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A RELATED WORK

LLM(-agent) for decision-making. The impressive capability of LLMs for reasoning (Bubeck
et al., 2023; Achiam et al., 2023; Wei et al., 2022b;a; Srivastava et al., 2023; Yao et al., 2023a) has
inspired a growing line of research on LLM for (interactive) decision-making, i.e., an LLM-based
autonomous agent interacts with the environment by taking actions repeatedly/sequentially, based
on the feedback it perceives. Some promises have been shown from a planning perspective (Hao
et al., 2023; Valmeekam et al., 2023; Huang et al., 2022b; Shen et al., 2023). In particular, for
embodied Al applications, e.g., robotics, LLMs have achieved impressive performance when used
as the controller for decision-making (Ahn et al., 2022; Yao et al., 2023b; Shinn et al., 2023; Wang
et al., 2023d; Driess et al., 2023; Significant Gravitas, 2023). However, the performance of decision-
making has not been rigorously characterized via the regret metric in these works. Very recently, Liu
et al. (2023e) has proposed a principled architecture for LLM-agent, with provable regret guarantees
in stationary and stochastic decision-making environments, under the Bayesian adaptive Markov
decision processes framework. In contrast, our work focuses on online learning and game-theoretic
settings, in potentially adversarial and non-stationary environments. Moreover, (first part of) our
work focuses on evaluating the intelligence level of LLM per se in decision-making (in terms of the
regret metric), while Liu et al. (2023e) focused on developing a new architecture that uses LLM as
an oracle for reasoning, together with memory and specific planning/acting subroutines, fo achieve
sublinear (Bayesian) regret, in stationary and stochastic environments.

LLMs in multi-agent environments. The interaction of multiple LLM agents has garnered sig-
nificant attention lately. For example, Fu et al. (2023) showed that LLMs can autonomously improve
each other in a negotiation game by playing and criticizing each other. Similarly, (Du et al., 2023;
Liang et al., 2023; Xiong et al., 2023; Chan et al., 2024; Li et al., 2023c) showed that multi-LLM
debate can improve the reasoning and evaluation capabilities of the LLMs. Qian et al. (2023);
Schick et al. (2023); Wu et al. (2023) demonstrated the potential of multi-LLLM interactions and
collaboration in software development, writing, and problem-solving, respectively. Zhang et al.
(2024) exhibited a similar potential in embodied cooperative environments. More formally, multi-
LLM interactions have also been investigated under a game-theoretic framework, to characterize the
strategic decision-making of LLM agents. Bakhtin et al. (2022); Mukobi et al. (2023) and Xu et al.
(2023b;a) have demonstrated the promise of LLMs in playing Diplomacy and WereWolf games,
respectively, which are both language-based games with a mixture of competitive and cooperative
agents. Note that these works utilized LLM to solve a specific rather than a general game. Related
to our work, Brookins & DeBacker (2023); Akata et al. (2023); Loré & Heydari (2023); Brookins
& DeBacker (2023); Fan et al. (2023) have also used (repeated) matrix games as a benchmark to
evaluate the reasoning capability and rationality of LLM agents. In contrast to our work, these em-
pirical studies have not formally investigated LLM agents using the metric of regret, nor through the
lenses of online learning and equilibrium-computation, which are all fundamental in modeling and
analyzing strategic multi-agent interactions. Moreover, our work also provides theoretical results to
explain and further enhance the no-regret property of LLM agents.

LLMs & Human/Social behavior. LLMs have also been used to simulate the behavior of hu-
man beings, for social science and economics studies (Engel et al., 2023). The extent of LLMs
simulating human behavior has been claimed as a way to evaluate the level of its intelligence in a
controlled environment (Aher et al., 2023; Tsai et al., 2023). For example, Li et al. (2023b); Hong
et al. (2024); Zhao et al. (2023) showed that by specifying different “roles” to LLM agents, certain
collaborative/competitive behaviors can emerge. Argyle et al. (2023) showed that LLMs can emulate
response distributions from diverse human subgroups, illustrating their adaptability. Horton (2023)
argued that an LLM, as a computational model of humans, can be used as homo economicus when
given endowments, information, preferences, etc., to gain new economic insights by simulating its
interaction with other LLMs. Park et al. (2022; 2023) proposed scalable simulators that can generate
realistic social behaviors emerging in populated and interactive social systems, and the emerging be-
haviors of LLM agents in society have also been consistently observed in Chen et al. (2024; 2023).
Li et al. (2023d;a) studied the behavioral dynamics of LLM agents on social networks. These empir-
ical results have inspired our work, which can be viewed as an initial attempt towards quantitatively
understanding the emerging behavior of LLMs as computational human models, given the known
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justification of equilibrium being a long-run emerging behavior of learning dynamics (Fudenberg &
Levine, 1998) and strategic interactions (Young, 2004; Camerer, 2011).

Transformers & In-context-learning. LLMs nowadays are predominantly built upon the archi-
tecture of Transformers (Vaswani et al., 2017). Transformers have exhibited a remarkable capacity
of in-context-learning (ICL), which can construct new predictors from sequences of labeled exam-
ples as input, without further parameter updates. This has enabled the few-shot learning capability
of Transformers (Brown et al., 2020; Garg et al., 2022; Min et al., 2022). The empirical successes
have inspired burgeoning theoretical studies on ICL. Xie et al. (2022) used a Bayesian inference
framework to explain how ICL works, which has also been adopted in Wang et al. (2023b); Jiang
(2023). Akyiirek et al. (2023); Von Oswald et al. (2023); Dai et al. (2023); Giannou et al. (2023)
showed (among other results) that ICL comes from that Transformers can implement the gradient
descent (GD) algorithm. Bai et al. (2023) further established that Transformers can implement a
broad class of machine learning algorithms in context. Moreover, Ahn et al. (2023); Zhang et al.
(2023a); Mahankali et al. (2023) proved that a minimizer of the certain training loss among single-
layer Transformers is equivalent to a single step of GD for linear regression. Li et al. (2023e) es-
tablished generalization bounds of ICL from a multi-task learning perspective. Zhang et al. (2023b)
argued that ICL implicitly implements Bayesian model averaging, and can be approximated by the
attention mechanism. They also established a result on some regret metric. However, the regret
notion is not defined for (online) decision-making, and is fundamentally different from ours that
is standard in online learning and games. Also, we provide extensive experiments to validate the
no-regret behavior by our definition. More recently, the ICL property has also been generalized
to decision-making settings. Laskin et al. (2023); Lee et al. (2023); Lin et al. (2024) investigated
the in-context reinforcement learning (RL) property of Transformers under supervised pre-training,
for solving stochastic bandits and Markov decision processes. In contrast, our work focuses on on-
line learning settings with an arbitrary and potentially adversarial nature, as well as game-theoretic
settings. We also provide a new unsupervised loss to promote the no-regret behavior in our settings.

Online learning and games. Online learning has been extensively studied to model the decision-
making of an agent who interacts with the environment sequentially, with a potentially arbitrary
sequence of loss functions (Shalev-Shwartz, 2012; Hazan, 2016), and has a deep connection to game
theory (Cesa-Bianchi & Lugosi, 2006). In particular, regret, the difference between the incurred
accumulated loss and the best-in-hindsight accumulated loss, has been the core performance metric,
and a good online learning algorithm should have regret at most sublinear in time 7', which is
referred to as being no-regret. Many well-known algorithms can achieve no-regret against arbitrary
loss sequences, e.g., multiplicative weight updates (MWU)/Hedge (Freund & Schapire, 1997; Arora
et al., 2012b), EXP3 (Auer et al., 2002), and more generally follow-the-regularized-leader (FTRL)
(Shalev-Shwartz & Singer, 2007) and follow-the-perturbed-leader (FTPL) (Kalai & Vempala, 2005).
In the bandit literature (Lattimore & Szepesvari, 2020; Bubeck et al., 2012), such a setting without
any statistical assumptions on the losses is also referred to as the adversarial/non-stochastic setting.
Following the conventions in this literature, the online settings we focus on shall not be confused
with the stationary and stochastic(-bandit)/(-reinforcement learning) settings that have been explored
in several other recent works on Transformers for decision-making (Lee et al., 2023; Lin et al., 2024).
Centering around the regret metric, our work has also explored the non-stationary bandit setting
(Besbes et al., 2014), as well as the repeated game setting where the environment itself consists of
strategic agents (Cesa-Bianchi & Lugosi, 2006).

A.1 COMPARISON WITH CONCURRENT WORK KRISHNAMURTHY ET AL. (2024)

After submitting the first version of our manuscript, we were aware of a concurrent work Krishna-
murthy et al. (2024), which considered using LLMs to solve multi-arm stochastic bandit problems
entirely in-context, with a focus on the exploration behaviors of LLMs. Specifically, Krishnamurthy
et al. (2024) claimed that LLMs may not show robust exploratory behaviors under a variety of
prompt configurations, although there does exist some successful prompt configuration that enabled
satisfactory exploratory behaviors. We here provide a detailed comparison between Krishnamurthy
et al. (2024) and the first experimental part of our paper, i.e., Section 3 and related appendices.

* (Focused settings). We mainly considered the full-information online learning setting with
potentially adversarial loss vectors, as well as the multi-agent repeated-game setting. In
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contrast, Krishnamurthy et al. (2024) focused on the stochastic setting with bandit feed-
back, where the loss vectors at different rounds are drawn i.i.d. from a fixed distribution.
Therefore, both the metrics and most results are not directly comparable. For example, 1)
some failure cases in Krishnamurthy et al. (2024) for stochastic bandits did not appear in
our setting (as will be detailed next); ii) for some adversarial loss instances (e.g., those from
Feder et al. (1992), see the introduction in Section 3.4), the summarized history input that
was claimed essential in Krishnamurthy et al. (2024) is not very effective in our settings,
while a raw-history input as in our experiments can be more effective (see Section 3.4
and Figure C.06); iii) as studied in Krishnamurthy et al. (2024), uniform-like behaviors con-
stitute one of the main failures in stochastic bandits. However, uniform-like policies do
not necessarily correspond to failure cases in our setting, especially when the loss vectors
are highly adversarial (c.f. examples in Section 3.4). In particular, such a metric may be
irrelevant/inapplicable to validating the no-regret behaviors in our full-information non-
stochastic/adversarial settings. These results/facts demonstrated the fundamentally differ-
ent features in addressing the distinct settings in both works.

* (Configuration/Prompt design choices). Despite the negative results under many prompt
configurations, Krishnamurthy et al. (2024) still found one successful prompt configura-
tion that can lead to robust exploratory behaviors in stochastic bandits, which in fact shares
many similarities with our default prompt configurations. For example, Krishnamurthy
et al. (2024) found that asking the LLMs to output a distribution over the action space
(instead of one single action) can address the suffix failure for stochastic bandits, which
was indeed the default prompt we used in our settings. Moreover, as a standard technique,
our default prompt asked the model to have the Chain-of-Thought (CoT) reasoning, while
Krishnamurthy et al. (2024)’s successful prompt also emphasized the importance of CoT.
Krishnamurthy et al. (2024) also showed the importance of summarizing the history, i.e.,
summarizing the mean reward associated with each arm, while we found that when we
feed the LLMs with (raw) full-information feedback in the vector form, the LLMs may au-
tomatically choose to summarize the history and make decisions based on the summarized
statistics (c.f. the output examples in Appendix C.10).

* (Horizons v.s. No-regret behaviors). In light of the findings from Krishnamurthy et al.
(2024) that LLMs may fail when the problem horizon is long, we conduct experiments on
problems with comparable horizons as in Krishnamurthy et al. (2024). Our results show
that for the full-information non-stochastic setting we focused on, LLMs can still be no-
regret with longer horizons (Figure 3.2 and Table 1), under the loss sequences we studied.

* (Results in bandit setting & Failure cases). As an extension and sanity check of our
full-information-setting results, we have also experimented with the (adversarial) bandit
setting. This extension setting is more comparable to that in Krishnamurthy et al. (2024).
However, different from the focus therein, we did not ask the LLMs to directly explore in
context. Instead, we manually input a re-weighting estimate of the full-information loss
vector, a standard technique in online learning (Auer et al., 2002; Hazan, 2016; Lattimore
& Szepesviri, 2020), to balance exploration and exploitation. We viewed this approach as
a natural way to exploit the no-regret behaviors of LLMs in the full-information setting. In
fact, with such a re-weighting, we show in Table 2 that the failure cases in Krishnamurthy
et al. (2024) for the bandit setting may not appear, in the exact hard instance proposed
therein, even under a relatively long horizon of T = 100. Complementing Krishnamurthy
et al. (2024), our bandit-setting results may suggest that such human-intervened input may
enhance LLMs’ decision-making capabilities. This is perhaps also in line with the obser-
vation in Krishnamurthy et al. (2024) that some additional “human intervention” (i.e., the
summarized history input therein) may be critical in the (stochastic) bandit setting. Specif-
ically, in Table 2, we validate that although LLMs may fail in bandit-feedback settings
without interventions, such a simple re-weighting technique may be useful to handle ex-
ploration tasks by leveraging LLMs’ performance in the full-information setting.
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Hard MAB instance of Successful case of ) . . -
Krishnamurthy etal. 2024) 1> UCB  Krichnamurthy et al. (2024) OUrs (GPT-4) - Naive (GPT-4)  Ours (GPT-40)  Naive (GPT-40)
Median reward .

(highar 1 betet) 047  0.55 0.47 0.46 0.46 0.475 0.455
SuffFailFreq(T/2) 001 0.02 0.00 0.00 0.00 0.00 0.2
(lower is better)

nMinFrac 028 0.18 0.33 0.27 0.38 0.1 0.09

(lower is better)

Table 2: Comparing Thompson Sampling (TS), Upper Confidence Bound (UCB), and the successful
prompt configuration of Krishnamurthy et al. (2024) (from Figure 4 therein) with our approaches
(named Ours in the table), on the hard MAB instance therein. We also conducted ablation studies
by removing our re-weighting technique (named Naive in the table). Note that both Ours and Naive
use distributional output, as it is the default prompt configuration we used throughout our paper.
Specifically, as introduced in Krishnamurthy et al. (2024), for this hard instance, rewards associated
with each arm follow a Bernoulli distribution, the horizon is 7" = 100, the number of actions is
n = 5, and the reward gap is 0.2. For GPT-4, the model adopted by Krishnamurthy et al. (2024),
we have observed similar results with their case using the distributional output, where although the
median reward is comparable with the successful cases, Naive suffers from the uniform-like failure
as indicated by a high nxMinFrac value. For GPT-40, the model not studied by Krishnamurthy
et al. (2024), we have a slightly different observation that Naive (with distributional output as in
our default configurations) seems to still suffer from suffix failure, indicated by a slightly high
SuffFailFreq(7'/2), while Krishnamurthy et al. (2024) reported that distributional output can avoid
such a failure for GPT-4. In contrast to Naive, our re-weighting technique enabled the LLMs to
avoid both the suffix and the uniform-like failures in this (stochastic) bandit-feedback case, without
external history summarization, and achieve comparable rewards.

B DEFERRED BACKGROUND

B.1 NOTATION

We use N and N7 to denote the sets of non-negative and positive integers, respectively. For a finite
set S, we use A(S) to denote the simplex over S. For d € N*, we define [d] := {1,2,...,d}. For
two vectors x,y € R, we use (z,y) to denote the inner product of x and 3. We define 04 and 14 as a
d-dimensional zero or one vector, and O 4y 4 and I« 4 as a d x d-dimensional zero matrix and identity
matrix, respectively. We omit d when it is clear from the context. We define e; as a unit vector (with
proper dimension) whose i-th coordinate equal to 1. For p € R? R > 0 and C C R? is a convex
set, define B(p, R, ||-||) := {z € R? | |z —p| < R}, Projc,.(p) = argmin, ¢ || —pl| (which
is well defined as C' is a convex set), and clipg(x) = [ProJp(o,R,||-|2),||-|l. (Ti)]ic[q- Define
— e”i
A; denoting its i-th column, we define [|Al[op 1= max)z|,<1 [|AZ|l2, [|All2,00 = sup;ep [[Aill2,
||A||F as the Frobenius norm, and A_; := A, to denote the last column vector of A. We define
R* := {z | £ > 0}. For a set II, define diam(IL, || - ||) := sup,, r,ep |71 — m2|. We define
1(E) := 1if £ is true, and 1(€) := 0 otherwise. For a random variable sequence (X,,)nen and
random variables X, Y, we denote F'x as the cumulative distribution function of a random variable

X, X, B X if Ve > 0,limn0oP(|Xn — X| > €) = 0, X,, 5 X if limy00 Fy, (z) =

Fx(z) for all © where Fx(z) is continuous, X Ly if Fx(x) = Fy(x) for all z, X,, “3 X
if P(limy,yoo X, = X) = 1, and esssup(X) := inf{M € R : P(X > M) = 0}. Fora
random variable X, we use supp(X) to denote its support. For functions f, ¢ : R — R, we define
g(x) = O(f(x)) if there exist zo, M < oo such that |g(z)| < M|f(z)| for all z > z¢. We use f’ to
denote the derivative of f. Let F' : 2 — R be a continuously-differentiable, strictly convex function
defined on a convex set (2. The Bregman divergence associated with F' for points p, ¢ is defined as
Dp(p,q) :== F(p) — F(q) — (VF(q),p — q). For a sequence ({;),c[r] for some T' € N, we define
Loy i= (L, ) for1 <a<b<T.Ifa>b, wedefine £y, = 0.

) and ReLU(z) = max(0, ) for v € R% For A € R™*" with
i€[d]
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B.2 ADDITIONAL DEFINITIONS

(Linear) Self-attention. One key component in Transformers (Vaswani et al., 2017), the backbone
of modern language models, is the (self-)attention mechanism. For simplicity, we here focus on
introducing the single-layer self-attention architecture. The mechanism takes a sequence of vectors
Z = [21,...,2) € R™? as input, and outputs some sequence of [Z,...,%;] € R4**. For each
i € [t] where ¢ > 1, the output is generated by z; = (Vz1.,—1)0((K21.4-1)7(Qz;)), where z1.;_1
denotes the 1 to —1 columns of Z, o is either the Softmax or ReLU activation function, and for the
initial output, 2; = 04. Here, V, Q, K € R** are referred to as the Value, Query, and Key matrices,
respectively. Following the theoretical framework in Von Oswald et al. (2023); Mahankali et al.
(2023), we exclude the attention score for a token z; in relation to itself. For theoretical analysis, we
also consider the linear self-attention model, where z; = (Vz1.;—1)((K21.i—1)7(Qz;)). We write

this (linear) self-attention layer’s output as (L) SAwW,Q,K) (Z). We define an M-head self-attention

layer with 6 = {(Vin, Qmn, Kon) }ine[ar) @ M= (L) SR(Z) := Z%:l (L) SA(v,,,Qum.Km)(Z). We

M
define [| - [lu- x5 s [|0]hv- 1) sa = maxme ar) {|@mllop, [EKmllop} + 30—y [Vinllop-

Transformers. For a multi-layer perceptron (MLP) layer, it takes Z = [z1,...,2] € R as
input, with parameter 6 = (W, W,) € R ¥4 x R4’ guch that for each i € [t], the output is
z; := Wao (Wi 2;) where o is either Softmax or ReLU. We write the output of an MLP layer with
parameter 6 as MLPy(Z). Defining || - [ure as [|0]|uze := |W1llop + ||W2||op and ResNet (f, Z) :=
Z + f(Z), we can define an L-layer Transformer with parameter § = (6™, 6(®)), 1, as

1F¢(Z) := 2P,
where the output Z(") is defined iteratively from Z(*) = c1ipy(Z) := min(—R, max(R, Z)) and
ZW = clipp (ResNet (MLP9<za)7ResNet (M— (L) SAG(M),Z(H))» ,

for some R > 0. We define a class of Transformers with certain parameters as Ogq, 1, a7,/ By, =
{6 = (9, G(ZG))ZE[LLmE[M] : 10l|r¢ < Brr}, where M is the number of heads of self-attention,

10]lze = max{HG(l“) lhs- o 5 + (164 ||MLP} ’ ®.D
le[L]

and Brr > 0 is some constant. When it is clear from the context, we may omit the subscripts and

write it as © for simplicity. We assume R to be sufficiently large such that c1ip does not take effect

on any of our approximation results.

B.3 IN-CONTEXT LEARNING

In-context learning is an emergent behavior of LLMs (Brown et al., 2020), which means that these
models can adapt and learn from a limited number of examples provided within their immediate
input context. In in-context learning, the prompt is usually constituted by a length of 7" in-context
(independent) examples (¢, y¢)¢[r) and (T + 1)-th input 27 1, so the LLM((2¢)¢e[7), T7+1) pro-
vides the inference of y 1, where z; = (x4, yt).

B.4 ONLINE LEARNING ALGORITHMS

Follow-the-regularized-leader (FTRL). The follow-the-regularized-leader algorithm (Shalev-
Shwartz, 2007) is an iterative method that updates policy based on the observed data and a regu-
larization term. The idea is to choose the next policy that minimizes the sum of the past losses and
a regularization term.

Mathematically, given a sequence of loss vectors ¢1, /o, ..., ¢, the FTRL algorithm updates the
policy 7 at each time step ¢ as follows:

t
i1 = arg Ernellr% (Z(&-, )+ R(ﬂ')) )

i=1
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where R() is a regularization term. The regularization term R(7) is introduced to prevent overfit-
ting and can be any function that penalizes the complexity of the model. A function R(7) is said to
be A-strongly convex with respect to a norm || - || if for all =, 7’ € II:

R(r) > R(x') + (VR(x'), x — ') + 5| — 73

A key property that ensures the convergence and stability of the FTRL algorithm is the strong con-
vexity of the regularization term R(7). Strong convexity of R(7) ensures that the optimization
problem in FTRL has a unique solution. The FTRL algorithm’s flexibility allows it to encompass a
wide range of online learning algorithms, from gradient-based methods like online gradient descent
to decision-making algorithms like Hedge (Freund & Schapire, 1997).

Connection to online gradient descent (OGD). The Online Gradient Descent (OGD) (Cesa-
Bianchi et al., 1996) algorithm is a special case of the FTRL algorithm when the regularization
term is the Ly-norm square, i.e., R(m) = 3||||3 and IT = R% In OGD, at each time step ¢, the
policy 7 is updated using the gradient of the loss function:

Tt4+1 = T — £t~

Therefore, the connection between FTRL and OGD can be seen by observing that the update rule
for FTRL with Lo-regularization can be derived from the OGD update rule.

Connection to the Hedge algorithm. The Hedge algorithm (Freund & Schapire, 1997) (also re-
ferred to as the Multiplicative Weight Update algorithm (Arora et al., 2012b)) is an online learning
algorithm designed for problems where the learner has to choose from a set of actions (denoted as
A) at each time step and suffers a loss based on the chosen action. The FTRL framework can be
used to derive the Hedge algorithm by considering an entropy regularization term. Specifically, the
regularization term is the negative entropy R(7) = > jeld T log 7; (where d is the dimension of
policy 7), then the FTRL update rule yields the Hedge algorithm as

- R exp(—l;me;)
(g Y Zie[d] exp(—LyT;)

for j € [d].

Follow-the-perturbed-leader (FTPL). Given a sequence of loss vectors /1, %o, ..., 0;_1, the
follow-the-perturbed-leader algorithm (Kalai & Vempala, 2005) at each time step ¢ adds a random
perturbation vector ¢ to the original loss vectors and then selects the best-response action a; (that is
potentially randomized due to €;) by solving:

t—1

a; € arg zrélﬂ €ta + Zl lia,
=

where the perturbation ¢, is sampled from a pre-defined distribution. Correspondingly, the policy
is chosen by following equation:

t—1
m = E |arg gleilr_[l<et,7r> + Z<£i’ | . (B.2)
i=1

Relationship between FTRL and FTPL. The FTRL and FTPL algorithms are deeply related. For
example, FTPL with perturbations of Gumbel distribution and FTRL with Entropy Regularization
(i.e., Hedge) are equivalent. In general, for the FTPL algorithm with any perturbation distribution,
one can always find an FTRL algorithm with a particular regularization such that their update rule is
equivalent. However, this relationship does not hold vice versa. For example, Hofbauer & Sandholm
(2002) showed that for FTRL with log barrier regularization, there does not exist an equivalent
perturbation distribution for FTPL.

27



Published as a conference paper at ICLR 2025

Restarting techniques for non-stationary online learning. For non-stationary online learning
problems, one common technique is restarting: one restarts the standard online learning algorithm
periodically (Besbes et al., 2014) (see also e.g., Wei & Luo (2021); Mao et al. (2020)). After each
restarting operation, the algorithm will ignore the previous history and execute as if it is the begin-
ning of the interaction with the environment. Since the variation of the loss sequences is bounded,
loss sequences between two consecutive restarting operations can be regarded as being almost sta-
tionary, which makes achieving an overall sublinear dynamic regret guarantee possible.

B.5 WHY FOCUSING ON LINEAR LOSS FUNCTION?

We note that focusing on the linear loss function f;(7) := (¢;,7) does not lose much of gener-
ality. Specifically, for the general convex loss function (f;):e[r), we have fi(mey () — fi(m) <
(Vfi(mar 1), Ter ¢+ — m) for any 7 € II, which indicates

T T
Regret,, ((fi)ier)) < ZEKVft(Wﬂ,t)ﬂW,tﬂ - ;QEZE[<Vft(7W,t)ﬂT>]~

t=1

Therefore, one can regard the loss vector ()] as £y := V fi(7e ¢) for t € [T1, and control the
actual regret by studying the linear loss function (Hazan, 2016). The same argument on the general
convex f; can be applied to the dynamic-regret metric as well. In sum, an algorithm designed for
online /inear optimization can be adapted to solve online convex optimization, with the understand-
ing that the instance received at round ¢ corresponds to the gradient of the convex function evaluated
at the policy in that round.

B.6 SiX REPRESENTATIVE GENERAL-SUM GAMES

In game theory, there are six representative two-player general-sum games (Robinson & Goforth,
2005). Firstly, consider the win-win game represented by matrices A = <} 3) and B = (% ;l)

for players A and B, respectively. This setup fosters a cooperative dynamic, as both players receive
identical payoffs, encouraging strategies that benefit both parties equally.

In contrast, the prisoner’s dilemma, depicted by payoff matrices A = (; i) and B = (;L ?) )

illustrates the conflict between individual and collective rationality, where players are tempted to
pursue individual gain at the collective’s expense, often resulting in suboptimal outcomes for both.

In the unfair game, represented by A = (g 411) and B = (411 g), the asymmetry in the payoff
structure places one player at a disadvantage, regardless of the chosen strategy. This imbalance often
reflects real-world scenarios where power or information asymmetry affects decision-making.

The cyclic game, with matrices A = (g 411) and B = <§ 111> , presents a scenario where no

stable equilibrium exists. The best strategy for each player changes in response to the other’s actions,
leading to a continuous cycle of strategy adaptation without a clear resolution.

The biased game, depicted by A = <i’ i) and B = <le §> inherently favors one player, often

reflecting situations where external factors or inherent advantages influence outcomes, leading to
consistently unequal payoffs.

Finally, the second-best game, with payoff matrices A = <£1’, Z) and B = (% 3) , encapsulates

scenarios where players settle for less-than-optimal outcomes due to constraints like risk aversion
or limited options. This often results in players choosing safer, albeit less rewarding, strategies.

Each of these games exemplifies distinct aspects of strategic decision-making and interactions. From
cooperative to competitive and fair to biased scenarios, these matrices provide a rich landscape for
exploring the nuances of decision-making behavior in game theory.
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C DEFERRED RESULTS AND PROOFS IN SECTION 3

C.1 INTUITION WHY PRE-TRAINED LANGUAGE MODELS MIGHT EXHIBIT NO-REGRET
BEHAVIOR

Intuition why pre-trained language models might exhibit no-regret behavior. Transformer-
based LLLMs have demonstrated impressive in-context-learning and few-/zero-shot learning capa-
bilities (Brown et al., 2020; Garg et al., 2022; Min et al., 2022). One theoretical explanation is
that, trained Transformers can implement the gradient descent algorithm on the testing loss in cer-
tain supervised learning problems (Akyiirek et al., 2023; Von Oswald et al., 2023; Dai et al., 2023;
Ahn et al., 2023; Zhang et al., 2023a; Mahankali et al., 2023), which is inherently adaptive to the
loss function used at test time. On the other hand, it is known in online learning that the simple
algorithm of online gradient descent (Zinkevich, 2003) can achieve no-regret. Hence, it seems rea-
sonable to envision the no-regret behavior of such meta-learners in online learning, due to their fast
adaptability. However, it is not straightforward due to the fundamental difference between multi-
task/meta-learning and online learning settings, as well as the difference between stationary and
non-stationary/adversarial environments in decision-making. Next, we provide both experimental
and theoretical studies to validate this intuition.

C.2 VISUALIZATION OF INTERACTION PROTOCOLS

Human Moderator’s Prompt 4% t F 12 J—
= —~ W
o - W imt ]
You are playing a matrix game for 7 rounds. There are A4 number of actions. <
At each round, you need to choose a policy; it specifies your probability of choosing each action. o A& ; ¥
This policy should be A-dimensional, with the sum of its components equaling 1. — = J_
” After that, you are shown the reward vector for choosing each action. Remember, the reward vector
0N is determined by an external system and can vary across rounds. e (v o 7 LLM2: My decision s ..
" It is not decided by what policies you have chosen. The reward vector is also A-dimensional. - Py
You can adjust your policy based on the reward vectors for all previous rounds. You’re required to {
provide your policy in numeric format. \ W
Your response’s last line should be formatted as ‘Policy: [your A-dimensional policy]’. e '
Let’s think step by step. Explicitly examining history is important. Please explain how you chose the .

policy by guessing what reward you might receive for each action according to the history.

Figure C.1: Demonstration of the prompts and interaction protocol for multi-player repeated games.
A human moderator does not provide the game’s payoff matrices to the LLMs. Instead, at each
round, the human moderator provides each player’s own payoff vector history.

C.3 FRAMEWORKS FOR NO-REGRET BEHAVIOR VALIDATION

Trend-checking framework. We propose the following hypothesis test:
Hyj : The sequence (Regret o (( fT)Te[t]) / t)toi1 either diverges or converges to a positive constant
H, : The sequence (Regret o (( fT)TE[t]) / t)toi1 converges to 0 or a negative constant

with Hy and H; denoting the null and alternative hypotheses, respectively. The notion of conver-
gence is related to T — oo by definition, making it challenging to verify directly with a finite T'. As
an alternative, we propose a more tractable hypothesis test, albeit a weaker one, that still captures
the essence of our objective:

Hy : The sequence (Regret,, ((f-)rep) /t) re 1] does not exhibit a decreasing pattern

H; : The sequence (Regret,, ((f-)rep) /t) re[T] shows a decreasing pattern

where the “decreasing pattern” here refers to the case when more than 1/2 of the elements in the
sequence satisfies that Regret , ((f7)rep) /t > Regret,, ((fr)rej41]) /(t + 1). Note that we will
only apply the framework when the sequence (Regret,, ((f7)-ey) /1), el
negative regret is even more favorable and directly implies no-regret behaviors.

is non-negative, since a

Ideally, one should check if Regret , (( fT)Te[t]) /t approaches zero or some negative constant as ¢
goes to infinity. With a finite 7" value, testing these hypotheses provides a method to quantify this
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— whether we reject Hy offers a way to measure it. To this end, one needs to count the number of
Regret , ((fr)-e) /t—Regret,, ((fr)rep+1]) /(t+1) > 0, for which we use Proposition 1 below
to provide some understanding of (how small) the probability it happens under various counts. For
example, with the default choice of 7' = 25 in our experiments later, one can see from Proposition |
that: Py, (£(17,25)) < 0.032,Pp, (£(19,25)) < 0.0035, P, (£(21,25)) < 0.00014, i.e., one can
easily reject Hy with high probability. We will report the p-value of Hy, denoted as p¢rend, as the
output of this framework.

Proposition 1. (p-value of the null hypothesis). Define the event

Regret T Regret s T-1
E(s,T) := {The number of it 4 (if )re[t]) _ ((f )TE[HI]) 1 } .

>0 for t =1,...,T isatleast s >
t+1

Under the assumption that the null hypothesis Hy holds, the probability of this event happening is

bounded as Pr, (£(s,T)) < 57— ? Sl <T ; 1).

Proof. Under the null hypothesis Hy, the probability p that Regret, ((f-);ep) /t —

Regret,, ((fr)reje41)) /(t + 1) > 0is less than 1. Therefore, if we consider the event £(s, T),
we have

T-1 , _ 1 T-1 _
P ) = - (T < S (7)) e

k=s =5

since s > % O

On the underlying assumption for Equation (C.1). Our trend-checking framework was meant
to be designed for general sequences {a;}7Z_; for which we do not know beforehand how they were
generated, since in the online learning setting, by definition, there should be no prior assumption on
how {Regret,/t}]_, is generated, which very much depends on both how the loss sequences and
how the policies are generated (by the algorithms).

Our approach implicitly assumes that (a; 41 —a; )7 is mutually independent. We used this assump-
tion since without knowing how {Regret, /t}_; were generated, one possible (statistical) assump-
tion to model arbitrarily changing sequences is that at each ¢, some new element is generated ran-
domly and independently, without being affected/biased by any previous elements in the sequence
(since we do not know a priori how to model it). Meanwhile, it is possible that the assumption might
not hold since it depends on how loss sequences are generated or how LLM behaves. However, it is
possible that Equation (C.1) still holds approximately. Specifically, we define

Regret,  Regret,
t t+1 7

and treat (A;)~ ; as random variables. We first compute the correlations among those random
variables in Figure C.2 using data from Section 3.2, where we can see that the correlations among
those random variables are indeed quite small. Meanwhile, this further implies that

At:

T
E

1At>o] ZIE (A > 0]],
1

t=

Var< lAt>O> ZV&I‘ [A; > 0]),
t=1

i.e., the random variable Zthl 1[A; > 0] indeed has the same first-order and second-order mo-
ment as in the case where those random variables {1[A; > 0]};c[7] are independent. Therefore,
we regard a Binomial distribution (i.e., assuming {1[A; > 0]};c[7 to be independent) to be an

!

approximation for the actual behaviors of Zthl 1[A; > 0], which finally gives Equation (C.1). In
fact, when binary random variables have weak correlations (but are not necessarily independent),
using the Binomial distribution as an approximation for their summation is also used in the Systems
Engineering literature (Hoyland & Rausand, 2009).
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Figure C.2: The absolute value of Pearson correlation coefficient for the random variables {1[A; >
0]}erry and {A¢ }4eqr) using data obtained in Section 3.2.

Dynamic regret GPT-4 GPT-3.5 Turbo FTRL FTPL
Full Gradual variation ~ 12612701 = 19.09 £ 11.33 36.58 +24.51 | 35.19 £22.51
information (ptrcndv ﬂOapTeg) = (0'07 0.58, 0'0) (ptrend7 5Dvprcg) = (0407 0.83, 0'0)
30.0+19.91 33.65 £22.51
Abrupt variation = ~ 36.52 £ 27.68 | 36.24 £28.22
P (Ptrend; Bo, Preg) = (0.01,0.87,0.0) | (Perend Bo, Preg) = (0.08,0.96,0.0)
21.39+10.86 28.42+21.6
. Gradual variation = = 37.64 +£21.97 | 36.37+£20.7
Bandit (Ptrends Bos Prea) = (0:0,0.78,00) | (ptrend: Bo. preg) = (0.0,0.83,0.0)
35.94 £28.93 30.76 £ 25.48
Abrupt variation ~ ~ 36.52 £ 27.68 | 38.82£26.17
P (Prrends Bos Preg) = (0:42,0.95,0.0) | (urend: Bo, Preg) = (0.92,1.01,0.0)

Table 3: Dynamic regret of GPT-3.5 Turbo/GPT-4 in a non-stationary environment with either full-
information or bandit feedback. Every experiment is conducted with 25 rounds. No-regret behaviors
of GPT-3.5 Turbo/GPT-4 are validated by both of our frameworks (low p-values and 5y < 1). The
only exception is GPT-3.5 Turbo on loss sequence with abrupt variations under bandit feedback. This
indicates that GPT-3.5 Turbo may not be capable of dealing with an abruptly changing environment
with limited feedback, although the average regret achieved eventually is still lower than that of
other baselines.

C.4 DEFERRED EXPERIMENTS FOR NON-STATIONARY ENVIRONMENTS IN SECTION 3.2

We experiment on the setting where the losses are still changing over time, but their total vari-
ations across time are bounded, more concretely, sublinear in 7". Correspondingly, we consider
the stronger metric of dynamic regret here to measure the performance. Note that without con-
straining the variation of the loss vectors, dynamic regret can be linear w.r.t. 7" in the worst case.
Hence, we generate the loss vectors in two different ways: 1) Gradual variation. We firstly sam-
ple ¢, ~ Unif([0,10]%). Then for each ¢t > 2, we uniformly and randomly generate ¢;; under
the constraint |[{;11 — i]|oo < \/Li’ such that the variations over time are guaranteed to satisfy

ZtT:_ll |01 — Li]loo = o(T); 2) Abrupt variation. We randomly generate ¢; ~ Unif(]0, 10]%) and
m time indices {t;};c[,) from {1,2,---,T}. Ateach time step ¢; for i € [m], the sign of the loss
vector /4, is flipped, i.e., we let £;, < 10 - 15 — ¢;,. For the specific choice of 7' = 25 in our
experiments, we choose m = 3. For both cases, the average dynamic regret results are presented
in Table 3. GPT-4 achieves sublinear dynamic regret and outperforms FTRL/FTPL with Restart, a
standard variant of FTRL/FTPL for non-stationary online learning (see e.g., Besbes et al. (2014)).
We refer to Appendix B.4 for a detailed introduction of FTRL/FTPL with Restart.
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Figure C.3: Regret of pre-trained LLMs for online learning with bandit feedback in 4 different
settings. It performs comparably and sometimes even better than well-known no-regret learning
algorithms, variants of FTRL and FTPL with bandit-feedback.

C.5 DEFERRED EXPERIMENTS FOR BANDIT-FEEDBACK ENVIRONMENTS IN SECTION 3.2

Although pre-trained LLMs have achieved good performance in online learning with full-
information feedback, it is unclear whether they can still maintain no-regret with only bandit feed-
back. For such problems, we modify the prompt and protocol of interactions slightly, where we
still ask the LLM agent to provide a policy 7; at time step ¢, then sample one a; ~ (). In the
bandit setting, the LLM agent can only access (a¢, {14, ). Instead of directly feeding it to the agent,

we feed an estimate of the loss vector £, € RY, where /;(a) f;tt((‘;)) 1(a; = a) for all j € [d].
Note that such an operation of re-weighting the loss (when the loss is non-negative) by the inverse
of the probability is standard in online learning when adapting full-information-feedback no-regret
algorithms to the bandit-feedback ones (Auer et al., 2002). Later, we will also show the benefits of
such operations (c.f. Section 4). We compare the performance of pre-trained LLMs with that of the
counterparts of FTRL with bandit feedback, e.g., EXP3 (Auer et al., 2002) and the bandit-version of
FTPL (Abernethy et al., 2015), in both Figure C.3 and Table 3, where GPT-4 consistently achieves
lower regret.
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C.6 ADDITIONAL FIGURES FOR SECTION 3.3
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Figure C.4: Regret of GPT-4 and the FTRL algorithm in 6 randomly generated three-player general-
sum games. GPT-4 has comparable (even better) no-regret properties when compared with the FTRL
algorithm, according to the frameworks in Section 3.1 and the graphic trends..
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Figure C.5: Regret of GPT-4 and the FTRL algorithm in 6 randomly generated four-player general-
sum games. GPT-4 has comparable (even better) no-regret properties when compared with the FTRL
algorithm, according to the frameworks in Section 3.1 and the graphic trends.
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C.7 ADDITIONAL RESULTS FOR SECTION 3.4

For Example 2, we evaluate LLMs on both the ¢ = 100 and ¢ = 200 cases. The results and
comparisons are presented in Figure C.6 using a temperature of 0 to minimize the randomness
for such fixed problem instances, where we can confirm that GPT-4 with raw history identifies the
pattern and is able to achieve decreasing, negative regret during the first ¢ = 100 or ¢ = 200 rounds),
whereas FTRL, FTPL, and GPT-4 with only summarized history cannot detect the trend and then
make adaptive decisions. Meanwhile, after first ¢ rounds, the LLM with raw history can identify
that the pattern for the loss vectors has changed to adjust its policy, and its regret grows more slowly
than the LLM with only summarized history.

Such observations further demonstrate the fundamental differences in the stochastic settings con-
sidered in Krishnamurthy et al. (2024) and our non-stochastic settings: the summarized history, an
essential factor for the successful configuration in Krishnamurthy et al. (2024), can be good statistics
in the i.i.d. setting (as a good estimate of the mean of the losses), while it loses information and can
be highly ineffective in the non-stochastic settings that are highly adversarial (Feder et al., 1992). In
contrast, with raw history, GPT-4 was able to better identify the pattern of the sequence and make
good predictions to achieve even negative regret values.

c=100 c=200
e — GPT-4: raw history 800 —— GPT-4: raw history
600 GPT-4: summarized history 600 GPT-4: summarized history
—— FTRL —— FTRL
w a0 —— FTPL o O FreL
8 8 200
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0 —200
400
—200
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0 100 200 300 400 500 0 100 200 300 400 500
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Figure C.6: Comparing LLMs on Example 2 in Section 3.4 with raw history as the input and sum-
marized history as the input.

Explaining the better performance of LLMs on losses with trends via in-context learning.
LLMs’ in-context-learning capability of being able to infer the underlying trend in the above
case might offer one explanation for the observations above. Specifically, the task of predict-
ing {741 given past loss sequences /1.7 could be understood as an in-context learning problem
as follows: the demonstration/in-context dataset is given by the following input and label pairs
D = {x¢,ys }1epr—1), Where xy = £1.; and y; = £ for each ¢t € [T' — 1]. Then, LLMs given such
demonstration/context D will make prediction based on xp = 1.7 (to predict yr, i.e., the next loss
vector {741). In other words, in-context learning, in this case, is firstly learning the frend from the
T —1 pairs of inputs and labels, and then making a prediction of the next loss. Hence, when there ex-
ists an underlying pattern, in-context-learning can accurately predict the next loss (when raw history
is given), and thus achieves good no-regret performance. This perspective may offer an explanation
of why LLMs can achieve better performance than FTRL/FTPL when the loss sequences have an
obvious trend. Note that, this may also be used to explain why raw-history-based input outperforms
the summarized-history-based input in the experiments above — the latter loses such a “context”
information, as the mean of the history losses is not sufficient to predict/infer the underlying trend
(even when there exists one). Finally, note that, this “trend prediction” explanation does not apply
to general loss sequences, for which our explanation in Section 4 that connects LLMs’ behaviors to
FTPL still applies.
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C.8 ABLATION STUDY ON THE PROMPT

Ablation study on online learning. To systematically understand the effects of our prompt on the
final performance of the LLM agent, we create three different variants of our prompt and report the
regret by using different prompts in Figure C.7. Specifically, for Ablationl, we remove examples
to illustrate the game rules. For Ablation2, we remove the number of iterations. For Ablation3,
we incorporate some hints for the LLM for decision-making, including the hints to suggest it to pay
attention to the loss history, to behave more greedily at the end of an episode, and also to explain
the reason of its decision step-by-step. The latter hint is a popular technique in prompt engineering
known as the Chain-of-Thought prompting (Wei et al., 2022b). Finally, we recall that d is the number
of actions in all prompts.

Uniform Gaussian Linear-trend Sine-trend

10 ~—— Original prompt —— Original prompt —— Original prompt —— Original prompt
Ablation 1 Ablation 1 Ablation 1 Ablation 1

8 —— Ablation 2 —— Ablation 2 —— Ablation 2 —— Ablation 2
—— Ablation 3 //\J\ ,  — Ablation3 —— Ablation3 —— Ablation 3
6 20 5

) B =

0 10 20 0 10 20 0

Figure C.7: Ablation study on our prompt design.

Original prompt

You are solving a decision-making problem for 25 rounds.
There are $d$ number of action (which is 0 to $d-13).

At each round, you need to choose a policy,
it specifies your probability to choose each action.

This policy should be $d$-dimensional, and the sum of its components
should equal 1. After that, you will be shown the reward vector for

choosing each action.

Remember that this reward vector is decided by the external system
and can be potentially different for different rounds.

It is not decided by what policies you have chosen.
The reward vector is also $d$-dimensional.

It represents the reward of choosing action from 0 to $d-1$.

For example, a reward vector of [0.8, 3.2] means reward for action_0 is
0.8 and the reward for action_1 is 3.2.

Then your reward for this round will be calculated according to the
reward of each action and your probability of choosing each action.

For example, if you choose the policy [0.2, 0.8] and get the reward
vector [1l, 2], then your expected reward is 0.2x1 + 0.8%2=1.8

Your goal is to maximize your accumulative expected reward.

You can adjust your policy based on the reward vectors for all previous
rounds.

You’re required to provide your policy in numeric format.
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Your response’s last line should be formatted as
"Policy: [your S$d$-dimensional policy]’.

Ablationl: no examples

You are solving a decision-making problem for 25 rounds.
There are $d$ number of action (which is 0 to $d-135).

At each round, you need to choose a policy,
it specifies your probability to choose each action.

This policy should be $d$-dimensional, and the sum of its components
should equal 1. After that, you will be shown the reward vector for

choosing each action.

Remember that this reward vector is decided by the external system
and can be potentially different for different rounds.

It is not decided by what policies you have chosen.
The reward vector is also $d$-dimensional.

It represents the reward of choosing action from 0 to $d-1$.

Then your reward for this round will be calculated according to the
reward of each action and your probability of choosing

each action.

Your goal is to maximize your accumulative expected reward.

You can adjust your policy based on the reward vectors for all previous
rounds.

You’re required to provide your policy in numeric format.

Your response’s last line should be formatted as
"Policy: [your $d$-dimensional policyl]’.

Ablation2: no round information
You are solving a decision-making problem.

There are $d$ number of action (which is 0 to $d-1%).

At each round, you need to choose a policy,
it specifies your probability to choose each action.

This policy should be $d$-dimensional, and the sum of its components
should equal 1. After that, you will be shown the reward vector for

choosing each action.

Remember that this reward vector is decided by the external system
and can be potentially different for different rounds.

It is not decided by what policies you have chosen.
The reward vector is also $d$-dimensional.

It represents the reward of choosing action from 0 to $d-1$.

For example, a reward vector of [0.8, 3.2] means reward for action_0
is 0.8 and the reward for action_1 is 3.2.

Then your reward for this round will be calculated according to the
reward of each action and your probability of choosing each action.
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For example, if you choose the policy [0.2, 0.8] and get the reward
vector [1l, 2], then your expected reward is 0.2+1 + 0.8%2=1.8

Your goal is to maximize your accumulative expected reward.

You can adjust your policy based on the reward vectors for all previous
rounds.

You’re required to provide your policy in numeric format.

Your response’s last line should be formatted as
"Policy: [your $d$-dimensional policyl]’.

Ablation3: adding hints

You are solving a decision-making problem for 25 rounds.
There are $d$ number of action (which is 0 to $d-19).

At each round, you need to choose a policy,
it specifies your probability to choose each action.

This policy should be $d$-dimensional, and the sum of its components
should equal 1. After that, you will be shown the reward vector for

choosing each action.

Remember that this reward vector is decided by the external system
and can be potentially different for different rounds.

It is not decided by what policies you have chosen.
The reward vector is also $d$-dimensional.

It represents the reward of choosing action from 0 to $d-1$.

For example, a reward vector of [0.8, 3.2] means reward for action_0 is
0.8 and the reward for action_1 is 3.2.

Then your reward for this round will be calculated according to the
reward of each action and your probability of choosing each action.

For example, if you choose the policy [0.2, 0.8] and get the reward
vector [1l, 2], then your expected reward is 0.2x1 + 0.8%x2=1.8

Your goal is to maximize your accumulative expected reward.

You can adjust your policy based on the reward vectors for all previous
rounds.

You’re required to provide your policy in numeric format.

Your response’s last line should be formatted as
"Policy: [your $d$-dimensional policyl’.

Let’s think step by step. Explicitly examining history is important.

Please explain how you chose the policy by guessing
what reward you might receive for each action according to the history.

You should explore for first several rounds and behave greedily for
later rounds, for example, choosing one action with probability more
than 0.99.

Please also explain whether you are behaving more greedily and less
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Figure C.8: Regret of GPT-4 for repeated games under 3 different prompt ablations. Its performance
is consistent among three different prompts.
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Figure C.9: Comparisons of GPT-4 Turbo with GPT-4 and GPT-3.5 Turbo. Due to the symmetry of
agents in randomly generated games, we report the regret of one agent for ease of presentation. We
can see that GPT-4 Turbo performs on par with or better than GPT-4.

greedily by explicitly considering the policy you Jjust used for
last round.

We can see in Figure C.7 that the performances of LLM agents are consistent under different variants
of the prompts.

Ablation study on repeated games. For the game setting, we also investigate whether explic-
itly informing LLM agents that they are ‘‘playing a repeated matrix game with
some other opponents’’ would affect the performance. Therefore, we evaluate three dif-
ferent prompts by informing LLM agents that they are playing a matrix game, solving
multi-arm bandit, or solving general decision-making problems, in the first line of the
prompt. We show the performance of such three prompts in Figure C.8, where it is seen that LLM
agents’ performance on repeated games is consistent among these variants of the prompts.

C.9 RESULTS FOR GPT-4 TURBO

When preparing our paper, we are aware of a more advanced version of GPT-4, GPT-4 Turbo.
Although GPT-4 has successfully exhibited no-regret behaviors in most problems, we also evaluate
and report the performance of its more advanced version here. Specifically, we compare GPT-4 and
GPT-4 Turbo for the repeated game scenario in Figure C.9, where we validate that GPT-4 Turbo
performs either comparably with or better than GPT-4.

C.10 LLM AGENTS’ EXPLANATION ON THEIR OUTPUT POLICIES

We here present two examples of LLMs’ explanations of their output policies, showing how they
reason in their decision-making.
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Output Example 1

Looking at the history of the reward vectors, it is clear to see that
the reward for choosing action 0 is consistently higher than that

for choosing action 1. This pattern is evident across all 5 rounds
of the game.

In the first round, the difference in rewards is 3.52, this remained
relatively stable with the difference in the last round being 3.52 as
well. It’s indicative that action 0 consistently brings a higher return
than action 1.

Therefore, I’11 lean more towards selecting action 0 in my policy.

However, acting deterministically, that is always choosing action O,
would introduce the risk of becoming too predictable and letting the
opponent exploit this predictability

So, in order to maintain some unpredictability while still capitalizing
on the higher average return of action 0, I’1l set my policy

as follows: select action 0 with a probability of 0.8 and action 1

with a probability of 0.2.

This way, the majority of the time I’'m choosing the action that gives
a higher reward, but I'm also occasionally choosing the

other action to

keep the opponent guessing, and avoid any predictable patterns that
can be exploited

So, my policy is as follows: Policy: [0.8, 0.2]

Output Example 2

The total reward from action_1 is 130.92 and the average reward is
around 10.07.

On the other hand, the total reward from action_0 is 33.418 and the
average reward is around 8.354.

Although action_0 has a less average reward, its highest reward is
26.977, which is considerably high and shows its potential.

For this round, I want to continue to explore action_0 but also
significantly exploit action 1 as it reliably gives higher reward.

So, I'd like to decrease the probability of selecting action_0 compared
to last time but still keep it in the policy as a possible option.

The policy for the previous round was not provided but assuming
it was more balanced, I’'m now going to lean more towards action_l1.

So, the policy will be: [0.3, 0.7]. Here, I’'m behaving more greedily
compared to earlier rounds, as we are choosing the action which has
been giving us higher rewards with more probability.

As observed from the output, the LLM tends to use the history of the reward vectors by looking at
the “sum/average of the accumulated rewards”, and tends to introduce randomization in decision-
making, in order to be “less predictable and exploitable”. These are several key components in
achieving no-regret in online learning and games (Cesa-Bianchi & Lugosi, 2006), explaining the
empirical evidence we had in Section 3.
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C.11 CASE STUDIES ON REAL-WORLD APPLICATIONS

In this subsection, we evaluate the sequential decision-making abilities of LLMs in realistic scenar-
ios from the perspective of regret and dynamic regret. While several studies have explored sequential
decision-making using synthetic scenarios (Krishnamurthy et al., 2024; Wu et al., 2024b; Xia et al.,
2024; Akata et al., 2023) or real-world data scenarios (Liu et al., 2023b; Wang et al., 2023c; Wu
et al., 2024a), none have explicitly analyzed regret or dynamic regret. As a result, the theoretical
optimality of such a sequential decision-making process remains unclear.

Our first case study investigates single-agent sequential decision-making using real-world data,
leveraging the same dataset and experimental setup as (Liu et al., 2023b). The second case study
explores a two-player negotiation scenario, providing insights into dynamic interactions and their
impact on decision-making performance.

C.11.1 SEQUENTIAL RECOMMENDATION

We consider the task of sequential recommendation, a task that people have been employing LLMs
to solve with success (Liu et al., 2023b; Wang et al., 2023c; Wu et al., 2024a). Note that how
existing literature (Liu et al., 2023b) uses LLMs to solve this task fits exactly into our online learning
framework, where humans feed a history of items the user have interacted with to the LLM and then
ask the LLLM to recommend the item (or several items) the user may want to interact next. The entire
process carries on repeatedly.

Formally, the problem is as follows. Given a sequence of history items the user has interacted with
(21,29, - ,x1_1), where each x; € D for ¢ € [t — 1] and D is the collection of all items, the
LLM needs to recommend n items that the user might interact with in the next step ¢. Typically,
the LLM should also give a priority on the n items it recommends. For simplicity here, we here
assume they are of equal priority. In other words, at step ¢, the LLM will take an action a; C D
with |a;| = n, hoping what the user will interact at step ¢ belongs to a;. Hence, the loss is given by
li(ay, ) == 1[z; & aq]. Correspondingly, the regret by our definition is given by

T T
Regret(z1.7) = Zﬁt(a@t, a) — mainZEt(xt, a).
t=1 t=1

We refer to (Liu et al., 2023b) for a more detailed introduction. Meanwhile, we use the real-world
data and follow the experimental setup of (Liu et al., 2023b).

In the left one of Figure C.10, we can observe that LLMs can achieve expressively low and sublinear
regret on such a real-world application with real-world data. As a comparison, in the right one of
Figure C.10, we replace the real-world data with synthetic data generated in a uniformly random way
(it is worth mentioning that the prompt setting still follows the setup of sequential recommendation
of Liu et al. (2023b)), where we can see that LLMs can still be no-regret. However, interestingly,
LLMs perform better on real-world data, which validates that real-world applications can exhibit
certain trends/structures, for which LLMs can exploit and achieve superior performance as we have
shown in our paper through synthetic problems with trends.

C.11.2 INTERACTIVE NEGOTIATION

The experiment was designed to simulate negotiation scenarios between two LLMs, designated as
LLM A and LLM B, across multiple turns. The primary objectives were to analyze multi-agent
sequential decision-making processes and quantify regret. For each repetition, an LLM generated
unique negotiation topics. Based on these topics, the LLM also created the context, objectives, and
relevant background information to design engaging and interactive negotiation scenarios.

Negotiation Process. The negotiation process was executed in a turn-based manner, with each
turn comprising three steps:

1. Intention Generation: Each LLM defined its goal for the turn, specifying what it aimed
to achieve with its response.
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Figure C.10: We evaluate GPT-4-Turbo and OpenAl ol on both real-world data and uniformly
random synthetic data, where we can see both models can still achieve sublinear regret.

2. Response Generation: Based on the defined intention and the dialogue history, each LLM
generated a response.

3. Alternative Response Generation: Three distinct alternative replies were produced for
each original response. These alternatives represented diverse negotiation strategies or
perspectives while preserving the original intention.

Response Evaluation. After the dialogue concluded, all responses—both original and alterna-
tives—were evaluated using a scoring scale from 1 to 10 based on the following criteria for each
turn:

* Clarity: How clear and understandable the reply is.
* Relevance: How pertinent the reply is to the negotiation topic and the defined intention.
* Engagement: How engaging or persuasive the reply is in fostering further dialogue.

* Alignment with the Stated Intention: How well the conversation aligns with the turn’s
stated intention following the reply. For alternative replies, this was assessed by hypotheti-
cally replacing the original reply with an alternative and evaluating the alignment based on
the entire conversation.

Each response was scored using an LLM as the evaluator. Although human evaluation would be
preferable, the use of an LLM as a scorer was chosen for scalability. This approach is common in
the LLM domain and is sometimes referred to as G-eval (where “G” stands for GPT) (Liu et al.,
2023c).

Dynamic Regret Analysis.  Finally, dynamic regret was calculated to measure suboptimality
by comparing the scores of the original replies against the highest-scoring alternative responses.
Since calculating regret typically requires hindsight knowledge of the best possible responses, which
requires rollout of every possible dialogues, we decide to analyze on dynamic regret. Dynamic
regret analysis provided a quantitative measure of decision-making effectiveness across turns. This
analysis offered insights into how regret dynamics can inform improved decision-making strategies
in real-world negotiation contexts.

Example. Here is an example from our simulation:

Step 1: Generate Topics and Backgrounds. Topics and backgrounds were generated using a
language model.

Topic: The Trade-Off Negotiation Between Eco-Tech Innovator and Traditional Manufacturing
Tycoon

Background of Player A: Eco-Tech Innovator (Jordan Green). Jordan Green is the CEO of a
rapidly growing startup, EcoWave Technologies, which specializes in developing sustainable
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energy solutions and eco-friendly manufacturing processes. With a background in environ-
mental science and engineering, Jordan is passionate about reducing carbon footprints and
promoting renewable energy sources. Their innovative products, such as biodegradable mate-
rials and energy-efficient machinery, have garnered attention and accolades within the green
tech community. However, despite the startup’s promise, EcoWave faces challenges in scaling
production and reaching wider markets due to limited financial resources and manufacturing
capabilities.

Background of Player B: Traditional Manufacturing Tycoon (Robert Steele). Robert Steele
is the owner of Steele Industries, a well-established manufacturing company known for its
mass production of consumer goods. With decades of experience in the industry, Robert has
built a reputation for efficiency and profitability, but his company has been criticized for its
environmental impact and reliance on outdated practices. Facing increasing pressure from
regulators and consumers to adopt sustainable practices, Robert is aware that failing to adapt
could threaten the future of his business. However, he is also concerned about the costs and
risks associated with transitioning to new technologies and processes, which could disrupt his
current operations.

Detailed Situation: Jordan and Robert have agreed to meet to discuss a potential partnership.
Robert is interested in integrating EcoWave’s sustainable technologies into his manufacturing
processes, which could help Steele Industries improve its environmental footprint and public
image. However, he is also hesitant about the costs associated with adopting these new tech-
nologies and is particularly concerned about how this might affect his established workforce
and production timelines. On the other hand, Jordan sees this as a golden opportunity to scale
EcoWave’s innovative solutions and gain access to Robert’s extensive distribution networks.
However, Jordan is wary of compromising on key values regarding environmental integrity
and sustainable practices, fearing that a partnership with a traditional manufacturer could di-
lute EcoWave’s mission. The negotiation aims to balance Robert’s need for cost-effectiveness
and operational continuity with Jordan’s commitment to sustainability and innovation. Both
players must navigate their differing priorities, explore potential compromises, and consider
the long-term implications of their decisions on their businesses and the environment.

Step 2: Generate Conversation. We iterated between Step 2-1 and Step 2-2 to create a conversa-
tion with a length of 20 turns. In this setup, each LLM (A and B) contributed 10 responses based on
the evolving conversation history.

Step 2-1: Intention Generation and Reply Generation. We provided the initial turn’s intention
for LLM A:

Intention: In my next response, I aim to outline potential trade-offs that both I and Robert
might consider in order to reach a mutually beneficial agreement. I will also suggest ways we
can ensure that the partnership aligns with their core values of sustainability and operational
efficiency. This will help set the stage for a constructive dialogue that addresses our respective
concerns and priorities.

Reply of Player A based on the intention: Thank you for meeting with me, Robert. I believe we
have a unique opportunity to collaborate that could benefit both EcoWave and Steele Industries.
Tunderstand your concerns about the costs and risks of integrating new technologies, but I think
we can explore some trade-offs. For instance, if we can demonstrate the long-term cost savings
and efficiency gains from adopting sustainable practices, it might help alleviate some of your
concerns. Additionally, I’'m open to discussing a phased implementation approach that allows
for gradual integration without disrupting your current operations. How do you feel about that,
and what trade-offs might you be willing to consider to make this partnership work?

Step 2-2: Alternative Generation. The LLM also generated three alternative responses based on
the aforementioned intention.

Alternative 1: 1 appreciate your concerns, Robert, and it’s great to see your commitment to
a smooth transition. Instead of jumping straight into a pilot project, how about we organize a
joint workshop with your key team members? This would allow us to collaboratively explore
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areas where EcoWave’s technologies can fit into your existing operations. We can analyze
potential impacts, address any workforce concerns, and identify specific processes that could
benefit from our innovations. This way, we ensure that everyone is on board and feels included
in the transition. What are your thoughts on setting up a workshop to discuss this further?

Alternative 2: 1 appreciate your concerns, Robert, and I think it’s important for us to find
a starting point that feels comfortable for you. Instead of a full-scale integration right away,
how about we explore a collaborative approach where we can jointly assess some specific
production lines that may benefit from our technologies? We could conduct a thorough analysis
of these areas together, identifying potential efficiency improvements and cost benefits through
a detailed study. This way, we can base our decisions on solid data while ensuring that your
existing operations remain stable. Additionally, I’d be more than willing to work closely with
your team to address any training needs that may arise. Would this kind of collaborative
assessment resonate with you?

Alternative 3: 1 appreciate your insights, Robert, and I recognize the importance of ensuring
a smooth transition. Instead of jumping straight into a pilot project, how about we start by
conducting a joint assessment of your current operations? This would allow us to pinpoint
specific areas where EcoWave’s technologies could fit seamlessly. By collaborating on this
assessment, we can address your concerns and tailor our solutions to your unique processes.
Additionally, I’d be happy to share case studies from other manufacturers who have success-
fully integrated our technologies, demonstrating the benefits they achieved without significant

disruptions. What do you think about this collaborative approach?

Step 3: Evaluation. Each reply and its alternatives were eval-
uated using G-eval.

Experiment Setting. We set the maximum number of turns
to 10 and evaluated two language models: GPT-4-Turbo and
OpenATI’s ol model. For each model, we tested performance
across 10 different scenarios.

Results. Interestingly, both models demonstrated no-
dynamic-regret behavior within the regression framework.
Both models also exhibited low p-values, with GPT-4-Turbo
achieving 0.09 and OpenAl ol achieving 0.02. The detailed
results are shown in Figure C.11.
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Figure C.11: We evaluate GPT-
4-Turbo and OpenAl ol on two-
player Negotiation, where we can
see both model can achieve no-
regret in the regression framework.

D DEFERRED RESULTS AND PROOFS IN SECTION 4

D.1

PRE-TRAINED LLMS HAVE SIMILAR REGRET AS HUMANS (WHO GENERATE DATA)

We first provide a direct observation based on some existing speculation on the capability of
Transformer-based LLMs. Recently, a growing literature has evidenced that the intelligence level of
LLM agents are determined by, and in fact mimic, those of human beings who generate the data for
pre-training the models (Park et al., 2022; Argyle et al., 2023; Horton, 2023). The key rationale was
that, LLMs (with Transformer parameterization) can approximate the pre-training data distribution
very well (Xie et al., 2022; Zhang et al., 2023b; Lee et al., 2023). In such a context, one can expect
that LLM agents can achieve similar regret as human decision-makers who generate the pre-training

data, as we formally state below.
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Observation 1. An LLM agent is said to be pre-trained with an e-decision error if, for any arbitrary
t and loss sequences ({;);c}y, the following condition holds:

sug |Pdam(7f | (4i)iciy)) — Prom( | (fi)ie[t])| <k,
S

where Pyuq and Pppy are the pre-training data distribution and the decision policy distribution of
the pre-trained LLM, respectively. Then, the regret of an LLM agent with e-decision error is bounded
as:

(D-)Regret; ((Et)te[T]) € |(D-)Regret,,, ((Et)tE[T]) + €[4 ]| sug Il
TE
where [a £ b] := [a — b,a + b].

Observation 1 shows that the pre-trained LLM-agent’s regret can be controlled by that of the pre-
training dataset and the decision error €. A small € can be achieved if LLM is constructed by a rich
function class, e.g., the Transformer architecture (Zhang et al., 2023b; Lin et al., 2024).

Proof of Observation 1. For given (£;).c7),
T T

S [ Pl | @) mdm <3 [ (Paa(m | (B)icgon) + ) (6, mi)dm
t=1 7/ me€ll t=1 7/ m€ll
holds, where we use the convention of Pipy(m: | (€o)) := Prm(m:) and Paa(m: | (b)) =

Pyara (). Hence,

~

T
Regret;; \i((4e)ierry) = Z/ HPLLM(ﬂ't | (€i)icrt—1)) (e, me)dmy — lnf Z by,
T €

t=1

~

T
< Z/ . (Paaa(me | (€3)iepi—1)) + €) (b, mi)dmy — lnf Z 0, 7)

_ Z/ (Paaa(me | (€3)icpe—1y)) (Ce, me)dmy — mf Z by, ) + Z/ (b, emy)dmy
e m €11
< Regrety,, ((¢)ier)) + €lllllpllmll T

where %+% = land p,q > 1. Similarly, we can establish the lower bound for Regret; ; v, ((¢)+e[77)-

To prove the result for the dynamic-regret case, we can simply change the term inf, 1y Zthl by, )
in the above derivation to 3°,_, infcr (¢, 7). O

D.2 BACKGROUND AND MOTIVATIONS FOR (GENERALIZED) QUANTAL RESPONSE

Formally, the quantal response is defined as follows:

Definition D.1 (Quantal response). Given a loss vector { € R4, g noise distribution € ~ Py, and
n > 0, the quantal response is defined as

Pq?mm,(a ‘ () =P (a € arg min z(a')) , where z = { + ne.
a’eA

In essence, this implies that humans are rational but with respect to (w.r.t.) the latent variable

z, a perturbed version of ¢, instead of { per se. This addition of noise to the actual loss vector

characterizes the bounded rationality of humans in decision-making.

Further motivations for generalized quantal response. Note that a dynamic version of quantal
response in Definition 4.1 also has implications from behavior economics, and has been recently
used to model human behaviors in sequential decision-making (Ding et al., 2022) (in stochastic
and stationary environments). Indeed, such a response against multiple loss vectors is believed
to be natural, and has also been widely adopted in well-known no-regret learning algorithms of
smooth/stochastic fictitious play (Fudenberg & Kreps, 1993) and follow-the-perturbed-leader (Kalai
& Vempala, 2005), whose formal definitions can be found in Appendix B.4. Finally, note that the
response model in Definition 4.1 does not necessarily involve a sequential decision-making process,
i.e., the set of losses may not come from the history of an online learning process.
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D.3 THE EXAMPLE INSTANTIATING ASSUMPTION 1

Example 1 (An example instantiating Assumption 1). We consider a common decision-making task
that may generate the training data, recommender systems. An instance of the text data could be:
“On September 29, 2023, user X clicked movie A three times, movie B eight times, and movie C
five times”. This sentence corresponds to xn,_,+1:n, for some i € [t] and serves as a natural
language depiction of the numerical £;. The corresponding label xn,11.N,,, can be obtained by
some user survey: “User X’s favorite movie is movie B”. Meanwhile, z represents user X's latent,
genuine preference for each movie — information that is private to the user, and cannot be observed
or collected in the pre-training dataset. In this example, Assumption 1 suggests that x1.n,, which
records the frequency of interactions with each movie, serves as an imperfect estimate of the user’s
latent, genuine preference for the movies, while the text xn, 11N, , depicts the user’s favorite movie
only based on her latent z.

D.4 ALIGNMENT OF ASSUMPTION | WITH QUANTAL RESPONSE

Before presenting the technical lemma, based on Assumption 1, we denote the (potentially unkown)
mappings that decode semantic information in Assumption 1 into numeric values as f, g, such that
f(xn,_,+1:n;) = ¢; € R foreach i € [t] and g(z N, 41:n,,,) = a € A.

Lemma 1. Fixt € [T], 0 > 0. If we model the noise of data collection to be i.i.d. Gaussian
distribution in the numeric value space, i.e.,

t
({f TN;_1+1: N) i€lt] ’Z> H]P xNifl‘i’l:Ni) ‘ Z) X HEXp

202
i=1

(_ ||f(xNi—1+1:Ni) - Z”%)

the prior distribution of the latent variable z is also Gaussian, i.e., z ~ N(0g4, o2] ), and the text
labels satisfy that P(g(2 N, +1:N,41) | 2) = 1 (9(TN,+1:N,41) € argmingc 4 z,), then we have

P (9(zn, 418,00 ) | 21, ) = POV (g(ﬂiNt+1:N,,+1)| {f($Ni71+1:Ni)}i€[t]> ;

with Ppoise = N (04, 1) in Definition 4.1, i.e., the action a = g(xn,+1:N,,, ) extracted from the text
TN, +1:N,,, IS a quantal response w.r.t. the loss vectors (f(xNi—l+13Ni))ie[t]'
Proof. Note that

P(z|z1.n,) = / P(z, l1:4 | x1:n,)dl1e = / P(l1t | z1:n,)P(2 | Z1:v, 5 C1:t) dlry
L1:¢ £1:¢

For P(¢1.1 | z1.n, ), since we have assumed the existence of function f to decode ¢1.; from 1. y,, it
holds that

t

Pl | z1y,) = [[ 6 (6 = Flen,_is1n,))

i=1

where we use ¢ to denote the d-dimensional Dirac-delta function. For P(z | 1., , ¢1.1), by Assump-
tion 1, it holds that

]P)(Zaxlthaglzt) = P(Z,gl;t)lp(lil;]\[t |€1:t)7

which leads to P(x1.n, | ¢1.) = P(x1.n, | 1., 2) by Bayes rule. This implies that the random
variable x1., and z are independent conditioned on 1 .;. Therefore, it holds that P(z | 21.n,, {1.t) =
P(z | £1.¢). Finally, we can compute

Ble o) = [ Ple i o )i = TT6(6 = Fan s VB | u)dlrs
£yt

Liit 41

=P (z | (ﬁi = f(xNifl"'_l:N'i))ie[t]) ’
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Based on this, we conclude that

P(g(ZN,+1:N, 4y ) | T1:N,) = /P(g(thJrl:Nm)|Z’$1:Nt)P(Z|$1:Nt)dZ

z

- / (g pinens) | 2P | {6 = F@n, \11n) biep)d

=P <g(th+1:Nt+1) ‘ (gz = f(l‘Ni—l‘i‘liNi))ie[t])

where the first equality is by the independence between xn,41:n,,, and z1.n, conditioned on z,
due to Assumption 1. Therefore, it suffices to consider the probability of P(a | ¢1.;) only, in order
to analyze P(g(«n,+1:N,,, ) | #1:n, ), Wwhere we recall the definition that a = g(zn,+1:n,,,). Since
2z~ N(0g4,0%I),and ¢; | 2 ~ N(z,0%I), we have

1 o2
Z|‘€1:tNN M%t:]&’tﬂtl] ) (D.1)

by the posterior distribution of Gaussian distribution. Now we conclude that

P(a|£1;t):/P(a\z,ﬁl;t)IP’(le;t)dz:/P(a|z)IP(z|€1;t)dz

z

o 1
= [ 1(a € argmin z,/ )P(2 | ¢1. dz:/]l a € argmin | ——e + —— l; P(e)de
/Z ( g JE(2 ] bist) : gea \ Vit t+1iez[t] (€)

a’

:/]l a € argmin 0\/t+16+2&; P(e)de =P | a € argmin a\/t+1e+z&

a’€A a’€A

i€l ) i€ /)
= P;uafjt_;l(a | glit)’
where P(¢) = N (04, I). This completes the proof. O

D.5 RELATIONSHIP BETWEEN FTPL AND DEFINITION 4.1

Fact 1. Performing generalized quantal response of Definition 4.1 at every iteration t € [T] w.rt.
history loss vectors £1.;_1 is essentially executing an FTPL algorithm.

Proof. Before we move to the proof, we will define the random variable which has distribution P, e
as Znoise- Note that at round ¢ > 2 (as the policy at round ¢ = 1 is fixed), we have

t—1

P(;'Ja;llal(a [1.4-1) =P (a € argemAin <Z l; + 77,516) (a’)) (D.2)
@ i=1

which is exactly the case when ¢; in Equation (B.2) satisfies ¢, 4 N4—_1€E. O

D.6  FORMAL STATEMENT AND PROOF OF THEOREM 4.1

Theorem D.1. (Emergence of no-regret behavior). Under the assumptions
of Lemma 1, suppose the function class of LLMy is expressive enough such
that for all t € [T], maxpco EILNHINP;EM E;V:‘Jlrl log LLMy (x; | 21.5—1) =

Ny
maX{qJE{VjilﬁA(V)}}je[Nprl] ]Ewlil\’wrl ~ Pfewt Zj:”lrl log q; (J?j |1‘1;]‘_1), where we deﬁne
q1(z1 | z1.0) = q(z1), and 0* maximizes Equation (4.1). Then, there exist (simple) algo-

rithms using LLMy« to achieve no (dynamic) regret for (non-stationary) online learning with
Sull-information/bandit feedback. To be specific, for (2) and (4), by defining the variation bound

23:11 1€i41 — Lilloo < Vir such that Vi < T and Vi = ©(T?) for some p € (0, 1), it holds that
for large enough T, d:
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(1) For online learning with full-information feedback, Regret;;, . ((ft)te[T]) <0 (\/T log d) ;

(2) For non-stationary online learning with full-information feedback, D-Regret; ), . ((gt)te[T])
O ((logd Vp)'/3T%/3)

(3) For online learning with bandit feedback, E[RegretLLMe* ((€)eerm)] <
O ((log d)Y/2dT/?+1/ 10 T 0 T') ;

IN

IN

(4) For non-stationary online learning with bandit feedback, E [D-RegretLLMs* ((gt)te[T])]
O ((T2d?Vr)'/3(log d)V/2T" /e T log T') .

Proof. Note that

Nt+1
max E, pteat E logq; (x| x1.5-1)
) 1 1N~ J J ]
{g;€{V7 _>A(V)}}je[1\7t+l] =1

= max E, . NPtf,mlogq(xltNtH)
qEA(VNEH1) e

— _ text - text )
= e TKLPE T 10) + By, e [P (@)

where KL(q | | p) denotes the Kullback-Leibler divergence between two distributions p, g. Now we
define LLMg(%1.n,,,) = Hi\]:tf LLMg (x| x1.5—1). It is easy to verify that LLMg(z1.n,,,) €
A(VNe+1) e, it also defines a valid joint distribution over tokens. Therefore, we have

Niga

I;leaé(]EzLNtHNPttm jE_l log LLMg (| x1.j—1) = I;leagIEml:NHlettm log LLMg (2 1:n,.,)-

Now, due to our assumption that

Nyq1
max By, ~ppeee D 10gLLMy (25 | 21:5-1)
j=1
Nt
= . max E,. ~ Pteat logq; (x| z1.5-1),
{qje{vjflﬁA(V)}}jE[Nﬁ—l] ST ; T ! )
we conclude that
min KL(P/***| [LLMg) = min  KL(P/*"*| |q) =0,
4SS qEA(VNtJrl)

which implies that LLMg. = P/***. Correspondingly, if we define LLMg+ (N, +1:n,,, | Z1:n,) tO
be the distribution induced by the joint distribution LLMp+ (1. N, o ), it holds that

LLMy (2N, +1:N,4, | 71:8,) = P(@N, 18, [ 218,

In other words, intuitively, LLMpy- has learned the corresponding pre-training distribution per-
fectly. Note that this has been a common assumption in the Bayesian perspective of ICL
(Xie et al.,, 2022; Lee et al.,, 2023; Zhang et al., 2023b). Therefore, to analyze the ac-
tions taken by LLMs-, it suffices to consider P(g(xn,+1:n,,,)|%1:n,), Which is equal to

ovt+1
quantal

(Q(Q?Nﬁl:NHl) | {f(xNi—1+1:Ni)}ie[t]> by Lemma 1. Therefore, we proved that LLMg-

is essentially mimicking the well-known no-regret algorithm, FTPL with perturbation distribution
as N'(04, 0%tI) for round ¢ € [T, according to Equation (D.2) of Fact 1, for which we can establish
the corresponding regret guarantee for each case:

(1) Combining the above result with Lemma 2, we can derive the regret bound for online learning
with full-information feedback.

(2) Combining the above result with Lemma 2 and Lemma 4, we get that

2T
D-Regretyy ., ((4i)ierr)) < min —C+\/Arlogd +2ArVr,
¢ ArelT] Ar
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for some constant C'. We firstly consider the following problem

min —C\/ulog + 2uVrp,
u

u>0

C*T?logd 1/3
avz
choose Ar = [u*], which results in a regret bound of

where the optimal solution is u* = ( . Therefore, if we have u* € [1,T], we can

2T
D-Regrety vy, ((4i)ie[ry)) < \/—TC\/logd +4uwVr =0 ((logd VT)1/3T2/3) .
u

Now we check the conditions for u* € [1, 7. It is direct to see that since Vp < T, u* > 1 holds as

long as d is sufficiently large. To ensure u* < T, we get the condition Vi > C' l‘de, which holds

as long as 7' is large enough.

(3) Combining the above result with Lemma 3, we can prove a regret guarantee for online learning
with bandit feedback.

(4) Combining this result with Lemma 3 and Lemma 4, it holds that

E[D-Regrety ; yy,., ((£i)ie(r))] < Amn[;f] 70(10g d)? : dAg T log Ar + 2A7Vr,
TE€

. . . . 12 42 /3
for some constant C'. By adopting a similar analysis as that of (2), we choose u* = (< gzd )
T

for some constant C’. If u* € [1, T], we choose Ar = [u*] and derive the following regret:

E[D-Regret, . ((4:)icir)] < O ((T2d2Vi)/*(log d) /2T 5T log T .

Now we check the condition of u* € [1,T]. Note that since Vi < T, u* > 1 holds as long as d is

C’d?
T

sufficiently large. For u* < T, we have Vi > , which holds as long as 7' is large enough.

Now, we present Lemma 2 - Lemma 4. Before proceeding, we assume ||{¢|lcc < B = 1 for
simplicity of presentations hereafter. The results and proof are not affected by the constant bound

Lemma 2 (Regret guarantee of FTPL with full-information feedback). Suppose the noise distri-
bution of FTPL satisfies that ¢; ~ N (04,(*I) in Equation (B.2) and ¢; = o/t, then for online
learning with full-information feedback,

1
Regretprpr ((4i)icir)) < 4 (0 + J) VTlogd = 0O(+/Tlogd).
Proof. By Theorem 8 of Abernethy et al. (2014), we have

Regretprp ((4i)iepr)) < V2logd ( nr + Z *HEtHQ )

Therefore, plugging (; = o/t and ||¢;]|?

T
1 1
Regreterp; ((4i)ierr)) < /2logd (O’ﬁ‘" Z U\ﬁ) <4 (o + 0) VT logd,
t=1

completing the proof. O

< 1 provides

Lemma 3 (Regret guarantee of FTPL with bandit feedback). Suppose the noise distribution of FTPL
satisfies that €; ~ N'(0q4, C2I) in Equation (B.2) and (; = /1, then for online learning with bandit
feedback,

E[Regretirp ((£i)icr))] < O((logd)? T3t T log T').
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Proof. The proof of the bandit problem is more complex. We first define the following notation. We
denote Gy = 35, —Lly, Gy = Yty —ly, ®(G) = max, (7, G), ®(G) = Econo,.n®(G +
(t€), and Dy, to be the Bregman divergence with respect to ®;, where we recall the construction of

the empirical estimator éAt/ of ¢ in Section 3.2. By Li & Tewari (2017), 7y = V@t(ét). Now due
to the convexity of @,

®(Gr) = ®(E[Gr]) < E[®(Cr)].

Therefore,

T

E[RegretFTPL((&)ie[T])} =®(Gr) - E [Z(Wh —Zt> <E

T
q)(éT) - Z<7rta _Zt>

t=1

By recalling the definition of the Bregman divergence, we have

T T

T
=D m =)y = = (VO(G),—l) = =Y (VOU(Gr), Gr — Gia)

t=1 t=1

T
Zcht G, Gi1) + ©(Gr1) — ©4(Gy).

Therefore,
E [Regretgrpy ((€i)icqry)]
T R T
<E |3 Dou(Gr.Giot)| +B | 57 #1(Gict) = 11(Goc) +E |@(Gr) - 7(Gr)]

t=1

@ (#1)
(491) < 0 due to the convexity of ®. For (ii), we use Lemma 10 of Abernethy et al. (2014) to obtain

E Y 0(Gio1) — ®1-1(Gi1) | < CrE[®(e)] < O(1/2T log d).
t=1

For (4), by Theorem 8 of Li & Tewari (2017), for any « € (0, 1), the following holds:

T -

T
S o dd
E ZD@t(Gt’Gt—l) SZQ 1m
=1

t=1

4d 1ta

< T

~a(l —a) ( )
By tuning a = 27, we proved that E[Regretip; ((£)ici71)] < O((log d)3dT* T logT). O
Lemma 4. Denote the variation of loss vectors as Lt = Zt |41 — lt]lco- Suppose there

exists an algorithm <f for online learning with full-information feedback with regret guarantee that
Regret ,;((¢i)icrr)) < f(T,d) for some function f, where T denotes the horizon and d denotes the

policy dimension. Then, there exists another algorithm &/’ that can achieve

D-Regret ;i ((£i)ie[r)) < min

T
—+1 Ar.d 2A1r L.
ATe[T](AT+ )f( 7,d) + 2A7 Ly

Similarly, suppose there exists an algorithm 9B for online learning with bandit feedback with regret

guarantee that E [Regretgg((&-)iem)] < ¢(T,d) for some function g; then there exists another
algorithm %' that can achieve

T
E[D-Regret , (0)icir))] < min ( — + 1) g(Ag, d) + 2A7 Ly
[D-Regret g (L) ic[r))] AI;léI[IT]<AT+ )g( 7,d) + 2A7 Ly
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Proof. We denote o/’ as the algorithm that restarts <7 every Ar iterations. We break the time index
[T'] into m batches Ty, of size Ar (except for, possibly the last batch). Denote £} := min;eq) £s;.
By Equation (6) of Besbes et al. (2014), it holds that for each k € [m)]

mm <Z ft) — Z ly < 2Ar Ly,

teTk j teTk

where we define Ly, = >, [|€1+1 — £t][oc. Therefore, we have

D-Regret .,/ ((£;)ic[r)) < min Z 4 Z o+ Z Regret, ((£i)icT]) (D.3)

g€ld] te[T) j te[T) ke[m)]
<2A7( Y L) + (T/Ar + 1)g(Ar, d).
ke[m)]

By Equation (4) of Besbes et al. (2014) that Zke[m} Ly < Ly and this inequality holds for any
Ar € [T, we proved D-Regret .,/ ((£;);c[r)) < mina,cjr (ALT + 1) f(Ar,d) +2ArLy.

Similarly, if we take the expectation for Equation (D.3), it holds that

E[D-Regret 4 ((£:)icir)] < Helﬂfll] Z 4 Z o+ Z [Regretg((£:)ic(7))]
J te([T] j te([T] ke[m]

T
S min ] <A + 1) g(AT, d) + 2ATLT7
thus completing the proof. O
Combining the results above completes the proof for Theorem 4.1. O

D.6.1 IMPLICATIONS OF THEOREM 4.1 FOR REPEATED GAMES

Remark D.1 (Implication for playing repeated games). First, we note that the no-regret guarantee
in the online setting is stronger than and thus implies that in the game setting, since regret by
definition handles arbitrary/adversarial environments, while in playing games the opponents are not
necessarily as adversarial. Second, it is folklore that if all players in the repeated game follow no-
regret learning algorithms, then the time-average policies of all players during learning constitute
an approximate coarse correlated equilibrium of the game (Cesa-Bianchi & Lugosi, 2006). Hence,
the results (1) and (2) in Theorem 4.1 imply that a coarse correlated equilibrium will emerge in the
long run from the interactions of the LLM agents (under certain assumptions as in the theorem).

D.7 EXTENDING THEOREM 4.1 WITH RELAXED ASSUMPTIONS

D.7.1 RELAXATION UNDER MORE GENERAL DATA DISTRIBUTIONS

We first remark on the possibility of relaxing the Gaussian assumptions on the data distributions.

Remark D.2 (Relaxing the Gaussian distribution assumption). In the proof of Lemma 1, to obtain
the result that the action is a quantal response w.r.t. £1.7, one does not necessarily require both the
prior distribution of z and the conditional distribution of ¢; given z to be Gaussian. Instead, for any
joint distribution P(z,£1.7), as long as its posterior distribution satisfies Equation (D.1), it would
suffice. It is a combined effect of both the prior and the conditional distributions.

More formally, we can extend Theorem 4.1 to the case with a much more general prior task distribu-
tion than the Gaussian one, where the key is that Equation (D.1) only needs to hold approximately.

Theorem D.2. In Theorem 4.1, we can relax the assumption on P(z) to one where we only require
P(2) to be i.i.d for each coordinate of z and 0 < P(z;) < oo, (zj)] < oo forany j € [d], z; € R,
and the bounds for (1) and (2) of Theorem 4.1 still hold, with only a degradation of O(d?logT).
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The key idea of the proof is that when ¢ is large enough, the prior distribution does not affect the
posterior distribution, which is also referred to as the Bernstein—von Mises theorem (Van der Vaart,
2000).

Proof. Since we extend Theorem 4.1 to settings with general task prior distribution only requiring
the coordinates to be i.i.d, from now on, we consider the j-th coordinate only. To begin with, fix
t € [T, we define the log-likelihood of the posterior as

t t
1 (g2 t
Lt(zj) = IOgH W@ o2 (b =2)" = —thgO’ — §log27r — E
=1

i=1

1
ﬁ(fz‘j - Zj)2-

Then, the MLE estimator Z; ; is defined as

t

1
2= Li(z) =~ 4.
2 1= argmax Ly (z) t;:l i

We also define j; :R — Ras:

= V2Li(z4 1
Je(z) == _VLi(z) =—.

t o

For Assumption 1 of Kasprzak et al. (2022) to hold, any § > 0, Ms > 0 suffices.

For Assumption 2 of Kasprzak et al. (2022) to hold, we can choose M\l = Max,, c[6,1+4] ﬁ
J

For Assumption 7 of Kasprzak et al. (2022) to hold, we choose J to be o.
For Assumption 8 of Kasprzak et al. (2022) to hold, one can choose Mz = 7.
For Assumption 9 of Kasprzak et al. (2022) to hold, we have

t

Li(zj) — Le(Z5,4)

1
k< — sup =— sup Cij —Z50)% — (b — 2)? = —.
(2;—%;)?=6 t 202t (2;—%;.4)2>6 ;( ! ) (b 2 4o
For Assumption 10 of Kasprzak et al. (2022) to hold, we choose M; = Sup, ¢(_s 144 ‘% ,

M, = SUP. ¢[—s,14] |P(2;)] since we have assumed that 0 < P(z;) < oo, [VP(z;)[ < oo.
By Theorem 6.1 of Kasprzak et al. (2022), we have

R e
/ [P(2;/VE+ 25| (bij)ien) — Ce™ 277 |dz;
2 ~
N \/E/ IP(z; | (€i5)ier) — N (35, 07)|de < Dit™ V2 4 Dot'Pem 4 2D(t,6),
Zj

where C is the normalization constant and

\/ My M, 2
Dy = 01 ! ‘/g‘i My + M,
2(1_ D(t,(S))
oM, T} (3, 6)
(2m)1/2(1 — Dr(t,9))
Bit,5) = e 3V

1 oM,
o2 3

TP (%,0) =
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Therefore, we conclude that the TV distance between z (conditioned on (£;);c[y)) and N (E, ‘772)
satisfies that

d
/ o f
z j=1"%i

due to the independence of (z;);c[q conditioned on /1.;. Now we denote algorithm FTPL to be the
FTPL algorithm w.r.t. the noise distribution P(z | (¢;);c[), and FTPL to be the algorithm w.r.t. the
noise distribution N (Z, "Tz) Therefore, we have

2

PG| re) -V (2.5 Py |t )ie) - N (2 %) |az < Ot

T
|RegretFTPL((€)i€[T]) - Regretﬁp\L((f)ie[T])‘ < ZdHWt — Ttloo
=1

2

T
= dZ/ IP(z] (i)iey) — N(Z, %)|dz = O(d*logT).
=12

In other words, using P(z]|(f;);cyy) as the noise distribution only increases the regret by
O(d?log T). Similarly, it is easy to see that

’D'RegretFTPL((g)ie[T]) - D‘Regretﬁﬁ((f)ie[ﬂ” < O(d2 log T),
which completes the proof. O

D.7.2 RELAXATION UNDER DECISION-IRRELEVANT PRE-TRAINING DATA

We then remark on the possible relaxation when the training data may not all come from decision-
making tasks.

Remark D.3 (Pre-training with relaxed data assumptions). Note that the pre-training (text) data are
so far assumed to be related to decision-making problems (though not necessarily sequential ones),
see Assumption 1 and Example 1 for instance. It can also be generalized to the text datasets involv-
ing Question-Answering (Q-A), a typical task in natural language processing, where the true/fact
answer, sampled answers from different human users (with possibly wrong or biased answers), cor-
respond to the latent z (and associated maximizer a) and {1, respectively. Moreover, in practice,
the pre-training data may also involve non-decision-making/Q-A fexts, given the diversity of the
datasets. For such scenarios, we will make the assumptions on the data distribution conditioned on
the prompt for decision-making. Specifically, when interacting with the LLM, human users will pro-
vide prompts (see e.g., our Figure C.1), to induce it to make decisions. This will query the conditional
distribution of
P (g(xNﬁl:NHl) | Z1.N,, decision-making prompt)

to generate the control action. Correspondingly, Assumption 1 will thus only need to be made on
P (z, L4, 21.N,, ,, decision-making prompt) ,

while we do not need to make such assumptions on other prompts, e.g., corpora that are not related
to decision-making.

D.8 COMPARISON WITH LEE ET AL. (2023); LIN ET AL. (2024); L1U ET AL. (2023E)

Similar assumptions and pre-training objectives have also been considered in the very recent work of
Lee et al. (2023); Lin et al. (2024); Liu et al. (2023e) for studying in-context reinforcement learning
property of Transformers/LLM-agents under supervised pre-training. Lee et al. (2023) established
its equivalence to posterior sampling (Osband et al., 2013), an important RL algorithm with provable
regret guarantees when the environments are stationary, and Lin et al. (2024) generalized the study to
the setting of algorithm distillation as in Laskin et al. (2023). Liu et al. (2023e) adopted the similar
data generation assumption as Lee et al. (2023) without assuming optimal labels are available in
the pre-training datasets, but leverages external oracles for planning. Consequently, the resulting
LLM agent would still perform the posterior sampling algorithm. However, these results cannot
directly imply the no-regret guarantee in our online learning setting, due to the known fact that
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posterior sampling can perform poorly under potentially adversarial or non-stationary environments
(Zimmert & Seldin, 2021; Liu et al., 2023d). In contrast, we here establish the equivalence of the pre-
trained LLM to the FTPL algorithm (under different pre-training data distribution specifications),
with the ability to handle arbitrary loss sequences, even though the LLMs are only trained on a
fixed/stationary distribution of texts (tasks).

D.9 DETAILS OF ESTIMATING THE PARAMETERS OF OUR HYPOTHETICAL MODEL

To further validate our model and data distribution assumptions, we also propose to estimate the
parameter {7; }+c(7—1) in Definition 4.1, using data from interacting with LLMs (following the
same protocol as before), with P,,;s. being a standard normal distribution (note that we do not
need to estimate 1y by Definition 4.1). Specifically, given n episodes of the LLM agent’s behavior

{(zﬁj), W,Ej))tem }je[n)» motivated by our Lemma 1 and Theorem 4.1, we estimate {n; };e[r—1] by
solving the following problem

* . () ovt+1 (7) * %
0" € argmin Z Z T —Pquanml<~ élj:t) K ny =oc"Vt+1, Vte[T-1].

te[T—1] j€[n]

We solve this single-variable optimization problem by grid search over [0,10]. We then run the
generalized quantal response model with the estimated {7 };c[7—1] on another unseen test set, and
compare it with the behavior of the actual LLM agents. We use all the interaction data from Sec-
tion 3.2 and split it in half for training and testing.

We also use the same framework to understand the regrettable behaviors in Section 3.4. This analysis
uses all the data from Section 3.4. We first find that such fitting procedures do not yield good
predictions for LLMs on those counter-examples. Therefore, we resort to a more expressive model
by directly fitting each 7, as
)
e )|,

separately for each ¢ € [T'—1]. Even under the expressive model, LLM:s fail to follow the generalized
quantal response for the counter-examples with noisy alternating or adaptive loss sequences, as
Figure 4.1 shows the gap between GPT-4 (dynamic) regret and the our model’s (dynamic) regret.

* . (4 s
U € arg 717?;% Z Hﬂ-t-‘rl - quiantal( ’
- jEln]

E DEFERRED RESULTS AND PROOFS IN SECTION 5

E.1 BASIC LEMMAS

Lemma 5 (Double iterated limit). For a sequence (amn)mmew, suppose that lim, n—yc0 Gmn =
L. Then the following are equivalent:

e For each m, lim,,_ o Gy, €Xists;

o limyy, o0 liMy 00 Gmpn = L.
Lemma 6 (Hoeffding’s inequality). Let X1, X», ..., X,, be independent random variables bounded
by the intervals [a;, b;], respectively. Define X = %L Sor X and let i = E[X] be the expected
value of X. Then, for any t > 0,

- 2n2t?
P(| X —u| >t §2exp(—n>.
( | ) > iz (bi — ai)?
Lemma 7 (Uniform convergence —> Interchanging limit and infimum). If (f, : X — R), cn+ is
a sequence of continuous functions that uniformly converge to a function f : X — R on the domain
X, then lim,,_, oo inf e x frn(x) = infex f(x) holds.

E.2 DEFERRED PROOF FOR THE ARGUMENTS IN SECTION 5.1

In this section, we prove some properties of £(6, k, N') under certain regularity conditions of f, h.
Throughout this subsection, we will assume the following condition holds.
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Condition 1. For h : R — R* and f : R x Nt — R, suppose h(-) and f(-,k) are both
continuous and non-decreasing functions for any k € NT. The derivative h/ : R — R is also a
continuous function. Moreover, | satisfies that log f(R1, k1) — log f(R1, ko) > log f(Re, k1) —
log f(Ra, k2) for R1 > Ro and k1 > ko, i.e, log f is supermodular. Lastly, f is a function such

that limy_, oo J;Eg;:g =00 1(R; > Ry) + 1(Ry = Ry), with the convention of oo - 0 = 0. Lastly,
TxN

(éij ))te[T],je[ N are continuous random variables supported on |- B, B]
Claim 1 (Iterated limit of £(6, k, N) is the same as double limit of £(6, k, N)). It holds that:

i £0.63) = i £0k.N) = Jin lim £0.5.8) = b o Regretuy, (itr))
Proof. Step 1. Proving limy_, o limy oo £(0,k, N) = h (maxq, .. ¢, Regrety v, (€)ierry))-

Firstly, as both h and f are non-negative (Condition 1), and
h(max;e[n) Regrety v, ((Egj ))te[T]))} exists, we have by dominated conver-

@) eerrysem
gence theorem that

1m£@kN%ﬂhm[ZmMmmwﬂwmeﬂ&WMwmw%M1
k—o0 Y I s

e £ B, (67 e, k)

{h(jng% Riiwm, ((ggj))te[T]))}

where Rypm, denotes an abbreviation of Regret;; ;. By (Ahsanullah et al., 2013, Chapter 11), we

—F .
() eermy e

have h(max;e(n RegretLLMG((ﬁgj))te[T])) L h(maxy, 4, Regret;; v, ((¢¢)ieir])) when N —
oo. Hence, we have limy _, oo limy 00 £(6, k, N) = h(maxy, .. ¢, Regret, ((£¢)ter))) holds.

Step 2. Proving limy 1o £(0,k, N) = h(maxy, . ¢, Regret;; . ((€¢)eeir))-

Now, we will calculate lim n ;00 £(6, k, V).
Lemma 8. Forany 0 < e < 1, it follows that
o (X M H(X)LH(X) <1-¢) _
Nk=voo SOV F(Xi, k) H(X)L(H (X)) > 1~ €/2)

and
i S R)IH (X)) <1—¢)
Nk L) F(Xi R)L(H(X) > 1~ ¢/2)
hold with probability 1, where X;’s are i.i.d. random variables, esssup(H(X;)) =1, and H : R —
R is a continuous non-decreasing function.

Proof of Lemma 8. Since f(-, k), H are non-negative and non-decreasing functions, we have
SN F(X W HX)LIH(X) <1-¢) (L— Qf(H (1 - o, k)|{i € [N] | (H(X,) < 1 - o)}

SN F(X RYH(X)1(H(X,) > 1 —¢/2) = (L—€/2)f(H (1 —¢/2),k)[{i € [N] | (H(X;) >1—¢/2)}]

and we know that
[{ie IN][ (H(Xi) <1=9} as  F(—-¢
i e NI (H(Xi) >1=¢/2)}] 1= F(1—-¢/2)
as N — oo, where F is the cumulative distribution function of random variable H (X ). Therefore,
we have

o< lim SN F(Xa BYH(X)1(H (X)) <1 —e€)
T Nkvoo SV F(XG K)H(X)1(H (X;) > 1— €/2)
< iy (= OfHA -0 k)€ [N | (H(X) <1-e)}]
= Nk (1—€¢/2) f(H-1(1—¢/2), k))[{i € [N] | (H(X;) > 1—¢/2)}]
(1-oOf(H'1-e,k)  Fl-¢

S vz, (= e/2) f(H (1 —e/2), k) 1 —F(l—e/2) "
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By a similar argument, we have
Sl S k) I(H(X) <1-¢)
Nok=voe SO (X LX) > 1-€/2)
with probability 1. O

One key idea in the proof above is the use of some truncation level ¢ for H(X) with
esssup(H (X)) = 1. By Lemma 8, we have

SV F(Xa R H(X)L(H(X;) >1—€) SV f(X R L(H(X) > 1—e)

lim ~ = lim ~ =1,
Nyk—=oo Zi:l f(Xu k)H(XL) Nk—roo Zizl f(Xu k)
since

o< S S RLHX) <1-¢ _ 30 f(X HIEHX) <1-¢)
— N — N
Sy f(Xi,k) SV F(Xa k) L(H(X,) > 1—€/2)
holds with probability 1. Therefore, for any 0 < € < 1, we have
ey P B, () eer)) F (R, (67 ), )
S ie LB, (G eeqr). k)

N,k—o0 N,k—o0

lim £(0,k,N)=E lim l

—h < max RLLMS((ft)te[T])>

L1,...0T

h(R €9y, 4 h(R 09,
ZjE[N] v (67 )ee () [T]))f(RLLMg((égj))te[T]%k)]l( (Rumg (47 )eerr1)) 5 >1—¢)

h(maxe,,....eq Rumg ((£e) e h(maxe,,....eq Rimg ((£e)eerr

X ]ENllim R(Rum, (€9 1))
Jk—o00 j Lt
> e F (B, (6 eeiry), WL ity . Fuig (e > L ©)
>(1- e)h(ema)}T R, () eerr))

which implies limy o0 £(0, k, N) = h(maxy, ... ¢, Regret; |y (():e[r))) since

L(O,k,N)<h <Zma)£< RegretLLMe((Et)te[T]))

1yeeey T
by definition of £, the fact that h is non-decreasing, and by setting € — 0 to obtain
L(O,k,N)>h (zma)gT RegretLLMe((ﬁt)te[T])) .
Loyl

Here, we used the fact that (£;),c|7] has a continuous distribution, Regret; ; \;, ((£¢)¢e[77) is a con-
tinuous function, and the non-decreasing property and continuity of h (Condition 1), which lead
to:

esssup (h (Regret; v, (4)ierry))) = max (Regret; ; v, (€)erry)) = h (emaue( RegretLLMe((ﬂt)te[T])) .

Tyeery T Lgeeey T
(E.1)
Equation (E.1) will be used frequently in the overall proof in Appendix E.2.
Step 3. Proving limy, o, limy 00 £(0,k,N) = h (manhm,gT Regret; |\, ((Zt)tem)).
Lastly, if N — oo, similarly by dominated convergence theorem we have
> e M (RLLMe ((f§‘7))tem)) F(Run, (7)), k)
Nlim L(0,k,N) = El\}im 5
oo oo e f (RLLMg ((fij )te[T]) Jf)
E [h (RLLMQ ((&Ej))te[T])) f (RLLMQ ((ﬁﬁj))tem) ,kﬂ
E [f (RLLMg ((Egj))te[T]) ;k)]
Thus, limy_,oo £(0,k, N) always exists for every k. Now, we use the known prop-
erty of double iterated limit (Lemma 5), and obtain that limy_ o imy_ oo £(6,k,N) =
h(maxg, b RegretLLMg ((et)te[T} ))- O
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Claim 2 (Uniform convergence of £(0, k, N) (with respect to k and N)). L£(0,k, N) uniformly
converges to h(maxy, . ¢ Regretyy . ((¢+):er))) on the domain ©.

Proof. We will provide a similar analysis as Lemma 8 as follows:

Lemma9. Forany0 <e<1,0<d <1, and k € N, we have

Y fXkIHX) <1-9 _ 5 ) 1 1
SN T HLHE) S 1—¢) (A(k’ He) (1 “Fux(_e/2) m))

with probability at least 1 — §, where X;’s are ii.d. random variables, esssup(H(X;)) =
1, H : R —= RV is a continuous non-decreasing function, A(k,t,¢) =

—€ esssu “L(1—e . .
(1(_16/23;EEZ esssugggﬁggg,l8_6)/’2]3)7]“), for any non-decreasing function t : R — R, and F; x

is a cumulative distribution function of random variable t(X)/esssup(t(X)).

Proof of Lemma 9. With the same argument as the proof of Lemma 8, we have

>y f(Xi BLH(X,) < 1-¢) o JHEHTA -9, kH{ie [N | (H(X:) <1-e)}
S X R)LH (X)) > 1—¢/2) — SHTH 1 —¢/2),k){i € [N]| (H(X;) > 1—¢/2)}|

It holds that % |{i € [N] | (H(X;) < 1 —€)}| = Fux(1 — ¢) + O(1/v/N) with probability at
least 1 — §/2 due to Hoeffding’s inequality (Lemma 6). Similarly, we have +|{i € [N] | (H(X;) >
1—¢/2)} =1 — Fy x(1—¢/2) + O(1/v/N) with probability at least 1 — §/2. Therefore,

{ie[N]|(HX)) <1-¢} = Fux(l—¢ ~ 1 N
[{ic N[ (H(X;) > 1—¢/2)}] 1—;;;(1 —ez) TOWVYN) S e e TV,

with probability at least 1 — J. Finally, we have

S S RIHX) <1-¢ 3 f(Xa hIHX) <1-¢) ) 1
SN F(X R)L(H(X;) > 1 —€) = SN (XL ) L(H(X) > 1—¢€/2) < Ak, Hye) (1 — Fux(1—¢€/2)

O

Note that limy,_,o A(k, H,€) = 0, since limy_, ;gg:g = oo - 1(Ry > Ry) + 1(R; = Ry). By

. h(R, Le)y
Lemma 9 with 1(Ruan ()ee(r1)) = i, 1o ()2 We have

. (i)
Zz]'v:1 f(RLLMg((€§Z>)t6[T])7 k)1 ( P(Ruimg (5 refr)) >1— 6)

h(maxg, . ep Rumg ((Ce)eeT))) =

SN F(Rum, (67 ierry), k)
1

(4)
N () h(Ruimg (¢ D)) B
2ita F(Rumg (6 ) ee(r)) k)1 <h(maxél 77777 o Rty (B o) <l—e

1+

seees

(i)
() h(Riimy (€ Dierr)))
DI f(RLLMe((Ztl Jee(T)):F)L <h(maxz1 zi RLimg ((Ce)pe(T))) 21—

1
Z AT O ] s +O(/1/N))’

1_FHvRLLM9 ((@t)te[T])(l_e/Q
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where we recall the shorthand notation of Ryiy, = Regret;;,,,. Note that A(k, H,¢) = A(k, h,¢€)
and 'y, gy, = Fh, R, hold by the definitions of /7 x and A(k,t, €) in Lemma 9. Therefore,

i h(R £y,
SN F(Ruwy (B )iy, k) e s (s ec i)

h(maxe, ... eq Rumy ((€e)eerr)))
N i
SN (R, (67 )i k)
. () (i)
S F(Ruoany (67 i) b) g te G 1 (e e (i) s > 1 - ¢)

h(maxe, ... eq Rumg ((€e)iery)) = Vh(maxe, .. oq Rumy ((8)cerr))) —

N i h(Rumy (67 ee 1))
Zi:l f(Brim, ((4 ))tG[T])’ k)]l(h(maxel ..... eeT Riimg ?([Zt])tE[T])) >1-¢
1

X =
1
L Alks by ) (= s a=em + OV IL/N))
1—e¢

> =
L+ Ak b ) (== + OWV/N))

with probability at least 1 — 4.
Now, for any € > 0 and § > 0, we have

0<h ( max RLLMQ«MG[T])) L0,k

P
(1=96)(1—¢)
< h( max Rypm ((ft)te[T])) 1- A
P o L+ Ak, hy€) (7=5— (([1) e O(/1/N))
»ALLMg (Wt ) e[ T]

Note that

1P () (1-¢/2) = P (1 (Regretyg, ()ieim) > (1= e/2)n (g Reeretg, (i) ) )

1y-%T
is a continuous function of @, since we assume LLMjy is a continuous function of 6, (Et)tem has a
continuous distribution, and Regret; ; \;. ((£¢)¢e[r7) is a continuous function of LLMjp and (¢;),¢[r)-

Since we consider a compact © (as several recent works on analyzing Transformers (Bai et al., 2023;
Lin et al., 2024)), we have p(€) := mingee 1 — Fi, Ry, (1)) (1 — €/2) > 0. Therefore,

- 1-91-9 <<1 (L-9)(1-¢) )
1+A(k,h,e)(m+0(\/l/N)) - 1+ A(k, h, €) (575 + O(/1/N)) ;
(E2)

and we know that limy ;00 1 + A(k, h,e)(ﬁ + O(y/1/N)) = 1, which is not dependent
on . Thus, we can conclude that limy 1o SUpPpee |R(maxy, . ¢, Regrety;y. (()eeir))) —

L(0,k,N)| =0, as we can choose arbitrarily small ¢, J.

Claim 3 (Double iterated limit of supremum). It holds that:

lim lim sup |£(6,k,N) - h< max RegretLLMe((Et)te[T])) =0,

N—o0 k—o0 0cO 17---7£T

Proof. Since h(maxy, .. ¢, Regrety;\, ((€1)ie[r))) = L£(0,k, N), we will prove

.....

lim lim sup h( max RegretLLMg((ft)te[T])) —L(0,k,N) =0.

N—ocok—o0 gco L1,...,0T

Lemma 10. E%{i);‘(;t):f;(l) < Z%i(jl&f)sg;{b) holds if 0 <ki1 < ko for any real-valued
(Xi)ieln)-
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Proof. By multiplying (3N, f(Xi, k1)) (N, f(Xi, ko)) on both sides of the for-
mula, we know that it is equivalent to >, oy f(Xi k)R(Xi)f(X;, ko) <
Yoi<izjen f(Xi k1)R(X;) f(X;, ko). This is equivalent to

Z (f(Xi, k1) f(XG, ko) — f(X5, k1) f(Xi, k2))(R(X5) — h(X;)) <0,
1<i#j<N

which is true since if X; > Xj, (f(Xi,kj)f(Xj, ]432) — f(Xj,kl)f(Xi,kg)) < 0 due to the
log-increasing difference of f (Condition 1), as log f(X;, k1) — log (X, k2) > log f(Xi, k1) —
log f(Xi, ko) if X; > X;. O

Therefore, L(0, k, N) is a non-decreasing function of & if N is fixed, which indicates that

lim sup h( max RegretLLMe((Zt)te[T])> —L(0,k,N)
k—oco  geco Lyl

exists, as L(0, k, N) is also bounded. Therefore, by Lemma 5 and Claim 2, we know that

lim lim sup ’E(O,I@N) - h( max RegretLLMg((Et)te[T])> ‘

N—ook—oo gc@ 1yl
exists and this value should be 0. O

Claim 4. It holds that

B £ = Jim i 00,5, 3) = . ( ma Regrt (e

Proof. Firstly, by Lemma 7, we have limp p_ o0 infoco £(0,k, N) =
infgee h(maxy, .. ¢ Regretyyy, ((¢t)ie[r))).  Plus, we already know that L(0,k,N) is
a monotonically non-decreasing function of k for any fixed N (Lemma 10), and it is
bounded, limy_, infgeo L£(0,k, N) always exists. Therefore, by Lemma 5 , we also have
lmpy oo limyg oo infeee 5(9, k, N) = infge@ h(maxzhm’gT RegretLLMe ((ét)te[T]))- O

E.3 DEFINITION OF THE EMPIRICAL LOSS FUNCTION

Definition E.1 (Empirical loss function). We define the empirical loss L computed with Nt samples
as follows:

Z(@ k,N, Ny) 1 & | Lje b (RegretLLMg((fg,g)te[T])) f (RegretLLMe((Eg;t))te[T]%k)
y Ky AN INT ) 2= ——— :
Nr o e f (RegretLLMg((ggj,g)tE[T])a k)

(E.3)

where (E((q],.t))jE[N],tE[T] denotes the s-th sample of (E,Ej))je[N],te[T] for estimating L(0,k, N).

E.4 DEFERRED PROOFS OF THEOREM E.1 AND THEOREM 5.1

Theorem E.1. (Generalization gap). Suppose LLMy is Lipschitz-continuous with respect to the
model parameter 0, then for any 0 < e < 1/2, with probability at least 1 — €, we have

do + log(1/¢)

Ny , (E4)

_ B .5
£ (v ) inf £(0.k,N) < O

for any N and sufficiently large k, where dy is the dimension of the parameter 6.
Through a careful use of Berge’s Maximum Theorem (Berge, 1877), we prove that the right-

hand side of Equation (E.4) does not depend on k and NN, which allows us to take the limit of
limpy 0 limg s o Without affecting the generalization bound.
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Before proving the theorem, we remark on what LLM structure enjoys the Lipschitz-continuity.
We provide two auxiliary results in the following proposition. The first result is from (Bai et al.,
2023, Section J.1), which is about the Lipschitzness of Transformers. The second result is regarding
processing the output of Transformers. In particular, the output of Transformers is usually not
directly used, but passed through some matrix multiplication (by some matrix A), followed by some
projection Operator (to be specified later).

Proposition 2. The L-layer Transformer TFy as defined in Appendix B.2 is Crp-Lipschitz contin-
uous with respect to 0 with Crr := L ((14 B2.)(1+ B%FR3))L BrrR(1 + BrxR? + B3.R?),
ie.,

ITF9,(Z) = TFp,(Z)ll2,00 < Crel|0h — b2 2z

where || - ||zr is as defined in Equation (B.1), and R, Z, By are as introduced in Appendix B.2.
Moreover, the function Operator(A - TFy(-)_1) is ||A||opCre-Lipschitz continuous with respect
100, ie.,

|operator(A- TFy, (Z)-1) — Operator(A- TFy,(Z)_1)|l2 < ||A]|opCrr||61 — O2]| 1+

Here, Operator is either the projection operator onto some convex set, or the Softmax function.
Proof. The first result is from (Bai et al., 2023, Section J.1). The second result comes from

o If Operator is a projection onto the convex set, then |Operator(z) —
Ooperator(y)|lz < |z — yllo;

* If Operator is Softmax, then ||Softmax(x) — Softmax(y)|l2 < ||z — y|l2 (Gao &
Pavel, 2017, Corollary 3).

Note that the only condition that we require for Operator is its non-expansiveness. O

Proof of Theorem E. 1. Let Cy denote the Lipschitz-continuity constant for LLMy with respect to
some norm || - ||y, where || - ||LLm denotes any norm defined on the parameter space of LLM (e.g.,
the norm || - ||+ above in Proposition 2). Now, we prove that regret is also a Lipschitz-continuous
function with respect to the LLM’s parameter.

Lemma 11 (Lipschitzness of regret). The function Regret;;y, is Creg := BCriyT-Lipschitz con-
tinuous with respect to 9, i.e.,

‘RegretLLMgl ((ft)te[T]) - RegretLLM92 ((ft)te[T])’ < CRegHHl — O2||2Lm-
Proof. By definition, we have

T
‘RegretLLMg ((€e)eerr)) — Regrety gy, ((€e)eeqr) ’— Z €, LLMp, (Z;—1) — LLMe, (Z;-1))

T

=B _|[LLMy, (Z;—1) — LLMg, (Z;_1)]|
=1

< BCrumT||01 — 62juim

where Z; := ({1,...,4;,c) forall t € [T] and Zy = (c) where c is a d-dimensional vector. O

Now, we will prove the Lipschitzness of

3 sepv) h(Regretyy, (67 epr) f(Regretyy, (7)) e i27). k)
Zje[N] f(RegretLLMe((Ef‘j))te[t])a k)

C ((fgj))te[TLje[Nhkve) =
(E.5)

with respect to the model parameter 6.
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Claim 5. For any R > 0, there exists Br > 0 such that if 5 > SR, we have

z:neﬂv]xnf(xnvﬁ) E:nepv]ynf(ynyﬁ)
nG[N] f(xnvﬁ) ZnG[N] f(ynaﬂ)

for every x,y € R™ such that |z;| < R,|y;| < R foralli € [N].

<2[z = ylloo

Proof. If B = oo, we have

. <‘ZHE[N} wnf(xn,ﬁ) Zne[N] y’ﬂf ynv
lim

B—o0

Zne[N] f(@n, B) Zne [N] f(Wn, B

holds. Moreover, consider the following constrained optimization problem:

ma. Iy — INa
2 eyl | = Do o0~ e ]
EET

Zne[N] -rnf(xna ﬁ) Zne[N] yn.f yn7
max - / o =yl
z,yER™ ZnE[N] f(mruﬁ) ZHG y’na
subject to |z;| < R, |yi| <R for all i € [N],

whose optimum is denoted as F'(R, /3). Then, since ||z]|. < R and ||y|lcc < R is a compact set,
by Berge’s Maximum Theorem (Berge, 1877), we have that F'(R, 3) is a continuous function for (3.
Moreover, we know that F'(R,c0) < 1, which indicates that we can find a large enough Sr such
thatif 8 > Bg, F(R, ) < 2.

Note that Claim 5 does not hold if either x; or y; is unbounded. Now, we will apply Claim 5 to
Equation (E.5). We can guarantee that |Regret; | ;. ((£¢):e(7))| < diam(IL, || - [|2)T B.

Also, note that the domain of h : R — R7T is effectively constrained to the range that
Regrety . ((£¢)ieir)) can achieve, which means that we can regard h as h : [—diam(I, || -

l2)T B, diam(IL, || - ||2)TB] — RT. Due to the continuity of /', and the fact that h has a com-
pact domain, we know that h(-) is Cj,-Lipschitz continuous for some C} > 0 on this interval of
[—diam(I1, || - ||2)T B, diam(IL, || - ||2)T B].

Lemma 12 (Lipschitzness of C' in Equation (E.5)). The function C' in Equation (E.5) is Ccost =
2C, Creg-Lipschitz continuous with respect to 0, if k > Kgigm(11,||.|1.) 7B fOr sSome Kgigm(m,|.|.)TB >
0, i.e.,

’C ((éz(tj))te[T],je[N]a k,el) -C ((Zgj))te[T],je[Npk,@Q) ’ < Coost ||01 — 02| Lm-

Proof.

|C((£§j))t€[T],j€[N]7k7 0) — C((éz(tj))te[T],je[N]y k, 92)’
< 2lh(Regrety,, () iem))) — h(Regretyyy, (67)ieim)) oo

< 2CulRegrety,, (67 )repry) — Regrety g, (67 )serr)
< 2CKCregl|01 — O2]|Lim = Ceost |01 — O2]LLm-

(zzz

Here, (i) holds due to Claim 5, (ii) holds since h is C}-Lipschitz continuous on the range of
Regret;; v, ((£¢)¢e[7), and (iii) holds due to Lemma 11. O

For completeness of the paper, we provide the definition of covering set and covering number.

Definition E.2 (Covering set and covering number). For é > 0, a metric space ( -11), and subset
Y C X, set C CY isad-covering of Y whenY C U.ccB(c,d, || - ||) holds. §-covering number
N(6;Y,| - ||) is defined as the minimum cardinality of any covering set.
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By (Wainwright, 2019, Example 5.8), for any » > 0, we can verify that the J-covering number
N(6;B(0, 7, - ltum), [ - [lLim) can be bounded by

log N(0; B(O,7, || - lLm), || -+ [lim) < dg log(1 + 27/4),

where dj is the dimension of the LLM’s whole parameter. For example, if we use the || - ||z and
consider the Transformer model as defined in Appendix B.2, for any r > 0,

log N (8; B0, 7, || - ltim)s || - lim) < L(3Md? + 2d(dd’ + 3md?)) log(1 + 2r/6).

Since we consider a compact O (as several recent works on analyzing Transformers (Bai et al., 2023;
Lin et al., 2024)), let Rg := diam(O, || - ||LLm) (which corresponds to Bry for the Transformer
models as defined in Appendix B.2, with || - |[LLm = || - ||zr), then there exists a set Oy with
log |©¢| = dg log(1 + 2Re/¢) such that for any 0 € O, there exists a ) € Oy with

‘C <(‘€§j))te[T],je[N]ak79> -C ((fgj))te[T],je[N],kﬁo) ‘ < Ceostd.

Then, by the standard result from statistical learning theory (Wainwright, 2019, Chapter 5), when
trained with N samples, for every 0 < e < 1/2, with probability at least 1 — ¢, we have

2(log |©¢| 4 log(2/e€))
Nr

LOp NNk N) — 91161(25(9, k,N) < ¢ 1+ 2C. 00t 6.

Setting § = (y/log(€)/Nr), we further obtain

log [©¢| + log(1/e)
N

L Oy N Npr Ky N) — Gig(gﬁ(&k:,N) <0 \/

with probability at least 1 — €, completing the proof. O
Theorem 5.1. (Regret). Suppose® for any k € N*t, h, f(-, k) are non-decreasing, and log f is a

supermodular function (i.e., log f(R1,k1) — log f(R1,k2) > log f(Ra, k1) — log f(Ra, ke) for
R1 > Ry and k1 > ko). Then, with high probability, we have

~ dg
i i <h(i .
h (1\,113100 Jim ||/ztrﬁliX§BRegret"“Mék,N,NT ((ft)tem)) <h (gllel(f_) o Rax  Regrety, ((ft)tem)) +0 ( NT)

Proof. The limit on the right-hand side of Equation (E.4) remains as O (\ / dGJrIJC\)FT(l/e)), since we

firstly take limg_, o, and then take limy_, o, thanks to the fact that Theorem E.1 holds for large
enough k and any V. Next, we have

lim lim ’E(é\k,MNT,k,N)—h( lim lim max Regret;; v, o ((Et)te[T]))‘
AN

N—o00 k—o0 N—00 k—00 [[{¢]|cc <B

< lim lim ’L(§k7N7NT,k,N)—h< max RegretLLM ((Et)tem)> ‘—i—

N—o00 k—00 [12lloe <
lim lim |h max Regret, y4 —h( lim lim max Regret
N~>ook—>oo‘ (I&IOO ErtLmg N,NT(( t)tE[T])) (Nﬁook—mo 6c]loe<B LM,

< lim lim sup
N—ook—00gco

L(O,k,N)—h (IIZHIIaX RegretLLMe((ﬁt)te[T])) ‘ +0=0,

due to the continuity of & and Claim 3. Finally, we have

lim lim inf £(0,k,N) = eueléh( max RegretLLMe((Et)te[T])>

N—o0 k—o00 €O l1,....01

due to Claim 4, which, combined with the fact that h is non-decreasing, completes the proof. O

3Note that these conditions on A, f are in addition to those specified after Equation (5.2).
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As a result, the coarse correlated equilibrium will emerge as the long-term interactions of multiple
such learned LLMs, as stated in the following corollary.

Corollary 1. (Emerging behavior: Coarse correlated equilibrium). For a sufficiently large N, if
each agent in the matrix game plays according to LLMG then the time-averaged policy for
< T

each agent will constitute an approximate coarse correlated equilibrium of the game.

Remark E.1 (Dynamic-regret loss). So far, we have focused on the canonical online learning set-
ting with regret being the metric. One can also generalize the results to the non-stationary setting,
with dynamic regret being the metric. Specifically, one can define the dynamic-regret-loss function
as follows:

L0,k N):=E 2 jeln] h(D_RegrEILLMg((Eij))te[T]))f(D'REgrEILLMG((Egj))te[ﬂ),k)]

Zje[N] f(D-Regret; ((gz('j))te[T])v k)

Then, one can also establish similar results as before, since the analysis does not utilize other
properties of the regret except its boundedness, and the Lipschitz-continuity of LLM with respect to
0. To be specific, Lemma 11 holds due to the reason that we can bound the difference of the regret
with the term

T
> (e (LLMo, (Z,—1) — LLMp,(Z,-1)))

t=1

]

as well as the fact that inf ., cr1(¢;, m;) will be canceled. One can verify that all the arguments in
Appendix E.2 also hold for similar reasons.

E.5 DETAILED EXPLANATION OF OPTIMIZING EQUATION (5.2) WITH SINGLE-LAYER
SELF-ATTENTION MODEL

We consider the following structure of single-layer self-attention model g (see a formal introduction
in Appendix B.2):

g(Zﬁ V, K, Q7 Ve, ke, QC) = (V‘glzt + UcltT)SOftmaX ((Kglzt + kcl;fr).r . (QC + CIC)) 3 (E.6)

where Z; = ({1,...,0;,c) and V, K, Q € R?*9 correspond to the value, key, and query matrices,
respectively, v, ke, ¢. € R? correspond to the bias terms associated with V, K, @, and ¢ # 0,4 is a
constant vector. We then have the following result.

Theorem E.2. Consider the policy space 11 = B(0, Ry, || - ||) for some Ry > 0. The configuration
of a single-layer self-attention model in Equation (E.6) (V,K,Q,v.,kc,q.) such that KT(Qc +
gec) = ve =04 and 'V = —RHﬁE’lE { Zthl Ly ‘
point of Equation (5.2) with N = 1, h(x) = x%. Moreover, if . is a diagonal matrix, then plugging
this configuration into Equation (E.6), and projecting the output with Pro j || would perform
FTRL with an Ly-regularizer for the loss vectors ({¢)ie[7)-

0,0 | ©71 is a first-order stationary

In practical training, such stationary points of the loss may be attained by first-order optimization
algorithms of (stochastic) gradient descent, the workhorse in machine learning.

E.6 DEFERRED PROOF OF THEOREM E.2

Theorem E.2. Consider the policy space I1 = B(0, Ry, || - ||) for some Ry > 0. The configuration
of a single-layer self-attention model in Equation (E.6) (V, K, Q,v., k., q.) such that KT(Qc +
q) = v = 04 and V = —anﬁmz—%{
point of Equation (5.2) with N = 1, h(x) = 2. Moreover, if ¥ is a diagonal matrix, then plugging
this configuration into Equation (E.6), and projecting the output with Pro jy .| would perform
FTRL with an Ly-regularizer for the loss vectors (£1).c7)-

Z;‘F:l EtHﬁ@] Y71 is a first-order stationary

Proof. We will locally use A = [d] without losing generality as A is finite with |.A| = d, and will
interchangeably use ¢;(j) and ¢;; for notational convenience. Define a := KT(Qc+ g.) € R? and
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by_1:= Bl 1 = kI(Qc+q.)l;_1 € RI™L With N = 1, h(z) = 22, and the choice of TI, the loss
function (Equation (5.2)) can be written as follows:

T T 2
f(Via, (be)serr-1),ve) == E <Z (Ve +vel]))softmax(¢T,_ya+bi—1) + Rul Y €t||2> ;
t=1 t=1

where for t = 1, we use the output of the single-layer self-attention as v. and we will write it as
(V1.0 + vell)Softmax(4].ga + by) for notational consistency with ¢ > 2. Also, we will define
empty sum Z?zl a; = 0 for any sequence (a;);en+-

Step 1. Calculating g—f

For z € [d], we calculate the corresponding directional derivative with the following equation for
t>2:
0

WEI(VKM_1 +vel] )Softmax(f],_ja+ bi—1)

t—1

0
Z L (VEia—1 +vel] e
i=1

- Oaz

exp(e] ({1.;_1a + bi—1))
Zt iexp(es (fl.i_10+bi1))

_ Oe! (£ a+b.
SYTHO (Vs + vl es exp(el (1, ya + by—1)) 22Xt 0 (53 (T (T, a+ be1))

(S exp(el (1T,_ya+ bi-1)))?
_ deT (eT. a+bs_
ST (Vo +vel]_)es exp(el (€T,_ya+bi1)) (zz L exp(el (€1, ya + be— >>%)

(sy exp(el (¢, ya + bi-1)))?

Plugging a = 04 and v, = 04, and (b; = B1;).e[p—1) provides

0
Oay

0T (V-1 +vl]_ )Softmax(4],_ja+bi_1)

a=04,v.=04,(bt=PF1¢)re[r—1]

e, AV (2 )

_ _ 2
ZG-1) &= (-1

M
M

For t = 1, as {] (Vliy1 + vel] j)Softmax(f], ja + b1) = oo, 3200 (Vg1 +

vel] )Softmax({].,_ja + bi_1) = 0, so we can use the same for-
a=04,v.=04,(bs=F1¢)tc(T—1)
mula as ¢ > 2 with empty sum Zf;i . Using the above calculation, we can further compute

of
Oay

as follows:
a=04,0:=04,(bt=B1¢)re(T—1]

af(va a, (bt)tE[T—l] s Uc)

daq a=04,vc=0g4,(b+=P1¢) [T 1)
P T T 2
=E ZE{(VEH,l + vclLl)Softmax(ZI:tfla + bt71) + RHH Z £t|2)
dag _ _ _
t=1 t=1 a=04,vc=0g4,(b+=P1¢) (71

T
= IE[ (Z (Vi1 +vel] |)softmax(¢], ja+be1)+ Rull Y zt|2>

t=1 t=1 a=04,vc=04,(b+=PB1¢)tc[T—1]

T T

d
a (Zeg Vlie—1 4 vel] | )Softmax(€],, a4+ b 1)+Rn||Z£t|2>

t=1 —Od,ﬂfc—od,(bt—ﬁlt)te[T1]:|

t—1

(e meg ) (£ 2]

i=1 i=1

=0,
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where we used the fact that ¢; is drawn from a symmetric distribution, and flipping the sign of the
variable as —/; yields the same distribution, which leads to the following:

(Z”VZ £+RH”Z&”2>£: Ze Vﬁélm iﬂve(t(?;)lé ) ]

t=1 i=1

T =1y T T Vit =1 TV Zi;llfsz
(;elv;Hei+Rn|26tllz>Z Z =5 +y (15(_1)2 ) ]

t=1 i=1 =1

This yields Equation (E.7)=0.

Step 2. Calculating g—f

We will use the following equation for ¢ > 2:

0
50 0 (Vil4o1 +vl] ()Softmax(f], ja+bi—q)
-1
7 b
= 0 ZQ(V€1;,§_1+UCII_1)€,L. te’ip( T a+bi1)) _0,
v = Sy exp(el (., ja+bi—1))

Fort = 1, we define 5 - KT(Vﬂl 0 Fv.ll)softmax(4],ya + by) = ¢4, so that we can use the same

formula as ¢ > 2. Therefore, we can calculate Wf‘ as follows:
a=04,vc=04,(bt=P1¢)te[T-1)
af(v7 a, (bt)tG[Tfl] B UC)
Ove

a=0g4,vc=0g,(b:=B1¢)c(T 1]

T T 2
81} (Z (Vi1 +vc1]_;)Softmax(€],_ja+ b 1)+RH|Z€,5||2)

t=1 t=1

a=0g,vc=0g,(b:=B1¢)c (T 1]

T
<Z (Vi1 +v]_)softmax(fl,, ,a+bi—1)+ Rl Zmz)

t=1 t=1

a=0g4,vc=0g,(b:=B1¢)c(T_1]

)
S <Zeg Vi1 4 vl | )Softmax(€l,, ja+ b 1)+Rn||Z€t|2>

(ZWZ b +Rn|2a|2>2a} =0. -

The last line is due to the same reason as the last part of Step 1.

a=0g,vc=04,(b+=B1¢)c(T_1]

Step 3. Calculating g—{;

We calculate the following equation, which will be used to calculate %

a=04,v:=04,(b:=p1¢)1e[T—1]
fort > 2:

0

avé (Vly4—1 +v.1] j)softmax (1, ja+bi_q)

a=04,v:=04,(bt=P1¢)1cr—1)

P N Pa—
By Z@(Vflth +vel]_y)ei = 1p( G T1 t—1))
> s explel ((1,_qa +be—1))

~ v -
_Z exp T, ja+bi 1))
0] ——
oy exp(el (T, ya+bi_1))

a=0q,0:=04,(b+=P1t)te[T-1]

=1y }
:Zt_lgtl

a=04,v:=04,(bt=B1¢)re[T—1] i=1

For t = 1, note that Wét ve = Ogxd, S0 we can use the same formula as ¢ > 2 with empty sum

t—1
i1
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Therefore, we have

of(V,a, (bt)rer—1]; ve)
oV

a=04,0:=04,(b1=PB1¢)re[T—1]

2
8 T
= 8V (Z@T (Vli4—1 +v.1]_j)Softmax((], ja+ b 1)+RH||Z€t2>

t=1 a=0q,v:=0q,(b+=P1t)sec[T-1]

T T
= [(Z Vflt 1+’Uclt 1)Softmax(€1t 10+ b 1)+RHZ£,5”2>

t=1

a=0q,0:=04,(b+=P1¢)te[r-1]

T T
0
E (Z 0T (V-1 +vl]_ )Softmax((],_ja+bi—1) + Rl Z&g)
t=1 t=1 azOdv”CZOda(bt:BIt)tE[T—l]
T T t-1

=E (ngZe + Ryl Zé”) > i M}]

L \t=1 t=1 1=1

[/ T t—1 1 1
=E (Z Z (t_lzt V&) ( — 1@@) +RuT| ) zt,|2mg> ]

L \t=1 =1 t'=1

T/ T t-1 d 1 \2 T
=5| (BT Lt (725) ol -l S et )|

L \t=1i=12x=1y=1 t'=1

T t-1 d d 1 T
23035 35 SR URININEH D oI
t=1 i=1 z=1y=1 =1

-1, T
= ( t) YVE+E|RaT]| Z |2 l]

t=1 t'=1
Therefore, if  V* = RHW SRS, &Hzftgl DIRER then
g—‘f, = Ogxgq- Lastly, we have

a=04,0.=04,(b1=B1t)te[7—1],V=V"*

8f| (8f 8a> — O
KT (Qc+qe)=v.=04,V=V* 9a 0K amerremlas (=B Yo,V <V

o ()
KT(Qctqe)=v.=0q,V=V"* O0a 0Q) 4=0,,0:=0,,(by=B1,) 1) V=V*

o (%) o

0q. KT (Qetae)=0.=04.V=V* "~ \ 9q 9q. — Yd

a=04,v:=04,(bt=B1t)¢c(r—1],V=V"*

which means that such configurations are first-order stationary points of Equation (5.2) with NV = 1,
h(x) = 2%, and I1 = B(0, Ry, || - ). O

E.7 DEFERRED PROOF OF THEOREM 5.2

Theorem 5.2. Consider the policy space 11 = B(0, Ry, || - ||) for some Ry > 0. The configu-
ration of a single-layer linear self-attention model in Equation (5.3) (V K,Q,v., ke, q.) such that

KT (Qc+q.) =ve =0qand V = —2Rp%~ 1IE (|| Zt 1 ﬁtHélfT) Yis a global optimal solu-

tion of Equation (5.2) with N = 1, h(x) = x*. Moreover, every global optimal configuration of
Equation (5.2) within the parameterization class of Equation (5.3) has the same output function g.
Additionally, if 3 is a diagonal matrix, then plugging any global optimal configuration into Equa-
tion (5.3), and projecting the output with Pro jy .| is equivalent to FTRL with an La-regularizer.
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This theorem involves the analysis of a non-convex optimization problem through stationary point
analysis. We identified the set of stationary points. By constructing the optimization problem as
shown in Equation (E.13), we significantly reduced the candidate set for optimal points using our
novel argument on the expected value of a nonnegative definite matrix. The main challenge here was
to address the global optimization problem in a non-convex setting, which required the exploitation
of the particular Transformer architecture.

Proof. The output of the single-layer linear self-attention structure is as follows:

g(Zt§ V,K,Q,ve, ke, QC)

t
= > (VELI (KT (Qe + a0) + (VEI(Qe + ge) + ve(Qc + qo) TK) i + vek (Qc + qc))
i=1
(E.8)
which can be expressed with a larger class

t
9(Zi, A, B,C,8) :=Y (ALLT B+ Cl; +9), (E.9)

=1

where A € R4%4, 3,C,§ € R%. Then, if a minimizer of

T t—1 T 2
f(A,B,C,6) (Z ,Z(A&EZBJr(C&Jré)) - irelfn <Z€t,7r>>
=1 t=1

can be expressed as A = V, 8 = KT(Qc + ¢.),C = VEI(Qc + gc) + ve(Qc + ¢.)TK, B =
vekT (Qc+ q.), then we can conclude that the corresponding V, Q, K, v, q., k. are also a minimizer

of
E (Zwmg(ztl» - ;gfn <Z&7ﬂ'>> )

t=1

since the corresponding V, @, K, v, ¢, k. constitute a minimizer among a larger class. Now, since
I = B(0g, B, || - ||), we can rewrite f as
2
. (E.10)
2

Due to the Leibniz rule, if we calculate the partial derivative of Equation (E.10) w.r.t. §, we have

T

S

t=1

T t—1

f(A,B,C,6) =E (Z(ft, 3" (AGLTB+ Tl + 6)) + Ry

t=1 i=1

.. I, of
Step 1. Finding condition for 35 = 0.

OF(A,B,C,8) 0 [, d ’
Or8.5.C0 _ O (Z<et,Z<Aeiezﬁ+ Cli +6)) + Fl Zztng)

=1 i=1 t=1

(-

T t

0
—E% <Z<£t,

t=1 %

]EXT:&< t

T T
DSOS (=D)L (AL B+ CL +5)+RHIIZ&II> (E.11)

t=1 i=1 t=1

i

T 2
(ALLT B+ Cli 4 6)) + Rul Z@b)

t=1

i

|
—

Since the expectation of either odd-order polynomial or even-order polynomial times || - ||2 is 0, due
to that ¢; follows a symmetric distribution, we have

T T T T t—1
]EZ(t—l)étRnHZ& =00 EY(t-1LY Y ACH=0.
t=1 t=1 t=1 t=1 =1
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Now, we calculate

T T t—1 T T t-1
EY (t=1)6> > FAGITB=EY Y "> (tr — 1), (TALLTB
t=1 t=1 1=1 t1=1t=1 i=1
T t—1
(t — DOLTALLTB =EY (t—1)2]AYB = —T(2T% — 3T + 1)TAXS,
= Z:Zl ’ B= Z HIASS = ST +1)ZATS
where (7) holds since if ¢; # ¢, due to the 1ndependence of ¢4, £y,, we can use E/; = 0. Lastly,
T T t—1
]EZ(tfl)étZZET(S_EZZtlfI tflftlﬂé_ T(2T% — 3T + 1)%4.
t=1 t=1 i=1 ti=1t=1

Plugging the above equations into Equation (E.11), we have
of(A,B,C,6) 1
% 6

Due to the optimality condition, we have
AYB+6=0. (E.12)

T(2T? — 3T + 1)(SAXS + X6).

Step 2. Plugging the optimality condition for mto Equation (E.10).
Plugging Equation (E.12) to Equation (E.10), f can be written as

T t—1 T 2
f(A,8,C,—A%B) = (ZZET A(L] —2)B +Cl) + Rul|| Y b )
t=1 i=1 t=1 2
T t—1 2 T t—1 T 2
_]E<Z (TA(LLT — % ) (Z mce) —i—E(RH > )
t=1 i=1 t=1 i=1 = 2

(@)
1

+2E (Z iem 007 — ) (i tié{@&)

t=1 i=1 t=1 i=1
2)

(49)

T t—1
+2E (ZZeTAMT ) Rp

t=1 i=1

T
Db
t=1

2)
t1—1 t—1

T T t—
SN TN TN BT, — D)ATE TALL] - )8
ti=1i1=1t=1 i=1

1
BT (4, €], — S)ATLLTALLT — )[31

(i)

+2E (i ti egce,v) (Rn

t=1 i=1

T
> b
t=1
For the part (i), we have

E(fi;

=1 i=1

t—1

2
CTA(LLT — 2)3) —E

T t—1 t—
SEI>. D
t=1141=11=1

T t—1
5 E lz BT (L] — S)ATLLTA(L 0] — )ﬁ]
_ %WE (4,47 — S)ATSA(LLT — 5] B (E.13)
= WBTE [(\/EAW} — S)T(VIAL] - E))} B.
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Here, (1) holds because if t; # ¢, we know that E{;, = E{; = 0, and they are independent, and (2)

holds because if i1 # i, we can calculate E(Ezlél ¥) = Ogxgq- In addition, we can easily check

that (i7) and (¢4¢) are O as they are polynomials of odd degrees and we have Z 2 _Z. Note that
Equation (E.13) is minimized when ]P’(\/EA(&-EI —-X)B =04 =1

If A # Ogxaq, suppose that the singular value decomposition of A = UAV yields that A is a
diagonal matrix whose first diagonal element is non-zero, and U, V' are orthogonal matrices. Then,
we want to find 3 that vVEUAV (€;4T — X2) 3 = 0, for any ¢; such that p(¢;) # 0, where p indicates
the probability density function of loss vectors. Since > and U are invertible, we only need to
consider AV(é ] — %) = 04. Since A’s first diagonal component is non-zero, we will consider
equation ej AV(E LT — %) = 0. This is equivalent to V; (¢;¢] — X)3 = 0, where V] is the first row
of V, and is a non-zero vector.

Now, we will generally consider a ,(v) := vvTz — y where z,y,v € R? and a,,,, : B(0g, 2¢1, || -
) — R? function. Then, we can check that the Jacobian of a, ,(v) is vaT + (v - )1, and we
can find that the determinant of the Jacobian is nonzero when v = e« if x # 04. Therefore, the
volume of (V1 (¢;4] — X)) for ¢; € B(04, ¢z, || - |) is greater than the volume of (V; (voT — X)) for
v € B(e1 V], €a,] - ||), where c, is a constant such that B(04, c., || - ||) C supp(Z), and €1,€e3 > 0
satisfy that €;|V1| + €2 < ¢,. Here, we define €5 > 0 sufficiently small so that the determinant
of Jacobian(voTV]T — V) > 0 forv € B(e1V{T,€a,] - ||), and v — voTV]T — BV is a one-
to-one correspondence, by inverse function theorem. Therefore, the volume of (V3 (vvT — X)) for
v € B(e1 VT, ea, || - ||) can be calculated as

[Volume (Vi (voT — X)) forv € B(e1 VT, ea, || - ||)] = / |det(Jacobian(V; (voT —
veB(er Vil e )

Therefore, Volume (V7 (voT — X)) where v € B(e1 V], €2, | - ||) is non-zero, so that we can find d
loss vectors {/; };c[q such that the vectors {Vi({;{] — X)};c[q) are linearly independent. Hence, if
we want to minimize Equation (E.13), either A = Ogxq or 3 = 04 should hold. In both cases,
Equation (E.9) can be re-written as

9(Zs; A, B,C, 8) an,

and this is covered by the original parametrization (Equation (E.8)) with KT(Qc + ¢.) = v. = 04.

Step 3. Calculating %

Now, we optimize over C, by minimizing the following objective:

_E (itiﬁu +Rn||2€tll>

t=1 i=1

—E(iiﬂ@ﬁ) +21E<<2T:t IET((M)Ran&H) +E<RH|IZ&>

t=1 =1 t=1 i=1

(@)

T(T 1) T t—1 2
= Tr(CTXCY) +2E | BY > (]CY; ||Ze|| +E<RHIZ&II>

t=1 i=1 j=1 t=1
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Here, (i) can be calculated as follows:

T t-1 T t1—1 T t—1
(ZZ@T@@) =E (Z > ZZ@I@%J;M)

t=1 1=1 t1=141=1t=1 i=1
T -1 t—1 T 4—1 t—1
5 (Z ZQC%@C&) =E (Z > Zemmc&)
t=1141=14i=1 t=14;=11i=1
T t—1 T t—1 ( 1)
(Z > o CTscy, ) = ETr (Z > cTsey, eT) = Tr(CTECY),
t=11i=1 t=11i=1

since (1) holds because if t; # t, we already know that E¢; = E{;, = 0, (2) holds due to a similar
reason, and (3) comes from Tr(AB) = Tr(BA).

9f(C).
We calculate e

9f(C) T T -1
“5c = T(T' = 1)¥CS + 2RnE I 61D et
j=1  t=1i=1
Hence, the optimal C = — T(Qﬁnl)E 'E (HZJ IS S ] )E_l.

Now, we see that for the special case of ¥ = I, we have C = —RpE <|| Zle @HE%;). If we
calculate the (a, b)-coordinate of C, we need to calculate

d T
Z(Z gso)Zgiagkb

o=1 s=1

E,

If a # b, then since Z is symmetric, the term above becomes zero. Therefore, we only need to

consider the case when a = b, which is E, [\/ZZ_I(ZST_I 650)2&@&@] , and it will be the same

value for all a € [d] since ¢;’s coordinates are independent.

Now, we calculate the scale of [E, [\/Zf_l(zz_lﬂso)z&lékl]. We have Z =
ot (i leo)® g d —
A 1 as — oo (by the law of large numbers) and we define W :=

Zsﬂ‘k {51 /v/T which is independent of £;; and /1.

d
[ Z Zeso) &141@1] =Ez w01 [\/T -1)Z+ (\/>W+£zl + lr1)? ZL1€k1:|

=Ez w1020 {\/T(d —1)Z + (VTW + lix + £y1)2lir by — \/T(d —1)Z+ (VTW + i1 — €k1)2€1;14k1]

4(VTW + L)l i1l
VT = D2+ (VTW + L+ )2 +/T(d = DZ + (VTW + Lo — ba)?
Taking d — oo, we have
\/T(d —1D)Z 4+ (VTW + Ly + r1)* + \/T(d —D)Z+(VTW + by —la)? .
=1,
2v/Td

=Ez,w,t1,00,>0 [

which further implies
4(VT ;
\/ﬁ (\/>W +£11)£k1
VI = D)Z + (VIW + i+ 00) +\/T(d = 1)Z + (VTW + €1 — £0)?

d AVTW + £i1)
—VTd
2V Td

Linlia

Cinlyy = 2(NTW + 01 by
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as d — oo. Therefore,

JTd 4(NTW + 1)l

lim Ez w00 >0
d— oo

=Ez w1 ,00>0 {Q(ﬁW + &1)&151@1} =K, 00,50 [C10k1]

which is a constant. The last equality came from the fact that W, ¢;1, ¢ are independent random
variables, and expectation of /;; is zero. Therefore, the output of the single-layer linear self-attention

provides us with online gradient descent with step-size ©(Ry;/+v/7T'd). In the online learning liter-

ature, we usually set the gradient step size as ©(Ry/vTd) (Hazan, 2016, Theorem 3.1), which is
consistent with the result above. O

E.8 EMPIRICAL VALIDATION OF THEOREM E.2 AND THEOREM 5.2

We now provide empirical validations for Theorem E.2 and Theorem 5.2. We provide the training
details and the results as follows.

E.8.1 EMPIRICAL VALIDATION OF THEOREM E.2

Our model architecture is defined as follows: the number of layers 7' is set to 30 and the dimen-
sionality d to 32, with the loss vector ¢;’s distribution Z following a standard normal distribution
N(0,1). During training, we conducted 40,000 epochs with a batch size of 512. We employed the
Adam optimizer, setting the learning rate to 0.001. We initialized the value, query, and key vectors
(Ve, qc, k) as zero vectors.

Our empirical analysis aims to demonstrate that the optimized model inherently emulates online
gradient descent. To illustrate this, we will focus on two key convergence properties: KTQ) ap-
proaching the zero matrix Og4xg4 and V converging to aldlg + bl x4, where a and b are con-
stants in R. The conditions KTQ = Ogxq and V = algl] + bljxq imply that the function

9(Z;;V,Q,K) = S°i_, (b — a)t;, effectively emulating the process of an online gradient descent
method. We repeated 10 times of the experiments. For verifying K7Q = O x4, we will measure
Frobenius norm (|| - || #) of KTQ. Also for measuring the closeness of V and al417 + by 4, we
will measure min, per |V — (al41] + blgxa)| /0. The results are demonstrated in the first plot of
Figure E.1.

E.8.2 EMPIRICAL VALIDATION OF THEOREM 5.2

We now focus on two key convergence properties: KT(Q14+q.) approaching the zero vector 0, and
V' converging to aldl} + bl x4, where a and b are constants in R. The conditions KT(Q14+q.) =
04 and V = alyl] + blgy 4 imply that the function g(Z; V,Q, K) = Z§=1(b — a){;, effectively
emulating the process of an online gradient descent method. We repeated 10 times. For verifying
KT(Q1, + q.) = 04, we will measure 2-norm of KT(Q14 + g.). Also for measuring the closeness
of V and al41] + bljxq, we will measure ming per ||V — (algl] + blixq)| 7 /b. The results are
demonstrated in the second plot of Figure E.1.

E.9 DISCUSSIONS ON THE PRODUCTION OF FTRL WITH ENTROPY REGULARIZATION

Now, we will consider projecting a single-layer linear self-attention model into a constrained domain
such as a simplex, which is more amenable to the Experts Problem setting. To this end, we con-
sider the following parameterization by adding an additional non-linear structure for the single-layer
linear self-attention:

t
9(Z; V, K, Q,ve, ke, q:) = Operator (Z(V& + o) (Kl + k)T - (Qc + qc))> , (E.14)
i=1

where the Operator denotes projection to the convex set.
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Figure E.1: Empirical validation of Theorem E.2 (top), Theorem 5.2 (middle), and Conjecture 3
(bottom). The observed convergence in Theorem E.2 and Conjecture 3’s result suggests that config-
uration in Theorem E.2 and Conjecture 3 are not only the local optimal point, but it has the potential
as being the global optimizer.

Conjecture 3. Assume . = 1. Then, the configuration that KT(Qc + q.) = v. = 04 and V =
Q (—\/%) 1y q is a first-order stationary point of Equation (5.2) with N = 1 and h(x) = 2% when

LLMy is parameterized with Equation (E.14), Operator = Softmax, and Il = A(A). This
configuration performs FTRL with an entropy regularizer which is a no-regret algorithm.

We provide an idea for proving the conjecture, together with its numerical validation. Also, we
have observed in Figure E.1 that Theorem E.2 and Conjecture 3 might also be a global optimizer, as
training results have provided the configuration that Theorem E.2 and Conjecture 3 have suggested.

To be specific, we will consider

r exp (eI TIZH(VEa+ (BV +veaT)l; + ve) )
f(V,a,B,v:) = E ZZE” d T —t—1 T
SE e (ST VG Ta+ (BV + vean)t; +vep))

T
— min E lis
S
t=1

and will try to prove that a = 04, v, = v14, V = kI is a first-order stationary point.

Step 1. Calculating g—f

We use the following formula: for z € [d] and ¢ > 2, we have

¢
T .
81} exp <e ; (VELlla+ (BV + vea); +vcﬁ)>

a=0g4,vc=v14,V=kI

t t
= exp (eL Z(V&E{a + (BV +vea")t; + UCB)> 81(19 (eg Z(V&é}a + (BV +vea™ )l + mﬂ))

i=1 i=1 a=0g,vc=v1q4,V=kI

t
= exp (e; > (Vella+ (BV + vea”)li + ve) ) Z alille, + )

1=1 L

i=1 a=0g4,vc.=v14,V=kI

t
= tBexp(vB) exp(Bk Y _ Liy),

=1
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and for t = 1, 57— exp ( Zle(V&@a + (BV +vea™)l; + vcﬁ))

we can use the same formula with ¢ > 2. Thus, we have

(i e (A DTN VEGTa+ (BY + vea)ty + veB))

=0, so
a=0g4,v.=v14,V=kI

Z éts

T
— min E lis
S
t=1

Ovew \ ‘= — Zy L exp (ey Z;;i(Vﬁj@a + (BV + veat)l; + Ucﬁ)) a=04,v0=vly,V=kI

= Bexp(vf)
i . i 0 23:1 exp (Z;;i Bkﬁjy) exp (Zj;i 5k£js) - 25:1 exp (Zj;i ﬂkgjs) exp (Z;;i Bk[iy)
= = (Zooyexp (e 202 5ve,~))2

=0.

Therefore,

0f(V,a,B,v.)

e a=0q,0.=vl4,V=kI

El iié exp (1 Ty (VELJa+ (BV + veaT)t; + veB)) . ié

= ts — min ts
IS e (XD (VGGa+ (BY +vant +uB) S

T exp ( Z;;l (Veilia+ (BV +vea™)l; + vcb’))

811093 Z Z bis

t=1 s=1 Zy 1 €Xp (ey Z (VZ ETa + (5‘/ —+ rU('aT)g + Ucﬂ)

T
— min E lis

) R a=0g,vc.=vlq4,V=KkI

=0.

Step 2. Calculating %

The following formula will be used for calculating %

: for r, ¢ € [d], we have
a=0g4,v.=v14,V=kI

¢
8 exp (e ; (Vella+ (BV + vea)e; +UCB)>

a=04,v.=v14,V=kI

t t
0
:exp< g (Vella+ (BV + vea)e; —l—vcﬁ)) V. (e; E (Vella+ (BV + vea)e; +vcﬁ)>
i—1 i=1

= exp (Z kBliy + vﬂ) > Bl(y = r)lic.

a=04,v.=v14,V=kI

i=1 i=1
Therefore,
af(v7 a7 ﬁv vC)

aVrc

a=0g4,v.=v14,V=kI

( T d exp (el Zt:l (Vé ilia+ (BV +wveaT)e; + vcﬂ)) - E )

a=0g4,v.=v1,4,V=kI

ZT: Zd: exp ( > ;1(V€j@.a + (BV + vea™)l; + vcﬁ)) o ]
avm 2.2t Sy exp (h S VEGa+ (BV + vean)l + veh)) =

T d exp (Z;ill Bktjs + Uﬁ) — min i&s
g Zy Lexp (Z 1BV, +vﬁ) s =
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(i ie Z;;i B1(s = r)l;cexp (Z 1 BkL;s + U/B) Z _1 €Xp (Z 1 BkL;y + U/B)
== " (25:1 exp (E;;ll Bkl;y + vﬁ))
v exp (50 Bkt +v8) Xy (02 81y = 1)t exp (52 Bhty, +v8)) >]

R (S0, exp (S0t Bty +08))”

T d exp (Zﬁ;i ﬁkzjs) oz
|: (; g ! z:y 16Xp (E ﬂWm) B msm ;&S)
(ZL S s frtie exp (BRI 6 ) exp (BR Y12 )
(ZZ:1 exp (5’€ i éjy))Q
@
B ZLZ Ey 1 leyljc exp (514?2] 1 JT‘) exp (Bkzt IE )>:|
(oo (i)

(#1)

We can observe the followings: 1) if 1 # ¢y and ro # co, WL
T1¢1

a=0g4,v.=v14,V=kI

_ _of
T Vi
a=04,v.=v14,V=kI

ol holds, and 2) 52
a=0g4,v.=v14,V=kI

a=04,v.=v14,V=kI

Step 3. Calculating g—é

The following formula will be used for calculating % :
a=04,v.=v14,V=kI

exp ( Z VelTa+ (BV 4+ vea™)l; + Ucﬁ))

= exp (e
i

= tvBexp <Z kBl + w) .
=1

a=0g4,v.=v14,V=kI

<.

MﬁH

t
(VLlTa+ (BV +veaT)l; —i—vc,B)) C%( Z(ve Ta+ (BV +vea )Ei—&—vcﬁ))

a=04,v.=v14,V=kI

Il
~ =

Further, we have

T d exp Zt;i(VZjﬂT.a + (BV 4+ vea")l; + v ) . T
(Zg ( — J ) ) — rnsln;&s>

= vfBexp(vp)
Sy oxp (2503 Bkt ) exp (2573 Bkts ) = Sy oxp (2573 Bk ) exp (025 Bkt
thgt.s 2
2" (Ziiexp (3 2t V)
= 0.

a=0g4,v.=v1y4,V=kI

Step 4. Calculating %.
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Note that

t
8aT exp < 1:21 (Vella+ (BV +vea™)l; + vcﬁ)>

a=0g4,v.=v14,V=kI

t
(65 > (VEitla+ (BV + veaT)l; + vcﬁ))
=1

= exp (e; Z(V@EZG + (BV +veaT)l; + Ucﬁ)) 3

i=1

x

a=04,v.=v14,V=kI

¢ ¢
= exp (e; Z(V&-@Ta + (BV +vea™)l; + vef) > Z eTVéiﬁiTem + e;vcﬁgem)

i=1 =1

a=0g4,v.=v14,V=kI

i=1

t t
= exp (Z Bkliy + v5> > (kliylia + vli).
i=1

Therefore,
of(V,a, B,v.)
Oay

a=04,v.=v1,4,V=kI
exp (eg E;;ll(VEjéjT-a + (BV +veaT)l; + Ucﬁ)) &
=1 s—1 Zzzl exp (ezT, Z;;ll(VEjﬂjTa + (BV +veaT)l; + vcﬁ)) =1
exp (6; Z;;ll(VijjTa + (BV +veaT)l; + Ucﬂ)) & ]
P 23:1 exp (e; Z;:(Vﬁj@a + (BV +veaT)l; + vﬁ)) t=1
exp (Z;;ll ﬁkfjs) &
el o5 LD R
t=1s=1 D, €XD (Zj:l ﬁﬁdjy) t=1
<2T: 5 S tate + vt exp (523 Bk, ) Yy exo (52 Akt )
ts 2
d —
t=1 s=1 (Z _1€Xp (Z;;L Bkﬁjy»
&l exp (Zi 116k€J5> Zy 1 (Zz;i (kljyljz + vljz) exp (22;11 5k€jy))
- Z Z bis d t—1 2
=S (i exp (X7 6kt

T xp (32421 Bk T
= E[k (Zzgts de b (Zj_lﬁ ’ > - msinzfts>

T S s exp (zti BRtj,) Sy exp (42t Bkty )
¢
<¥ 2 (S esp (02t akey,) )
T exp (S0 k) S0 (S0 4y e (S0} ﬁke‘jy))ﬂ
- Zts
; ; (Zioiex (i msejy))Q

Note that the value does not depend on x, which means that af

a=0g4,v.=v14,V=kI

= ¢l for some
a=04,v.=v14,V=kI

constant c.

E.9.1 NUMERICAL ANALYSIS OF STEP 2 AND STEP 4
In Steps 2 and 4 above, we were not able to show that a & whose value becomes zero exists. We hence

(r #

provide some empirical evidence here. First, we attach the estimated of
la=04,v.=v14,V=kI
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of

> Day

a=0g4,v.=v1,4,V=kI

k value when ¢;; ~ Unif([0, 1]) for all ¢ € [T], s € [d]. While the graph of g—{;

of
and Bor
a=0g4,v.=v1,4,V=kI

graph with respect to
a=0g4,v.=v1,4,V=kI

g
), av{,.

a=0g4,v.=v14,V=kI

= 0 and
a=0g4,v.=v1,4,V=kI

=0, 2

is not stable, we can see that k for z7— Vo
a=0g4,v.=v1y4,V=kI

of

o = 0 is very similar in Figure E.2. We used the Monte Carlo estimation of

a=0y4 ,1zc.=v1d,V=kI
1,000, 000 times.

E.9.2 EMPIRICAL VALIDATION

Our model architecture is defined as follows: the number of layers 7" is set to 30 and the dimen-
sionality d to 32, with the loss vector [;’s distribution Z following a standard normal distribution
N(0,1). During training, we conducted 40,000 epochs with a batch size of 512. We employed the
Adam optimizer, setting the learning rate to 0.001. We focus on two key convergence properties:
KT(Q1 + q.) approaching the zero vector 04 and V' converging to algl’ + by 4, where a and b
are constants in R. The conditions KT(Q1 + ¢.) = 0q and V' = algl] + bljy4 imply that the

function ¢g(Z4; V,Q, K) = 22;:1([7 — a)l;, effectively emulating the process of an online gradient
descent method. We repeated 10 times. For verifying KT(Q1 + ¢.) = 04, we will measure 2-norm
of KT(Q1 + g.). Also for measuring the closeness of V' and algl] + blxq4, we will measure

ming per ||V — (al41l)] 4+ bIgxa)l|2,2/b. The results are demonstrated in the third plot of Figure E.1.

E.10 COMPARISON WITH IN-CONTEXT-LEARNING ANALYSES IN SUPERVISED LEARNING

The very recent studies by Ahn et al. (2023); Zhang et al. (2023a); Mahankali et al. (2023)
have demonstrated that if Z; = ((x1,91),...,(2¢,4t), (x¢4+1,0)) and the “instruction tuning”
loss (i.e., E[||i+1 — y¢+1]/?]) is being minimized with a single-layer linear self-attention model,
then a global optimizer among single-layer linear self-attention models yields the output 11 =
N> yix] xy1. This output can be interpreted as a gradient descent algorithm, indicating that
a single-layer linear self-attention model implicitly performs gradient descent. However, in the on-
line learning setting where there are no y-labels, such an implicit gradient descent update-rule is
hard to define. Compared to the previous studies, our global optimizer among single-layer linear
self-attention models is an explicit and online gradient descent update for online learning. With a
different loss (regret-loss v.s. instruction-tuning-loss), the techniques to obtain the seemingly similar
results are also fundamentally different.

E.11 DETAILS OF SECTION 5.4

Randomly generated loss sequences. We use the same loss vectors as those in Section 3.2 for
randomly generated loss functions, and compare the results with that using GPT-4. The results show
that with regret-loss, both the trained single-layer self-attention model and the trained Transformers
with multi-layer self-attention structures can achieve comparable regrets as FTRL and GPT-4. The
results can be found in Figure E.3.

Loss sequences with certain trends. We investigate the case where the loss sequences have pre-
dictable trends such as linear-trend or sine-trend. One might expect that the performance of the
trained Transformer would surpass the performance of traditional no-regret learning algorithms such
as FTRL, since they may not be an optimal algorithm for the loss sequence with a predictable trend.
We modify the training distribution by changing the distribution of random variable Z (which gen-
erates the loss vectors ¢;) to follow two kinds of trends: linear and sine functions. The results, as il-
lustrated in Figure E.4, show that the trained single-layer self-attention model and the trained Trans-
former with multi-layer self-attention structures with regret-loss outperformed GPT-4 and FTRL in
terms of regret, when the loss sequence is a linear trend. Similarly, Figure E.4 shows that the trained
Transformer with multi-layer self-attention structures with regret-loss is comparable to GPT-4 and
outperformed FTRL in terms of regret, when the loss sequence is a sine-trend. Note that the training
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Figure E.2: Calculation of 20% (r # c)(red), 20%
" a=04,we=v14,V=kI " a=04,00=v14,V=kI

and SL (black). We experimented with n € [4,9] and d € [4,9]. The fig-
a=04,v.=v14,V=kI

(blue),

ure might indicate that Sk that makes the derivative zero of aa?f (r # o),
" Na=04,0e=v14,V=kI

of of .
Vo , and Bon would coincide.
a=04,v.=v14,V=kI a=04,v.=v14,V=kI

dataset does not contain the sequence of losses. Nonetheless, by focusing on the overall trend during
training, we can attain performance that is either superior to or on par with that of FTRL and GPT-4.
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Figure E.3: Regret performance for the randomly generated loss sequences that are generated by
Gaussian with truncation and uniform distribution. No-regret behaviors of single-layer and multi-

layer self-attention models are validated by both of our frameworks (low p-values and Eo < 1).
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Figure E.4: Regret performance for the randomly generated loss sequences that are generated by
linear-trend and sine-trend. No-regret behaviors of single-layer and multi-layer self-attention models

are validated by both of our frameworks (low p-values and 5y < 1).

Repeated games. We then investigate the case of multi-player repeated games. We study
2x2, 3x3x3, 3x3x3x3 games, where each entry of the payoff matrix is sampled randomly from
Unif([0, 10]). The results, as illustrated in Figure E.5, show that the trained single-layer self-
attention model and the trained Transformer with multi-layer self-attention structures with regret-
loss have a similar performance as that of FTRL. However, GPT-4 still outperforms the trained
single-layer self-attention model and the trained Transformer with multi-layer self-attention struc-
tures in terms of regret. Since for repeated games (in which the environment faced by the agent
can be less adversarial than that in the online setting), there might be a better algorithm than FTRL
(see e.g., Daskalakis et al. (2021)), while our self-attention models have a similar structure as FTRL
(Theorem E.2 or Theorem 5.2). Also, in practical training (with the empirical loss in Equation (E.3)),
we possibly did not find the exact global minimum or stationary point of the expected loss in Equa-
tion (5.2). Hence, it is possible that GPT-4 may have lower regret than our trained models with the
regret-1oss.

Two scenarios that caused regrettable behaviors of GPT-4. Finally, we investigate the cases that
have caused GPT-4 to have regrettable performance in Section 3.2. The results, which can be found
in Figure 3.4, show that both the trained single-layer self-attention model and the trained Trans-
former with regret-loss can achieve comparable no-regret performance as FTRL, and outperforms
that of GPT-4. This validates that our new unsupervised training loss can address the regrettable
cases, as our theory in Section 5.2 and 5.3 has predicted.

Remark on performance discrepancy between single-agent and multi-agent settings. Why
does GPT-4 exhibit better regret performance compared to single/multi-layer models in the single-
agent setting, yet underperform in the multi-agent setting? What factors contribute to this discrep-
ancy in its effectiveness across different settings?
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Figure E.5: Regret performance for the game with two players, three players, and four players
general-sum games. No-regret behaviors of single-layer and multi-layer self-attention models are

validated by both of our frameworks (low p-values and 5y < 1).

In certain scenarios, LLMs can outperform FTRL/FTPL algorithms and single/multi-layer models.
This phenomenon is primarily observed when the loss sequence exhibits discernible trends, as seen
in the single-agent setting. In Section 3.4, we explored this behavior using canonical counterex-
amples for the follow-the-leader algorithm. Specifically, when the loss sequences display obvious
or predictable patterns, LLMs can effectively infer the next loss vector based on historical data,
enabling near-optimal decisions. This phenomenon can be further formalized through the lens of
in-context learning. Conversely, FTRL/FTPL algorithms, constrained by their update rules, tend
to produce near-uniform policies in such cases, as do single/multi-layer Transformer models. In
Appendix C.7, we provide ablation studies to support these observations, demonstrating that LLMs
leverage trends in the loss sequences by comparing their performance when provided with raw versus
summarized historical data. When the loss sequences are summarized (e.g., through aggregation),
the resulting loss vectors no longer reflect the trend, leading to significantly diminished performance
by the LLMs. These findings have been clarified and emphasized in the updated manuscript.

In contrast, in multi-agent or game settings, the loss sequence trends depend on the behavior of other
agents, rendering them inherently less predictable as all agents continually update their behavior
policies. This increased unpredictability likely accounts for the comparable or inferior performance
of LLMs relative to FTRL/FTPL algorithms or single/multi-agent-trained Transformer models in
such settings.

E.11.1 TRAINING DETAILS OF SECTION 5.4

We provide the training details of Section 5.4. For the multi-layer Transformer training, we used 4
layers, 1 head Transformer. For both single-layer and multi-layer, we employed the Adam optimizer,
setting the learning rate to 0.001. During training, we conducted 2,000 epochs with a batch size 512.
Moreover, when we trained for the loss sequences with the predictable trend, we used 4 layers, 1
head Transformer. For both single-layer and multi-layer, we employed the Adam optimizer, setting
the learning rate to 0.001. During training, we conducted 9,000 epochs with a batch size of 512.

E.12 ABLATION STUDY ON TRAINING EQUATION (5.2)

In this section, we provide an ablation study that changes NV and & in Equation (5.2). To be specific,
we will set N = 1,24, f(z,k) = max(x,0)*, h(z) = max(z,0)2, and k = 1,2. For the multi-
layer Transformer training, we used 4 layers and 1 head Transformer. For both single-layer and
multi-layer, we employed the Adam optimizer, setting the learning rate to 0.001. During training,
we conducted 2,000 epochs with a batch size of 512. We experimented on the randomly generated
loss sequences. Especially, we used the uniform loss sequence (¢; ~ Unif([0, 10]?)), with the results
in Figure E.6 and Figure E.7; and the Gaussian loss sequence (¢; ~ N (5 - 15, T)), with the results in
Figure E.8 and Figure E.O.
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Figure E.6: Ablation study for the uniform loss sequence trained with single-layer self-attention

layer and Softmax projection.
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Figure E.7: Ablation study for the uniform loss sequence trained with multi-layer self-attention layer

and Softmax projection.
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Figure E.8: Ablation study for the Gaussian loss sequence trained with single-layer self-attention
layer and Softmax projection.

N=1, k=1, model=multi N=2, k=1, model=multi N=4, k=1, model=multi
4 Multi-layer: .

(Prrends Bos Preg) =(0.0, 243, 0.0)
3 — FIRL

4 Multi-layer: Multi-layer: )y
(Prrends Bo, Preg)=(0.0, 2.46, 0.0) 4 (Prrend; Bo, Preg)=(0.0, 2.4, 0.0)
3 —— FIRL — FIRL

—— GPT4 —— GPT-4 —— GPT4
- y
8 2
53
o1
0
— /J\
4 oy & T o= o
0 10 20 0 10 20 0 10 20
Iterations Iterations Iterations
N=1, k=2, model=multi N=2, k=2, model=multi N=4, k=2, model=multi
4 Multi-layer: 4 Multi-layer: i 4 Multi-layer: i
(Ptrends Bo, Preg)=(0.0, 2.43, 0.0) (Prrends Bo, Preg)=(0.0, 2.55, 0.0) (Prrends Bos Preg)=(0.0, 2.72, 0.0)
3 —— FIRL 3 —— FIRL 3 — FIRL
—— GPT4 —— GPT4 —— GPT4
D 2 4
-
o0
Q
o1
0
o . e
0 10 20 0 10 20 0 10 20
Iterations Iterations Iterations

Figure E.9: Ablation study for the Gaussian loss sequence trained with single-layer self-attention
layer and Softmax projection.

80



Published as a conference paper at ICLR 2025

F LIMITATIONS AND CONCLUDING REMARKS

In this paper, we studied the online decision-making and strategic behaviors of LLMs quantitatively,
through the metric of regret. We first examined and validated the no-regret behavior of several repre-
sentative pre-trained LLMs in benchmark settings of online learning and games. As a consequence,
(coarse correlated) equilibrium can oftentimes emerge as the long-term outcome of multiple LLMs
playing repeated games. We then provide some theoretical insights into the no-regret behavior, by
connecting pre-trained LLMs to the follow-the-perturbed-leader algorithm in online learning, under
certain assumptions. We also identified (simple) cases where pre-trained LLMs fail to be no-regret,
and thus proposed a new unsupervised training loss, regret-loss, to provably promote the no-regret
behavior of Transformers without the labels of (optimal) actions. We established both experimental
and theoretical evidence for the effectiveness of our regret-loss.

As a first attempt toward rigorously understanding the online and strategic decision-making be-
haviors of LLMs through the metric of regret, We provide the following limitations and list some
potential directions for future research:

* There are more than one definitions of (dynamic-)regret in the online learning literature,
and we mainly focused on the so-called external-regret in the literature. There are some
other regret metrics we have studied, e.g., swap-regret (Blum & Mansour, 2007), which
may lead to stronger equilibrium notions in playing repeated games, or policy regret (Arora
et al., 2012a), which accounts for adaptive adversaries.

* Our new regret-loss has exhibited promises in our experiments for training modest-scale
Transformers. One limitation is that we have not trained other larger-scale models, such as
Foundation Models, for decision-making, which is an important ongoing effort.

* Our Theorem 4.1 towards explaining why LLMs achieved sublinear regret is highly hy-
pothetical. Given that LLMs are such complex, random, and black-box systems, there are
definitely behaviors that our Theorem 4.1 cannot fully capture, and there do exist other pos-
sible explanations. For example, an alternative in-context-learning-based explanation may
be used to account for the improved performance of LLMs on specific loss sequences with
trends. Specifically, LLMs may interpret past loss sequences as demonstrations to identify
the latent trends, make accurate predictions on the next loss, and make optimal decisions.
However, this explanation may not generalize to the loss sequences without obvious trends,
complementing our explanations based on the connection to no-regret learning algorithms,
which apply to general loss sequences (see Appendix C.7 for more discussions). Hence, it
would be interesting to propose and validate other hypotheses for the observed behaviors
of LLMs.

* No-regret behavior can sometimes lead to better outcomes in terms of social efficiency
(Blum et al., 2008; Roughgarden, 2015; Nekipelov et al., 2015). It would thus be interest-
ing to further validate the efficiency of no-regret LLM agents in these scenarios, as well
as identify new prompts and training losses for LLMs to promote the efficiency of the
outcomes.

* To evaluate the performance quantitatively, we focused on online learning and games
with numeric valued payoffs. It would be interesting to connect our no-regret-based and
game-theoretic framework with existing multi-LLM frameworks, e.g., debate, collabora-
tive problem-solving, and human/social behavior simulation, with potentially new notions
of regret (defined in different spaces) as performance metrics.
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