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K-theoretic Persistent Cohomology U
.

Y. Maruyama and A. Yasuda (Nagoya Uuniversity and Australian National University)

Overview: We propose K-theoretic persistent conomology (KPCH), which equips the
Grothendieck group of persistence modules with lambda-operations arising from exterior
powers. This yields new persistence layers that measure concurrency of structures, thus
allowing to distinguish graph structures indistinguishable by usual persistent homology.

Objective: Beyond additive summaries of H? (e.g. total persistence), quantify simultaneity
of classes. KPCH does this by placing [H?] in a K-theoretic A-ring and extracting exterior-
power layers A’H? that are computable, stable, and interpretable as concurrency.

Setup: Fix a field k and a totally ordered I ¢ R. A persistence module is a functor
M : I — Vecty,, t— My, (s<t)— ¢, : My — M,

Let PMod,tq denote pointwise fin-dim modules. The interval decomposition thm yields a
barcode B(M) (a finite multisite of intervals when M istame)and M = @ ;cpin 17
Define Betti curve S () := dimy M; and total persistence TP(B(M)) := Y-y aenn(d —b)-

K-theory and A-structure:

Let Ko(PModyq) be the Grothendieck group generated by iso. classes [X] with relations
[B] = [A] + [C] for every shortexact 0 > A—= B = C = 0 in PMod,.

Define multiplication by [M] - [N] := [M ® N}

Define \»([M]) := [A"M] where (A"M), = A*(M,;) with structure maps A™(P3zy).

Theorem (special A-structure): Ky(PMod,y) with - and A" satisfies
N(z)=1, Mz)=2z, M@+y)=Mx)\(y), M= Z)\ntn-
n>0

For a filtered space (Xa)acr, St Ky := [HP(Xa; k)] € Ko |
and interpret \'(k,) as the K-class of the new persistence layer A*HP.

Interval calculus: If M =€,cx1s, then the following hold:
@ I.]rln...nJri, B(AzM) — {[ma.xbgj, min dgj)}

r1<--<r; .
keeping only positive-length intersections. Thus A® records i-fold concurrency windows.
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Stability: Let d; be the interleaving distance and dB the bottleneck distance,
dr(A'M,A'N) < d;(M,N) =  dp(Dgm(A'M),Dgm(A'N)) < dp(Dgm(M),Dgm(N)).

Integral formula: tp(B(Ain)) — / (5A{(t)> g, dimg(AIM,) = (ﬂy(t)).
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This enables a single-pass computation of the total i-fold concurrency form B(M).

Experiment Results:

Feature SEQUENTIAL OVERLAP AUROC Acc.
TP(B(A*H')) 0.00 0.62 0.99  0.97
TP(B(H')) 1.58 1.60 0.52  0.55
Max lifetime in H' 0.86 0.88 0.54  0.53
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