
Technical Appendices and Supplementary Material for
STACI: Spatio-Temporal Aleatoric Conformal

Inference

A Theoretical Results

A.1 Spectral Covariance Approximation

Theorem 1 The prior mean of the spatiotemporal covariance function of the discrete process in
(1) equals the Matérn correlation with distance defined as in (2) for all J , and the point-wise prior
variance decreases at rate J .

Proof of Theorem 1: Given the frequencies ωj and latent dimensions L(s, t), the covariance of

Z(s, t) =
J∑

j=1

cos
[
ωT

s,js + ωt,jt+ ωT
L,jL(s, t)

]
aj + sin

[
ωT

s,js + ωt,jt+ ωT
L,jL(s, t)

]
bj , (1)

averaging over the amplitudes (aj and bj) is (using the sum/difference identity)

Cov{Z(s, t), Z(s′, t′)} =
σ2

J

J∑
j=1

cos
[
ωT

s,j(s − s′) + ωt,j(t− t′) + ωT
L,j{L(s, t)− L(s′, t′)}

]
.

Define h = {s − s′, t− t′,L(s, t)− L(s′, t′)} and M(h) as the Matérn correlation with distance

d2 = ||s − s′||2/ρ2s + (t− t)2/ρ2t +

p∑
l=1

[L(s, t)− L(s′, t′)]2/ρ2l . (2)

Then treating ωj
iid∼ MV Tν(0, D), the expected value of the covariance function is

E
[
Cov{Z(s, t), Z(s′, t′)}

]
=

σ2

J

J∑
j=1

E cos
[
ωT

s,j(s− s′) + ωt,j(t− t′) + ωT
L,j{L(s, t)− L(s′, t′)}

]

=
σ2

J

J∑
j=1

E cos(ωjh)

=
σ2

J
J

∫
cos(ωh) f(ω) dω

= σ2 M(h) .
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Similarly, the second moment is

E
[
Cov{Z(s, t), Z(s′, t′)}2

]
= E

[σ4

J2

J∑
j=1

J∑
k=1

cos(ωjh) cos(ωkh)
]

=
σ4

J2
E
[ J∑
j=1

cos(ωjh)2 +
J∑

j ̸=k

cos(ωkh) cos(ωjh)
]

=
σ4

J2
E
[ J∑
j=1

1 + cos(2ωjh)
2

+

J∑
j ̸=k

cos(ωkh) cos(ωjh)
]

=
σ4

J2

[
J +

J

2
M(2h) + (J2 − J)M(h)2

]
=

σ4

J

[
1 +

1

2
M(2h) + (J − 1)M(h)2

]
.

Thus the variance is

Var
[
Cov{Z(s, t), Z(s′, t′)}

]
= E

[
Cov{Z(s, t), Z(s′, t′)}2

]
− E

[
Cov{Z(s, t), Z(s′, t′)}

]2
=

σ4

J

[
1 +

1

2
M(2h)−M(h)2

]
.

Therefore, the approximation is centered on the Matérn covariance function with accuracy that
increases with J .

B Additional Computational Details

B.1 Prior Settings

Here, we show the full hierarchical model for the deep learning approximation of the non-stationary
spatio-temporal (ST) Gaussian Process (GP). Assume our observed data is Y (s, t) and our model
is Z(s, t) with error ϵ(s, t). Additionally, assuming INR architecture ϕ(.) with weights Wϕ and GP
hidden layer x(h)Z , we have:

L(s, t) = ϕ(s, t)

x(h)
Z (s, t) =

[
cos(W(h)

Z,ss + W(h)
Z,lL(s, t) + W(h)

Z,tt), sin(W(h)
Z,ss + W(h)

Z,lL(s, t) + W(h)
Z,tt)

]
Z(s, t) = W(h+1)

Z x(h)
Z (s, t)

Y (s, t) = Z(s, t) + ϵ(s, t)

Wϕ|α
iid∼ N(0, αI)

W(h)
Z,s,W(h)

Z,l ,W(h)
Z,t|ν, ρs, ρt, ρl

iid∼ MVT(ν, ρs, ρt, ρl)

W(h+1)
Z |σ2 iid∼ N(0,

σ2

J
)

ϵ(s, t)|τ2 iid∼ N(0, τ2),
(3)

For this study, we set α ∼ InvGamma(1, 0.05), log(ν) ∼ N(0.5, 0.5), log(ρs) ∼ N(−2, 1),
log(ρt) ∼ N(−1, 0.5), log(ρl) ∼ N(−2, 1) and σ2, τ2 ∼ InvGamma(0.1, 0.1). These give rel-
atively uninformative priors for the hyperparameters of interest.

B.2 Model settings

We initialize each of the model architectures with the following:
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• STACI-FFNP: INR layers: 5, INR layer width: 1024, INR activation function: GeLU,
FFNP Frequency constant: 30, FFNP Frequency number: 1024, Latent dimensions: 128,
GP layer width: 5000, Initialized models: 10

• STACI-FFNG: INR layers: 5, INR layer width: 1024, INR activation function: GeLU,
FFNG σ: 5.0 (MSS), 1.0 (AOD), FFNG Encode size: 1024, Latent dimensions: 128, GP
layer width: 5000, Initialized models: 10

• STACI-ResMLP: INR layers: 5, INR layer width: 1024, INR activation function: GeLU,
Latent dimensions: 128, GP layer width: 5000, Initialized models: 10

• Deep RF: Hidden layers: 5, Layer width: 1024, Bottleneck width: 128, Spatial Kernel:
Matérn, Temporal Kernel: Matérn, Initialized models: 10

• Deep GP: Hidden layers: 2, Layer width: 12, Kernel: Matérn( 32 ), Inducing points: 512

• SVGP: Inducing points: 3000, Kernel: Matérn( 32 )

For the Conformal models, we chose between 30-80 nearest neighbors based on cross validation
on a subset of the training observation. We use the AdamW optimizer with learning rate 1e-5 for
STACI [1]. Deep GP and SVGP were implemented using the GPytorch package [2] and use the
Adam optimizer [3] with learning rate 0.01. Deep RF was implemented using the provided code by
[4] using Bayesian Optimization with parameter bounds updated to reflect the [0, 1]× [0, 1] spatial
dimensions and learning rate 0.001. All models were trained for 15 epochs, aside from Deep RF
which was trained for 1 epoch with 15 iterations.

B.3 Evaluation Metrics

• Root Mean Square Error: Given predictions Ŷ = {Ŷ1, ..., Ŷn} and observed values
Y = {Y1, ..., Yn}, the RMSE is

RMSE =

√√√√ 1

n

n∑
i=1

(Yi − Ŷi)2

• Negative Log Likelihood: Given predictions Ŷ = {Ŷ1, ..., Ŷn}, estimated standard devia-
tion σ̂ = {σ̂1, ..., σ̂n} and observed values Y = {Y1, ..., Yn}, the Negative Gaussian Log
Likelihood, with π omitted, is calculated as

NLL =
n

2
log(σ̂) +

1

2σ̂

n∑
i=1

(Yi − Ŷi)
2.

• Continuous Ranked Probability Score: Given predictions Ŷ = {Ŷ1, ..., Ŷn}, estimated
standard deviation σ̂ = {σ̂1, ..., σ̂n} and observed values Y = {Y1, ..., Yn}, define zi =

(Yi − Ŷi)/σ̂i, and let Φ and ϕ be the standard normal CDF and PDF. The CRPS averaged
over n points is

CRPS =
1

n

n∑
i=1

[
σ̂i

(
zi{2Φ(zi)− 1}+ 2ϕ(zi)−

1√
π

)]
.

• Interval score: Given prediction intervals (Li, Ui), observed values Y = {Y1, ..., Yn} and
desired Type-1 error rate α, the interval score is

IS =
1

n

n∑
i=1

{
(Ui − Li) +

2

α
(Li − Yi)+ +

2

α
(Yi − Ui)+

}
.

The interval score balances interval width with coverage properties [5]. The first term
penalizes intervals that are too wide while the second two terms penalize the coverage,
raising the score if more observations lie outside the constructed interval.
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B.4 Ablation on SVGD samples

Here, we perform an ablation study on the AOD dataset for number of SVGD samples on prediction
metrics and computation time per epoch using the STACI-FFNP model. The number of samples, M ,
reflects the number of samples we use to approximate the posterior distribution for parameters. The
results are shown in Table 1. We see that adding models keeps RMSE and NLL fairly consistent.
However, the computational time increases significantly, taking 2.5 minutes per epoch.

Table 1: Ablation on SVGD samples. RMSE, NLL and computation time per epoch for M =
{5, 10, 30} samples.

Samples RMSE NLL Time (s)

M = 5 0.559 0.041 31

M = 10 0.560 0.042 39

M = 30 0.561 0.044 155
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