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Abstract

Many applications in computational sciences and statistical inference require the
computation of expectations with respect to complex high-dimensional distributions
with unknown normalization constants, as well as the estimation of these constants.
Here we develop a method to perform these calculations based on generating
samples from a simple base distribution, transporting them by the flow generated
by a velocity field, and performing averages along these flowlines. This non-
equilibrium importance sampling (NEIS) strategy is straightforward to implement
and can be used for calculations with arbitrary target distributions. On the theory
side, we discuss how to tailor the velocity field to the target and establish general
conditions under which the proposed estimator is a perfect estimator with zero-
variance. We also draw connections between NEIS and approaches based on
mapping a base distribution onto a target via a transport map. On the computational
side, we show how to use deep learning to represent the velocity field by a neural
network and train it towards the zero variance optimum. These results are illustrated
numerically on benchmark examples (with dimension up to 10), where after training
the velocity field, the variance of the NEIS estimator is reduced by up to 6 orders
of magnitude than that of a vanilla estimator. We also compare the performances
of NEIS with those of Neal’s annealed importance sampling (AIS).

1 Introduction

Given a potential function U; :  — R on the domain  C R¢, the main goal of this paper is to

evaluate
Z, = / e~ U1(®) 4z, 1)
Q

The calculations of such integrals arise in many applications from several scientific fields. For instance,
Z, is known as the partition function in statistical physics [21]], where it is used to characterize the
thermodynamic properties of a system with energy U;, and as the evidence in Bayesian statistics,
where it is used for model selection [12].

When the dimension d of the domain 2 is large, standard numerical quadrature methods are inappli-
cable to (I)) and the method of choice to estimate Z; is Monte-Carlo sampling [22} [§]]. This requires
expressing Z; as an expectation, which can be done, e.g., by realizing that

Z1 =Eole™""/po], @)

36th Conference on Neural Information Processing Systems (NeurIPS 2022).



where E( denotes the expectation with respect to the probability density function pg > 0. If pg is
both known (i.e., we can evaluate it pointwise in {2, normalization factor included) and simple to
sample from, we can build an estimator for Z; by replacing the expectation on the right hand side
of (2) by the empirical average of e~U1 /py over samples drawn from pg. Unfortunately, finding a
density po that has the two properties above is hard: unless pg is well-adapted to e~U1, the estimator
based on (@) is terrible in general, with a standard deviation that is typically much larger than its mean
or even infinite. A similar issue arises if we want to estimate the expectation Eg f of some function
f:Q — R, and the two problems are in fact connected when f > 0, since the second reduces to (IZ])

for Uy = —log(fpo).

These difficulties have prompted the development of importance sampling strategies [14] whose aim
is to produce estimators with a reasonably low variance for Z; or Eq f. These include for example
umbrella sampling [43} 41]], replica exchange (aka parallel tempering) [14} 23], nested sampling [37,
38|, in which the estimation of Z; is factorized into the calculation of several expectations of the
type (2), but with better properties, that can then be recombined using thermodynamic integration [17]
or Bennett acceptance ratio method [6].

Complementary to these equilibrium techniques, non-equilibrium sampling strategies have also been
introduced for the calculation of (). For example, Neal’s annealed importance sampling (AIS) [26]
based on the Jarzynski equality 15, |16 [1] calculates Z; using properly weighted averages over
sequences of states evolving from samples from pg, without requiring that the kernel used to generate
these states be in detailed-balance with respect to either pg, or p; := e~Y1/Z;, or any density
interpolating between these two. Instead, the weight factors are based on the probability distribution
of the sequence of states in the path space. Other non-equilibrium sampling strategies in this vein
include bridge and path sampling [[13]], and sequential Monte Carlo (SMC) sampling [24} 2].

In this paper, we analyze another non-equilibrium importance sampling (NEIS) method, originally
introduced in [33]]. NEIS is based on generating samples from a simple base density pg, then
propagating them forward and backward in time along the flowlines of a velocity field, and computing
averages along these trajectories—the basic idea of the method is to use the flow induced by this
velocity field to sweep samples from pg through regions in {2 that contribute most to the expectation.
As shown in [33] and recalled below, this procedure leads to consistent estimators for the calculation
of Z; or B f via a generalization of (2). One advantage of the method, which is a rare feature among
importance sampling strategies, is that it leads to estimators that always have lower variance than
the vanilla estimator based on (2)) [33]]. The question we investigate in this paper is how low their
variance can be made, both in theory and in practice. Our main contributions are:

* Under mild assumptions on U; and pg, we show that if the NEIS velocity field is the gradient of a
potential that satisfies a Poisson equation, the NEIS estimator for Z; has zero variance.

¢ Under the same assumptions, we show that this optimal flow can be used to construct a perfect
transport map from p to p;. This allows us to compare NEIS with importance sampling strategies
involving transport maps like normalizing flows (NF) that have recently gained popularity [32, 19,
30], and highlight some potential advantages of the former over the latter.

* On the practical side, we derive variational problems for the optimal velocity field in NEIS, and
show how to solve these problems by approximating the velocity by a neural network and optimizing
its parameters using deep learning training strategies, similar to what is done with neural ODE [9].

* We illustrate the feasibility and usefulness of this approach by testing it on numerical examples.
First we consider Gaussian mixtures in up to 10 dimensions. In this context, we show that training
the velocity used in NEIS allows to reduce the variance of a vanilla estimator using a standard
Gaussian distribution as pg by up to 6 orders of magnitude. Second we study Neal’s 10-dimensional
funnel distribution [27, 2], for which the variance of the vanilla importance sampling method
is infinity; training a linear dynamics with 2 parameters in NEIS can lead to an estimator with
more accurate estimate of Z;. In these examples we also show that after training, NEIS leads to
estimators with lower variance than AIS [26].

Related works. The idea of transporting samples from p, to lower the variance of the vanilla
estimator based on (2)) is also at the core of importance sampling strategies using normalizing flows
(NF) [40,[39 132, (191301 146, 145, 29, 25]]. The type of transport used in NF-based method is however
different in nature from the one used in NEIS. With NF, one tries to construct a map that transforms
each sample from pg into a sample from the target p; = e~Y1 /Z;. In contrast, NEIS uses samples



from py as initial conditions to generate trajectories, and uses the data along these entire trajectories
to build an estimator. Intuitively, this means that samples likely on pg must become likely on p;
sometime along these trajectories rather than at a given time specified beforehand, which is easier to
enforce.

NEIS bears similarities with Neal’s AIS [26], except that in NEIS the sampling is done once from
po to generate deterministic trajectories to gather data for the estimator, whereas AIS uses random
trajectories. There are some methods based on AIS that optimize the transition kernel: for instance,
stochastic normalizing flows (SNF) proposed in [46] incorporate NF between annealing steps; and
annealed flow transport (AFT) in [2]] combines NF with the sequential Monte Carlo method to
provide optimized flow transport. These approaches require learning several maps along the annealed
transition, whereas the NEIS herein only needs to learn a single flow dynamics.

A time-discrete version of NEIS, termed NEO, was proposed in [42]. The current implementation
of NEO iterates on a map that needs to be prescribed beforehand, but this map could perhaps be
optimized using a strategy similar to the one proposed here.

From a practical standpoint, the idea of optimizing the velocity field in NEIS using a neural network
approximation for this field can be viewed as an application of neural ODEs [9] that uses the variance
of the NEIS estimator as the objective function to minimize. The nature of this objective poses
specific challenges in the training procedure, which we investigate here.

Notations. For symmetry, we denote po(z) = e~Y0(®) with Uy = —logpo : 2 — R and
Zy = fQ e~ Uo(®) 4z = 1. We denote a d-dimensional vector filled with zeros as 04 and the d x d
identity matrix as I. (-, ) is the Euclidean inner product in R?. We assume that the domain €2 is
either an open and connected subset of R? with smooth boundary or a d-dimensional torus (without
boundary). We denote by .4 (i, X2) the multivariate Gaussian density with mean y and covariance
matrix 3. For two functions f, g : D — R where D is a domain of interest, the notation f < g means
that there exists a constant C' > 0 such that f(x) < Cg(x) for any x € D. Suppose T : Q — R?
is a map and p is a distribution, then the pushforward distribution of p by the map T is denoted as
T'#p. The notation |-| is the usual £ norm for vectors and ||-|| is the matrix norm or functional norm.

2 Flow-based NEIS method

Here we recall the main ingredients of the non-equilibrium importance sampling (NEIS) method
proposed in [33]]. Let b : Q — R? be a velocity field which we assume belongs to the vector space

B = {b € C>(Q,RY) ‘ b-njog =0, sup |Vb(z)| < oo}, 3)
zEQ
where n is the normal vector at the boundary 0f2. Define the associated flow map X; : 2 — Q via
d
3 Xt@) =b(Xe(2)),  Xo(z) =z, ()

and let J; () be the Jacobian of this map:

t
Ji(x) :=|det (V4 X (z))| = exp </ V.-b(Xs(x)) ds> . )
0
Finally, let us denote
.E(k)(x) = e Un(Xe@) 7, () (6)

fork € {0,1}, 2 € Q and ¢t € R. NEIS is based on the following result, proven in Appendix
Proposition 2.1. If b € B, then for any —oo < t_ < t; < oo, we have

21 =EoAs_4,, @)
where o
t Fi ()
At,,t+ (.’L') = ﬁ dt (8)
A
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Figure 1: Contour plot of V and flowlines of b = VV, where V solves the Poisson’s equation (TT)
with D = 1, assuming that pg = 1 and p; is a mixture density with 3 modes; see (]3_Z|) With this
b = VV, we have A(x) = Z; for almost all = € [0, 1]%.

In addition, if

(1)
Fo 0 (x)dt
A () = )= BT ©
z+ — 00 fR ]:t (.’L’) dt
exists for almost all x ~ p, then
Z, =EyA. (10)

When b =0g4,0rt_ T 0andt; |0, (]Z]) reduces to @) The aim, however, is to choose b so that the
estimator based on (7)) has a lower variance than the one based (2)): we will show below that this can
indeed be done. For now, note that Jensen’s inequality implies that an estimator based on (I0) for
any b has lower variance than the one based (]ZI); see or Propositionbelow for details.

Note also that, if one allows the magnitude of the flow b to be arbitrarily large, the finite-time NEIS
() will behave like the infinite-time NEIS (9); such a relation will be discussed and elaborated in

Appendix [B4]
Finally, note that the estimator (I0) based on (9) is invariant with respect to the parameterization of
the flowlines generated by the dynamics b, as shown by the following result proved in Appendix [B.2}

Proposition 2.2 (An invariance property). Suppose b,ab € B, where a € C*®(Q,R) satisfies
inf,cq a(x) > 0. Then the fields b and ab generate the same flowlines, and A® = A*® where A®
and A®® are the function defined in @) using b and ab, respectively.

3 Optimal NEIS

The NEIS estimator for (I0) is unbiased no matter what b is. However, its performance relies on
the choice of b. Therefore, a natural question is to find the field b that achieves the largest variance
reduction. The next result shows that an optimal b exists that leads to a zero-variance estimator:

Proposition 3.1 (Existence of zero-variance dynamics). Assume that Q = [0,1]¢ is a torus and
Up, Uy € C*(,R). Let D : Q — (0, 00) be some smooth positive function with inf ,cq D(z) > 0,
and suppose that V- € C*°(Q) solves the following Poisson’s equation on )
V- (DVV) = p1 — po, with / V(z)dz = 0. (11)
Q

If the solution V' is a Morse function, then b = V'V is a zero-variance velocity field: that is, if we use
it to define (), we have

/po(Xs(:L'))js(x) ds = / 01 (Xs(x))Ts(x) ds, Sor almost all x ~ po, (12)
R R

4



and as a result
A(x) =21 foralmost all x ~ py. (13)

This proposition is proven in Appendix [E| where we also make a connection between and
Beckmann’s transportation problem. We stress that the optimal b specified in Proposition is
not unique (see Proposition [E.9): however, we show below in Proposition that, under certain
conditions, all local minima of the variance (viewed as a functional of b) are global minima. We also
note that the assumption that the solution is a Morse function is mostly a technicality, as discussed in
Appendix [E.3] Similarly, we consider the torus in Proposition [3.1] for simplicity mainly; we expect
that the proposition will hold in general when €2 has compact closure or even when ) = R<, see
Appendix [E| for examples including that of Gaussian mixture distributions.

For illustration, the contour plot of V and the flowlines of b = V'V are shown in Figure[I]in a simple
example in a two-dimensional torus where py = 1 and p; is a mixture density with 3 modes; their
explicit expressions are given in (54)); in this example, we solved (II)) numerically with D = 1, see
Appendix [E.5] for more details. Some other examples where the zero-variance dynamics is explicit
are discussed in Appendix [F|

Connection to transport maps and normalizing flows. The zero-variance dynamics provides a
transport map 1" from pg to p1, as shown in:

Proposition 3.2 (Existence of a perfect generator). Suppose D = 1 for simplicity. Under the
same assumption as in Proposition let V' be the Morse function solving and b = VV
the associated zero-variance dynamics. Then there exists a continuously differentiable function
(defined almost everywhere on () such that

s(x)

0
/ po(Xs(2)Ts(x)ds = / 0 (Xs(2)Ts(2) ds. (14)

—00 —00

Furthermore, the map T'(x) := X .,y (x) is a transport map from pq to p, i.e., T#po = p1.

The proof is given in Appendix Note that we consider again b = V'V on the torus for technical
simplicity: the statement of the proposition should hold in general for a zero-variance dynamics
b. The solution of is particularly simple in one-dimension, where we can take b(x) = 1, and
straightforwardly verify that »¢(z) = T'(z) — x with

x

T(z) = F; 1 (Fo(x)) where Fj(x) = / pi(y)dy, i=0,1. (15)

—0o0
We also illustrate the statement of Proposition [3.2] via numerical examples in Appendix

To avoid confusion, we stress that we will nor use the transport map 1" of Proposition in the
examples below. Indeed, using this map would require identifying sz, which introduces an unnecessary
additional calculation which we can avoid using the NEIS estimator directly. In addition, the NEIS
estimator will likely have better properties than those based on transport maps, as we can think of
NEIS as using a time-parameterized family of transport maps rather than a single one. In particular,
the variance of the NEIS estimator will be small if samples likely on py become likely on p; sometime
along the NEIS trajectories, rather than at the same fixed time for all samples. The former seems easier
to fulfill than the latter. For example, in one-dimension, the NEIS estimator has zero variance for any
b bounded away from zero, whereas building a transport map from pg to p; is already nontrivial in
that simple case since it requires solving (T3).

4 Variational formulations
The Poisson equation (TT]) admits a variational formulation:
mvin/ $IVV*D + V(p1 — po). (16)
Q

If D is chosen to be a probability density function (for example D = pg or D = %([)1 + po)), the
two terms in the objective in (T6)) are expectations which can be estimated via sampling (using, e.g.,
direct sampling for the expectation with respect to pg and NEIS for the one with respect to p;). This



means that we can in principle use an MCMC estimator of (I6) as empirical loss, and minimize it
over all V' in some parametric class. Here however, we will follow a different strategy that allows us
to directly parametrize b instead of V' (i.e., relax the requirement that b = V') and simply use the
variance of the estimator as objective function.

Specifically, since we quantify the performance of the estimators based on and (I0) by their
variance, we can view these quantities as functionals of b that we wish to minimize. Since the
estimators are unbiased, these objectives are

Var;_ ;. (b) = M;_ 4, (b) — 2,’12, (finite-time);

a7

Var(b) = M(b) — 27, (infinite-time),
where we defined the second moments M, ;. (b) :=Eq[|A4;_;, |*] and M(b) := Eo [|.A]?]. With
the finite-time objective, we know that with b = 0y, reduces to (2). Therefore, minimizing
M;_ . (b) over b by gradient descent starting from b near 04 will necessarily produce a better
estimator: while we cannot guarantee that the variance of this optimized estimator will be zero, the
experiments conducted below indicate that it can be a several order of magnitude below that of the
vanilla estimator.

For the infinite-time objective, we know that for any b, (9) leads to an estimator with a lower variance
than the one based on (Z) [33]. Minimizing Var(b) over b using gradient descent leads to a local
minimum; the next result shows that all such local minima are global:

Proposition 4.1 (Global minimum). Under some technical assumptions listed in Proposition
if b, € B is a local minimum of Var(-) where the functional derivative of Var(b) with respect to b
vanishes, i.e., 6Var(b,)/5b = 04 on Q, then b, is a global minimum and Var(b,) = 0.

The expression of the functional derivative §Var(b.)/db is given in Proposition[D.1] The technical
assumptions under which Proposition 4.1 holds are explained in Appendix [A]and the proof is given
in Appendix [H|

5 Training towards the optimal b

Here we discuss how to use deep learning techniques to find the optimal b; these techniques will be
illustrated on numerical examples in Section[6] Some technical details are deferred to Appendix [I}

Objective. We use the finite-time objective M;_ ; (b) in (7) with¢_ € [-1,0],t, =t_ + 1. Two
natural choices are t_ = 0 and t_ = —1/2, which will be used below in the numerical experiments.
This leads to no loss of generality a priori since in the training scheme we put no restriction on the
magnitude that b can reach, and with large b the flow line can travel a large distance even during
t € [—1,1] (the range of integration in s, ¢ in (§)); see the discussion in Appendix for more
details. In practice, we use a time-discretized version of (8) with 2V, discretization points, and
use the standard Runge-Kutta scheme of order 4 (RK4) to integrate the ODE (@) over ¢ € [—1,1]
using uniform time step (At = 1/N;). We note that this numerical discretization introduces a bias.
However, this bias can be systematically controlled by changing the time step or using higher order
integrators. In our experiments, we observed that the RK4 integrator led to negligible errors, see
Table

Neural architecture. In our experiments, we either parameterize b by a neural network directly, or
we assume that b is a gradient field,

b=VV (gradient form),

and parameterize the potential V' by a neural network. We always use an ¢-layer neural network with
width m for all inner layers; therefore, from now on, we simply refer the neural network structure
by a pair (¢, m); see Appendix for more details. When we parametrize the potential function V'
instead of b, the only difference is that the output dimension of the neural network becomes 1 instead
of d. The activation function is chosen as the softplus function (a smooth version of ReLU) that gave
better empirical results compared to the sigmoid function. At initialization the neural parameters were
randomly generated. Theoretical results about the gradient of M, _ ;. (b) with respect to parameters
are given in Appendix [C|and corresponding numerical implementations are explained in Appendix[I]



Direct training method. We minimize M,;_; (b) with respect to the parameters in the neural
network using stochastic gradient descent (SGD) in which we evaluate the loss and its gradient
empirically using mini-batches of data drawn from pg at every iteration step. For simplicity, we
choose py as the standard Gaussian in Section [6|below.

Assisted training method. When local minima of U; are far away from the local minimum of
U, the direct training method by sampling data from py and minimizing M;_ ;. (b) fails, because
the flowlines may not reach the importance region of p; due to poor initializations of b. More
specifically, if along almost all trajectories, e~ U1(X:(*)) ~ ( for s € [—1,1], then with large
probability A; N () & 0 where = ~ py; as a result, the empirical variance of the estimator can be
extremely small if the number of samples is small, while the true variance could be extremely large.
Such a mode collapse phenomenon is common in rare event simulations.

To get around this difficulty, recall that ideally we would like to find a dynamics b such that A is
approximately a constant function in the infinite-time case. That is, if b is a zero-variance dynamics,
then A is a constant function and E, [(A — (E,.4)?)] = 0 for any distribution p, and we are not
constrained to use the base distribution py and minimize the functional b — Var(b) in (T7). Motivated
by this idea, we use an assisted training scheme in which, at iteration ¢ of SGD, the loss function is

E,, [(A,L,t+ — EmAtﬂu)Q}. (18)

Here [E,,, denotes expectation with respect to the probability density p; defined as

pi=(1—ci)po+ciZ#po, ¢ =max{c— z‘i,o}, (19)

where v € (0, 1) controls the number of steps during which the training is assisted, ¢ € (0,1),
L is the total number of training steps, and Z := Z;_ is the time-1 map of the ODE Z;(z) =
—cVU,(Z(z)) with Z;—¢(x) = x and ¢ > 0 is a parameter. In essence, using (I8) means that, for
the first v L training steps, there is a probability ¢; that the data = ~ pg are replaced by Z(x), so that
the training method can better explore important regions near local minima of U;. Subsequently,
the assistance is turned off so that some subtle adjustment can be made. If some samples from
p1 = e~ U1/ Z, were available beforehand, we could equivalently replace Z#py in by the
empirical distribution over these samples. We emphasize that the assisted training method is only
used to guide the training initially and the NEIS estimator for Z; is unbiased.

6 Numerical experiments

We consider three benchmark examples to illustrate the effectiveness of NEIS assisted with training.
The first two examples involve Gaussian mixtures, for which we use NEIS with ¢_ = 0; the third
example is Neal’s funnel distribution, for which we use NEIS with t_ = —1/2. In all examples,
we compare the performance of NEIS with those of annealed importance sampling (AIS) [26]; the
number of transition steps in AIS is denoted as K and we refer to this method as AIS-K below;
for more details see Appendix [I.1] For the comparison, we choose to record the query costs to Uy
and VU; as the measurement of computational complexity, which connects to the framework in the
theory of information complexity (see e.g., [28]]). The runtime could depend on coding, machine
condition, etc., whereas query complexity more or less only depends on the computational problem
(Up, Uy and b) itself; for most examples of interest, Uy is simple whereas U and its derivatives will
be expensive to compute; as a remark, VU; is almost always more expensive to compute than U;.

For simplicity, we always use as base density po(z) = (2r)~% 2¢=31el” | We remark that a better
choice of pg (i.e., more adapted to p;) can significantly improve the sampling performance; our pg
is precisely used to validate the performance of NEIS in situations where pg is not well chosen. It
would be interesting to study how to adapt the choice of pg for easier training in NEIS, but this is left
for future investigations.

When presenting results, we rescale the estimates so that the exact value is Z; = 1 for all examples.
More implementation details about training are deferred to Appendix [[.2] All trainings and estimates
of Z; are conducted on a laptop with CPU 17-12700H; we use 15 threads at maximum. The runtime of
training ranges approximately between 45 ~ 76 seconds for Gaussian mixture (2D), 9.5~12 minutes
for Gaussian mixture (10D); for the Funnel distribution (10D), the runtime is around 25 minutes



for a generic linear ansatz and around 2 minutes for a two-parametric ansatz. Appendix [Jlincludes
additional figures about training. When computing the gradient of the variance with respect to
parameters, we use an integration-based method when ¢ = —1/2 (for the convenience of numerical
implementation) and use an ODE-based method when ¢_ = 0 (for higher accuracy); details about
these two approximation methods are given in Appendix [[.3]and Appendix [[.4] respectively. The
codes are accessible on https://github.com/yucaoyc/NEIS.

An asymmetric 2-mode Gaussian mixture in 2D. As a first illustration, we consider an asymmetric
2-mode Gaussian mixture

1 4
e gJV(/\el,af]Id) + EJV(—Aeg, o?1y), (20)

where e; = [}], ea = [{], 01 = V0.1, A = 5. With this choice of parameters, the variance of the
vanilla estimator based on (2) is approximately 1.85 x 105. We use NEIS with t_ = 0 and set the
time step to At = 1/50 for ODE discretization during both training and estimation of Z;. We train
over L = 50 SGD steps using the loss (I8)) by imposing bias in the first 60% of the training period
only (i.e., with v = 0.6). The evolution of the variance during the training is shown in Figure
in Appendix; the best optimized flow has a variance of about 1, as opposed to 10° for the vanilla
estimator. Since p; in (19) is quite different from po during the assisted learning period, it may happen
that the empirical variance significantly exceeds the variance of the vanilla importance sampling;
this does not contradict with Proposition [H.3|below. As seen in Figure[7] at the end of the assisted
period, the variance is already quite small and in most cases, the variance continues to reduce as b
gets further optimized.

After training, we estimate Z; using NEIS with the optimized flow and compare its performance with
AIS-10 and AIS-100. We first record the query cost for training and then set a total number of queries
to Uy, VU, as budgets. Given the query budget, we estimate Z; using each method 10 times, leading
to the results given in TableE]below. When we determine the estimation cost of NEIS, we deduct the
query cost of training from the total query budget for fairer comparison. Note that NEIS uses less
queries to produce more accurate estimate of Z;: in particular, the standard deviation of estimating
Z; by NEIS method is around 1 magnitude smaller than AIS-100. Moreover, the bias from ODE
discretization appears to be negligible. Figure 2] shows an optimized flow and also provides a visual
comparison of NEIS with AIS under fixed query budget; more comparisons using various ansatzes or
architectures can be found in Figures[TT]and [12}

A symmetric 4-mode Gaussian mixture in 10D. Next we consider a symmetric 4-mode Gaussian
mixture in d = 10 dimension with

4
e o NN (i, B), 1)
i=1

where the vector p; = [Acos(i£) Asin(£) 00 - 0] and ¥ = Diag[o? 0} 02 o3 - 03] is a diagonal
matrix. The parameters are d = 10, 07 = V0.1, 05 = /0.5 and A = 5. With this choice of
parameters, the variance of the vanilla estimator based on (2)) is approximately 2.15 x 10°. We use
NEIS with ¢_ = 0 and the time step At = 1/60 is used for ODE discretization during both training
and estimation of Z;. We show the training result in Figure [8| The variance reduces to about 10
after 60 SGD steps for the gradient ansatz (here we only considered this ansatz as it produces more
promising empirical results).

Similar to the last example, we compare NEIS using the optimized b with AIS, under fixed query
budgets; see Table[5} The best result from NEIS has an estimator with the standard deviation less than
1/3 of the one from AIS-100. This comparison suggests that AIS-100 needs more than 9 times more
resources than NEIS with optimized flow in order to achieve similar precision and the cost spent on
training indeed pays off if we require an accurate estimate of Z; (meaning less fluctuation for Monte
Carlo estimates). Moreover, this table also shows that the bias from ODE discretization is negligible.

Figure [2 shows a particular optimized flow: as can be seen, the mass near the origin flows towards
four local minima of Uy, as we would intuitively expect. More optimized flows and comparisons can
be found in Figure [T3]in Appendix.
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Figure 2: Selective comparison results for various models. Left panels: estimates of Z; by AIS and
NEIS with optimized flow under the fixed query budget shown above the panels; we repeat these
calculations 10 times and show boxplots of these 10 estimates for each method. The trial number
refers to the index for randomly chosen initialization. The query numbers refer to the queries used
for each estimate of Z; for each method; 1IMB = 10°. The dashed red lines show the exact value
Z, = 1. Right panels: streamlines of optimized flows atop the contours of Uy, both projected into the
x1-x5 plane for the two 10D examples. Full comparison and figures can be found in Figures [TT|[T2][T3]
and[T4]in Appendix.



A funnel distribution in 10D. We consider the following 10D funnel distribution studied in [2} 27
for the state z = [z1, T2, ..., T10] € R,

IlNJV(O,g), .CEZ‘NJV(O,BII), 2§Z§d

For numerical stability, we consider the above funnel distribution restricted to a unit ball centered at
the origin with radius 25. Instead of heuristically parameterizing the dynamics via neural-networks,
we consider a generic linear ansatz and a two-parametric linear ansatz:

b(z) = Wiz + b, Wi € RI0X10 p c R1O, (22a)
b(z) = —[B, axy, axs, ..., axyg], a,B eR. (22b)

The generic linear ansatz can be regarded as a neural network without inner layers. With (22a), we
drawn the entries in the matrix W; randomly and we set b; = 01 initially, and we use the assisted
training method; with (22b), we set « = 3 = 2 initially, and we use the direct training method. In
both cases, we choose the finite-NEIS scheme with t_ = —1/2. We notice that the asymmetric
choice t_ = 0 can also leads into more optimal dynamics, but its performance is not as competitive
as the symmetric case t_ = —1/2. It is very likely that such a difference is due to the structure of
funnel distribution: each coordinate x; (1 <4 < 10) has mean 0 and therefore, a symmetric version
can probably better weight the contribution from both forward and backward flowlines.

The training results are shown in Figures[9]and[I0]in Appendix. In Figure[I0] we can observe that both
error and variance are overall decreasing during the training and the parameters «, 5 tend to increase
with a similar speed. We use the same protocol as in the two previous examples to compare NEIS
with AIS. As can be observed in Table 5] the two-parametric ansatz (22b) gives the best estimate;
the generic linear ansatz (224)) is not as competitive as the two-parametric ansatz (probably due to
over-parameterization), but it still outperforms the AIS-100, under fixed query budget. Figure[2]
shows these optimized flows; more results can be found in Figure[T4]in Appendix. The apparent gap
between estimates and the ground truth in Figure 2] (or see Table[5)) comes from insufficient sample
size.

7 Conclusion and outlook

In this work, we revisited the NEIS strategy proposed in [33] and analyzed its capabilities, both
from theoretical and computational standpoints. Regarding the former, we showed that NEIS leads
to a zero-variance estimator for a velocity field b = V'V with a potential V' that satisfies a certain
Poisson equation with the difference between the target and the base density as source. Moreover,
a zero-variance dynamics can be used to construct a transport map from pg to p;. In turn, we
highlighted the connection and difference between NEIS and importance sampling strategies based
on the normalizing flows (NF).

On the computational side, we showed that the variance of the NEIS estimator can be used as
objective function to train the velocity field b. This training procedure can be performed in practice by
approximating the velocity field by a neural network, and optimizing the parameters in this network
using SGD, similar to what is done in the context of neural ODE but with a different objective. Our
numerical experiments showed that this strategy is effective and can lower the variance of a vanilla
estimator for Z; by several orders of magnitude.

While the numerical examples we used in the present paper are somewhat academic, the results
suggest that NEIS has potential in more realistic settings. In order to explore other applications, it
would be interesting to investigate how to best parametrize b (e.g., less parameters and non-stiff
energy landscape with respect to these parameters) and how to best initiate the training procedure. It
would also be interesting to ask whether we can improve the performance of NEIS by optimizing
certain parameters in the base density py in concert with b. The answers to these questions are
probably model specific and are left for future work.
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A The functional space for the infinite-time case

A.1 Assumptions
For simplicity, we make:
Assumption A.1. (i) The domain (2 is either

« an open and connected subset of R? with smooth boundary,
* or a d-dimensional torus (without boundary).

(ii) Ug, Uy € C(Q,R).
(i) Zo:= [, e~Vo =1, Z; < 0o and Var™®) ¢ (0, 00), where
Varm®) .=, [e=2(1=U0)] _ (Z,)?
is the variance for the vanilla importance sampling method.

Notations

Denote the indicator function for a set A as x 4(). The open ball around = with radius r is denoted as
B, (z) :=={y € Q| |y — | < r}. Forany subset D C €, let 7/, (x) and 7, () be the first hitting
times to the boundary 9D in the forward and backward directions, respectively. More specifically,

mh(x) == inf {t > 0: X,(z) € OD},

75 () :==sup {t <0: X,(z) € OD}. 3)
For later convenience, let us denote
B(z) = / T FOw)ar, (24)
and thus
Alz) B W.
A.2 Preliminaries
Lemma A.2. Ifb € B in @), thenforanyt,s e R, x € Qand k = 0,1,
T(Xi(@)) = Tos(@)/T(@),  FP (X)) = FE(2)/ Tula). 25)

This lemma can be verified easily by definition and thus the proof is omitted. A simple consequence
of (23) is the following result that we also state without proof:

Lemma A.3. Forany s € Rand x € (),
B(x)

B(XS(x)) = js(x)v

provided that these terms are well-defined.

A(X () = A=), (26)

A.3 The functional space

For the infinite-time case, we consider the following family of vector fields denoted as B .

Definition A.4. B, is a set that contains all b € B such that Q\U(b) has Lebesgue measure zero,
where U(b) C € is the collection of points 2 at which the functions

oo 0
Z / FRPG A, oz / F¥ (2)dt 27)
0 —0o0

are continuous on a local neighborhood of z for £ = 0, 1.
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We use the notation U(b) because in general, such a subset depends on the choice of b. The
main reason behind the above definition is that we need functions in (27) to behave nicely almost

everywhere. The integrability of ¢ — ]-'t(k) (x) depends on the long-term behavior of the flow, which
is not easy to characterize in general; thus we simply include the integrability into the assumption.
However, we can indeed expect that the above conditions should hold for most interesting examples,
for instance:

Example A.5. If Up(z) = @ + 4 1In(27) and Uy (z) = lol? > (so that both py and p; are Gaussian

densities), one optimal flow is b(x) = z (cf. Appendix l below) For this choice, we can direct
compute that when z # 04, X;(2) = ez and hence

2P\~ [ 4y
/ ]: (202) /ﬂs2 e ®ds,

=2
/2
/ f(l )dt = (‘;'2) / s%_le_sds,
g 0

and similar expressions hold for F(9) by letting ¢ = 1 in above equations. Then clearly, U(b) =
Q\{04} and such a dynamics belongs to B, However, the constant function b = 04 ¢ Boo: we

can easily verify that e.g., for this dynamics, fo )(z) dt = oo for any z and hence U(04) = 0;
see also Lemma[A.7] below.

Here are a few immediate properties of the set U(b):
Lemma A.6. We have:

(i) UO(b) is an open subset of ().

(ii) The set U(b) is closed under the evolution of the dynamics b, i.e., if x* € U(b), then
Xi(z*) € U(b) foranyt € R.

(iii) If z* € B(b), then X, (x*) € U(b) for any t € R, where U(b) is the closure of U(b) in RY.
(iv) z [7 ]-'t(k) (x) dt is continuous on B(b).
) (z,t)—~ [ Fi®) (x) ds is continuous on U(b) x R.

Proof. Part follows easily from the definition of U(b) and part also trivially holds. For part
notice that if y = X (), then

[ Aowas= [ f§k>(Xt(x))ds@( | #was) i

/ F /tfg’“(x)ds)/%(x)
:(/O FO (X y(y)) ds — /]-'(k) () ds ) /To(X o (5).

Since (z,t) — X(z), (z,t) — Ji(x) are continuous by the smoothness assumption of b, it is clear
that 7, (X _(y)) is continuous on (. The continuity of y > [ F® (X_i(y)) ds also trivially
holds on €. Next, the continuity of y — [ Fs *(x (X_¢(y)) ds in a local neighborhood of Xy (z*)
comes from the assumption that 2* € U(b). Thus, y > [ (k)

neighborhood of X;(x*), if z* € U(b). The other case for y — fioo .Fg(k)(y) ds can be similarly
verified.

(y) ds is continuous in a local

Part|(iiD)] is an immediate consequence of part[(iD)} Let us prove it by contradiction. Assume that the

conclusion in partdoes not hold, then there exists z* € U(b ) such that y* := X, (2*) ¢ U(b)
for some ¢ € R. By partm we know this 2* ¢ U(b) and thus z* € 9U(b) is in the boundary. As

G(b) is closed and y* ¢ U(b), there must exist an ¢ > 0 such that for any y € R? with |y — y*| < e,
we have y ¢ U(b). By the smoothness assumption on b, we know there exists a § > 0 such that for

16



any © € Bs(x*), we have | X (z) — y*| < € outside of U(b). Since z* is in the boundary of U(b),
we must be able to find an z € U(b) such that z € B;s(2*) and by part[iD} X,(z) € U(b). Thus, we
reach a contradiction.

For part[(v)]
| Fo@as= [T F#@ B [T ED(Xw) b
t 0 0

Because (z, t) — X, (z) is continuous (by the smoothness of b € B)and z — [;* FE (z) dsis con-

tinuous in a local neighborhood of X (x) € U(b) by part , it is then clear that fooo FE (X¢(z)) ds
is continuous with respect to (x, t), and hence the conclusion follows easily. O

A notable family of points that are excluded from U(b) are points at which [ ]-"t(k) (x)dt = oo.
For instance, these include stationary points of b and periodic orbits, which we state as:

Lemma A.7. Given a vector field b € B, we have © ¢ U(b),
(i) if x is a stationary point of b (i.e., b(x) = 04), or

(ii) if x is on a periodic orbit.

Proof. If x is a stationary point of b, the trajectory is X(z) = « for all ¢ € R. Then it is obvious
that [ ]—"t(k)(x) dt = e=Ur(®) [ e(V-)(@)t 4t = 00, which establishes part (i). For part (ii), let
us assume that the period is 7. If ¢ := fOT V- b(X,(z))ds > 0, then
/ FP (@)t = / o U (Xe@) HI3 o(Xu) s gy
0 0

> /OO o~ MAXo<s<r Uy, (XS(:t))+th/'rj+f:\;"/—7t_j/7'J V~b(XS(x)) ds dt
0

> C/ et/ 4t — oo,
0

where the constant C = ¢ ma¥osos<r Uk (XS(w)) eMino<s<r J§ V'b(x"(“)) dr Therefore,
1= FR(2) = 0. If ¢ 1= Jo V-b(X(x)) ds < 0, we can similarly show that ffoo FOz)dt =
00, and the same conclusion holds. O

A.4 Perturbation of the dynamics

Next we investigate the following question: given b € B, and b € C°(2,IR?), can we guarantee
that b + e6b € B, for small enough €? Such a conclusion trivially holds for the finite-time case;
however, more underlying structures are needed for the infinite-time case, due to the fact that the
long-term behavior of the flow b can sensitively depend on the local perturbation ¢b. This question is
probably unavoidable in order to understand the mathematical structure of B .

Notation: We shall use the notation X;(+) to represent the flow map under b, and use X§(-) to

represent the flow map under b€ := b + €)b in this section below. Moreover, we shall use Fike (+) to
denote the function defined in (6] for the dynamics b€ and the Jacobian of the flow 7, O (+) is similarly

defined.
Definition A.8 (b-stability). Given b € B :

(a) (For an open bounded set). A nonempty open bounded set D C U(b) is said to be b-stable
if:

(i) There exists a point z* € D and ¢ € (0, 1) such that
b(z)| >0,  |b(z) —b(z")| <(|b(z¥)], Ve D; (28)

(ii) For any = € D, the trajectory t — X, (x) intersects with the boundary 0D at exactly
two points.
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(b) (For a point). A point 2 € U(b) is said to be b-stable if there exists a neighborhood B, (x)
such that the region B, (z) is b-stable. Otherwise, the point z is said to be b-unstable.

The assumption in part (i) ensures that the trajectory ¢ — X (x) will leave this region D within a
finite amount of time; see Lemma [A.9]below. Part (ii) is used to ensure that the trajectory is not
(infinitely) recurrent to D; once the trajectory leaves D, it will not return to D again.

Lemma A.9. Suppose b € 6 and D C ) is open and bounded. If there exists a point x* € D and
¢ € (0,1) such that

|b(x*)| > 0, [b(x) — b(z*)| < ¢|b(x™)], Vz € D;
then for any x € D, we have

() — 7 (x Diameter(D) -
o) =Tl = G o] <

Proof. Consider the quantity hy(z) = (b(z*), X;(x) — 2*) for + € D. Then when ¢ €
(75 (2). 75 (@)
%ht(iv) = (b(a*), b(X:(2)) — b(x*) + b(z*)) = (1= )[b(z")|* > 0.
Therefore,
2 B @) g
(-l (@) = 7p(@) < [

= th(w)(a:) —h (z) < |b(x*)| Diameter(D).

7p ()

Then the conclusion can be immediately obtained. O

‘We now state the main result of this section:

Proposition A.10. Suppose b € B, and x* € UB(b) is b-stable. Then there exists an open bounded
neighborhood of x*, denoted as D C U(b), such that for an arbitrary §b € C>°(D,R?), there exists
an eg > 0 and b + €5b € B, for any e € (0, €g).

Proof. The main idea is that if the path ¢ — X(x) passes through D, then a small perturbation
within a bounded time period does not affect the long-term behavior; if the path does not pass

through D, then b¢ = b along this path and therefore, [, FE () dt = I F ¥ (z) dt; hence, the
continuity is also preserved locally around z.

Step (I): Setup and the choice of D.

Since z* € U(b), we know |b(z*)| > 0 by Lemma Moreover, we can find a small b-stable
ball By(z*) by Definition with a parameter ¢ € (0,1) in (28). Then consider the following
cross-section within By (z*)

S = {y: ly —x*| < 6/2, <y—:c*,b(:c*)>:0},
and define the streamtube ¥ passing through S’ as
T:={Xy(y): ye S, t e R}.

It is not hard to see that T is an open subset of U(b) by Lemma Then let us choose D as an
arbitrary open ball around x* such that

D C TN Byala?).

Next let us consider an arbitrary §b € C2°(D,R%) and from now on, we shall fix db. It is easy to
verify that b + edb € B for any € € R. The non-trivial part is to check that Q\U(b) has measure
zero for sufficiently small € and hence b° € ‘B .

Step (II): Choice of €.
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Let us pick

b(a*)| (¢* = O)lba")]
1+ 166()]" 2[85] = ) + C*[8b

€ = min{

(x*”} >0, (29)

for any ¢* € (¢, 1). The main motivation is that we need @I) to hold for b€ as well. Indeed, if € < ¢,

@  |b(a™)]
bE * — b * b * > b * _ b * >
()] = [bla) + edbla)| > Ib(a")] = ldba”)] & 3 dsr > 0.
and for any x € By(x*),

b () — b (2)] < [b(x) — b(a*)| + €|db(z) — Fb(z")]
D ()] + e2/15b] e 1)
2 ¢ b(a*)| - ¢*elob(a)]
< ¢ bt (a)].

As discussed above, this property ensures that any trajectory ¢ — X (x) with z € By(a*) will pass
through the boundary 9By (z*), and at the same time, since By (z*) is b-stable, the condition (ii) in
Deﬁnition ensures that such a trajectory only intersects with the boundary 9By (z*) at exactly 2
points.

Let us denote
Diameter(D) Diameter(D) (1 + [0b(z*)])

= < 0.
T o L= )o@ )] (1 —&%)|b(z)] o
By Lemma|[A.9] we know
X/ (z) ¢ Bg(z"), Vx € By(z*), Ve € [0,€), Vt € (—oo, —7] U [T, 00). (30)

Step (III): Prove that Q\U(b) has measure zero for any € € (0, ).
We will prove that for any € € (0, ¢p),
T C U(b°), U(b)\T C U(b°).

It could be observed that the boundary 9% has measure zero: the boundary contains flowlines from a
hyper-surface with dimension d — 2, that is, 0% is a set of flowlines passing through {y sy — 2| =

0/2, (y — 2*,b(z*)) = 0}. Hence, provided that the above equation holds, we immediately know
that

O\B(b) = B(6)° C (TU(BB)\T)) = TN (B(b) NT)° = T°N (B(b)° UT)
=(TNODB)°)U(TNT) COB)UIT = (NV(D) UdT

has measure zero, where the superscript ¢ means set complement. As a remark, from now on, we
shall fix € € (0, €).

Proof of T C U(b°). Let us pick an arbitrary 2 € T and we shall prove that z — [ ]—'t(k’e) (z)dtis
continuous locally near z. Similarly, we can verify that z — ffoo }‘t(k’e) (z) dt is locally continuous
near z. Therefore, z € U(b¢) and thus T C U(be).

Next we return to verify that z — fooo ]-"t(k’e) (z) dt is continuous locally near x. We claim that there
existsay € SUD € Bys(x*) and s € R such that X(y) = x. To prove this, we need to discuss
two cases:

* Suppose the path ¢t — X§(z) never enters D. Because b = b on Q\ D, we know Xf(z) =
X (x) for any t € R. By the definition of the streamtube T, there existsay € S and s € R such
thaty = X _¢(x) = X ,(z), which immediately gives X £(y) = x.

* Suppose the path ¢ — X7 (x) enters D at some time. Then the above conclusion follows easily.
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Because b° is smooth, for small enough J, we can ensure that Bs(z) C ¥ and also X¢ (z) €
Byo(x*) for any z € Bs(x). By (30),

X5 (2) = X{ (X ,(2)) ¢ Bo(z*), Vz € Bs(x), Vt > 7. (31
We divide the proof of continuity of z — fooo .Ft(k’€) (%) dt into two cases:

(a) If 7 < s, then we already know for any point z € Bs(x), we have X (z) ¢ By(x*) for
t > 0. Recall that b = b° outside of By(z*). Hence, X (z) = X¢(z) for any ¢t > 0 and

/ F(, / F® ()

which is continuous on a neighbor of = by = € G(b).

(b) If 7 > s, then by (BI), we know X (X<_.(2)) ¢ Bg(x*) for any z € Bs(x) and ¢ > 0

T—S

and in particular, X¢__(z) ¢ By(z*) for any z € B;(z). Let us rewrite

/ FR(z)dt = / FFe( )dt+/ FFO(z) dt
- /0 FF(z)at + / Flo (2 dt
@3/ FRO () dt + T (2) / FFO(Xe(2)) dt.

Since b¢ is smooth, apparently z — [ ]—'(k E)( )dt and z — J<_/(z) are continuous on
Q). The continuity of z — fo ]-"t(k ©) (X ¢ (2 )) dt locally near x can be exactly proved in

T—S
the same way as Part (a) above for the new point X¢__(x).

One small technical result to verify is that X¢__(z) € U(b) in order to apply the same

argument from Part (a). Note that X¢_,(z) = X%(y) = X°_~(X%(y)) where
=inf {t > 0| X{(y) € 0By(z*)}.

Since X£(y) € 0Bg(x*), we know X£(y) € U(b) (e.g., by choosing a small enough 0).
Outside of By(xz*), we know b¢ = b and thus X¢__(X<(y)) = X,_7(X%(y)) € U(b)
by Lemmal[A.6]

Proof of B(b)\T C U(b). Let us consider an arbitrary point z € U(b)\T. Note that b¢ = b
outside of D C F. For a local neighborhood Bs(z) outside of T, we also know for any y € Bs(z),

X{(y) = Xi(y) ¢ T fort € R, by both the definition of T and the construction b¢ = b outside of
%. By the same argument as in Part (a) above, it could be readily shown that z € U(b¢) and thus

B(b)\T C B(b). O
B Supplementary material for Section 2]

B.1 Proof of Proposition 2.1]

We first prove the finite-time case. As b € ‘B, we know that f Fo (0) (x)ds =
ft+ e o (X*S(‘”)) J-s(z) ds < oo by the continuity assumption of b and Assumption Then

t_
(0)
e [l o,
[ FO() ds

t+ FO@
/ / ~Ui(x )f”f(”)( )> dz dt.
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By the change of variables z = X;(T), we have

t (0) =~
- (x.@)__ Tt (Xu(@)) A di
s / / t+;r<0( (x))ds$( e

(0)
(2] —Uy Xt :n) Fo  (7)
/ / [ FO @ )dsjf( P

- fertea @)ft+;(()§)()) 3

FU(
_]E / ft i J’.'(O) d} EEo[AtﬂtJr].

(32)

Note that as the integrand is non-negative, switching the order of time integration and space integration
is justified by Fubini—Tonelli theorem.

The proof of Proposition [2.T| for the infinite-time case is essentially the same as the finite-time case,
except the followings:

* We need to replace the domain €2 in (32) by U(b) defined in Deﬁnition

* We need the continuity of z — f F (0)( ) dt in order to use Theorem 2 in [20] to get the
first line in (32). A generalization w1th discontinuity should be possible, e.g., by considering
piecewise continuous b. However, we shall not explore this further in this work. As a remark,
the map = — X;(x) being bijective (due to the nature of ODE flows) on w was proved in
Lemma[A.¢|[(iiD)] when applying 20, Theorem 2].

B.2  Proof of Proposition 2.2]

Consider
d
aXt(sc) =b(X,(z)), Xo(z) = x;
%Zt( )= a(Zt<x))b(Zt(w))a Zy(z) = .

To prove the first conclusion, we need to verify that the trajectory {X,(z)} teR = {Z(z)} teR"

From now on, let us fix  and introduce a scalar-valued function 6 by 6; := fot a(ZS (x)) ds (i.e.,
46, = a(Z,(z)). By taking the time derivative, it is not hard to verify that Z;(z) = X, () as
both satisfy the same ODE. Of course, # also depends on « but we shall not explicitly specify this
dependence for simplicity of notations. Thus, the trajectory ¢ — Z;(x) is the same as t — X;(x)
under time rescaling specified by 6.

Next we shall prove the following lemma, which immediately leads into the second result in Proposi-
tion 2.2

Lemma B.1. Suppose g : Q — R is a non-negative continuous function. For any x € (),

/_Z 9(Zi(z)) exp (/Ot V- (ab)(Zs(z)) ds) dt
= /Oo Q(Xt(x)) eXp(/Ot (Vb)(Xs(CU)) ds) dt.

a(z) J-o

Proof. Because « is strictly positive, 6. : R — R is bijective, and by the inverse function theorem

d Ay 1 1

de 't a(Zet—l(x)) B Oz(Xt(x)).
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Then by the change of variables ¢ = 6, and § = 6,

/OO g(Zt(x)) exp (/Ot V - (ab) (Zs(x)) ds) dt

— 00

= /OO g(th (ac)) exp (/Ot V- (ab) (ng (ac)) ds) dt

— 00

- /O:o g(XtN(x))a(X{(x exp (/fv - (ad) (Xg(x))m d’g) di.

S

It is then sufficient to show that ’(/Jl( ) = 1o(t) for any ¢ € R, where
1
a(Xt exp / V- (ab) (X (7)) (Xs(x)) ds),
1
valt) = s exp(/ X, (x)) ds).

1/}1 (t) :

It is easy to observe that 1); (0 = 1)2(0). Let us consider the time derivative of ¢
d 1
310 =010 = iy (TaK): b)) + ¥ - (@b (Xulw) L s )
=1 (t)(V- )(Xt( ))
It is clear that 15 (¢) satisfies the same ODE and thus 1 = 1)s. O

B.3 Remarks on the discrete-time analogy of

Let us briefly explain how connects to the method in [42] by time discretization. Suppose
N_=t_/hand Ny =ty /h, where h < 1 is the time step size; for simplicity of notation, let us
assume that N_ and N, are simply integers. By discretizing the time integration for the finite-time
NEIS scheme in (7),

Ny

[ )~ = O )]
mNPO ft T_ _7:5(0) T~ po _N_

NS, ) 7 @)

_k [N+ (@), oI ) Tt
x~po . ,

k—N_

=N_ D i—k-N, po(T=(2)) Ir— ()
where we denote T'(-) := X_(-), and Jp—; ( ‘det (VT I(z ))‘ is the Jacobian for the map
T~/ Then by choosing N_ = —K and N+ = O we have
K k
_ _ k(g T T
Ex~po[Ze (01~ (7" >)wk(x)], wp(a) = — Lol (@) I (@)
= T (T (@) Jr ()

which are Egs. (8) and (10) in arXiv v1 of [42].

B.4 Remark on the relation between finite-time and infinite-time NEIS

In what follows, we briefly elaborate on the relation between the finite-time and infinite-time NEIS
schemes. Suppose we fix —oo < t_ < 0 < {4 < oo and consider a fixed valid flow b for the
infinite-time NEIS, i.e.,
Ab(r) = Jpexp (— Ur(Xy(z)) + fo V- -b(X ( ))dr) dt
Jrexp (= Uo(Xi(x) + fo (z)) dr) dt
is well-defined for almost all = € €2, where the state Xt( ) solves the ODE - X, (z) = b(X,(z))

for any = € Q. The superscript in .A® is used to emphasize that it is the estlmator for this particular
flow b and similar notations are used below.
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Next we consider a family of rescaled flow b* parameterized by o > 0, defined as
b*(z) = ab(x), Vo € Q.
Let us study its estimator for the finite-time NEIS:
exp (— Uy(Zy(x)) + fo V- b*(Z,(x))dr)
t Lt:tt exp ( —Up(Zs(x)) + fo V-b%(Z,(x)) dr) ds

AP, (@) at,  (33)
where Z;(x) solves the ODE - Zt( ) = b*(Z(x)) for any = € Q. From Appendix we already

know that Z;(x) = X ¢ (x) for any z € Qand t € R. By change of time variables t = t/a, s = §/a
and r = 7/«, we have

= / f}_me_xi(p ( UlU ) )+ ij () ?)L df
oty o( oV r) ds
:/ Xiot _at,](E) exp (= U1(X +fo P@)dr) =
R ;t:;l,t; exp (— Uo(X5(x)) + fo )) dr) ds
For any ¢ € R, as o — o0, the integrand in the last equation converges pointwise to
exp( U (X +f0 ))dT)
Juexp (= Up(Xs(2) + [TV - ;(x)) dr) ds’

If we heuristically swap the order of taking the limit o« — oo and the integral with respect to ¢ (which
should generally hold for most examples), we end up with an identity:

lim At7 t+

/ exp ( (X~ D)+ f1V- X;(m))d?) e A
R [ exp ( 5(z)) + fo X (x))dr) ds

The above relation heuristically justifies that due to the space-time rescaling, in the limit of large
magnitude of the flow (i.e., @ — oo above), it does not matter how ¢_, ¢, are chosen as long as
t_ < 0 < t,. In particular, if the flow b is a zero-variance dynamics, i.e., A%(z) = 2Z; forz € Q
almost surely, then in the finite-time NEIS, the flow b* = ab (with « > 1) should be approximately
a zero-variance dynamics for the finite-time scheme. The finite-time NEIS scheme may not have
explicit analytical results about zero-variance dynamics in the same way as the infinite-time NEIS
scheme; however, due to the above discussed relation, the finite-time version still possesses the ability
to handle and learn an approximately zero-variance dynamics, which is good enough in practice, e.g.,
during training the optimal flow in Section [3]

C The first-order perturbation of the variance for the finite-time scheme

Here we study how the variance (or equivalently, the second moment) of the estimator depends on b,
since the performance of the finite-time NEIS scheme (7)) largely depends on this choice. More
specifically, in the following proposition, we study how the second moment changes under a small
perturbation of b. The expression (34) below will be useful for training optimal dynamics in Section ]
(see also Appendix [[| for details).

Proposition C.1. Suppose b € B and for any perturbation 6b € C2°(Q, R?), denote b¢ := b + €5b.
Then,

7Mt_ g (b + 651))

e=0

(@) [ FO@)ds - FO (@) [ 60 (@) ds dt} (34)
2 ’
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where for k € {0,1}, we define

(= VUL(Xu(@). ¥i(@) + [ (T(T-B)(X, (@), Yo (0)) s

(k) (k)
(z) :== F;"(x) : , (39
+ / (V- 0b)(X,(z)) ds
0
and Yy () is the solution of the following ODE:
d
EYt( z) = Vb(X,(2))Yi(z) + 6b(X:(z)), Yo(z) = 0. (36)
: . o oMy, (b) o o

The expression of the functional derivative ——;+—— (not presented in this work) for the finite-time

case can be derived in the same way as Lemmabelow for the infinite-time case. However, it

. oM b) . . . .
appears that the expression of %ﬁ) is too complicated to provide useful analytical results.

Proof. Let us perturb b by €db where € < 1. Let us consider

d
dt
d € € €

7 Xi(@) =0 (X{(2)) = (b+ €db) (X[ (x)),

with a fixed initial condition X¢(z) = X§(z) = x. For a small €, we can expect that X;(x) ~ X§(z)

and also we know X! (z) = X;(z). Define ]-'tk’e) (x) for the dynamics b€ in the same way as in (6)),
namely,

X, (x) = b(X,(x)),

]-'t(k’e)(x) = exp ( —Up(X;(2)) + /Ot(V -b) (X5(x)) ds).

By these notations,

iy ]_‘(LC) 2

Then we take the derivative of M;_ ;. (b°) with respect to e:

d €
M (69

ty .F(l’e)(x)
( i 70 t)
t- ft FO) (2)ds

o /t+ LFM@) [ FOO @y ds — FO (@) [T LFP) (@) ds )
_ (j‘tt t_ FSOE )ds)

Next, we need to compute %ft(k’e) (z). Let us first consider the perturbation to the trajectory. Let
Ye(x) = % (X (z)) and then

Cxi(e) = (b + eb) (X ()
= Vb (X{(2)) Yy (2) + 5b(X; (2) + ¢ (Vob(X7 (2)) ) ¥ (2),
Y (x)=0.
When € = 0, Y,?(x) is the solution to

Y0 () = Vb(X, () Y2 (a) +b(Xo(@)), V() =0

= QEINPO
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Now we are ready to explicitly write down —.7-' (k,€) (). Tt is straightforward to derive that

d ke
@

= A o~ U (X @) + [ 9 o o) (i) )
(= VU(X{ (), Y (@)

_ R () + /Ot (V(V-b)(X5(@)), Y () + (V- b) (X (2)) ds
+ e/ot <V(V . 6b) (X;(x)),Y;(x)> ds

When we let € = 0, we have
O(a) o= CFEI@)|
(= VU(X(2)), Y, (2))
+ /O (V(V-b)(X.(2), YO(2)) + (V - 8b) (X)) ds

Finally, we arrive at the conclusion by combining previous results and dropping the superscript in
Y,°(z) for simplicity.

= F(x)

D The first-order perturbation of the variance for the infinite-time scheme

The goal of this section is to derive the functional derivative of M (b) with respect to b, denoted as

6M(b) , defined as follows: for any b € C2°(£2, R?) such that b + €5b € B, for small enough e,
we have

d OM(b)

—Mb+eb)| = ( ,3b). 37

M+ eb)| /Q 5b 7)
Since M and Var only differ by a constant (which is independent of b), it is apparent that W‘"(b) =
IM(b)

5o -
Proposition D.1. The functional derivative Mgéb) : Q — R has the following form
§Var(b) 5./\/1( )
2 (@) = = )
(38)

QVA (/ 70 )dt/_ooo FO () dt—/_ooo FO(z) dt/ooo F () dt).

Remark D.2. The proof of the last formula is slightly formal: for instance, conditions on b to ensure
the existence of V.A are not discussed.

Recall the expression of B from (24). The proof of Proposition is given in Appendix it
relies on a few explicit formulas, that we state first.

D.1 Some explicit formulas
We need some explicit formulas for Y;(z) (36) and G, *) () [B3). We notice that G(*) depends on

Y (-) and 0b linearly, and Y;(z) also depends on &b linearly. Therefore, the first step is to rewrite the
expression of Y;(z) more explicitly in terms of 6b.

Lemma D.3. Suppose the dynamics b € B and b € C° (2, R?). Then we have

t
= / Ci s(z) 6b(X,(x)) ds, Vo € Q. 39)
0
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The kernel C; ¢(x) € R¥? has the following form

t
expr._ (/ Vb(Xr(ac)) dr), ift>s>0,
C,o(z) = s 71 (40)

(expTH (/ts Vb(XT((E)) dr)) , ift<s<0,

where expr_ is the chronological time-ordered operator exponential.

Proof. By plugging the ansatz (39) into (36), we immediately know that C; ;(x) = I, forall s € R
and

5‘tCt7s(o:) = vb(Xf(:L‘))Ctvg(z) (41)

This linear ODE has an explicit solution as in {0}, by introducing the time-ordered operator expo-
nential. O

Next, we shall rewrite gt(’“) ().

Lemma D.4. We can rewrite g,f’“) (z) as follows

9w = ZO@ ([ (VP @(0) + (V) as). @
where V,;(I,C) (x) is defined as

yS

V(@) = —C (@) VUL (X (2 /c”, V(Y b)(Xo(2)dr. (43)

Proof. Recall the expression of gﬁ’“’ (z) from (B3). After plugging (39), we have

(= VUL(X,(2). ¥i(w) + [ (T(T-B)(X, (@), ¥o(0)) ds

P8 FY @) ,
+ /O (V- 0b)(X,(2)) ds
_ t T - . ) t ' ) .
® 700 /O <C,:s( ) VUL (X(x)), 0b(X s ))>d +/0 (V- 5b) (X, (2)) d
+/0 /0 <Cs,r(l')TV(v-b)(Xs($)),5b(Xr(x))>de8
_/ <Ct,s(x)TVUk(Xt(:L’)),5b(XS(:z:))>ds+/ (V- 6b)(X.(x)) ds
:]:t(k)(l’) 0 ' . 0
+ /O ( / Cr () V(Y - B)(X, (@) dr. b(X, () ) ds

= F9a)( /0 (VD (@),5b(X. () + (V - 3b) (X, (x)) ds).
O

Then we present a few properties, which will be useful when computing the functional derivative

%. The following lemma shows how C) _(-) and Vt@s (+) change under the dynamical evolution
X(4).

Lemma D.5. Whent < —s<Qort> —s >0,

Ci—s(Xs(2)) = Crpso(z), VP (Xi(@) = VLo (a). (44)
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Proof. We first consider the term Cy, (X (x)). Whent > —s > 0,

Ci—s (X, (@) =expr_ ( [ ts Vb(X, (X, (x))) dr)

—expy ( /0 t Vb(Xr(:c))dr> = Cypsola).

The case for ¢ < —s < 0 can be similarly verified.
Recall from (@3)) that

Vt'EIi)S(XS(;U))
D¢, . (X.) VUk(Xt )+ [ Gl VT ) (X (X))

=— Ciy5,0(2)" VUL(Xyps(z / Cro(2)"V(V - b) (X, (z))dr
@V(k) ( )

t+s,0

where to get the third line, we use the above formula [@4) about C;, (X (x)). O

(k)

The following lemma connects C; o and V; ” with gradients.

Lemma D.6. Forany x € Qandt € R, we have

Vo X, (x) = [‘"’(’g&]j = Cio(z), (45)

FN WS (@) = V. FP(x),  fork e {0,1}. (46)
As a consequence, det (Cyo(z)) = Ty ().

Proof. We fix an index 1 < j < d and consider the dynamics (?tXe( ) = b(X{(2)), X§(z) =
Z - + ee; where e; is a vector with the jth element to be one, and all other elements to be zero. Clearly,
X?(z) = Xy(2).
Let Y (z) := ifg(:@ Then

d 5 d

Y (@) = Tb(X (@) = VO(X[ (@)Y (2).  Yi(2)=e;.

Moreover, when € = 0, we have

V@) = V(X)W w), V) = e,

whose solution is simply the " column of C; o(z). Besides, the jM column of V, X;(z) is given by

i K@t ce) = Xilw) _ Xi@) = XP@) _ d e

e—0 € e—0 € d€

=Y (x).
0 2 ()

By combining above results, we easily know that V, X (x) = Cyo(x).
Next, for k € {0,1} and any = € €,

T

VA (@) = FP @)~ (Vo Xul@) " VUL(Xo(@)) + / (V. X, (@) V(V ) (X, () ds)

= FP(@)( = Cro(@)"VUK(Xi()) + / Cio (@) TV (V - b)(Xo()) ds)

0
BrH @V (@)
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D.2  Proof of Proposition [D.1]

We list without proof the following result for the infinite-time case, which can be derived in the same
way as Proposition|C.1]

Lemma D.7. Let b€ := b + €db. Suppose thatfor small enough €, we have b¢ € B.. Then

o e ([ oo [_aPeraq)]

where gék) (x) is defined in (33)) for k = 0, 1.
Lemma D.8. The functional derivative of the second moment for the infinite-time case is

d

5/\;,,(17) (z) =2 ( /_O; FO(2)8%,(X(2)) = Vo (FLO(@)6%, (X)) ) ds) , @
where
52 i 2(;”/ FO @)V () ar u;&)))/fff”(xmf?(x)dt, -
2((;)/ FO @)V () dt + “Z((J;))/ FOWVO@ s <o
G2 (x) = 2((;6/ 7 dt_(é(é?/s FOe)dt,  ifs>0;
ggg/ Fle JZ((?) / FO@)dt,  ifs <0,

When s = 0, S5°(+), G§°(+) are not specified above, because they will not affect the functional
5M(b) by changing values at a single point.

derivative

Proof. In Lemma we need to simplify the term [ i’ooo G t(k) (z) dt. By plugging the formula of
G*) from @), we have

/ g(k)

@/ Oy /< V) ),5b(Xs(:v))>+(V.5b)(Xs(x))ds) Gt

—/ / ffk)(:v)<thf)(x),5b(Xs(x))>+f§’“)(x)(v.5b)(XS(x))dtds.

By plugging the last equation into Lemma[D.7)and with straightforward simplification, we can verify
that

i./\/l(b + €db)
de

e=0

=28 [ [ <s°°< ) 3b(X. (o) s+ [ GV - 00) (X, () d]
_2/ /on (), 0b( X (z ))>+Qs°°(a:)(V~6b)(Xs(a:)))dxds
=Xe(e / (po @) (85 (X (@), 50(7) ) T (3)

0 (X (D)05° (X)) (V - ) (DT (7) ) i s
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/ / FO @) (83 (X_(@).3b() ) — (V(FO )63 (X)) ) 8b(a) ) dar s,

The integration by parts in the last line is valid because b vanishes at the boundary 0€2. By comparing
the last equation with (37), we can immediately obtain (7) after straightforward simplifications. [J

Then we need to simplify S, (X (z)) and G=, (X, (z)).
Lemma D.9. 8%, (X, (z)) and G=,(X,(z)) have the following form

AW [T G F @) ar “T) VA (a
5=, (Xs(x)) _ B(x) / (2) + B(z) /
A(x) (1) A(z) (0)
mm/me (@) Bu /‘Vf
x{/ FO dﬁ%AWD!/)ﬁm@Nm
G (X, (x)) = A?) (Qﬂ)”
z Wy g — A o)

0
Proof. When s > 0,

8%, (Xs(2))
A(Xs x

A 7 50 (1, )V, G

Ly <Xs<x>>vtfﬂz (o)

@)V o) at +

=—“”/OﬁWmW&mw+%f?/OﬂW>wm>d

/ VFO (x

which is clearly independent of s from this expression. Similarly, when s < 0,

if s >0,

if s <O0.

ifs >0,

if s <O0.

/ FO (@) VO o () dt

S, (X, (z))
=§;ﬁ£[jﬂWmequq@mt
_ (A(Xs((z))))) /°° FO (X, () VO, (X, () dt
gg)) /O: Firo(@)ViLso@) B(g;)) [s F@)V () dt
%3Amﬂ”>%?<mv””f/ FO @V @) dt
(x) / vF! O,

which is again independent of s. We can similarly simplify g_s( q(z))
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By plugging the formula in Lemma[D.9]into #7),

| FOwen @) as

:/Ooo]-'s(o)(x)ds (—“gg/_o ]-'t(l)(x)dt—i— /Ooof
[ Fowas (38 [T A wa “(?)) R )

Az) 7 [° 0, o0 W ()t — O, Wy,
B@)(/mft ()dt/o Fi(z)dt /0 Fi ()dt[mft (z)at).
Besides,

/ T FO) ()8, (X, () ds

:_M/ FO (g d/ vr}l()de/ FO(z ds/ VFO (x)dt

B(m) B(w)
/ vF! / VFO (@

By combining previous results,

L M )<x>

@/ f0> @) s = v( [~ Ao (x ())ds)

= $/ FO (@) dt/ VED (2) dt + ?3((9; / Fo dt/o VA (@)

+ Ex)) / FO(a) at / vFD (@ “g:; / FO () at / VA (@
-V “gx)) / FO dt/ F(x / ]-'to)(x)dt/_oo]-'t ()dt
“4((5)) v( / FO(z)dt / FY (z)dt — / FO(z)dt / ’ f,f“(a;)dt
Bx)) ( / FO )t / vFO (¢ / FO(z) dt / VFO (@) dt)
v )(/O FO(a) dt/ F( :z:)dt—/o ]—'to)(a:)dt/_oo]-'t(l (x)dt
gg) / vFO (z)dt / Fa - /_ OOO VFO (z)dt /0 T FO @ ar

It can be directly verify that
Al) (JE VFD @) dt [ VF (@) di
V(E)(x) B o (1) - o (0)

@)\ 2 F (@) dt J22 O (@) dt

By plugging this into the expression of the functional derivative and dividing both sides by %,

B(z)  SM(b)
A < op @
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o0 (1) oo 0 0 oS
Fi () dt
_ S P @)t Bt(x)( ) ( / FO(z) at / VF (@) dt — / FiO(x)at / VF (@) dt)
0 —o0 —oo 0
o o)
vFD(z)dt , o o 0 0
eV (I) ]-‘(O) pydt [ FP@)dt— [ FO@)ar [ FVa
foo (1) t t 0 t t

e’} 0
f‘ (O) / FOz)dt / FO(z)dt - / FOz)dt / f,ﬁ”(m)dt)
- 0 oo
/ vrt(‘”(x) dt / F (z)dt — / VY (z)dt / f,f”(x)dt).
0 —00 —00 0

We keep the terms involving [ V]-'t(l) (z) dt untouched and we only try to simplify terms involving
Ik V7" (z) dt. The coefficient for I VFO () dt is

X / F (@) dt/ FO dt+2/ FO )dt/ FH
B(x 0
B(z) 72/ ﬂmuyy/ fm(yn+/ FO (ﬂ/ F(z)dt
0 —00
0 e’}
- L ( / FO () dt / FO(a) / FO () dt / FO(a
—0o0 0
Similarly, the coefficient for | Eoo V]-"t(o) (x)dtis
) e’} 0 [es)
. / FY (z) dt/ 7 (z) dt+2/ F(z) dt/ FP(z)dt
—00 0 —00 0
e’} 0 (e e’}
—2/ FO () dt/ f}”(m)dt—/ ]—'t(o)(x)dt/ F (z)dt
0 —00 —00 0

0 o] oo 0
( / FO(z) dt / FV(z)dt — / FO(z) dt / FO(z) dt).
—o00 0 0 —00
Hence,

B(z)  SM(b)
2A(x) (z)

= (/0 ]-"t(o)(w) dt /Oo }'t(l)(x) dt — /OO ]—‘t(o)(m) dt /0 _7_—t(1)($) dt)x
o 0 . N

JE VEO @ a2 VEY (@) dt
[ FO@at e FY

- ( /000 FO(z)at /O h F(z)dt — /O h FO () dt [ 000 FO () dt)(f ¥ In(A)(z)).

After straightforward simplification, we obtain (38). O

E Proof of Proposition 3.1 and discussion about its assumptions and
implications

In this section, we prove Proposition[3.1] and discuss its assumptions (in particular the Morse function
condition) as well as some of its implications (including the settings that go beyond the ones in the
proposition). In partlcular we solve the Poisson equation (TT) when py is the standard Gaussian
density in R? and p; is the density of a Gaussian mixture distribution.
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E.1 Proof of Proposition (3.1 when D = 1

We proceed in three steps:
Step 1: We shall first establish the limiting behavior of the dynamics.
More specifically, the trajectory ¢ — X;(z) will converge to a local maximum of V' in the forward

direction and converge to a local minimum in the backward direction, except at a set of points with
measure Zero.

Lemma E.1. For any x € €, we have limy_,, [b(X;(z))| = 0.
Proof. We only need to show one direction ¢ — co and the other case follows similarly. Assume that

the conclusion does not hold, then there exists ¢ > 0 and a monotone increasing sequence {t }%2 ,
such that [b(X, (¢))| > € and limj_, t;, = co. Consider

d 2 d 2
5 10(Xe@)[" = 5[V (Xi(@))|
= 2(VV(X(2)), V2V (Xo(2)) VV (Xi(@)) ) = ~2C[b(X ()],
where C' := sup,¢q HV Vix || < oco. By Gronwall’s inequality,

[b(Xe(@))| = (X, (@)=,

for all ¢ > s > 0. Without loss of generality, we can ensure that ¢, — ;1 > 1. Hence,

tr+1
V(X,(x)) — V(Xo(z)) = / B(Xu @) ds = > xio () / Clt—t) g

k=1 tk
e(l—e ¢
=sup{k : tg41 < t}(i),
C
which will diverge to infinity as ¢ — oco. This contradicts with the boundedness of V' and thus the
assumption does not hold. O

Lemma E.2. Suppose x is not in the stable nor unstable manifold of a saddle point of V. Then the
trajectory t — Xy (x) must converge to a local maximum of V' in the forward direction and a local
minimum of V' in the backward direction.

Proof. Since the torus 2 = [0, 1]¢ is bounded, the trajectory { X;(z)}:>0 must be bounded and there
exists an increasing sequence {5 }7° ; such that {X t, () } . is convergent by Bolzano-Weierstrass
theorem and let us denote the limit as z*. By Lemma we know b(z*) = 04 and thus z* is a
critical point. By the assumption, z* is not a saddle point nor a local minimum, that is, z* must be
a local maximum of V. By the assumption that V' is a Morse function, the critical point z* has a
non-degenerate Hessian. After the trajectory enters its basin of attraction (containing an open ball
around z*), the trajectory ¢ — X () will eventually converge to 2*. The backward direction can be
proved in a similar way. O
L . . oo (k)

emma E.3. Under the same assumption as in Lemma we know fo F(x)dt < oo and

fi)oo ffk)(x) dt < oo. In particular, limy|_, ffk)(x) = 0 and limp oo Ji(x) = 0.

Proof. Without loss of generality, we only consider the forward branch. Since V' is assumed to be a
Morse function, the Hessian V2V (2*) < 0 is non-degenerate and 0 > tr (V2V (z*)) = AV (z*).
Therefore,

tli>rrolo V-b(Xy(z)) = V- b(z*) = AV(z*) < 0. (48)

Since py, = e~ Uk /2y, is bounded on the torus, we know

/ F¥ (@) dt:/ e Un (%) 7.(2) dt < C/ Ji(z) dt:C/ el Ib(Xe(a) ds gy
0 0 0 0

32



where C' := sup,, ., max{e 0@ e~U1(®)} < oo herein. From @8], there exists 3 > 0 and 7 > 0
such that V - b(X(z)) < —@forall s > 7. Thenif ¢t > 7,

t
/V-b( ds</ V - b(X,(z))ds — B(t — 1),
0

and therefore,

/ FO (z)dt < C / i vb(X. (@) dt + /00 o7 vb(X (@) ds ,—B(t-—7) dt) < 00

T

In particular, when ¢t > 7,

;715(17) < 6‘[(;' V-b( (z)) ds —B(t—T)

7

which converges to zero exponentially fast as t — oco. The same conclusion holds for .Ft(k) (x)
e Uk (Xt(1)>$(x) when ¢ — cc.

O

Step 2: We verify that b = VV is a zero-variance dynamics.

We need to show that [~ (p1 — po)(X¢(z)) T (x) dt = 0 almost everywhere on 2.

Under the same assumption as Lemmal[E.2] let us consider

/ " (o= ) (Xe(@) ) dt = / T AV (X ()l AV (Xe@) ds gy

— 00 — 00

:/joijt()

= fim Ji(@) = m_Ji(z) =0

The last line comes from Lemma|[E.3] The validity of the above equation almost everywhere on €
will be explained in Step 3.

Step 3: We prove that b = VV € B, in the sense of Definition[A.4] i.e., such a gradient ascent
dynamics is a valid one for the infinite-time NEIS scheme.

If we can find two open subsets D1, D> such that x — fooo ]-'t(k) (x) dt is continuous on Dy, x —
fi)oo ft(k) (x) dt is continuous on Do, and both 2\ D; and Q\ D, have Lebesgue measure zero, then
clearly U(b) D D1 N Dy and b € B,

Due to the symmetric role of forward and backward branches of trajectories, it is then sufficient to
prove the following lemma.

Lemma E.4. There exists an open subset D C $ such that x — fooo }"t(k) (x) is continuous and
O\ D has measure zero.

Proof. Let us denote the local maxima of V' as 27, 25, , 2. The index r < oo because V'
is a Morse function and €2 is compact. Since VQV(%) < Ofor1 <1 < r, there exists a local
neighborhood Bs, (Z2;) such that lim;_, ., X:(z) = 2 if z € B, (%;). Hence, it is not hard to
characterize the basin of attraction of Z;

0; = {Xt(x) x€ By, (2), t < o}
which is open. Then define an open subset D := U;_;0;. By Lemma we know Q\D has

Lebesgue measure zero, since there is only a finite number of critical points and the stable/unstable

manifold of saddle points has measure zero. Next, we still need to verify z — fooo ffk)(z) dt is

continuous at an arbitrary point € D. Since D = U]_,O; and O; are open and disjoint, it is

sufficient to verify this conclusion for = € O; for an arbitrary index i.

By the smoothness of V/, there exists a local neighborhood Os := {z € O; : V(2;) =6 < V(z) <
2;)} such that % € (1,%) forevery z € Os. Let M = sup { max{e~V1(®) ¢=to(@)} .
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T € Q} We know M < oo because €2 is compact and Uy, U; are smooth. Define 7 := inf{t >

1: Xy(z) € Os}. Due to the smoothness of b, for any integer j > 2, we can choose a small
neighborhood Bs, () such that X;(z) € Os forall t > j7 and for all z € B, () (note that Oy is
automatically a trapping region of b by construction). Then when z € B;, (),

Oof,fk)(z) dt < OOth( ) dt

JT

/ M7 (2)e T D)3 E57) gy

1
<2MUTjr (2) e
(V- b)(23)
2M
W(Zr( z) — Jjr(x) + %T(x)).
For an arbitrary € > 0, by Lemma we can pick j large enough such that J;,(z) < W 5

Next we can accordingly pick ¢; small enough such that J;-(2) — Jj-(z) < W% for all
z € Bs,;(z). In this way, we can ensure that

HPOSGri=g EeBe) “9)

JT

Furthermore, due to the smoothness of b, we can choose 5 i (possibly even smaller) so that

/ F¥(2) / FO < S, VzeBs,(a) (50)

The continuity of z +— foj i .7-'t )(z) dt can be easily established due to the differentiability of

z ft(k) (z). By combining previous results, for each ¢ > 0, we can find a ¢; such that for any
z € Bs,;(x),

}/ ]—'t(k)(z)dt—/ FO (@) at]
0
ir o0 o0
/ FH () t—/ J—"t(k)(a:)dt‘—s—/ ]-"t(k)(z)dt—&—/ F&
0 JT JT

@<®e n € n €
-4+ -4+ -=c¢
-3 3 3
This proves the continuity of z fooo ]-'t(k) (z) dt at the point z. O

E.2 A remark about the general case

By Proposition to prove that VV is a zero-variance dynamics, it is equivalent to prove that
b = DVYV is a zero-variance dynamics where V' solves (TI).

Notice that J; (z) = el VPV (Xe(@) ds 4ng

/ T (01 (X0(@)) — po(Xo(2)) ) dt = / TV (DY) () () dt

* d . .
As long as J;(x) vanishes when |t| — oo, such a dynamics b = DVV is indeed a zero-variance
dynamics.

For a point z € (2, suppose the gradient ascent trajectory under VV will converge to a (non-
degenerate) local maximum of V, denoted as =*; by Proposition the trajectory initiated from
2 under b = DVV is the same and X;(z) — z* as t — oo under the flow b. Since D is strictly
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positive, it also does not change the concavity of local extreme points: when x* is a local maximum
of V (with VV (z*) = 04 and V2V (2*) < 0), then

Vb(z*) = VV (2*)VD(z*)T + D(x*) V2V (z*) = D(=*) V2V (z*) < 0,
which implies that as ¢ — oo,
V- b(Xy(z)) — V- b(z*) = tr (Vb(z*)) < 0.

By the same argument as in the case D = 1 (i.e., Lemma|E.3)), we can establish the validity that
Ji(x) = 0as |t| — oc.

E.3 A remark about the existence of Morse function

In Poisson’s equation (TT]), a Morse function V' does not always exist for an arbitrary smooth density
function p1, e.g., when p; = pg, D = 1, we know V' = 0 is the solution of (IT)) but V' = 0 is not
a Morse function. However, since Morse functions are dense in C°° (2, R) [4], we can always find
a Morse function such that the dynamics b = V'V behaves almost like a zero-variance dynamics,
which is summarized in the next proposition.

Proposition E.5. Suppose Q = [0,1]% is a torus and Uy, Uy € C>(Q, R). Without loss of generality,
assume Zy = Z; = 1. For any € € (0, 1), there exists a Morse function V such that the dynamics
b = VV provides an estimator 1 — e < A(x) < 1+ € for almost all x € Q in the infinite-time NEIS
method. Consequently, the variance Var(b) < €2,

Proof. Denote 0 := inf{py(z) : z € Q} = e sw{Uo(®): 2€2} ~ () gince Uj is smooth and Q
is compact. Since both p;, = e~U* are smooth for k = 0, 1, one could approximate p; — pg by
trigonometric polynomials T () = 37|, <y uz0, @u€">" ") such that

e

I(p1 = p0) = Tvllcoqey < 5

where a,, = fQ e—i2m{u,x) (p1 — po)(x) dx € C are Fourier coefficients, 1 € Z% and N € N; see [7}
Theorem 16]. Let W (z) = 3, < jiz0, Zaesjz€ " ) € C*(Q,R). Itis clear that AUy =
T’ As Morse functions are dense, we can find a Morse function V' such that ||V — ¥ x| 2 (q) < @

[4, Proposition 1.2.4], and in particular, [|[AV — A¥ N”CO(Q) < %. Therefore,

[AV = (p1 = po)llco(a) < 1AV = AUn|[coiq) + [AYN = (p1 = po)llco) < €b- (1)

By Proposition we know that b = V'V is a zero-variance dynamics for p; := pg + AV. The
Proposition is proved under the assumption that densities are positive smooth functions for
convenience and it is straightforward to verify that it also holds if p; is an arbitrary smooth function
in Proposition[3.1} In particular, using the same argument in Appendix [E.T|Step 2, we have for almost
all x ~ po,

Jp 21( X1 (2)) Ti () dt
Jg po(Xi()) Ty () dt

Hence,

LAVX@)T@d | S
Jen K@) T@ At~ T polXi@) (@)t

— 14 =1. (52)

X
Az) - 1/ @ oKl

t o Jolpr — p1)(Xe(2)) Ty () dt
t Jz po(Xi(2)) Ti () dt
8| Jelp1 — p1)(Xi(2)) T () dt‘

-1
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@fReﬁjt )
NG

Since we assumed Z; = 1,
2
Var(b) = Eo[lA]°] - (21)° = Eold — 21” < ¢

O
E.4 Solution of Poisson’s equation (IT)) for Gaussian mixtures
— | 2
Lemma E.6. One solution of the Poisson’s equation AV = Ce~ S withd > 2 on Q = R% is
V(x) = f(|x — u|), where the function f : RT™ — R has the derivative
d d 1-d = d d d 1-d r?
f'(r) = C24/2 gyl / 1121t 4t = 0221 gyt - F(d/2,2—2)7
0 g
where F(a, x) = foz t~Lle~t dt is the lower incomplete gamma function.
Proof. Without loss of generality, let 1t = 04. Then a natural radial solution is given as V (x) = f(|z|)
for some scalar-valued function f. The above Poisson’s equation becomes
2
7y + e St | | = Ce™ 5
By some straightforward computation,
7,2
f/(r) — Op—(d=1) / Sd—1e—s2/(2a2) ds = 024/2=15d, 1~ d/ o? $4/2=1 —t 44
0 0
=r(a/2.57)
O
Proposition E.7. Suppose V solves the following Poisson’s equation on € = R?
AV = p1 —po
where
2
(@)= — ( iy
po(x) = exp ( — o),
\/ 27rd 2
2
z — e (- EEL). nenuertacri iz
0;

and pu; 7# b lf i # j. Then one solution for the gradient flow dynamics b = V'V is given as

2
bla) = ””(wa—m (a2, ) o) = el T ) ) s

Proof. We just need to apply the last lemma and the formula VV'(z) = £ ‘(‘TD zif V(x) =

Proposition E.8. Suppose b is given in (53). Then
lim b(x)

max;‘:1 o; )—0

f(l2))-

O

2752wl = il D)2} ) ~ bl (a2 laf o) =

i#]

217rd/2(2w¢xui|_dF(d/2)(x,u7) |z|~T I'(d/2, il ) ), otherwise.

The limiting dynamics x — lim( S )_}0
ax;_1 04
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Proof. If x = i, then
1 —d | — il —d kil
b(z) = 9rd/2 Z%VC — pal F<d/2a T)(ﬂf = i) — || F(d/Q’ 7)33 .
i#j i
|2

When o; — 0 for all 4,we know I'(d/2, M) — T'(d/2) when i # j and hence we have the

20';."
above result. Similarly, we can obtain the expression when x # p; for any j. O
E.5 Example: Poisson’s equation yields a zero-variance dynamics
The example for Figure|[T]is
pole) = Vo) =1,

ey _ (e~ [83]) + o(x — [63]) + ol — [§2]) (54)
3 Y
¢($) — 62 cos(2mxy)+2 cos(27rzg)'

p1(z) xe

The periodic boundary condition in Proposition [3.T]helps to ease the technicalities in proving that the
gradient dynamics b = V'V from solving the Poisson’s equation (TT) is a zero-variance dynamics, by
removing the effect from the boundary 0€). The same conclusion, however, should hold if V" solves
the Poisson’s equation with Neumann boundary condition:

AV = p1 — po, VV -n =0on 01, (55)

where n is the normal vector of the boundary O€2. We consider the same model (54) and 2 = (0,1)?.
The potential V' and flowlines of b = VV are visualized in Figure[3]and we can numerically verify
that A(z) = Z; for almost all z € (.
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Figure 3: Contour plot of V and flowlines of b = V'V for the model (54) on the domain © = (0, 1)?
with Neumann boundary condition.

E.6 Non-uniqueness of zero-variance dynamics

Recall from Proposition [2.2] that there are certain degrees of freedom to choose the dynamics: for
a given by, if we choose by = ab; where a € C*°(Q, R) is strictly positive, then this function «
can be absorbed into the time rescaling and it does not affect the variance of the sampling scheme.
However, even if we remove this parameterization redundancy, zero-variance dynamics may still not
be unique, e.g., due to the geometric rotational symmetry.

Proposition E.9 (Non-uniqueness). For given py and pi, there might exist more than one zero-
variance dynamics (let us say by, bs) but there is no scalar-valued function o such that by = ab;.
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Proof. We construct an example to prove the non-uniqueness: let d = 2, Uy(z) = |z|*/2+ In(27)
and U; be given by
1
exp (— Ui(z)) = exp (— Up(z)) + 2, ¥1%2 €XP (— a1 —13).

We can easily verify that |z|e~*" < %e‘”Q/Q for any = € R. Then we know Ze~U0(®) < =01 (@) <

%G’UU@). Therefore, Uy is clearly well-defined and Z; = 1. For the dynamics b(z) = [} ] with
v} +v2 > 0, we have J;(r) = 1 forany z € §2,¢ € R, and

/00 e~ (X”('”))Jt(m) dt
:/oo e,UO(Xt(:r))jt(x) dt

1 oo
+ o / (21 + v1t) (29 + vat) exp ( — (z1 + vlt)4 —(z2+ ’Ugt)4) dt.
— 00
When either v; = 0 or v = 0, we can easily verify that
S ) gy ar

=1, Yz € R2.
2 et (Xu@) 7,0y ar

Therefore, the variance is zero for two dynamics with orthogonal directions b = [}] and b = [{]. It
is clear that there is no scalar-valued function « such that by = ab;, and thus the non-uniqueness is
established. O

E.7 Connection to the Beckmann’s problem.

The Poisson’s equation (TI)) with D = 1 is the Euler-Lagrange equation associated with
min/ |b(z)|” dz subjectto V b= p; — po, (56)
Q

when p = 2. The variational problem in (36) is known as Beckman’s problem of continuous
transportation [3]]; when p = 1, it is also related to optimal transport in W; Wasserstein distance
(35 136].

F Explicitly solvable zero-variance dynamics

In this section, we provide some examples with explicitly solvable zero-variance dynamics. Through-
out this section, we consider ) = R?,

Table 1: Examples with explicitly solvable zero-variance dynamics for the infinite-time case with the
domain 2 = R%. By Proposition given a zero-variance dynamics b, any dynamics of the form
ab for some scalar-valued positive function « is also a zero-variance dynamics. In this table, we have
removed such a degree of freedom.

Dimension| Uy and U, b Details
d=1 arbitrary b(z)=1 Appendix|F.2
general d | Up(z) = |z>/2+% In(27) b(z) = Az + v with Appendix|F.3
Ui(z) = (z — @) Yz — | A=In(271/32), T
w)/2 v = —(Hd—Zl/Q)_l ln(Z_l/z)w.
generald | po and p; have the same | b(z) =v Appendix@
marginal distribution on the or-
thogonal subspace of {cv: ¢ €
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F.1 Some general properties

Given a b € ‘B and a distribution pg, we study the family of U; such that b is a zero-variance
dynamics. Given an ODE flow map X, (-) based on the dynamics b, let us introduce

U (z) :=Up(X_r(2)) — log (T--(2)). (57

Then p ox e~U” is the push-forward distribution of the flow map X, (-), i.e., p = (X, (-))#po. The
family of distributions that can be written as a linear combination of such pushforward distributions
can be characterized by

S = {U e Ve Span{e*UT}TeR}.

‘We have:

Proposition F.1. For every Uy € §, the variance Var(b) (if well-defined) is exactly zero, i.e., if the
distribution p1 o< e~V is a linear combination of push-forward distributions by the ODE flows maps,
then Z, can be estimated with zero-variance by the infinite-time NEIS scheme.

This proposition is proven in Appendix [F.5]below. In words it says that, if we can learn a perfect
neural ODE such that p; = X (-)#po for some 7, then such a dynamics is also the optimal one (i.e.,
zero-variance dynamics) for the infinite-time NEIS scheme. Conversely, if U ¢ F, then is it still
possible that Var(b) = 0? The answer is positive:

Proposition F.2. The exists a dynamics b € B and a p; < e~Y' such that Z, can be computed with
zero-variance but p, does not need to be a linear combination Of{XT(')#pO}TeR (namely, Uy ¢ §).

This proposition is proven in Appendix [F.6| below.

F.2 Flows for the 1D case

Let us consider b = 1. Then we can compute Z; via the infinite-time NEIS scheme with zero-variance
for arbitrary potentials Uy and Uy. This could be verified via direct computation: J;(z) = 1 and
X,(x) =z +tforany t,z € R, and thus for an arbitrary z,

ffooo e~ U1 (Xt(l?)) Ji(z) dt ffooo e~ Ui(@+t) q¢

Alz) = = 1o _
- [ e (X@) gyar  Jeem 0 dt

Therefore, the variance is exactly zero.

Another perspective to understand this comes from Proposition|F.1| For b = 1, we know e~U" (*) =
e~Uo(==7) in (7). By Proposmon | if the potential U; can be expressed as follows

= [ Hme =),

then Z; can be computed with zero-variance, where f is a tempered distribution and * means the
convolution. Then it is sufficient to show the existence of such a f for a generic U; .

For a given potential U;, we can solve the above equation for f using Fourier transform; more
specifically,

f=F Y (F () F ™),
where .Z (1) are (inverse) Fourier transform.

F.3 Linear flows for Gaussian distributions

Proposition F.3. Suppose Uy(z) = \x|2/2—|—% In(27) and Uy (7) = (z — @) T2~z — @) /2, where
the covariance matrix % is non-degenerate. A zero-variance linear dynamics is b(x) = Az + v with

A= 1n(2*1/2), v = f(Hd _ 21/2)_1 111(2*1/2)@7. (58)
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Before presenting detailed proofs, let us make a few remarks about zero-variance dynamics in (38):

* If we further let ¥ = (1 — ¢)[; where € < 1 is an asymptotic parameter, then the above choice
can be approximated as follows:
d € €
The leading order dynamics %X +(z) &~ —w is consistent with the parallel velocity case below
in Appendix [F4]
* For the above Gaussian case, the dynamics (58)) can be regarded as the gradient flow dynamics
of the following quadratic potential

V(z) = %(33 — (1 - 21/2)_1w>T1n(E_1/2) (x - (Ia— 21/2)_173).

Indeed, it is not hard to guess that the optimal dynamics might have a linear form in order to
transport Gaussian distributions. It is natural to guess that b = —VU; or b = =V (U; — Up)
might be zero-variance dynamics, but it could be verified that neither of them are zero-variance
dynamics.

Proof of Proposition Suppose we consider a family of linear dynamics
d

4 Xi(@) = AXi(@) +v,  Xo(a) =@

Then X, (z) = eMx+ A~ (e —I4)vand (V- b)(x) = tr(A). Therefore, U~ " defined in (37) has
the following form for any 7 € R,
U (z) =Up (eATm + AT — ]Id)v) —tr(A)7.
By Proposition [F1] the variance is zero if
Ui(z) =U""z) + C,
where C'is some constant. This condition can be simplified as
(z — @) TS Yz — w)/2 = Uy (eAx + AN - Hd)v) —tr(A) + C.
Thus, we just need to ensure
AN — e M = 1w, et =91,

by matching the order of x and, more specifically, we can choose A and v as in (58). O

F.4 Flows with parallel velocity

As we have mentioned, in the 1D case, the choice b = 1 gives a zero-variance estimator for the
infinite-time NEIS scheme. A straightforward generalization is to consider the following parallel
velocity case

b(z) = a(x)v,

where v € R? and « is a positive scalar-valued function. Due to Proposition it suffices to consider
b(xz) = v. As we can always rotate the coordinate without affecting partition functions, without loss
of generality, let us assume v = e; for simplicity, where e; is a vector with the first element to be 1
and zeros otherwise. For an arbitrary initial proposal z, only the first coordinate x; is changing under
the dynamics b = e;. The estimator essentially works like the 1D case above:

JZ e (Xt(m))jt(x) dt 7 e r@rarsra) 4g 2.y @223, 2d)
) T e Uslgwzaswa) dg 1X Dol(xa, 3, -, 2q)
J; e 0 ¢ .,715(1') dt —o0 ) ) )

o0

Az)

)

where py, is the marginal distribution of pj, for the subspace R~ by tracing out the first coordinate.
Therefore, the dynamics b = e; is a zero-variance dynamics iff pg = p1.

Proposition F.4. Suppose b(z) = ax)v where a € C (R, R) with inf ,cq a(x) > 0 and v € R
Such a dynamics b gives a zero-variance estimator iff py and py have the same marginal distribution
in the orthogonal space Of{cv i ce R}.
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F.5 Proof of Proposition[F1]

Ifooo e Uk (Xt(m)) Tu(z) dt

Lemma FE.5. Fix the potential Uy and a dynamics b € B. If =Cisa
[ et () 7,0y a

constant function for k € {2,3}, then any mixture of Uy and Us, given below, also ensures that

J= e Y ) Ji(x) dt

is a constant function, as long as U is a valid potential function:
Je e (x12) 702 at

U=- log(wge_U"‘ + W36_U3), wo,ws3 € R.
Proof. We can easily observe that

/ e—U(Xt($)>$(x) dt = / W26—U2(Xt(m))jt(x) + wBe_U3(X‘('T))jt(a:) dt

= (Cows + ngg)/ erU(Xt(r))jt(:c) dt.
O]
Lemma F.6. For the distribution p; < e~V +C
zero-variance.

, the partition function Z, can be computed with

Proof. We only need to verify the case C' = 0. Then
| e gman [T et @) g (@) g ai

— 00 —

_ Ji(z)
:/ ero(th(I))jth(x)dt

_ / U0 (Xe@) 7,02 d.

This means that b is a zero-variance dynamics for the distribution py. O

@ > o~ Uo (Xt—T(iE)) $_T(x)$(x) dt

Proof of Proposition|[F]] Combine the above two lemmas. O
F.6 Proof of Proposition[F.2]

. . xT 2 T
C0n51d26r a 2D example with Uy(x) = %—Hn(?w) and b = [}]. Then J;(z) = 1, and U" (z) =
%—&— In(27) where x = [ ]. Let us consider

—Ui(z) .__ —UY(x —xtogd
o Ui(@) . U @) i-a}

+ €ext1e

27T
verified that U; is a well-defined potential and

where € := 5 (2sup, lyle=v" +u=1)?%/2 SUDy R e’y4+y2/2) ~''> 0. It could be straightforwardly

oo

/ U1 (X®) 7,(2) dt:/ eV (X®) 7,(2) dt+e/ (1 + t)e (10 =22 g

:/OO 67U1 (Xt(l’))%(z) dt

:/ e_UO(Xt(m))Jt(x) dt.

The last equality holds by Lemma [F.6] Therefore, b is a zero-variance dynamics for py and ps.
However, U; ¢ § because ffooo f (T)e’UT(I) d7 must be a separable function, whereas U; is not.
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G Proof of Proposition 3.2 and more discussions

G.1 Proof of Proposition [3.2]

We proceed in three steps:

Step 1: Let us first assume the existence of » € C'*(D, R) satisfying (T4), where D is an open subset
of © and Q\ D has measure zero. We shall verify that T#py = p; almost everywhere.

From (T4)), let us replace = by X (z),

By straightforward simplification,

#(Xe(x))

p1(Xae(@) oy ol) ds ).

»#(Xe(x))+e

O+e
0= [ mXela) T ds - | p1(X 4 (2))74() ds.

— 00 —0o0

By taking the derivative with respect to € at e = 0,

po(x) = pl(X%(w)(x))j%(z)(m)(l + <

<
X
—~
8
~
[~
—~
8
~—
~
~—

To show that T#py = p1, we need to verify that po(z) = p1(T(z))Jr(z) where Jr(x) =
| det (Vo X,.(2)())|. Therefore, it remains to prove that

det (VxX%(w) (CC)) = j%(gg) (T)(l + <V%(£13), b(x)>) 59)
By direct computation,

Vo X @) B Oy 0(@) + b(Xoun) (2)) (Voela) .

By the matrix determinant lemma,
det (V2 X oot (2)) = (14 (V). (Cote 0(2)) ™ b(Xoaia) () ) ) det (Cragay ()
= (14 (V5(2),b(2) ) ) Tt (@),

where we used and Lemma [D.6] to get the second line. The last equation verifies (39) and
therefore, T'#po = p; almost everywhere.

Step 2: We shall explain D and establish the existence of » € C*(D,R).

Suppose we denote the local minima of V as 27, 25,---, 2., and local maxima of V as
B, %, -+, %, where a,b € N. Then in the proof of Proposition[3.1] we have already mentioned
that

D= {x €N ‘ lim X,(x)= %, lim X,(z) =%, for some i,j}
t——o0 t—o0
is an open subset of U(b) and Q\ D has measure zero, due to the assumption that V' is a Morse
function.
Consider the following function L(z,t) : D x R — R, defined as

L(a.t) = / po(X o (2)) T () ds — / (X (@) Tu(z) ds.

— 00 — 00

We can observe that

o limgs oo L(z,8) = [7 po(Xs(@))Ts(z) ds > 0.

42



¢ Besides,

0 [e%)
lim L{z,t) = / po(X o (2)) T () ds — / o1 (X () T2 () ds

t—o0 oo o

| mXee) @ ds <o

where the second equality comes from the fact that b = VV is a zero-variance dynamics; see
* With fixed z, the function ¢ — L(x, t) is continuously differentiable and is strictly monotonically
decreasing.

These imply that for each x € D, there exists a unique »(z) such that L(z, »(z)) = 0 by the
intermediate value theorem. Therefore, 5 is well-defined via (T4).

Next, we need to prove that such a function 2 € C'*(D,R), which can be immediately obtained
by the implicit function theorem [34]], provided that we can prove L € C'(D x R, R). Due to the
smoothness assumption on pg and py, itis clear that 9, L(x, t) = —p1 (X (x)) T (z) < 0 exists and is
continuous. Therefore, the task becomes to prove that V, L(x, t) exists and is continuous. Since it is

clear that fg p1(Xs(x))Ts(x) ds is continuously differentiable with respect to z, it is then sufficient
to prove that

0
Gk<x>:=/_ or(X () T () ds

is continuously differentiable for k& € {0,1}.
Step 3: Prove that G, € C'(D,R).

In Appendix [E.T] we have proved that G, is continuous; see Lemma[E.4]in particular. Next, we first
verify that Gy, is differentiable and then verify that VG, is also continuous.
Part 1: Gy, is differentiable.
We want to verify that Gy, is differentiable and in particular
0
V.Gio) = [ V(X)) ds (60)

Let us consider an arbitrary x € D. Without loss of generality, suppose its limit in the back-
ward branch is 27 = lim;—, o, X:(z). Let us focus on a local neighborhood Bs(z) such that
limy_, oo X¢(2) = 27 forall z € Bs(x). Such a small § exists because 27 is a strict local mini-
mum and b = VV is smooth from the assumption that V' is a Morse function. In order to verify that
G, is differentiable (i.e., (60)), by the Leibniz rule (see e.g., [18] Theorem 6.28]), it is sufficient to
prove that there exists an integrable function @ : (—oo, 0] — R such that

V= (pr(Xs(2))Ts(2)) | < Q(s), Vs € (—00,0], Vz € Bs(x). (61)

By direct computation,

V- (X, () 7:(2)
(X (DT~ (VX)) + [ (VX)) VT 0K ) dr) (g

B (Xo(20)7:(2) (= (Cool2) " VUK, (2) + / (Cro(2)) V(Y - B)(X, () dr).

Since the domain 2 is assumed to be a torus, we know py, VU, and V(V - b) are uniformly bounded
on the domain (). Therefore,

0
V(X (DT £ 2 (ICes(@ + [ Gl dr). (©3)
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Recall from () and (@0) that
95Ts(2) = (V - b)(X(2)) Ts(2), Jo(z) = 1;
8503’0(2) = Vb()fs(ZJ))C’S,Q(,@7 Co)o(z) = ]Id.

Recall that X;(z) — 27 as s — —oo; the value V - b(27) and the hessian matrix Vb(.27) are
both strictly positive, which imply that Js(z) and |Cj,0(z)|| are both decaying as s — —oc.

Let us denote v > 0 as the smallest eigenvalue of Vb(.Z7). For a given € with 0 < € < min {V .
b(21),v}, let us define
E={2€Q:V-b(z) >V -b(21) —¢, Vb(z) > (v—e)a},

which is an open neighborhood of 7. We can find a subset of £, denoted as Eirap, such that Eyyp is
a trapping region of the dynamics b for the backward branch. Thus, we can find a negative time 7
(which possibly depends on ¢€) such that X (z) € Erap for all s < 7. If we choose a § small enough,
then we can even ensure that

X(2) € Eirap, Vs < 1,Vz € Bs(x), (64)

due to the smoothness of b and the construction that & is a trapping region. Therefore, when s < T,
Js(z) decays to zero exponentially fast as s — —oo with arate at least V - b(27) — €; similarly, the
matrix norm ||Cj o(z)| also decays to zero exponentially fast as s — —oo with a rate at least v — e.
On the region (—o0, 0] x Bs(z), we can readily obtain

js(Z) /S e(V.b(ﬁbfl)*e)s7 ||CQ7O(Z)|| S e(vfs)s. (65)

By plugging the above estimates into (63), we know that

V= (0(Xs(2))Ts(2)) | S Ts(2) S e(Vb(21)=c)s. (66)

The function e(v'b(‘%)_e)s is integrable on (—o0, 0] and this serves as the function @ needed in

(6T) with some multiplicative constant.

Part 2: VG, is continuous.

Let us denote H(z,s) := V. (pr(X,(2))Ts(2)). From (62), we can observe that V. H(z, s) is
continuous with respect to z with

_H(z,5)(H(,5))"
V.H(z,s5) = pr(X(2)) T (2)

p(X () T:(2)V: ( — (Cool2) T VUL(X,(2) ) +
KNI [ 9. ((Crale) V(T - B (2)

Lemma G.1. For a given smooth vector field W € O (2, R%), there exists a constant C such that
forany z € Bs(x) and s € (—o0, 0], we have

V- (Cuo(2)TW(Xo(2))]| < Ce@05

By this lemma and the estimates in (66),

IV-H(z,5)] 5 | h;fj(;) (H(;SS()Z))T [EACTISRIEAS / o g

s(2))
< 7i(2) S Vo),
which readily leads into the continuity of VG, based on (60).

Part 3: Proof of Lemma
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By direct computation

V., (Cooe W(Xu(2)),

K2

_szj( w0 )J_Wl(Xs(z)))
@2(7 o)1) W) + 3 (Cuole) (T X2 (CralEDhes

Since W is assumed to be smooth on the torus 2, we know W and VW are uniformly bounded.

Previously, we know that ||C;o(2)] S e(“%)s. Therefore, we only need to prove that for any
1<¢<d,

10:, Cso(2)Il < €79, (67)
From (#T)), we have
05(0:,Cs,0(2)) = Vb(X(2))(0:,Cs0(2)) + 8(s,2),  (92,Co,0(2)) = Oaxas
(S(5,2)), ;= D (Pirznen VI(X(2)) (Co0(2)),,,  (Co0(2)),, - (68)

n,m

Since ||C.,0(2)| < ev=9% from (63)), the source term ||S(s, z)|| also decays exponentially fast with
rate 2(v — €) as s — —o0, namely,

1S(s, 2)ll S 279, Vs € (=00,0], 2 € By(x). (69)
By rewriting (68)) in the integral form and by {0}, we have

0
(8ZZCSO / C;0(2)(Cro(z )) 's S(r,z)dr = —/ C;.(2)S(r,z) dr

To prove LemmalG_'T[, we only need to consider the case s < 0. Suppose we consider s < 7 only;
recall the role of 7 in (64). Then we could obtain that when s < r < 7

[Cs.r(2)]l = ||expr, (— / ' Vb(Xu(z))du)

where expy- is the anti-chronological time-ordered operator exponential. We can separate the above
integral form using 7 and obtain the following estimates: when s < 7,

] (2)S(r,2) dr
/||Cw rz||dr+/ Hcso M(z))*IS(m)Hdr

Q a0, (70)

M@onﬂ o (2)S(r2) dr| +

S/ 1Cs.r (2 |1S(r; 2)|| dr+ ||Cs0(2)
5§ N—— — — —— J

)7 1802 ar

use @)  use (69) use (63) \?9?1)_/ use (89)
T 0
S/ ef(vfe)(rfs)eZ(vfe)rd,r_|_e(vfe)s/ e2(v75)rdr
s N
=0(1)

S 6(ﬂufe)s + e(vfe)s 5 e(vfe)s.

This verifies (67) for any z € Bs(z) and s < 7. When s € [—7,0], we can simply choose the
prefactor large enough so that (67) holds, as 7 is a finite value. Hence, Lemma|[G.1]is verified.

G.2 Examples

We elaborate on Proposition [3.2by concrete examples. For these examples, we estimate s from (T4))
either analytically or numerically, and then we validate Proposition [3.2] by comparing p; and the
empirical distribution of X ., (x) where x ~ po.
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G.2.1 Gaussian examples in 1D

2

— =41 T .
For the case Up(x) = 5~ + 5 In(27) and Uy () = 55~ with o < 1, from Table|l| we already
t w

know that a zero-variance dynamics is b(z) = x — %= Then X,(x) = e’z — (e’ — 1)1 for any
t,z € Rand J;(x) = e’ for any t € R. By direct computation

0 w —e (wtz(o—1)+wo)
S ri(Xs(@)Tula)ds  erf(Gaiy) +erf (F=7 =)
0 = = = :
J2 oo po(X () T () ds erf(J5) + et (755 )
By solving  in (T4) using the last equation, we have
w(z) = log(o),  Va £

which is independent of the state x.

w

1-¢’

Figure 4: This figure shows the histogram of sample points of X ,,(,y(x) (blue) and the distribution
p1 (black) for the 1D Gaussian example in Appendix [G.2.1|with w = 1 and o = 0.5.

G.2.2 Three-mode mixture on a 2D torus

We consider the model (54)) on the torus © = [0, 1]? and recall that the zero-variance dynamics has
been shown in Figure [T} Then the contour plot of s is visualized in Figure [5] Moreover, in the
same figure, the empirical distributions of X, (,)(z) and contour plots of p; are provided, which
numerically verifies Proposition 3.2}

G.2.3 An example on (0, 1)? with Neumann boundary condition

We consider the model

V(z) = ycos(2mxy) cos(2mas), po(z) =1, p1(z) = po(z) + AV (z),
045 (71)
 4g2’
on the domain € = (0, 1)? and the potential V' automatically solves the Poisson’s equation with
Neumann boundary condition (see (53))) by the above construction. Apart from verifying thatb = VV'

is a zero-variance dynamics numerically, we can also observe that Proposition [3.2]holds in this case;
see Figure

:l)l]
)

T =[z; Y

H Proof of Proposition 4.1]

Below is the full version of Proposition4.1]
Proposition H.1 (Local minimum). Assume that
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(b) histogram of samples of X ., (z) where x ~ po ©) p1

Figure 5: The figure shows the time map s defined via (T4) and it also numerically verifies that p; is
the distribution of X, (,)(z) with 2 ~ po, for the model on the torus © = [0, 1]? (with periodic
boundary condition).

(i) (Local minimum). b € B, is a (non-trivial) local minimum of Var, namely, Var(b) <
Var'™®) and if there is a perturbation 5b € C>°(Q,R?) such that b + e5b € B, for
sufficiently small €, then Var(b + e¢5b) > Var(b).

(ii) (Continuity assumption). The functional derivative w‘glfb) is continuous and % =0y

on Q. In particular, V A exists and is continuous on ).

(iii) (Technical assumptions). U(b) = Q) (see Deﬁnition and the set of b-unstable points (see
Deﬁnition@ has Lebesgue measure zero. Moreover, the set {z € Q0 : V(Uy — Up)(z) =
Od} has Lebesgue measure zero.

Then b is a zero-variance dynamics for the infinite-time NEIS scheme, i.e., Var(b) = 0.

Recall the formula of W from (38):

PVAO) ) = %;()‘” ( /O T FEO @) e [ Ooo FO (@) dt [ OOO FO() at /0 T FEY @) dt) -

Here is a sketch of the main idea behind the proof. If V.4 = 04 on the domain €2, then A is a constant
function. Hence, b provides a zero-variance estimator for the infinite-time NEIS scheme and it must

be a global minimum of the functional Var as well. If the other term [, FO(z)dt fi)oo FY (z)dt—
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~0.0100 \\ 0.25
O 0 [ ]
)

0.0 0.2 0.4 0.6 0.8 1.0

(a) V and trajectories ) ;1

0.2 0.4 0.6 0.8

(c) s in symlog scale (d) histogram of samples of X ., () where x ~ po

Figure 6: This figure visualizes the model (7T)) on the domain Q = (0, 1)? (with Neumann boundary
condition). In the panel (a), we show the potential V' and sample trajectories under the dynamics
b = VV; in the panel (b), we show the distribution p;. In the panel (c), we present the time map
¢ o 3 where 3 is defined via (T4) and the rescaling function ¢(z) := sign(z)log(1 + |z]|) is the
symlog function. In the panel (d), we show a histogram of samples of X ,,(,y(x) where z ~ po. The
panel (d) resembles the panel (b), which numerically verifies that p; is the distribution of X, (,) (x)
with © ~ pg.

fi)oo ]_.t(o) (z)dt [ ]-'t(l)(m) dt = 0 locally on an open subset, then it could be shown that this is

equivalent to (V(U; — Up) (), b(x)) = 0 (see Lemma[H.4]and Lemma|H.5). Such a dynamics b
should not be optimal, because b is perpendicular to the gradient of the potential difference and such
a b does not explore the local structure (cf. Proposition[H.3). This intuition leads into the following
idea: if b is a local minimum of Var, then we should only have V.A = 0, almost everywhere on 2;
otherwise, we should be able to perturb b so that the dynamics b can better explore the landscapes of
Uy and U and the variance can be further reduced; see Proposition

Remark H.2. As we work on the domain {2 only, we shall consider the topological space for the
domain € instead of R? from now on.

H.1 A characterization of the global maximum
Proposition H.3. If the dynamics b € B, then
Var(b) < Var(™), (72)
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The equality can be achieved iff

(b(x), V(Uy — Up)(z)) =0, Vx € Q. (73)
Proof. We only need to prove that M(b) < E, [e~2(U1=U0)] and the equality is achieved iff
holds.

By Jensen’s inequality,

12 FO@) dt)z ( [2 e (X(2))+Uo (X1 () FO @y dty 2
I FOM) at I FOM)at

ffooo 6—2(U1—U0)(X1,($))]:(0) (x) dt
- I FO%)at '

By taking the expectation E;~,, [ . ] for both sides and by (]E[) for new potentials Uy =20, — Uo
and Uy = Uy, we immediately have the inequality:

I F (@)t 2]

M(b) = Eqp, {(

= o~ 2(U1—U0) (X () FO () at
= E“”O{ = 70 }
f_oo Fy () dt
f 872U1+U0 _ B
O e o)

This is essentially the inequality (72)).
Next in order to achieve the equality in (]7_7[) we need the equality to hold in the above Jensen’s
inequality:
t— e_(Ul_U") (x:@) is a constant function.
By taking derivative with respect to ¢, we immediately know that
(V(Uy — Up)(z),b(z)) =0, po-almost surely.
By the continuity assumption on Uy, Uy and b, we obtain (73)).
Conversely, when @) holds,
Hence, U1 (X¢(z)) — Uo(X¢(x)) = Ui () — Up(x) for any ¢ € R. Then
oo (1) e—Uo(X:(z

Jooo Fe (@) dt U@ +lo) foo 0o(X:(2)) 7,(z) dt

1> FO @) e = e Uo(Xe@) 7, () dt
Hence, the equality in (72) holds under the condition (73). O

e—U1(1)+U0(I).

H.2 Some observations about the functional derivative

We need some simplified understanding of the condition [, .7-}(0) (x)dt f_ooo .Ft(l)(x) dt =

fi)oo }-t(o) dt [;° F, (1) (z) dt arising from ngrb(b) = 04, which are presented in the following
two lemmas

Lemma H4. [ FOz) dt f F(z)dt = fo FO(z)dt IS Fe (@) dt is equivalent to

fo tx

e ——— = A(x). 74
fo ft(O) x)dt @ ™
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Proof.

oo 0 0 0
/ FO(x) at / F(z)dt = / FO(x) at / FO(x) at
0 —00 —00 0

S F O @at [ A (@) at
X FO@ e [ FO (@) dt
[ FO@yde 2 A (@) dt
2 FO () at - 2 FO (z) at
I F (@) dt
J5e FO (@) dt

(add 1 to both sides)

= A(z).

O
The following result provides a simplified characterization of the equality (74).
Lemma H.5.
(i) Suppose the condition in holds for any x in an open set D. Then
(V(Uy = Up)(z),b(x)) =0, Vz € D. (75)

(ii) Conversely, if holds for D = Q, then b is a global maximum of M (as well as Var).

Proof. Part (ii) immediately follows from Proposition[H.3] Next we prove part (i). From previous
results, the condition is that

Joo FO () dt
fooo ]:t(O)(x) dt
After replacing x by X () € D in the above equation and by (23), we have

= A(x), Va € D.

AR ) [ FE @

) BAX.(x -
AYZAXD) = 5o oy RO e

, Ve eD, se (TB(%‘),TB_(I‘)),

where 77, () and 7, (z) defined in (23) are hitting times for the forward and backward branches
to the boundary of D. Note that the right hand side of the last equation depends on s, whereas
the left hand side does not. Let us take the derivative with respect to s and with straightforward
simplifications, we obtain

fgl)(x)/Fio)(x) = A(z), VYzeD, se (TB(J:),TE(JC)).

By (6), we know exp (UO (Xs(z)) = Uy (Xg(x))> = A(x). Again, the left hand side depends on s

whereas the right hand side does not. So we take the derivative with respect to s again and obtain
(V(Ur — Up)(Xs(2)),b(Xs(2))) = 0forany z € D and s € (15 (), 755 (2)). Then follows
immediately by choosing s = 0. O

H.3 A weaker version

LemmaH.5|leads into the following intuition: if there is a certain open subset D on which (V(U; —
Up), by = 0, then such a dynamics b should not be a local minimum of Var, because such a b cannot
explored the landscape structure of U; on D. This intuition is more rigorously formulated in the
following proposition.

Proposition H.6. Consider a dynamics b € B.. Suppose D C U(b) is nonempty and open. Let
K := Q\D. Assume that
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(i) Forany x € D, we have (b(z),V(U; — Up)(z)) = 0.
(ii) Foranyt € R and x € D, we have X,(x) ¢ K°, i.e., trajectories from D are confined
inside D.
(iii) There exists a b-stable point ©* € D such that V(Uy — Up)(x*) # 0g.

Then such a dynamics b must not be a local minimum of the second moment M (as well as the
variance).

Proof. We proceed in two steps.
Step (I): The first goal is to find a smooth function §b € C°(D,R%) and ¢, > 0 such that
po(E) > 0 where E := {x € D | (§b(x), V(U — Up)(z)) # 0} C supp(éb);  (76a)
b+edb € B, Ve € (0,€p); (76b)
dist(E,9D) > 0. (76¢)

By the assumption (iii) of this proposition and Proposition we know there is an open ball
Bj(x*) C D such that for any b € C2°(Bx(z*),R?), b+ €6b € B for small enough € and thus
is satisfied. It is clear that we can easily choose A small enough so that holds.

Next, the task is to find a smooth function b supported on B) (z*) such that holds. Since
V(Uy — Up)(z*) # 04 and Uy, Uy are assumed to be smooth, we can choose A small enough such
that

1
V(UL = Uo)(2) = V(U1 = Uo)(@™)| = 7[V(U1 = Uo)(2™)l, Vo € Br(z").
It is well-known that
1
e 1-lel? if |z| < 1;
x) =
#(z) { 0, if |z| > 1,
is a smooth function compactly supported on By (0). Then let us consider

T *

6by(z) == ¢ ;f YV (U — Up) (), where A; € (0, A).

It is clear that 0b; is compactly supported on By, (x*) C By («*) and for any x € B), («*), we have
(0by (), V(U — Up)(x)) > 0 so that clearly holds. Next, we still need to further smooth out
0b; (see e.g., Appendix C of [L1]) by introducing

a(o) 1= [ el = 9)8b1(a) do

where . () := % ¢(x/2). Note that we can easily extend 6b; to R by letting by = 04 outside of

By, (z*) so that §b; can be well-defined on R?. By choosing 0 < £ < A — )\, we can ensure that
the smooth function b, is compactly supported on B)(z*). It is also not hard to show that
still holds for §by: for any « € By, (z*),

(6by (), V(UL — Up)(x)) :/Rd @e(x — y){(6b1(y), V(U1 — Up)(x)) dy

:/R ool — )so(y‘x*)wwl Uo) (), V(Ty — Uo)(@)) dy

—|V(U dy > 0.
> 690 = U@ [ oele = e () dy
In summary, dby constructed above satisfies all requirements.

Step (II): We prove that b is not a local minimum by showing that M (b + eéb) < M(b) for any
€ € (0,¢€p), where 0b satisfies all conditions in Step (I).
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By the construction of §b, we know b := b + €§b does not change the velocity field at 9D, and
therefore, X (x) ¢ K° for any « € D still holds for the dynamics b¢ i.e., trajectories from D do not
enter K°. As an immediately consequence, trajectories t — X7 (z) with z € K° will not enter D
(as ODE trajectories are reversible). The slightly technical part is to consider trajectories ¢ — X ()
with z € 0D = 0K, where the trajectory t — X (z) evolves under the dynamics b. Let us consider
two disjoint sets:

D:={reDUdD=0NK"|X{(x)¢ K°,VtcR} DD, K:=MWDCK.

By such a construction, we can observe that for any trajectory ¢ — X7 (x ) withz € K (orx € D) it

must remain inside K (or D) In other words, the flows within D and K are completely separated
from each other. Moreover, because b is only supported on E' C D which is completely inside D by

(76¢)., we know the above definitions of these two sets D and K are independent of € € [0, €).

Let us use A to denote the function defined in (24) corresponding to the dynamics b and use A,
to denote the one corresponding to the perturbed dynamics b°. Recall the assumption (i) that
(b(x),V(Uy — Up)(x)) = 0 for all z € D. By the fact that 9D = JK, and by the continuity of b,
VUy, and VU7, we know

(b(x),V(U; —Up)(z)) =0, VzedDUD=QO\K".

For any trajectory ¢ — X,(z) with 2 € D, we can easily show that e_(Ul_UO)(X‘(””))

e~ (U1=U0)(@) for all t € R, and thus we have A(z) = e~ (U1=U0)®@) for any 2 € D (the same
calculation, in fact, has been shown in the proof of Proposition @) Hence,

M(B) = Epq [xi () (AO) ] +Ep, [x5() (A0)]
=E,, [X;}(') (A(.))Q] +E, {xﬁ(-)e*Q(Uon)(')],
where 4 () is an indicator function for a set A.

Next we consider the trajectory ¢ — X7 (x) with z € K. Since such a trajectory never enters D>D
and b = b on Q\ D, we know X{(z) = X,(z) forany t € Rand z € K, and thus A = A, on K

for any € € [0, ¢y). Hence, E,, {XR()(A())Q} =E,, [Xf(() (AE('))Q} . By the same argument as
in Proposition (by treating D as the domain),

. 2 — (U —Uo)(-
M(BF) = M(b) = By, [xp () (A() ] = By, [xp()e 0] <,
where the equality is achieved only if (b¢, V(U; — Up)) = 0 on D. Note that on D,

(b5, V(U; — Up)) = (b+ €b, V(U — Up)) = €(6b, V(U; — Up)).

However, due to the fact that (6b, V(U — Up)) # 0 for some open subset of D with strictly positive
po-measure (as constructed in Step (D)), the equality M (b¢) = M (b) cannot be achieved and thus

M(bS) < M(b).

Since we can find a local perturbation 0b such that M (b¢) < M (b) for any € € (0, €), then b must
not be a local minimum of M. O

H.4 Proof of Proposition [H.1|

By Proposition [D.T] we know either

VA(z) = 0, or/ FOx dt/ FO(x / FO )dt/ FY
0

Define
K= {x €N: VA(z) = Od}a

which is a closed subset of 2 by the continuity assumption on V A.
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Hence, D := Q\K is open and by Lemma[H.5|[(D)] we know (b, V(U; — Up)) = 0 on D. Here are a
few cases to discuss.

Case (1): K° = 0.

If K° = (), then we claim that b must be a global maximum and this contradicts with the assumption
that Var(b) < Var(™®) Tt is not hard to observe that K° = () implies that D = Q. By continuity, we
know (b, V(U; — Up)) = 0 on D = Q. Then by Lemmapart b must be a global maximum.

Case (II): D = (.

If D =0(.e., K = Q), thenitis clear that A is a constant function, and thus the variance Var(b) = 0.
This means b is a zero-variance dynamics.

Case (IlI): K° # ()and D # ()

In order to use Proposition we need to deal with the case that some trajectories ¢ — X (x) for
x € D might enter K°. Let us introduce

S = {1: €D: {Xi(2)},., NK® # @}, (77)

which essentially contains all points in D whose trajectories enter K ° at some time. We can easily
show that S is open: because b is assumed to be smooth, the trajectories are continuous under a small

perturbation for initial states. Then the new disjoint sub-regions to consider are K :=K°US and
D := Q\K. We collect some facts for clarity:

« K°=K°US #0;
« D C D, which immediately implies that (b, V(U; — Up)) = 0 on D.
« If z € D, then X, (z) must not enter K°. Indeed, if not, then we have either ¢ — X, () entering

K° (which contradicts with z ¢ S), or X;(x) entering S (which still means X;(x) will enter
K° due to the reversibility of deterministic trajectories).

We need to discuss two cases:

(a) Firstly, let us consider D= 0,ie., K = Q and thus K° = Q by the assumption that {2 is
open in the topology of the space R?. The connectivity granted by the definition of S in

implies that we can divide K° into a countable number of sub-regions on which the
function A is a constant. More specifically, for x € €, define

R, = {y €Q: Iy €C([0,1,RY), v = 2,71 =y, A(y) = A(z), Vt € [0, 1}}

Obviously, € R,. By the invariance of .4 under the dynamical flow (see (26))) and the
definition of S (77), we have Uy e o Ry D K° = Q, which implies that Uy o Ry = .

* Suppose z,y € K° and R, N R, # 0, then there exists a z € R, N R, such that z
connects to both  and y via a continuous path and thus A(z) = A(z) = A(y). It
is then clear that R, = R, via treating z as a bridge. Therefore, U,c xR, can be
simplified as U, e g R, where { R, },cF are disjointand E C K°.

* Next, we can show that F is countable. Since K° is open and VA(z) = 04 on K, we
can easily verify that for each = € K°, there exists a local neighbor Bs(z) C R, and
due to the fact that Qd is dense and countable, F is at most countable.

To summarize, we have

U B =2,

el

where { R, },cp are disjoint and E is countable.

As A is a constant function on R, by the definition of R.), A is a step function on 2. By
the continuity of .4 from the assumption and €2 is a connected open domain, we readily
know A must be a constant function on € instead, and such a b must be a zero-variance
dynamics.
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(b) Next, let us consider the case D # (). By the assumption that V(U; —Up) = 04 only on a set

with Lebesgue measure zero, we know there must exist y € D such that V(U — Up)(y) #
04. By the assumption that b-unstable points has Lebesgue measure zero, there must exist a
b-stable point z* (around y) such that V(U; — Uy)(2*) # 04. Then Proposition[H.6|tells
us that b must not be a local minimum, which contradicts with the assumption.

I Supplementary material for numerical experiments

I.1 Details about AIS.

For AIS method, we use the equally-spaced temperature distribution, i.e., 7 < péfﬁ k pf *, where
Br = k/K for 0 < k < K; for each transition step, we use Metropolis-adjusted Langevin algorithm
with time step 0.1 to generate the chain.

More specifically, suppose M; (-, -) is a transition kernel which leaves 7; invariant, then
_ K . _B. (U . —U, ) )
2, = E|e Zi=1Bi=Bi-) V(@i —1)=Uo(zj-1) ’ (78)

where z; ~ M;(x;_1, -) and zy ~ po [26 2]. To implement such a transition kernel, we use
Metropolis-adjusted Langevin algorithm: suppose 7 (which is chosen as 0.1 as a prescribed parameter)

is the time step, then let T, := z;_1 + 7V logm;(x;_1) + V27&;, where ; are i.i.d. d-dimensional
standard normal random variables; the state Z; is accepted with a rate

: mi(Z;)q(zj-1 | T5)
i {1’ Wj(ffjfl(iq@ | zj-1) }

where q(z’ | #) = exp (— ;=|2’ — 2 — 7V log T, (1:)|2) coming from the transition probability for
the Langevin step.

For each j, inside the Metropolis-Hasting correction term, we need 2 queries to VU (i.e., VU3 (xj_l)
and VU, (7 ;) hidden inside the computation of V log 7; for the acceptance rate), and we need two
queries to U; when computing Uy (z;_1) (inside and 7;(x;_1)) and U1(Z;) (inside 7, (Z;)).
However, since the queries to VU; (xj,l) and Uy (xj,l) can be borrowed from the step 7 — 1 (if one

saves these information), the total number of queries for each AIS trajectory is, in fact, K + 1 for
both VU7 and U;.

1.2 More implementation details
Neural network architecture. We use the following ¢-layer neural network [10}[31]] to parameterize
the dynamics b : Q — R? during training:

x> We(femr 0 fao fi(x)) + be,

where £ is the layer depth (one output layer and ¢ — 1 hidden layers), f;(-) = n(W;(-) + b;) for
j=1,2,---,£—1,nis the activation function, W; € R™ x R™+1,b; € R"+! forj =1,2,--- L.
When we choose n; = m for all 2 < j < ¢, we refer such a neural network as (¢, m)-architecture
which is mentioned in Section[3

More specifically, let us take £ = 2 as an example: an (¢,m) = (2,m) architecture for a generic
ansatz for b : Q0 — R refers to the following parameterization

b(x) = Wan(Wiz + b1) + by, (generic ansatz),
where weights W, € R? x R™, W, € R™ x R? and bias vectors b; € R™, by € R?.

For the gradient-form ansatz, as we essentially need to parameterize a potential V' : Q@ — R, the
(¢, m)-architecture for V refers to the following choice when £ = 2,

V(l‘) = WQ’I](Wl.’L‘ =+ bl)

where Wy, € R™ x R, W; € R? x R™, b; € R™. The bias vector in the output layer is chosen as
zero (i.e., by = 0) because b is a redundant parameter after taking the gradient. The dynamics b in
the gradient form refers to b = VV.
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Initialization and trial repetition. When we parameterize the flow via neural networks, weights
and biases in the neural network are randomly generated. Therefore, we consider two (or three)
independent trials (associated with different random initializations of b) for the same neural network
architecture characterized by a pair (£, m).

Optimization algorithm. We use the SGD algorithm to optimize parameters for b. The Armijo line
search algorithm (see e.g., [3144]]) can used to find the learning rate; in practice, we notice that solving
= — VoM _ ¢, (by)
T VoM (bo)]
considered in Section [f] and it is used for training in Section [6} ¥ are trainable parameters and by is
the flow parameterized by ). The way to approximate the loss function M;_ ;. (b) = [Eq [|At i ]
(see Section ) and in particular its gradient with respect to parameters in b will be explained in

Appendix - [3|and [[.4]

with a relatively large learning rate also works well for numerical examples

L3 An integration-based forward propagation method to compute the estimator and its
gradient

To estimate A;_ ;. (x)in (§) withty =¢_+1andt_ € [—1,0], the most straightforward approach is
to compute ]-"t(k) (z) at time grid points and then employ some integration scheme like the trapezoidal
quadrature method.

More specifically, we first discretize the time interval [—1, 1] by 2N; + 1 equally-spaced points
[IE N%m where —N; < m < N;. Then we use classical ODE integration schemes (we use

RK4) to pfopagate the dynamics X (z) both forward and backward in time to estimate the following
quantities:

Uom = U (X4, (2)), Ui =U1(Xy, (2)), Dp=V-b(X,, (2)).

Then
]_-(i)( )~ —U,«,m+N%sign(m)Qn(meb1,---,[7,")7
where
Qr(Do, D1, , Dy zm: % (Do + D)
§=0

is the trapezoidal quadrature scheme. Then similarly, we can use the trapezoidal quadrature scheme
to estimate jt - ]—'(0)( ) ds given the values }‘t(g) (x) for —N; < m < N; and the time ¢; with

FO

t; € [t—,t4]. After we have approximated values for %

ft it Fs ' (z)ds
scheme is utilized again to approximate A;_ ;, (x). The computational cost is mostly dominated by
the ODE integration, e.g., propagating X;(x) or evaluating V - b(X(z)) in general. Therefore, this
straightforward integration-based method has linear computational cost with respect to N; and is thus
expected to be optimal. Using the same principle, we can estimate the gradient of the second moment
with respect to parameters in the dynamics (see (34)) during the training.

, the trapezoidal quadrature

L4 An ODE-based forward propagation method to compute the estimator and its gradient
fort_ =0,t;y =1

To simplify notations, let us introduce

t—t_ ty (1)
By(x) = / FO(z)ds, and thus, A, . (v) @ / 7 1) g (79)
t—ty ,
t F(x)
which implicitly depends on b. Let us denote o (z ft_ #(2) ds.
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I.4.1 ODE dynamics to compute the estimator

Then the estimator Ay 1 is simply oy (x). To compute Ay 1, we simply need to run the following
ODE:

d - x
Saula) = XD) 7 0) 1 B(0), ao(z) =0,
d _ z - lag (4 a
B (r) = X0 g0 - O E@) Zoe), By(a) = BE),
d
4 Xu() = b(X (). Xo(z) =z
d (80)
L xlea) = b(xP (@), X§2(@) = Xf(a),
d
Ejt(x) =V - b(Xy(z))Ti(z), Jo(x) =1,
d a, a a; a;

L7 () = v - b(X1%() %), T w) = TP (a),
where X}¢(z) := X;_1(z) and J;"¢(z) := J;_1(x). Moreover, in order to obtain the initial
condition, we shall run the dynamics backward in time, i.e., simulating the following ODE on [0, 1],

d
aXtR(x) = fb(XtR(x)), Xé%(x) =z,
d
EZR(I) = -V b(X/*(2) T (), Tt (x) =1, (81
d _ Ry
< Bfw) = e ED) g, @) =,

where the superscript R means the reversed process. As a remark, the auxiliary backward ODE (8T}
has dimension d + 2 and the ODE has dimension 2d + 4.

L4.2 ODE dynamics to compute the gradient

Denote 9 as a vector containing parameters in b and let IV, be the number of parameters. In
what follows, we also vectorize all quantities involving 1, e.g., for each parameter ¥;, there is a

corresponding Yt(j ) (x) in (36) and we simply use the notation Y; () to be a matrix whose 5™ column
is Y (x) to save notations; the same convention applies to other quantities.

Next, we shall similarly re-write the expression V9.4 1 (implicitly given in Vy M, 1(b) (34)) in
terms of outputs from an ODE. Using the same idea, let us introduce

/wﬂmﬂ;AW@M—ﬁWmﬁ;@med
0 (f;_l .7:50) (z) ds)2

t
Mm:/’%%mm
t—1

D,(x) :=

Li(z) = /O Vo(Va - b) (Xa(2)) ds,

H,(z) := V(V -b)(Xs(x)) TYS(w) ds,
f( )

0
and then we can rewrite quantities involved inside VM, 1(b) as follows:

the evolution of X, (z), X (z), Ji(x), J,*(x), Be(z), oy(z) in (B0),

Ui (X)) Ji(@)(— VU (X (2))" Yi(2) + Hy(2) + Li(x))

4D, () = Z) Dy(z) = 0
a T) = erl(X‘(z))jt(z)gt(z) , Do(z) =0n,,

(Z1(x))’
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e Vo (Xt(’”))jt(a:)( - VU (Xt(x))TYt(m)
d + Hy(x) + Ly(x))

—_— xTr) = Tr) = R X
T —e Vo (X ) g ) (- VU (XPE(@) Y ) | e
+ H®(z) + L% (x))
d T
aHt(g:):(V(V-b)(x_‘t(:c))) Yi(z), Hy(z) = Oy, ,
CH ) = (VY 0) (X)) ¥ ), HY(2) = H (@)
%Lt() Vo(V, - 0)(X(2)), Lo(z) = O,
LI (@) = V(Y. b) (X)), L) = L),
CYi(a) = VB(X.(@)Yilw) + V(X (), Yo(w) = Ouscn,
S (a) = Vb(XFH () Y/ (@) + Vob(X P2 (1), Yo(r) = Yi(),

where the initial conditions come from solving an auxiliary backward equation on [0, 1], given as
follows:

the evolution of X/[*(2), 7,7 (x), B (x) in @),
S0l () = e XL gy (VU‘f H}ZZ;L LREZ) g5 (¥) = On,.
SHE @) = (VY0 (XF@)) V@), HE () = Oy,
S LR) = V(Y. ) (X)), Lf(x) = O,
() = ~Vb(XL () V() — Vob(XF(2), YR () = Oan,.

As a remark, we combine the auxiliary states for all parameters together inside Y;(x), so that all

three terms Y; (z), Y;*¢(z), Y, (z) have dimension d x N,,. Below is a table that summarizes the
dimension of all components.

Table 2: This table summarizes all variables and their corresponding dimensions.

notations ‘ dimensions
Ti(x), T (x), Bi(x), o (), T (x), BF(x) 1
Xt( ), Xi*¥(x), XR( ) d
Dy(x), gi(x), Hy(z), H%(x), Lt( ). L(x), gF(x), LE(z), H () Np
Yi(x), V" (x), Vi(x) dx N,

In the end, the outputs we need are
Ag1(x) = ai(z), VgApi(xz)=Di(z), sothat VyMy:(b)=2E,, [ozl(a:)Dl (:L')}
LI.5 A discussion on the backward propagation for differentiation

In the formulas (34) and (33), a crucial step is to evaluate
®(t,x) == (Vo(Xi(2)),Yi(2)), ¢ =Us orV-b

for time t € [T, T) where T' = ¢, — t_. For any fixed ¢, this value can be efficiently measured by
the adjoint equation with backward propagation proposed in [9]]. For instance, let us consider ¢ > 0
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and
a(.2) D (Vo(X,()), /O Cra(x) 3b(X ,(x)) ds)

= /Ot < Cy..(2)TV(X,(2)), 5b(Xs(;c))> ds.

=:9(s,x)

Moreover, it can be easily verified by the definition (40) that for s € [0, ¢],
d
E%(s,x) = —Vb" (X,(2)) (s,x), (t,x)= V(X (x)).

The above two equations are Eqs. (4) & (5) in [9]. This can eliminate the need to simulate Y;(x),
whose memory cost scales like O(dN,). However, in the finite-time NEIS scheme, we need to
estimate ®(¢, ) not only for a fixed ¢ but also for ¢t € [—1, 1]. Therefore, the computational cost
scales like O(IN?) where N, is the number of time-discretization (or say the depth of the flow map in
the normalizing flow context). As a comparison, the forward propagation method uses more memory
but could be computationally cheaper as it only needs to visit the whole trajectory for O(1) times
(see the table below).

Table 3: A comparison between the forward and backward propagation in computing the derivative of
M 1(b) with respect to parameters; see (34) and (33). The notation N, is the number of parameters
for the training and [V, is the number of grid points in time-discretization.

Method ‘ Key difference Memory Computational cost
Backward propagation | simulate <7 (s, z) instead of Y;(z)  O(N,) O(N?)
Forward propagation simulate Y; () O(dN,) O(Ny)

1.6 A discussion on query complexity
The query complexities to estimate Z; by both AIS and NEIS are summarized in the Table [4] below:

Table 4: A summary of query complexities to U; when estimating Z; for various methods. K is the
transition step in AIS; N is the number of time steps (At = 1/N) for either integration-based or
ODE-based discretization; s is the order of ODE integration schemes. The integration-based method
does not depend on s as the query to U; is achieved during trapezoidal integral (see Appendix [[.3)).
See the AIS-K algorithm and relevant analysis in Appendix [[.1

AIS-K ODE-based discretization (80) Integration-based discretization

(see Appendix[[.3)
U, K+1  sN 2N +1)
VU, K+1 0 0
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J More training and comparisons results

Table 5: Comparison of NEIS with AIS: we include training and estimation query costs for AIS
and NEIS, as well as statistics for 10 independent estimates of Z;; for each method, we first set the
query cost to obtain one approximated value of Z; and then accordingly choose the sample size; we
repeatedly estimate Z; 10 times and report the mean and std of these 10 estimates (in the form of
mean = std). For NEIS, we consider multiple random initializations for training and therefore, there
are multiple estimates about Z; in the last row in each panel (either 2 or 3 estimates). Estimates
in AIS, however, simply refer to estimating results from independent experiments. The exact value
Z; = 1and 1 MB = 106; the best result using AIS is colored in blue and the best result using NEIS
is colored in green. The layer number ¢ = 2 for both generic and gradient ansatz.

Asymmetric 2-mode Gaussian mixture (2D):

AIS-10 AIS-100 NEIS NEIS NEIS NEIS
(Generic, (Generic, (Grad, (Grad,
m = 20) m = 30) m = 20) m = 30)
training N/A N/A U: 2MB
cost VU;: 2.1 MB
cost per U;: 6.1 ~6.2MB U;: 8.2 MB
estimate  V[/;: 6.1 ~ 6.2 MB VU;: 0
10 1.106 + 1.031 + 1.004 =+ 0999 £ 0998 £ 0.998 =+
estimates 0.409 0.039 0.008 0.009 0.006 0.009
1.048 + 1016 =+ 0998 £ 0999 £+ 1.004 <+ 1.001 =+
0.245 0.097 0.006 0.007 0.006 0.007
Symmetric 4-mode Gaussian mixture (10D):
AIS-10 AIS-100 NEIS NEIS
(Grad, m = (Grad, m =
30) 40)
training cost N/A N/A Ui: 11.5MB
VU;: 12.8 MB
cost per U,: 48.6 MB Uy:72.9 ~ 73 MB
estimate VU;: 48.6 MB VU;: 0
10 estimates 0.991 £0.074 1.006 £0.017 0.998 +0.004 0.999 4 0.011
0.994 +£0.058 1.000£0.014 1.001 £0.005 0.997 £ 0.008
Funnel distribution (10D):
AIS-10 AIS-100 NEIS NEIS
(linear (224)) (two-parametric
(228)
training cost N/A N/A Us: 40.4 MB U 20.2 MB
VU;:48.8MB VU;: 20.2 MB
cost per U,: 178.3 MB U;: 2675 ~ U;:121.2MB
estimate 267.7 MB
VU;: 178.3 MB VU;: 0 VU;: 0
. 0.820 £ 0.098
10 estimates 0.68240.024 0.766 =0.033  0.853 £0.057  0.984 + 0.036
0.894 £+ 0.187
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Figure 7: Asymmetric 2-mode Gaussian mixture in 2D: variance against SGD steps for the asymmetric
2-mode Gaussian mixture (20) in two trial runs. (8) was discretized with time step %. A mini-batch
of sample size 200 was used throughout the training. The biasing parameters used in (I9) were
v =10.6,c=0.1and ¢ = 1 (see (19) and the follow-up paragraph).

Gradient ansatz
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I
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Figure 8: Symmetric 4-mode Gaussian mixture in 10D: variance as a function of SGD training step
in 2 trial runs, with gradient form ansatz for b. (8) was discretized with time step %. The sample
size of the mini-batch was 800 during the training. The biasing parameters were v = 0.75, ¢ = 0.3
and ¢ = 1 (see (T9) and the follow-up paragraph).
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Linear ansatz
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Figure 9: Funnel distribution in 10D: variance as a function of SGD training step in 3 trial runs. We
consider the finite-time NEIS scheme with _ = —1 and use the linear ansatz (22a). During the

training, the integral inside A—%,% was discretized with time step T%o’ and the mini-batch sample

size was 10°. The biasing parameters were v = 0.7, ¢ = 0.3 and ¢ = 1 (see (T9) and the follow-up
paragraph).

error var parameters
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Figure 10: Funnel distribution in 10D: we consider the finite-time NEIS scheme with {_ = —% and

use the two-parametric ansatz (22b). During the training, the integral inside A—%,% was discretized
with time step ﬁ, and the mini-batch sample size was 103. The direct training method was used.
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(b) Generic ansatz, £ = 2, m = 30

Figure 11: Asymmetric 2-mode Gaussian mixture in 2D: we consider the generic ansatz with / = 2
as the architecture for training. In the left part, we show a comparison of NEIS using optimized flow
with AIS, under fixed query budget: we estimate Z; using the above mentioned query budget for
each method and then repeat the experiment 10 times; we show a boxplot of these 10 independent
estimates for each method. In the right part, we plot a contour of U; together with streamlines of
optimized flows. For each architecture, we use two random initializations for training, which refer to
two trials above; the estimates using AIS are reused within each panel.
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Figure 12: Asymmetric 2-mode Gaussian mixture in 2D: we consider the gradient ansatz with £ = 2
as the architecture for training. In the left part, we show a comparison of NEIS using optimized flow
with AIS, under fixed query budget: we estimate Z; using the above mentioned query budget for
each method and then repeat the experiment 10 times; we show a boxplot of these 10 independent
estimates for each method. In the right part, we plot a contour of U; together with streamlines of
optimized flows. For each architecture, we use two random initializations for training, which refer to
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two trials above; the estimates using AIS are reused within each panel.
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Figure 13: Symmetric 4-mode Gaussian mixture in 10D: we consider the gradient ansatz with ¢ = 2
as the architecture for training. In the left part, we show a comparison of NEIS using optimized flow
with AIS, under fixed query budget: we estimate Z; using the above mentioned query budget for
each method and then repeat the experiment 10 times; we show a boxplot of these 10 independent
estimates for each method. In the right part, we plot a contour of projected U; (more specifically, the
function (x1,x2) — Uy ([#1 z2 0-])) together with streamlines of optimized flows projected to the
x1-x2 plane. For each architecture, we use two random initializations for training, which refer to two
trials above; the estimates using AIS are reused within each panel.
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Figure 14: Funnel distribution in 10D: we consider the generic linear ansatz and a two-parametric
ansatz as the architecture for training. In the left part, we show a comparison of NEIS using optimized
flow with AIS, under fixed query budget: we estimate Z; using the above mentioned query budget
for each method and then repeat the experiment 10 times; we show a boxplot of these 10 independent
estimates for each method. In the right part, we plot the contour of projected p; in log10 scale (more
specifically, we plot the function (z1,z2) — logyo (p1([#1 @2 0--]))) together with streamlines of
optimized flows projected to the x1-x5 plane. For the linear ansatz, we use three random initializations
for training, which refer to three trials above; for the two-parametric ansatz, we only use a particular
initialization (see the paragraph below (22B)), which refers to the only trial in part (b); the estimates
using AIS are reused within each panel.
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