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ABSTRACT

The recently developed link between strongly overparametrized neural networks
(NNs) and kernel methods has opened a new way to understand puzzling features
of NN, such as their convergence and generalization behaviors. In this paper,
we make the bias of initialization on strongly overparametrized NNs under gradi-
ent descent explicit. We prove that fully-connected wide ReLU-NNs trained with
squared loss are essentially a sum of two parts: The first is the minimum complex-
ity solution of an interpolating kernel method, while the second contributes to the
test error only and depends heavily on the initialization.

This decomposition has two consequences: (a) the second part becomes negli-
gible in the regime of small initialization variance, which allows us to transfer
generalization bounds from minimum complexity interpolating kernel methods to
NNss; (b) in the opposite regime, the test error of wide NNs increases significantly
with the initialization variance, while still interpolating the training data perfectly.
Our work shows that — contrary to common belief — the initialization scheme has a
strong effect on generalization performance, providing a novel criterion to identify
good initialization strategies.

1 INTRODUCTION

Neural networks (NNs) have celebrated many successes over the past decade and achieved state of
the art performance across various domains and tasks. From a theoretical standpoint, however, many
aspects of neural networks are not well understood, as for example illustrated in the paper Zhang
et al.[ (2016). Neural networks seem to contradict classical learning theory as, in many scenarios,
they are able to fit random labels perfectly while still generalizing well when trained on the true
labels. In addition, overparametrized neural networks frequently exhibit even improved test perfor-
mance when the number of parameters is increased further (Belkin et al., 2019). NN models thus
often seem to avoid overfitting.

Very recently there have been advances in understanding the training and evaluation behavior of
neural networks in the infinitely wide limit (Jacot et al., 2018; [Hayou et al., 2019) and also in
the strongly overparametrized regime (Du et al.,[2018bj [Li & Liang| [2018; |Allen-Zhu et al., 2018a),
which is close to the infinite limit NN. Both lines of work express the behavior of the neural network
in terms of the so-called neural tangent kernel (NTK). In particular, Du et al.|(2018b)) showed in this
way that, under mild conditions, strongly over-parametrized neural networks converge to a global
minimum of zero training error.

In another line of research, [Belkin et al.| (2018b) suggested a new picture of learning in the over-
parametrized regime, introducing an “interpolating kernel method” which successfully learns in this
regime. This method selects the least complex function that interpolates all data points perfectly, as
opposed to traditional methods which balance the function’s complexity against its goodness-of-fit.
It is suggested that this picture of overparametrized learning could help understand neural networks.

If overparametrized NN are indeed linked to such kernel methods, then zero (or small) training error
alone might not tell us much about the test performance, as the measure of function complexity could
be determined by the NN architecture, initialization, and the optimization method. A bad NN design
may lead to an unfavorable complexity measure that could result in a large generalization gap.
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The question therefore remains in which way exactly are overparametrized neural networks linked
to interpolating kernel methods? And how can this connection help us better understand neural
networks and their puzzling features?

1.1 OUR CONTRIBUTIONS

In this paper we answer the first question by making the link to interpolating kernel methods explicit
for strongly overparametrized NNs. After that, we exhibit two implications for NNs which this
connection allows us to draw.

First, for strongly overparametrized ReLU-NNs we make the bias explicit that is imposed by the NN
initialization and by training with discrete gradient descent steps on the squared loss. We achieve
this by decomposing the learned NN function as well as the test error into two terms: The first
term corresponds to a minimum complexity interpolating kernel method, whereas the second term
is proportional to the initialized weights and gives a non-zero contribution only if the test input is
not part of the training set.

Second, we are able to bound the difference between a NN with standard initialization of small
variance and the solution of a minimum complexity interpolating kernel method based on the NTK.
This bound provides a new way to transfer existing test error bounds from interpolating kernel
methods to NNs, and vice versa.

Our third contribution shows that without putting any constraints on the NN initialization, low train-
ing error does not imply low test error. This is because the second term in the above test error
decomposition grows as a power of the initialization variance, as we show, whereas the first term is
independent of this variance. Thus, the test error grows dramatically with increasing initialization
variance, despite (close to) zero training error. Our findings provide an additional theoretical way to
analyze initialization schemes, besides the existing heuristics and intention to prevent vanishing and
exploding gradients (He et al., 2015} |Glorot & Bengio, 2010).

Our theoretical bounds and insights are nicely corroborated in several experimental settings.

1.2 NOTATION

We consider a supervised learning setting with data D = {(z;,;)}Y.; C B{(0) x R consisting of
N training points, i.e. the inputs come from the bounded d-dimensional ball B¢(0) = {z € R? :
l[z|]2 < 1}'} We often view the training inputs X = (z1,...,2x)7 € RV*4 and corresponding
labels Y = (y1,...,yn)T € R? in matrix form. For any function g with domain RY, we define
g(X) as the row-wise application of g. Similarly, for any set Diey C R? x R of Ny test points we
define Xiesr € RMet*? and Yoo € RMesw. We call a dataset D consistent if ; = x; implies y; = y;.

We denote the output of a fully-connected NN with L hidden layers and parameters 6 by

NN () = — 2 wl+lg(hly 4 obt,
mr+1
W= L _wlg(h—! +obt forl=1,...,L, (1)
N (A7)
h’ =z eRY,

where a(h) := max{h, 0} is the ReLU-activation function applied componentwise, m; denotes the
number of neurons in layer /, and W' € R™*™i-1 and b! € R™ are the weights and biases. For
simplicity we choose the number of units in each hidden layer to be the samg”|m; = m for [ =
1,...,L. 0" = [W' b'] denotes the vector of weights and biases in layer [, and 0 = [0', ... 65

the vector of all parameters, whose total number is M = ZZL:—T (myj—1 + 1)m;. We keep the

“initialization variance” o2 (equivalently, o > 0) as an explicit scalar parameter, that can be varied.
Our parametrization li together with a standard normal initialization Wil’ 1 bl ~ N(0,1) is the so-
called NTK-parametrization (e.g. Du et al.| (2018b)). In a forward pass this is equivalent to the stan-
dard parametrization (setting o — 1 in Eq. (I)) with the weights and biases initialized at variances

"We consider one-dimensional outputs in this paper, although this is easy to generalize.
2Our arguments hold for general fully-connected NNs, too, the “wide limit” being min;—;

-----
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02 /my and o2, respectively (He et al.,[2015). During gradient training the two parametrizations are
equivalent up to a parameter-dependent scaling factor of the learning rate (Lee et al., 2019).

We consider the squared error loss £(4,y) = | — y|?/2 and train by minimizing the empirical risk

Lop@0) = > fN@)y) = If5N(X) = Y5/2 (2)

(z,y)€D

using gradient descent (GD). That is, starting from the initialization § = 6, the weights are updated
according to the discrete iteration ;11 = 6; —nVeL(0;) fort = 0,1,. .., where 7 is a learning rate.

We connect NN to interpolating kernel methods w.r.t. two specific kernel functions that are defined
for any initialization § = 6 of a NN (1). The first kernel ¥ : R? x R* — R is associated with
training only the last layer %% of a NN (Lee et al.,[2019),

U(z,2') = p(@)p(@)",  where P(x) = Vori f (@)],_, € RV 3)

is the corresponding feature map. The second is the so-called neural tangent kernel (NTK) & :
R? x R? — R associated with training all NN parameters (Jacot et al., 2018} [Lee et al., 2019),

@(I,;p/) — gb(x)gﬁ(l,/)T, where ¢(I) _ vefgIN(x)|9:00 c R1><]W (4)

again represents the feature map. The “minimum complexity interpolating kernel method” fits a
consistent training set D perfectly, using a function of minimum kernel norm w.r.t. a kernel K:

SR =argmin||f|l;, subjectto Y = f(X), (5)

EHK
where H i is the reproducing kernel Hilbert space (RKHS) associated with K (Belkin et al.|(2018b));
see also App. [B). Additionally, we denote the solution of a fully converged fully-connected ReLU-

NN trained with gradient descent, squared loss and random initialization by fNN. We denote the test
losses for these two predictors by LM = || fmeh (X o) — Yiest||?/(2Niest) for meth = NN; int.

test

2 RELATED WORK

There are two main lines of research related to our work. The first line investigated in which way
strongly overparametrized NNs, where the number m of units per hidden layer scales polynomially
with the number IV of training data points, converge to arbitrary small training error during training.
The first papers to investigate this for L = 1 hidden layer were [Li & Liang| (2018) and Du et al.
(2018Db). Later, |Allen-Zhu et al.| (2018a), |Allen-Zhu et al.| (2018b)) and [Du et al.| (2018a) extended
the work to deeper networks, CNNs and RNNs (Goodfellow et al.,[2016). |L1 & Liang| (2018) mostly
focus on the cross entropy loss, whereas Du et al.| (2018b)) focuses on the squared error as we do
here. Additionally, Du et al.|(2018b)) is the first work to connect the training behaviour of finite NNs
(not only in the limit of infinite width m) to the NTK-kernel introduced by Jacot et al.| (2018). This
connection is important for our work. In a similar vein, Arora et al.|(2019) developed data dependent
generalization bounds based on the fact that the weights do not move far from their initialization, as
shown in the above works.

Most of these contributions focus on showing that the training loss converges to a global minimum
or that the training dynamics is close to a trajectory that converges to zero training loss. We build
upon these works, but in contrast our focus is the connection between the test error of a trained
NN and the error of an interpolating kernel method. We achieve this by resolving the implicit bias
that the initialization and gradient descent (GD) has on the test loss. The initialization bias on the
training loss is minor compared to the test loss.

The recent contribution |Lee et al.|(2019), building upon|Lee et al.|(2017)), Matthews et al.|(2018) and
Neal|(1996), explicitly solves the training dynamics and shows that the solution in the trained infinite
model seems to be similar to a Gaussian Process, even though its covariance is not the Bayesian
posterior of a simple prior. The solution of their continuous training time analysis is similar to the
linearized model in the proof of our Thm.[2] We perform a discrete-time analysis, as in actual NN
training, instead of the continuous-time (ODE-like) analysis of other works. [Woodworth et al.|(2019)
uses a continuous time analysis as well to focus on the effect of noise in the gradients. [Borovykh
(2019) investigates the effect of the scaling between the “deep” and the “kernel” regime.
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The second line of related work introduces interpolating kernel methods and the idea of an over-
parametrized learning regime which does not suffer from overfitting even though the number of
parameters is be much larger than the number of training samples. This line of work was mainly
introduced by Belkin et al.[(2018b)) and the follow-up worksMa et al.|(2017)); Belkin et al.|(2018cfa).
The main idea is, instead of regularizing the function while trying to fit the data points well, to
regularize (the complexity of) a function that perfectly interpolates all data points. This newly
identified overparametrized learning regime challenges the conventional thinking about the bias-
variance-tradeoff (Vapnik, 2013) from the underparametrized regime. Belkin et al.|(2019) introduces
a bouble-dip picture to describe the transition between the two regimes. [Liang & Rakhlin| (2018)
have derived generalization bounds for these interpolating kernel methods using novel techniques.
Using our explicit link to NN, this will provide an alternative to NN generalization bounds like
margin or PAC-Bayes-based bounds (e.g., Bartlett et al.[(2017); [Neyshabur et al.| (2017)). While a
connection between overparametrized NNs and interpolating kernel methods has been suggested in
the papers above, the link has not been made explicit in a rigorous way, to the best of our knowledge.

The implicit bias of (stochastic) gradient descent ((S)GD) and random initialization on the trained
NN has been the topic of many previous works, e.g.Soudry et al.|(2018)); /Glorot & Bengio| (2010);
Daniely et al.[(2016)); Rahaman et al.| (2018); Oymak & Soltanolkotabi| (2018), which all elucidate
certain aspects of the implicit bias. Our work is unique in that it investigates the effect (implicit bias
of (S)GD and random initialization) on the test error of trained NNs, exhibiting NNs where — despite
always vanishing training error — the test error can be either very good or arbitrarily large. Without
gradient descent training and in a deterministic fashion, such examples have been constructed in
(Miicke & Steinwartl, [2019).

3 LINKING WIDE NNS AND INTERPOLATING KERNEL METHODS

We now develop the link between strongly overparametrized neural networks and minimum com-
plexity interpolating kernel methods mathematically. We first illustrate the main idea with the sim-
pler case where only the last NN layer is trained, before extending the result to general NN training.

3.1 PARADIGMATIC LINEAR CASE: TRAINING ONLY THE LAST NN LAYER

As the NN function fiN(z) is linear in the parameters 1 of the last layer, the associated
features ¢ (z) = Vyr+1 fiN () 5, and corresponding kernel ¥ from (3) do not depend on the last-
layer initialization 65" (but depend on the other layers 3'%), and fiN(z) = (#X*!,4(x)) holds
exactly for all # and x. Starting NN gradient descent at (‘)é 1 =0, we get the following simple link:

Theorem 1 _Let fNN be the fully converged solution of a fully-connected strongly overparametrized
ReLU-NN (1) with L hidden layers, where only the last layer 0¥ Tt = [WLTL bLH1] has been
trained, using gradient descent under squared loss on a consistent dataset D, after it had been
initialized at 95 1 = 0, and all other layers have been kept at their random initialization ~ N(0, 1).
Then it holds that '

M(a") = fy'@")  va" eRY (©6)
where f$t is the minimum complexity interpolating kernel solution (5) of D w.r.t. kernel ¥ (E])

Proof. Abbreviating the last-layer parameters by ¥ = #7+! and using the aforementioned linearity
fo(x) = (9,¢(x)) in ¥, the gradient descent update rule reads:

D1 = ¢ — np(X) T (W(X)9, — V). @)
This iteration can be solved explicitly using induction and the binomial theorem (Shah et al.|[2018):

¢
0y = o + H(X)T (Z(—w’-l (0) ni<w<x>w<x>TV—1) (Y — ¥(X)0) N
=1
= do + 0(X)TWX)POT) T [1= (2= (X)) | (V = w(X)d).
where (1(X)¥(X)T)~! denotes the pseudoinverse. If the learning rate satisfies n <
2/ Amax (¥(X)1(X)T) such that gradient descent converges, we get (1 — ni(X)(X)T)" = 0



Under review as a conference paper at ICLR 2020

in the limit £ — oo as the spectral radius is smaller than one and the term in square brackets can
be simplified to 1. To be precise this holds since D is consistent and we are in the strongly over-
parametrized regime, so that Y (and 1/( X)) lies in the range of 1/(X ) (X)” almost surely (over
the random initialization 63'%, on which v depends), see also Du et al.|(2018b).

Setting ¢g = 0 as presupposed, we obtain the following predictor at full convergence (t = 00):

FIN(") = (Doo, 1 (27)) = P(a")p(X) T (D(X)p(X)T) Y. ©)
The same value 9, can be obtained as the solution to the following least squares interpolation:
Yoo = argmin |[9]|3  subjectto Y = 1(X)v. (10)
9

This can in turn can be written as minimizing the RKHS norm of an interpolation function w.r.t. the
kernel ¥ from Eq. (3 (for details on this see App.[A]and B):

int

v =argmin|[f[l;,, ~ subjectto Y = f(X). (11)
feHw
The claim has thus been proven by deriving the explicit solution @) and showing it to equal fint. [J

3.2 GENERAL CASE: TRAINING THE FULL NEURAL NETWORK

In the case of trammg the full NN, we want to follow similar steps as in Sect. @} For this, we
first approximate f)™ () affine-linearly by fh“ around its initialization 6 = 6, using recent results
on wide NNs (Du et al., [2018b)). We further drop the requirement that any components of Ay must
vanish; note, e.g., that the suggestive requlrement 0o = 0 (analogous to Sect.|3.1) would, for L > 1,
lead to vanishing features ¢(z) = Vo fN | 9 and a degenerate kernel ® = 0 Nonzero 6y will

however result in an initialization bias in fl"1 as we will see (Eq. ).

Theorem 2 Let fNN be the fully converged solution of a strongly overparametrized ReLU-NN (l)
with L hidden layers, each with m = Q(N®/83) neurons, where all layers 0 have been trained
using gradient descent under squared loss on a consistent dataset D after random initialization
6o ~ N(0,1). Then it holds with probability at least 1 — § over the initialization that

ol 1
| NN (%) — i) < 57 +O< /2> vz* € B(0), (12)

int

where fg' is the minimum complexity interpolating kernel solutlon (l) of D w.rt. kernel @ (4

From the proof of Thm. 2] we describe here especially those steps which are new compared to Thm.
The first property we need is the approximate linearity of the NN in its parameters 6 during
the whole gradient training. This is the reason why we restrict to strongly overparametrized fully-
connected NNs. For such networks, a combination of the works (Jacot et al.| (2018); Du et al.

(2018Db)); [Lee et al.| (2019) shows that the solution 6; of the training dynamics ¢ = 0,1,... stays
close to the initialization 6, and the deviation from a linear model vanishes with growing width m:

Lemma 1 (Lee et al.| (2019); Du et al.|(2018b)) Denote the linearization of an NN (|| (l) around its
initialization 6y by fin(z) := a0 (2) + (Vo fp™ ’9 — 0), and let 0; for t > 0 be the NN

parameters obtained by gradient descent training starting from 0o with sufficiently small step size
n. Then, for m = Q(N°/8§3) it holds with probability at least 1 — & over the initialization that:
supt\féiN(x) 1“’( )12 < O(1/m) for all x € B(0).

Similar linearisations hold for strongly overparametrized RNNs and CNNs as well, not only for
fully-connected NNs.

Using this result, we continue our analysis with ' which we can rewrite as f3"(z) = fy~ () +

(0—00,0(x)) = (fpN(x) — (B0, d(x))) +(0, p(x)) were p(x) = Vg [3 (2)]g, is the feature vector

defined in Eq. . Similar to the proof of Thm. (1} gradient descent on fi" with the loss function
[ fin(X) — Y||?/2 and sufficiently small step size 71 < 2/Amax(¥(X)1(X)T) leads to the final

(t — oo) parameter 0" = g + ¢(X)T ((;5(X)¢(X)T)_1 (Y — f3]N(X)), resulting in the function
@) = for (@) + o(2)p(X) T ($(X)(X)T) 1Y = foo (X)) (13)
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As shown in |Oymak & Soltanolkotabi| (2018), gradient descent on the NN fé‘IN with loss function
[FAN(X) — Y|?/2 leads to the same minimum 6, = 6 for m — oo, so that with Lemmathe
final predictors satisty |fNN(z) — fi"(x)| < O(1/y/m) for all x € B{(0).

To connect Eq. , and thereby fNN, to the solution fi of the interpolating model, two steps
remain to be done. First we show that the two summands in Eq. (I3) which are not proportional
to the labels Y can be simplified into a single form for fully-connected ReLU-NNs (Lemma [2).
Secondly, we can bound this single expression from above in terms of the initialization variance
(Lemma for proofs see Appendix). The term proportional to Y is then identified with i,

Lemma 2 For a fully-connected ReLU-NN fgIN (Eq.|1) with L hidden layers, the trained linearized
version '™ from Eq. can be written as follows:

" (z) = o) (X)T (S(X)(X)T) 1Y + %ﬁ(%) [1 = o(X)T((X)$(X)T) " o(X)] bo. (14)

Thus, the trained fNN(z) = fin(z) + O(1/\/m) decomposes essentially into the two terms of Eq.

(for z € B(0)).

As | fNN(z) — fin(x)] < O(1/4/m), the expression holds for the trained fNN in the wide limit
m — oo as well. This technical result enables all of our results in Thms. and [

Eq. (T4) can be understood intuitively (in the case of a consistent D): The first term makes the
model interpolate the training data D perfectly (f"(X) = Y), independently of the initialization
6o, whereas the second term vanishes on the training data z = X and thus only contributes to test
inputs = x*. The second term furthermore depends on the initialization 8y, more precisely on the
component of 6 that is orthogonal to the feature manifold spanned by the data D, i.e. onto the range
of ¢(X)T. Note that [1 — ¢(X)” (¢(X)p(X)")~1¢(X)] is the projector onto the kernel of ¢(X),
about which the dataset D does not give any information.

Lemma 3 For a fully-connected ReLU-NN fYN, it holds with probability at least 1 — § over the
initialization 0y that +|¢(z) (1 — ¢(X)T ($(X)p(X)T)1d(X)) | < %for all x € B{(0).

As in the proof of Thm. [T] (see Eqgs. (9)-[I1)) the first part of the decomposition in Eq. is
3. By Lemma [3| we see that for small o? the distance between f'" and f3" becomes small
with high probability, and f'" and fNN are close too because of m > N. The triangle inequality
|fWN(2*) — fint(e)] < [AN(z*) — flin(z*)| + | fin(z*) — fin(2*)| gives the desired result. Thus,
strongly overparametrized neural networks initialized with small variance and trained under gradient
descent correspond to solutions of a minimum complexity interpolating kernel method. (]

4 IMPLICATIONS FOR NEURAL NETWORKS

Now that we have established the link between NNs and interpolating kernel methods, we show
two implications this has for the test loss of neural networks. First, we derive an upper bound on
the NN test loss, which — in the regime of small NN initialization variance — allows us to transfer
generalization bounds from interpolating kernel methods to neural networks. Second, a lower bound
on the NN test loss gives — in the regime of large NN initialization variance — examples of NN,
trained under gradient descent after random initialization, that generalize badly despite (close to)
zero training loss.

4.1 TRANSFERRING GENERALIZATION BOUNDS TO NEURAL NETWORKS

From Thm. 2] it is now almost straightforward to connect the test error of the interpolating kernel
method to the test error (w.r.t. squared loss) of the neural network.

Theorem 3 Let fNN be the fully-converged solution of a strongly overparametrized NN (1)) with m
hidden units per layer and initialization variance o. Then we have with probability at least 1 — §

‘ 2
over the random initialization LYY < LM + (JL/\/E + O(l/\/ﬁ)) .
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To prove this theorem we use the fact that | fi" — fNN| < O(1/y/m) and | fi"(z) — f"'(z)| < O(c%)
with high probability which we have shown in the previous section. Then, we make use of the
triangle inequality and evaluate the square to prove the desired result. This inequality now enables
us to transfer bounds for the test error from one formalism to the other and gives us a new grip
on finding bounds on the test error for NNs. Good generalization bounds on minimum complexity
interpolating models have been established in (Liang & Rakhlin|(2018)). On the other hand, Belkin
et al.| (2018b)) showed that conventional bounds in the underparametrized regime might be of little
use for minimum complexity kernel methods.

4.2 7ZERO NN TRAINING ERROR ALONE DOES NOT IMPLY SMALL TEST ERROR

In the past many people trained neural networks with the goal to achieve a low training error with
the hope that this might also guarantee a low test error. The initialization was merely thought of as
a necessity to converge faster to a low training error or to give a favourable starting point for the
training dynamics. We now show with our analysis that random initialization alone is not enough,
but instead we need certain constraints on the initialization to be able to give generalization bounds.

Before we prove this let us derive some simple properties. Let ®(xz, o) be the feature vector of a
NN initialized with NTK-parametrization with initialization variance o. Then it is easy to see that
®(x,0) = oL ®(x,1) because of the homogeneity of the derivative w.r.t constants. Further we de-
ﬁne J(Xlésta O') = %q)(Xtcst) (l — @(X)T(¢(X)¢(X)T)_1(I)(X)) 00 and J(Xtesl) = J(XICSU 1).
With this notation, we can show the following theorem:

Theorem 4 Let fNN be the fully-converged solution of a strongly overparametrized NN with
m hidden units per layer and initialization variance o*. Then we have \/LYN > |olJ(Xeq) —

O(1/vm) = VLl

For general datasets D, it is highly likely that J(X s, o) # 0. To prove this statement we use the
decomposition of Lemma[2] Now instead of making the variance small to bound the second term
we can use the homogeneity of ®(z, o) to show that J (Xest, 0) = 0% J(Xiest). Now using twice the
reverse triangle inequality we and the lemma 1 get the desired result. (]

Now looking at the expression of Thm. ] and using again the homogeneity of ® we can see that
/L does not change when changing o because the different factors cancel out and the term
corresponding to the linear approximation should also not impact the result to much as long as we
choose m large and do not increase o significantly. Respecting this constraint we can now easily
increase the variance to make the second term as large as we want. Thus, by increasing o we are able
to increase the test loss arbitrarily while not changing the training error at all because the second term
in our decomposition does not contribute during training time. This shows that without considering
an explicit initialization the training error of a NN might tell us very little about the actual test loss.
Thus, our results underline the importance of finding good initialization strategies.

5 EXPERIMENTS

In this section we give experimental evidence for our theoretical findings: the influence of NN
initialization on the generalization performance of fully-trained wide NNs (Sect. [d) as well as the
link to interpolating kernel methods in the first place (Sect.[3).

We perform experiments (Fig. |1) in three different settingsﬂ (1) A toy experiment, fitting a 2D-
dataset with N = 10 datapoints sampled uniformly from f(z) = exp(—||z||?), z € [ — 1, 1]?, with
a NN of L = 1 hidden layer with m = 10000 neurons; here, the “wide NN” requirement m > N is
satisfied to the highest degree. (2) Fitting N = 100 MNIST digits O and 1 by a single-hidden-layer
network with m = 4000 hidden units. In line with our framework and with other works on wide
NNs (e.g., (Du et al.l 2018b; |Arora et al., [2019)), we fit these classification labels using squared
error loss. (3) Fitting MNIST digits 0 and 1 with L = 2 hidden layers of m = 1500 neurons each.
The reason for using small training sets is to maintain the overparametrization limit m > N.

*More details on the settings needed to reproduce the experiments can be found in Appendix



Under review as a conference paper at ICLR 2020

In each setting we vary the variance o of the NN initialization, performing always 10 repetitions.
We stop training at the same “close to zero” training loss for all o2, chosen in each setting so small
that empirically the test loss remains almost constant (while the training loss is decreasing further).

The left panels (Fig. 1)) show the test losses of the trained NN vs. the linearization £ of the ini-
tialized NN (Lemma [1), at different NN initialization variances 0. Both curves are very close,
confirming the basic premise that the approximation of wide NN by linear models is quite accurate
for our NN, even though we are not in the guaranteed overparametrized regime (e.g., m > O(N®)
from Du et al.|(2018b)). The approximation is better for the two MNIST experiments, where we are
actually further from the this regime, whereas the larger repetition variances for the 2D bump are
due to sampling the training inputs from a small volume of low dimension.

Most strikingly, the test loss of the trained NN depends heavily on its weight initialization 6y even
though all NNs have been trained to the same low training error. This is shown by the increase at
larger initialization variance o2. Via the link to f'", this can be understood from the test behavior of
strongly overparametrized linear models f!" with big initialization 6, (Eq. and Sect. .

The right panels underline this behavior predicted by our theory quantitatively: The test error of
trained ReLU-NNs as well our our analytical lower bound on it (Thm. E]) both behave at big o2
like © (o) (see also Eq. ), with L the number of hidden layers. This in particular shows how
one can find natural examples of (overparametrized) NN, i.e. initialized randomly and trained by
gradient descent, that interpolate the training data perfectly, yet with arbitrarily large test error.

In the regime of small o2 on the other hand, the right panels confirm Thm. [3| namely that the test
error is close to the (low) test error of the interpolating kernel method ,g“ (Eq. ). Note that its
test error in the figures is almost constant in o2, as f™ does not depend directly on the weight
initialization 6, but on the (many and random) NN features ¢(z), which via the kernel ® only
determine function smoothness. This is a more reasonable modeling behavior than that of wide NNs
initialized at large 0.

6 DISCUSSION

In this paper we make the bias explicit that is imposed by gradient descent and random initialization
on fully-connected strongly overparametrized NNs. We achieve this by decomposing a gradient
descent-trained network with (close to) zero training error into an interpolating kernel term and a
second term that vanishes on training inputs but not on test inputs.

Because this second term is independent of the training labels but depends strongly on the initializa-
tion, it is favorable for good generalization to reduce its impact. This can be achieved by choosing
the variance of the NN initialization to be sufficiently small, as we have shown. On the other hand,
too small an initialization variance limits the expressivity of the NN and its features.

Our work furthers the practical understanding of modern NNs by utilizing recent theoretical ad-
vances in strongly overparametrized NNs. In particular, we saw that the initialized weights are not
merely a starting point for training, but significantly influence the performance of the NN trained to
zero empirical error. Similarly, focussing on the first term of our decomposition, learning-theoretical
results on interpolating kernel methods lead to a better understanding of puzzling features of NNs.

Our work provides intuition for the “essentially no barriers” phenomenon first observed in [Draxler
et al.| (2018); |Garipov et al.[(2018): When scaling all initialization weights 6, by a common contin-
uous factor (like o), all of the finally trained NNs fNN are connected continuously and their training
error stays at (close to) zero. This is because ® changes by only a scalar factor o2%, which conti-
nously changes the second (test) term in the linearization fNN ~ f!i" (Eq.|14) but cancels out of the
first (training) term. It would be interesting for further work to investigate varying 6y more generally
in the hypersurface of zero training loss, which induces non-scalar changes in ®.

The connection of NNs with minimum complexity interpolating kernel methods opens up more
directions for future research. An important next step would be to go from strongly overparametrized
NNs to merely overparametrized NNs, where the (infinitesimal) kernel dynamics effected by NN
training is to be understood in addition to fixed-kernel interpolation. Further, the connection remains
to be made explicit for CNNs and RNNs, as well as for other (classification) loss functions, whose
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Figure 1: Experiments on the 2D bump f(z) = exp(—||z||?) (top row) and on MNIST with L = 1
and L = 2 hidden layers, respectively (last two rows). Left panels: The test error of trained wide
NN s as well as their linearized versions increases significantly with the NN initialization variance
o2, despite training all NNs to the same very low training error. This is explained by the theory
in Sect. [£.2] as the linearized approximation of our NN is quite accurate (see also Sect.[3). Right
panels: Quantitatively, at big o2, the NN test loss as well as its lower bound both grow as ©(c2%)
(Thm. . At small 02, on the other hand, the NN test error is close to that of the interpolating kernel
method fi* (Eq. ), confirming Thm.

strict minimization often requires infinite weights. For SGD at least, instead of full gradient descent,
the basic decomposition into a training part and its orthogonal component (Eq.[T4) remains valid.

Another direction needed to fully leverage the link to NNs made explicit in Sect.4.1] is to understand
better the properties — e.g. the generalization behavior (Liang & Rakhlin| 2018)) — of interpolating
kernel methods, whose close connection to large modern-day NNs we have highlighted in this paper.
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A APPENDIX

A MINIMUM 2-NORM SOLUTION

Let us consider an affine linear model f(z) = ®(2)0, where ®(z) is our feature map and # our
weights. We want to choose the weights as a solution of the following problem:

- 9|2
6 = min ” 2”2 subjectto Y = ®(X)#

First, we use the method of Lagrange multipliers to and define the following Lagrange function

L(O,\) = ”92”3 AT (@(X)-Y)

Taking the derivative with respect to 6 and setting it to zero gives us # = AT ®(X). Now plugging
this into the Lagrangian we get

L) = —%)\T@(X)@(X)T/\ + Ty

Minimizing this term with respect to A we get A = (<I>(X )P (X )T) “y. Now, putting everything
together we get
-1

0= ()7 (@(X)2(X)") Y

B CONNECTING THE INTERPOLATING MINIMUM 2-NORM SOLUTION TO THE MINIMUM
RKHS-NORM INTERPOLATING KERNEL METHOD

Building up on the previous section we now want to show that a linear predictor where the weights
are the solution of a minimum 2-norm interpolation with feature map ®(z) is equivalent to a mini-
mum complexity interpolating kernel method with

1 _
= fargmianH subjectto Y = f(X),
2 feHK Hi

where the kernel of the RKHS-Space is given by K (x,y) = (®(z), ®(y)) and  is the same function
used for the linear ansatz in the minimum 2-norm solution.

We can find the solution of the minimum complexity interpolating kernel method by minimizing the
following Lagrangian:

i =3 [, ¥ o= o)

Because the RKHS-Norm is bounded by definition (for non degenerate data) we can use the repre-
senter theorem (f = vazl aK (z;,.)) and the reproducibility of the kernel K to arrive at:

La,\) = %aTK(X, X)a+ M (Y - K(X, X)a)

Now taking the derivative with respect to & we get « = \. Inserting this into our Lagrangian we get

1
L) = —gATK(X7 XA+ A\ TY
This Lagrangian is equivalent to the Lagrangian of the minimal two norm solution in the dual repre-
sentation and thus because both problems are convex we see that the solutions must also be equiva-
lent.

C LEMMA 2
In this section we want to give the proof for lemma 2. Let fV be a fully-connected NN as defined

in the notation section. For simplicity we switch from the NTK initialization to the |[He et al.| (2015)
initialization. The proof is equivalent in both parametrizations but the only difference is that we can

12
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suppress some of the scaling factors in the initialization of the weights. We again assume a ReLU-
activation function. Before showing the actual lemma we will first show the following expression
which we will use to proof the lemma

1

(@) = (W Vw f(@)), (15)

where the scalar product is defined as the Hilbert-Schmid-product with (A, B) = tr [ATB] and
W = diag(Wp41, Wy, ..., W1) is the diagonal matrix with all the weigh matrices on the diagonal.
We only restrict ourselves on a network without bias but the proof with biases is identical but a bit
more complicated.

To prove the lemma we can first proof that VI € {1, ..., L + 1} we have fV¥ (z) = (W}, Vi, f()).
If this statement is true it is easy to see that the formula above is also true.

A ReLu Network can be written in the following way

YN (@) = Wiialw, e ()50 We--dwy ne ()50 Wi, (16)
where 1y, jr(2)>0 is the diagonal matrix with the step function on the diagonal corresponding to
the components of Wz h%(z) > 0. Now, we can define a(Wr 1., 7) := Wriilw, ne@)>oWr-
and b(Wy.1,2) == Wi_1lw, pr(5)>0Wr... to get

VN (2) = a(Wig1a, 2)Wib(Wyg, 2)

. das; Oy, nL(z)—0)i . .
Using the fact that Wi = 0 because we define (W) 0. Defining the derivative

of the stepfunction at the step to be zero is also done in most of the frameworks like tensorflow
but additionally the region where the stepfunction jumps is a d — 1 dimensional submanifold and
thus the expression holds almost everywhere. Now, since our weights do not move much and only
a neglectable number change the step function we can just define this derivative to be zero. The
derivative of b(W.1, z) with respect to W is clearly zero because it does not depend on W.

Using this we can see that almost everywhere

WV PN @) = S W O, ) Wib(Wia ) = £V (2)
y VW, l)nm 8<Wl)nm L+1:15 l 1:1, B

nm

Applying this result L-times we have get that almost everywhere fVV (z) = +(W, Vi f(z)). Thus,
we get almost everywhere

o, 80) = 7 {60, @(z)

and therefore also

folx,00) =@ (2)®(X)T(R(X)®(X)T) ! fo(X, 00) = %‘P(:ﬂ) (1-2(X)T(2(X)2(X)T) (X)) b

D LEMMA3
In this section we want to show the statement of lemma 3. We want to show that
1 ~
P <L|<1>(x) (1= 2(X)T(@(X)(X)")'®(X)) o] < 02%) >1-46

First, let us focus on the operator (I — ®(X)%(®(X)®(X)”)"'®(X)). The second term has the
properties of a projection operator (symmetric and equal to its square). Thus, all the eigenvalues
are either zero or one. The operator projects M -dimensional vectors into a /NV-dimensional subspace
and then back to the M -dimensional space. Thus, it has N eigenvalues which are one and all the
rest are zero. Now, looking at the whole operator we see that it has M — N eigenvalues which are
one and the rest are zero. Therefore, we can neglect the projection operator because this will only
make our result larger due to the neglected N dimensions which would be projected out.

Using this and the formula we have derived in th proof for lemma 2 we get almost everywhere

Z19(2) (1= 80T (@()BC)T) (X)) bo] < |7 ()] = [N ()

13
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Now, we can use Markov’s inequality to arrive at
2

p (‘iw) (1 - 2() " (@(X)2(X)") 1 8(X)) Bo| < E[|73N ()] /5> >1-4

Thus, the only thing that is left to do is to show that E [fiN(z)] < ¢%. To start of we can again
write the Neural Network as a product of matrices

Jor (@) = Wegalw, he ()20 W dwynt () >0 Wi .

We use a similar approach as|[Du & Hu|(2019) and generalize this approach to non-linear networks.

We make use of the fact that for for a random matrix A € R4 *92 with i.i.d. A'(0, 1) entries and a

2
arbitrary non-zero vector v € R% /0 the distribution of Hlmlﬂ is Xﬁz distributed. Additionally, it is

2
Wit dwnt >0 Wi lwy nt @) >0 Wrll
W,,l WléL’H2

1av>0Av|? : L
easy to see that -—=-——" < 1. Defining Z; =

Tk we thus get

”lWihL(a:)ZO

E[lfoN(2)?] <E[Zy...Z1) =T/, E[Z)] = 0",

wihL (z)>0

Inserting the result for E [fo(x, 0y)] we get

P <i|<1>(x) (1—2(X)T(@(X)2(X)T)1®(X)) 6| < oL/x/S> >1-6.

E DETAILS ON OUR EXPERIMENTS

In this section we want to talk about how we conducted the experiments. Since the experimental
settings are not very complicated this should be more than enough to easily reproduce our results.

As described in the experimental section we used three different setting to investigate the dependence
of the Neural Network solution on the initialization variance. We used a standard He et al.| (2015)
which as mention in the notation section is equivalent to the NTK-parametrization and standard
normal initialization when we rescale the learning rate. Since we choose the theoretical value of
n = W{W for the learning rate the settings are equivalent. For all experiments we use
Tensorflow with Relu-activation functions, set the bias initially to zero and train with GD. For all
networks we use a low number of training data points to make sure that we are in or close to the

over-parametrized regime. This is necessary to assure the validity of the linearisation.

The first Network for the 2D exponential Bump is a single hidden layer NN with 10000 hidden units.
We use 10 training data points and 300 testing points. We train 10 networks for each variance value
and until the training loss drops first bellow a loss of 107> . The final training loss of the curves
plotted in the experimental section can be seen in figure 2 We choose the stopping point for the
training error in such a way that even though the training loss is still decreasing further the test loss
is almost static.

Toy experiment (2D Gaussian bump)

107° A -
—— Data training loss
9.995 x 1076

9.99 x 107°
9.985 x 107°

9.98 x 107°

Training Loss

9.975 x 1076
9.97 x 107

9.965 x 107°

9.96 X 1076 +— T T
107t 10° 10!
Variance

Figure 2: Benchmark experiment with a 2D-Gaussian Bump

For the single layer MNIST network we use 4000 hidden units and for the two layer network two
layers of each a 1500 hidden units. We use 100 training samples of 0 and 1 labelled examples of the
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training set and 100 samples from the test set to calculate the test error. For the MNIST Network we
train the networks to reach a training error smaller than 10~%. The plot of the final training errors
that corresponds to the curves in the Experimental section are shown in figure[3]

MNIST with L=1 hidden layer
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Figure 3: Experiments with MNIST for a NN with 1 and 2 hidden layers
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