,y) € C;, gi(x) = y. By post-processing, we may also assume that g; are distinct*

Proposition 49 (General /-Determined Regression). Suppose that we are in the semi-oblivious,
smoothed online learning setting, where the adversary begins by choosing g;* S+ from (E.7), and, at
each time t, draws x from a distribution that is o-smooth with respect to {1 and sets y, = g5. (z4).
Suppose further that G is {-determined, in the sence of Definition 47. Then, Algorithm 7 satisfies for
all T, with probability at least 1 — 6,

TK?
Reg; < 136K%dlog(d) + 91K log ( 5 ) + K*(t+1) (F.8)

g

Moreover, the per-time step computational complexity of Algorithm 7 is polynomial in d and the
complexity of the ERM oracle Definition 48, applied to a data set U of size no more that |U| <
K(+1).

F.3 Algorithm for Piecewise Regression

Algorithm 7 proceeeds at follows. We let N, denote the number of clusters about which we are
certain, U; denote the set of points which cannot be assigned to a cluster. We maintain a supervised

“Note that the ERM Oracle need not cluster with respect to the classifiers (even thought it can certainly be
implemented this way). Hence, one can can merge cluster to ensure g; is distinct.
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Algorithm 7 General Piecewise Regression

1: Init: K-class supervised linear classifier A (instance of Algorithm 8)
ERM-oracle ERM (see )
2: foreachtimet=1,2,... do

3 recieve r; R R
4: predict §; = g (z;) for k = k;, where k; := A.classify(z;, Ny) % 9. =0 if N, =0
5 observe ;.

% update classification

7: if k; # k} then, A.errorUpdate(z,, N;)
8: maintain Nt+1 — Nt, Ut+1 — ut
9: else% update clustering ~ ~
10: (Clzn;gl:n) “— ERM(ut,S,K) ,Ut :UtU{(xt,yt)}
% Initialize N =N,
11: for eachi: |C;| > ¢+ 1do
12: N=N+1,45 < 9
13: Negr = Ny Uepr < W\ Uiy 5001 {(2,9) € We 2 gi(x) =y}

Algorithm 8 K -class linear classification with supervision
1: Initialize Binary classifiers A}(ji;lj), 1 <J
2: fort=1,2,... do
% guarantee y; < M,
3: Recieve (z;, M) and predict (% self.classify(x;, M;))

g¢ = min{i € [M;] : A7 classify(z;) = 1, i < j < M,},
4: Observe y;

5: if y; # y; then (% self.errorUpdate(z:, M))
6: Define
(i, ) = Z:yt,jE{k}>Z:<w§Z ),zt><0} ity < g (F9)
L=ty J =Yt if g5 <wye
7: Update Al(fiﬁ) .errorUpdate(x;)

K -class linear classifier, A, described in Algorithm 8. It is similar in spirit to Algorithm 6, except
it takes in “side information” M; on which it only predicts from the first M; classes. Lastly, we
maintain a growing sequence of regressors g1, g2, - - - € G such that g; does not change once assigned,
and g; is defined for all 7 < V;.

At each time ¢, we call fct = A.classify(z;, N;) to guess the cluster of z;, only among cluster i < IV,
about which we are certain. Then, we predict §; = g,;t (z¢). The idea is that, for k = k; < Ny,
we are sure that gy, is the true predictor if x; is in cluster £.We then observe y;. If y; was correctly

predicted by one of that g; for which ¢ < Ny, but not the lz:t we guessed, then we update our classifier
A. Otherwise, we call the ERM oracle to determine if we can find new cluster(s) to add, appending
to our sequence of predictors §’s, and growing our number of certain clusters NV;. Note that we
never maintain an explicit clustering of our points, but only cluster retroactively based on whether
gi(x¢) = y; for some 4, as a means to recover the classification label.
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F.4 Proof of Proposition 49
F4.1 Guarantee for ERM procedure

Lemma 50. Let I C [T] be any subset of time. Then with probability one, it holds that for
any partition Cy, . ..,Cp of (Ts,Ys)se[r) and any gu, . .., gn distinct functions such that, for all
(z,y) € Cy, gi(x) =y, then for any index i for which |C;| > £+ 1,

© M) = (@) forall (z,y), (z',y') € C;

* i = G} (y) representative z € C;

Proof. Let I1,...,1I,, denote the times in each cluster C4,...,C,,. Without loss of generality,
suppose I is a cluster for which |I;| > ¢ 4+ 1 (we may handle all simultaneously via a finite union
bound.)

Item 1. Suppose in fact that there exists s, s’ € I; with f*(zs) # f*(xs). We first argue then
that g1 # g for all k € [K]. Indeed, by smoothness and the second condition of Definition 47, it
holds that with probability 1, g; (z5) # g5/ (zs) forall1 <5 < T and k # k. Seti; = f*(x,) and
iz = f*(xy). Thus,if g; = g, the fact g;(z5) = g}. (25) and g;(zs) = g}. (vs) would require
both g (zs) = g}. (zs) = g, (v5) and gi(vs) = g}. (zs) = g, (). Thus, on the aforementioned
probability one event, we would have both & = i1 and k = i5, which contradicts the supposition
i1 # o

Next, let S C [T] denote a set of indices. Denote sy,.x = max{s € S}, and define the events

‘As(gl) = {Hg €9 \ {g/} : g/(msmax) = Ysmax>» Vs € Sag(xs) = ys}}

By the above observation that g; # g¢; for any k, we see that if there exists s,s’ € I with
f*(s) # f*(s") with |I;| > £+ 1, then one of the events Ag(gj) must occur for some S| > ¢ + 1
and k € [K]. Since there are only finitely many such events, it suffices to show that for any fixed S
and k, P[As(g5)] = 0.

Hence, fix S and k. For a given S with max element s,,x, let .#_; denote history generated by

(T1,91)5 -+ s (Tspae—1s Ysmax—1)- Define the A_q == {3g € G\ {g}} : s € S, g9(xs) = ys,5 €
S\ {Smax}}- Then, A_; is .%_1 measurable and A_; contains Ag(g’). Hence,

PlAs(gi)] = E[P[As(g;) | #1l]
= E[{A 1} - PlAs(gi) | Fll.

By the first condition of Definition 47, A_; coincides with the event A’ ; := {Jaunique g €
G\{g;i} :s€S,9(xzs) = ys,s € S\ {Smax}} almost surely. Hence,

PlAs(gr)] = EI{A”,} - PlAs(gr) | Fsll-

Lastly, when A’ ; holds, let § # g¢; denote the unique g # gj consistent with examples s €
S\ {Smax }- Since § is determined by .#5_1, we have

PlAs(gk) | Fs-1] < Plg(Zs0x) 7 gk (Smax)] = 0,
where we use that § is fixed, that § # ¢’, and the second condition of Definition 47. The bound
follows.

Item 2. For any fixed set of indices I with |I| > ¢ + 1 > ¢, the first condition of /-determination

(Definition 47) ensures then that P[3g; # g7 : g1(2s) = g} (25), Vo € I] = 0. The bound follows by
union boundig over all I C [T] and j € [K].

F.4.2 Distinctness of clustering

Claim 3 (U; is Uncertain Set). Fix a time t. Then, for any (x,y) € U; and any i < Ny, g;(x) # .
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Proof. This is true vacuously at time ¢ = 1, when U; = ). Suppose it holds at time ¢, we prove it for
time ¢ + 1. If x; is such that there exists an n < N; with g;(x;) = v, then U; 41 does not change
from U;. Otherwise, if g, (z+) # y: forall n < Ny,

U < T\ | {@y) el gi@) =y}, U:=UU{(z,y)}  (F10)
i:]Cy|>£41

where g; and C; are the clustering from the ERM oracle. By the inductive hypothesis and fact that

Gn(x) # yi for all n < Ny, it follows that g, (x) # y for all (z,y) € Uy U {(z¢, )} = Us 2 Upp1.
Now, if there is some n : N; < n < N, for which §,(z) = vy, then that g,, was added during the
ERM step at round ¢: i.e. g, = g; for some 4 such that |C;| > £+ 1. But then (x, y) is removed form
U1 by Equation (F.10). ]

Claim 4. Fix a time t. Then, for any i,j < Ny, §; # ;.

Proof. This is trivially true at time ¢ = 1. Suppose this is true at time ¢, we establish the claim for
time ¢ + 1. If 2 is such that there exists an i < Ny with §;(z;) = y;, then Nyy1 = N; and so the set
of ¢;’s under consideration remains unchanged.

On the other hand, suppose there is no ¢ < Ny with g;(z;) = v¢. Then, all possible new §;,’s for
N; < j < Ny4q are correct on some subset of points of U; U (z¢, y¢). But by the previous claim
(Claim 3) and the assumption that, for ¢ < N, with §;(z;) = y:, no element of U; U (z, y;) is
correctly predicted by any g; for ¢ < ;. Thus, none of the new §;’s can equal an g; for ¢ < N;.
Moreover, by the definition the ERM oracle, Definition 48, all newly added g;’s are distinct. |
F.4.3 Key summary of Algorithm 7
We now summarize the results with the following lemma.
Lemma 51. With probability 1, there exists a permutation w such that

* For each time t and i € [N¢], §i = gy, ;)

o For each time t and i € [Ny, §;(x) = y if and only if f*(z) = 7 (i)
If (x,y) € Wy, then 7= 1(f*(x)) > Ny

« Whenever i, # 1y, either 7=1(f*(z)) > Ny, or ky := A.classify(z;, N;) has m(k;) #
I (@)

Proof. Forn = Nrp,let g1,...,G, € G denote the functions constructed by our algorithm. Since
each new g, is added from a cluster with at least £+ 1 points, applying Lemma 50 (with a union bound
over index sets [ ensures that g; = g7) for some j € [K]. This gives us a mapping 7 : [n] — [K]. 7
must be injective, since g7 are distinct by assumption, and g; are unique by Claim 4 (in particular,
n < K). Thus, 7 can be extednded to a permutation from [K] — [K|]. By construction, the first item
is satisfied.

The second item is a consequence of uniquenessof that the previous point, uniqueness of g;’s, and the
second point of Definition 47 , since we only need to union bound over finitely many times ¢ € [T
and pairs g7, g7’s. The third item follows similarly, by invoking Claim 3.

For the last point, suppose 71 (f*(x;)) < N;. Then, by the previous point, (x4, y;) ¢ U;. Thus, the

algorithm classifies §; = §;, (x;) where ky € [N]. But by the first point of the lemma, 9 =9 ()’
t t (ke

Soif w(k;) = f*(x), then we woudl have 9z, (1) = Gfu(y,) (@) = yr, a contradiction. [ ]

F.4.4 Proof of Proposition 12

Let 7 denote the permutation ensured by Lemma 51. We may assume without loss of generality that
7 is the identity permutation (by permuting g*). Let k; = f*(x;). Recalling also that k; < Ny, the
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fourth point of Lemma 51 ensures.

T
Hge <y} <T{ky > Nip + ZH{]A% # ke, ke < Ni}

t=1
First, we bound the contribution of I{k; > N, }:
Claim5. 3.7 I{k; =k, k> N} <K(+1). Thus, Y1 1{k; > N;} < K2(0 +1).

Proof. Suppose k > Ny, and let Sy, := {s < ¢ : f*(zs) = k}, and define 7, = max{t € [T :
ke > Ny, ki = k} Then

T

> ke > Noke = k} = [Sr k-

t=1

We claim that |S;, x| < K (£ + 1). Indeed, suppose |S;, x| > K(£+ 1). Then, for some ¢ < 7y,
|S¢ k| = K(€+ 1) and k; = k and k > N;. By Lemma 51, g (%) # gi(w;) for any i < N;. Hence,
our algorithm executes Appendix F.3. By the pidgeon-hole principle, there must be at least one cluster
C; 1 |C;| > £+ 1 which contains at least one s € S; 5. Hence, the update rule ensures that i < N;4q
for which g;(zs) = ys. But again, by Lemma 51 (and taking the permutation to be the identity),
we have f*(x,) = 4. In other words, i = k; = k, i.e. ks < Nyy1 < N;,. This constradictions the
definition of 7. |

Summarizing our argument thus far, the following holds with probability one

T T
Z]I{gtgyt}§K2(€+1)+ZH{kt7&kt,ktgNt} (F.11)

t=1 t=1

Finally, by mirroring the proof of Theorem 11, we upper bound

KA TK?

§ T{k; # k¢, ke < Ny} < 136K 2dlog(d) + 91K log < 5 ) : (F.12)
g

t=1

The key difference between the above bound and that of Theorem 11 is that we only see when
get feedback k; < IV, but at the same time, we only suffer a loss when k; < N;. Hence, the
bound follows from a near-identical argument, calling the general censored version of our binary
classification Proposition 32, modified to add the event {k; < N;} to the censoring. Combining
Equations (F.11) and (F.12) concludes.
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G Non-realizable mistake bounds for the Perceptron.

For simplicity, we consider regret with respect to a fixed b* € R, w* € B¢, and define
yi =y (@), y*(x) :=sign(b” + (z¢, w")).
Again, we normalize x; that max; ||z;|| < 1. We further assume that
1411 + w*[? =1, w*| = 1/2.

We show in Lemma 58 at the end of this section that this is without loss of generality. We define

0t = ]

Unlike with our cutting-plane methods, we allow the adversary to deviate from a realizable clasiffier.
Specifically, for each time ¢, the adversary selects x; ~ p;, and may instead choose to play some
Yyt # y7. We define,

Nerr =1 + ‘{t Yt 7é y;}‘v
and obtain non-vacuous mistake bounds provided N, is sublinear in 7.

Informally, our total mistake bound for the Perceptron is polynomial in the smoothness along the
direction of the optimal classifier w*. This is formalized in the following definition:

Definition 52 (Directional og;.-smoothness). We say that the adversary
o is (o4ir, W) directionally-smooth if (xy,w*) has density at most 1/c4;; with respect to the
Lebesgue measure on the real line.

* is, more generally, (0gir, o, W) directional-Tsybakov-smooth if sup,cg Py, ~p, [(2¢, 0*) €
[a,a+n]] < ' /oair.

Note that a (0qiy, o, W*)-Tsybakov adversary is is (0 qiy, W*)-smooth.

Note that Definition 52 is a slightly weaker condition than the one consider in Theorem 7 in the body,
as it only requires directional smoothness along w* (not uniformly). As noted in the body, directional
smoothness can differ substantially from general smoothness. We provide two examples.

Example 1 (Additive d-Ball Noise). Suppore that at each time t, the adversary selects x; = &y + ey,
where ||| < 1/2, and e; ~ rBE for v < 1/2 (and, for simplicity, d > 1). Then, the adversary
is a-smooth for o = voly(rB¢)/voly(BY) = ri. However, if u ~ pq is drawn uniformly from the
sphere, then the density p1(-) of its first coordinate u; with respect to the Lebesgue measure is

(uy) = volg_1(y/1 —u3BI~1) - volg_1(BI™1) _ (d-1)
prith voly(BY) = T ol (B SN

Hence, by rotational symmetry, we see that for any w*, the adversary is (oqi, W*) directionally-

smooth for oqiy = %. Notice that the directional smoothness is now only polynomial in d, rather
than exponential in it.

Example 2 (Additive Noise in a Random-Direction). Again consider the additive noise setting where
at each time t, the adversary selects x; = &+ ey, where ||Z4|| < 1/2. However, suppose e, is selected
as follows: before the game, the adversary selects a direction € ~ 14, and plays e; = a;é, where a;
is drawn uniformly on the interval [—r/2,r/2]. Note that this adversary need not be o-smooth with
respect to g for any o > 0, because after the adversary commits to €, her smoothing is restricted to
a line segment. Still, with constant probability, (é,W*) > c¢/d for some constant ¢ > 0. Hence, with
constant probability, the adversary is (oqix, W*)-directionally smooth for oq;; = cr/d.

We now state our guarantee for the classical Perceptron algorithm Rosenblatt [1958]

Theorem 53. Suppose that the adversary is (0 air, ov, W*)-Tsybakov, and define p := 52— € [2,1).

33—«
Then, with probability 1 — ¢, the Perceptron algorithm (Algorithm 9) satisfies

Y g # 9} S (T/0aw)’” - (New)'™* + log([log T /).

t=1

46



Algorithm 9 Online Perceptron

1: Initialize w, = e; € BY
2: fort=1,2,... do

3: Recieve x; and predict

9 = sign({wy, x¢)), (% self.classify(z;))
4: if §, # y; then (% self.errorUpdate(x+))
5: Wiyl < Wt + YTt

Remark 4. Recall Example 1, which shows that directional smoothness oai; may scale as ~ r/d
when the (standard) smoothness scales as o = r¢. Applying Theorem 53 with o« = 0 and thus,
p = 2/3, our (T/ogn)?® ~ (Td/r)?/*-mistake bound interpolates between the log(T /o) ~
dlog(1/r) + log(T) bounds attained in this paper, and the poly(1/c) ~ (1/r)*¥-regret enjoyed
by previous computationally efficient algorithms. In addition, we achieve a robustness to sublinearly-
in-T' mistakes, which prior approaches do not.

In fact, a more general result holds, in terms of a direction-wise anti-concentration of the adversaries
distributions.

Theorem 54 (Guarantee under Tsyabkov Smoothness). Define the anti-concentration function

pu(n;v) := Sl:p sug]?xwpt[@:t,v) € la,a+n] | Fi-1]-
ac

For any fixed v € (0, R), with least 1 —0, the number of mistakes made by the Perceptron (Algorithm 9)
is at most

T
A~ NCrr A %
ST A < ~o + TPu(Ry, ") + log(1/9),

t=1

G.1 Proofs for the Perceptron

We begin by stating the standard guarantee for the Perceptron algorithm due to Freund and Schapire
[1999]. To emphasizes its generality, we use Z; to denote its inputs, which we allow to have
non-normalized radius R.

Theorem 55. Let (7;,y;)_, € R" x R be a sequence of labeled exampled with ||Z;|| < R. Fix
w € 8"~ Y, v > 0, and define the margin errors

di == d;i(w,7y) = max{0,y — y; - (T;, w)}

Then, the number of mistakes make by the online Perceptron is at most

T
D&
i=1

The following corollary explicitly bounds the term D?,
Corollary 56. Fixaw € 8" ',y € (0, R). Let

Ny = |{i : sign(y; - (7, @)) < 0}
Then, the number of mistakes make by the online Perceptron is at most

R2
(8N + 4)¥ + 2N,

Proof of Corollary 56. Let Sy := {i : sign(y; - (Z;,w)) # 1} and Sy := {i : sign(y; - (T;, ®))
= nd i

1, ;- (s, w) < ~v}. Note that Ny := |S;] and Ny := |S3|. Moreover, S;1 NSy = 0, a

=N
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) ¢ (Sl U 52), d; := max{Om — Y - <{fi,ﬁ)>} = 0. Hence,

D= "d?+ > d?

1€S1 JES2
< Nymaxd; + Nad:.
€5,

Fori € S1, d? < (v + [(z, >|) < (v + R)? < 4R?, where we used v < R. For j € Sy,
d; € [0,7], 0 d7 <~*. Thus, D* < AR2Nj + Ns. Thus,

R 2 2R? 4+ 2D? R?

( t D) ; < (8N +4) 7 +2Ms

We now return to our specific setting, re-adopting x; (not Z;) for features. We bound the probability
that a given point x; does not lie within a margin .

Lemma 57. Consider the p,, function from eq. (% self.classify(z:)). Then, for any interval Iy C R,
Ply; - (0" + (x4, w"))) € Io | Fra] < 2p,(2[ Lo, 0%),
In particular, Plyf - (b* + (x4, w*)) < v} | Fee1] < 2pu(2y, 0).

Proof of Lemma 57. Note that the ground truth label y; may depend on x;. We circumvent this with
a union bound. Let [y be any inverval.

Ply; - (0" + (wpw) € ] < Y Pl{z, w*) € yl]

ye{-1,+1}
< D PR (zn@t) € (0" +ylo)/|[w]
ye{—-1,+1}
< 2pu(|lw* |7 Do], %) < 2p,u (2l 1ol, @),
where we recall our assumption ||w*|| > 1/2. |

We may now prove Proof of Theorem 54.

Proof of Theorem 54. We apply Corollary 56 with w = (w*,b*) and Z; = (z;, 1). Note then that
lz:)> =1+ ||;1:1||2 < 2, so we may take R = /2. Define

= [{i: sign(y; - (#s, | w]])) < O}

= {i:sign(yi - (75, w)) = 1,y; - (T3, w) € [0,7]}]
it suffices to bound N1 and Ny. Sice yf - (T4, ﬁ;)) > 0, we see that each

T

=37, Zi=Ty - (0" + (w,0) € [0,7]}.
t=1
Set ¢, := 2p,(2vy,W*) + 8log(1/d)/m. By Lemma 57,
E[Z: | Fra] < 2pu(27,07) <ty
Hence, by Lemma 16,

P[N, > 2Tt Z Z; > 2Tt,) < exp(=Tt,/8) <
t=1
Thus, from Corollary 56, applyied to the vectors (z;, 1), the number of mistakes is at most
R? 16(Ny +1
(8N, + 4)? + 2N, < (712)

< 6(N1 +1)

+ 2N, (R? = 2)
+4Tt, (w.p. 1—6)

R2
= (8Ny + 4)? + 8Tp, (2, w*) + 321og(1/90).
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Proof of Theorem 53. Fix any N € N. Under the Tsybakov smoothness of the adversary,

N ) N . N .
— A+ mpu(2yn, 07) < 5 0, T(2wW)' ™ S 5 +omT(w)! (G.1)
N N N
Balance both terms by setting 73 * = (N) /(o3 T). Then, for p = 72—, this choice of ~ ensures
N

- = 1—p Y
) (N) ") T/oai)

Since v?{a balanced the terms in Equation (G.1), we have
N . -
=t Tpu(2yn, w*) S (N)' (T /04)"” (G.2)
N

For k € N, let &, := {2¥"1 < N, < 2F¥}. Then, P| ijﬂ] = 1. Moreover, by applying
Theorem 54 with -y, for each k, we have with probability 1 — §, if & holds, then applying
Equation (G.2) with N = 2%,

1
#mistakes < Nerr,YT + Tppu(27(ary, ©*) + log(1/5)
2k

(T/oa)((25))' 77 - () 5= + log(1/0)
(T/0dir)” (Nexs)' ~* +1og(1/6),

where in the last line, we use N, > 2¥/2 on €. Taking a union bound over k € [[log T']], with
probability 1 — 4,

#mistakes 5 (T/O'dir)p(Nerr)l_p + lOg( |—10g T-| /6)

G.2 Lower bound on 1/|w*||

Lemma 58. There exists (1, b) for which Ply* () = sign(b + (x,w)), Yt > 1] = 1, and which
satisfy |b| + |@]? = 1, and | w|| > 1/2.

Proof. We consider two cases.

« Case 1: y*(z) is not constant on B¢. Let (b, @) be equal to a(b*, w*), where « is chosen
so that b + ||@||? = 1. By positive homegenity of sign, y* () = sign(b + (z;,®)). Since
y*(x) is not constant on BY, we must have ||| > |b]. This means ||@||2 > b? = 1 — |2
Hence, |w]]? > 1/2.

« Case 2: Since y*(z) = y* is constant on Bl,. For some ¢ small, set b = /1/2 + ey,

and set = ejy/(1 — b2) = /(1/2 — ¢)ey, where e, is the first cannonical basis vector.

By construction, b + ||@]|? = 1, and y* (b + (z, @) > /1/2+¢ — /1/2+¢ > 0. To
conclude, we take € = 1/4 (though any ¢ arbitrarily close to zero would work as well).
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