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ABSTRACT

Continual learning, the ability of a model to adapt to an ongoing sequence of tasks
without forgetting the earlier ones, is a central goal of artificial intelligence. To
shed light on its underlying mechanisms, we analyze the limitations of contin-
ual learning in a tractable yet representative setting. In particular, we study one-
hidden-layer quadratic neural networks trained by gradient descent on an XOR
cluster dataset with Gaussian noise, where different tasks correspond to different
clusters with orthogonal means. Our results obtain bounds on the rate of forget-
ting during train and test-time in terms of the number of iterations, the sample
size, the number of tasks, and the hidden-layer size. Our results reveal interesting
phenomena on the role of different problem parameters in the rate of forgetting.
Numerical experiments across diverse setups confirm our results, demonstrating
their validity beyond the analyzed settings.

1 INTRODUCTION

1.1 MOTIVATION

Gradient-based methods are the primary approach for training neural networks. In recent years, re-
search in learning theory has shown that neural networks can efficiently learn various data classes
using empirical risk minimization (ERM) methods. In many real-world settings, data arrive sequen-
tially in a non-stationary manner, requiring the learner to maintain performance on past tasks while
acquiring new capabilities. In such cases, a learning model must be continually learnable, meaning
it should retain previously acquired knowledge when trained on new tasks. On the other hand, vari-
ous learning systems, including deep learning architectures, can be prone to catastrophic forgetting,
that is, updating a model on new data causes a dramatic drop in performance on previously learned
tasks (McCloskey & Cohenl 1989} |Goodfellow et al.l 2013)). The goal of continual (lifelong) learn-
ing is to develop models and methods that, even without retraining on old data, experience minimal
forgetting when incorporating new information.

Despite deep learning’s ubiquity, characterizing the power and limitations of neural networks is
still an ongoing research direction. While several recent works aim to understand the power of
gradient descent (GD) for training neural networks with stylized data distributions, these works are
still limited to single-task scenarios (for some examples see (Du et al.| [2019; Bartlett et al., 2021}
Abbe et al.,[2022)). However, the strengths and limitations of gradient descent in continual learning
remain largely unexplored.

In this work, we present several results on the performance of gradient descent in neural networks
for scenarios where there is a stream of independent tasks on which the model is sequentially trained.
We mainly focus on studying unregularized ERM for this problem and identify regimes and condi-
tions for clustered synthetic datasets where gradient descent without any explicit regularization is
capable of achieving arbitrarily small forgetting and small test error for all tasks simultaneously. In
doing so, we consider a simple but illustrative nonlinear data distribution for multiple independent
tasks based on XOR clusters, and characterize the sample, iteration, and computation complexities
based on data dimension and number of tasks for successful continual learning. We are also able
to characterize the forgetting error in terms of problem variables for a given task after training the
network on arbitrary number of subsequent tasks. We show that both train- and test-time forgetting
errors can be mitigated by increasing the sample size of the subsequent tasks.
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Techniques and Contributions. Our method is based on the decomposition of the test-time for-
getting error into two terms based on forgetting in training loss and the generalization gap caused by
intermediate learning tasks. We bound the generalization gap by an argument based on algorithmic
stability (Bousquet & Elisseeff, 2002; Lei & Ying| [2020a)) tailored to our set-up of continual learning
with neural nets, which leads to conditions on the network width and the number of iterations and
samples to achieve a small generalization error after learning independent intermediate tasks from
distinct distributions. We then use a data-specific argument to formulate the evolution of the learned
weights throughout the gradient descent steps to bound the training loss and forgetting. In particular,
we first consider an asymptotic regime where for both the sample size and network size m,n — oo.
The critical observation here is that in this regime, for every task, the gradient at initialization is
in the correct direction, and with sufficient number of GD steps, the train loss and the amount of
forgetting(i.e., the increase in training loss caused by learning later tasks) are asymptotically zero.
As a result of this and with concentration bounds for finite n and m, we are able to characterize the
rate of forgetting based on these parameters. To the best of our knowledge, our results are the first
closed-form guarantees for the train and test performance of continual learning methods when using
neural networks and they predict several of the empirical observations on the role of training-set size
and over-parameterization. We summarize our contributions in the following:

* We prove bounds for forgetting in continual learning using neural nets, showing for the d-
dimensional XOR cluster dataset that train-time forgetting after training for K subsequent tasks

is bounded by 6(an£\/1% + WTW% 4 2T 5% ) where T" and n denote the number of

GD iterations and sample size for each subsequent task, respectively, and m denotes the hidden
layer size.

* We characterize the sample and computation complexity for continual learning, derive a rate of
n = O(d’K),m = O(d®*K*),T = O(d?) for the number of samples, hidden-layer size, and
number of GD iterations, respectively, to achieve small training loss for all K tasks.

* We derive a bound on the test-time forgetting by decomposing it into the train-time forgetting
term and a delayed generalization term, and we show the above complexities also lead to van-
ishing test-time forgetting.

* Numerical experiments support our theoretical insights across diverse problem settings, demon-
strating their applicability to models and data distributions beyond those explicitly analyzed.

1.2 PRIOR WORKS

The main algorithms for continual learning are based on functional (or architectural) regularization
(Li & Hoiem, 2017} [Kirkpatrick et al.l 2017; Sharif Razavian et al., 2014) or experience replay-
ing (Schaul et al., 20165 [Rolnick et al.l|2019). In order to mitigate forgetting, regularization-based
methods enforce the new solutions to remain close to solutions to previous tasks. On the other hand,
it has been hypothesized that the network width has a similar impact (Graldi et al., 2024), since
increasing the width enables the network to operate in the lazy/kernel regime where it is known
that the network’s weights do not travel a significant distance from their initialization point and the
features remain constant during training (Jacot et al.| 2018} (Ghorbani et al., 2019). It is therefore
natural to ask to what extent the width helps continual learning. Few works have dealt with this
question. In particular, the impact of the width of the network on continual learning was studied
in (Guha & Lakshmanl 2024; |Graldi et al., [2024}; Mirzadeh et al., [2022afb; Wenger et al., [2023)).
For instance, (Mirzadeh et al.,2022azb) observed the impact of width in improving catastrophic for-
getting and noticed that increasing the width always mitigates forgetting. However, (Wenger et al.,
2023)) claimed that such improvements vanish when the network is trained for a sufficiently large
number of iterations until convergence. More recently, (Graldi et al., 2024) attempted to resolve the
issue claiming that improvements only happen in the kernel regime, where there is early stopping to
avoid weights moving a significant distance from their initialization. Our theoretical and empirical
results on the impact width for the XOR cluster data also verify the benefits of width in the kernel
regime with early stopping.

(Guha & Lakshman, 2024) showed analytically through a general argument that increasing the width
helps continual learning, although the improvements shrink as width grows. The dependence on
width in their bound is not explicitly determined, and moreover, the bound does not depend on
the underlying algorithm or number of samples. In contrast, our analysis is algorithm-dependent
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and yields closed-form bounds, explicitly highlighting the roles of different problem parameters in
test-time forgetting.

Perhaps the closest works to ours are (Doan et al., 2021} Bennani et all, 2020} [Lee et al., 2021}

[Karakida & Akahol [202T)), which derived general expressions to characterize forgetting in neural
networks in the lazy regime. A recent work by (Li et al} [2025) focuses specifically on CNNs in
a multi-view data model and characterizes forgetting. (Benjamin et al.| [2024) approach uses an
“ensemble/NTK” perspective treating networks in the lazy regime and gives a reinterpretation of
continual learning. (Andle & Yasaei Sekeh}[2022) focus on layer-wise information flow and develop
a probabilistic theory for CL performance across layers. However, these results do not lead to
closed-form bounds and are applicable for different models such as CNNs, while our results yield
the first bounds for a multi-index model learned by neural nets.

Another related line of work has focused on linear classification/regression in the realizable regime,
where a single linear solution can interpolate data from all tasks (Goldfarb & Hand [Lin et al.}
2023}, [Evron et al} 2023} [Banayeeanzade et all, [2024). In particular, (Evron et al.,2023)) analyzed
catastrophic forgetting through the lens of implicit bias in linear classification across various setups,
including cyclic and random task orderings. (Cao et al.| derived sample complexity of con-
tinually learning linear models and GLMs. In contrast, we adopt a more practical perspective by
examining sample complexity, early stopping, and the effects of over-parameterization in a stylized
neural network setting.

Our analysis of the generalization error is done through the lens of the algorithmic-stability frame-
work and follows the approach in (Hardt et al.l 2016; [Feldman & Vondrakl, 2019} [Lei & Ying}
2020aljb; Richards & Kuzborskij, 2021} [Taheri & Thrampoulidis, [2024)), extending it to accommo-
date the continual learning setting. Our results reveal that generalization gap for continual learning
is impacted by the training loss of later tasks (as in Thm[d)) or number of tasks (as in Thm [3)) which
is new compared to single-task analyses. For the training-loss analysis (Thm [T}2), we use a new
approach based on a double-asymptotic regime where first we consider the regime of m — oo in
order to characterize the weights for any number of iterations and then consider the asymptotes of
n — oo in order to characterize the role of number of samples on the train-time forgetting. The final
bound is obtained by deriving concentration error of finite-width networks for every GD iteration.
This differs from the existing analyses of neural nets for single-task classification setups in the lazy

regime which are mainly based on class margin (Nitanda et al, [2019; Ji & Telgarsky}, 2020} Taheri
& Thrampoulidis| [2024).

Notation. We use the standard complexity notation <,0(-),0(-),0(:),Q(-) and denote

0(+),0(-), ©(-), ©(-) to hide poly-logarithmic factors. The subscripts in O4(+), 04(-) denote the de-
pendence on the parameter d. We use |- || for the £ norm of vectors. We denote [n] := {1,2,--- ,n}.
The expectation and probability with respect to the randomness in D are denoted by Ep[-], Prp(-).
The gradient of the model ® : RP*? — R with respect to the first input (weights) is denoted by V.

2  MAIN RESULTS

2.1 PROBLEM SETUP
2.1.1 GRADIENT-BASED CONTINUAL LEARNING WITH NEURAL NETWORKS
We consider the problem of sequentially learning K independent tasks, where each task is trained

in isolation but in a fixed order. Specifically, for the k-th task, we perform T iterations of gradient
descent using a dataset of n training samples. The objective of task k is defined as

ka ii wml)

where Dy, = {(z;,y:)}, denotes the set of training examples for task k, and the mapping ®
represents a two-layer neural network with m hidden neurons and activation ¢, given by

(w,z) = % Zai oz w;).
i=1
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Algorithm 1: Continual Learning with Gradient Descent

Input: Number of tasks K, number of steps per task 7', learning rate 7
Output: Final model parameters wg
Initialize model parameters w\”) ~ A/(0,1,):
for k = 1to K do
Load task-specific dataset Dy;
fort =0to7 — 1do
L Sample mini-batch(or full-batch) 5; C Dy;

w,(:“) — w,(f) — nVﬁ(w,(:); Bi);

Set w,(gzl — wy = w,gT);

— oD
return wy = wy

Throughout the paper, we assume that the output layer coefficients a; € {41} are fixed, let [ be the
hinge-loss and we focus on the case of quadratic activation where ¢(t) = t2/2. For convenience,

we denote the empirical loss for task k by E, (w) := ﬁ(w, D), and the corresponding population
(test) loss by Fi,(w) := F(w, D) = E(, )5, [f (y ®(w,z))], where the expectation is taken over
the test-set distribution Dy.

The complete continual learning procedure is summarized in Algorithm|l} We initialize the param-
eter vector w%o) from a standard Gaussian distribution, wgo) ~ N(0,1,), where p = md is the total
number of trainable parameters in the first layer. For each task k& € {1, ..., K}, we train the network
starting from initialization w,i@l for T' gradient descent updates on F}. The resulting vector after

finishing the training on task k is denoted by wy, := w,gT) = w,(ﬂzl, and it serves as the initialization

for the subsequent task k 4 1. After processing all K tasks, the algorithm outputs the final parameter
vector wg, which contains the accumulated knowledge obtained from the entire sequence of tasks.

2.1.2 XOR CLUSTER DATASET

Consider data according to the XOR cluster distribution with Gaussian noise where x € R y €
{£1} and
T %N(/’L-‘HUQId) + %N(_M-H O-ZId) if y= 17 (1)
%N(M,,O’Qfd) + %N(—/Lf,()’?[d) if y=-1,

where i L p_,and Pry = 1] = Prly = —1] = 1/2. This dataset serves as a representative exam-
ple of a realizable, not linearly separable problem that is well-suited for analyzing neural networks.
The XOR cluster and its Boolean variant (known as parities) have been extensively studied in the
deep learning theory literature (Wei et al.l [2019; Refinetti et al., 2021} Xu et al.l [2024; |Telgarsky,
2023}, Taheri & Thrampoulidis} [2024; |Glasgow}, [2024; [Taheri et al., 2025). In particular, the XOR
model is a representative instance of multi-index models, which have recently been used to investi-
gate the sample complexity of neural network learning(Damian et al., 2022} |Ba et al.| [2022; |Abbe
et al..[2022). For this data set, we show that d? samples and d* neurons are sufficient to achieve near
zero train and test loss (see Prop. [2]in App. [A).

For the continual learning setup we consider a stream of K tasks, where each task is generated
according to the XOR cluster dataset, that is, for task k:

o SN 0P La) + SN (—pl 0 la) i y =1, .
INWE,021g) + SN (—p* , 0%1,) if y=-1.
We assume that /¢ and 11 are mutually orthogonal for all k € [K], with [|1f || = [l || = ©(J5),

Prly = 1] = Pr[y = —1] = 1/2, and noise level o0 = @(m) for some universal constant c.

The orthogonality assumption reflects the fact that tasks are not correlated. Although our analysis
can be extended to the more general case where the mean vectors are not orthogonal between tasks,
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this is beyond the scope of the present work. We further assume that the number of tasks grows at
most poly-logarithmically with the data dimension, i.e., K = O4(1).

Forgetting and Continual Learning. Let wy, denote the weights after training with data from task
k for some k € [K|. Test-time forgetting is measured by the increase in test loss for the kth task
after training on K — k subsequent tasks:

Test-time Forgetting: 7}y := Fi(wx ) — Fi(wy).
We can decompose the test-time forgetting as follows:
o = [Fr(wi) — Fr(wg)] + [Fr(wi) — Fi(wg)] + [Fr(wi) — Fi(wy)).

In the interpolating regime where the network can achieve zero training loss, we can drop the last
term and bound the test-time forgetting based on generalization gap and training loss:

Fix < ﬁk(wK)_ﬁk(wk)} + {Fk(wK)—ﬁk(wK). 3)

Train-time forgetting F}* Delayed generalization gap

In the following section, we discuss each term separately. When combined, these will give an upper
bound on the expected test-time forgetting.

2.2 TRAIN AND TEST-TIME FORGETTING BOUNDS

The following theorem provides closed-form bounds on the train-time forgetting of task k after
learning the subsequent K — k tasks (for a total of K tasks). We assume the hinge loss, f(u) =
max{l — u,0}, and adopt the data distribution specified in Eq. 2| The proofs for the theorems in
this section are deferred to the appendix.

Theorem 1 (Train-time forgetting). Consider the d-dimensional XOR cluster dataset with K tasks

and assume gradient descent with nT = O(d?) iterations and n = O(d2K) samples for each
subsequent task trained by a neural net with m = Q(d®K*?) hidden neurons. Then, with high
probability, the train-time forgetting is .7-",:[{ = 04(1). In particular, with probability 1 — §, we
have:

. ~ ~ VK — VK — K?
\Fikl o= |Fr(wi) — Fi(wy)] = O (nT i i 2T2> Y

T
an T Epoylog@ T Um
where O(-) hides logarithmic factors inn, T and 5.

The first and third terms in Eq. ] capture the effects of sample size and hidden-layer width. Impor-
tantly, neither factor alone is sufficient to eliminate train-time forgetting. However, with sufficiently
large n and m, we obtain a forgetting rate ;" = O(1/polylog(d)) = 04(1). Here, n denotes the
sample size of datasets learned after task k. Although these subsequent tasks are independent of and
orthogonal to task k (tasks are IID with orthogonal means), their larger training sets nevertheless
enhance the overall continual learning process. Our experiments in Section 3] conducted across dif-
ferent activation functions, loss functions, and datasets under various problem settings, empirically
confirm the theoretical roles of network width, sample size, and the number of tasks.

We note that the early-stopping choice 77" = O(n) is standard in the deep learning literature, partic-
ularly in the interpolation regime for single-task settings (Ji & Telgarskyl|[2020; Lei & Ying}, 2020a),
as it ensures the training loss is driven close to zero. As the following theorem demonstrates, under
this choice the training loss remains uniformly small across all tasks.

Theorem 2 (Train error in continual learning). Let the assumptions of Theorem[I| hold. Then, after
KT iterations of GD, with high probability, the misclassification train error and train loss are 04(1)
uniformly for all K tasks.

The proofs of Theorems [T}Z] are deferred to App. [C] A combination of these theorems yields suffi-
cient conditions for successful continual learning as measured by training performance. We remark
that the proof of both theorems, up to calculations related to the model-output’s equations in Eq.
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[[4] or forgetting equation in Eq. [Tf], hold for a broad family of data distributions. These steps re-
quire no special structure beyond concentration of the empirical NTK and uniform boundedness of
inputs. The parts of the analysis that specialize to the XOR-cluster distribution primarily arise when
deriving explicit closed-form expressions for the model output and for characterizing closed-form
bounds for forgetting. Extending the bounds to more general data distributions (e.g. other clustered
multi-index models) would therefore require replacing the concentration steps and explicit calcula-
tions with distribution-specific estimates. We expect the qualitative dependencies on (n, m, T, 7, K)
to remain similar under other clustered or sub-Gaussian task distributions, but the exact forms will
change.

Our next result derives the delayed generalization gap (as defined in Eq. [3) for almost any data
distribution. In fact, it also shows that the above assumptions for m,n and 7" are also sufficient for
good continual fest-time performance for the XOR cluster dataset.

Theorem 3 (Delayed generalization gap). Assume the loss function is 1-Lipschitz and 1-smooth.
Then, the expected delayed generalization gap satisfies,

T T (K — kA1)
~ e Vm

Fix =Ep, [Fk(wk) - Fk(wk)] <X -

Remark 1 (Test-time forgetting). Note that the gap decays with the rate 1/n and similar to the
train-time forgetting, given sufficiently large width, it is linearly proportional to the number of it-
erations. While the dependence on T is unfavorable, and in general we expect a time-independent
generalization gap, we note that with the training loss guarantees from Theorems[I{2] and in view
of Theorem|3|we find that with n = ©(d*K) = ©(nT) samples and with m = Q(d®K*), it holds
f,ff’;; = 04(1) resulting in vanishing test-time forgetting in view of Eq. 3| Finally, we note -as the
proof shows- training occurs within the linear region of the hinge loss, which allows us to combine
the results of the previous theorems despite the smoothness assumption on the loss in Theorem 3]

Under additional conditions on continual learnability of each task and a self-bounded assumption for
the loss function(i.e., | f'(u)| < f(u)) that includes logistic loss f(u) = log(1 + exp(—u)), in the
next theorem, we prove a tighter generalization bound, which has a noticeably milder dependence
on T' compared to Theorem 3]

Theorem 4 (Improved gen. gap). Assume the loss function is self-bounded, 1-Lipschitz and 1-
smooth. Let the network’s width m be large enough so that \/m 2, 1 Zfik +1 ZtT;Ol ﬁj (wgt)).
Moreover; assume there exists w: achieving small training loss Fy(w?) < |Jw} — w,(co) 2/(nT) for
task k, and satisfying m 2, ||wj — w,(co) |4, Then,

T-1
FER S Z]Epk [emcw S Fe(w], (5)
t=0

K T-1 75, (¢
where ci, = O (Zj:kH Yo Fj(w§ ))>

As the result shows, F;° decays with both the cumulative training loss of the later tasks as in

¢k, i and the network width, and it is proportional to the cumulative training loss of task k. In
particular, the cumulative training loss can be much smaller than 7', potentially leading to tighter
bounds compared to the results of previous theorem.

Remark 2. In words, the conditions on |wj — w,(co) || ensure that task k remains learnable in the
kernel regime, i.e., the initialization is sufficiently close to the task-specific optimum so that opti-
mization can succeed. To better interpret this result, let us consider the case where k = 1, and
we are interested in bounds on ]—'f’f}; for some K > 2. First, we note that for the XOR cluster
dataset, there exists(see Proposition in App. EI) wy such that ||wy — wgo) | = ©(d - log(T)) and
~ ~ 2 2
Fi(w}) < =, leading to train-loss Fi (w?)) = O(%g(t)). Therefore, in view of Theorem
if v 2, 772;{:2 ZtT:_Ol ﬁj(wj(.t) ) and m > d*log*(T), the expected generalization gap after T
iterations for each of K tasks satisfies,

gen 11 log®(T)

‘FI,K ~ n )
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where we can hide the exponential term in Eq. [3] for simplicity since the exponent is constant
under the condition on m. This shows that Theorem 4| may lead to bounds with significantly better
dependence based on T' compared to Theorem 3 (poly-logarithmic vs linear). Although this result
cannot be combined directly with our setting for the training loss (since the hinge loss considered
for the training-loss analysis is not self-bounded) it still provides valuable insight. In particular, it
can be interpreted as a stronger extension of Theorem[3] highlighting how the training loss directly
influences the generalization gap in continual learning as shown by Eq. [5

2.3 REGULARIZED CONTINUAL LEARNING

We consider the regularized continual learning algorithm (Aljundi et al.l 2017; Kirkpatrick et al.|
2017; Lewkowycz & Gur-Aril 2020) with parameter A where for each task k > 2, the objective is to
minimize the following,

L~ A
min Fk(ﬂ})+§|\w—wk_1|\2. (6)

The regularization parameter A can be chosen to be fixed, time-varying or data-dependent (Evron
et al., 2023} |ILewkowycz & Gur-Ari, 2020; |[Kirkpatrick et al., [2017). In the next proposition, we
consider the fixed )\ in order to study the effects of regularization on the GD iterates. We show that
in the linearized regime (i.e., the infinite-width regime) where the network output can be written
as a first-order approximation around initialization, the regularized continual learning problem is
effectively equivalent to unregularized minimization with a time-varying step-size.

Proposition 1 (Regularized continual learning). Consider the regularized continual learning prob-
lem Eql0]in the linearized regime, with the same setup as Theorem([l} The iterates of this algorithm
with step-size 1) are equivalent to unregularized continual learning with step-size 1t for any task

~ 1—(1—nN)7T
k > 2, where we define 1y := %1 and o = %

Hence, as T increases, the effective step-size decreases, preventing iterations from moving a signifi-
cant distance from the solution of previous task. The above result shows that in our setup with kernel
regime and early stopping, regularized continual learning is equivalent to the unregularized one with
a different step-size, implying that regularization cannot improve the results of the previous section.

3 EXPERIMENTS

We demonstrate the impact of sample size, number of tasks, and network width on the performance
of continual learning for different loss functions, activations functions, data distributions, architec-
tures, step-sizes and training horizons. We include the implementation details for each figure and
additional experiments, including experiments on the MNIST dataset as well as transformer archi-
tecture, in Appendix [E]

Impact of sample-size, training horizon and number of Tasks The first data model we consider
is the XOR cluster (Section [2.T) with orthogonal mean vectors. Figure [I| shows how sample-size
affects the train-loss forgetting for K = 3 tasks using quadratic activation and linear loss. Here, we
increase the sample size for each task from n = 2500 to n = 5000, showing how the increase can
diminish test-error forgetting. Figure[8]in the appendix repeats this experiment for different problem
parameters. The observations from both plots are in-line with our theoretical insights on the role of
sample-size on train and test time forgetting.

In order to verify the role of sample size of later tasks on train-time forgetting, we consider an ex-
periment where the sample-size for task 1 is fixed, and for later tasks we increase the sample-size.
The resulting training loss curves for different loss functions and activations are shown in Figures
[2B] and[9] (in the appendix). In accordance with Theorem [I] it can be observed that increasing the
sample-size on tasks 2,3 has a positive influence on the forgetting of task 1. This implies that in-
creasing the sample-size not only stabilizes the per-task training loss, but also reduces the amount of
forgetting for previous tasks. While we use linear loss with quadratic activation for Figure[2] Figures
[l P]indicate these observations extend to different losses and activations including the commonly
used logistic loss and the ReLLU and GELU activations.
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In Figure 4] we consider K = 6 tasks of the XOR cluster dataset and increase 7" from 7' = 2000
to T' = 4000 for each task with n = 200, 800, 2000 samples per each task. Note that increasing
T, deteriorates the training loss for task 1 as training progresses. While increasing 7' helps with
training loss for task 1 at the end of training of task 1, (the dashed lines are below the solid lines at
k = 1 for any value of n), the amount of increase in the training loss for 7" = 4000 is larger than
T = 2000, eventually leading to larger training loss for task 1 as K increases. The right panel in
Figure {] shows the training loss for each task during learning these 6 tasks, illustrating that the train
loss achieves near zero training loss for each task. On the other hand, increasing n for each task,
helps with diminishing the training loss. To better see this impact, in Figure [I0]in the appendix,
we increase the number of tasks and consider learning K = 15 and K = 20 tasks of the XOR
cluster dataset. These plots again verify our insights on the role of training-set size. The impact of
increasing tasks is also visible in the Left figure while using GELU activation and the logistic loss.

Impact of over-parameterization. In Figure 5| we consider the XOR cluster dataset for K = 3
tasks with Quadratic activation and gradually increase m from m = 10% to m = 10*. We find that

00 200 300
n = 2500 n = 5000

Figure 1: Classification test error for each task vs iterations for the XOR cluster with /' = 3 tasks
trained on a quadratic network with n = 2500(left) and n = 5000(right) training samples per task.

Figure 2: Classification train error for each task vs iterations for the XOR cluster with K = 3 tasks
trained on a quadratic network. We fix n = 2500 for the first task and increase the sample size
of second and third tasks across figures. Increasing the sample-size stabilizes per-task training and
decreases forgetting for previous tasks.

Figure 3: We repeat the experiment from Figure[2} this time using GELU activation and logistic loss
function, demonstrating that our findings remain valid across different settings.
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Figure 4: Left: Training loss of task 1 versus task index (i.e., o (wy,) as a function of k) for K =
6 tasks for different sample-sizes and training horizons per task. Right: Training loss per task

(ﬁ k (w,(:))) versus iteration when n = 2000, T" = 4000 for each task. We use GELU activation and
logistic loss. While each task individually attains near-zero training loss, the training loss for the
first task grows with both the number of tasks (/) and the number of iterations (7).
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m = 100 m = 300 m = 1000 m = 3000 m = 6000 m = 10000

Figure 5: Impact of network width (m) on the test error for learning the XOR cluster distribution
with 3 tasks with quadratic networks. Increasing width helps with continual learning, however the
benefits diminish as m grows.
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Figure 6: Train-time forgetting for task 1 vs task for K = 6 total tasks of the XOR cluster dataset
for different over-parameterization choices. Here we use GELU activation and Logisitc loss and set
T = 102 for each task.

increasing the width is generally beneficial for continual learning. However the benefits shrink as m
increases, where increasing the width from m = 10 to m = 10* has almost non-tangible impact
on the overall performance of continual learning. Note that this is in line with Theorem [T} as we
discussed the impact of width showing that width alone cannot reduce the train time forgetting
to zero. We remark these insights also align with the diminishing returns of width phenomenon
observed in previous works (Guha & Lakshman, 2024} |Graldi et al., [2024) where the benefits of
width decline as m grows. In Figure[6l we consider learning K = 6 tasks with the GELU activation
and logistic loss for different choices of over-parameterization. The observations in this figure again
verify our previous insights as increasing the width helps with continual learning, although it alone
cannot lead to forget-less continual learning.
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4 CONCLUSIONS AND FUTURE WORK

We studied gradient-based continual learning in a neural network setup, highlighting how differ-
ent problem parameters affect catastrophic forgetting. Our analysis provides the first closed-form
bounds on train and test time forgetting in this setting and clarifies the roles of sample size, width,
number of tasks, and training horizon. There are several promising directions for future work. An
immediate next step is to analyze other training methodologies, such as (mini-batch) stochastic gra-
dient descent, where additional noise may interact with forgetting. Another important direction is to
move beyond the quadratic two-layer setting and explore whether analogous guarantees can be ob-
tained for richer architectures, including transformers. Our preliminary experiments in Figure [I2]in
the appendix show that some aspects of our results are observed, particularly for small transformers
with Gaussian-Mixture data. Finally, our current analysis is limited to the lazy regime. Extending
the theory to the feature-learning regime, where step-sizes are large, early stopping is avoided, and
weights move significantly from their initialization, remains a challenging and exciting problem.
While a recent work (Graldi et al.| [2024)) provides preliminary results on the drawbacks of feature
learning for continual learning, more exploration in this regime could provide a more complete
picture of continual learning in modern machine learning.
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APPENDIX

A SINGLE-TASK XOR CLUSTER

The next result derives the class margin for the single-task XOR cluster dataset and combined with
standard results from the NTK literature it bounds the train and test loss for learning this dataset (as
described by Eq. [T)) with GD.

Proposition 2 (Single-task XOR). For the XOR cluster dataset for a given T, there exists target
vector w* € R¥™ such that || w* —wo|| = ©(d-log(T)) and F(w*) < 1/T and gradient descent with
logistic loss and on a network with quadratic activation with width m = Q(||w* — wol|*), achieves
the training loss F(w;) = O(M) and the expected test loss Ep[F(wy)] = O(M)
after t = n GD iterations.

Proof. Define four regions R1, Ry, R, Ry € RY such that

Ri={zeR":a"(uy+p)>0,2"(uy —p_) >0},
Ry={z eR":a"(uy+p)>0,2" (py —p_) <0},
Ry={eeR":a (g +p) <0,a" (py —p_) >0}
Ry={zeR": 2 (uy +p) <0, (uy —p_) <0}
Without loss of generality, assume pu. = [1/\/;13,1/\/3,0,--- ,00 and p_ =

[~1/+/d,1/3/d,0---,0]. Our goal is to derive the NTK margin (Ji & Telgarsky, [2020;
Taheri & Thrampoulidis, |2024) denoted by v for infinitely wide neural networks with initialization
variable z € RY, i.e., show that the equation below holds for all data points in the training set almost
surely:

M(zi, i) = v / & (s 20)) (s, 2) dpine () =

zERA
where iy is the standard Gaussian measure and w, is an initialization dependent vector such that
lw.|| < 1 forall z € R We drop the subscript i and assume quadratic activation. Assume
y=1,x ~ N(uy,ocly) without loss of generality. Then,

M= (z, ) {w,, x) dppr(2) +/ (z, x){w,, x) dppr(2)
zE€ERy zER>
+ e i)+ [ o)) i)
z€R3 2E€ER4
Let
we = pig /||l == /=l p= /=1, =4 /Nl || 3f 2 € Ry, Ro, R3, Ry, respectively.
Assume s ~ N(0,01,).

i M i+ 5) / (2o pig + ) dune(2)

= (el + pTs/ s ) ( W) + (= + 5(2) [ . z<2>dmz>)

Z€R1

<l -

= (eIl + ||u+ H)(% s(1) + 5(2))E[2(1)12(1)>0]

( NERR':N <>>> (7o) 75

2 (= + (1) + 5(2))?

Vd

1 1 )
27 @)
>1/d.
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For the second integral we have,

(—pi Nl o+ 5) / (2t + 5) dpn(2)

zZERy
_ljs » 5 z z L s 2 z
= T <(\/g+ (1))/2% (1) dpr( )+<\/g+ (2))/ZER2 (2) dpp( )>
= gL
=4;®@)—dn)_eaﬁb£%@)

For the third and fourth integral, due to symmetry, we reach the above final results again. Overall,
we find that 1

d - poly log(d)
For data points coming from other three clusters of the XOR distribution, we reach the same con-
clusion. Therefore the margin scales as 1/d for every training sample. Using this margin result in
(Taheri & Thrampoulidis}, 2024, Corollary C.1.1 and Proposition C.1) completes the result. O

M@mm2%+0( ) =Q(1/d).

B PROOFS FOR BOUNDS ON DELAYED GENERALIZATION GAP

B.1 PROOF OF THEOREM[4]

Theorem 5 (Restatement of Theorem[d)). Assume the loss function is 1-self-bounded, Lipschitz and
smooth. Let the network’s width m be large enough so that \/m = n Ef:k 41 ZtT;Ol ﬁj (w§t)).
Moreover, assume wj achieving small training loss for task k satisfying |wj — w,(CO)H2 >
max{nTﬁk(w,:),nﬁk(w,(co))}, and m 2, || wi — w,(QlH‘l. Then,

. G#Ck’K T-1 R
o, [Felw) — Few)] < 17— 3" o, [Fufuf?)].

n
t=0
where ¢, k = O (Zf:kﬂ Ez:ol ﬁj (w§t))>

Recall the continual learning of K tasks for T iterations each i.e., at task k € [K] :
wy = wy_1 — NV Ee(wy) for (k—1) - T<t<k-T

Assume f(-, ) to be the sample loss which is L-Lipschitz with respect to its first input. Let Dy, :=
{z1,--+ ,z,} be the training dataset of task k. Denote w," as the output of the continual learning
algorithm after learning task ¢ (for some ¢ < K), when x; is left out of the training samples from

Dy, Similarly, we define wét)’ﬂi, as the output of continual learning at iteration ¢ of task ¢ when z;
is left out.

The generalization gap associated with task k, after learning K tasks can be written as,

o, [Fe(re) = Felwio)l = 5 S~ Epy o [ (rc,2) — fwic, 1)

LS B [flwre, ) — fisw)] + - S Eo, [fwR ) — flwe, w0
=1 1=1

= %ZEDIC,I [f(wafU) - f(w;(iaff)] + % ZEDk [f(w;(ivmi) - f(wK,iUi)]
i=1 i=1

IN

L& .
= Eo, [Jlwic —will] - )
i=1
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Therefore, the samples from the subsequent distributions do not impact the delayed generalization
gap in Task k, as we are taking the expectation over only Dk.

—i T—1 - T-1 T—-1),~ - T—1),~i
i = wil| = llwid ™ =0V Fre(wid ™) = (wid ™ = a9 Er(wid V)
Note that the objectives are the same for both wg_l)’ﬂ nd w(T b, Therefore, by the non-

expansive properties of one-hidden-layer neural nets (Taheri & Thrampouhdis, 2024, Lemma B.1):

> nLR? = T—1 T—1),~i
||wK—wK|<<1+ T et oy Pl | s @
We €W w T

where we define:

1 n )
i=1

with f’ denoting the derivative of the sample loss. For self-bounded losses assumed in this theorem,
we have | f'(w, x;)| < f(w,z;), therefore F (ws) < Fik(wy), leading to:

—i ULR =~ (T—1) (T—1),~i
—w| <1+ — F - '
lose =i ‘( TV el g K(wa)> o

Repeating this step for T’ steps from 7" to 1:

LR? =~ —i
e — il < ] (1 + mex FKW)) i =i
) ()i
=0 ate[wK sW g ]

T-1
T}LR2 R 3
H ( vm W e[w“) o w7 FK(wat)) HU’K — Wy ||

K—-1W

nLR? -1 R )
< 7 B "
< exXp ( \/m ;) U}afe[un “)(t),—*i] K(wat) H’lUK W H

where R is the max norm of data and L is the activation function’s Lipschitz parameter. We need an
inductive argument here to prove that ||w; — w;"*|| remains bounded for all ¢ as it is used in the max
OVer Wy, term.

Repeating this step for K — k tasks, we derive the following,

K T-1

LR? R |
lwg — wg || < exp 77 E E max Fj(wat) Hwk _ szH . ©)
j=k+1 t=0 War€[w; ) (t)yﬁz]

This gives an expression for bounding the generalization gap based on the parameter stability of the
k'th task, the width and training performance from task &k + 1 to task K. To bound the parameter
stability term, note that,

[y, — wy|| < Hw(T 1) UVﬁk(w](cTil)) _ (wl(cTA),w WVE ( (T—-1), w))H

+ | VBl

Recall the ith data point is taken from the kth task data distribution. For tasks j where j < k, it
holds that w; = w;". Therefore we can use the result from previous works (Taheri & Thrampoulidis,

2024, Thm B.2) on the stability error of neural networks in the NTK regime to bound Hwk —wy* H .

Lemma 1. If there exists wj such that ||wj — wg|| > max {\/nTﬁk(w;;), \/nﬁk (wkl)} and

m 2 |wi -

4 then Hwk — w,?zH < % tT;()l ﬁ,g( ) and consequently,
1

1 & ~
o, |13 o ] 2 3 [Ftel?)]
i=1

t=0
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Let us define ¢, i := max;c[y Zf:kﬂ ZtT;Ol max (1.71) ﬁ (wqt). Then by this lemma

Wat€ [’wj(vt)
we have,

Jecoek T—1

Epk[;EZHwK——wzn] T B[R]
=1

B.1.1 BOUNDING ¢y, i
In order to bound ¢y, i, we use the following result on the quasi-convexity properties of the two-layer
neural net objective by (Taheri & Thrampoulidis, [2024] Prop. 5.1.).

Lemma 2. Suppose F:RY 5 R satisfies the self-bounded weak convexity property with parameter
k. Let wi,wy € RT be two arbitrary points with distance ||wy — ws| < D < /2/k. Set T :=

(1- /-@DQ/Q)_l. Then,

max ﬁ(u) < 7-max {F\(wl) 7}/7\(102)}.

vE[wi,ws]

For self-bounded losses x = ﬁ, therefore if w, w’ are such that ||w — w'|| < D < m!/%, then

~

max ﬁ(v) < ;DQ -maX{F(w) ,ﬁ(w/)}.

VE [w,w’] 1— T

m
Recall,
. K T-1
lwg — wg|| < exp ﬁ ‘;-H ; y ,e[w(f)ix (t)m‘] Fj(wat) Hwk — w];lH .
j= @
Assume
K T-1 ‘
Vi > 8max{n > wi) + By (wi"™), flwy, — w1 (10)
G=k+1 t:O

Then, by induction Hw(t) gt)’”‘H < 2|jwy, — wy?|| forall t € [T, j € [k, K]. To see this:

() £),-
n%—@>w
j—1 T—1 t—1
< exp Z max Fir(war) + Z max Fj(war)

J'=k+1 7= me—e[w wjf)‘”"] 720 War €W w7

XHU%-wk\
By induction’s assumption /m > 2Hw§, w(,T ik
the max [ } to find that,

Therefore we can invoke Lemmafor all

t t),71 -1 -
s — w7 < exp(1/4) - [Jox —wi|| < 2 [Jwg —wi||.
Which proves the induction. Overall, we could bound c ;. based on the training objective. assuming
ﬁj (wg-t)) and ﬁj (wj(vt)’ﬂ) are of the same order(needs proof), then we find

K T-1 _
x2S SEGN BP0 ¥ T Awd)
j=k+1 t=0 j=k+1 t=0

To simplify the statement of the lemma, we can assume ﬁ]( (t )) and F (w; (£), e *) are of the same
order as reducing the sample-size by 1 sample does not affect tl?le tralmng bounds
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Lemma 3. Let the assumptions of Lemmall|hold. Assume

K T-1 K T-1

o ~

Vmzn S S (FE @)+ Bl )y =g 30T R
j=k+1 t=0 j=k+1 t=0

Then,

Y T-1
o v G K Z Fk(w’(:))
t=0

1 — . n

- E —widl < 1R
n L |wi "UKH] =, =D
where ¢, gk = O (Z] =k+1 Z ( (t)))

Proof. The proof essentially follows by the last two lemmas and noting that |jwy, — w;?|| < [Jwy —
wi—1 | + [|Jwy® — wi—1]| = O(||wf — wi_1]]) by Lemma Therefore the condition we had in Eq.
on Vm > |lwg — wy||? is absorbed in the condition from Lemma

O
This completes the proof of Theorem 4]

B.2 PROOF OF THEOREM[3]

Theorem 6 (Restatement of Theorem [3). Assume the loss function is I-Lipschitz and 1-smooth.
Then, the expected delayed generalization gap satisfies,

T nT(K—k+1)
en = (& m
Fix =Ep, [Fk(wK) - Fk(wK)} S ﬁT

Proof. The proof of Theorem [3| essentially follows from Theorem [d] We outline the distinct steps.

Note that since the objective is 1-Lipschitz, it holds P (w) < 1 for any w.. Therefore Eq. from
the proof of Theorem [3|changes into

R —1), i
|lwr —wi| < (14—77\/») H (T=1) (T,

As a result, by unrolling the iterates and noting that R < 1:

. LK — k)T .
o — wid]| < exp (W) ok — wi]| (a1

Moreover, again using the Lipschitz loss function properties:

Hwk—wlle SHwI(C )—nVF( (T~ 1)) (! (T—1),~i — Yy (w (T*l);_‘i))H

|| R0

— =~ — —1).—i =~ —1).—i L
< [l = gV Fuw™V) = (w0 = g B )+ 22

n

< exp(J ) ") — w7+ I

< exp()uf? — w7 + (1 -+ exn( G2 2
— Lt L

< (3 e(mN T

< exp(%)#-
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where the last step is derived by repeating the procedure over all T iterations.

Inserting this in Eq. [T T] taking the expectation over Dy, using Eq. [7Jand noting that L (the objective’s
Lipschitz parameter) is constant for our setup, conclude the proof of the theorem. O

C BOUNDING TRAIN-TIME LOSS AND FORGETTING FOR XOR CLUSTER
DATA

In this section, we prove Theorems Below, is a restatement of these theorems.

Theorem 7 (Restatement of Theorems[T}{2). Consider the d-dimensional XOR cluster dataset with
K tasks and assume gradient descent with T = ©(d?) iterations and n = O(d2K) samples for
each subsequent task trained by a neural net with m = ﬁ(dsK 4) hidden neurons. Then, with
high probability, the train-time forgetting and per-task train-time time error is F}*r; = oq(1). In
particular, for the train-time forgetting with probability 1 — J, we have: 7
K — 'K — & 2
|.7:,§.fK| = |Fr(wg) — Fk(’wk)| = <77 d\f +n Td2 poly 1oa(d) +T}2T2\I/<m> ,

where O(-) hides logarithmic factors in n and 6.

The proof strategy is as follows. First, we consider the m — oo and derive the weights for arbitraay
number of GD steps for each task. We then show that for sufficiently large 7" and sufficiently large n,
and by computing the network output via concentration bounds based on n for the considered XOR
cluster dataset, the train-loss and forgetting are approximately zero. We then compute the error due
to finite-width, showing that under sufficiently small 7', and sufficiently large m, the derivations of
the infinite-width regime are approximately correct. This leads to the desired quantities and train-
time forgetting bounds based n,7" and m as stated in the theorem. We start by considering the
infinite width regime.

C.1 TRAINING ERROR FOR AN INFINITELY WIDE NETWORK

First, we consider the m — oo regime and characterize the distribution of the final weights after
T and 2T iterations in this regime. We then discuss the general formula for arbitrary number of
tasks. Recall, we considered the hinge-loss for training-time analysis. However, as mentioned in the
main body of the paper and as it will become clear in the following analysis, we can simplify the
arguments by noting that throughout the optimization process for all K tasks, only the linear part of
the loss is used. Thus we can assume the loss function as f(u) = 1 — u without loss of generality.

Let us simplify the notation by droping the task index from weights and instead denoting the vector
entering the ith neuron by w? € R?. Note that by Taylor expansion around the Gaussian initialization
wy, We have,

[[w — wo|
NG

For w close to wp, and for large enough m we can use a linearized neural network model. In
particular, in the m — oo regime, the updates of the continual learning algorithm are the following
for sufficiently small T":

O(w,z) = ®(wo,z) + — Za,qb wh, ) (x, w —wh) + O( ).

w0+77\/> Z%Cb 7~U07 j>)37 y]

nT 1
wT :w0+7iza’l¢ wO? 7 )fI: y]
nT 1 nT 1
w?T_wo—i_ﬁEZal(b (<w0,.f[,'j1>).’lf y] +7iza’l¢ w07 7 )x y]
7j=1 j=1
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We consider =¥, y¥ for any j € [n] and k € [K] as fixed training points used for training task k.
We consider randomness only with respect to the initialization w{, and characterize the distribution
of weights in the infinite width regime. As m — oo given the IID initialization for w{ and the
quadratic activation, we deduce the following convergence in distribution,

ﬂs.
||

T 1
w + = fZanS (wh, z;))x5y; —>wz—|—772z T Ty (12)

where w € {£1}, 2 € R? are Rademacher random variable and standard Gaussian random vector,
respectively, and they represent first layer and second layer initialization.

Let us briefly consider the matrix formulation,

Zyszx =: Az

then R ~ N(0, A?) as Cov(R) = ]E[AzzTAT] = AE[2z"]AT = AAT = A2 In the infinite

. T T
n asymptotic, A — E[y]xjx;r] = 1Ezz"|y = 1] — 1E[zz |y = —1] = 2(ulpd —plpl),
indicating that the GD updates learn the true vectors in the n — oo regime.

A similar argument leads to the following update rule for the second task:

) 1 n T 1 n T
Whp ~ 2z —|— Alwz + Ang A= — Zyjllele , Ay = — Zy?a:?xﬁ
vm vm n e~ n e

where again z ~ A(0, ;) and w is a Rademacher r.v. for representing the binary second layer
weights a;.

Similarly, we find that after K tasks with 7T iterations for each task, the weight wt.,. takes the
following form:

Whep ~ 2 + = ZA]wz Aj = Zyuxjxv'

Recalling the expression for the neural network output, we can characterize the output of the network
with this random variable in the infinitely wide regime:

when m — oo:

K
— nTE, [<z7x> <(2Aj)z,a:> +N+0

K
=0Tz (> Aj)z+N (13)
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where the last step is by the law of large number and /N denotes the asymptotic distribution of the
second term. The last term vanishes by the law of large numbers. We derive the training loss by

calculating the above for z coming from the training distribution.

We discuss the role of each term in Eq. [I3] First, considering the first term above, the training loss

for task K w.r.t the first training sample is the following,

nT T K 2 T
K k k.. k! K
—I E E Yi Ty Ti Xy
n °
k=11=1

We split the summation into the relevant task £ = K and other tasks when k # K.

Casel: k = K. Letusdrop K in Eq. we have

n

1 ' I 1 -
ol Yyl = = Y piel 21)? = ~(illen | + Y vl 2)?).
=1 i=1 =2

Recall our data model:
x~ N(Epf, oly) ify=+1, z~N(xpf 0?1 ify = -1,

with the following assumptions:

1 1
ij‘ﬂi—{a ||Nf||:||ﬂf‘|:ﬁv U:O(\/(W).

Let
1 n
U:= gzlyi(x;‘rxl)%
=

Fix x1,y;. For any i # 1, we write
T = py + e, i = iy, + &,
with €1, e; ~ N(0,0%1,), independent. Then:

T. _ KT K KT KT T
Ty T1 = [y, Hyy Ry, E1F [y, € E; E1

Note that (ugTuﬁ)Q = = if y; = y1 and 0 otherwise.

Hence,

1 T T .
Bl (45 & py, 14y, sitele)?] ity =y,

B [T r? | ] = S |
El—y (25, e1+pl ei+ele)?]  ifyi # v

Assuming a balanced distribution, i.e., Pr[y; = y1] = Prly; # 1] = %, we get:

1
E1T2:£ T S
iz o)™ = 5 + O\ & poly og(@)

: KT_ _ 1
where in the above, we used 11, €1 = O(g555 1oz77)

Thus, the overall expectation is the following:

_n LI
E[U] = 2d? 0 (d2 - poly log(d)>

which aligns with the true label y; .

21
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To compute the finite sample guarantees, note that each summand

Zi = yi(x] 1)
is sub-exponential with scale parameter O(1/d) as (e €1)? has standard deviation m uni-

formly for all ¢ > 1. By Bernstein’s inequality, for any § € (0, 1), with probability at least 1 — ¢
over the randomness in {2;, ¥; }ic[n)»

1/d 1/d 1
U—-E[U]| <C|——=+log(1/6) + —log(1/d) | = O | —=+/log(1/d
0 - B0 < ¢ (22 ViRti7) + L ou(1/9)) = 0 ( 5= Viowl17B)).
for some absolute constant C' > 0.
Putting together, with probability at least 1 — §

U= 3wt e = 4 0 paiog + av Vo)

d? - poly log

In particular, if n > d?log(1/), then the error term is much smaller than the signal 2—}12, and

therefore sign(7") = y;. with a union bound over all training points which introduces an additional
factor log(n) in the above bound, we find that the train error is exactly zero.

CaseII: k£ # K. Now we evaluate the other terms in the summation in Eq.
1~ ;
' Ajx = - Z yl (z " 2))?
i=1

for some j # K. drop 1 and note that

zi ~ N, 0%1y) ify, =41, 2~ N(2pl, o°1y) ify = —1,
z~ N(ERE, 0%1y) ify=+1, z~N(Euf, o) ify=-1,

where i, ), €,k are mutwally orthogonal, L[| = | = K] = k|| = Lz, and
_ 1

=0 (\/Epolylog(d)) ’

Let

1 n
i=1
let x = p + €, we have

T .

o El(£py e+p'e+ele)] ify; =1,
B lyilei o) [ui] = K T T T\2]
E[—(£pt,, e+p eitee)?] ify;=—1

Hence,
1

E[U'] = O(—————).
] (d2poly log(d))
Define
Zi = yi(z] )%
By expanding z; = pJ + &;, & = uf + €', and using ¢ = O(1/+/d), one can verify that
1
Var(z; z) = O <d> )

and that (z,/ x)? is sub-exponential with scale parameter O(1/d). Thus each Z; is sub-exponential
with parameter O(1/d).

By Bernstein’s inequality for i.i.d. sub-exponential random variables, for any § € (0, 1), with prob-
ability at least 1 — 6,
LSz - lz)
i

for some absolute constant C'.

U’ =

< 0 (Y2 viosarm + L ost1/9)) = 0 (= Vioe175)).
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Combining the two cases. Together with the two results above we find for any training data point
(z,y) from task K:

K
xT(ZAj)x = % +0 < VK + C;/\;I;\/log(l/é)>

d? poly log(d)

This concludes the calculations of the first term in Eq. [I3]

Now let us consider the noise term (denoted by N) in Eq. [I3}

1 m
T, \2
=— Zwl(zl x)
vm
note that w; (2, )2 has variance O(m), therefore by CLT

1 « T 1
— Y wi(z; £)? > N0, ———).
vm ; poly log(d)
Overall, in the infinite width limit, for some x, y from the K'th task’s empirical distribution

K
S(wgr,x) = nT:CT(Z Aj)z+N(0,1)

=1

T (ff LO(pE C@flogu/a))) 10 <1g<1/5>> |

d? poly log(d) poly log(d)

In particular, if n = Q(d?K log(1/4)), then the error term is smaller than the signal %%, and if

nT = ©(d?) then the output aligns with . With a union bound over all training points (which
introduces an additional factor log(n) in the above bound), we find that the train error (%) is exactly
zero for all k € [n], leading to the zero train error.

C.2 CHARACTERIZING FORGETTING FOR INFINITELY WIDE NETS

We can directly compute ﬁk(w ) by computing ®(wgr, x%¥) where ¥ is a sample (first sample
w.l.0.g) from the training data for task £ where £ < K. Recall,

Wher ~ oz ZAjwz A;j Zyvx]xv

note that the above is symmetric with respect to the task index therefore lim,, oo (Wi, x’f) =
lim,;, 00 ®(wgr, £ in distribution. and we have in the m — oo limit for xy, := x}c:

1
_ T E .
CID(wKT,xk.) =nT z, ( : A])l‘k +N(0, poly log(d)) (15)

VK VK log(1/6)
=it <d2 +0 <d2 poly log(d) * dv/n 10g(1/5)>> +0 (poly log(d)> '

Therefore, again if n = Q(d”K log(1/4)), then the error term is smaller than the signal %%, and if

nT = ©(d?) then the output aligns with y,. With a union bound over all training points k € [n], we
find that the training error is exactly zero for all tasks.

Now to characterize forgetting, recall it is defined as

|Fi(wi) — Fi(wy)| = |Z77T ap ( Z Aj)ax| (16)
j=k+1
_ VK —k \/7 Tog(175)
=iro <d2 poly log(d) 2(1/9) )
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where the calculations are the same as before except that the impact of initialization noise is present
in both Fy (wg ), Fx(wy) and thus it is canceled.

In the above expression, if n = Q(d2(K — k)) and nT =< d2, the increase in forgetting is 04(1).

C.3 FINITE-WIDTH ERROR

The calculations above hold for the infinitely-wide network. In this section, we derive the error due
to finite width. Recall,

[lw — wo?

\/m )

(w, ) = B(uwo, x) + jm;am'«wmw,wi — wl) +0(

for the infinite width limit we had,

W) = wh+n—=— Y _ a;i¢((wh, z}))x}y;
\/ﬁnjil
7112 —w0+7 Za’lqs wO? _/ l' y]
—i nt 1
Why = wh + fZanS wh, T ] xyj—kifZaqu wh, T J xyj,

and similarly, all tasks’ updates were derived. Let ®(-,-) be the infinite-width and ®,,(-, ) be the
finite-width formulations of the network output. Then, we are interested in bounding |®(w;, z) —
®,,, (wy, )| which can be written as:

|®(ws, ) — P (wy, )| < |P(2,2) — Py (w0, T)|
+ ‘% ;ai (wh, ) (x,wi — wh) — Ntk [(z, x)(x, A 2)]

[|we —WOHQ)
T
1w —wol?

smt T vm
+ \% > s ) o] = ) = B[ 2) o )

+ O(

<O( )

where we used the fact that by LLN: \/% St a (wh, x) (,wp — wh) = ntE,[(z, z)(z, A12)].

, , 1 ,
Note that w} — w = ﬁ S ?:1 a;{wk, z;)x;y;, therefore when m — oo:

m t—1 n m
1 i i i n 1 i i
LS b ot~ ) = 15 S ) - S w0t
i=1 =0 =1 i=1
7] t—1 n
=2 2w sy B(wh, 2wy, 25)]
7=0j5=1
(wf.x) is Gaussian with variance ||z||? and (w’,x;) is bounded by D ||z;| where D% := ||w’ —

w}||, therefore (wf, x)(w,z;) is bounded by ||z||||z;||Di = O(D%). and by Hoeffding’s concen-
tration inequality:

|2 S o ) 25) — Bl a) ot ]| = O(F

= vin!
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and hence w.h.p,

t—1 n t—1 n

’%ZZ@JJ% %Z wh, T -1 ZZ @, 255 E[{wp, ) (wr, ;)]

=0 j=1 7=0j=1
:O(%EmiaxDi)
~ 1 ~7)tDt1
=0(——N"D1) =
0<ﬁ§; n=0(=)
T

where we used again 2 ' z; < 1, the fact that due to symmetry we expect D’ to be of the same order
for different i s and also D% < D; for all 7 < ¢. Putting these back to the inequality in the last page
for the finite-width error of the network’s output:

_ Lo flwe = w0||2 ntfw; —wp
o _ - )
|® (s, ) — P (wy, )| = < — + — + —
similarly
B ~ /1 |lwgr —woll®>  nKT|wksy —wi
(Bgr,x) — By (wer,z)| = O [ —— . a7
|®(Dxr, ) (wir, )| <m + N + Jm (17

C.3.1 BOUNDING THE WEIGHTS DISTANCE FROM INITIALIZATION

In order to complete the proof, we need to bound the distance from initialization i.e., [|w; —wy|| and
|lwi — w§|| for every ¢ and t. We do this by an iterative argument as follows. Note that for the XOR
cluster dataset ||z|| = ©4(1). Then, by recalling the updates of GD, we find that,

n
||w1*w0|\<\ﬁ leo, ; IIIIIIINT

n
lw) — wp| < \ﬁnZWo’ il + f; wi, zj)] [l
277 n n
< o [(wh, @)l 1l + Z — wp, z5)] |z
i=1 =
m 7 2n
< 2L 0T oL
i i 3n S -
o il < 2 S b el + S ik — il
i=1 =1
’[7 n
1
+ i 2k = bl
31 M \2 N _\3 3
S Tt (Lp+ (5 =0
vm o m vm vm
Therefore, |wi — wi| = (T’L)whenn—Om(l).We also have
l[wy = wol| = O(tn).
By Eq. [I7}
. 1 2K2T2 2K2T2 . 2K2T2
@(wKT,x)—<I>m(wKT,x)|:O<\F T + 1 - >:O(n¢m> (18)

Recall that we had chosen nT" = ©(d?) to guarantee sign(®(wxr, zx)) = yi and |® (W, 2)| 2
1, therefore if _
= Q(d®K*),
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the finite width error is small enough to conclude sign(®,, (Wi, Tk )) = yx for any z, yx from
the Kth task data distribution. Similarly, we have sign(®,,(wxr,xr)) = yi for any zy, y from
the kth task’s data distribution because the error terms defined above are independent of the data
distribution. Thus, the characterization of forgetting we derived in Eq. [T3]is accurate for the same
width.

Finally, we note that with the given assumptions on n, T, m, K it holds that ®,, (wx, z) is always
bounded by 1. To see this, recall by Eq. [I5]and Eq. [I8] the network output for any training point =
is at most hte following:

VK VK log(1/4)
&, (wier, x) < 0T <d2 o) <d2polylog(d) M NG log(1/5)>> +0 (polylog(d)>

2 K2T2
+0 | ==
vm
Recall K = 5d(1), with the choice of m,n in the statement of the theorems, it holds with high
probability that ®,,(wgr,x) < 1. Thus, the network output always lies in the linear part of the

hinge-loss for any 7T < d? even at initialization where 7' = 0. Therefore, our assumption on the
linearity of loss is valid throughout training.

D REGULARIZED CONTINUAL LEARNING: PROOF OF PROPOSITION ]

Proposition 3 (Restatement of Prop. [T). Consider the regularized continual learning problem Eql6]
with same setup as Theorem [I| with m — oo. The iterates of this algorithm with step-size 1 are
equivalent to unregularized continual learning with step-size r where 7 = arn/T and ar =
1—(1—n\)7T

nA

Proof. In regularized continual learning, the objective at task k > 2 is:
5 A 2
min Fj(w) + = ||w — wg—1]]
w 2

The GD update rule is the following:

wi ™ = wfl? = gV E (i) = n\(wf! —wy 1)
= (1 =N w) — nVE(wh) + nhwy_1.

For the first task, there is no regularization, therefore for neuron ¢ (we drop 7 here for ease of
notation):

1 n
wf? = wf® + wn > e (ul” )iy}

T 1
wy = wl” = w{" = wl® + \Zﬁn Zai(b'((wgo), )y

J=1

For the second task, due to the regularization term A|jw — w1 ||?/2, the first GD update takes the
following shape:

wél):(l—n)\) (O)+77\Fnzaz¢ w1 DY+ A

()+77\/>nzaz¢ ) a2))aty?.
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Figure 7: Effective step-size for regularized continual learning «; in Prop. [[|based on regularization
parameter A (Left) and number of GD steps ¢ (Right).

Hence, the first step is identical to the unregularized update rule. For the second step,

wéz) =(1- n)\)wél) Zam w1 , ]>)33 yj + nAw;

=w§°>+(<1—m>+1>%%z ad (0l et

Similarly,

w? = (1= pAwd? + Zam (i, 22))a2y? + nhwn

= wf” + (L= nA)((1 =) +1) + \Fn Zw wi” a3y},
Therefore fort < 7T :
wy!) = wy” w—{j aid/ ((w” a3))3us.
The same steps can be repeated for every task to obtam
R Zam (i, a3y,

which leads to the following expression for any k Z 2:

Wy 1= (O)+\T}%:LZ 1¢(< v g>)$ y7+aT\/> ZZCW wl J ]>)m vy

j=1 k=2 j=1
where
ag=1las=(1—-nN)az_1+1 for t>1
We can find the following closed form expression to the equations above: a; = %_An’\)t This
completes the proof. O

With an accurate approximation, we have
1— 6*77)\75
nA
For small ¢, we have oy = t, whereas for large ¢ ~ T, assuming A = ¢/T : we have oy =

ap =~

T(l_iim). Figure [7| illustrates ap/T versus regularization parameter A and ay based on t for
different regularization parameters. Note that larger values of A\ correspond to smaller values of o
leading to weights moving shorter distances from their initialization points. As A — 0, we have
ar/T — 1, as the step-size for regularized problem converges to the step-size for unregularized
one.
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E ADDITIONAL EXPERIMENTS AND IMPLEMENTATION DETAILS

Experiments with MNIST and FashionMNIST. In Figure [T1] (Top), we consider continual bi-
nary classification of digits from the MNIST dataset with K = 2 tasks. The plots show the amount
of increase in training loss of task 1, during learning task 2. The results are averages over 15 in-
dependent experiments. For the left plot tasks are determined according to digits 0 — 3 and for the
right plot the tasks are determined according to the data distribution formed by digits 4 — 7. The
sample-size for the first task is fixed to n = 50 in all curves and different curves correspond to
different sample sizes for the second task. The results of previous figures on the role of sample-size
continue to hold for this distribution as well, since increasing the sample-size for the second task
generally improves the continual learning of the first task. In Figure [l 1| (Bottom), we consider a
similar experiment but with the FashionMNIST dataset, choose logistic loss and ReLLU activation,
and set the total number of tasks to K = 4, where different tasks correspond to data from different
labels. Similar to the last experiment, we observe that increasing the sample-size for subsequent
tasks generally has a positive impact on the first task’s training loss.

Experiments with transformers and GMM data. We also conduct experiments on attention-
based architecture in Figure[T2] We plot the train-time forgetting for task 1 for K = 2 overall tasks
for a transformer with feedforward neural networks in both the encoder and the decoder parts where
we consider Mencoder = 60, Maecoder = 30 for the left plot and Mepncoder = Mdecoder = 10 for
the right plot. Results shown are averaged over 10 independent experiments. We remark that for
the transformer with smaller size, we observe the similar behavior we observed for neural network
experiments, i.e, increasing the sample-size for the second task can noticeably help with train-time
forgetting of the first task. On the other hand, for the larger network, the behavior is more complex:
increasing n can help up to a certain threshold (n ~ 250), while above this threshold increasing n
hurts continual learning. While we hypothesize this behavior is due to the complex landscape of
larger networks, a more thorough investigation is needed.

0 100 200 300 400 500 600 0 100 200 300 400 500 600
t t
n = 5000 n = 8000

Figure 8: Classification test error for each task vs iterations for the XOR cluster with K = 3 tasks
trained on a quadratic network with n = 5000(left) and n = 8000(right) training samples per task.

Figure 9: Repeating the experiment of Figure [3]but with ReLU activation and logistic loss.
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Figure 10: Train loss on task 1 as a function of the task index (i.e., F (wg) vs. k) for K = 15
and K = 20 tasks with n samples per task for the XOR cluster dataset. The left plot uses GELU
activation with logistic loss, while the right plot uses quadratic activation with hinge loss.
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Figure 11: Top: Train-time forgetting for task 1 while learning the second task for K = 2 total tasks
from the MNIST dataset, classifying labels *0’/°1” for task 1 and labels *2°/°3’ for task 2 (left) and
labels *4°/’5’ for task 1 and labels *6°/°7 for task 2 (right). We fix n = 50 samples for the first task,
and change n for the second task. Bottom: First task’s training loss (ﬁ 1(w(t>)) vs t for learning 4
binary tasks from the split FashionMNIST dataset. We fix n = 200 for Task 1 and plot the training
curves while increasing n for subsequent tasks.
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Figure 12: Train-time forgetting for task 1 based on ¢ for K = 2 tasks with attention-based trans-
formers with large neural net for the encoder and decoder parts(Left plot), and with small neural
net(Right plot). Here we consider a tokenized multi-task Gaussian-mixture data where the goal is to
find the binary label used for each context window. We fix n = 50 for the first task and change n
for the second task. Note that our insights from previous theoretical and empirical results partially
hold for this setting, especially for the transformer with smaller FFN layer.

Implementation Details for all experiments. We include the actual values for different problem
parameters used in the numerical experiments:

Figure[T} n = 2500 (left), n = 5000(right), for both plots we set d = 50, m = 1000,n = 2,T =
200,0 = 0.1/ /d and use linear loss and quadratic activation.

Figure d =50,m = 1000, = 2,T = 200,0 = 0.1/V/d.
Figure GELU activation and logistic loss. d = 50, m = 400,77 = 3,T = 400,0 = 0.1/\/3.

Figure @} GELU activation, logisitc loss for both plots. We set d = 50, m = 2000,n = 30,7 =
2000, 0 = 0.2/+/d. Right: n = 2000, T = 4000.

Figure We set n = 5000,d = 75,n = 51T = 200,060 = 0.15/\/& and vary
m = 100, 300, 1000, 3000, 6000, 10000.

Figure@ GELU activation, Logistic loss, d = 50,n = 200,n = 20,7 = 1000,0 = 0.2/\/&

Figure n = 5000(left),8000(right),d = 75,m = 1000,n = 5,7 = 200,0 = 0.15/\/&, linear
loss, quadratic activation

Figurd9} Using the same setup as Figure [3] but with ReLU activation and logistic loss.
d = 50,m = 1000, = 0.3, T = 400, = 0.1/v/d

Figure [T0} GELU activation and logisitc loss, 7 = 30,m = 400 for the left plot, Quadratic
activation and Hinge loss, m = 1000,7 = 4 for the right plot. For both plots we set,
d=50,T = 400,0 = 0.1/+/d.

Figure [Tt Top: n = 50 samples for the first task, n varying for the second task, GELU
activation, Hinge loss, d = 784, m = b500. For the left plot n = 0.0003,7 = 50 and
for the right n = 0.001,7 = 200. The results are averages over 15 experiments. Bottom:
T = 2000, = 0.05, m = 2000, K = 4, ReLU activation and Logistic loss, Tasks are chosen from
labels 1-4, 7-10 from the FMNIST dataset. Dataset is normalized to have £5-norm at most 1.
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Figure @ We use hinge-loss, ReLU activation, and the transformer is one-layer with one head,
context length = 10, the hidden-layer size of the feedforward neural is 60 and for the decoder is 30.
In the right plot, both hidden-layer sizes are reduced to 10 ¢ = 0.1/ Vd, ik = ey, / Vd for k € 2],
n = 0.01.
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