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Abstract

Zeroth-order optimization (ZOO) is an important framework for stochastic opti-1

mization when gradients are unavailable or expensive to compute. A potential2

limitation of existing ZOO methods is the bias inherent in most gradient estimators3

unless the perturbation stepsize vanishes. In this paper, we overcome this biased-4

ness issue by proposing a novel family of unbiased gradient estimators based solely5

on function evaluations. By reformulating directional derivatives as a telescoping6

series and sampling from carefully designed distributions, we construct estimators7

that eliminate bias while maintaining favorable variance. We analyze their theo-8

retical properties, derive optimal scaling distributions and perturbation stepsizes9

of four specific constructions, and prove that SGD using the proposed estimators10

achieves optimal complexity for smooth non-convex objectives. Experiments on11

synthetic tasks and language model fine-tuning confirm the superior accuracy and12

convergence of our approach compared to standard methods.13

1 Introduction14

In this paper, we consider the problem of zeroth-order optimization (ZOO), where our goal is to solve15

the following stochastic optimization problem:16

min
xPRd

fpxq :“ Eξ„Ξfpx; ξq, (1)

where fpx; ξq is a smooth loss function evaluated on data ξ drawn from a distribution Ξ. In many17

practical scenarios, gradient information is either unavailable or prohibitively expensive to compute.18

Due to its versatility, ZOO has been widely adopted across various domains, including black-box19

adversarial attacks on machine learning models [Chen et al., 2017, Kurakin et al., 2016, Papernot20

et al., 2017, Cai et al., 2021, Zhao et al., 2020], physics-informed neural networks interfacing with21

external PDE solvers [Shen et al., 2024, Ma et al., 2025], and reinforcement learning [Choromanski22

et al., 2018, Lei et al., 2022, Suh et al., 2022]. Recent research on ZOO also focuses on enhancing23

memory efficiency [Cai et al., 2022a,b, Li et al., 2024, Sugiura and Matsutani, 2025], motivated in24

large part by fine-tuning large language models [Malladi et al., 2023, Zhang et al., 2024, Gautam25

et al., 2024, Tang et al., 2024, Wang et al., 2024, 2025].26

Unlike first-order methods that rely on stochastic gradients ∇fpx; ξq, ZOO uses only function27

evaluations, without access to gradient information. To approximate gradients, several estimators28

have been proposed, including the one-point estimate ∇̂fpx; ξq “
fpx`µv;ξq

µ v [Flaxman et al., 2005,29

Shamir, 2013, Bach and Perchet, 2016, Nesterov and Spokoiny, 2017, Berahas et al., 2022] and30

two-point estimator ∇̂fpx; ξq “
fpx`µv;ξq´fpx;ξq

µ v [Ghadimi and Lan, 2013, Duchi et al., 2015,31

Nesterov and Spokoiny, 2017] (see Appendix A.1 for further discussions). The random direction v is32

typically drawn from a Gaussian or uniform spherical distribution, while alternative choices have33
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also gained increasing attention in recent years [Ghadimi and Lan, 2013, Duchi et al., 2015, Ji et al.,34

2019, Sahu et al., 2019, Coope and Tappenden, 2020, Kozak et al., 2023, Rando et al., 2024a,b, Ma35

and Huang, 2025].36

However, despite these advancements, a critical limitation arises in zeroth-order gradient estimation;37

that is, all widely used gradient estimators exhibit inherent bias. Specifically, unless the perturbation38

step size µ asymptotically tends to zero, these estimators yield persistently biased approximations of39

the true gradient. This inherent bias motivates a central question explored in this paper:40

Q1: Is it possible to design an unbiased zeroth-order gradient estimator using
only function evaluations?41

Contribution 1: In this paper, we answer Q1 affirmatively. Contrary to the belief that zeroth-order42

gradient estimators must inherently be biased due to finite-step perturbations, we demonstrate that it43

is indeed possible to construct unbiased gradient estimators using only function evaluations. Our key44

idea is to express ∇vfpxq (in the deterministic setting), the directional derivative along the direction45

v, as a telescoping series:46

∇vfpxq :“ lim
µnÑ0

fpx ` µnvq ´ fpxq

µn

“

8
ÿ

n“1

pn

„

fpx ` µ1vq ´ fpxq

µ1
`

1

pn

ˆ

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

˙ȷ

, (2)

piq
“ En„tpnu8

n“1

„

fpx ` µ1vq ´ fpxq

µ1
`

1

pn

ˆ

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

˙ȷ

where the perturbation stepsize µn Ñ 0 as n Ñ 8, the sampling distribution tpnu8
n“1 form a47

probability distribution (that is, 0 ă pi ă 1 for all i P N and
ř8

i“1 pi “ 1), and the expectation48

representation (i) holds under mild regularity conditions (Proposition 2.1). This formulation allows us49

to reinterpret the directional derivative as an expectation over n „ tpnu8
n“1, enabling the construction50

of a unbiased gradient estimator family P (Definition 2.2):51

∇̂vfpxq :“ En„pPpn, vq,

where Ppn, vq is an unbiased estimator of

fpx ` µ1vq ´ fpxq

µ1
`

1

pn

ˆ

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

˙

.

Within this framework, we propose four specific estimators, denoted as Pk-estimator for k “ 1, 2, 3, 4,52

corresponding to the number of function evaluations required in each estimation. To the best of our53

knowledge, unbiased zeroth-order gradient estimators have received little attention in prior literature.54

The only existing work we are aware of is the four-point estimator proposed by Chen [2020], which55

shares the same telescoping structure and can be viewed as a special case of our P4-estimator.56

Contribution 2: Building on our unbiased estimator construction, we conduct a rigorous variance57

analysis on our proposed Pk-estimators. We first present a negative result for the P1-estimator;58

although it requires fewer function evaluations, it may exhibit infinite variance under certain conditions59

(Theorem 3.1 (a)), which aligns with the one-point estimator in the randomized smoothing [Flaxman60

et al., 2005]. Next, we characterize the relation among the variance of the Pk-estimator (k “ 2, 3, 4),61

the perturbation stepsize sequence tµnu8
n“1, and the sampling distribution tpnu8

n“1 (Theorem 3.162

(b)). Identifying the optimal choice of tµnu8
n“1 and tpnu8

n“1 leads us to the following non-convex63

functional optimization problem:64

min
tµnu8

n“1,tpnu8
n“1

En„tpnu8
n“1

ˆ

µn ´ µn`1

pn

˙2

(3)

subject to 0 ă pn ă 1;
8
ÿ

n“1

pn “ 1;
8
ÿ

n“1

µn ă 8.
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We present an explicit analytical solution to this optimization problem (Theorem 3.2), which reveals65

two key insights: (1) our constructed unbiased gradient estimators can achieve the same variance66

as the classical two-point estimator without introducing additional bias, leading to the best-possible67

complexity for SGD algorithm (Corollary 3.5); (2) a broad class of sampling distributions can achieve68

the minimum variance, extending beyond the specific choices considered in prior work [Chen, 2020].69

While our theoretical results establish strong guarantees, an important practical question remains:70

Q2: Given the optimal choice of tµnu8
n“1 and tpnu8

n“1, do the proposed
unbiased estimators empirically outperform existing zeroth-order methods?71

Contribution 3: To address Q2, we empirically validate our proposed approach across both synthetic72

and practical tasks. On estimating the gradient of mean-square and logistic losses, our method73

achieves significantly lower gradient estimation error compared to standard zeroth-order methods74

(Section 4.1). Furthermore, when applied to fine-tuning large language models, the proposed75

estimators demonstrate faster convergence and higher final accuracy under the same number of76

function evaluations (Section 4.2). These results confirm the practical advantages of our unbiased77

construction and underscore its effectiveness in modern zeroth-order optimization tasks.78

2 The Derivation of Unbiased Zeroth-Order Estimators79

We will start from the deterministic case then turn to the stochastic case in Section 3.3. In this section,80

we formally derive a class of unbiased estimators for approximating the gradient ∇fpxq using only81

function evaluations. We also provide a sufficient condition under which the telescoping series in82

Eq. (4) admits the expectation representation. All proofs are provided in the appendix.83

2.1 Telescoping Series and Expectation Representation84

For a fixed direction v P Rd, the directional derivative of a differentiable function f : Rd Ñ R at x
along the direction v is defined as

∇vfpxq “ lim
µÑ0

fpx ` µvq ´ fpxq

µ
.

Then for any decreasing sequence tµnu8
n“1 with limnÑ8 µn “ 0, one can express this directional

derivative as the limit of a convergent sequence
!

fpx`µnvq´fpxq

µn

)

:

∇vfpxq “ lim
nÑ8

fpx ` µnvq ´ fpxq

µn
.

This convergent sequence canonically induces a telescoping series with the same limit:85

∇vfpxq “
fpx ` µ1vq ´ fpxq

µ1
`

8
ÿ

n“1

„

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

ȷ

. (4)

Next, consider a probability mass function (PMF) tpnu8
n“1 with pn ą 0 for all n and

ř8

n“1 pn “ 1.86

When the series in Eq. (4) is absolutely convergent1, we can interpret it as an expectation over a87

discrete random variable n. That is,88

∇vfpxq “

8
ÿ

n“1

pn

„

fpx ` µ1vq ´ fpxq

µ1
`

1

pn

ˆ

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

˙ȷ

“ E
„

fpx ` µ1vq ´ fpxq

µ1
`

1

pn

ˆ

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

˙ȷ

.

(5)
1We follow the standard definition from Spivak [2008]: A series

ř8

n“1 an is called convergent, if the limit
of its finite sum limNÑ8

řN
n“1 an exists. A series

ř8

n“1 an is called absolutely convergent, if the series
ř8

n“1 |an| is convergent. See the formal definition in Appendix B.1.
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On the Role of Absolute Convergence. The absolute convergence of the series in Eq. (4) plays89

a critical role in interpreting the telescoping series as an expectation. This is due to the difference90

between the series convergence and the existence of expectation: A convergent series can yield91

different values depending on the order of summation (this result is called the Riemann series theorem92

[Riemann, 1868, Spivak, 2008]); however, the outcomes of a random variable have no naturally93

given order (which makes it different from a series), which requires a random variable’s expectation94

to be well-defined regardless of any such ordering. While the expectation representation has been95

discussed in prior work (e.g., [Chen, 2020]), the lack of attention to absolute convergence has left the96

conditions ensuring unbiasedness underexplored.97

Due to this reason, we provide the following (mild) sufficient condition for ensuring the absolute98

convergence with adding a slightly stronger requirement on the objective function f : Rd Ñ R and99

the sequence tµnu8
n“1:100

Proposition 2.1. If the second-order continuously differentiable function f : Rd Ñ R has L-Lipschitz
continuous gradient and

ř8

n“1 µn ă 8, then the series
8
ÿ

n“1

pn

„

fpx ` µ1vq ´ fpxq

µ1
`

1

pn

ˆ

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

˙ȷ

is absolutely convergent and its limit is ∇vfpxq.101

2.2 The Construction of Unbiased Estimators102

With the expectation representation in place, we are ready to define the class of unbiased estimators103

explicitly.104

Definition 2.2. Suppose that the function f : Rd Ñ R is continuously differentiable and tµnuně1 is105

a positive sequence with limnÑ8 µn “ 0 such that the telescoping series106

fpx ` µ1vq ´ fpxq

µ1
`

8
ÿ

n“1

„

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

ȷ

is absolutely convergent, the sequence tpnu8
n“1 forms a PMF, and V is the distribution over Rd. Then

the family of estimators P :“ Ppf, tµnu8
n“1, tpnu8

n“1, V q denote the class of random variables
such that for every Ppn, vq P P , it satisfies

ErPpn, vq | n, vs “
fpx ` µ1vq ´ fpxq

µ1
`

1

pn

ˆ

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

˙

,

where v is sampled from V , independent with n „ tpnu8
n“1.107

In the following theorem, we formally prove that our proposed class P is exactly the unbiased108

estimator of the gradient ∇fpxq.109

Theorem 2.3 (Unbiasedness). Let P :“ Ppf, tµnu8
n“1, tpnu8

n“1, V q is defined as Definition 2.2.110

Then, for any estimator Ppn, vq P P , the following hold:111

(a) ErPpn, vq | vs “ ∇vfpxq; that is, Ppn, vq is an unbiased estimator of the directional112

derivative ∇vfpxq.113

(b) If the random direction v is chosen independently of the sampling n „ tpnu8
n“1 and satisfies114

Erv vJs “ I , then115

En„tpnu8
n“1,v„V

”

Ppn, vq v
ı

“ ∇fpxq,

so that Ppn, vq v is an unbiased estimator of the gradient ∇fpxq.116

2.3 Specific Constructions117

In this subsection, we propose four concrete constructions from the estimator family (Definition 2.2)
P :“ Ppf, tµnu8

n“1, tpnu8
n“1, V q

based on the number of function evaluations used in estimating the gradient. These constructions118

are designed to explore two main aspects: (1) the trade-off between the estimator variance and the119

number of function evaluations, allowing flexibility depending on the computational budget; and (2)120

a fundamental question purely driven by the theoretical interest: What is the minimum number of121

function evaluations required to construct an unbiased gradient estimator?122
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P4-Estimator. This estimator corresponds to the four-point estimator originally proposed by Chen123

[2020] with slightly generalizing the choice of the perturbation stepsize sequence tµnu8
n“1 and the124

sampling distribution tpnu8
n“1. For a given direction v „ V and n „ tpnu8

n“1, the P4-estimator is125

defined as126

P4pn, vq “
fpx ` µ1vq ´ fpxq

µ1
`

1

pn

«

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

ff

. (6)

This construction requires four function evaluations at: x, x ` µ1v, x ` µnv, and x ` µn`1v,127

exhibiting the lowest variance and the most function evaluation counts among all members of P .128

P3-Estimator. We can reduce one function evaluation by introducing a selection random variable129

U2 „ Uniform pt0, 1uq2. The estimator is then defined as130

P3pn, vq “
fpx ` µ1vq ´ fpxq

µ1
U2`

1

pn

«

fpx ` µn`1vq ´ fpxq

µn`1
´
fpx ` µnvq ´ fpxq

µn

ff

p1´U2q.

(7)
This construction randomly selects one of two pathways: With probability 1{2, it uses the first term131

only and requires two function evaluations at x ` µ1v and x; otherwise, it uses the second term132

and requires three function evaluations at x ` µnv, x ` µn`1v, and x. This estimator maintains133

unbiasedness as P4, with slightly higher variance.134

P1- & P2-Estimator. The selection random variable can be naturally extended to construct P1- and135

P2-estimators as follows:136

P2pn, vq “
fpx ` µ1vq ´ fpxq

µ1
ItU3“0u (8)

`
1

pn

«

fpx ` µn`1vq ´ fpxq

µn`1
ItU3“1u ´

fpx ` µnvq ´ fpxq

µn
ItU3“2u

ff

,

P1pn, vq “
fpx ` µ1vqItU4“1u ´ fpxqItU4“0u

µ1
(9)

`
1

pn

«

fpx ` µn`1vqItU4“2u ´ fpxqItU4“0u

µn`1
´

fpx ` µnvqItU4“3u ´ fpxqItU4“0u

µn

ff

,

where U3 „ Uniform pt0, 1, 2uq, U4 „ Uniform pt0, 1, 2, 3uq, and IA is the indicator function,137

which equals 1 if the event A occurs, and 0 otherwise. of the event A. Remarkably, the construction138

of P1-estimator achieves unbiasedness using only a single function evaluation. However, we will139

show that in the next section,P1-estimator will have infinite variance under certain condition.140

3 Variance Analysis of Unbiased Zeroth-Order Estimators141

In this section, we provide a theoretical analysis of the variance behavior for the unbiased estimator142

family P “ Ppf, tµnu8
n“1, tpnu8

n“1, V q (Definition 2.2). While the unbiasedness has been shown143

in Theorem 2.3, their variances can differ dramatically depending on the estimator construction. In144

particular, we prove that the variance becomes unbounded (i.e., infinite) for certain constructions145

such as P1-estimator. We also provide finite-variance bounds for Pk-estimators (for k “ 2, 3, 4) with146

matching the optimal variance under specific choices of tpnu and tµnu.147

3.1 Theoretical Analysis148

In the following result, we adopt the same condition as Proposition 2.1 to ensure the expectation149

representation.150

2Here we use UniformpAq to represent the uniform distribution over the finite or compact set A.
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Theorem 3.1. Let P :“ Ppf, tµnu8
n“1, tpnu8

n“1, V q is defined as Definition 2.2. Suppose that151

f : Rd Ñ R is second-order continuously differentiable and has L-Lipschitz continuous gradient,152
ř8

n“1 µn ă 8, and V is the uniform distribution over the sphere with the radius
?
d. Define153

µ :“ µ1, ϱ :“
8
ÿ

n“1

pµn`1 ´ µnq2

pn
, and φ :“

8
ÿ

n“1

µ2
n

pn
.

Then the following statements hold:154

(a) If there exists a point x P Rd such that the Hessian ∇2fpxq is positive definite and fpxq ‰ 0,155

then the variances of the P1 for estimating ∇fpxq is infinite.156

(b) The variance of Pk-estimator Pkpn, vqv (k “ 2, 3, 4) for estimating ∇fpxq is given by157

VarrP2pn, vq vs ď VarrP4pn, vq vs `
L2

3
d3µ2 `

L2

12
d3ϱ `

L2

3
d3φ.

VarrP3pn, vqvs ď VarrP4pn, vq vs `
L2

8
d3µ2 `

L2

8
d3ϱ.

VarrP4pn, vqvs ď pd ´ 1q}∇fpxq}2 `
3L2

4
d3µ2 `

L2d3

2
ϱ.

Proof. Part (a) directly follows by analyzing the tail of 1
pn

fpx`µnvq

µn
and leveraging the curvature158

from a positive definite Hessian. For the part (b), we simply decompose the variance of P2pn, vqv159

and P3pn, vqv into the variance of estimating P4pn, vqv using160

VarrP vs “ dErpP ´ P4pn, vqq2s ` VarrP4pn, vq vs

for arbitrary P :“ Ppn, vq P P . Then we apply the second-order Taylor expansions with the mean161

value theorem to control the finite-difference noise. Full details and auxiliary lemmas are provided in162

Appendix C.163

Comparison with Existing Literature. Theorem 3.1 reveals that while P1 is unbiased, its variance
can be infinite under certain conditions, making them unsuitable for SGD. In contrast, Pk-estimator
(k “ 2, 3, 4) offer the finite variance when tµnu8

n“1 and tpnu8
n“1 are appropriately selected. We

will show it later that under the optimal setting, their variances match the optimal order of classical
two-point estimators [Nesterov and Spokoiny, 2017] but with zero bias:

VarrPk vs “ Opd}∇fpxq}2 ` d3µ2q.

This variance will lead to the optimal function query complexity Op d
ϵ4 q for achieving ϵ-accuracy in164

the gradient norm }∇fpxq} [Duchi et al., 2015].165

3.2 On the Optimal Choices of tµnu8
n“1 and tpnu8

n“1166

In previous section, Theorem 3.1 connects the perturbation stepsize sequence tµnu, the sampling167

distribution tpnu, and the variance upper bounds of our constructed unbiased estimators, which168

has received limited discussion in the existing literature. To control the variance term, one must169

ensure that ϱ :“
ř8

n“1
pµn`1´µnq

2

pn
(and φ :“

ř8

n“1
µ2
n

pn
for P2-estimator) is sufficiently small. This170

observation naturally raises the question: What are the optimal sequences tµnu8
n“1 and tpnu8

n“1 that171

minimize this sum? The following theorem addresses this question:172

Theorem 3.2. Let tµnu8
n“1 be a positive, decreasing sequence with

ř8

n“1 µn ă 8, and let tpnu8
n“1173

be a PMF. Denote µ :“ µ1. Then the following statements hold:174

(a) The lower bound of ϱ is given by ϱ ě µ2. Moreover, the equality holds if and only if175

pn “
µn´µn`1

µ .176

(b) The lower bound of φ is given by φ ě

´

ř8

n“1 µn

¯2

ą µ2. Moreover, the equality holds if177

and only if pn “
µn

ř

8
n“1 µn

.178
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This result characterizes the choices of tµnu8
n“1 and tpnu8

n“1 that minimizes ϱ (and φ for the179

P2-estimator), leading to the variance upper bound of the form:180

maxtVarrP2pn, vqvs,VarrP3pn, vqvs,VarrP4pn, vqvsu ď Opd}∇fpxq}2 ` d3µ2q.

Here, we can always choose tµnu8
n“1 for the P2-estimator such that µ1 «

ř8

n“2 µn to nearly match181

the lower bound (« µ2
1).182

Sampling from the Optimal Sampling Distribution tpnu8
n“1. When the perturbation stepsize183

sequence tµnu8
n“1 is given, sampling the corresponding optimal distribution pn “

µn´µn`1

µ1
could be184

difficult; in most of cases, tpnu8
n“1 cannot be a ready-to-use distribution naively supported by existing185

software. Fortunately, we can do it conversely: given an arbitrary PMF tpnu8
n“1, the perturbation186

stepsize takes the form187

µn “ µ1PpN ě nq, where N „ tpnu8
n“1,

providing a practical way to implement the unbiased zeroth-order gradient estimator. To illustrate188

this point, we provide two concrete examples.189

Example 3.3 (Geometric Pk-Estimators). We consider the geometric distribution n „ Geompcq
(c P p0, 1q). Then pn “ p1 ´ cq cn´1 for all n P N. We define µn by the recursion µn ´ µn`1 “

µ1 pn “ µ1p1 ´ cq cn´1. Summing this relation leads to the closed-form solution

µn “ µ1 c
n´1

and the optimal value ϱ “ µ2
1. This construction recovers the geometric sampling scheme used by190

Chen [2020]. We call the Pk-estimator constructed on the geometric distribution as the geometric191

Pk-estimator. It is easy to verify that the corresponding φ is given as φ “
ř8

n“1
µ2
n

pn
“

µ2
1

p1´cq2
.192

Example 3.4 (Zipf’s Pk-Estimators). We consider the Zipf’s distribution n „ Zipfpsq (s ą 1). Then
pn “ 1

ζpsq
1
ns for all n P N, where ζ is the Riemannian zeta function defined as ζpsq “

ř8

n“1
1
ns .

We define µn by the recursion µn ´ µn`1 “ µ1 pn “ µ1
1

ζpsq
1
ns . Summing this relation leads to the

closed-form solution

µn “ µ1

«

1 ´

řn´1
j“1

1
js

ζpsq

ff

.

This construction also leads to the optimal value ϱ “ µ2
1. When estimating the upper bound of φ,193

we additionally assume s ą 3. In this case, we have φ “
ř8

n“1
µ2
n

pn
ď

ζps´2q

ps´1q2 ζpsq
µ2
1. The detailed194

calculation is put in Example C.7.195

In both examples, we start with a well-known easy-to-sample distribution tpnu8
n“1, and calculate the196

associated perturbation stepsize sequence tµnu8
n“1 either analytically (Geometric Pk-estimators) or197

iteratively (Zipf’s Pk-estimators). While all estimators (i.e. Pk-estimator with k “ 2, 3, 4) achieve198

the optimal variance in the order with d and µ, these examples indicate a key difference between199

the P2-estimator and the Pk-estimator (for k “ 3, 4): the variance bound of P3- and P4-estimator is200

parameter-agnostic; that is, once tpnu is specified, no additional tuning of distribution parameters is201

required to attain the optimal bound µ2. This distinction highlight the practical advantages of P3-202

and P4-estimators.203

3.3 Convergence of SGD with Unbiased Gradient Estimators204

In this subsection, we consider the stochastic optimization setting described in Eq. (1), where the goal205

is to estimate the stochastic gradient ∇fpx; ξq rather than the full gradient. Under the optimal206

sampling distribution tpnu8
n“1 and the corresponding perturbation stepsize sequence tµnu8

n“1,207

the convergence upper bound of SGD follows directly from standard results for general unbiased208

stochastic gradient methods.209

Corollary 3.5 (Khaled and Richtárik [2022]). Consider the stochastic optimization problem in Eq. (1),
and suppose that the individual loss fpx; ξq is second-order differentiable with L-Lipschitz continuous

7



Figure 1: This figure presents the MSE error of four different estimators across various dimensions d
ranging from 16 to 4096. The left panel corresponds to the quadratic loss freg, while the right panel
illustrates results for the logistic loss fcls. Each box plot describes the distribution of the MSE error
across 100 random trials.

gradient in x, uniformly over ξ „ Ξ. Assume the stochastic gradient is approximated using the Pk-
estimator Pkpn, vq v for k “ 2, 3, 4. Let the SGD iteration be defined as xt`1 “ xt ´ ηPkpnt, vtq vt
where η P p0, 1

L2d s is the stepsize. Then the iterates satisfy the following convergence guarantee:

min
0ďtďT´1

E}∇fpxtq}2 ď Opd3µ2η ` dη `
2

ηT
q.

Consequently, choosing η “ Θp1{
?
dT q and µ “ Op 1

d q yields the optimal complexity T “ Θp d
ϵ4 q of210

having min0ďtďT´1 E}∇fpxtq} ď ϵ.211

This complexity has matched the lower bound of solving a smooth non-convex optimization problem212

using first-order gradient-based method [Duchi et al., 2015] and cannot be further improved without213

adding additional assumptions. The L-Lipschitz continuous gradient condition can be further weaken214

to the expected smoothness assumption [Khaled and Richtárik, 2022].215

4 Experiments216

To validate our theoretical results and demonstrate the effectiveness of the proposed unbiased zeroth-217

order gradient estimators, we conduct experiments on two settings: synthetic objectives and language218

model optimization. Details and hyperparameter configurations are provided in Appendix E.219

4.1 Synthetic Examples220

We first evaluate our estimators on two classic loss functions [James et al., 2013]: the quadratic loss221

freg : Rd Ñ R for linear regression and the logistic loss fcls : Rd Ñ R for binary classification.222

fregpxq “ xJAJAx, fclspxq “
1

n

n
ÿ

i“1

logp1 ` expp´bi ¨ paJ
i ¨ xqqq,

where each entry of A P Rdˆd is independently sampled from the uniform distribution U r´1, 1s,223

each feature vector ai P Rd is sampled from the standard normal distribution Normalp0, Idq, and224

bi P t´1, 1u are binary labels generated based on a Bernoulli distribution with the fixed sample size225

n. The gradient of each objective function can be explicitly evaluated; we compare the performance226

of different zeroth-order gradient estimator using the Mean-Square-Error (MSE), which is defined as227

MSEp∇̂fpxqq :“ r∇̂fpxq ´ ∇fpxqsJr∇̂fpxq ´ ∇fpxqs. (10)

We compare the accuracy of estimating the gradient of two loss functions among four different228

gradient estimators including Zipf’s P3-estimator (Example 3.4), two-point estimator with Gaussian229

or uniform random perturbations, and centralized two-point estimator with uniform perturbation230

(the batch size of two-point estimators is adjusted to exactly 3 function evaluations). For detailed231
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hyper-parameter setting, we put in Appendix E. Several observations can be made from the results232

shown in Figure 1. First, comparing the same estimator across different dimensions, the MSE error233

for both objective functions generally increases with the dimension d, which is expected as higher-234

dimensional settings pose greater estimation challenges. Second, comparing different estimators, the235

Zipf’s P3-estimator consistently achieves lower MSE compared to others. These results collectively236

demonstrate the effectiveness of our proposed estimator when estimating the gradient, especially in237

high-dimensional settings, which will be further validate in the next experiment.238

4.2 Language Model Optimization239

In this section, we demonstrate the practical applicability of the unbiased gradient estimators in240

optimizing the deep neural network. Particularly, we apply it to the task of fine-tuning a pre-trained241

language model. Using zeroth-order optimization to fine-tune the LLMs has been an active research242

field in recent years due to its effectiveness in saving memory [Malladi et al., 2023, Zhang et al., 2024,243

Gautam et al., 2024, Guo et al., 2024]; it allows for fine-tuning model parameters without requiring244

access to the full computational graph, which can be prohibitively large for modern language models.245

Figure 2: Comparison of training loss during fine-tuning of OPT-1.3B on SST-2 using different
zeroth-order gradient estimators. The right panel rescales iterations by the number of function
evaluations. The unbiased Zipf’s P3-, Zipf’s P4-, Geometric P3-, and Geometric P4-estimators
achieve faster convergence under the same number of function evaluations.

We conducted experiments using the OPT-1.3b model [Zhang et al., 2022] for sentiment classification246

on the Stanford Sentiment Treebank (SST-2) dataset [Socher et al., 2013]. To ensure fair comparison,247

we maintained consistent parameters across experiments: the learning rate η “ 10´4 and the248

perturbation stepsize µ “ 10´3 (corresponding to µ1 in the proposed unbiased estimators), which249

is taken from Malladi et al. [2023]’s Table 7 without additional tuning. For two-point estimators,250

we have adjusted the batch size to align 4 function evaluations. Detailed experimental settings251

are provided in Appendix E. As shown in Figure 2, zeroth-order optimization using the proposed252

unbiased zeroth-order estimators achieved superior performance compared to other baseline methods.253

5 Conclusion254

In this work, we proposed a novel class of unbiased zeroth-order gradient estimators based on a tele-255

scoping series expansion of directional derivatives. We established new theoretical results, including256

a sufficient condition for the expectation representation (Proposition 2.1), the unbiasedness of the257

proposed estimators (Theorem 2.3), a variance analysis for four specific constructions (Theorem 3.1),258

and the characterization of the optimal sampling distribution and perturbation stepsize sequence259

(Theorem 3.2). We further demonstrated that SGD equipped with our estimators achieves optimal260

sample complexity and empirically outperforms existing mini-batch two-point estimators. These261

results provide a principled foundation for a new class of estimators in zeroth-order optimization,262

offering both theoretical insights and practical improvements.263
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A Additional Backgrounds440

A.1 Gradient Estimators in Zeroth-Order Optimization441

One-Point Zeroth-Order Estimator One-point estimators represent the simplest class, needing
only a single function query per estimate. This construction makes them suitable when queries
are costly or limited, like in online settings [Flaxman et al., 2005]. A common form, motivated by
Gaussian smoothing [Nesterov and Spokoiny, 2017], is

pSingle-Pointq ∇̂sglfpxq “
1

µ
fpx ` µvqv,

where v is often drawn from Normalp0, Idq. While the expectation Er 1
µfpx`µvqvs approximates the442

gradient of the smoothed function ∇x

“

Ev„Normalp0,Idqfpx ` µvq
‰

, the estimator is biased regarding443

the true gradient ∇fpxq. This bias diminishes as the smoothing parameter µ Ñ 0 [Berahas et al.,444

2022]. However, these estimators suffer from high variance, potentially scaling with d2 and exploding445

as µ Ñ 0 [Flaxman et al., 2005].446
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Two-Point Zeroth-Order Estimator Two-point estimators improve on one-point methods by using447

two function evaluations, often via a finite difference along a random direction [Shamir, 2017]. The448

standard difference form is449

pTwo-Sideq ∇̂2-sidefpxq “
fpx ` µvq ´ fpx ´ µvq

µ
v,

pOne-Sideq ∇̂1-sidefpxq “
fpx ` µvq ´ fpxq

µ
v,

requiring two queries [Shamir, 2017, Nesterov and Spokoiny, 2017]. This construction approximates450

the directional derivative [Chen, 2020]. Their expectation exactly matches the gradient of a smoothed451

function ∇xfµpxq [Nesterov and Spokoiny, 2017] and maintains a Opµq-level error [Ma and Huang,452

2025]. Variance is significantly lower than one-point methods, often scaling linearly with dimension453

d [Duchi et al., 2015, Berahas et al., 2022].454

Multiple-Point Zeroth-Order Estimator Multiple-point estimators use more than two function
evaluations to further enhance gradient estimate quality. Common strategies include Finite-Difference
method [Dai, 2015] or mini-batch averaging [Duchi et al., 2015]. The finite-difference method
approximates the gradient using finite differences along each standard basis direction:

pFinite-Differenceq ∇̂fin-difffpxq “

d
ÿ

i“1

fpx ` µeiq ´ fpx ´ µeiq

µ
ei,

requiring 2d queries, where ei is the i-th coordinate vector. Mini-batch averaging reduces variance
by averaging b independent two-point estimates:

pMini-Batchq ∇̂batchfpxq “

b
ÿ

i“1

fpx ` µviq ´ fpx ´ µviq

µ
vi,

The finite-difference method offers low intrinsic variance but high query cost. Mini-batching reduces455

base estimator variance by 1{b at a cost of b or 2b queries. These multi-point approaches can be456

combined arbitrary directional derivative estimators.457

A.2 Zeroth-Order SGD and Its Variants458

Vanilla Zeroth-Order SGD The convergence of SGD has been extensively studied under various459

settings. Ghadimi and Lan [2013] established complexity results for computing approximate solutions460

using first-order and zeroth-order (gradient-free) information with Gaussian smoothing. For smooth461

convex objective functions, Duchi et al. [2015] obtained the optimal convergence upper bound for462

SGD under the zeroth-order optimization (ZOO) setting. Nesterov and Spokoiny [2017] provided the463

optimal convergence upper bound for Gaussian smoothing. In the realm of nonconvex optimization,464

Ji et al. [2019] proposed two new zeroth-order variance-reduced optimization algorithms, ZO-SVRG-465

Coord-Rand and ZO-SPIDER-Coord, and provided improved analysis for the existing ZO-SVRG-466

Coord algorithm. These methods achieved better convergence rates and function query complexities467

than previous approaches. Berahas et al. [2022] derived convergence analyses for finite differences,468

linear interpolation, Gaussian smoothing, and uniform sphere smoothing methods. Recent studies469

have focused on non-smooth settings. Davis et al. [2022] and Zhang et al. [2020] established the470

sample complexity for Lipschitz functions without assuming smoothness. Lin et al. [2022] derived the471

complexity upper bound of SGD while noting a
?
d scale compared to the smooth setting. Notably,472

Rando et al. [2024a] and Kornowski and Shamir [2024] revealed that by applying certain techniques,473

the non-smooth case is not inherently more challenging than the smooth case.474

Variance-Reduced Zeroth-Order SGD A key bottleneck in vanilla zeroth-order SGD is the high475

variance of gradient estimators, which arises from both stochastic data sampling and the inherent476

randomness in the gradient estimation process. This high variance necessitates small stepsizes,477

leading to slow convergence [Liu et al., 2020]. To address the variance from stochastic data sampling,478

variance reduction techniques—originally developed for first-order methods [Fang et al., 2018,479

Defazio et al., 2014, Johnson and Zhang, 2013, Nguyen et al., 2017], have been adapted to the480

zeroth-order setting. Algorithms such as ZO-SVRG [Liu et al., 2018, Huang et al., 2019, Gu et al.,481
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2021], ZO-SVRG/SPIDER-Coord [Ji et al., 2019], and ZO-SPIDER/SARAH [Fang et al., 2018, Ji482

et al., 2019, Chen et al., 2023] leverage epoch-based updates with variance-reducing correction terms483

or recursive estimator refinements. These methods significantly improve convergence by reducing484

the iteration complexity.485

Memory-Efficient Zeroth-Order SGD Standard SGD typically requires storing all intermediate486

gradient across layers to enable chain-rule-based backpropagation, which incurs substantial memory487

overhead, especially when training large models. To alleviate this, MeZO [Malladi et al., 2023]488

introduces a memory-efficient approach wherein it suffices to store the random seed used to generate489

the perturbation vector for each layer, dramatically reducing memory consumption. This principle490

motivates algorithms such as Addax [Li et al., 2024], ElasticZO [Sugiura and Matsutani, 2025], and491

ZO2 [Wang et al., 2025], along with related benchmarking efforts [Zhang et al., 2024, Gautam et al.,492

2024, Wang et al., 2024, Guo et al., 2024]. Additional strategies exploit sparsity to further reduce493

memory usage; notable examples include ZORO [Cai et al., 2022b], the Extreme Sparsity framework494

[Guo et al., 2024], and the One-Bit method [Cai et al., 2022a].495

B Bias Analysis496

B.1 Absolute Convergence497

In this subsection, we derive a sufficient condition to guarantee the expectation representation of the498

telescoping series introduced in Eq. (5). This requires ensuring the series is absolutely convergent,499

a property essential for interpreting it as the expectation of a well-defined random variable. The500

following definitions are directly taken from Folland [2002]:501

Definition B.1 (Convergent series). A series
ř8

n“1 an is said to be convergent if the sequence of502

partial sums SN “
řN

n“1 an is a convergent sequence; that is, limNÑ8 SN exists.503

Definition B.2 (Absolutely convergent series). A series
ř8

n“1 an is said to be absolutely convergent504

if the series
ř8

n“1 |an| is convergent.505

The following classical result, known as the Riemann series theorem [Riemann, 1868, Spivak, 2008],506

highlights the necessity of absolute convergence when interpreting an infinite sum as a well-defined507

value.508

Theorem B.3 (Riemann Series Theorem). Let
ř8

n“1 an be a conditionally convergent series of real509

numbers (i.e., convergent but not absolutely convergent). Then, for any real number r P R, there510

exists a rearrangement σ : N Ñ N such that
ř8

n“1 aσpnq “ r. Moreover, there exist rearrangements511

such that the sum diverges to `8, ´8, or fails to converge at all.512

This theorem underscores the critical distinction between conditional and absolute convergence:513

a convergent series may yield different values under different summation orders. However, the514

definition of expectation for a random variable does not permit such ambiguity, since the outcomes515

have no inherent order. To guarantee a well-defined expectation, absolute convergence is required:516

that is, for a random variable X with outcomes txnu and probabilities tpnu, it must hold that517

E|X| “
ř8

n“1 |xn|pn ă 8.518

We now recap Proposition 2.1 describing the condition where the telescoping series is absolutely519

convergent, enabling a valid expectation representation.520

Proposition B.4. If the second-order continuously differentiable function f : Rd Ñ R has L-
Lipschitz continuous gradient and

ř8

n“1 µn ă 8, then the series
8
ÿ

n“1

pn

„

fpx ` µ1vq ´ fpxq

µ1
`

1

pn

ˆ

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

˙ȷ

is absolutely convergent and its limit is ∇vfpxq.521

Proof. First, because
ř8

n“1 |an ` bn| ď
ř8

n“1 |an| `
ř8

n“1 |bn|, it suffices to prove
8
ÿ

n“1

ˆ

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

˙

15



is absolutely convergent. To prove its absolute convergence, we estimate the magnitude of the522

difference term using Taylor’s theorem:523

ˇ

ˇ

ˇ

ˇ

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

ˇ

ˇ

ˇ

ˇ

piq
“

ˇ

ˇ

ˇ

ˇ

µn`1∇fpxqJv ` Rpxqµ2
n`1

µn`1
´

µn∇fpxqJv ` R1pxqµ2
n

µn

ˇ

ˇ

ˇ

ˇ

piiq
ď

L

2
|µn`1 ` µn|

where (i) applies the Taylor theorem [Folland, 2002] with setting the integral form remainder524

Rpxq :“
ş1

0
p1 ´ tq

ř

|α|“2
B
2

Bx
α1
1 ...x

αd
d

fpx ` tµvq dt, (ii) assumes the global Lipschitz continuous525

gradient, which results in the uniform estimate Rpxq ď L
2 for all x P Rd. Therefore, to ensure the526

telescoping series is absolutely continuous, it suffices to require
ř8

n“1 µn ă 8. The limit is directly527

determined by the original convergent series. It concludes our proof.528

In the following two examples, we present commonly used sequences tµnu that satisfy the condition529
ř8

n“1 µn ă 8, ensuring the absolute convergence required in Proposition B.4.530

Example B.5 (Exponential Decay). Let µn “ αn for some constant 0 ă α ă 1. Then,531

8
ÿ

n“1

µn “

8
ÿ

n“1

αn “
α

1 ´ α
ă 8.

Example B.6 (Polynomial Decay). Let µn “ 1
ns for some constant s ą 1. Then,532

8
ÿ

n“1

µn “

8
ÿ

n“1

1

ns
ă 8,

which is well-known as the Riemann zeta function ζpsq.533

B.2 Unbiasedness of Zeroth-Order Estimators in P-Family534

We begin by recalling the definition of the unbiased zeroth-order gradient estimators, denoted535

by P :“ Ppf, tµnu8
n“1, tpnu8

n“1, V q, as given by Definition 2.2. Under suitable conditions536

on the differentiable function f : Rd Ñ R and the sequence tµnu8
n“1 (e.g., those provided by537

Proposition 2.1), this definition naturally yields the desired expectation representation. Moreover, the538

random distributions tpnu8
n“1 and V are independent. These conditions are sufficient to guarantee539

the unbiasedness stated in the following result.540

Theorem B.7 (Unbiasedness). Let P :“ Ppf, tµnu8
n“1, tpnu8

n“1, V q is defined as Definition 2.2.541

Then, for any estimator Ppn, vq P P , the following hold:542

(a) ErPpn, vq | vs “ ∇vfpxq; that is, Ppn, vq is an unbiased estimator of the directional543

derivative ∇vfpxq.544

(b) If the random direction v is chosen independently of the sampling n „ tpnu8
n“1 and satisfies545

Erv vJs “ I , then546

En„tpnu8
n“1,v„V

”

Ppn, vq v
ı

“ ∇fpxq,

so that Ppn, vq v is an unbiased estimator of the full gradient.547

Proof. By Definition 2.2, the directional derivative ∇vfpxq naturally has the expectation representa-548

tion.549

(a) Denote

Xn :“
fpx ` µ1vq ´ fpxq

µ1
`

1

pn

ˆ

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

˙

.
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Then by the tower property of the conditional expectation,550

∇vfpxq “ En„tpnu8
n“1

rXn | vs “ En„tpnu8
n“1

rErP pn, vq|ns | vs “ ErP pn, vq | vs.

It concludes the proof.551

(b) We consider the conditional expectation Er¨|vs. We have552

E
”

Ppn, vq v
ı

“ E
”

E
”

Ppn, vq v
ˇ

ˇ

ˇ
v

ıı

“ E
”

E
”

Ppn, vq

ˇ

ˇ

ˇ
v

ı

v
ı

“ Er∇vfpxqvs

“ ∇fpxq

Therefore, we conclude that Ppn, vqv is an unbiased estimator of the gradient ∇fpxq.553

554

C Variance Analysis555

In this section we present the proof of Theorem 3.1. Each subsection contains the proof of the556

corresponding item. We recap its statement below:557

Theorem C.1. Let P :“ Ppf, tµnu8
n“1, tpnu8

n“1, V q is defined as Definition 2.2. Suppose that558

f : Rd Ñ R is second-order continuously differentiable and has L-Lipschitz continuous gradient,559
ř8

n“1 µn ă 8, and V is the uniform distribution over the sphere with the radius
?
d. Define560

µ :“ µ1, ϱ :“
8
ÿ

n“1

pµn`1 ´ µnq2

pn
, and φ :“

8
ÿ

n“1

µ2
n

pn
.

Then the following statements hold:561

(a) If there exists a point x P Rd such that the Hessian ∇2fpxq is positive definite and fpxq ‰ 0,
then the variances of the P1 is infinite. That is,

VarrP1pn, vqvs “ `8.

(b) The variance of P2-estimator P2pn, vqv is given by562

VarrP2pn, vq vs ď VarrP4pn, vq vs `
L2

3
d3µ2 `

L2

12
d3ϱ `

L2

3
d3φ.

(c) The variance of P3-estimator P3pn, vqv is given by

VarrP3pn, vqvs ď VarrP4pn, vq vs `
L2

8
d3µ2 `

L2

8
d3ϱ.

(d) The variance of P4-estimator P4pn, vqv is given by

VarrP4pn, vqvs ď pd ´ 1q}∇fpxq}2 `
3L2

4
d3µ2 `

L2d3

2
ϱ.

Proof. For the item (a), we present the proof in Lemma C.2. For arbitrary P :“ Ppn, vq P P , we563

have564

VarrP vs
piq
“ErP2vJvs ´ }∇fpxq}2

“dErpP ´ P4pn, vq ` P4pn, vqq2s ´ }∇fpxq}2

piiq
“ dErpP ´ P4pn, vqq2s ` dErP4pn, vqs ´ }∇fpxq}2

“dErpP ´ P4pn, vqq2s ` VarrP4pn, vq vs

where (i) applies the unbiasedness (Theorem 2.3) and (ii) applies the definition of P (P is an unbiased565

estimator of P4). Therefore, we start with VarrP4 vs, the variance of the P4-estimator. Then it suffices566

to evaluate ErpPkpn, vq ´ P4pn, vqq2s for k “ 2 and k “ 3. Therefore, we prove the item (d) first.567

The detailed proof is included in Lemma C.3. Based on this result, we obtain the variance upper568

bound of P2- and P3-estimators in Lemma C.4 and Lemma C.5, respectively.569

17



C.1 Variance of P1-Estimator570

Lemma C.2. Under the same setting as Theorem C.1, if there exists a point x P Rd such that the571

Hessian ∇2fpxq is positive definite, then the variances of the P1–estimator at x is infinite.572

Proof. Recall that for the random direction 1?
d
v „ UniformpSd´1q and the random variable U4 „573

Uniform pt0, 1, 2, 3uq, we have the P1-estimator defined as574

P1pn, vq “
fpx ` µ1vqItU4“1u ´ fpxqItU4“0u

µ1

`
1

pn

«

fpx ` µn`1vqItU4“2u ´ fpxqItU4“0u

µn`1
´

fpx ` µnvqItU4“3u ´ fpxqItU4“0u

µn

ff

.

Since this estimator is unbiased (Theorem 2.3),575

Var
“

P1pn, vq v
‰

“ dE
“

P1pn, vq2
‰

´ }∇fpxq}2,

so it suffices to show ErP1pn, vq2s “ 8. For brevity we write576

P1 :“ P1pn, vq.

As the Hessian ∇2fpxq is positive definite at the point x, it has ∇2fpxq ľ λminI for some λmin ą 0.577

We consider the event tN “ n, U3 “ 3u, one finds578

P1 “ ´
fpx ` µnvq

pnµn
with probability pn ¨ 1

4 .

Hence579

En„tpnurP2
1s ě

8
ÿ

n“1

PrpN “ n,U3 “ 3q

´fpx ` µnvq

pnµn

¯2

ě
1

3

8
ÿ

n“1

rfpx ` µnvqs
2

pnµ2
n

ě
1

3

8
ÿ

n“1

˜

rfpxqs
2

pnµ2
n

`
rfpx ` µnvq ´ fpxqs fpxq

pnµ2
n

¸

Without loss of generality, we assume fpxq ą 0. In the case fpxq ă 0, we apply the L-smoothness
to obtain a lower bound instead. By the second-order Taylor expansion [Spivak, 2008] (or the strong
convexity near the point x),

fpx ` µvq ě fpxq ` µ∇fpxqJv ` 1
2 µ

2λmin v
J v.

so we have
rfpx ` µnvq ´ fpxqs fpxq

pnµ2
n

ě
∇fpxqJv

pnµn
`

dλminfpxq

2pn
.

As the result, we have580

En„tpnu, 1?
d
v„UniformpSd´1qrP2

1s ě
1

3

8
ÿ

n“1

1

pn

ˆ

fpxq2

µ2
n

`
dλminfpxq

2pn

˙

.

As tpnu is a PMF, it must diverge to infinite.581

C.2 Variance of P4-Estimator582

Lemma C.3. Under the same setting as Theorem C.1, the variance of P4-estimator P4pn, vq v is583

upper bounded by584

VarrP4pn, vq vs ď pd ´ 1q}∇fpxq}2 `
3L2d3µ2

1

4
`

L2d3

2

8
ÿ

n“1

|µn`1 ´ µn|2

pn
.
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Proof. Recall that585

P4pn, vq “
fpx ` µ1vq ´ fpxq

µ1
`

1

pn

”fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

ı

.

Our goal is to bound VarrP4pn, vq vs. For each n, define the remainder term586

δnpvq “
fpx ` µnvq ´ fpxq ´ µn ∇fpxqJv

µn
,

∆n “
fpx ` µnvq ´ fpxq

µn
“ δnpvq ` ∇fpxqJv.

Then587

P4pn, vq “ ∇fpxqJv ` δ1pvq `
δn`1pvq ´ δnpvq

pn
.

Hence our vector estimator is588

P4pn, vq v “ vvJ∇fpxq `
“

δ1pvq `
δn`1pvq´δnpvq

pn

‰

v.

Since we have shown that P4pn, vq v is unbiased (Theorem 2.3) and ErvvJs “ Id, we have589

E
“

δ1pvq `
δn`1pvq´δnpvq

pn

‰

v “ 0. (11)

The variance is given by590

VarrP4pn, vq vs “ dErP4pn, vq2s ´ }∇fpxq}2

“ pd ´ 1q}∇fpxq}2 ` dE
ˆ

δ1pvq `
δn`1pvq ´ δnpvq

pn

˙2

` 2dE∇fpxqJv
´

δ1pvq `
δn`1pvq ´ δnpvq

pn

¯

piq
“ pd ´ 1q}∇fpxq}2 ` dE

ˆ

δ1pvq `
δn`1pvq ´ δnpvq

pn

˙2

“ pd ´ 1q}∇fpxq}2 ` dEδ21pvq

` 2dE
”δ1pvq

pn
pδn`1pvq ´ δnpvqq

ı

` E
” d

p2n
pδn`1pvq ´ δnpvqq

2
ı

piiq
“ pd ´ 1q}∇fpxq}2 ` 3dEδ21pvq ` E

” d

p2n
pδn`1pvq ´ δnpvqq

2
ı

where (i) applies the unbiasedness Eq. (11) and (ii) applies the telescoping series Eq. (2). Now it591

remains to upper bound the remainder term δnpvq and the remainder difference term δn`1pvq ´δnpvq.592

• Bound the remainder term δnpvq: By L-smoothness of f : Rd Ñ R, we have593

fpx ` µnvq ´ fpxq ď µn∇fpxqJv `
Lµ2

n

2
}v}2,

piq
“ µn∇fpxqJv `

dLµ2
n

2
,

where (i) applies EvvJ “ Id (this condition ensures that }v}2 “ Tr
`

}v}2
˘

“ Tr
`

vvJ
˘

“594

d). As the result,595

δnpvq ď
Ld

2
µn. (12)

or we may use the following almost-sure upper bound596

rδnpvqs
2

ď
L2d2

4
µ2
n.
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• Bound the remainder difference term δn`1pvq ´ δnpvq: We define the remainder term
as a function in µ; that is,

ϕpµq :“
fpx ` µvq ´ fpxq ´ µ∇fpxqJv

µ
.

It automatically gives597

δn`1pvq ´ δnpvq “ ϕpµn`1q ´ ϕpµnq.

As ϕ : rµn`1, µns Ñ R is a continuous differentiable function (by our assumption that
f : Rd Ñ R is second-order continuously differentiable), we can apply the mean-value
theorem [Folland, 2002]: There exists ς P rµn`1, µns such that

ϕpµn`1q ´ ϕpµnq “ ϕ1pςqpµn`1 ´ µnq.

We again applying the L-smoothness of f : Rd Ñ R (essentially the bounded Hessian598

assumption) to ϕ1pςq, which leads to599

|δn`1pvq ´ δnpvq| ď
Ld

2
|µn`1 ´ µn|. (13)

As the result, we obtain the upper bound as600

VarrP4pn, vq vs
piq
ď pd ´ 1q}∇fpxq}2 `

3L2d3µ2
1

4
`

8
ÿ

n“1

2d

pn

ˆ

Ld

2
|µn`1 ´ µn|

˙2

ď pd ´ 1q}∇fpxq}2 `
3L2d3µ2

1

4
`

L2d3

2

8
ÿ

n“1

|µn`1 ´ µn|2

pn
,

where (i) applies the expectation over n „ tpnu8
n“1, which cancels out one 1

pn
.601

C.3 Variance of P2-Estimator602

Lemma C.4. Under the same setting as Theorem C.1, the variance of P2-estimator P2pn, vq v is603

upper bounded by604

VarrP2pn, vq vs ď VarrP4pn, vq vs `
L2

12
d3

8
ÿ

n“1

pµn ´ µn`1q2

pn
`

L2

3
d3µ2

1 `
L2

3
d3

8
ÿ

n“1

µ2
n

pn
.

Proof. Recall that P2pn, vq is defined as605

P2pn, vq “
fpx ` µ1vq ´ fpxq

µ1
ItU3“0u

`
1

pn

«

fpx ` µn`1vq ´ fpxq

µn`1
ItU3“1u ´

fpx ` µnvq ´ fpxq

µn
ItU3“2u

ff

,

where U3 „ Uniform pt0, 1, 2uq is a selection variable. Then606

ErpP2pn, vq ´ P4pn, vqq2 | n, vs

“PpU3 “ 0q

«

1

pn

«

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

ffff2

` PpU3 “ 1q

«

fpx ` µ1vq ´ fpxq

µ1
`

1

pn

«

´
fpx ` µnvq ´ fpxq

µn

ffff2

` PpU3 “ 2q

«

fpx ` µ1vq ´ fpxq

µ1
`

1

pn

«

fpx ` µn`1vq ´ fpxq

µn`1

ffff2
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piq
ď
1

3

1

p2n
pδn`1pvq ´ δnpvqq

2
`

2

3

ˆ

rδ1pvqs2 `
1

p2n
rδnpvqs2

˙

`
2

3

ˆ

rδ1pvqs2 `
1

p2n
rδn`1pvqs2

˙

“
4

3
rδ1pvqs2 `

1

3

1

p2n
pδn`1pvq ´ δnpvqq

2
`

2

3

1

p2n
rδnpvqs2 `

2

3

1

p2n
rδn`1pvqs2,

where (i) applies pa ` bq2 ď 2a2 ` 2b2 and δnpvq :“ fpx`µnvq´fpxq´µn∇fpxq
Jv

µn
. As we have607

bounded this term in Lemma C.3, we have608

ErpP2pn, vq ´ P4pn, vqq2 | vs

“

8
ÿ

n“1

pnrpP2pn, vq ´ P4pn, vqq2 | n, vs

ď

8
ÿ

n“1

pn

„

L2d2

3
µ2
1 `

L2d2

12

pµn ´ µn`1q2

p2n
`

L2d2

3p2n
µ2
n

ȷ

ď
L2

12
d2

8
ÿ

n“1

pµn ´ µn`1q2

pn
`

L2

3
d2µ2

1 `
L2

3
d2

8
ÿ

n“1

µ2
n

pn
.

Therefore, we finally obtain609

VarrP2pn, vq vs “dErpP2pn, vq ´ P4pn, vqq2s ` VarrP4pn, vq vs

ďVarrP4pn, vq vs `
L2

12
d3

8
ÿ

n“1

pµn ´ µn`1q2

pn
`

L2

3
d3µ2

1 `
L2

3
d3

8
ÿ

n“1

µ2
n

pn
.

It completes the proof.610

C.4 Variance of P3-Estimator611

Lemma C.5. Under the same setting as Theorem C.1, the variance of P3-estimator P3pn, vq v is612

upper bounded by613

VarrP3pn, vq vs ď VarrP4pn, vq vs `
L2

8
d3

8
ÿ

n“1

pµn ´ µn`1q2

pn
`

L2

8
d3µ2

1.

Proof. Recall that P3pn, vq is defined as614

P3pn, vq

“
fpx ` µ1vq ´ fpxq

µ1
U2 `

1

pn

«

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

ff

p1 ´ U2q,

where U2 „ Uniform pt0, 1uq is a selection variable. Then615

ErpP3pn, vq ´ P4pn, vqq2 | n, vs

“PpU2 “ 0q

«

1

pn

«

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

ff

´ P4pn, vq

ff2

` PpU2 “ 1q

„

fpx ` µ1vq ´ fpxq

µ1
´ P4pn, vq

ȷ2

“
1

2

«

1

pn

«

fpx ` µn`1vq ´ fpxq

µn`1
´

fpx ` µnvq ´ fpxq

µn

ffff2

`
1

2

„

fpx ` µ1vq ´ fpxq

µ1

ȷ2

.

As we have bounded this term in Lemma C.3, we have616

ErpP3pn, vq ´ P4pn, vqq2 | vs “

8
ÿ

n“1

pnrpP3pn, vq ´ P4pn, vqq2 | n, vs
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ď

8
ÿ

n“1

pn

„

1

p2n

L2d2

8
|µn`1 ´ µn|2 `

L2d2µ2
1

8

ȷ

ď
L2

8
d2

8
ÿ

n“1

pµn ´ µn`1q2

pn
`

L2

8
d2µ2

1.

Therefore, we finally obtain617

VarrP3pn, vq vs “dErpP3pn, vq ´ P4pn, vqq2s ` VarrP4pn, vq vs

ďVarrP4pn, vq vs `
L2

8
d3

8
ÿ

n“1

pµn ´ µn`1q2

pn
`

L2

8
d3µ2

1.

It concludes the proof.618

C.5 On the Optimal Sampling Distribution and the Perturbation Stepsize Sequence619

We recap the full statement of Theorem 3.2.620

Theorem C.6. Let tµnu8
n“1 be a positive, decreasing sequence with

ř8

n“1 µn ă 8, and let tpnu8
n“1621

be a PMF. Then the following statements hold:622

(a) Define ϱn “
pµn`1´µnq

2

pn
. The lower bound of ϱ is given by

ϱ “

8
ÿ

n“1

ϱn ě µ2
1.

Moreover, equality holds if and only if pn “
µn´µn`1

µ1
.623

(b) Define φn “
µ2
n

pn
. The lower bound of φ is given by

φ “

8
ÿ

n“1

φn ě

´

8
ÿ

n“1

µn

¯2

ą µ2
1.

Moreover, equality holds if and only if pn “
µn

ř

8
n“1 µn

.624

Proof. Write an “ µn`1 ´ µn, so
ř8

n“1 an “ µ1 and
ř

n pn “ 1. By Cauchy-Schwarz inequality,625

´

ÿ

n

|an|

¯2

ď

´

ÿ

n

pn

¯´

ÿ

n

a2n
pn

¯

“

8
ÿ

n“1

ϱn,

which yields the claimed lower bound in (a). Equality occurs exactly when pn9|an|, i.e. pn “

pµn ´ µn`1q{µ1. Similarly, By Cauchy-Schwarz inequality,

´

ÿ

n

µn

¯2

ď

´

ÿ

n

µ2
n

pn

¯´

ÿ

n

pn

¯

“

8
ÿ

n“1

φn,

which yields the claimed lower bound in (b).626

In the following example, we include the omitted details of Example 3.4.627

Example C.7. We consider the Zipf distribution n „ Zipfpsq (s ą 1). Then628

pn “
1

ζpsq

1

ns
, ζpsq “

8
ÿ

n“1

1

ns
.

We define tµnu by the recursion629

µn ´ µn`1 “ µ1 pn “ µ1
1

ζpsq

1

ns
,
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so that summing gives the closed-form630

µn “ µ1

´

1 ´

řn´1
j“1 j´s

ζpsq

¯

“ µ1

ř8

j“n j
´s

ζpsq
.

A direct check shows this choice attains the lower bound ϱ “ µ2
1 on

ř

pµn ´ µn`1q2{pn. Now we631

turn to bound φ:632

φ “

8
ÿ

n“1

µ2
n

pn
“ µ2

1 ζpsq

8
ÿ

n“1

ns
´

1 ´

řn´1
j“1 j´s

ζpsq

¯2

“ µ2
1 ζpsq

8
ÿ

n“1

ns
´

ř8
j“n j´s

ζpsq

¯2

.

For s ą 3, use the integral bound633

8
ÿ

j“n

j´s ď

ż 8

n´1

x´s dx “
pn ´ 1q1´s

s ´ 1
,

to get634

µ2
n

pn
ď

µ2
1

ps ´ 1q2 ζpsq
n2´s.

Since s ą 3 the series
ř8

n“1 n
2´s “ ζps ´ 2q converges, giving the clean bound635

φ “

8
ÿ

n“1

µ2
n

pn
ď

ζps ´ 2q

ps ´ 1q2 ζpsq
µ2
1.

C.6 Discussions: Variance of Random Directional Derivative636

In this subsection, we analyze the variance of a gradient estimate based on a random directional637

derivative. Let v be a random vector uniformly sampled from the sphere with the dimension d. We638

approximate the gradient ∇fpxq using the random directional derivative defined as639

∇vfpxq :“ vvJ∇fpxq.

Assuming that the expectation satisfies ErvvJs “ I , it is essential to evaluate the variance of this640

estimator. Specifically, we compute:641

Er∇fpxqJvvJvvJ∇fpxqs “ Er}∇fpxq}2}v}2s

“ d}∇fpxq}2.

Thus, the variance is given by642

Varr∇vfpxqs “ d}∇fpxq}2 ´ }∇fpxq}2 “ pd ´ 1q}∇fpxq}2.

This result indicates that even when the exact directional derivative is available, the variance still643

scales with Opdq relative to the gradient norm. Consequently, it is not avoidable to remove the644

dependence on the dimension d.645

D Convergence Analysis646

In this section, we present the proof of Corollary 3.5. Recall that our goal is to solve the stochastic647

optimization problem Eq. (1):648

min
xPRd

fpxq :“ Eξ„Ξfpx; ξq,

where the second-order continuously differentiable function fp¨; ξq : Rd Ñ R has L-Lipschitz649

gradient for every ξ. We consider the convergence upper bound of the classical stochastic gradient650

descent (SGD) algorithm with the constant learning rate η given the initialization x0:651

xt`1 “ xt ´ ηgpxtq, (SGD)

where gpxtq is an unbiased estimator of the full gradient ∇fpxq.652
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D.1 The Convergence Upper Bound653

The full statement of Corollary 3.5 is given as follow:654

Corollary D.1. Consider the stochastic optimization problem in Eq. (1), and suppose that the
individual loss fpx; ξq is second-order differentiable with L-Lipschitz continuous gradient in x,
uniformly over ξ „ Ξ. Assume the stochastic gradient is approximated using the Pk-estimator
Pkpn, vq v for k “ 2, 3, 4. Let the SGD iteration be defined as

xt`1 “ xt ´ ηPkpnt, vtq vt

where η P p0, 1
L2d s is the stepsize. Then the iterates satisfy the following convergence guarantee:

min
0ďtďT´1

E}∇fpxtq}2 ď Lη
“

Ckd
3µ2 ` 2dLpf˚ ´ Eξ„Ξf

˚
ξ q

‰

`
2

ηT
δ,

where δ :“ fpx0q ´ f˚ and Ck “

$

’

&

’

%

28L2

12 k “ 2,
3L2

4 k “ 3,
5L2

4 k “ 4,

(k “ 2, 3, 4) is the estimator-dependent655

error term. Consequently, choosing η “ Θp1{
?
dT q and µ “ Op 1

d q yields the optimal complexity656

T “ Θp d
ϵ4 q of having min0ďtďT´1 E}∇fpxtq} ď ϵ.657

Proof. Let gpxq “ Pkpn, vq v for k “ 2, 3, 4. By Lemma D.4, we have

E}gpxq} ď dL}∇fpxq}2 ` Ckd
3µ2 ` 2dLpf˚ ´ Eξ„Ξf

˚
ξ q.

Then we set B “ dL and C “ Ckd
3µ2 ` 2dLpf˚ ´ Eξ„Ξf

˚
ξ q in Lemma D.3. As the result, when

η ď 1
L2d , we have

min
0ďtďT´1

E}∇fpxtq}2 ď Lη
“

Ckd
3µ2 ` 2dLpf˚ ´ Eξ„Ξf

˚
ξ q

‰

`
2

ηT
δ.

The complexity of making min0ďtďT´1 E}∇fpxtq} ď ϵ is given by

T ě
12δL

ϵ2
max

#

dL, 2
Ckd

3µ2 ` 2dLpf˚ ´ Eξ„Ξf
˚
ξ q

ϵ2

+

.

Setting µ “ Op 1
d q, the optimal complexity is given by T “ Θp d

ϵ4 q.658

D.2 Supporting Lemmas659

Lemma D.2. Let f˚ :“ minx fpxq and f˚
ξ :“ minx fpx; ξq. If for each ξ, fpx; ξq has L-Lipschitz

gradient, then
E}∇fpx; ξq}2 ď L}∇fpxq}2 ` 2Lpf˚ ´ Eξ„Ξf

˚
ξ q.

Proof. This lemma is directly taken from Proposition 2, Khaled and Richtárik [2022].660

Lemma D.3. Let the second-order continuously differentiable function fp¨ ; ξq : Rd Ñ R be lower
bounded by f˚ :“ minx fpxq and have L-Lipschitz gradient for every ξ, and gpxq be an unbiased
estimator of ∇fpxq. Suppose that gpxq and fpxq satisfy the expected smoothness condition

E}gpxq}2 ď B ¨ }∇fpxq}2 ` C.

If the learning rate η ď 1
LB and define δ :“ fpx0q ´ f˚, then the T -th iteration of SGD satisfies

min
0ďtďT´1

E}∇fpxtq}2 ď LCη `
2

ηT
δ.

Proof. This lemma is directly taken from Theorem 2, Khaled and Richtárik [2022].661
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Lemma D.4. Let gpxq be the Pk-estimator (for k “ 2, 3, 4), f˚ :“ minx fpxq, and f˚
ξ :“

minx fpx; ξq. Then the expected smoothness condition is given by

E}gpxq} ď dL}∇fpxq}2 ` Ckd
3µ2 ` 2dLpf˚ ´ Eξ„Ξf

˚
ξ q.

where

Ck “

$

’

&

’

%

28L2

12 k “ 2,
3L2

4 k “ 3,
5L2

4 k “ 4,

is the error term introduced by the zeroth-order gradient estimation. For P2-estimator, we choose662

tµnu and tpnu such that ϱ “ µ2 and φ ď 2µ2.663

Proof. Let ∇̂fpx; ξq be the Pk-estimator for k “ 2, 3, 4. First, we notice the following variance-664

decomposition holds:665

E}∇̂fpx; ξq}2 “ E}∇̂fpx; ξq ´ ∇fpx; ξq ` ∇fpx; ξq}2

“ E}∇fpx; ξq}2 ` E rVar rPk v | ξss .

By Theorem 3.1 and Theorem 3.2, we set

Var rPk v | ξs ď pd ´ 1q}∇fpx; ξq}2 ` Ckd
3µ2,

where Ck is determined by the estimator; we also assume that the optimal distribution and perturba-666

tions are taken obeying Theorem 3.2. As the result,667

E}∇̂fpx; ξq}2 ď E}∇fpx; ξq}2 ` `E
“

pd ´ 1q}∇fpx; ξq}2 ` Ckd
3µ2

‰

ď dE}∇fpx; ξq}2 ` Ckd
3µ2

piq
ď dL}∇fpxq}2 ` Ckd

3µ2 ` 2dLpf˚ ´ Eξ„Ξf
˚
ξ q,

where (i) applies Lemma D.2. It completes the proof.668

E Experiments Details669

In this section, we describe the detailed experiment setting and the hyperparameter configurations.670

E.1 Synthetic Example671

In the synthetic example, we compared gradient estimators across varying dimensions (d “672

16, 64, 256, 1024, 4096) using both quadratic and logistic functions. For fair comparison, all es-673

timators used a consistent number of function evaluations of 3 and the perturbation stepsize µ “ 10´5674

(for P3-estimator, we set µ1 “ µ). The P3-estimator was configured with parameter s “ 2.0 and675

followed the same perturbation stepsize scheduling as Example 3.4. We evaluated four gradient676

estimators: Zipf’s P3-estimator, one-side two-point estimator with the Gaussian smoothing, one-side677

two-point estimator with the uniform smoothing, and two-side two-point estimator with the Gaussian678

smoothing. Each configuration was tested over 100 independent trials with a fixed random seed for679

reproducibility.680

Code Availability and System Requirements All source code is included in the supplementary681

materials. No specific hardware is required; any machine supporting Python 3.10.10 should suffice.682

A Jupyter notebook version is also provided for convenient execution on Google Colab.683

E.2 Language Model Optimization684

In the language model optimization experiment, we compare the performance of different gradient685

estimators within a vanilla SGD framework for fine-tuning a language model on a sentiment clas-686

sification task. The learning rate of SGD is fixed at η “ 10´4, the batch size of SGD is fixed at687

16 (this batch size corresponds to the number of stochastic samples and is different from the batch688

size in multiple-point zeroth-order estimator), and the perturbation stepsize is set to µ “ 10´3 (for689
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Table 1: Summary of gradient estimators used in the language model optimization experiment.
Estimation Method Estimator Formula Batch Size b # Function Calls Notes

One-Side Two-Point Estimator
b

ÿ

i“1

fpx ` µviq ´ fpxq

µ
vi 3 4 vi

iid
„ Normalp0, Idq

Two-Side Two-Point Estimator
b

ÿ

i“1

fpx ` µviq ´ fpxq

µ
vi 2 4 vi

iid
„ Normalp0, Idq

Zipf’s P3-Estimator Eq. (7) 1 3 s “ 1.5, Example 3.4
Geometric P3-Estimator Eq. (7) 1 3 c “ 0.5, Example 3.3
Zipf’s P4-Estimator Eq. (6) 1 4 s “ 1.5, Example 3.4
Geometric P4-Estimator Eq. (6) 1 4 c “ 0.5, Example 3.3

our proposed unbiased estimators, we use µ1 “ µ). Due to limitations in numerical precision, we690

do not sample the extreme tail of the distribution. Instead, we truncate the sampling distribution by691

enforcing pn ě 10´3 to ensure numerical stability and avoid excessively small probabilities. All692

remaining hyperparameters are summarized in Table 1.693

Code Availability and System Requirements All source code and reproduction instructions are694

provided in the supplementary materials. Experiments were conducted on a cluster running RHEL695

8, equipped with dual AMD EPYC 7763 processors, 512 GB of memory, and seven NVIDIA RTX696

5000 GPUs. To reproduce the language model optimization experiments, we recommend using a697

CUDA-compatible GPU with at least 24 GB of VRAM.698

F Broader Impact699

This work introduces a new class of unbiased zeroth-order gradient estimators that offer both700

theoretical guarantees and practical advantages. By eliminating bias without increasing variance, our701

method enhances the reliability of optimization in settings where gradient information is unavailable702

or costly to obtain. These include fine-tuning large language models under memory constraints,703

conducting black-box adversarial robustness evaluations, and solving scientific computing tasks704

such as physics-informed neural networks. On the theoretical side, our estimators advance the705

understanding of zeroth-order optimization and provide new tools for the zeroth-order gradient706

estimation. This work opens a promising direction for future research in gradient-free optimization707

and its broad applications in machine learning and beyond.708

G Limitations709

Despite the theoretical guarantees and empirical improvements demonstrated by our proposed710

unbiased zeroth-order gradient estimators, several limitations remain. First, the estimators rely711

on sampling from an infinite sequence of perturbation steps, but practical implementations must712

truncate this sequence, which may reintroduce bias or affect variance control. Second, the proposed713

estimators are based on directional derivatives, which inherently exhibit a dependence on the problem714

dimension d; this dimensional dependence is generally unavoidable for this class of methods. Lastly,715

while we validate the approach on synthetic tasks and language model fine-tuning, we have not716

extensively evaluated its performance across a broader range of optimization problems, and the717

observed empirical gains may not fully generalize to settings involving non-smooth objectives or718

high levels of evaluation noise.719
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NeurIPS Paper Checklist720

1. Claims721

Question: Do the main claims made in the abstract and introduction accurately reflect the722

paper’s contributions and scope?723

Answer: [Yes]724

Justification: We have included the main contributions in the abstract and introduction in725

bold.726

Guidelines:727

• The answer NA means that the abstract and introduction do not include the claims728

made in the paper.729

• The abstract and/or introduction should clearly state the claims made, including the730

contributions made in the paper and important assumptions and limitations. A No or731

NA answer to this question will not be perceived well by the reviewers.732

• The claims made should match theoretical and experimental results, and reflect how733

much the results can be expected to generalize to other settings.734

• It is fine to include aspirational goals as motivation as long as it is clear that these goals735

are not attained by the paper.736

2. Limitations737

Question: Does the paper discuss the limitations of the work performed by the authors?738

Answer: [Yes]739

Justification: We have included a separate limitation section in the appendix.740

Guidelines:741

• The answer NA means that the paper has no limitation while the answer No means that742

the paper has limitations, but those are not discussed in the paper.743

• The authors are encouraged to create a separate "Limitations" section in their paper.744

• The paper should point out any strong assumptions and how robust the results are to745

violations of these assumptions (e.g., independence assumptions, noiseless settings,746

model well-specification, asymptotic approximations only holding locally). The authors747

should reflect on how these assumptions might be violated in practice and what the748

implications would be.749

• The authors should reflect on the scope of the claims made, e.g., if the approach was750

only tested on a few datasets or with a few runs. In general, empirical results often751

depend on implicit assumptions, which should be articulated.752

• The authors should reflect on the factors that influence the performance of the approach.753

For example, a facial recognition algorithm may perform poorly when image resolution754

is low or images are taken in low lighting. Or a speech-to-text system might not be755

used reliably to provide closed captions for online lectures because it fails to handle756

technical jargon.757

• The authors should discuss the computational efficiency of the proposed algorithms758

and how they scale with dataset size.759

• If applicable, the authors should discuss possible limitations of their approach to760

address problems of privacy and fairness.761

• While the authors might fear that complete honesty about limitations might be used by762

reviewers as grounds for rejection, a worse outcome might be that reviewers discover763

limitations that aren’t acknowledged in the paper. The authors should use their best764

judgment and recognize that individual actions in favor of transparency play an impor-765

tant role in developing norms that preserve the integrity of the community. Reviewers766

will be specifically instructed to not penalize honesty concerning limitations.767

3. Theory assumptions and proofs768

Question: For each theoretical result, does the paper provide the full set of assumptions and769

a complete (and correct) proof?770

Answer: [Yes]771
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Justification: We have include the full assumptions in the statement of each lemma and772

theorem.773

Guidelines:774

• The answer NA means that the paper does not include theoretical results.775

• All the theorems, formulas, and proofs in the paper should be numbered and cross-776

referenced.777

• All assumptions should be clearly stated or referenced in the statement of any theorems.778

• The proofs can either appear in the main paper or the supplemental material, but if779

they appear in the supplemental material, the authors are encouraged to provide a short780

proof sketch to provide intuition.781

• Inversely, any informal proof provided in the core of the paper should be complemented782

by formal proofs provided in appendix or supplemental material.783

• Theorems and Lemmas that the proof relies upon should be properly referenced.784

4. Experimental result reproducibility785

Question: Does the paper fully disclose all the information needed to reproduce the main ex-786

perimental results of the paper to the extent that it affects the main claims and/or conclusions787

of the paper (regardless of whether the code and data are provided or not)?788

Answer: [Yes]789

Justification: We have included the full source codes and reproduction instructions. For790

synthetic experiment, we additionally include a separate self-contained Jupyter notebook.791

Guidelines:792

• The answer NA means that the paper does not include experiments.793

• If the paper includes experiments, a No answer to this question will not be perceived794

well by the reviewers: Making the paper reproducible is important, regardless of795

whether the code and data are provided or not.796

• If the contribution is a dataset and/or model, the authors should describe the steps taken797

to make their results reproducible or verifiable.798

• Depending on the contribution, reproducibility can be accomplished in various ways.799

For example, if the contribution is a novel architecture, describing the architecture fully800

might suffice, or if the contribution is a specific model and empirical evaluation, it may801

be necessary to either make it possible for others to replicate the model with the same802

dataset, or provide access to the model. In general. releasing code and data is often803

one good way to accomplish this, but reproducibility can also be provided via detailed804

instructions for how to replicate the results, access to a hosted model (e.g., in the case805

of a large language model), releasing of a model checkpoint, or other means that are806

appropriate to the research performed.807

• While NeurIPS does not require releasing code, the conference does require all submis-808

sions to provide some reasonable avenue for reproducibility, which may depend on the809

nature of the contribution. For example810

(a) If the contribution is primarily a new algorithm, the paper should make it clear how811

to reproduce that algorithm.812

(b) If the contribution is primarily a new model architecture, the paper should describe813

the architecture clearly and fully.814

(c) If the contribution is a new model (e.g., a large language model), then there should815

either be a way to access this model for reproducing the results or a way to reproduce816

the model (e.g., with an open-source dataset or instructions for how to construct817

the dataset).818

(d) We recognize that reproducibility may be tricky in some cases, in which case819

authors are welcome to describe the particular way they provide for reproducibility.820

In the case of closed-source models, it may be that access to the model is limited in821

some way (e.g., to registered users), but it should be possible for other researchers822

to have some path to reproducing or verifying the results.823

5. Open access to data and code824
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versions (if applicable).848
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7. Experiment statistical significance863
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• The method for calculating the error bars should be explained (closed form formula,877

call to a library function, bootstrap, etc.)878

• The assumptions made should be given (e.g., Normally distributed errors).879

• It should be clear whether the error bar is the standard deviation or the standard error880

of the mean.881
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error rates).887

• If error bars are reported in tables or plots, The authors should explain in the text how888

they were calculated and reference the corresponding figures or tables in the text.889
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puter resources (type of compute workers, memory, time of execution) needed to reproduce892
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Answer: [Yes]894
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• The answer NA means that the paper does not include experiments.897
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or cloud provider, including relevant memory and storage.899
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societal impacts of the work performed?918
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• The conference expects that many papers will be foundational research and not tied929

to particular applications, let alone deployments. However, if there is a direct path to930

any negative applications, the authors should point it out. For example, it is legitimate931

to point out that an improvement in the quality of generative models could be used to932
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necessary safeguards to allow for controlled use of the model, for example by requiring953

that users adhere to usage guidelines or restrictions to access the model or implementing954

safety filters.955

• Datasets that have been scraped from the Internet could pose safety risks. The authors956

should describe how they avoided releasing unsafe images.957

• We recognize that providing effective safeguards is challenging, and many papers do958

not require this, but we encourage authors to take this into account and make a best959

faith effort.960

12. Licenses for existing assets961

Question: Are the creators or original owners of assets (e.g., code, data, models), used in962

the paper, properly credited and are the license and terms of use explicitly mentioned and963

properly respected?964

Answer: [Yes]965

Justification: We have clearly cited the related papers of the code, data, and models.966

Guidelines:967

• The answer NA means that the paper does not use existing assets.968

• The authors should cite the original paper that produced the code package or dataset.969

• The authors should state which version of the asset is used and, if possible, include a970

URL.971

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.972

• For scraped data from a particular source (e.g., website), the copyright and terms of973

service of that source should be provided.974

• If assets are released, the license, copyright information, and terms of use in the975

package should be provided. For popular datasets, paperswithcode.com/datasets976

has curated licenses for some datasets. Their licensing guide can help determine the977

license of a dataset.978

• For existing datasets that are re-packaged, both the original license and the license of979

the derived asset (if it has changed) should be provided.980
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• If this information is not available online, the authors are encouraged to reach out to981

the asset’s creators.982

13. New assets983

Question: Are new assets introduced in the paper well documented and is the documentation984

provided alongside the assets?985

Answer: [Yes]986

Justification: All codes come with self-contained names and comments. The file,987

README.md, is included as the documentation.988

Guidelines:989

• The answer NA means that the paper does not release new assets.990

• Researchers should communicate the details of the dataset/code/model as part of their991

submissions via structured templates. This includes details about training, license,992

limitations, etc.993

• The paper should discuss whether and how consent was obtained from people whose994

asset is used.995

• At submission time, remember to anonymize your assets (if applicable). You can either996

create an anonymized URL or include an anonymized zip file.997

14. Crowdsourcing and research with human subjects998

Question: For crowdsourcing experiments and research with human subjects, does the paper999

include the full text of instructions given to participants and screenshots, if applicable, as1000

well as details about compensation (if any)?1001

Answer: [NA]1002

Justification: The paper does not involve crowdsourcing nor research with human subjects.1003

Guidelines:1004

• The answer NA means that the paper does not involve crowdsourcing nor research with1005

human subjects.1006

• Including this information in the supplemental material is fine, but if the main contribu-1007

tion of the paper involves human subjects, then as much detail as possible should be1008

included in the main paper.1009

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,1010

or other labor should be paid at least the minimum wage in the country of the data1011

collector.1012

15. Institutional review board (IRB) approvals or equivalent for research with human1013

subjects1014

Question: Does the paper describe potential risks incurred by study participants, whether1015

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1016

approvals (or an equivalent approval/review based on the requirements of your country or1017

institution) were obtained?1018

Answer: [NA]1019

Justification: The paper does not involve crowdsourcing nor research with human subjects.1020

Guidelines:1021

• The answer NA means that the paper does not involve crowdsourcing nor research with1022

human subjects.1023

• Depending on the country in which research is conducted, IRB approval (or equivalent)1024

may be required for any human subjects research. If you obtained IRB approval, you1025

should clearly state this in the paper.1026

• We recognize that the procedures for this may vary significantly between institutions1027

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1028

guidelines for their institution.1029

• For initial submissions, do not include any information that would break anonymity (if1030

applicable), such as the institution conducting the review.1031
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16. Declaration of LLM usage1032

Question: Does the paper describe the usage of LLMs if it is an important, original, or1033

non-standard component of the core methods in this research? Note that if the LLM is used1034

only for writing, editing, or formatting purposes and does not impact the core methodology,1035

scientific rigorousness, or originality of the research, declaration is not required.1036

Answer: [NA]1037

Justification: The core method development in this research does not involve LLMs as any1038

important, original, or non-standard components.1039

Guidelines:1040

• The answer NA means that the core method development in this research does not1041

involve LLMs as any important, original, or non-standard components.1042

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)1043

for what should or should not be described.1044

1045
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