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Abstract

Recent research has introduced a key notion of J{-consistency bounds for surrogate losses. These
bounds offer finite-sample guarantees, quantifying the relationship between the zero-one estima-
tion error (or other target loss) and the surrogate loss estimation error for a specific hypothesis
set. However, previous bounds were derived under the condition that a lower bound of the surro-
gate loss conditional regret is given as a convex function of the target conditional regret, without
non-constant factors depending on the predictor or input instance. Can we derive finer and more
favorable J{-consistency bounds? In this work, we relax this condition and present a general frame-
work for establishing enhanced H-consistency bounds based on more general inequalities relating
conditional regrets. Our theorems not only subsume existing results as special cases but also enable
the derivation of more favorable bounds in various scenarios. These include standard multi-class
classification, binary and multi-class classification under Tsybakov noise conditions, and bipartite
ranking.

Keywords: consistency, H{-consistency, surrogate loss, learning theory

1. Introduction

The design of accurate and reliable learning algorithms hinges on the choice of surrogate loss func-
tions, since optimizing the true target loss is typically intractable. A key property of these surro-
gate losses is Bayes-consistency, which guarantees that minimizing the surrogate loss leads to the
minimization of the true target loss in the limit. This property has been well-studied for convex
margin-based losses in both binary (Zhang, 2004a; Bartlett et al., 2006) and multi-class classifica-
tion settings (Tewari and Bartlett, 2007). However, this classical notion has significant limitations
since it only holds asymptotically and for the impractical set of all measurable functions. Thus, it
fails to provide guarantees for real-world scenarios where learning is restricted to specific hypoth-
esis sets, such as linear models or neural networks. In fact, Bayes-consistency does not always
translate into superior performance, as highlighted by Long and Servedio (2013).

Recent research has addressed these limitations by introducing H-consistency bounds (Awasthi,
Mao, Mohri, and Zhong, 2022a,b; Mao, Mohri, and Zhong, 2023f,b,e). These bounds offer non-
asymptotic guarantees, quantifying the relationship between the zero-one estimation error (or other
target loss) and the surrogate loss estimation error for a specific hypothesis set. While existing work
has characterized the general behavior of these bounds (Mao et al., 2024a), particularly for smooth
surrogates in binary and multi-class classification, their derivation has been restricted by certain
assumptions. Specifically, previous bounds were derived under the condition that a lower bound of
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the surrogate loss conditional regret is given as a convex function of the target conditional regret,
without non-constant factors depending on the predictor or input instance. Can we derive finer and
more favorable J{-consistency bounds?

In this work, we relax this condition and present a general framework for establishing enhanced
H-consistency bounds based on more general inequalities relating conditional regrets. Our theo-
rems not only subsume existing results as special cases but also enable the derivation of tighter
bounds in various scenarios. These include standard multi-class classification, binary and multi-
class classification under Tsybakov noise conditions, and bipartite ranking.

The remainder of this paper is organized as follows. In Section 3, we prove general theorems
serving as new fundamental tools for deriving enhanced H-consistency bounds. These theorems
allow for the presence of non-constant factors « and S which can depend on both the hypothesis
h and the input instance z. They include as special cases previous J{-consistency theorems, where
«a =1 and 8 = 1. Furthermore, the bounds of these theorems are tight. In Section 4, we apply these
tools to establish enhanced J{-consistency bounds for constrained losses in standard multi-class
classification. These bounds are enhanced by incorporating a new hypothesis-dependent quantity,
A(h), not present in previous work. Next, in Section 5, we derive a series of new and substantially
more favorable J-consistency bounds under Tsybakov noise conditions. Our bounds in binary
classification (Section 5.1) recover as special cases some past results and even improve upon some.
Our bounds for multi-class classification (Section 5.2) are entirely new and do not admit any past
counterpart even in special cases. To illustrate the applicability of our results, we instantiate them
for common surrogate losses in both binary and multi-class classification.

In Section 6, we extend our new fundamental tools to the bipartite ranking setting (Section 6.1)
and leverage them to derive novel J{-consistency bounds relating classification surrogate losses to
bipartite ranking surrogate losses. We also identify a necessary condition for loss functions to admit
such bounds. We present a remarkable direct upper bound on the estimation error of the RankBoost
loss function, expressed in terms of the AdaBoost loss, with a multiplicative factor equal to the
classification error of the predictor (Section 6.2). Additionally, we prove another surprising result
with a different non-constant factor for logistic regression and its ranking counterpart (Section 6.3).
Conversely, we establish negative results for such bounds in the case of the hinge loss (Section 6.4).

In Appendix F, we provide novel enhanced generalization bounds. We provide a detailed dis-
cussion of related work in Appendix A. We begin by establishing the necessary terminology and
definitions.

2. Preliminaries

We consider the standard supervised learning setting. Consider X as the input space, Y as the label
space, and D as a distribution over X x Y. Given a sample S = ((x1,91), ..., (Tm, Ym)) draw i.i.d.
according to D, our goal is to learn a hypothesis h that maps X to a prediction space, denoted by
pred. This hypothesis is chosen from a predefined hypothesis set JH, which is a subset of the family
of all measurable functions, denoted by H,y = {h: X — pred | h measurable}. We denote by ¢: F x
X xY - R, the loss function that measures the performance of a hypothesis ~ on any pair (z,y).
Given a loss function ¢ and a hypothesis set 3, we denote by €,(h) = E(, ,y.p[{(h,7,y)] the
generalization error and by € (3() = infj,c5¢ €,(h) the best-in-class generalization error. We further
define the conditional error and the best-in-class condition error as Cy(h,x) = Ey,[£(h,z,y)]
and Cj; (7, z) = infreg Co(h, ), respectively. Thus, the generalization error can be rewritten as
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E¢(h) = Ex[C(h,z)]. For convenience, we refer to E,(h) — E;(H) as the estimation error,
to &, (H) — €;(Han) as the estimation error and to ACyq¢(h,x) = Co(h,xz) — €/ (I, x) as the
conditional regret.

Minimizing the target loss function, as specified by the learning task, is typically NP-hard.
Instead, a surrogate loss function is often minimized. This paper investigates how minimizing sur-
rogate losses can guarantee the minimization of the target loss function. We are especially interested
in three applications: binary classification, multi-class classification, and bipartite ranking, although
our general results are applicable to any supervised learning framework.

Binary classification. Here, the label space is Y = {-1, +1}, and the prediction space is pred =
R. The target loss function is the binary zero-one loss, defined by ¢3!, (h,z,y) = Lsign(h(z))=y>
where sign(¢) = 1if ¢ > 0 and -1 otherwise. Let n(x) = P(Y = +1 | X = x) be the conditional
probability of Y = +1 given X = x. The condition error can be expressed explicitly as Cy(h,z) =
n(x)l(h,z,+1) + (1 =n(x))l(h,xz,—1). Common surrogate loss functions include the margin-
based loss functions ¢ (h, z,y) = ®(yh(x)), for some function ® that is non-negative and non-
increasing.

Multi-class classification. Here, the label space is [n] := {1,...,n}, and the prediction space is
pred = R™ for some n € Z,. Let h(x,y) denote the y-th element of ~A(x), where y € [n]. The target
loss function is the multi-class zero-one loss, defined by £o-1(h,2,y) = lp(z)sy, Where h(z) =
argmax, ey h(x,y). An arbitrary but fixed deterministic strategy is used for breaking ties. For
simplicity, we fix this strategy to select the label with the highest index under the natural ordering
of labels. Let p(y | ) = P(Y =y | X = z) be the conditional probability of Y = y given X = x.
The condition error can be explicitly expressed as Cy(h,z) = ¥ ey p(y | 2)¢(h,z,y). Common
surrogate loss functions include the max losses (Crammer and Singer, 2001), constrained losses
(Lee et al., 2004), and comp-sum losses (Mao et al., 2023f).

Bipartite ranking. Here, the label space is Y = {—1,+1}, and the prediction space is pred = R.
Unlike the previous two settings, the goal here is to minimize the bipartite misranking loss Lo_1,
defined for any two pairs (x,y) and (z’,3’) drawn i.i.d. according to D, and a hypothesis h:
Lot (72,2, 4,9") = Lymyy (h(@)-h(a))<0 + 5 L(h(x)=h(e))n(y=y)- Let n(z) =P(Y = +1 | X =)
be the conditional probability of Y = +1 given X = z. Given a loss function L: HxXxXxYxY - R,
and a hypothesis set J{, the generalization error and the condition error can be defined accordingly
as SL(h) = E(x,y)~®,(a:’,y’)~®|:|-(hv €, mlv Y, yl)]a GL(ha €, x/) = U(if)(l —U(if'))l—(h, Z, xla +1, _1) +
n(z")(1 = n(x))L(h,z,2’,-1,+1). The best-in-class generalization error and best-in-class condi-
tion error can be expressed as & (H) = infpeg €L (h) and C (H,z,2') = infresc CL(h,z,2"),
respectively. The estimation error and conditional regret can be written as & (h) — & (H) and
A@L,H(h,x, z') = C(h,z, ) - éi(ﬂ{,m,x’), respectively. Common bipartite ranking surrogate

loss functions typically take the following form: Lo (h,z,2",y,y") = (I)( (y_y,)(h(;)_h(x,)))

1,20

y+Fy's
for some function ® that is non-negative and non-increasing. Another choice is to use the margin-
based loss ¢¢(h, z,y) = ®(yh(x)) in binary classification as a surrogate loss. We will specifically
be interested in the guarantees of minimizing £ with respect to the minimization of Lg.

3. New fundamental tools for J{-consistency bounds

This section introduces new tools for deriving finer and more general J{-consistency bounds. We
begin with a brief overview of J{-consistency.
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Background on J{-Consistency bounds. A desirable property of surrogate loss functions is
Bayes-consistency (Zhang, 2004a; Bartlett et al., 2006; Steinwart, 2007; Tewari and Bartlett, 2007).
Bayes-consistency ensures that, asymptotically, minimizing a surrogate loss ¢ over all measurable
functions, denoted by H,);, leads to the minimization of the target loss function /5 over the same
function family:

n—+00 n—+o0

Epy (hn) = &, (Han) —— 0 = &g, (hn) - €, (Han) —— 0.

However, Bayes-consistency is an asymptotic property, providing no guarantees for approximate
minimizers. Additionally, it applies only to the family of all measurable functions, which is less
relevant in practical scenarios where restricted hypothesis sets J are used. To address these limi-
tations, Awasthi et al. (2022a,b) proposed a more refined framework, called H-consistency bounds.
These bounds provide upper bounds on the target estimation error in terms of the surrogate estima-
tion error for a concave function I" > 0 with T'(0) = 0:

€, (h) = €7, (30) + My (30) <T(Er, () = €7, (F0) + My, (37)), (1)

where M, () = €5 (H)-Ex [G;f (K, x)] > 0 represents the minimizability gap, which measures the
difference between the best-in-class generalization error and the expected best-in-class conditional
error. This concept can also be adapted to the bipartite ranking setting, with M (3() = €/ () -
E(m/)[ef(ﬂ{, z, :c’)].

The minimizability gap is always upper bounded by the approximation error but it is generally a
more fine-grained measure (Mao et al., 2023b). When I = H,y or € (H) = €/ (Han ), the minimiz-
ability gaps vanish (Steinwart, 2007) leading to excess error bounds that imply Bayes-consistency,
by taking the limit. However, in general, minimizability gaps are non-zero and represent an inherent
quantity depending on the distribution and the hypothesis.

Thus, J{-consistency bounds provide a stronger and more informative guarantee than Bayes-
consistency, since they are both non-asymptotic and specific to the hypothesis set H used. Note
that, by the sub-additivity of a concave function I" > 0, an J{-consistency bound also implies

842(h) - 82-2 (J—f) < F(Eh(h) - 821(9{)) + I‘(J\/[& (:H)) - MZQ (J‘C),

where T'(M,, (3()) — My, () is an inherent constant depending on the hypothesis set and distri-
bution. The ultimate algorithmic goal when using a surrogate loss ¢; is to minimize the estimation
loss [&, (h) - &7, () ]. An H-consistency bound ensures that reducing this error to e implies that
the target estimation loss [852 (h) - €&}, (J{)] is upper bounded by I'(e) + I'(My, (3()) — My, (H),
or just I'(¢) when the minimizability gaps vanish. Recent work by Mao et al. (2024a) shows that
for all smooth surrogate losses in binary classification, I'(¢) behaves as /€ near zero.

Enhanced 3{-consistency bounds and tools. While J{-consistency bounds offer strong, non-
asymptotic guarantees tailored to J{, they can be further enhanced by considering a more general
form such as the following:

€0, (h) = €5, (30) + My, (30) <T(7(h)(Ee, (h) - €5, (30) + My, (7)), 2

where v(h) is a factor depending on the hypothesis /. This refinement allows the bound to incorpo-
rate h-dependent information, enabling the use of more favorable functions I', which can improve
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the bound’s behavior near zero. In the following sections, we will demonstrate this for both clas-
sification and bipartite ranking. For instance, we will show that under certain noise conditions in
classification, the behavior of I' can outperform the typical square-root dependence, approaching
near-linear behavior.

The foundation of earlier H{-consistency bounds involves finding a convex function ¥ or a con-
cave function I such that: ‘I’(Aeg%g{(h, x)) < ACy, 3¢ (h,x) or ACy, 5¢(h,x) < F(A(f’ghg{(h, x))
We extend this approach by relaxing the inequalities to incorporate functions «(h,x) and B(h,x)
that depend on both the hypothesis and the input instance. The following two theorems illustrate
this enhancement with general guarantees of the form (2) derived from such relaxed inequalities,
where (h) is defined in terms of a and 3.

Theorem 1 Assume that there exist a convex function V: R, — R and two positive functions o: H x

X = R} and B:H x X - R with sup ey a(h, z) < +00 and Eyex[S(h,x)] = 1 for all h € H such
that the following holds for all h € H and = € X: \I’(%) <a(h,x) ACy, 5 (h,x). Then,
the following inequality holds for any hypothesis h € H:

U (&g, (h) = 7,(F) + Mgy (30) < 7(h)(Ery (R) = &7, (F0) + My, (30)). 3)

with v(h) = [sup,ex a(h,z)B(h,x)]. If, additionally, X is a subset of R" and, for any h € X,
x = ACy, 5¢(h,x) is non-decreasing and x ~ a(h,x)B(h,x) is non-increasing, or vice-versa,

then, the inequality holds with v(h) = Ex[a(h,z)B(h,x)].

Theorem 2 Assume that there exist a concave function I':R, — R and two positive functions

a:HxX - R} and 5: H x X - R} with sup,cy a(h, x) < +o0 and Epex[B(h,z)] = 1 forall h € H

such that the following holds for all h € H and x € X: M?T%g;’x) < T(a(h,z) ACy, g¢(h,x)).

Then, the following inequality holds for any hypothesis h € H.:
€0, (h) = €5, (30) + My, (30) <T((h)(Ee, (h) = €7, (F0) + My, (7)), 5

with y(h) = [supgex a(h,x)B(h,z)]. If, additionally, X is a subset of R™ and, for any h € ¥,
x = ACy, 5¢(h,z) is non-decreasing and x ~ «(h,x)B(h,x) is non-increasing, or vice-versa,
then, the inequality holds with v(h) = Ex[a(h,z)B(h,x)].

We refer to Theorems 1 and 2 as new fundamental tools because they incorporate additional
factors, o and 3, which depend on both the hypothesis h and the instance x. These theorems
generalize previous results from (Awasthi et al., 2022a,b), which can be recovered as special cases
when o = 1 and 8 = 1. Compared to earlier approaches, these new tools offer more precise H-
consistency bounds in familiar settings and extend them to new scenarios where previous methods
are insufficient. We will demonstrate their applications in both contexts. Moreover, the bounds
derived using these tools are tight.

Lemma 3 The bounds of Theorems 1 and 2 are tight in the following sense: for some distributions,
Inequality (3) (respectively Inequality (4)) is the tightest possible H{-consistency bound that can be
derived under the assumption of Theorem I (respectively Theorem 2).
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Note that when I'(0) > 0, the concave function I" is sub-additive over R, and the theorem
implies the following inequality:

€, (h) = €7, (30) + My, (30) < T(v(h) (€, (R) - €, (30))) + T (7(h) My, (37)),

The bound implies that if the surrogate estimation loss of a predictor A is reduced to ¢, then the target
estimation loss is bounded by I'(v(h) €) + T'(y(h) My, (F)) — My, (3(). When the minimizability
gaps are zero, for example when the problem is realizable, the upper bound simplifies to T'(y(h) €).
In the special case of ¥(x) = x* or equivalently, I'(z) = a:%, for some s > 1 with conjugate number
t > 1, thatis % + % = 1, we can further obtain the following result.

Theorem 4 Assume that there exist two positive functions o: H x X — R} and : H x X — R} with

sup,ey a(h, z) < +0o0 and Epex[B(h,x)] = 1 for all h € H such that the following holds for all
ACZQ’:}((h,Z) 1

he3H and x € X: —Btha) S (a(h,z) ACy, 5¢(h,x))*, for some s > 1 with conjugate number
1

t > 1, that is % + % = 1. Then, for v(h) = Ex [aﬁ(h,x)ﬁt(h,x)] ', the following inequality holds

forany h € H:

1
s

€, (h) = €4, (F0) + M (30) < 1 ()[4, (R) = €], (F) + M, (30)]

As above, by the sub-additivity of x — 25 over R, the bound implies

1

E1a(h) = €7,(90) + Mey(90) < 3()| (€0, (1) - €, (90)" + (M, (90)° |

The proofs of Theorems 1, 2, 4, and Lemma 3 are presented in Appendix B. These proofs are
more complex than their counterparts for earlier results in the literature due to the presence of the
functions « and 3. Our proof technique involves a refined application of Jensen’s inequality tailored
to the 8 function, the use of Holder’s inequality adapted for the o function, and the application of
the FKG Inequality in the second part of both Theorems 1 and 2. The proof of Theorem 4 also
leverages Holder’s Inequality. For cases where W or I' is linear, our proof shows that the resulting
bounds are essentially optimal, modulo the use of Holder’s inequality. As we shall see in Section 5,
W and I are linear when Massart’s noise assumption holds.

Building upon these theorems, we proceed to derive finer J{-consistency bounds than existing
ones.

4. Standard multi-class classification

We first apply our new tools to establish enhanced J{-consistency bounds in standard multi-class
classification. We will consider the constrained losses (Lee et al., 2004), defined as

=, z.y) = 3 &(=h(z,y')) subject to 3 h(w,y) =0, ®)

y'#y Y€y

where @ is a non-increasing and non-negative function. We will specifically consider ®(u) = e™,

®(u) = max{0,1-u}, and ®(u) = (1 - u)?14<1, corresponding to the constrained exponential
loss, constrained hinge loss, and constrained squared hinge loss, respectively. By applying The-
orems 1 or 2, we obtain the following enhanced J{-consistency bounds. We say that a hypoth-
esis set is symmetric if there exists a family & of functions f mapping from X to R such that
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{[h(x,1),...;h(z,n+1)]:h e H} = {[f1(x),..., fas1(®)]: f1,- -, fns1 € F}, for any x € X. We
say that a hypothesis set J is complete if for any (z,y) € X x Y, the set of scores generated by it
spans across the real numbers: {h(z,y) | h e H} =R.

Theorem 5 (Enhanced H-consistency bounds for constrained losses) Assume that H is sym-
metric and complete. Then, the following inequality holds for any hypothesis h € J(:

a1 (h) = €5 () + Mgy, (H) < T(Egesina (h) = € pestna (H) + Megestna (H)),

_ a7 — U -z - _ _
where T'(z) = (eA(h))% for ®(u) = e™, T'(x) Ay Jor ®(u) = max{0,1 - u}, and T'(z)
#j(h)for ®(u) = (1 - u)*1y<1. Additionally, A(h) = infex maxyey h(z,y).

The proof is included in Appendix C. These J{-consistency bounds are referred to as enhanced
JH-consistency bounds because they incorporate a hypothesis-dependent quantity, A(h), unlike the
previous J{-consistency bounds derived for the constrained losses in (Awasthi et al., 2022b). Since
Yyey h(z,y) = 0, there must be non-negative scores. Consequently, A(h) must be greater than or
equal to 0. Given that I" is non-decreasing, the J{-consistency bounds in Theorem 5 are finer than
the previous ones, where A(h) is replaced by zero.

5. Classification under low-noise conditions

The previous section demonstrated the usefulness of our new fundamental tools in deriving en-
hanced J{-consistency bounds within standard classification settings. In this section, we leverage
them to establish novel J{-consistency bounds under low-noise conditions for both binary and multi-
class classification problems.

5.1. Binary classification

Here, we first consider the binary classification setting under the Tsybakov noise condition (Mam-
men and Tsybakov, 1999), that is there exist B > 0 and « € [0, 1) such that

VE>0, P[n(z)-1/2|<t] < Btia.

Note that as o — 1, tT-a — 0, corresponding to Massart’s noise condition. When o = 0, the
condition is void. This condition is equivalent to assuming the existence of a universal constant
¢>0and « € [0,1) such that for all h € H, the following inequality holds (Bartlett et al., 2006):

E[1h(x)2he(x)] < C[Eegil(h) - Szgil(h*)]

where h* is the Bayes-classifier. We also assume that there is no approximation error and that
Mz};i ) (3) = 0. We refer to this as the Tsybakov noise assumption in binary classification.

[0}

Theorem 6 Consider a binary classification setting where the Tsybakov noise assumption holds.
Assume that the following holds for all h € H and x € X: A€£B£17}C(h, z) <T(ACy5¢(h,x)), with

I'(x) = x%,for some s > 1. Then, for any h € H,

E ()~ €5 (30) < 7o [€4(h) ~ £7 (H) + My(30) ] 7o,
- 1

*
bi
L3

7
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Loss functions & '  JH-consistency bounds

Hinge Phinge(u) = max{0,1 - u} zt Ep(h) - €5 (FH) + My(H)

Logistic Pog(u) = log(1 +e7¥) 22 cTa [€0(h) = €5 (FH) + My(H)] Ta
Exponential  ®exp(u) = ¢ 2 TR [Eg(h) - &5(30) + My(30)] =
Squared-hinge  Pyq-ninge(u) = (1 - u)?1,a 22 cra [Eg(h) -E(H) + J\/[g(ﬂ'()]ﬁ
Sigmoid Ogip(u) = 1 - tanh(ku), k>0 b &o(h) - &5 () + My(H)
p-Margin Q,(u) = min{l,maX{O, 1- %}}, p>0 at &u(h)-E;(H) +My(H)

Table 1: Examples of enhanced J-consistency upper bounds under the Tsybakov noise assumption
and with complete hypothesis sets, for margin-based loss functions ¢(h, x,y) = ®(yh(x)).

The theorem offers a substantially more favorable J{-consistency guarantee for binary classi-
fication. While standard J{-consistency bounds for smooth loss functions rely on a square-root
dependency (s = 2), this work establishes a linear dependence when Massart’s noise condition
holds (o - 1), and an intermediate rate between linear and square-root for other values of o within
the range (0, 1).

Our result is general and admits as special cases previous related bounds. In particular, setting
s =2 and « = 1 recovers the H{-consistency bounds of (Awasthi et al., 2022a) under Massart’s noise.
Additionally, with I = 3y, it recovers the excess bounds under the Tsybakov noise condition of
(Bartlett et al., 2006), but with a more favorable factor of one instead of Qm, which is always

greater than one. Table 1 illustrates several specific instances of our bounds for margin-based losses.
Ln(z)sn* (2)F€

The proof is given in Appendix D.1. It consists of defining S(h,z) = Ex[1 m for a
X[ Lh(z)zh* () TE

Aeebi }((h,x) 1
fixed € > 0 and proving the inequality —47—— < (a(h,a:) A(f&g{(h,a:))s, where a(h,x) =
Ex [1 h(z)+h* (z) T e]s. The result then follows the application of our new tools Theorem 4. Note that
our proof is novel and that previous general tools for deriving J-consistency bounds in (Awasthi
et al., 2022a,b; Zheng et al., 2023) cannot be applied here since « and /3 are not constants.

5.2. Multi-class classification

The original definition of the Tsybakov noise (Mammen and Tsybakov, 1999) was given and an-
alyzed in the binary classification setting. Here, we give a natural extension of this definition
and analyze its properties in the general multi-class classification setting. We denote by ymax =
argmax,ey p(y | x). Define the minimal margin for a point x € X as follows: () = P(ymax|*) -
SUDPy sy P(y|x). The Tsybakov noise model assumes that the probability of a small margin occur-
ring is relatively low, that is there exist B > 0 and « € [0, 1) such that

V>0, P[y(X)<t]<Btra. (6)

In the binary classification setting, where v(x) = 2n(x) — 1, this recovers the condition described
in Section 5.1. For @ > 1, tT-a — 0, this corresponds to Massart’s noise condition in multi-class
classification. When « = 0, the condition becomes void. Similar to the binary classification setting,
we can establish an equivalence assumption for the Tsybakov noise model as follows. We denote
the Bayes classifier by h*.
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Lemma 7 The Tsybakov noise assumption implies that there exists a constant c such that the
following inequalities hold for any h € H:

E[1h)h* ()] € CE[Y(X) Th(a)2he (2)]" < c[€0o_y (B) = €y (BF)].

Lemma 8 Assume that for any h € H,y, we have P[h(X) # h*(X)] < cE[v(X)1(x)<]*. Then,
the Tsybakov noise condition holds, that is, there exists a constant B > 0, such that

Vt>0, P[y(X)<t]<Btis.

The proofs of Lemma 7 and Lemma 8 are included in Appendix D.2. To the best of our knowl-
edge, there are no previous results that formally analyze these properties of the Tsybakov noise in
the general multi-class classification setting, although the similar result in the binary setting is well-
known. Next, we assume that there exists a universal constant ¢ > 0 and « € [0, 1) such that for all
h € 3, the following Tsybakov noise inequality holds:

E[lh(x)#h*(w)] < 0[850—1 (h) - o1 (h*)]a- (N

where h* is the Bayes-classifier. We also assume that there is no approximation error and that
My,_, (H) = 0. We refer to this as the Tsybakov noise assumption in multi-class classification.

Theorem 9 Consider a multi-class classification setting where the Tsybakov noise assumption
holds. Assume that the following holds for all h € H and x € X: ACy, , 5c(h,x) < F(Aegvg{(h, x))

withT'(z) = ZL'%,fOl” some s > 1. Then, for any h € H,
s—1 % 1
Ero_y (h) = Epy (H) < es=aGD[Ep(h) = €4 (F) + M (FH() ] 5ol

To our knowledge, these are the first multi-class classification J{-consistency bounds, and even
excess error bounds (a special case where JH = J,1)) established under the Tsybakov noise assump-
tion. Here too, this theorem offers a significantly improved J-consistency guarantee for multi-class
classification. For smooth loss functions, standard H-consistency bounds rely on a square-root de-
pendence (s = 2). This dependence is improved to a linear rate when the Massart noise condition
holds (aw — 1), or to an intermediate rate between linear and square-root for other values of o within
the range (0,1). The proof is given in Appendix D.3. Illustrative examples of these bounds for
constrained losses and comp-sum losses are presented in Tables 2 and 3.

6. Bipartite ranking

In preceding sections, we demonstrated how our new tools enable the derivation of enhanced JH-
consistency bounds in various classification scenarios: standard multi-class classification and low-
noise regimes of both binary and multi-class classification. Here, we extend the applicability of
our refined tools to the bipartite ranking setting. We illustrate how they facilitate the establishment
of more favorable H-consistency bounds for classification surrogate losses £3 with respect to the
bipartite ranking surrogate losses Lg. The loss functions /¢ and Lg are defined as follows:

&p(h,x,y) _ (I)(yh(x)), L@(h,x,xl,y,y,) — ‘I)((y_y’)(h(;)_h(x’)))1y¢y’7
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Loss functions 14 I J-consistency bounds

Constrained hinge Y yrsy Phinge(—h(z,y")) b Eg(h) = &5 (H) + M(H)
Constrained exponential Yyrey Pexp (=P (2, y")) 22 cTa [€c(h) = €5 (H) + J\/[g(i]-f)]ﬁ
Constrained squared-hinge ¥, Psq-ninge (—h(2,9")) 22 cra [SZ(h) -&5(H) + Mg(fH)] e
Constrained p-margin Yyrey Po(=h(z,y")) b &y(h) - €5 (H) + My(H)

Table 2: Examples of enhanced J{-consistency bounds under the Tsybakov noise assumption and
with symmetric and complete hypothesis sets, as provided by Theorem 9, for constrained losses
((h,2,y) = M (h,2,y) = ., P(~h(z,y")) subject to ¥,ey h(x,y) = 0 (with only the surro-
gate portion displayed).

Loss functions l I'  H-consistency bounds
Sum exponential X yrey eM@y)-h(z,y) b Eo(h) - &5 () + My(H)

@, 1 1
Multinomial logistic - log(%) 22 7 [€0(h) = EF(H) + M (FH) ]

@ @ 1

Generalized cross-entropy é[l - [%] ] 22 cTa [8g(h) - &/ (H) + Jv[g(i]{)] 2o
y'eY ’

eh(ac,y) 1

Mean absolute error 1- e z Ep(h) = &5 (FH) + My(H)

Table 3: Examples of enhanced H-consistency bounds under the Tsybakov noise assumption and
with symmetric and complete hypothesis sets, as provided by Theorem 9, for comp-sum losses (with
only the surrogate portion displayed).

where ® is a non-negative and non-increasing function. We will say that {5 admits an H{-consistency
bound with respect to L, if there exists a concave function I': R, — R, with I'(0) = 0 such that the
following inequality holds:

ELy (h) = €, (F0) + Mi, (30) < T(Egy (h) - €7, (30) + Mo, (30))),

where My, (¥) = & (%) - Ex[C], (#,2)] and M, (¥) = & (3) - By €L, (H,2,2")]
represent the minimizability gaps for £3 and Lg, respectively.

6.1. Fundamental tools for bipartite ranking

We first extend our new fundamental tools to the bipartite ranking setting.

Theorem 10 Assume that there exist two concave functions I'i:R, — R and I'o:R, — R, and
two positive functions a:H x X — RY and as:H x X — R} with Epex[ai(h,z)] < +00 and
Epex[az(h,x)] < +oo for all h € H such that the following holds for all h € H and (z,z") € X x X:
ACLgc(h,z,2") < T1(an(h,2") ACrg¢(h,x)) + Do aa(h,x) ACrgc(h,a')). Then, the following
inequality holds for any hypothesis h € H.:

EL(R) = EL(FC) + ML(H) <T1(71(h)De(h)) + Ta(y2(h)De(h)).

with 71 () = Epex[as (h,2)], 72(h) = Eqex[az(h, )], and Dy(h) = Eg(h) - €5 (30) + M (30).

10
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The proof, detailed in Appendix E.1, leverages the fact that in the bipartite ranking setting, two
pairs (z,y) and (z’,y") are drawn i.i.d. according to the distribution D. As in the classification
setting, Theorem 10 is a fundamental tool for establishing enhanced J{-consistency bounds. This is
achieved incorporating the additional terms «; and «», which can depend on both the hypothesis h
and the instances x or 2/, thereby offering greater flexibility.

Note that such enhanced H-consistency bounds are meaningful only when I'; (0) + T'2(0) = 0.
This ensures that when the minimizability gaps vanish (e.g., in the case where H{ = I, or in
more generally realizable cases), the estimation error of classification losses E,(h) — £/ (H) is
zero implies that the estimation error of bipartite ranking losses & (h) — & (H) is also zero.
This requires that there exists I'; and T's such that T';(0) + T'2(0) = 0 and ACL 5¢(h,z,2") <
Ty (a1 (h,2") ACyg(h,x)) + Ta(aa(h, x) ACygc(h,a')), for all h e H and (z,2") € X x X. Note
that a necessary condition for this requirement is calibration: we say that a classification loss £ is
calibrated with respect to a bipartite ranking loss L, if for all h € 3, and (x,2") € X x X:

Ae&g{an(h,w) =0 and Ae&g{ (h,l’l) =0 = AELJ(MI(}L,JJ,HJ’) =0.

all
We now introduce a family of auxiliary functions that are differentiable and that admit a property
facilitating the calibration between £¢ and L.

Theorem 11 Assume that ® is convex and differentiable, and satisfies ®'(t) < 0 for all t € R, and
§T(—tt)) = e for some v > 0. Then, {4 is calibrated with respect to Lg.

The proof can be found in Appendix E.3. Theorem 11 identifies a family of functions ® for

which /g is calibrated with respect to Lg. This inclues the exponential loss and the logistic loss,

which fulfill the properties outlined in Theorem 11. For the exponential loss, (1) = Pexp(u) = €7,

L (t e _ o . _
we have q),e"p((_t)) = _ee: = e2. Similarly, for the logistic loss, ®(u) = ®1og(u) = log(1+e™*), we
exp
P (¢t - . : . .
have (b,“’g((_t)) = —<%L = ¢7! In the next sections, we will prove H{-consistency bounds in these two
log - e~ty1
cases.

6.2. Exponential loss

We first consider the exponential loss, where ®(u) = ®exp(u) = e . In the bipartite ranking setting,
a hypothesis set H is said to be complete if for any x € X, {h(x):h € H} spans R.

Theorem 12 Assume that H is complete. Then, the following inequality holds for the exponential
loss ®exp:

ACL,, sc(h,z,a') <€ (h,a") ALy,  ac(h,x) +Cpy  (hy) ALy, sc(h,a").
Additionally, for any hypothesis h € H, we have
€y, ()~ 1, (O + My, (90 <284, (h) £y, (W) - €7, (30) + My, (30)).

See Appendix E.2 for the proof. The proof leverages our new tool, Theorem 10, in conjunc-
tion with the specific form of the conditional regrets for the exponential function and the convexity
of squared function. This result is remarkable since it directly bounds the estimation error of the

11
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RankBoost loss function by that of AdaBoost. The observation that AdaBoost often exhibits favor-
able ranking accuracy, often approaching that of RankBoost, was first highlighted by Cortes and
Mohri (2003). Later, Rudin et al. (2005) introduced a coordinate descent version of RankBoost
and demonstrated that, when incorporating the constant weak classifier, AdaBoost asymptotically
achieves the same ranking accuracy as coordinate descent RankBoost.

Here, we present a stronger non-asymptotic result for the estimation losses of these algorithms.
We show that when the estimation error of the AdaBoost predictor h is reduced to €, the corre-
sponding RankBoost loss is bounded by 2&,,, (h) (e + My, (}C)) -~Mi,,, (3). This provides
a stronger guarantee for the ranking quality of AdaBoost. In the nearly realizable case, where
minimizability gaps are negligible, this upper bound approximates to 2& (e (h)e, aligning with
the results of Gao and Zhou (2015) for excess errors, where J{ is assumed to be the family of all
measurable functions.

6.3. Logistic loss

Here, we consider the logistic loss, where ®(u) = ®1o5(u) = log(1 +e™").

Theorem 13 Assume that 3 is complete. For any z, define u(x) = max{n(zx),1-n(x)}. Then,
the following inequality holds for the logistic loss Pyg:

A@L(} ﬁ(h,m,x')gu(m')AC(gQ g(h,z) + u(x)ACy, sc(h,x").
log’ log’ log’

Furthermore, for any hypothesis h € H, we have
ELy,, (1) - &, (30 + M, , (30 <2B[u(0)] (€, (1) - €7, (30 + M, (30))

Note that the term E[u(X )] can be expressed as 1 -E[min{n(X), (1 -n(X))}], and coincides
with the accuracy of the Bayes classifier. In particular, in the deterministic case, we have E[u(X)] =
1. The proof is given in Appendix E.4. In the first part of the proof, we establish and leverage
the sub-additivity of ®iog: Piog(h — h') < Piog(h) + Piog(—h'), to derive an upper bound for
AELélog;}f(h,x,x') in terms of Aegélogyg{(h,:p) and Aeg¢log7g{(h,l’,). Next, we apply our new
tool, Theorem 10, with a1 (h,z") = max{n(z'),1-n(z")} and as(h,z) = max{n(z),1-n(x)}.

Both our result and its proof are entirely novel. Significantly, this result implies a parallel finding
for logistic regression analogous to that of AdaBoost: If & is the predictor obtained by minimizing
the logistic loss estimation error to €, then the Lg, , -estimation loss of A for ranking is bounded
above by 2E[u(X)](e + J\/[gq,log (H)) - M, 1o (). When minimizability gaps are small, such
as in realizable cases, this bound further simplifies to 2 E[u(X)]e, suggesting a favorable ranking
property for logistic regression.

This result is surprising, as the favorable ranking property of AdaBoost and its connection to
RankBoost were thought to stem from the specific properties of the exponential loss, particularly its
morphism property, which directly links the loss functions of AdaBoost and RankBoost. This direct
connection does not exist for the logistic loss, making our proof and result particularly remarkable.
In both cases, our new tools facilitated the derivation of non-trivial inequalities where the factor
plays a crucial role. The exploration of enhanced J{-consistency bounds for other functions ® is an
interesting question for future research that we have initiated. In the next section, we prove negative
results for the hinge loss.

12
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6.4. Hinge loss

The hinge loss {4, . is the loss function minimized by the support vector machines (SVM) (Cortes
and Vapnik, 1995) and Lo, .. is the loss function optimized by the RankSVM algorithm (Joachims,
2002) . However, the relationships observed for AdaBoost and RankBoost, or Logistic Regression
and its ranking counterpart, do not hold here. Instead, we present the following two negative results.

Theorem 14  For the hinge loss, ls,,, . is not calibrated with respect to Lo, .-

Theorem 15 (Negative result for hinge losses) Assume that H contains the constant function 1.
For the hinge loss, if there exists a function pair (I'r,T's) such that the following holds for all h € H
and (z,2") € X x X, with some positive functions a1:H x X - R} and ag: H x X - R} :

AL, sc(hz,a’) <Ti(ai(h,a’) Al sc(h,2))+Do(as(h,2) ACy,  sc(h,a')),
then, we have T'1(0) +T'2(0) > 1.

See Appendix E.5 for the proof. Theorem 15 implies that there are no meaningful H{-consistency
bounds for {g,; . with respect to Ly, . with common hypothesis sets. In Appendix F, we show
that all our derived enhanced J{-consistency bounds can be used to provide novel enhanced gener-
alization bounds in their respective settings.

7. Discussion

Role of non-constant factors. One advantage of our enhanced H-consistency bounds is their ability
to incorporate non-constant factors that reflect both the data distribution and the predictor. For
example, in the bounds with respect to the exponential loss in bipartite ranking, the non-constant
factor is the generalization error of the AdaBoost-loss predictor. This means that the rate of the
bound becomes more favorable as the predictor’s performance approaches that of the best-in-class
predictor. The best rate depends on the data distribution, as does the best-in-class generalization
error. Similarly, in the enhanced JH-consistency bounds with respect to the logistic loss in bipartite
ranking, the non-constant factor is the accuracy of the Bayes classifier. This means that the rate of
the bound depends on the data distribution. In particular, in the deterministic case, the accuracy of
the Bayes classifier is one.

Applicability and significance of our new tools. Our new fundamental tools enable the derivation
of more favorable guarantees in various scenarios that (i) better leverage key distributional prop-
erties; (ii) establish connections between existing algorithms; and (iii) can lead to more favorable
algorithms in other scenarios. For (i), an example is our more favorable J-consistency bounds un-
der low-noise conditions for both binary and multi-class classification problems, with a linear rate
when the Massart noise condition holds and an intermediate rate between linear and square-root for
other values of o under the Tsybakov noise assumption. For (ii), an example of this is our enhanced
H-consistency bounds in bipartite ranking, which provide a theoretical explanation for the empir-
ical observation that AdaBoost tends to perform well in ranking tasks. A similar insight holds for
the logistic loss. For (iii), our new tools can also be applied to comp-sum losses, and the enhanced
bounds may contribute to the development of more robust adversarial algorithms. This is similar

13
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to the improvements in adversarial robustness achieved in (Mao et al., 2023f), which presents an
interesting direction for future research.

Connection to existing bipartite ranking results. Prior work, such as (Kotlowski et al., 2011) and
(Agarwal, 2014), has established the Bayes-consistency of several classification surrogate losses
with respect to bipartite misranking loss. Specifically, Kotlowski et al. (2011) examined the ex-
ponential and logistic surrogate losses, while Agarwal (2014) explored a broader class of proper
(composite) classification surrogate losses.

In contrast, our work focuses on establishing enhanced J{-consistency bounds for classification

surrogate losses with respect to surrogate bipartite misranking losses. For instance, we prove J-
consistency bounds for the classification exponential loss (used in AdaBoost) with respect to the
bipartite misranking exponential loss (used in RankBoost). These are in some sense stronger re-
sults since, combined with the standard consistency of bipartite misranking surrogate losses with
respect to the bipartite misranking loss, our results imply the consistency of classification surrogate
losses with respect to the bipartite misranking loss. Moreover, our contributions go beyond Bayes-
consistency by providing more informative J{-consistency bounds. An interesting future direction
is to extend our enhanced J{-consistency bounds to more general strongly proper losses considered
in (Agarwal, 2014) with respect to their corresponding bipartite misranking counterparts.
Faster rates compared to previous work. Recent work by Mao et al. (2024a) shows that for any
smooth surrogate loss in binary and multi-class classification, I'(¢) behaves as /€ near zero. How-
ever, our analysis demonstrates that under specific noise conditions (distributional assumptions),
H-consistency bounds can achieve significantly improved rates, even approaching near-linear be-
havior in limiting cases. It is important to emphasize that the bounds derived in (Mao et al., 2024a)
are not incorrect and do not contradict our results. They are worst-case results that hold univer-
sally for any distribution. Specifically, their bounds rely on a fixed convex function ¥ or concave
function I', which is independent of both the distribution and the hypothesis. In contrast, our frame-
work introduces the auxiliary functions « and /3, which enable the derivation of refined bounds
incorporating a non-constant factor «y that adapts to both the data distribution and the predictor h.

Remarkably, under Tsybakov noise conditions, we can derive more favorable J{-consistency
bounds (See Theorems 6 and 9, and the subsequent discussion) with better exponents. In the proof,
we choose functions « and 3 that depend on the input, the predictor h, and the best predictor h*.
For example, 5(h, x) measures the disagreement of i and A* on x, modulo a small constant e.

8. Conclusion

We introduced novel tools for deriving enhanced J{-consistency bounds in various learning settings,
including multi-class classification, low-noise regimes, and bipartite ranking. Remarkably, we es-
tablished substantially more favorable guarantees for several settings and demonstrated unexpected
connections between classification and bipartite ranking performances for the exponential and lo-
gistic losses. Our tools are likely to be useful in the analysis of J{-consistency bounds for a wide
range of other scenarios.
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Appendix A. Related work

Bayes-consistency has been well studied in a wide range of learning scenarios, including binary
classification (Zhang, 2004a; Bartlett et al., 2006; Steinwart, 2007; Mohri et al., 2018), multi-
class classification (Zhang, 2004b; Tewari and Bartlett, 2007; Ramaswamy and Agarwal, 2012;
Ramaswamy et al., 2014; Narasimhan et al., 2015; Agarwal and Agarwal, 2015; Williamson et al.,
2016; Ramaswamy and Agarwal, 2016; Chen and Sun, 2006; Chen and Xiang, 2006; Liu, 2007,
Dogan et al., 2016; Wang and Scott, 2020, 2023, 2024), multi-label learning (Gao and Zhou, 2011;
Dembczynski et al., 2012; Koyejo et al., 2015; Zhang et al., 2020), learning with rejection (Ra-
maswamy et al., 2015b; Cortes et al., 2016a,b, 2023; Ni et al., 2019; Cao et al., 2022), learning to
defer (Mozannar and Sontag, 2020; Verma and Nalisnick, 2022; Cao et al., 2023), ranking (Raviku-
mar et al., 2011; Ramaswamy et al., 2013; Agarwal, 2014; Gao and Zhou, 2015; Uematsu and Lee,
2017), cost sensitive learning (Pires et al., 2013; Pires and Szepesvari, 2016), structured prediction
(Ciliberto et al., 2016; Osokin et al., 2017; Blondel, 2019), general embedding framework (Finoc-
chiaro et al., 2020; Frongillo and Waggoner, 2021; Finocchiaro et al., 2021, 2022; Nueve et al.,
2024), Top-k classification (Lapin et al., 2015; Yang and Koyejo, 2020; Thilagar et al., 2022), hier-
archical classification (Ramaswamy et al., 2015a; Cao et al., 2024), ordinal regression (Pedregosa
etal., 2017), and learning from noisy labels (Natarajan et al., 2013; Scott et al., 2013; Menon et al.,
2015; Liu and Tao, 2015; Patrini et al., 2016; Liu and Guo, 2020; Zhang et al., 2021, 2022; Zhang
and Agarwal, 2024). However, this classical notion has significant limitations since it only holds
asymptotically and for the impractical set of all measurable functions. Thus, it fails to provide
guarantees for real-world scenarios where learning is restricted to specific hypothesis sets, such as
linear models or neural networks. In fact, Bayes-consistency does not always translate into superior
performance, as highlighted by Long and Servedio (2013) (see also (Zhang and Agarwal, 2020)).

Awasthi et al. (2022a) proposed the key notion of H-consistency bounds for binary classifi-
cation. These novel non-asymptotic learning guarantees for binary classification account for the
hypothesis set JH adopted and are more significant and informative than existing Bayes-consistency
guarantees. They provided general tools for deriving such bounds and used them to establish a
series of JH{-consistency bounds in both standard binary classification and binary classification un-
der Massart’s noise condition. Awasthi et al. (2022b) and Zheng et al. (2023) further generalized
those general tools to standard multi-class classification and used them to establish multi-class (-
consistency bounds. Specifically, Awasthi et al. (2022b) presented a comprehensive analysis of
H-consistency bounds for the three most commonly used families of multi-class surrogate losses:
max losses (Crammer and Singer, 2001), sum losses (Weston and Watkins, 1998), and constrained
losses (Lee et al., 2004). They showed negative results for max losses, while providing positive
results for sum losses and constrained losses. Additionally, Zheng et al. (2023) used these general
tools in multi-class classification to derive J{-consistency bounds for the (multinomial) logistic loss
(Verhulst, 1838, 1845; Berkson, 1944, 1951). Meanwhile, Mao et al. (2023f) presented a theoretical
analysis of HH-consistency bounds for a broader family of loss functions, termed comp-sum losses,
which includes sum losses and cross-entropy (or logistic loss) as special cases, and also includes
generalized cross-entropy (Zhang and Sabuncu, 2018), mean absolute error (Ghosh et al., 2017),
and other cross-entropy-like loss functions. In all these works, determining whether J{-consistency
bounds hold and deriving these bounds have required specific proofs and analyses for each surrogate
loss. Mao et al. (2023b) complemented these efforts by providing both a general characterization
and an extension of J{-consistency bounds for multi-class classification, based on the error trans-
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formation functions they defined for comp-sum losses and constrained losses. Recently, Mao et al.
(2024a) further applied these error transformations to characterize the general behavior of these
bounds, showing that the universal growth rate of J{-consistency bounds for smooth surrogate losses
in both binary and multi-class classification is square-root. J-consistency bounds have also been
studied in other learning scenarios including pairwise ranking (Mao et al., 2023c,d), learning with
rejection (Mao et al., 2024d,c; Mohri et al., 2024), learning to defer (Mao et al., 2023a, 2024b,h,g),
top-k classification (Cortes et al., 2024), adversarial robustness (Awasthi et al., 2021a,b, 2023a,b;
Mao et al., 2023f), multi-label learning (Mao et al., 2024f), bounded regression (Mao et al., 2024e),
and structured prediction (Mao et al., 2023e).

All previous bounds in the aforementioned work were derived under the condition that a lower
bound of the surrogate loss conditional regret is given as a convex function of the target conditional
regret, without non-constant factors depending on the predictor or input instance. In this work,
we relax this condition and present a general framework for establishing enhanced J-consistency
bounds based on more general inequalities relating conditional regrets, leading to finer and more
favorable J{-consistency bounds.
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Appendix B. Proof of new fundamental tools (Theorem 1, Theorem 2, Theorem 3
and Theorem 4)

Theorem 1 Assume that there exist a convex function V:R, — R and two positive functions o: H x
X - R} and B:H x X - R} with sup ey a(h, z) < +00 and Eyex[S(h,x)] = 1 for all h € H such
that the following holds for all h € H and x € X: W(%) <a(h,x) ACy, 5 (h,x). Then,
the following inequality holds for any hypothesis h € J:

U(E, (h) = €7, () + Mgy (30)) < ¥(R)(Eey (h) = €, (FC) + M, (30)). 3)
with v(h) = [supgex a(h,z)B(h,x)]. If, additionally, X is a subset of R" and, for any h € X,
x = ACy, 5¢(h,x) is non-decreasing and x ~ a(h,x)B(h,x) is non-increasing, or vice-versa,

then, the inequality holds with v(h) = Ex[a(h,z)B(h,x)].

Proof For any h € HH{, we can write

(81 (1) - €1,(30) + 20, (90) = B(E[ A 0e(h, )]
~ . ACy, 3¢(h, x)
-o(gs0n 255 57
Aeg%_f]{(h,l’) . .
Sg[ﬁ(h, )\I'(W)] (Jensen’s ineq.)
%[a(h x)B(h,x)ACy, 5 (h, )] (assumption)

< |sup a(h,z)B(h, ac)] [A(‘?ghg}((h,x)] (Holder’s ineq.)
zeX

[supam 2)8(h, x>](eel<h> _ €1 (30) M, (90).
(def. of Ex[ACy, 5¢(h,z)])

If, additionally, X is a subset of R™ and, for any h € J(, x = ACy, 5(h,x) is non-decreasing and
x + a(h,z)B(h,x) is non-increasing, or vice-versa, then, by the FKG inequality (Fortuin et al.,
1971), we have

(&g, (h) = €5, (3) + Mg, (H)) < @[ a(h,z)B(h,z)AC, 5 (h, )]
Efa(h,2)3(h, z)]E [Aegl 5¢(h,z)]
<E

X

[a(h,2)B(h,2))(Ee, (h) = €], (3) + My, (30)),

IN

which completes the proof. |

Theorem 2 Assume that there exist a concave function I': R, — R and two positive functions a: H x
X = R} and B:H x X - R with sup,eyx a(h, ) < +00 and Epex[B(h, )] = 1 for all h € H such
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that the following holds for all h € H and x € X: Ae?(+g;’x)

the following inequality holds for any hypothesis h € H:

T(a(h,z) ACy, 5¢(h,z)). Then,

842(h) - 82;2 ({]—f) + MZQ (ﬂ{) < F(’Y(h)(gﬁ (h) - 821 (j{) + Mh (:H)))v 4)

with y(h) = [supgey a(h,x)B(h,x)]. If, additionally, X is a subset of R" and, for any h € 3,
x = ACy, 5¢(h,z) is non-decreasing and x ~ a(h,x)B(h,x) is non-increasing, or vice-versa,
then, the inequality holds with v(h) = Ex[a(h,z)B(h,x)].

Proof For any h € 3, we can write

€, (h) = €4, (F0) + M, (3) = E[ACy, 3¢(h, ) ]

E[
X
%[ﬁ(h x (oz(h,:z:) Aeghg{(h,az))] (assumption)
F( a(h x)B(h,x)ACy, 5 (h, x)])

(Jensen’s ineq.)
F([supa(h x)B(h, x)] [AGZI (h,x)]) (Holder’s ineq.)
r( sup a(h, 2)8(h, )] (0 (h) - &7, (30) +M£1(:H)))

(def. of Ex[AC, 5¢(h,z)])
If, additionally, X is a subset of R" and, for any h € H,  — Aegl,g((h, x) is non-decreasing and
x + a(h,z)B(h,x) is non-increasing, or vice-versa, then, by the FKG inequality (Fortuin et al.,
1971), we have
£1,(h) - 7,30 + M, (90) < T(Ea(h 2)3(h, ) A0 0e(h, )] )

< (Ea(h 2)3(h,2)] E[AC, oc(h )]
< D(Ela(h,2)3(h,2))(€4 () - €, (30 + M, 90) ).

which completes the proof. |

~ &

—

Lemma 3 The bounds of Theorems 1 and 2 are tight in the following sense: for some distributions,
Inequality (3) (respectively Inequality (4)) is the tightest possible H-consistency bound that can be
derived under the assumption of Theorem I (respectively Theorem 2).

Proof Take h and z such that sup,.y «(h,z)5(h,z) is achieved. Consider the distribution concen-
trates on that . Then, the bounds given by (3) and (4) reduce to the following forms:

ACy, 3¢(h, )
(W) <a(h,z) ACy, 5¢(h,x)

ACy, 5¢(h, )
s <T(a(h,z) AC, 5¢(h,z))
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where we used the fact that Ex[5(h,z)] = 1 in this case. They exactly match the assumptions
in Theorems 1 and 2, which are the tightest inequalities that can be obtained. The J{-consistency
bound is in fact an equality in the same cases when the assumption holds with the best choices of «
and 5. |

Theorem 4 Assume that there exist two positive functions c: H x X - R} and 3: H x X - R} with

sup ey @(h,z) < +o0 and Epex[B(h,x)] = 1 for all h € 3 such that the following holds for all
1

heHandx e X: % < (oz(h,:z:) Aeghg{(h,x));,for some s > 1 with conjugate number

1
t > 1, that is % + % = 1. Then, for v(h) = Ex [aé(h, x) B (h, x)] ', the following inequality holds
forany h € H:

€, (h) = €4, (F0) + M (3) < v (h)[Eg, (R) - €], () + Mel(ﬂf)]%‘

Proof For any h € 3, we can write

€4, (h) = €7, (30) + My, () = E[ACy, 3c(h, )]
i N f '
< @hﬂ(h, z)as (h,x) AC; 4 (h, x)] (assumption)
- 1 1
< g_af (h,2)B"(h, x)] "E[AC 5c(hy2)]" (Holders ineq.)
- 1 1
= E[a (h,2)B' (h,2)]" (€ (k) - €], (30 + My, (30) .
(def. of Ex[ACy, 5¢(h,z)])
This completes the proof. n

Appendix C. Proof of enhanced J{-consistency bounds in multi-class classification
(Theorem 5)

To begin the proof, we first introduce the following result from Awasthi et al. (2022b), which char-
acterizes the conditional regret of the multi-class zero-one loss. For completeness, we include the
proof here.

Lemma 16 Assume that H is symmetric and complete. For any x € X, the best-in-class conditional
error and the conditional regret for £y_1 can be expressed as follows:

82’07179{@) =1-maxp(y | x)
yeY
ACyy_, 3(h, ) = rggyxp(y | z) - p(h(z) [ z)
Proof The conditional error for £y_; can be expressed as:

e60_1 (h,IB) = Zép(y ‘ x)lh(m)qty =1 —p(h(l’) ‘ y)
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Since H is symmetric and complete, we have {h(x):h € H} =Y. Therefore,

Coy3c(x) = inf Cpy, (hyz) =1~ Hylgdxp(y | )

Aego_hg{(h,l’) = 65071(}17‘%) - Gzo_l,:}c(x) = Izlea{jXp(y | ‘T) —p(h(x) | :L‘)

This completes the proof. |

Theorem 5 (Enhanced H-consistency bounds for constrained losses) Assume that H is symmet-
ric and complete. Then, the following inequality holds for any hypothesis h € H.:

€101 (1) = €7, , (36) + Moy, (90) < D(Egeana (h) ~ Epena (30) + Mearna (36) ),

1
where I'(z) = (\ﬁ—;;lfor O(u) =e™ I'(z) = T Jor ®(u) = max{0,1 -u}, and I'(z) =
e 2

1
%ﬁ)r ®(u) = (1 - u)*1yc1. Additionally, A(h) = inf,ex maxyey h(z, y).

Proof The conditional error for constrained losses can be expressed as follows:

Coesna (hyx) = 3" p(y | 2) 35 @(~h(z,y)) = 3 (1-p(y|2))2(-h(z,y)).

Y€y y'+y yeY

Next, we will provide the proof for each case individually. We denote by ymax = argmax,y p(y |

Constrained exponential loss with ®(u) = ™. When h(2) = ymax, wehave ACy, | 5¢(h,z) =
0. Let h € H be a hypothesis such that h(x) # ymax. In this case, the conditional error can be written
as:

Copestna (R, ) = 3 (1 -p(y | z))etwv) = > (1-p(y|z))e"@v) + > eh@y),
yeY ye{yma:nh(l’)} y¢{yma>c7h(x)}

For any z € X, define the hypothesis h, € H by

h(:c,y) 1fy¢ {ymamh(x)}
hu(z,y) = { h(x, Yymax) + ¢ if y =h(z)
h({I,‘,h(.’I)))—,U, ify:ymax
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for any 11 € R. By the completeness of 3, we have h, € 5 and ¥ ey h, (7, y) = 0. Thus,

Aeq)cstnd7f}((h, :L') = eq)cstnd(h, 1:) - chsmd (}C, .:U)

> eq;,cstnd (h, ﬂf) - ll};ﬂg ecbcstnd (hl“ QT)

(V= b)) (1= plyia x>>eh<w,ymx>)2

2
eh(w,h(m))(\/(l _p(h(x) | :E)) — \/(1 _p(ymax | m)))
(eh(%h(m)) > eh(:r,ymax) and p(h(m) ‘ JI) < p(ymax ‘ :U))

eh(x,h@))( Plymax | ) = p(h() | 7) )
V=20 1) + /T = (e | 2))

2
(1) 5(0) [ 2] <Dl [ )+ (b)) € 1

I\

(h(@h()

2
CAh)

\Y%

> S (A, ac(h2))’.

Therefore, by Theorems 1 or 2, the following inequality holds for any hypothesis h € JH:

* \/§ * l
€y (h) = &5 () + My, (H) < —— (Egestna (h) = E pesina (H) + Mepestna (H)) 2.

(eMm)?

Constrained hinge loss with ®(u) = max{1 - u,0}. When h(z) = ymax, we have ACy, | 5c(h,x) =
0. Let h € H be a hypothesis such that h(x) # ymax. In this case, the conditional error can be written

as:
Copestna (A, ) = 2(1 -p(y | x)) max{1+ h(z,y),0}
Y€y
= Y. (-p(y|z))max{l+h(z,y),0}+ > max{l+h(z,y),0}.
ye{ymax;h(z)} Y#{ymax;h(z)}

For any z € X, define the hypothesis h, € H by

hz,y) if y ¢ {ymax, h(2)}
hu(z,y) = { h(z, Yymax) + . if y =h(x)
h(z,h(z)) —p  if Yy = Ymax

for any ;1 € R. By the completeness of H(, we have i, € H and ¥,y hy, (7, y) = 0. Thus,

Aeq)cstndﬂ.f(h, f) = G(I)cstnd (h, CC) - e;cm,d (g{, $)

> ecpcstnd (h, x) - lnf eq)cstnd (hu, CC)
neR

> (1+h(z,h(2)))(P(Ymax | ©) = p(h(z) [ 7))
> (1+A(h))(ACy, 5¢(h,x)).
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Therefore, by Theorems 1 or 2, the following inequality holds for any hypothesis h € H:

€ooy () = &5 (F0) + My, (F0) < (Epestna (1) = & featna (FC) + Mpestna (3()).

1
1+A(h)

Constrained squared hinge loss with ®(u) = (1 - u)?1,<;. When h(z) = ymax, We have
ACyy_, 5¢(h,z) = 0. Let h € H be a hypothesis such that h(x) # ymax. In this case, the conditional
error can be written as:

Copestna (A, x) = %(1 - p(y | z)) max{1 + h(z,y),0}>
ye

= Y (I-plyla))max{l+h(z,y),0y*+ > max{l+h(z,y),0}"
ye{ymax:h(x)} y?é{ymax,h(x)}

For any z € X, define the hypothesis h, € H by

h(x,y) ify ¢ {ymaX7 h(x)}
hu(z,y) = { h(2, Ymax) + o if y =h(z)
h(z,h(z)) —p  ify = Ymax

for any 11 € R. By the completeness of J(, we have h,, € H and ¥ ¢y h,(,y) = 0. Thus,

Aeécstnd,g{(h, l") = e@cstnd (h, .T) - e;csmd (j‘(, .’L')

2 e(bcstnd (h, x) - lnf Gq;.cstnd (h“, :C)
peR

> (1+ (@, h(2)))* (P(Ymax | #) = p(h(z) | ))?
2
> (1+A(h))*(ACy , ac(h,x))".
Therefore, by Theorems 1 or 2, the following inequality holds for any hypothesis h € JH:

1
1+ A(h)

[SIES

E0ps(h) ~ €, (F0) + My, , (36) < (Egesna (1) = Epesn () + Mpetna (3)) 7

Appendix D. Proof of enhanced J(-consistency bounds under low-noise conditions
D.1. Proof of Theorem 6

Theorem 6 Consider a binary classification setting where the Tsybakov noise assumption holds.
Assume that the following holds for all h € H and x € X: AGZSi_l,H(h,x) < F(Aeag{(h,az)), with

I'(z) = x%,for some s > 1. Then, for any h € H,

E ()~ €5 (30) < 7o [€4(h) ~ £7 (H) + My(30) ] 7o,
- 1

*
bi
L3

30



ENHANCED H-CONSISTENCY BOUNDS

Proof Fix € > 0 and define S(h, z) = W%. Since Aeggil g¢(hy ) = [20(2) =111 (2)h* ()
h(z)=h*(z) -1
Ae,_,bl H(h )

we have W

< Aefé’il,ﬂf(h7 x)Ex [1h(x)¢h*(x) + e], thus the following inequality holds
Aeggilﬂ_((h,x)
B(h,x)

By Theorem 4, with a(h,x) = IEX[lh(gC)#h*(gg) + e]s we have

1
< %[hz(x)#h*(x) + e]AGg’%(h,x).

tn\»—l

£, ()~ 90 < (Eltuoyanc +I') (Bl - 130 = 2,30,
Since the inequality holds for any € > 0, it implies:
. ak . L
€ (h) = Ejs (H) < %[(%(x)#h* @) ] (€e(h) - € (30) + Me(30))*
1 . 1
= %[111(95)#1*(1:)] t(Eo(h) = E7(FH) + My (3H))*

t
(Lngyehe (@) = Lhayehe (o)

T 1
<ct[Eg (h) =& (30)]" (E(h) - €5(3) + My (30)*
(Tsybakov noise assumption)

N\H

o
t

The result follows after dividing both sides by [8 i (h)-&; i (H )] . [ |

D.2. Proof of Lemma 7 and Lemma 8

Lemma 7 The Tsybakov noise assumption implies that there exists a constant ¢ such that the fol-
lowing inequalities hold for any h € H:

E[Th@)he ()] € CE[Y(X) 1h(a)she(2)]* < e[y (B) = €, (R7)]7.

Proof We prove the first inequality, the second one follows immediately the definition of the margin.
By definition of the expectation and the Lebesgue integral, for any u > 0, we can write

B ) Tngxgane (0] = [ PO gxoane(x) > e
fo Py (X) 1h(x)zh+(x) > t] dt
= [OuE[ly(X)x Ln(x)=he(x)] dt
fg (B[, x)5e] = B[y (x50 Iy v (x0)])
2f0u(E 2(0>t] = Ellh(x)-n (x)]) dt
(PIh(X)  h* (X)] - P[7(X) < t]) dt
ZUP[h(X);th*(X)]—fO BiT dt

P[h(X) % h*(X)] - B(1 - a)uTs.
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1-a
Taking the derivative and choosing u to maximize the above gives u = [W] “ . Plug-
ging in this choice of u gives

1-a

B0 lnoarco] [ 5| B0 #h*(0)7,

-«

which can be rewritten as P[h(X) # h*(X)] < cE[v(X)1h(x)2h+(x)]* for c = Baa . [

Lemma 8 Assume that for any h € Hap, we have P[h(X) # h*(X)] < cE[v(X)1,(x)<]® Then,
the Tsybakov noise condition holds, that is, there exists a constant B > 0, such that

Vt>0, P[y(X)<t]<Bitis.

Proof Fix ¢t > 0 and consider the event {(X) <t¢}. Since h can be chosen to be any measurable
function, there exists & such 1, x)<; = 1h(x)2h+(x)- In view of that, we can write

Ply(X) <t] = E[1,x)<t] < cE[v(X) 1 (x)<t]” < A E[1yx)< ]

Comparing the left- and right-hand sides gives immediately

o

P[y(X) <t] < cTa t1%a.

Choosing B = cTa completes the proof. |

D.3. Proof of Theorem 9

Theorem 9 Consider a multi-class classification setting where the Tsybakov noise assumption
holds. Assume that the following holds for all h € H and x € X: ACy, | 3c(h,x) < I‘(AGM{(h, x)),

withT'(z) = x%,for some s > 1. Then, for any h € H,

— -1 " S
Eto-1 (h) = Egy_ (H) < s [E4(h) = €4 (F) + M(F)]5-oCD.

. _ lh@)snt(e)te _
Proof Fix € > 0 and define B(h,x) = Ex Tl o] By Lemma 16, ACy,_, 3¢(h, ) = maxyey p(y |
2) - p(h(x) | 2) = p(h* () | 2) - p(h(x) | 2), we have
Aegoflﬂf(h, .%')
B(h,x)
thus the following inequality holds
Ae(ofl,ﬂ'f(ha :1:)
B(h,x)

By Theorem 4, with a(h,x) = EX[lh(X)ih*(X) + e]s, we have

<ACy y 9¢(h, ) %[%(X)#h*()() +€],

1
< @[1h(X)¢h*(X) + e]AC?;’g{(h, x).

€0 (1) - €, 30) < (B[l + ') (€alh) - €790 + Mu(30))*.
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Since the inequality holds for any € > 0, it implies:

€40 (1) = €5, (30) < B (Ingxyen ()] (€4(h) = €5 (30) + Mu(30))
= B x)ehe ()] (€4(h) = €7 (30) + M(30))

t
(In(x)+h* (X)) = Th(z)sh* (x))

a 1
[€601 () = €4, (FO] (E(h) = €5 (30) + M (57)) >
(Tsybakov noise assumption)

[T

<c

o
t

The result follows after dividing both sides by [8 to,(h)—E; (J—C)]

Lo-1

Appendix E. Proof of enhanced J{-consistency bounds in bipartite ranking
E.1. Proof of Theorem 10

Theorem 10 Assume that there exist two concave functions I'1: R, — R and I's:R, - R, and
two positive functions a1:H x X — RY and as:H x X - R} with Epex[a1(h,z)] < +00 and
Epex[az(h,x)] < +oo for all h € H such that the following holds for all h € H and (z,2") € X x X:
A@L,H(h,x,x') < Fl(ozl(h,a:') Ae&g{(h,ﬂ?)) + Fg(ag(h,l‘) Aegﬂ(h,x')). Then, the following
inequality holds for any hypothesis h € H:

EL(h) = EL(F0) + ML(F) < T1(y1(R)De(h)) + T2 (v2(h)De(h)).
Proof For any h € 3, we can write

EL(h) = EL(TF0) + ML(H)

= XI%(’[AELJ{(}L’ X, .ZL',)]

< X%,[I‘l(al(h, x') ACpgc(h, x)) + FQ(QQ(h, x) ACyg¢(h, x’))] (assumption)
< Fl(;}gll[al(h,x')] g[mw(h,x)]) , I‘g(%[ag(h,m)] ;g,[Aeg,H(h,m')])

(Jensen’s ineq.)

< Fl(xIGEx[al(h, )] (Eo(h) - €5 (F0) + Jvte(iH)))

+ F2<mI€Ex[a2(h, x)] (E¢(h) - €5 (FH) + Jvu(:H))), (def. of Ex[ACyg¢(h,x)])
which completes the proof. |

E.2. Proof of Theorem 12

Theorem 12 Assume that I is complete. Then, the following inequality holds for the exponential
loss Pexp:

A@L%xp:%(h’ T, x’) < G‘gq’exp (h, gp') Aeg%xp’g-((h, $) + eg%xp (h, .7}) Aeg%xwg{(h, l")-
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Additionally, for any hypothesis h € H, we have
8L<I>exp (h) - 8E<I>cxp (j{) - MLq)exp (j{) S 28[(1)6)(}) (h) (8£<1>exp (h) - gzq,cxp (j{) + Me@exp (j{))

Proof To simplify the notation, we will drop the dependency on x. Specifically, we use 1 to denote
n(x), n’ to denote n(z"), h to denote h(z), and k' to denote h(x'). Thus, we can write:

ACL,, sc(hya,a’) = (1 =n')e ™™ 4+ (1=n)e™ ™ —2/n(1—n')n'(1-n)
e&rexp (h,x) = ne_h +(1- n)eh
A€y, ac(h,x) =ne™ + (1= n)e" = 2y/n(1 - 7).

For any A, B € R, we have (A + B)? < 2(A? + B?). To prove this inequality, observe that the
function z — 22 is convex. Therefore, we have:

A+ B\? A? + B2
oy

(A+B)2=4( )=2(A2+B2).

In light of this inequality, we can write

V=) (= p)e )

AEL@.CXPJ{(h’v x, .Z',)

(
- (VA=) (Ve == me) + JT= e (V=i =/ ))’
<o((1=m)e) (Ve -/ - myet)
#2((1=me) (Ve - /(1 - n’)eh')2 ((A+B)’ <2(A%+ B*))
B, si(ha,a’) = (Vi (L= me R - (L= i)e o)
= (Ve (V=) = v/ne ) + \/ne’h(\/n’e*h’—\/(1—77')eh’))2
<o(n'e™) (Ve - A= ner)
+ 2(776_}’)(\/77’6*” -J(1- n’)eh')z. ((A+ B)? <2(A%+ B?))
Thus, by taking the mean of the two inequalities, we obtain:
ACL,, si(hw,a’) < (e + (L-n)e) (Ve - (T -n)eh)’
# (e + (L= )Y (Ve - =)’

Therefore, we have
AEL%XP,}((h, 2,2") < €y (ha") ACy, sc(hy @) + Cry  (hyx) ALy, sc(hya').
By Theorem 10, we obtain
Ep, (h) = €1, (F0) + Mo, () <260, (B) (., (B) — €7, (30) + My, (30)).
|
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E.3. Proof of Theorem 11

Theorem 11 Assume that ® is convex and differentiable, and satisfies ®'(t) < 0 for all t € R, and

;i,((fg) = et for some v > 0. Then, (g is calibrated with respect to Lg.

Proof By the definition, we have

Co (h, ) = n(x)®(h(z)) + (1 - n(x))®(-h(x))
Co(h,a") = n(z")(h(z)) + (1 -n(a"))@(-h(z"))
€Ly (hyz,2") = n(x)(1 - n(2"))@(h(z) - h(a")) +n(a") (1 - n(2))@(-h(z) + h(z")).

Therefore, by taking the derivative, we have

A1) =0 — 1) (h(e)) = (1 ()8 (D)) — (o) = Log 1) )

1-n(x)
! ! ! !/ / / ! !/ 1 n(ml)
AL gc(h,a") =0 = n(a")®'(h(z")) = (1 -n(2"))®'(-h(z")) = h(z") = —log 0
Therefore, h(z) — h(ZL") = %log(%) This satisfies that
n(x)(1-n(2")®" (h(z) - h(z")) = n(z") (1 - n(2))®'(~h(z) + h(z")),
which implies that AC|, 5¢(h,z,z’) = 0 by taking the derivative. [ |

E.4. Proof of Theorem 13

Theorem 13 Assume that H is complete. For any x, define u(x) = max{n(x),1-n(x)}. Then,
the following inequality holds for the logistic loss Py

Aé'@logvf}f(h’w’ 2') < u(x')AGgélogg{(h, x)+ u(w)Aegélog,g{(h,x').

Furthermore, for any hypothesis h € H, we have
ELy,,, (1)~ £, (30 + My, , (30 <2B[u(0)] (€, (1) - €7, (30 + D, (30))

Proof To simplify the notation, we will drop the dependency on x. Specifically, we use n to denote
n(x), n’ to denote n(z"), h to denote h(x), and b’ to denote h(x"). Thus, we can write:

A@Lq)log’g{(h7 xz,2')<n(1-7n") log[l + e_h+h/] +1'(1-n) log[l + e_h’+h]

+n(1=n")log[n(1-n")] +n'(1-n)log[n'(1-n)]
Aehlog,ﬂ{(haﬂ?) = nlog[1 + €_h] +(1-n)log[1+ eh]

+nlog[n] + (1 -n)log[(1-n)].

35



MAO MOHRI ZHONG

Let ®),¢ denote the logistic loss. @y, is a convex function and for any x, we have CIJlog(2x) <
2P0 (). To prove this last inequality, observe that for any = € R, we have

Dog(22) = log(1 +e72*) <log(1+2e™ + e ) =log((1 +e7)?) = 2log((1 +e7™)) = 2®j0q(2).

Thus, we can write Piog(h — h') = q)log(% - 27}") < %((I)log(Qh) + Do (—2h")) < Pig(h) +
Pjog(—h'). In light of this inequality, we can write

ACL,  ge(h,a,2") <1 =1")(Prog(h) + Prog(=h")) + 7' (1= 1) (Prog(h) + Prog(~h))
+n(1=n")log[n(1-n")] +n" (1 -n)log[n'(1-n)]
=1(1 = ") (Prog(h) + Prog(=h')) +1'(1 = 1) (Prog(h) + Prog (1))
+n(1=n")[logn +log(1-1")] +n'(1-n)[logn’ +log(1 -n)].
Therefore, we have
A@Lq,logg{(h, z,2") <max{n’,1- n'}AGgq)log’g{(h, z) + max{n,1- n}Aegq)log,g{(h, z').
By Theorem 10, we obtain

ELq)lOg (h) a 8E<I’log (j{) + MLq)log (g{)

< 2Bfmax{n(e), (1 - n(2))] (e, (1) - &, (30 + sy, (30)).

E.5. Proof of Theorem 15

Theorem 15 (Negative result for hinge losses) Assume that H contains the constant function 1.
For the hinge loss, if there exists a function pair (I'r,T's) such that the following holds for all h € H
and (z,z") € X x X, with some positive functions c;:H x X - R} and ag: H x X - R}:

AL, sc(hz,a’) <Ti(ai(h,a’) Al  s(h,2))+To(az(h,2) ACy, ('),
then, we have T'1 (0) + T'2(0) > 1.

Proof Consider the distribution that supports on {(zo,z{)}. Let 1 > n(z¢) > n(z)) > 5, and
ho =1 € H. Then, for any h € I,

pinge (1o 0) = (o) max{0, 1 = h(zo)} + (1 =n(xo)) max{0, 1+ h(xo)} 2 2(1 = n(z0))
Cray,. (1 0) = 1(ag) max{0,1 ~ h(z) } + (1= n(2()) max{0, 1+ h(zp)} > 2(1 - n(ap)),
where both equality can be achieved by hg = 1. Furthermore,
€Ly, (ho,xo,20) = 1(20) (1 - n(x)) max{0, 1 - ho(x0) + ho(x) }
+n(26) (1 - n(z0)) max{1 - ho(z() + ho(z0) }
= (o) (1 = n(xp)) +n(xp) (1 = n(xo))
AGLéhinge,H(ho,ﬂfoyﬂfé) =n(z0)(1 - n(xp)) +n(zp) (1 -n(wo))
= 2min{n(zo) (1 - n(x5)),n(x6) (1 - n(z0)) }
=n(z0) - 1(p)-

Cey
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Therefore, AGg% ’g{(ho, wo) = Aegq)}' 7g{(h(),.l‘é) =0, but AEL%' 7g-f(h(], xQ, 1'6) # 0, which
1inge 1inge 1inge
implies that £, is not H-calibrated with respect to Lo, .-
Suppose that for all h € 3, the following holds:

A@L‘I’hinge’j{(h’ Zo, x()) < Fl(al(h, .%'6) Aeg¢hing67g{(h, .r())) + Fg(ag(h, 1‘0) Aegq)hmge,g{(h, 176))

Let h = hy, then, for any 1 > n(x¢) > n(z() > %, the following inequality holds:

n(xo) = n(xzg) <T1(0) +T2(0).

This implies that I'; (0) + T'2(0) > % [

Appendix F. Generalization bounds

Here, we show that all our derived enhanced J{-consistency bounds can be used to provide novel
enhanced generalization bounds in their respective settings.

F.1. Standard multi-class classification

Let S = ((1,41), .-, (@m,ym)) be a finite sample drawn from D™. We denote by hg the mini-
mizer of the empirical loss within H with respect to the constrained loss ®¢st"d:

1
hg = argmin € pestna g(h) = argmin — Z O (R i i),
heX hedt T 4=1

Next, by using enhanced H-consistency bounds for constrained losses ®°**"4 in Theorem 5, we
derive novel generalization bounds for the multi-class zero-one loss by upper bounding the surrogate
estimation error € gestna (Rg) — € pestna (FC) with the complexity (e.g. the Rademacher complexity) of
the family of functions associated with ®" and J: Hgestna = {(x, y) > SN (h 2 y):he H }

Let %q’m" (H) be the Rademacher complexity of Hgpestna and Bgesina an upper bound of the
constrained loss ™4, The following generalization bound for the multi-class zero-one loss holds.

Theorem 17 (Enhanced generalization bound with constrained losses) Assume that H is sym-
metric and complete. Then, the following generalization bound holds for hg: for any 6 > 0, with
probability at least 1 — § over the draw of an i.i.d sample S of size m.

N cstn 2
Epy_y (hs) = €5 (F0) + My,_, (H) < I‘(4§R§l ' d(.‘]—() + 2B gestnd lgg S+ Mpestnd (f}f)),

where T'(x) = (\/(_Lj)for O(u) =™ I'(x) = 1+A(h )for ®(u) = max{0,1-u}, and I'(x) =

1

1+A( for ®(u) = (1 - u)?1y<1. Additionally, A(hg) = inf yex maxyey hs(z,y).
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Proof By using the standard Rademacher complexity bounds (Mohri et al., 2018), for any 6 > 0,

with probability at least 1 — 6, the following holds for all h € JH:

—~ cstnd /log(2/6
|8<I>cstnd(hz) - 8<I)cstnd7s(h)‘ S 2%,?; (j{) + B.:pcstnd _g2(7n/ _) .

Fix ¢ > 0. By the definition of the infimum, there exists h* € J{ such that € gestma (h*) < €7 cqona (FO)+

€. By definition of hs, we have

8q>cstnd (ES) - Eé)cstnd (J{)
— ((,,‘@cstnd (’h\s) — E(I)CStnd7S(7;S) + ’é‘@cstnd7s(7’zs) - 8;cstnd (}C)
S 8(1)cstnd (/ES) — E@cstnd7s(7€s) + g@cstnd7s(h*) _ ejbcstnd (g{)

S 8‘I)cstnd (’};S) - E¢C5t"d7s(’ﬁs) + E‘I)CStnd,S(h*) - Sjl)cstnd(h*) + €
< 2[29%;?;“““(:}{) + Bgesna\/ %] +e.

Since the inequality holds for all € > 0, it implies:

8<I>Cs“‘d (?L\S) - E;;C“nd (g{) < 4%;};;%“(1 (j{) + 2B<Dcstnd \/ 10g2(13‘b/6) :

Plugging in this inequality in the bounds of Theorem 5 completes the proof.

To the best of our knowledge, Theorem 17 provides the first enhanced finite-sample guarantees,
expressed in terms of minimizability gaps, for the estimation error of the minimizer of constrained
losses with respect to the multi-class zero-one loss, incorporating a quantity A(’HS) depending on
7;5. The proof uses our enhanced JH-consistency bounds for constrained losses (Theorem 5), as well

as standard Rademacher complexity guarantees.
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F.2. Classification under low-noise conditions

Let S = ((z1,¥1),---,(Zm,ym)) be a finite sample drawn from D"*. We denote by hg the mini-
mizer of the empirical loss within J{ with respect to a surrogate loss £: hg = argmingsc E¢,5(h) =

argming, s % Z?Zl E(ha L, yl)

Next, by using enhanced J{-consistency bounds for surrogate losses ¢ in Theorems 6 and 9,
we derive novel generalization bounds for the binary and multi-class zero-one loss under low-
noise conditions, by upper bounding the surrogate estimation error &(hg) — &7 () with the com-
plexity (e.g. the Rademacher complexity) of the family of functions associated with ¢ and H:
Ho={(z,y) » l(h,z,y):h € H}.

Let %fn(ﬂ-() be the Rademacher complexity of J, and B, an upper bound of the surrogate loss
£. The following generalization bounds for the binary and multi-class zero-one loss hold.

Theorem 18 (Enhanced binary generalization bound under the Tsybakov noise assumption) Con-
sider a binary classification setting where the Tsybakov noise assumption holds. Assume that the
following holds for all h € 3 and x € X: ACpi c(h,x) < L(ACy5¢(h,x)), with T'(z) = ©s, for
some s > 1. Then, for any h € H,

1
e (hs) - Ejy (36) < TG [49{5;1(%) + 2B/ 2BC0) | g (J{)] ey

Proof By using the standard Rademacher complexity bounds (Mohri et al., 2018), for any ¢ > 0,
with probability at least 1 — ¢, the following holds for all h € H:

[€0(h) — By (h)| < 2R, (30) + By 2520,

Fix € > 0. By the definition of the infimum, there exists h* € J such that E,(h*) < E;(H) + €. By
definition of hg, we have

Eo(hs) - € (30)

= &u(hs) - Er5(hs) + Eps(hs) - € (H)
<&u(hs) - Eps(hs) + Egs(h*) - €/ (30)
<&(hs) - Eus(hs) +Eps(h*) = Ef(h*) +e

< 2[29%5;1(9{) +BN%] +e.

Since the inequality holds for all € > 0, it implies:

Eo(hs) - €5 (3) < AR, (H) + 2B/ 2821,

Plugging in this inequality in the bounds of Theorem 6 completes the proof. |

Theorem 19 (Enhanced multi-class generalization bound under the Tsybakov noise assumption)
Consider a multi-class classification setting where the Tsybakov noise assumption holds. As-
sume that the following holds for all h € H and x € X: ACy, | 5(h,x) < F(A(fgﬂ(h,a;)), with

I'(x) = ZL'%,fOI” some s > 1. Then, for any h € H,
1
€, (hs) - € (H) < ey [49{”(3{) +2B, /1og(2/5) M (%)]49—045—1)'
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Proof By using the standard Rademacher complexity bounds (Mohri et al., 2018), for any 6 > 0,
with probability at least 1 — 6, the following holds for all h € JH:

€6(h) - Ep.5(h)| < 2R, (30) + B/ BCL).

Fix € > 0. By the definition of the infimum, there exists h* € H such that E,(h*) < E; () + €. By
definition of hg, we have

Eo(hs) - €7 (30)

= &u(hs) - Eo5(hs) + Eps(hs) - € (H)

< &(hs) - €5 (hg) +Eps(h*) - € (3H)
<&(hs) - Eus(hs) +Ers(h*) = Ef(h*) +e

< 2[29%5;(9{) +BN%] te.

Since the inequality holds for all € > 0, it implies:

&o(hs) - €5 (H) < 4RE, (H) + 2B/ 28210,

Plugging in this inequality in the bounds of Theorem 9 completes the proof. |

To the best of our knowledge, Theorems 18 and 19 provide the first enhanced finite-sample
guarantees, expressed in terms of minimizability gaps, for the estimation error of the minimizer of
surrogate losses with respect to the binary and multi-class zero-one loss, under the Tsybakov noise
assumption. The proofs use our enhanced J{-consistency bounds (Theorems 6 and 9), as well as
standard Rademacher complexity guarantees.

Note that our enhanced H-consistency bounds can also be combined with standard bounds of
&o(hs) — &;(H) in the case of Tsybakov noise, which can yield a fast rate. For example, our
enhanced J{-consistency bounds in binary classification (Theorems 6) can be combined with the
fast estimation rates described in (Bartlett et al., 2006, Section 4), which can lead to enhanced
finite-sample guarantees in the case of Tsybakov noise. This is even true in the case of JH = H,y,

with a more favorable factor of one instead of 25-aG-1) ,

F.3. Bipartite ranking

Let S = ((z1,11), (1,91)s- s (Tm, Ym), (1., yr,)) be a finite sample drawn from (D x D). We
denote by hs the minimizer of the empirical loss within J{ with respect to a classification surrogate
loss {o: hg = argming g §g¢75(h) = argming, g % Y lo(h,zi,yi).

Next, by using enhanced H-consistency bounds for classification surrogate losses £ in The-
orems 12 and 13, we derive novel generalization bounds for bipartite ranking surrogate losses
Ls, by upper bounding the surrogate estimation error &, (hs) — &7, (3() with the complexity
(e.g. the Rademacher complexity) of the family of functions associated with {4 and H: H,, =
{(z,y) » Lo(h,x,y):h e H}.

Let %f;f (H) be the Rademacher complexity of H,, and By, an upper bound of the classification
surrogate £¢. The following generalization bounds for the bipartite ranking surrogate losses L hold.
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Theorem 20 (Enhanced generalization bound with AdaBoost) Assume that H is complete. Then,
for any hypothesis h € H, we have

Ela,,, (hs) = &L, (30) + My, (50)
—~ ) Moa(273)
< 2864’9:(1) (hS) (49%7;?%9 (f]-() + 2B‘€(‘I§'exp % + M&I’exp (ﬂ-f))

Proof By using the standard Rademacher complexity bounds (Mohri et al., 2018), for any § > 0,
with probability at least 1 — ¢, the following holds for all h € J(:

[ tay (1) = Bt ()| < 2057 (30) + B, /220,

Fix € > 0. By the definition of the infimum, there exists 2" € J( such that €, (h*) <&, (3)+
ex: exp

€. By definition of /ﬁg, we have

Etgy, (hs) - &l (FO)
= g’e@exp (/}{S) - E&Pexp ’S(/I{S) + é\Zq)eXP ’S(ES) a Ezq’CXP (j{)
< qu)exp (’fzs) - qu)exp 7S(/ES) + €£¢exp ,S(h*) - EZDGXP (:H)

<y, (hs) = Epy, 5(hs) +Eay s(h*) - €lpn, (B) e

< 2[29%3’“? (30 + Bey, —1°g2§jj‘”] ‘e,

Since the inequality holds for all € > 0, it implies:

N * ¢ ex o
€y, (hs) = €7, (30) < AR, P (H) +2Bg,, Y [loe(2/%),

Plugging in this inequality in the bounds of Theorem 12 completes the proof. |

Theorem 21 (Enhanced generalization bound with logistic regression) Assume that I is com-
plete. For any x, define u(x) = max{n(x),1-n(z)}. Then, for any hypothesis h € H, we have

e, (Bs) - €1, (30 + My, (30)

4
< 2B[u(0)] (490 (30) + 2B\ H2D + My, (30))

Proof By using the standard Rademacher complexity bounds (Mohri et al., 2018), for any 6 > 0,
with probability at least 1 — ¢, the following holds for all h € H:

—_ ECI)O 5 6
’86@10&' (h) B 8&1)10%,5(}7‘)‘ < 29%7”1 ¢ (g{) + Bé@]og \ 1 g2(2/ )
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Fix € > 0. By the definition of the infimum, there exists 2* € H such that €, (h*) <€)~ (H)+e.
og log

By definition of hg, we have

Eay,, (hs) - €y, (70

= €4y, (hs) - 'E\gq)log,g(/ﬁg) + §g¢log,s(ﬁs) - 5E¢1Og (30)
<o, (hs)=Epy, s5(hs) +Epy s(h*) =&, (30)
ST (hs) - geq,log s(hs) + é\f@log s(h") - Ez%g (h7) +e

4
< 2[29%,5'% (30) + Buy, %] e

Since the inequality holds for all € > 0, it implies:

—~ . Lo, [log(2/§
8gélog(h5) —ggd)log () < 4R, £ (H) +2B€‘1’10g %.
Plugging in this inequality in the bounds of Theorem 13 completes the proof. |

To the best of our knowledge, Theorems 20 and 21 provide the first enhanced finite-sample
guarantees, expressed in terms of minimizability gaps, for the estimation error of the minimizer of
classification surrogate losses with respect to the bipartite ranking surrogate losses. Theorem 20
is remarkable since it provide finite simple bounds of the estimation error of the RankBoost loss
function by that of AdaBoost. Significantly, Theorems 21 implies a parallel finding for logistic
regression analogous to that of AdaBoost. The proofs use our enhanced J(-consistency bounds
(Theorems 12 and 13), as well as standard Rademacher complexity guarantees.
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