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A RELATED WORKS

Theory on Regular DDPM Samplers: Many works have explored the performance guarantees
of regular DDPM models. Specifically, a number of studies perform analyses under the L∞ score
estimation error (De Bortoli et al., 2021; De Bortoli, 2022). Later, under L2 score estimation error,
Lee et al. (2022) developed polynomial5 bounds for distributions that have Lipschitz scores and
satisfy log-Sobolev inequality. Soon after, Chen et al. (2023d); Lee et al. (2023) concurrently
developed polynomial bounds for those smooth distributions having Lipschitz scores and those
non-smooth distributions having bounded support using early stopping. Later, Chen et al. (2023a)
improved the number of steps for those target distributions with finite second moment. Recently,
the convergence result was further improved to linear dimensional dependency using stochastic
localization (Benton et al., 2024a). In Conforti et al. (2023), by transforming the original process to
the relative-score process, it is shown that linear dimensional dependency can also be achieved for
those target distributions having finite relative Fisher information against a Gaussian distribution. In
all the works above, the analysis technique is to discretize some continuous-time diffusion process
to use SDE-type analyses. In Li et al. (2024c), by carefully design a typical set, polynomial-time
guarantees are obtained directly for the discrete-time samplers under the L2 estimation error for target
distributions having bounded support. Other than the works above, Pedrotti et al. (2023) analyzed a
different sampling scheme (e.g., predictor-corrector), and Bruno et al. (2023); Gao et al. (2023); Gao
& Zhu (2024) analyzed sampling errors using a different error measure (the Wasserstein-2 distance).

Theory on Score Estimation: In order to achieve an end-to-end analysis, several works developed
sample complexity bounds to achieve the L2 score estimation error for a variety of distributions.
To name a few, this includes results for those having bounded support (Oko et al., 2023), Gaussian
mixture (Shah et al., 2023; Gatmiry et al., 2024; Chen et al., 2024), certain families of sub-Gaussian
distributions (Cole & Lu, 2024; Zhang et al., 2024), high-dimensional graphical models (Mei &
Wu, 2023), and those supported on a low-dimensional linear subspace (Chen et al., 2023b). More
recently, Li et al. (2024e) considered the generalizability of the continuous-time diffusion models,
and Wibisono et al. (2024) proposed a regularized score estimator that attains the minimax rate of
estimating the scores.

Other Theoretical Works: Other than the works listed above and in Section 1.2, Gao & Zhu (2024)
studied the ODE convergence for strongly-concave target distributions under Wasserstein-2 error.
Cao et al. (2023) compared the performance of SDE and PF-ODE and investigated conditions where
one might outperform the other. Besides PF-ODE, Cheng et al. (2023); Benton et al. (2024b); Jiao
et al. (2024); Gao et al. (2024) provided guarantees for the closely-related flow-matching model,
which learns a deterministic coupling between any two distributions. Chang et al. (2024) proposed a
novel ODE for sampling from a conditional distribution. Lyu et al. (2024); Li et al. (2024b) provided
convergence guarantees for the more recent consistency models (Song et al., 2023).

Relationship to GENIE (Dockhorn et al., 2022): To obtain higher-order scores, another method
is to use automatic differentiation, as in GENIE (Dockhorn et al., 2022). There, higher-order
score functions are used to accelerate the diffusion sampling process empirically. In particular,
Dockhorn et al. (2022) shows that GENIE achieves better empirical performance than deterministic
samplers such as DDIM (Song et al., 2021). Our paper theoretically justifies the accelerated empirical
performance of Dockhorn et al. (2022) in the regime when the Hessian of log qt is well-estimated.

5By “polynomial” we mean that the number of steps has polynomial dependency on the score estimation
error, along with other parameters.

16



864
865
866
867
868
869
870
871
872
873
874
875
876
877
878
879
880
881
882
883
884
885
886
887
888
889
890
891
892
893
894
895
896
897
898
899
900
901
902
903
904
905
906
907
908
909
910
911
912
913
914
915
916
917

Under review as a conference paper at ICLR 2025

B FULL LIST OF NOTATIONS

For any two functions f(d, δ, T ) and g(d, δ, T ), we write f(d, δ, T ) ≲ g(d, δ, T ) (resp. f(d, δ, T ) ≳
g(d, δ, T )) for some universal constant (not depending on δ, d or T ) L < ∞ (resp. L > 0) if
lim supT→∞ |f(d, δ, T )/ g(d, δ, T )| ≤ L (resp. lim infT→∞ |f(d, δ, T )/g(d, δ, T )| ≥ L). We write
f(d, δ, T ) ≍ g(d, δ, T ) when both f(d, δ, T ) ≲ g(d, δ, T ) and f(d, δ, T ) ≳ g(d, δ, T ) hold. Note
that the dependency on δ and d is retained with ≲,≳,≍. We write f(d, δ, T ) = O(g(T )) (resp.
f(d, δ, T ) = Ω(g(T ))) if f(d, δ, T ) ≲ L(d, δ)g(T ) (resp. f(d, δ, T ) ≳ L(d, δ)g(T )) holds for some
L(d, δ) (possibly depending on δ and d). We write f(d, δ, T ) = o(g(T )) if lim supT→∞ |f(d, δ, T )
/g(T )| = 0. We write f(d, δ, T ) = Õ(g(T )) if f(d, δ, T ) = O(g(T )(log g(T ))k) for some constant
k. Note that the big-O notation omits the dependency on δ and d. In the asymptotic when ε−1 → ∞,
we write f(d, ε−1) = O(g(d, ε−1)) if f(d, δ, ε−1) ≲ g(d, δ, ε−1)(log g(ε−1))k for some constant k.
Unless otherwise specified, we write xi(1 ≤ i ≤ d) as the i-th element of a vector x ∈ Rd and [A]ij

as the (i, j)-th element of a matrix A. For a function f(x) : Rd → R, we write ∂if(z) as a shorthand
for ∂

∂xi f(x)
∣∣∣
x=z

, and similarly for higher moments. For matrices A,B, Tr(A) is the trace of A, and

A ⪯ B means that B −A is positive semi-definite. For a positive integer n, [n] := {1, . . . , n}.

C PROOFS OF LEMMAS 1 AND 2
In this section, we provide lemmas and proofs related to Hessian estimation.

C.1 PROOF OF LEMMA 1
The idea is similar to score matching. Define v′θ(x) := vθ(x)− 1

1−ᾱt
Id. For each i, j ∈ [d],

EXt∼Qt

(
vijθ (Xt)−

(
∂2
ijqt(Xt)

qt(Xt)
+
1 {i = j}
1− ᾱt

))2

= EXt∼Qt

(
[v′θ(Xt)]

ij −
∂2
ijqt(Xt)

qt(Xt)

)2

= EXt∼Qt

(
[v′θ(Xt)]

ij
)2 − 2EXt∼Qt

[
[v′θ(Xt)]

ij
∂2
ijqt(Xt)

qt(Xt)

]
+ const

= EXt∼Qt

(
[v′θ(Xt)]

ij
)2 − 2

∫
[v′θ(xt)]

ij∂2
ijqt(xt)dxt + const

where const denotes terms that are independent of θ, and∫
[v′θ(xt)]

ij∂2
ijqt(xt)dxt

=

∫
[v′θ(xt)]

ij

∫
∂2
ijqt|0(xt|x0)dQ0(x0)dxt

=

∫ ∫
qt|0(xt|x0)[v

′
θ(xt)]

ij
∂2
ijqt|0(xt|x0)

qt|0(xt|x0)
dQ0(x0)dxt

(i)
=

∫ ∫
qt|0(xt|x0)[v

′
θ(xt)]

ij
(
∂2
ij log qt|0(xt|x0) + ∂i log qt|0(xt|x0)∂j log qt|0(xt|x0)

)
dQ0(x0)dxt

=

∫ ∫
qt|0(xt|x0)[v

′
θ(xt)]

ij

(
−1 {i = j}

1− ᾱt
+

xi
t −

√
ᾱtx

i
0

1− ᾱt
· x

j
t −

√
ᾱtx

j
0

1− ᾱt

)
dQ0(x0)dxt

(ii)
= E (X0,W̄t)∼Q0⊗N (0,Id)

Xt=
√
ᾱtX0+

√
1−ᾱtW̄t

[
[v′θ(Xt)]

ij

(
−1 {i = j}

1− ᾱt
+

1

1− ᾱt
W̄ i

t W̄
j
t

)]
where (i) follows because for any function f(x) we have ∂2

ij log f(x) =
∂2
ijf(x)

f(x) −
(∂i log f(x))(∂j log f(x)), and (ii) follows because xt =

√
ᾱtx0 +

√
1− ᾱtw̄t. Therefore,

EXt∼Qt

(
vijθ (Xt)−

(
∂2
ijqt(Xt)

qt(Xt)
− 1 {i = j}

1− ᾱt

))2
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= E (X0,W̄t)∼Q0⊗N (0,Id)
Xt=

√
ᾱtX0+

√
1−ᾱtW̄t

(
[v′θ(Xt)]

ij −
(
−1 {i = j}

1− ᾱt
+

1

1− ᾱt
W̄ i

t W̄
j
t

))2

+ const

= E (X0,W̄t)∼Q0⊗N (0,Id)
Xt=

√
ᾱtX0+

√
1−ᾱtW̄t

(
[vθ(Xt)]

ij − 1

1− ᾱt
W̄ i

t W̄
j
t

)2

+ const

and the result follows immediately after we sum up over i, j ∈ [d].

C.2 LEMMA 2 AND ITS PROOF

The following lemma provides sufficient conditions such that the Ht in (8) satisfies Assumption 3.
Lemma 2. Under Assumption 5, with the αt defined in Definition 1, suppose that vt and st satisfy,
as T → ∞,

1
T

∑T
t=1 EXt∼Qt

∥∥∥vt(Xt)−
(

∇2qt(Xt)
qt(Xt)

+ 1
1−ᾱt

Id

)∥∥∥2
F
= Õ(T−1), (11)

max1≤t≤T (1− αt)
−2

√
EXt∼Qt ∥st(Xt)−∇ log qt(Xt)∥4 = Õ(1). (12)

Also suppose that the Ht defined in (8) satisfies supℓ≥1

(
EXt∼Qt

∥Ht(Xt)∥ℓ
)1/ℓ

= Õ(1). Then, the
Ht and the st from score matching (Song & Ermon, 2019) satisfy Assumption 3.

Proof of Lemma 2. The condition on the score estimation error in Assumption 3 is immediately
satisfied using Jensen’s inequality. We next focus on the condition on the Hessian estimation. Recall
that

Ht(x) = vt(x)−
1

1− ᾱt
Id − st(x)s

⊺
t (x).

The goal is to show that Ht is close to ∇2 log qt (i.e., the second relationship in Assumption 3). Given
that ∇2 log qt(x) =

∇2qt(x)
qt(x)

− (∇ log qt(x))(∇ log qt(x))
⊺, the key is to control the error incurred

by st(x)st(x)
⊺, which is

EXt∼Qt

d∑
i,j=1

(
sit(Xt)s

j
t (Xt)− [∇ log qt(Xt)]

i[∇ log qt(Xt)]
j
)2

= EXt∼Qt

d∑
i,j=1

(
(sit(Xt)− [∇ log qt(Xt)]

i)sjt (Xt) + [∇ log qt(Xt)]
i(sjt (Xt)− [∇ log qt(Xt)]

j)
)2

(i)

≤ 2EXt∼Qt

d∑
i,j=1

(sit(Xt)− [∇ log qt(Xt)]
i)2(sjt (Xt))

2 + ([∇ log qt(Xt)]
i)2(sjt (Xt)− [∇ log qt(Xt)]

j)2

= 2EXt∼Qt

[
∥st(Xt)−∇ log qt(Xt)∥2 (∥∇ log qt(Xt)∥2 + ∥st(Xt)∥2)

]
where (i) follows because (a + b)2 = a2 + b2 + 2ab ≤ 2a2 + 2b2. To continue, we use the
Cauchy-Schwartz inequality and obtain

EXt∼Qt ∥st(Xt)s
⊺
t (Xt)− (∇ log qt(Xt))(∇ log qt(Xt))

⊺∥2F

≤ 2

√
EXt∼Qt

∥st(Xt)−∇ log qt(Xt)∥4
√

2EXt∼Qt

[
∥∇ log qt(Xt)∥4 + ∥st(Xt)∥4

]
.

Here the second term has that

E[∥st(Xt)∥4] ≤ 8E[∥st(Xt)−∇ log qt(Xt)∥4] + 8E[∥∇ log qt(Xt)∥4]
≲ E[∥∇ log qt(Xt)∥4].

Therefore,

1

T

T∑
t=1

EXt∼Qt

∥∥Ht(Xt)−∇2 log qt(Xt)
∥∥2
F
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≤ 1

T

T∑
t=1

EXt∼Qt

∥∥∥∥vθ(Xt)−
(
∇2qt(Xt)

qt(Xt)
+

1

1− ᾱt
Id

)∥∥∥∥2
F

+
1

T

T∑
t=1

EXt∼Qt
∥st(Xt)s

⊺
t (Xt)− (∇ log qt(Xt))(∇ log qt(Xt))

⊺∥2F

≲
1

T

T∑
t=1

EXt∼Qt

∥∥∥∥vθ(Xt)−
(
∇2qt(Xt)

qt(Xt)
+

1

1− ᾱt
Id

)∥∥∥∥2
F

+
1

T

T∑
t=1

√
EXt∼Qt ∥st(Xt)−∇ log qt(Xt)∥4

√
EXt∼Qt ∥∇ log qt(Xt)∥4

(ii)
=

1

T

T∑
t=1

EXt∼Qt

∥∥∥∥vθ(Xt)−
(
∇2qt(Xt)

qt(Xt)
+

1

1− ᾱt
Id

)∥∥∥∥2
F

+ Õ


√√√√ 1

T

T∑
t=1

(1− αt)2EXt∼Qt
∥∇ log qt(Xt)∥4


(iii)
=

1

T

T∑
t=1

EXt∼Qt

∥∥∥∥vθ(Xt)−
(
∇2qt(Xt)

qt(Xt)
+

1

1− ᾱt
Id

)∥∥∥∥2
F

+ Õ(T−1)

where (ii) follows from (12) using the fact that 1
T

∑T
t=1

√
at ≤

√
1
T

∑T
t=1 at by Jensen’s inequality,

and (iii) follows under Assumption 5. Combining this with (11), we finally get

1

T

T∑
t=1

EXt∼Qt

∥∥∥∥vt(Xt)−
(
∇2qt(Xt)

qt(Xt)
+

1

1− ᾱt
Id

)∥∥∥∥2
F

= Õ(T−1)

and thus the second relationship in Assumption 3 is satisfied. The proof is now complete.

D PROOF OF THEOREM 1

Instead of Assumption 5, we will prove Theorem 1 under the following more general condition.
Assumption 5 (Regular Partial Derivatives+). For all t ≥ 1, ℓ ≥ 1, and a ∈ [d]p such that
|a| = p ≥ 1,

(1− αt)
pℓ/2EXt∼Qt

|∂p
a log qt(Xt)|ℓ = Õ

(
(1− αt)

pℓ/2
)
,

(1− αt)
pℓ/2EXt∼Qt

|∂p
a log qt−1(µt(Xt))|ℓ = Õ

(
(1− αt)

pℓ/2
)
.

When q0 does not exist, this is required only for t ≥ 2.

Obviously, Assumption 5 implies Assumption 5 for any αt.

To begin the proof of Theorem 1, note that

KL(Q||P̂ ′) = EX0,...,XT∼Q

[
log

q(X0, . . . , XT )

p̂′(X0, . . . , XT )

]
(i)
= EX0,...,XT∼Q

[
log

q0(X0)
∏T

t=1 qt|t−1(Xt|Xt−1)

p̂′(X0, . . . , XT )

]
(ii)
= EX0,...,XT∼Q

[
log

q0(X0)
∏T

t=1 qt|t−1(Xt|Xt−1)

p̂′0(X0)
∏T

t=1 p̂
′
t|t−1(Xt|Xt−1)

]

= EX0∼Q0

[
log

q0(X0)

p̂′0(X0)

]
+

T∑
t=1

EXt−1,Xt∼Qt−1,t

[
log

qt|t−1(Xt|Xt−1)

p̂′t|t−1(Xt|Xt−1)

]
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= EX0∼Q0

[
log

q0(X0)

p̂′0(X0)

]
+

T∑
t=1

EXt−1∼Qt−1

[
EXt∼Qt|t−1

[
log

qt|t−1(Xt|Xt−1)

p̂′t|t−1(Xt|Xt−1)

]]

= KL(Q0||P̂ ′
0) +

T∑
t=1

EXt−1∼Qt−1

[
KL(Qt|t−1(·|Xt−1)||P̂ ′

t|t−1(·|Xt−1))
]
.

Here (i) holds because of the Markov property of the forward process. We explain (ii) below. By
the backward Markov property of the reverse process, for any t ≥ 1, given Xt−1 = xt−1, each of
Xt−2, . . . , X0 is independent with Xt. This implies that

p̂′t|t−1,...,0(xt|xt−1, . . . , x0) = p̂′t|t−1(xt|xt−1), ∀t ≥ 1.

Thus, p̂′(x0, . . . , xT ) = p̂′0(x0)
∏T

t=1 p̂
′
t|t−1(xt|xt−1). In other words, X0, . . . , Xt is also forward

Markov under P̂ ′.

Following from similar arguments,

KL(Q||P̂ ′) = KL(QT ||P̂ ′
T ) +

T∑
t=1

EXt∼Qt

[
KL(Qt−1|t(·|Xt)||P̂ ′

t−1|t(·|Xt))
]
.

Since KL-divergence is non-negative, an upper bound on KL(Q0||P̂ ′
0) is given by

KL(Q0||P̂ ′
0)

= KL(QT ||P̂ ′
T ) +

T∑
t=1

EXt∼Qt

[
KL(Qt−1|t(·|Xt)||P̂ ′

t−1|t(·|Xt))
]

−
T∑

t=1

EXt−1∼Qt−1

[
KL(Qt|t−1(·|Xt−1)||P̂ ′

t|t−1(·|Xt−1))
]

≤ KL(QT ||P̂ ′
T ) +

T∑
t=1

EXt∼Qt

[
KL(Qt−1|t(·|Xt)||P̂ ′

t−1|t(·|Xt))
]

= EXT∼QT

[
log

qT (XT )

p′T (XT )

]
︸ ︷︷ ︸

Term 1: initialization error

+

T∑
t=1

EXt,Xt−1∼Qt,t−1

[
log

p′t−1|t(Xt−1|Xt)

p̂′t−1|t(Xt−1|Xt)

]
︸ ︷︷ ︸

Term 2: estimation error

+

T∑
t=1

EXt,Xt−1∼Qt,t−1

[
log

qt−1|t(Xt−1|Xt)

p′t−1|t(Xt−1|Xt)

]
︸ ︷︷ ︸

Term 3: reverse-step error

. (13)

The last equality holds because p̂′T = p′T .

Next, we bound the above three terms separately in a few steps.

D.1 STEP 0: BOUNDING TERM 1 – INITIALIZATION ERROR

Lemma 3. Suppose ᾱT ↘ 0 as T → ∞. Then, under Assumption 1,

EXT∼QT

[
log

qT (XT )

p′T (XT )

]
≤ 1

2
M2ᾱT d+O

(
ᾱ2
T

)
, as T → ∞.

Remark 1. Under Assumption 1, if the noise schedule satisfies Definition 1, we have

EXT∼QT

[
log

qT (XT )

p′T (XT )

]
= o(T−2).

Proof. See Appendix F.1.

We now introduce the following notation for analyzing the estimation error and the reverse-step error
for the accelerated sampler.
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Definition 2 (Big-O in Lr space). For a random variable ZT , we say that ZT (x) = OLr(Q)(1) if

(EX∼Q |ZT (X)|r)1/r = O(1) for all r ≥ 1 as T → ∞.

One property is that if ZT (x) = OLr(Q)(1) then EX∼Q |ZT (X)| = O(1). Another property is that
if Z1 = OLr(Q)(aT ) and Z2 = OLr(Q)(bT ) for all r ≥ 1, applying Cauchy-Schwartz inequality we
get, for all r ≥ 1,

(E |Z1Z2|r)
1/r ≤

(
EZ2r

1 EZ2r
2

)1/(2r)
= O(aT bT ),

which implies that OLr(Q)(aT )OLr(Q)(bT ) = OLr(Q)(aT bT ). Now, with this notation, the regularity
condition on Ht can be written as

(1− αt) ∥Ht(Xt)∥ = ÕLr(Qt)(1− αt), ∀r ≥ 1.

Also, Assumption 5 can be equivalently written as, ∀r ≥ 1,

(1− αt)
p/2 |∂p

a log qt(Xt)| = ÕLr(Qt)

(
(1− αt)

p/2
)
,

(1− αt)
p/2 |∂p

a log qt−1(µt(Xt))| = ÕLr(Qt)

(
(1− αt)

p/2
)
.

D.2 STEP 1: BOUNDING TERM 2 – SCORE AND HESSIAN ESTIMATION ERROR

We first bound the estimation error, which includes the errors that come from the score and the
Hessian estimation. In particular, Assumption 5 guarantees that all higher Taylor terms are well
controlled in expectation over Xt ∼ Qt.
Lemma 4. Under Assumptions 3 and 4, with the αt satisfying Definition 1, we have

T∑
t=1

EXt,Xt−1∼Qt,t−1

[
log

p′t−1|t(Xt−1|Xt)

p̂′t−1|t(Xt−1|Xt)

]
≲ (log T )ε2 +

log2 T

T
ε2H .

Remark 2. Under Assumption 3, Lemma 4 guarantees that

T∑
t=1

EXt,Xt−1∼Qt,t−1

[
log

p′t−1|t(Xt−1|Xt)

p̂′t−1|t(Xt−1|Xt)

]
= Õ

(
1

T 2

)
.

Proof. See Appendix F.2.

Before we proceed to the reverse-step error, we provide the following lemma to provide an upper
bound when we use the Σ̃t and its estimate according to (9).
Corollary 2. Under the same conditions of Lemma 4, the upper bound in Lemma 4 on the estimation
error still holds with the slightly perturbed Σ̃t provided in (9).

Proof. See Appendix F.3.

D.3 STEP 2: EXPRESSING LOG-LIKELIHOOD RATIO VIA TILTING FACTOR

Next we focus on the reverse-step error for the accelerated process. Recall that Q0 is smooth under
Assumption 2. We introduce the following notations for analysis. Let

At(xt) := (1− αt)∇2 log qt(xt), Bt(xt) := Id − (Id +At(xt))
−1, (14)

which imply that

Σt(xt) =
1− αt

αt
(Id +At(xt)), Σ−1

t (xt) =
αt

1− αt
(Id −Bt(xt)).

Now, with the notation in Definition 2, for each i, j ∈ [d], Aij
t (xt) = ÕLr(Qt) (1− αt) for all r ≥ 1

under Assumption 5. Also, when (1−αt) is small, we can perform Taylor expansion on Bt(·) around
At(·) and obtain, under Assumption 5,

Bt(Xt) = At(Xt) + ÕLr(Qt)

(
(1− αt)

2
)
. (15)
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Remark 3. In general, suppose that we choose P ′
t−1|t whose conditional covariance satisfies

Σ̃t(Xt) =
1− αt

αt

(
Id +At(Xt) + ÕLr(Qt)

(
(1− αt)

2
))

= Σt(Xt) + ÕLr(Qt)

(
(1− αt)

3
)
,

where a small perturbation is added to the covariance matrix. An immediate consequence is that

Σ̃−1
t (Xt) =

αt

1− αt

(
Id −Bt(Xt) + ÕLr(Qt)

(
(1− αt)

2
))

= Σ−1
t (Xt) + ÕLr(Qt) (1− αt) .

Then, with such P ′
t−1|t having a slightly perturbed covariance, the following Lemmas 5 and 7 still

hold with Ãt(xt) and B̃t(xt) such that

Ãt(xt) :=
αt

1− αt
Σ̃t(xt)− Id, B̃t(xt) := Id − (Id + Ãt(xt))

−1.

Note that Ãt(Xt) = At(Xt)+ ÕLr(Qt)

(
(1− αt)

2
)

and B̃t(Xt) = Bt(Xt)+ ÕLr(Qt)

(
(1− αt)

2
)
.

In the following we write µt = µt(xt), At = At(xt), and Bt = Bt(xt) for brevity.
Lemma 5. For any fixed xt ∈ Rd, as long as qt−1 is defined, we have

qt−1|t(xt−1|xt) =
p′t−1|t(xt−1|xt)e

ζ′
t,t−1(xt,xt−1)

EXt−1∼P ′
t−1|t

[eζ
′
t,t−1(xt,Xt−1)]

,

where

ζt,t−1(xt, xt−1) := log qt−1(xt−1)− log qt−1(µt)− (xt−1 − µt)
⊺(
√
αt∇ log qt(xt)), (16)

and

ζ ′t,t−1(xt, xt−1) := ζt,t−1(xt, xt−1)−
αt

2(1− αt)
(xt−1 − µt)

⊺Bt(xt−1 − µt)

= log qt−1(xt−1)− log qt−1(µt)− (xt−1 − µt)
⊺(
√
αt∇ log qt(xt))

− αt

2(1− αt)
(xt−1 − µt)

⊺Bt(xt−1 − µt). (17)

Proof. See Appendix F.4.

In the following we write ζt,t−1 = ζt,t−1(xt, xt−1) and ζ ′t,t−1 = ζ ′t,t−1(xt, xt−1) and omit depen-
dencies on xt and xt−1 for brevity. As we will see, (16) is the tilting factor for the regular diffusion
process. Given the definition of ζ ′t,t−1 in (17), below we analyze log qt−1(x) around x = µt using
Taylor expansion. We first provide the following notations for the Taylor expansion.
Definition 3 (Taylor Expansion). Recall that xi (1 ≤ i ≤ d) denotes the i-th element of a vector x.
Given an analytic function f(x), its Taylor expansion around x = µ is given by

f(x) = f(µ) +

∞∑
p=1

Tp(f, x, µ)

= f(µ) +∇f(µ)⊺(x− µ) +
1

2

d∑
i=1

∂2
iif(µ)(x

i − µi)2 +
1

2

d∑
i,j=1
i ̸=j

∂2
ijf(µ)(x

i − µi)(xj − µj)

+

∞∑
p=3

Tp(f, x, µ)

where, for p ≥ 1, we define

Tp(f, x, µ) :=
1

p!

∑
γ∈Nd:

∑
i γ

i=p

∂p
af(µ)

d∏
i=1

(xi − µi)γ
i

(18)

where in a ∈ [d]p the multiplicity of i (∈ [d]) is γi.
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If we specialize it to the case where f = log qt−1, x = xt−1, and µ = µt, we need the following
lemma to guarantee the validity of Taylor expansion for t ≥ 1.
Lemma 6. Fix t ≥ 1. For any Q0 (not necessarily having a p.d.f. w.r.t. the Lebesgue measure), given
any k ≥ 1 and any vector of indices a ∈ [d]k, qt exists and |∂k

a log qt(xt)| < ∞, ∀xt ∈ Rd (which
possibly depends on T ). Further, qt and log qt are both analytic.

Proof. See Appendix F.5.

Thus, by Assumption 2 and Lemma 6, since log qt−1 is analytic, its Taylor expansion around
xt−1 = µt is equal to (cf. (16))

ζt,t−1 = (∇ log qt−1(µt)−
√
αt∇ log qt(xt))

⊺(xt−1 − µt) +

∞∑
p=2

Tp(log qt−1, xt−1, µt), (19)

and the Taylor expansion of ζ ′t,t−1(xt, xt−1) around xt−1 = µt is (cf. (17))

ζ ′t,t−1 = (∇ log qt−1(µt)−
√
αt∇ log qt(xt))

⊺(xt−1 − µt)

+
1

2
(xt−1 − µt)

⊺

(
∇2 log qt−1(µt)−

αt

1− αt
Bt

)
(xt−1 − µt)

+

∞∑
p=3

Tp(log qt−1, xt−1, µt). (20)

In order to differentiate the second-order terms in (19) and (20), we reserve T2 for (19) and employ
for (20):

T ′
2(log qt−1, xt−1, µt) :=

1

2
(xt−1 − µt)

⊺

(
∇2 log qt−1(µt)−

αt

1− αt
Bt

)
(xt−1 − µt).

Compared with the tilting factor for the regular process in ζt,t−1, an additional term that is related to
Σt (and thus Bt) is introduced in ζ ′t,t−1. From the perspective of Taylor expansion, we can further
control the second-order term in the Taylor expansion of log qt−1 around µt through this extra term,
which improves the accuracy of posterior approximation at each step.

To use Taylor expansion to upper-bound the reverse-step error in (13), we first note that, for any fixed
xt,

EXt−1∼Qt−1|t

[
log

qt−1|t(Xt−1|xt)

p′t−1|t(Xt−1|xt)

]
= EXt−1∼Qt−1|t

[
ζ ′t,t−1 − logEXt−1∼P ′

t−1|t
[eζ

′
t,t−1 ]

]
= EXt−1∼Qt−1|t

[
ζ ′t,t−1

]
− logEXt−1∼P ′

t−1|t
[eζ

′
t,t−1 ]

(i)

≤ EXt−1∼Qt−1|t

[
ζ ′t,t−1

]
+ EXt−1∼P ′

t−1|t

[
− log eζ

′
t,t−1

]
= EXt−1∼Qt−1|t [ζ

′
t,t−1]− EXt−1∼P ′

t−1|t
[ζ ′t,t−1] (21)

where in (i) we use Jensen’s inequality and note that − log(·) is convex. In the remaining steps, we
analyze the expected values of the tilting factor separately.

D.4 STEP 3: CONDITIONAL EXPECTATION OF ζ ′t,t−1 UNDER P ′
t−1|t

With Taylor expansion around the posterior mean, the calculation of the expected values is reduced
to that of all the (centralized) moments. To start, it is useful to examine the rate of 1−αt

αt
. A direct

implication of Definition 1 is that, with some constant C1, since αt ↘ 0 as T → ∞,
(1− αt)

p

αq
t

≤ Cp
1 log

p T/T p

(1− C1 log T/T )
q ≲ (1− αt)

p, ∀p, q ≥ 1, t ≥ 1. (22)

Below, we first calculate the centralized moments under P ′
t−1|t. We employ Isserlis’s Theorem for

our help, which constitutes the main idea in the lemma below. Note that the results in this subsection
hold as long as Q0 has a p.d.f..
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Lemma 7. Fix t ≥ 1. For brevity write Zi = Xi
t−1 − µi

t, ∀i ∈ [d], A = At(xt), and E[·] as a
shorthand for EXt−1∼P ′

t−1|t
[·]. Note that we have Aij

t (xt) = ÕLp(Qt) (1− αt) for all i, j ∈ [d]

under Assumption 5. Thus, the following results hold: ∀p ≥ 1,

E

[∏
i∈a

Zi

]
= 0, ∀a : |a| odd,

E

[∏
i∈a

Zi

]
= ÕLp(Qt)

(
(1− αt)

|a|
2

)
, ∀a : |a| even.

Specifically, for i, j, k, l ∈ [d] all differ, the fourth moment is

E[Z4
i ] = 3

(
1− αt

αt

)2

(1 +Aii)2

E[Z3
i Zj ] = 3

(
1− αt

αt

)2

Aij(1 +Aii)

E[Z2
i Z

2
j ] =

(
1− αt

αt

)2

(1 +Aii)(1 +Ajj) + ÕLp(Qt)((1− αt)
4)

E[Z2
i ZjZk] =

(
1− αt

αt

)2

(1 +Aii)Ajk + ÕLp(Qt)((1− αt)
4)

E[ZiZjZkZl] = ÕLp(Qt)((1− αt)
4).

For i, j, k ∈ [d] all differ, the sixth moment is

E[Z6
i ] = 15

(
1− αt

αt

)3

(1 +Aii)3

E[Z4
i Z

2
j ] = 3

(
1− αt

αt

)3

(1 +Aii)2(1 +Ajj) + ÕLp(Qt)((1− αt)
4)

E[Z2
i Z

2
jZ

2
k ] =

(
1− αt

αt

)3

(1 +Aii)(1 +Ajj)(1 +Akk) + ÕLp(Qt)((1− αt)
4),

and E
[∏

i∈a:|a|=6 Zi

]
= ÕLp(Qt)((1− αt)

4) otherwise. All the rates are under Assumption 5.

Proof. See Appendix F.6.

D.5 STEP 4: CONDITIONAL EXPECTATION OF ζ ′t,t−1 UNDER Qt−1|t

Although each Qt|t−1 is conditionally Gaussian, the posterior Qt−1|t is not Gaussian in general. In
the following, we analyze the posterior centralized moments under Qt−1|t using the idea of Tweedie’s
formula Efron (2011). Then, we apply them to analyze EXt−1∼Qt−1|t [ζt,t−1], again using the Taylor
expansion in (19). Again, the result is more generally applicable to non-smooth Q0 at t ≥ 2 due to
Lemma 6.
Lemma 8. Fix t ≥ 1 such that qt−1 exists. Define x̃t :=

√
αt

1−αt
xt, and

κ(x̃t) := log qt

(
1− αt√

αt
x̃t

)
+

1− αt

2αt
∥x̃t∥2 +

d

2
log (2π(1− αt)) . (23)

Let 1 ≤ i, j, k, l ≤ d, which are possibly equal to each other. The first 3 centralized moments under
Qt−1|t satisfy

EXt−1∼Qt−1|t [Xt−1] = ∇κ = µt

EXt−1∼Qt−1|t [(Xt−1 − µt)(Xt−1 − µt)
⊺] = ∇2κ =

1− αt

αt
Id +

(1− αt)
2

αt
∇2 log qt(xt)

EXt−1,Xt∼Qt−1,t

[
(Xi

t−1 − µi
t)(X

j
t−1 − µj

t )(X
k
t−1 − µk

t )
]
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= EXt∼Qt
[∂3

ijkκ] =
(1− αt)

3

α
3/2
t

EXt∼Qt
[∂3

ijk log qt(Xt)] = Õ((1− αt)
3).

The fourth centralized moment satisfies

EXt−1,Xt∼Qt−1,t

[
(Xi

t−1 − µi
t)(X

j
t−1 − µj

t )(X
k
t−1 − µk

t )(X
l
t−1 − µl

t)
]

= EXt∼Qt
[(∂2

ijκ)(∂
2
klκ) + (∂2

ikκ)(∂
2
jlκ) + (∂2

ilκ)(∂
2
jkκ) + ∂4

ijklκ]

=


3
(

1−αt

αt

)2
+ Õ((1− αt)

3), if i = j = k = l,(
1−αt

αt

)2
+ Õ((1− αt)

3), if i = k ̸= j = l,

Õ((1− αt)
3), otherwise.

Note that all derivatives above are w.r.t. x̃t. All the rates are under Assumption 5.

Proof. See Appendix F.7.

Lemma 8 also justifies the expression of µt and Σt in the diffusion process (i.e., (3) and (4)), which
match the posterior mean and variance, respectively.

Next we turn to calculate the fifth and sixth centralized moment under Qt−1|t, again drawing the idea
of Tweedie’s formula (Efron, 2011). This is a direct extension to Lemma 8.
Lemma 9. Fix t ≥ 1 such that qt−1 exists. Fix xt ∈ Rd. Under Assumption 5, with the same
definitions of x̃t and κ(x̃t) as in Lemma 8, the fifth centralized moment is

EXt−1∼Qt−1|t

[
(Xi

t−1 − µi
t)(X

j
t−1 − µj

t )(X
k
t−1 − µk

t )(X
l
t−1 − µl

t)(X
m
t−1 − µm

t )
]

=
∑

ξ∈({i,j,k,l,m}
2 )

(∂2
ξκ)(∂

3
{i,j,k,l,m}\ξκ) + ∂5

ijklmκ = ÕLp(Qt)((1− αt)
4)

where, given a set A, we define(
A

2

)
:=
{
{a1, a2} : a1, a2 ∈ A, a1 ̸= a2

}
.

Let P k
n be the set that contains all distinct size-k partitions of [n]. Define

part2(A) := {((ai, aj) : {i, j} ∈ p) : p ∈ P 2
|A|}.

The sixth centralized moment is

EXt−1∼Qt−1|t

[
(Xi

t−1 − µi
t)(X

j
t−1 − µj

t )(X
k
t−1 − µk

t )(X
l
t−1 − µl

t)(X
m
t−1 − µm

t )(Xn
t−1 − µn

t )
]

=
∑

(ξ1,ξ2,ξ3)∈part2({i,j,k,l,m,n})

(∂2
ξ1κ)(∂

2
ξ2κ)(∂

2
ξ3κ) + ÕLp(Qt)((1− αt)

4)

=



15
(

1−αt

αt

)3
+ ÕLp(Qt)((1− αt)

4), if i = j = k = l = m = n

3
(

1−αt

αt

)3
+ ÕLp(Qt)((1− αt)

4), if i = k = m = n ̸= j = l(
1−αt

αt

)3
+ ÕLp(Qt)((1− αt)

4), if i = l, j = m, k = n while i, j, k all differ

ÕLp(Qt)((1− αt)
4), otherwise

Again note that all derivatives above are w.r.t. x̃t.

Proof. See Appendix F.8.

The following lemma provides the correct order (in terms of (1− αt)) for all higher-order posterior
centralized moments. In other words, this shows that Qt−1|t has nice Gaussian-like concentration.
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Lemma 10. Fix t ≥ 1 and p ≥ 2. Let a = (a1, . . . , ap) ∈ [d]p be a vector of indices of length p.
Under the same conditions as in Lemma 8, if p is odd,

EXt−1,Xt∼Qt−1,t

[
p∏

i=1

(Xai
t−1 − µai

t )

]
= Õ

(
(1− αt)

p+3
2

)
, ∀a ∈ [d]p. (24)

If p is even,

EXt−1,Xt∼Qt−1,t

[
p∏

i=1

(Xai
t−1 − µai

t )

]
= Õ((1− αt)

p
2 ), ∀a ∈ [d]p. (25)

Proof. See Appendix F.9.

D.6 STEP 5: BOUNDING TERM 3 – REVERSE-STEP ERROR

We are now ready to assemble the respective moments into the final convergence rate. In the following
lemma, we use the results in the previous lemmas to control the difference EXt−1∼Qt−1|t [ζ

′
t,t−1]−

EXt−1∼P ′
t−1|t

[ζ ′t,t−1] in (21).
Lemma 11. Suppose that Assumption 5 holds and that qt−1 exists. Then,

EXt∼Qt

(
EXt−1∼Qt−1|t − EXt−1∼P ′

t−1|t

)
[ζ ′t,t−1]

=
(1− αt)

3

3!α
3/2
t

d∑
i,j,k=1

EXt∼Qt [∂
3
ijk log qt−1(µt(Xt))∂

3
ijk log qt(Xt)] + Õ((1− αt)

4).

Proof. See Appendix F.10.

Therefore, under Assumptions 2 and 5 we combine Lemma 11 and (21) and get

T∑
t=1

EXt−1,Xt∼Qt−1|t

[
log

qt−1|t(Xt−1|Xt)

p′t−1|t(Xt−1|Xt)

]

≲ (1− αt)
3

d∑
i,j,k=1

EXt∼Qt [∂
3
ijk log qt−1(µt(Xt))∂

3
ijk log qt(Xt)]. (26)

This completes the proof of Theorem 1.

Before we end this section, we provide an upper bound of the reverse-step error when the conditional
covariance of P ′

t−1|t is slightly perturbed (see Remark 3).
Corollary 3. Suppose that Assumption 5 holds and that qt−1 exists. Suppose that the conditional
covariance of P ′

t−1|t is slightly perturbed, which satisfies

Σ̃t(xt) =
1− αt

αt
(Id +At(xt) + Ξt(xt)) ,

where Ξt(Xt) = ÕLr(Qt)

(
(1− αt)

2
)

for all r ≥ 1. Then,

T∑
t=1

EXt−1,Xt∼Qt−1|t

[
log

qt−1|t(Xt−1|Xt)

p′t−1|t(Xt−1|Xt)

]
≲ −(1− αt)EXt∼Qt

Tr
((
∇2 log qt−1(µt(Xt))− αt∇2 log qt(Xt)

)
Ξt(Xt)

)
+ (1− αt)

3
d∑

i,j,k=1

EXt∼Qt
[∂3

ijk log qt−1(µt(Xt))∂
3
ijk log qt(Xt)]

= Õ

(
1

T 2

)
.

Proof. See Appendix F.11.
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E PROOF OF COROLLARY 1
Note that q1 always exists and is analytic by Lemma 6. Therefore, it remains to upper-bound the
mismatch between Q0 and Q1. In the following lemma we provide such a common bound in
Wasserstein distance, which is provided only for completeness.
Lemma 12. For any Q0,

W2(Q0, Q1)
2 ≤ (1− α1)(M2 + 1)d.

Remark 4. If 1− α1 = δ, this implies that

W2(Q0, Q1)
2 ≲ δd.

Proof. See Appendix F.12.

The proof of this corollary is thus complete. A consequence of Lemma 12 is that, in order to obtain
convergence guarantees for general distributions, one can view 1− α1 as controlling the mismatch
between Q0 and Q1 (in terms of the Wasserstein distance), and 1 − αt, ∀t ≥ 2 as controlling the
mismatch between Q1 and P̂ ′

1 (in terms of the KL-divergence).

F AUXILIARY PROOFS FOR THEOREM 1 AND COROLLARY 1
In this section, we provide the proofs for those auxiliary lemmas in the proof of Theorem 1 and Corol-
lary 1.

F.1 PROOF OF LEMMA 3
First, note that

qT (xT ) = EX0∼Q0
[qT |0(xT |X0)].

Also note that the function f(x) = x log(x) is convex. Thus, by Jensen’s inequality,

EXT∼QT
[log qT (XT )] =

∫
EX0∼Q0

[qT |0(xT |X0)] logEX0∼Q0
[qT |0(xT |X0)]dxT

≤
∫

EX0∼Q0

[
qT |0(xT |X0) log qT |0(xT |X0)

]
dxT

= EX0∼Q0

[∫
qT |0(xT |X0) log qT |0(xT |X0)dxT

]
.

Since QT |0 is conditional Gaussian N (
√
ᾱTx0, (1− ᾱT )Id), its negative conditional entropy equals∫

qT |0(xT |x0) log qT |0(xT |x0)dxT = −d

2
− d

2
log(2π(1− ᾱT ))

for any x0 ∈ Rd. On the other hand, since P ′
T = N (0, Id),

EXT∼QT
[log p′T (XT )] = −d

2
log(2π)− 1

2
EXT∼QT

∥XT ∥2

where

EXT∼QT
∥XT ∥2 = ᾱTEX0∼Q0

∥X0∥2 + (1− ᾱT )EW̄T∼N (0,Id)

∥∥W̄T

∥∥2
= ᾱTEX0∼Q0 ∥X0∥2 + (1− ᾱT )d.

Putting the two together,

EXT∼QT

[
log

qT (XT )

p′T (XT )

]
= EXT∼QT

[log qT (XT )]− EXT∼QT
[log p′T (XT )]

≤ −d

2
− d

2
log(2π(1− ᾱT )) +

d

2
log(2π) +

1

2

(
ᾱTEX0∼Q0 ∥X0∥2 + (1− ᾱT )d

)
=

1

2
ᾱTEX0∼Q0 ∥X0∥2 −

dᾱT

2
− d

2
log(1− ᾱT ).

When T is large (and thus when ᾱT is small), the Taylor expansion w.r.t. ᾱT around 0 yields

log(1− ᾱT ) = −ᾱT +O
(
ᾱ2
T

)
.

27



1458
1459
1460
1461
1462
1463
1464
1465
1466
1467
1468
1469
1470
1471
1472
1473
1474
1475
1476
1477
1478
1479
1480
1481
1482
1483
1484
1485
1486
1487
1488
1489
1490
1491
1492
1493
1494
1495
1496
1497
1498
1499
1500
1501
1502
1503
1504
1505
1506
1507
1508
1509
1510
1511

Under review as a conference paper at ICLR 2025

Therefore,

EXT∼QT

[
log

qT (XT )

p′T (XT )

]
≤ 1

2
ᾱTEX0∼Q0 ∥X0∥2 −

dᾱT

2
− d

2
(−ᾱT ) +O

(
ᾱ2
T

)
≤ 1

2
ᾱTM2d+O

(
ᾱ2
T

)
.

F.2 PROOF OF LEMMA 4
To start, note that both P ′

t−1|t and P̂ ′
t−1|t are Gaussian (yet having different mean and variance).

Thus, for each t = 1, . . . , T ,

log
p′t−1|t(xt−1|xt)

p̂′t−1|t(xt−1|xt)

= log
(
det(Σt)

− 1
2

)
− log

(
det(Σ̂t)

− 1
2

)
− 1

2
(xt−1 − µt)

⊺Σ−1
t (xt−1 − µt) +

1

2
(xt−1 − µ̂t)

⊺Σ̂−1
t (xt−1 − µ̂t)

=
1

2

(
log(det(Σ̂t))− log(det(Σt))

)
+

1

2
(xt−1 − µt)

⊺(Σ̂−1
t − Σ−1

t )(xt−1 − µt)

+
1

2
(xt−1 − µ̂t)

⊺Σ̂−1
t (xt−1 − µ̂t)−

1

2
(xt−1 − µt)

⊺Σ̂−1
t (xt−1 − µt)

=
1

2

(
log(det(Σ̂t))− log(det(Σt))

)
+

1

2
(xt−1 − µt)

⊺(Σ̂−1
t − Σ−1

t )(xt−1 − µt)

+
1

2
(µt − µ̂t)

⊺Σ̂−1
t (xt−1 − µt) +

1

2
(xt−1 − µt)

⊺Σ̂−1
t (µt − µ̂t) +

1

2
(µt − µ̂t)

⊺Σ̂−1
t (µt − µ̂t).

(27)

There are five terms in (27). We first consider the third and the fourth term, for which we have

EXt−1∼Qt−1|t

[
(µt − µ̂t)

⊺Σ̂−1
t (Xt−1 − µt)

]
= (µt − µ̂t)

⊺Σ̂−1
t EXt−1∼Qt−1|t [Xt−1 − µt] = 0,

EXt−1∼Qt−1|t

[
(Xt−1 − µt)

⊺Σ̂−1
t (µt − µ̂t)

]
= EXt−1∼Qt−1|t [Xt−1 − µt]

⊺
Σ̂−1

t (µt − µ̂t) = 0.

Now consider the expectation of the last term in (27). From the definition of Σ̂t in (6), for small 1−αt

we have Σ̂t ≻ 0, and we can define B̂t := Id−(Id+(1−αt)Ht)
−1, and thus Σ̂−1

t = αt

1−αt
(Id−B̂t).

From Taylor expansion, we have B̂t = (1− αt)Ht + ÕLp(Qt)((1− αt)
2). Thus, for each t ≥ 1,

EXt∼Qt

[
(µt(Xt)− µ̂t(Xt))

⊺Σ̂−1
t (Xt)(µt(Xt)− µ̂t(Xt))

]
= (1− αt)EXt∼Qt

[
(st(Xt)−∇ log qt(Xt))

⊺(Id − B̂t(Xt))(st(Xt)−∇ log qt(Xt))
]

= (1− αt)EXt∼Qt

[
(st(Xt)−∇ log qt(Xt))

⊺(Id + (1− αt)Ht(Xt))
−1(st(Xt)−∇ log qt(Xt))

]
≲ (1− αt)EXt∼Qt

∥st(Xt)−∇ log qt(Xt)∥2

where the last line follows from the regularity condition on Ht in Assumption 3. Therefore, the
expectation of the last term in (27) can be bounded as

T∑
t=1

EXt∼Qt

[
(µt(Xt)− µ̂t(Xt))

⊺Σ̂−1
t (Xt)(µt(Xt)− µ̂t(Xt))

]
≲

T∑
t=1

(1− αt)EXt∼Qt
∥st(Xt)−∇ log qt(Xt)∥2

≲ (log T )ε2, (28)

where the last line follows by the score estimation error in Assumption 3.

28



1512
1513
1514
1515
1516
1517
1518
1519
1520
1521
1522
1523
1524
1525
1526
1527
1528
1529
1530
1531
1532
1533
1534
1535
1536
1537
1538
1539
1540
1541
1542
1543
1544
1545
1546
1547
1548
1549
1550
1551
1552
1553
1554
1555
1556
1557
1558
1559
1560
1561
1562
1563
1564
1565

Under review as a conference paper at ICLR 2025

Next we turn to the first two terms in (27). First, note that for all i, j ∈ [d], we have (1−αt)H
ij
t (Xt) =

ÕLp(Qt)(1− αt) under Assumption 3. Now, the first term of (27) is given by

log(det(Σ̂t))− log(det(Σt)) = log(det(Id+(1−αt)Ht))− log(det(Id+(1−αt)∇2 log qt(xt))).

When (1− αt) is small, we can use Taylor expansion for the functions det(·) and log(·) to get

log(det(Id + (1− αt)Ht))

= log

(
1 + (1− αt)Tr(Ht) +

(1− αt)
2

2
(Tr(Ht)

2 − Tr(H2
t )) + ÕLp(Qt)((1− αt)

3)

)
= (1− αt)Tr(Ht) +

(1− αt)
2

2
(Tr(Ht)

2 − Tr(H2
t ))−

(1− αt)
2

2
Tr(Ht)

2 + ÕLp(Qt)((1− αt)
3)

= (1− αt)Tr(Ht)−
(1− αt)

2

2
Tr(H2

t ) + ÕLp(Qt)((1− αt)
3).

Similar expression can be obtained for log(det(Id + (1− αt)∇2 log qt(xt))). Thus, the first term in
(27) is equal to

log(det(Σ̂t))− log(det(Σt))

= (1− αt)
(
Tr(Ht)− Tr(∇2 log qt(xt))

)
− (1− αt)

2

2

[
Tr(H2

t )− Tr((∇2 log qt(xt))
2)
]

+ ÕLp(Qt)((1− αt)
3).

For the second term in (27), we first take expectation over xt−1 and get

EXt−1∼Qt−1|t

[
(Xt−1 − µt)

⊺(Σ̂−1
t − Σ−1

t )(Xt−1 − µt)
]
= Tr

(
(Σ̂−1

t − Σ−1
t )Σt

)
.

To proceed, note that

(Id + (1− αt)Ht)
−1 (iii)

= Id − (1− αt)Ht + (1− αt)
2H2

t + ÕLp(Qt)((1− αt)
3). (29)

To see (iii), we write St as the true inverse of Id+(1−αt)Ht. Its existence is guaranteed if (1−αt)
is small. Since

(Id + (1− αt)Ht)(Id − (1− αt)Ht + (1− αt)
2H2

t ) = Id + ÕLp(Qt)((1− αt)
3),

we have

(Id + (1− αt)Ht)(Id − (1− αt)Ht + (1− αt)
2H2

t − St) = ÕLp(Qt)((1− αt)
3)

which implies that St = Id − (1 − αt)Ht + (1 − αt)
2H2

t + ÕLp(Qt)((1 − αt)
3). This shows the

validity of (iii). Therefore,

Tr
(
(Σ̂−1

t − Σ−1
t )Σt

)
= Tr(Σ̂−1

t Σt − Id)

= Tr

([
Id − (1− αt)Ht + (1− αt)

2H2
t + ÕLp(Qt)((1− αt)

3)
]

[
Id + (1− αt)∇2 log qt(xt)

]
− Id

)
= (1− αt)

[
Tr(∇2 log qt(xt))− Tr(Ht)

]
+ (1− αt)

2
[
Tr(H2

t )− Tr(Ht∇2 log qt(xt))
]
+ ÕLp(Qt)((1− αt)

3).

Adding this to the first term of (27) and taking expectation over Xt ∼ Qt (noting Assumption 5 here),
we get

EXt−1,Xt∼Qt−1,t

[ (
log(det(Σ̂t(Xt)))− log(det(Σt(Xt)))

)
+ (Xt−1 − µt(Xt))

⊺(Σ̂−1
t (Xt)− Σ−1

t (Xt))(Xt−1 − µt(Xt))
]

=
(1− αt)

2

2
EXt∼Qt

[
Tr(Ht(Xt)

2)− 2Tr(Ht(Xt)∇2 log qt(Xt)) + Tr((∇2 log qt(Xt))
2)
]
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+ Õ((1− αt)
3)

(iv)
=

(1− αt)
2

2
EXt∼Qt

∥∥Ht(Xt)−∇2 log qt(Xt)
∥∥2
F
+ Õ((1− αt)

3),

where (iv) follows because for two symmetric matrices A and B,

Tr(A2)− 2Tr(AB) + Tr(B2) = Tr(A2)− Tr(AB)− Tr(BA) + Tr(B2)

= Tr((A−B)(A−B)) = Tr((A−B)⊺(A−B)) = ∥A−B∥2F .

Thus, following from Assumption 3,

T∑
t=1

EXt−1,Xt∼Qt−1,t

[ (
log(det(Σ̂t(Xt)))− log(det(Σt(Xt)))

)
+ (Xt−1 − µt(Xt))

⊺(Σ̂−1
t (Xt)− Σ−1

t (Xt))(Xt−1 − µt(Xt))
]
≲

log2 T

T
ε2H . (30)

Here εH is the Hessian estimation error. Combining (28) and (30) yields the desired result for the
accelerated estimation error, which is in the order Õ(1/T 2).

F.3 PROOF OF COROLLARY 2
Given the perturbed Σ̃t in (9), following the definition in (14), we define, ∀p ≥ 1,

Ãt := (1− αt)∇2 log qt(xt) +
(1− αt)

2

4
(∇2 log qt(xt))

2

= (1− αt)

(
∇2 log qt(xt) +

1− αt

4
∇2 log qt(xt)

)
,

B̃t := Id −
1− αt

αt
Σ̃−1

t = Id − Ãt + Ã2
t + ÕLp(Qt)((1− αt)

3)

H̃t := Ht +
1− αt

4
Ht.

Note that under Assumption 3,

(1− αt)
∥∥∥H̃t

∥∥∥ ≲ (1− αt) ∥Ht∥+ (1− αt)
2 ∥Ht∥2 = ÕLr(Qt)(1− αt), ∀r ≥ 1.

Then, the rest of the proof Lemma 4 still holds with ∇2 log qt(xt) and Ht replaced by ∇2 log qt(xt)+
1−αt

4 ∇2 log qt(xt) and H̃t. The proof is complete by noting that

EXt∼Qt

∥∥∥∥H̃t(Xt)−
(
∇2 log qt(Xt) +

1− αt

4
∇2 log qt(Xt)

)∥∥∥∥2
F

≲ (1 + (1− αt))EXt∼Qt

∥∥Ht(Xt)−∇2 log qt(Xt)
∥∥2
F

≲ ε2H .

F.4 PROOF OF LEMMA 5
By Bayes’ rule, for any xt−1 given fixed xt, we have

qt−1|t(xt−1|xt)

∝ qt−1(xt−1) exp

(
−
∥∥xt −

√
αtxt−1

∥∥2
2(1− αt)

)

∝ qt−1(xt−1)p
′
t−1|t(xt−1|xt) exp

(
1

2
(xt−1 − µt)

⊺Σ−1
t (xt−1 − µt)−

∥∥xt−1 − xt/
√
αt

∥∥2
2(1− αt)/αt

)

= qt−1(xt−1)p
′
t−1|t(xt−1|xt) exp

(
αt

2(1− αt)
(xt−1 − µt)

⊺(Id −Bt)(xt−1 − µt)−
∥∥xt−1 − xt/

√
αt

∥∥2
2(1− αt)/αt

)

30



1620
1621
1622
1623
1624
1625
1626
1627
1628
1629
1630
1631
1632
1633
1634
1635
1636
1637
1638
1639
1640
1641
1642
1643
1644
1645
1646
1647
1648
1649
1650
1651
1652
1653
1654
1655
1656
1657
1658
1659
1660
1661
1662
1663
1664
1665
1666
1667
1668
1669
1670
1671
1672
1673

Under review as a conference paper at ICLR 2025

(by Equation (14))

∝ p′t−1|t(xt−1|xt) exp

(
ζt,t−1(xt, xt−1)−

αt

2(1− αt)
(xt−1 − µt)

⊺Bt(xt−1 − µt)

)
,

where the last line follows from the definition of ζt,t−1(xt, xt−1) in (16). Now, with the definition of
ζ ′t,t−1(xt, xt−1) in (17), we have

qt−1|t(xt−1|xt) =
p′t−1|t(xt−1|xt)e

ζ′
t,t−1(xt,xt−1)

EXt−1∼P ′
t−1|t

[eζ
′
t,t−1(xt,Xt−1)]

.

F.5 PROOF OF LEMMA 6
Recall Equation (2). Let Q̃0 denote the distribution of

√
ᾱtx0, and let g(z) denote the p.d.f. (w.r.t.

the Lebesgue measure) of the distribution of
√
1− ᾱtw̄t. Note that g is a scaled version of the unit

Gaussian p.d.f., and
∫
z∈Rd g(z)dz = 1 < ∞. Now, for any event A ⊆ B(λ),

Qt(A) =

∫
x∈A

∫
x̃0∈Rd

g(x− x̃0)dQ̃0(x̃0)dx =

∫
x̃0∈Rd

(∫
x∈A

g(x− x̃0)dx

)
dQ̃0(x̃0)

by Fubini’s theorem. If A has Lebesgue measure 0, by continuity of g(x) we get
∫
x∈A

g(x− x̃0)dx =

0, and thus Qt(A) = 0. This shows that Qt is absolutely continuous w.r.t. the Lebesgue measure,
and its p.d.f. exists, denoted as qt.

Now, since any order of derivative of the Gaussian p.d.f. is bounded away from infinity and Q̃0 is a
probability measure, we can invoke the dominated convergence theorem here to change the order of
derivative and integral as

∂k
aqt(x) = ∂k

a

∫
x̃0∈Rd

g(x− x̃0)dQ̃0(x̃0) =

∫
x̃0∈Rd

∂k
ag(x− x̃0)dQ̃0(x̃0). (31)

Thus, for any k ≥ 1 and any vector of indices a ∈ [d]k, we have∣∣∂k
aqt(x)

∣∣ ≤ sup
x∈Rd

∣∣∂k
ag(x)

∣∣ ∫
x̃0∈Rd

dQ̃0(x̃0) = sup
x∈Rd

∣∣∂k
ag(x)

∣∣ < ∞.

This also implies that the Taylor term |Tk(qt, x, µ)| < ∞ for any x and µ, and

qt(x) =

∫
x̃0∈Rd

g(x− x̃0)dQ̃0(x̃0)
(i)
=

∫
x̃0∈Rd

lim
p→∞

p∑
k=0

Tk(g(x− x̃0), x, µ)dQ̃0(x̃0)

(ii)
= lim

p→∞

∫
x̃0∈Rd

p∑
k=0

Tk(g(x− x̃0), x, µ)dQ̃0(x̃0)

(iii)
= lim

p→∞

p∑
k=0

Tk(qt, x, µ)

where (i) follows because (scaled) Gaussian density is analytic, (ii) follows from dominated conver-
gence theorem and the fact that g is a Gaussian density and has an upper bound independent of x̃0,
and (iii) follows from (31). This shows that qt is analytic.

Finally, since ∂k
a log qt is a smooth function of qt, ∂

1qt, . . . , ∂
kqt, we have ∂k

a log qt(xt) < ∞
(possibly depending on T ) for all k ≥ 1 and fixed (finite) xt ∈ Rd. Also, log qt is analytic because
log(·) is analytic and qt(xt) > 0, ∀xt ∈ Rd.

F.6 PROOF OF LEMMA 7
The result follows directly from Isserlis’s Theorem, which says that

E

[
n∏

i=1

Zi

]
=
∑
p∈P 2

n

∏
{i,j}∈p

E[ZiZj ] =
∑
p∈P 2

n

∏
{i,j}∈p

Cov(Zi, Zj)
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since each Zi is centered. Here P 2
n is the set that contains all distinct size-2 partitions of [n]. For

example, P 2
4 = {({1, 2}, {3, 4}), ({1, 3}, {2, 4}), ({1, 4}, {2, 3})}. Thus, since At = ÕLp(Q)(1−

αt) under Assumption 5,

E

[
n∏

i=1

Zi

]
= 0, if n is odd

E

[
n∏

i=1

Zi

]
= ÕLp(Qt)

((
1− αt

αt

)n
2

)
= ÕLp(Qt)

(
(1− αt)

n
2

)
, if n is even.

More specifically, following from Isserlis’s Theorem, the fourth moment is

E[ZiZjZkZl] = Cov(Zi, Zj)Cov(Zk, Zl)+

Cov(Zi, Zk)Cov(Zj , Zl) + Cov(Zi, Zl)Cov(Zj , Zk), ∀i, j, k, l ∈ [d].

Here Cov(Zi, Zj) =
1−αt

αt
(1 {i = j}+(1−αt)A

ij). The fourth moment result follows immediately
by plugging into the formula. Turning to the sixth moment, we note that we are interested only in the
coefficients for the terms that grow at a rate ÕLp(Qt)((1− αt)

3). Since the sixth moment consists
of sum of product terms in which three covariance matrices are multiplied (giving us a rate at least
ÕLp(Qt)((1− αt)

3)), at least one product term in the sum must take covariance values only on the
diagonal of the matrix. Therefore, only E[Z6

i ], E[Z4
i Z

2
j ], and E[Z2

i Z
2
jZ

2
k ] with i, j, k all differ satisfy

this requirement, and we immediately get the desired result from Isserlis’s Theorem.

F.7 PROOF OF LEMMA 8
We first fix xt and will take expectation at the end. Note that qt|t−1(xt|xt−1) =

1
(2π(1−αt))d/2

exp
(
−∥xt−

√
αtxt−1∥2

2(1−αt)

)
. Following from the idea of Tweedie Efron (2011), we have

qt−1|t(xt−1|xt)

=
qt−1(xt−1)

qt(xt)
qt|t−1(xt|xt−1)

=
qt−1(xt−1)

qt(xt)
qt|t−1(xt|0) exp

( √
αt

1− αt
x⊺
t xt−1 −

αt

2(1− αt)
∥xt−1∥2

)
=
(
qt−1(xt−1)e

− αt
2(1−αt)

∥xt−1∥2
)
exp

( √
αt

1− αt
x⊺
t xt−1 − log qt(xt) + log qt|t−1(xt|0)

)
=: f(xt−1) exp

(
x⊺
t−1x̃t − κ(x̃t)

)
(32)

where we have used the definitions of x̃t and κ(x̃t) in (23). This shows that xt−1 is a conditional
exponential family given x̃t. Thus, the first moment can be found as (cf. Prop. 11.1 in Moulin &
Veeravalli (2018))

0 = ∇x̃t

∫
qt−1|t(xt−1|xt)dxt−1 = ∇x̃t

∫
f(xt−1) exp

(
x⊺
t−1x̃t − κ(x̃t)

)
dxt−1

=

∫
f(xt−1)∇x̃t

exp
(
x⊺
t−1x̃t − κ(x̃t)

)
dxt−1

=

∫
f(xt−1) exp

(
x⊺
t−1x̃t − κ(x̃t)

)
(xt−1 −∇x̃tκ(x̃t)) dxt−1

=

∫
f(xt−1) exp

(
x⊺
t−1x̃t − κ(x̃t)

)
xt−1dxt−1 −∇x̃t

κ(x̃t)

which implies that
EXt−1∼Qt−1|t [Xt−1] = ∇κ. (33)

For the second moment,

0 = ∂2
ij

∫
qt−1|t(xt−1|xt)dxt−1
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=

∫
f(xt−1)

∂

∂x̃j
t

(
exp

(
x⊺
t−1x̃t − κ(x̃t)

) (
xi
t−1 − ∂iκ(x̃t)

) )
dxt−1

=

∫
f(xt−1) exp

(
x⊺
t−1x̃t − κ(x̃t)

) (
(xi

t−1 − ∂iκ(x̃t))(x
j
t−1 − ∂jκ(x̃t))− ∂2

ijκ(x̃t)
)
dxt−1

which yields

EXt−1∼Qt−1|t [(Xt−1 − µt)(Xt−1 − µt)
⊺] = ∇2κ =

1− αt

αt
Id +

(1− αt)
2

αt
∇2 log qt(xt). (34)

Below, we write x = xt−1 and κ = κ(x̃t) for brevity. We remind readers that all derivatives are w.r.t.
x̃t instead of x = xt−1. For the third moment,

0 = ∂3
ijk

∫
qt−1|tdx =:

∫
f(x) exp (x⊺x̃t − κ)D3(x, x̃t)dx

where

D3(x, x̃t) = exp (−x⊺x̃t + κ) ∂k

(
exp (x⊺x̃t − κ)

(
(xi − ∂iκ)(x

j − ∂jκ)− ∂2
ijκ
) )

= (xk − ∂kκ)
(
(xi − ∂iκ)(x

j − ∂jκ)− ∂2
ijκ
)

+ (−∂2
ikκ)(x

j − ∂jκ) + (−∂2
jkκ)(x

i − ∂iκ)− ∂3
ijkκ. (35)

Now, for any function fn(x̃t) and 1 ≤ i ≤ d,∫
f(x) exp (x⊺x̃t − κ) fn(x̃t)(x

i − ∂iκ)dx = 0

by the first moment result (33). Thus, we get

EXt−1∼Qt−1|t

[
(Xi

t−1 − µi
t)(X

j
t−1 − µj

t )(X
k
t−1 − µk

t )
]
= ∂3

ijkκ,

and by Assumption 5, EXt∼Qt [∂
3
ijkκ] = Õ((1− αt)

3).

For the fourth moment, we have

0 = ∂4
ijkl

∫
qt−1|tdx =:

∫
f(x) exp (x⊺x̃t − κ)D4(x, x̃t)dx

where

D4(x, x̃t) = exp (−x⊺x̃t + κ) ∂l

(
exp (x⊺x̃t − κ) ((xi − ∂iκ)(x

j − ∂jκ)(x
k − ∂kκ)

− ∂2
ijκ(x

k − ∂kκ)− ∂2
ikκ(x

j − ∂jκ)− ∂2
jkκ(x

i − ∂iκ)− ∂3
ijkκ)

)
= (xi − ∂iκ)(x

j − ∂jκ)(x
k − ∂kκ)(x

l − ∂lκ) + ∂l

(
(xi − ∂iκ)(x

j − ∂jκ)(x
k − ∂kκ)

)
− ∂2

ijκ(x
k − ∂kκ)(x

l − ∂lκ)− ∂3
ijlκ(x

k − ∂kκ) + ∂2
ijκ∂

2
klκ

− ∂2
ikκ(x

j − ∂jκ)(x
l − ∂lκ)− ∂3

iklκ(x
j − ∂jκ) + ∂2

ikκ∂
2
jlκ

− ∂2
jkκ(x

i − ∂iκ)(x
l − ∂lκ)− ∂3

jklκ(x
i − ∂iκ) + ∂2

jkκ∂
2
ilκ

− ∂3
ijkκ(x

l − ∂lκ)− ∂4
ijklκ (36)

and

∂l

(
(xi − ∂iκ)(x

j − ∂jκ)(x
k − ∂kκ)

)
= −∂2

ilκ(x
j − ∂jκ)(x

k − ∂kκ)− ∂2
jlκ(x

i − ∂iκ)(x
k − ∂kκ)− ∂2

klκ(x
i − ∂iκ)(x

j − ∂jκ).

Using the first and second moment results in (33) and (34), we get

EXt−1∼Qt−1|t

[
(Xi

t−1 − µi
t)(X

j
t−1 − µj

t )(X
k
t−1 − µk

t )(X
l
t−1 − µl

t)
]
=

(∂2
ijκ)(∂

2
klκ) + (∂2

ikκ)(∂
2
jlκ) + (∂2

ilκ)(∂
2
jkκ) + ∂4

ijklκ.

And the fourth moment result follows directly by applying (34) to each of the terms and taking the
expectation over Xt ∼ Qt. The rate follows from Assumption 5 (cf. Definition 2).
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F.8 PROOF OF LEMMA 9
The proof continues the idea of Lemma 8. The idea is to use the inductive relationship (provided in
the proof of Lemmas 8 and 10):

D5(x, x̃t) = exp (−x⊺x̃t + κ) ∂m

(
exp (x⊺x̃t − κ)D4(x, x̃t)

)
= (xm − ∂mκ)D4(x, x̃t) + ∂mD4(x, x̃t)

D6(x, x̃t) = exp (−x⊺x̃t + κ) ∂n

(
exp (x⊺x̃t − κ)D5(x, x̃t)

)
= (xn − ∂nκ)D5(x, x̃t) + ∂nD5(x, x̃t).

Let P k
ℓ be the set that contains all distinct size-k partitions of [ℓ]. We use the definitions:(

A

k

)
:=
{
{a1, . . . , ak} : a1, . . . , ak ∈ A, a1, . . . , ak all differ

}
, k ≤ |A|

partk(A) := {((ai, aj) : {i, j} ∈ p) : p ∈ P k
|A|}.

Recall the formula for D4 in (36), which can be abbreviated as (here |a| = 4):

D4(x, x̃t) =
∏
i∈a

(xi − ∂iκ)−
∑

b∈(a2)

∂2
bκ

∏
i∈a\b

(xi − ∂iκ) +
∑

(b,c)∈part2(a)

∂2
bκ∂

2
cκ

−
∑
i∈a

∂3
a\{i}κ(x

i − ∂iκ)− ∂4
aκ.

Also recall the definition of f(x) in Lemma 8 and that
∫
f(x)ex

⊺x̃t−κDp(x, x̃t)dx = 0, through
which we can find the expected p-th moments of EXt−1∼Qt−1|t

[∏
i∈a(X

i
t−1 − µi

t)
]
. For reference,

the first four moments are∫
f(x) exp (x⊺x̃t − κ) (xi − ∂iκ)dx = 0∫
f(x) exp (x⊺x̃t − κ) (xi − ∂iκ)(x

j − ∂jκ)dx = ∂2
ijκ = ÕLp(Qt)(1− αt)∫

f(x) exp (x⊺x̃t − κ) (xi − ∂iκ)(x
j − ∂jκ)(x

k − ∂kκ)dx = ∂3
ijkκ = ÕLp(Qt)((1− αt)

3)∫
f(x) exp (x⊺x̃t − κ) (xi − ∂iκ)(x

j − ∂jκ)(x
k − ∂kκ)(x

l − ∂lκ)dx

= (∂2
ijκ)(∂

2
klκ) + (∂2

ikκ)(∂
2
jlκ) + (∂2

ilκ)(∂
2
jkκ) + ∂4

ijklκ = ÕLp(Qt)((1− αt)
2)

where we note that ∂k
aκ = ÕLp(Qt)((1− αt)

k) for all k ≥ 3.

We can calculate D5 as (with |a| = 5):

D5(x, x̃t) = (xa5 − ∂a5
κ)D4(x, x̃t) + ∂a5

D4(x, x̃t)

=
∏
i∈a

(xi − ∂iκ)−
∑

b∈(a2)

∂2
bκ

∏
i∈a\b

(xi − ∂iκ)−
∑

b∈(a2)

∂3
a\bκ

∏
i∈b

(xi − ∂iκ)

+
∑
i∈a

(b,c)∈part2(a\{i})

∂2
bκ∂

2
cκ(x

i − ∂iκ)

−
∑
i∈a

∂4
a\{i}κ(x

i − ∂iκ) +
∑

b∈(a2)

∂2
bκ∂

3
a\bκ− ∂5

aκ.

Therefore,

EXt−1∼Qt−1|t

 ∏
i∈a:|a|=5

(Xi
t−1 − µi

t)


34
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=
∑

b∈(a2)

∂2
bκ∂

3
a\bκ+

∑
b∈(a2)

∂3
a\bκ∂

2
bκ−

∑
b∈(a2)

∂2
bκ∂

3
a\bκ+ ∂5

aκ

=
∑

b∈(a2)

∂2
bκ∂

3
a\bκ+ ∂5

aκ = ÕLp(Qt)((1− αt)
4).

Now we turn to calculate D6 (and let |a| = 6):

D6(x, x̃t) = (xa6 − ∂a6
κ)D5(x, x̃t) + ∂a6

D5(x, x̃t)

=
∏
i∈a

(xi − ∂iκ)−
∑

b∈(a2)

∂2
bκ

∏
i∈a\b

(xi − ∂iκ)−
∑

b∈(a3)

∂3
a\bκ

∏
i∈b

(xi − ∂iκ)

−
∑

b∈(a2)

∂4
a\bκ

∏
i∈b

(xi − ∂iκ) +
∑

b∈(a2)
(c,e)∈part2(a\b)

∂2
cκ∂

2
eκ
∏
i∈b

(xi − ∂iκ) +
∑
i∈a

fn(κ)(xi − ∂iκ)

−
∑

(b,c,e)∈part2(a)

∂2
bκ∂

2
cκ∂

2
eκ+

∑
b∈(a2)

∂2
bκ∂

4
a\bκ+

∑
(b,c)∈part3(a)

∂3
bκ∂

3
cκ− ∂6

aκ.

Here fn(κ) is a function of κ which does not depend on x. Note that fn does not affect the expected
value because EXt−1∼Qt−1|t [Xt−1 − µt] = 0. Therefore, we have

EXt−1∼Qt−1|t

 ∏
i∈a:|a|=6

(Xi
t−1 − µi

t)


=
∑

b∈(a2)

∂2
bκ

 ∑
(c,e)∈part2(a\b)

∂2
cκ∂

2
eκ+ ∂4

a\bκ

+
∑

b∈(a3)

∂3
a\bκ∂

3
bκ

+
∑

b∈(a2)

∂4
a\bκ∂

2
bκ−

∑
b∈(a2)

(c,e)∈part2(a\b)

∂2
bκ∂

2
cκ∂

2
eκ

+
∑

(b,c,e)∈part2(a)

∂2
bκ∂

2
cκ∂

2
eκ−

∑
b∈(a2)

∂2
bκ∂

4
a\bκ−

∑
(b,c)∈part3(a)

∂3
bκ∂

3
cκ+ ∂6

aκ

=
∑

b∈(a2)

∂2
bκ∂

4
a\bκ+

∑
(b,c)∈part3(a)

∂3
bκ∂

3
cκ+

∑
(b,c,e)∈part2(a)

∂2
bκ∂

2
cκ∂

2
eκ+ ∂6

aκ

=
∑

(b,c,e)∈part2(a)

∂2
bκ∂

2
cκ∂

2
eκ+ ÕLp(Qt)((1− αt)

5).

The proof is now complete.

F.9 PROOF OF LEMMA 10
We fix xt first and will take the expectation at the end. We first introduce some notations used in the
proof. We write x = xt−1 and κ = κ(x̃t). Given a set of indices A, define its bipartition as

bipart(A) := {(B,C) : A = B ⊔ C}

where B and C are both sets of indices (and therefore the order of indices within each of B and C does
not matter). Here ⊔ refers to the disjoint union of the two sets (which is only defined when the two sets
are disjoint). Next, given a set B, define allpart≥2(B) as a set containing all partitions of B such that
there are at least 2 elements in each part of the partition. As an example, allpart≥2({1, 2, 3, 4}) =
{{{1, 2}, {3, 4}}, {{1, 3}, {2, 4}}, {{1, 4}, {2, 3}}, and {{1}, {2, 3, 4}} /∈ allpart≥2({1, 2, 3, 4})
despite the fact that it is a valid partition. For each partition b ∈ allpart≥2(B), define

∂bκ :=
∏
ξ∈b

∂|ξ|
aξ
κ.
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Here note that ξ is also a set, and ∂bκ is well defined since the order of indices to take partial
derivative with does not matter. Define

D0(x, x̃t) := 1

Dp(x, x̃t) := exp (−x⊺x̃t + κ) ∂ap

(
exp (x⊺x̃t − κ)Dp−1(x, x̃t)

)
for all p ≥ 1. We again remind readers that all derivatives are w.r.t. x̃t instead of x = xt−1.

By working out the derivative, a direct implication of the definition of Dp is a recursive relationship:

Dp(x, x̃t) = (xap − ∂ap
κ)Dp−1(x, x̃t) + ∂ap

Dp−1(x, x̃t).

Also, if we unroll the recursion of Dp, we get

Dp(x, x̃t) = exp (−x⊺x̃t + κ) ∂ap

(
exp (x⊺x̃t − κ)Dp−1(x, x̃t)

)
= exp (−x⊺x̃t + κ) ∂ap

(
exp (x⊺x̃t − κ) exp (−x⊺x̃t + κ)

∂ap−1

(
exp (x⊺x̃t − κ)Dp−2(x, x̃t)

))
= exp (−x⊺x̃t + κ) ∂2

ap,ap−1

(
exp (x⊺x̃t − κ)Dp−2(x, x̃t)

)
= exp (−x⊺x̃t + κ) ∂p

ap,...,a1

(
exp (x⊺x̃t − κ)

)
and thus

0 = ∂p
a1,...,ap

∫
qt−1|tdx =

∫
f(x)∂p

a1,...,ap

(
exp (x⊺x̃t − κ)

)
dx

=

∫
f(x) exp (x⊺x̃t − κ)Dp(x, x̃t)dx (37)

where we recall the definition of f(x) back in (32).

In the following, we present the entire proof into two parts. In part 1, we inductively show that each
Dp(x, x̃t) satisfies a particular polynomial form. In part 2, we inductively show that this polynomial
form results in the desired rates.

Part 1 of the proof of Lemma 10: The first step toward proving the desired results is to obtain the
form of Dp for all p ≥ 2. Now, we aim to show inductively that

Dp(x, x̃t) =

p∏
i=1

(xai−∂ai
κ)−

∑
(B,C)∈bipart([p])

∑
b∈allpart≥2(B)

dp(b, C)(∂bκ)
∏
c∈C

(xac−∂ac
κ) (38)

where dp(b, C) is a constant from combinatorics, which is possibly 0 and which only depends on p.
From Lemma 8, the bases cases have been established that (cf. (35) and (36))

D2(x, x̃t) = (xi − ∂iκ)(x
j − ∂jκ)− ∂2

ijκ

D3(x, x̃t) = (xi − ∂iκ)(x
j − ∂jκ)(x

k − ∂kκ)

− ∂2
ijκ(x

k − ∂kκ)− ∂2
ikκ(x

j − ∂jκ)− ∂2
jkκ(x

i − ∂iκ)− ∂3
ijkκ

D4(x, x̃t) = (xi − ∂iκ)(x
j − ∂jκ)(x

k − ∂kκ)(x
l − ∂lκ)

− ∂2
ijκ(x

k − ∂kκ)(x
l − ∂lκ)− ∂2

ikκ(x
j − ∂jκ)(x

l − ∂lκ)− ∂2
jkκ(x

i − ∂iκ)(x
l − ∂lκ)

+ ∂l((x
i − ∂iκ)(x

j − ∂jκ)(x
k − ∂kκ))− ∂3

ijkκ(x
l − ∂lκ)− ∂3

ijl(x
k − ∂kκ)

− ∂3
ikl(x

j − ∂jκ)− ∂3
jkl(x

i − ∂iκ) + ∂2
ijκ∂

2
klκ+ ∂2

ikκ∂
2
jlκ+ ∂2

jkκ∂
2
ilκ− ∂4

ijklκ.

In particular, each term of Dp (p = 2, 3, 4) is in the form of either
∏p

i=1(x
ai − ∂ai

κ) or
(∂bκ)

∏
c∈C(x

ac − ∂ac
κ), where |ξ| ≥ 2, ∀ξ ∈ b, and (⊔ξ∈bξ) ⊔ C = [p]. Therefore, D2, D3, D4

all satisfy the hypothesis (38).
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Turning to the inductive step, we suppose that Dk satisfies (38), i.e.,

Dk(x, x̃t) =

k∏
i=1

(xai − ∂aiκ)−
∑

(B,C)∈bipart([k])

∑
b∈allpart≥2(B)

dk(b, C)(∂bκ)
∏
c∈C

(xac − ∂acκ).

Then, using the recursive relationship, we have

Dk+1(x, x̃t)

= (xak+1 − ∂ak+1
κ)Dk(x, x̃t) + ∂ak+1

Dk(x, x̃t)

=

k+1∏
i=1

(xai − ∂ai
κ)︸ ︷︷ ︸

T1

−
∑

(B,C)∈bipart([k])

∑
b∈allpart≥2(B)

dk(b, C)(∂bκ)
∏
c∈C

(xac − ∂ac
κ)(xak+1 − ∂ak+1

κ)

︸ ︷︷ ︸
T2

− ∂ak+1

(
−

k∏
i=1

(xai − ∂ai
κ)

)
︸ ︷︷ ︸

T3

−
∑

(B,C)∈bipart([k])

∑
b∈allpart≥2(B)

dk(b, C)(∂bκ)

(
∂ak+1

∏
c∈C

(xac − ∂ac
κ)

)
︸ ︷︷ ︸

T4

−
∑

(B,C)∈bipart([k])

∑
b∈allpart≥2(B)

dk(b, C)
(
∂ak+1

(∂bκ)
) ∏
c∈C

(xac − ∂ac
κ)

︸ ︷︷ ︸
T5

= T1 − T2 − T3 − T4 − T5

where we define each term as T1, . . . , T5. Now we discuss these terms separately:

1. T1 (and only T1) is in the form
∏k+1

i=1 (x
ai − ∂ai

κ).

2. T2 is a summation of individual terms: (∂bκ)
∏

c∈C(x
ac − ∂ac

κ)(xak+1 − ∂ak+1
κ). Here

b ∈ allpart≥2(B) and (B,C) ∈ bipart([k]). Thus, by definition of bipart and allpart≥2,
for each ξ ∈ b, |ξ| ≥ 2 and (⊔ξ∈bξ) ⊔ C = [k]. Therefore, k + 1 /∈ B ⊔ C and

(⊔ξ∈bξ) ⊔ C ⊔ {k + 1} = [k] ⊔ {k + 1} = [k + 1].

This implies that each individual term of T2 is in the form of (∂bκ)
∏

c∈C2
(xc−∂cκ) where

b ∈ allpart≥2(B2), such that B2 := B and C2 := C ⊔ {k + 1}. Here C2 is well defined
because k + 1 /∈ C. Since (B2, C2) ∈ bipart([k + 1]),

T2 =
∑

(B,C)∈bipart([k+1])

∑
b∈allpart≥2(B)

d2(b, C)(∂bκ)
∏
c∈C

(xac − ∂acκ)

for some constant d2(b, C).

3. T3 is the derivative of product, which is a summation of individual terms:
(∂2

aj ,ak+1
κ)
∏d

i=1
i ̸=j

(xai−∂ai
κ), j = 1, . . . , k. Therefore, for each j = 1, . . . , k, each term is

of the form (∂bκ)
∏

c∈C3
(xac−∂ac

κ) where b ∈ allpart≥2(B3), such that B3 := {j, k+1}
and C3 := [k] \ {j}. Since (B3, C3) ∈ bipart([k + 1]),

T3 =
∑

(B,C)∈bipart([k+1])

∑
b∈allpart≥2(B)

d3(b, C)(∂bκ)
∏
c∈C

(xac − ∂acκ)

for some constant d3(b, C).

4. T4 is a summation of individual terms: (∂bκ)
(
∂ak+1

∏
c∈C(x

ac − ∂ac
κ)
)

where b ∈
allpart≥2(B) and (B,C) ∈ bipart([k]). Now,

(∂bκ)

(
∂ak+1

∏
c∈C

(xac − ∂acκ)

)
= −(∂bκ)(∂

2
aj ,ak+1

κ)
∏
i∈C
i̸=c

(xai − ∂aiκ)
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= −(∂b4κ)
∏
i∈C4

(xai − ∂aiκ)

where b4 := b⊔{k+1, c} and C4 := C \ {c}. Here b4 is well defined because k+1, c /∈ b.
Define B4 := [k + 1] \ C4, and we have b4 ∈ allpart≥2(B4). Since (B4, C4) is a valid
partition of [k + 1], we have

T4 =
∑

(B,C)∈bipart([k+1])

∑
b∈allpart≥2(B)

d4(b, C)(∂bκ)
∏
c∈C

(xac − ∂ac
κ)

for some constant d4(b, C).

5. T5 is a summation of individual terms:
(
∂ak+1

(∂bκ)
)∏

c∈C(x
ac − ∂acκ), where b ∈

allpart≥2(B) and (B,C) ∈ bipart([k]). From definition of ∂bκ,

∂ak+1
(∂bκ) = ∂ak+1

∏
ξ∈b

∂|ξ|
aξ
κ

 =
∑
ξ∈b

(
∂|ξ|+1
aξ,ak+1

κ
)∏

ζ∈b
ζ ̸=ξ

∂|ζ|
aζ
κ =

∑
ξ∈b

∂bξκ

where, for each ξ ∈ b, we have defined a new partition bξ such that k + 1 is added to the
ξ in the partition b. Formally, define bξ := b \ ξ ⊔ {ξ ⊔ {k + 1}}, which is well defined
because ξ /∈ (b \ ξ) and k+ 1 /∈ B. Define B5 := B ⊔ {k+ 1} and C5 := C, and note that
(B5, C5) is a valid partition of [k + 1]. Since |ζ| ≥ 2, ∀ζ ∈ b, we have |ζ ′| ≥ 2, ∀ζ ′ ∈ bξ.
Since b ∈ allpart≥2(B), we have bξ ∈ allpart≥2(B5) for all ξ ∈ b. Therefore, for any
fixed C(= C5)∑

b∈allpart≥2(B)

dk(b, C)
(
∂ak+1

(∂bκ)
)
=

∑
b∈allpart≥2(B)

∑
ξ∈b

dk(b, C)∂bξκ

=
∑

b5∈allpart≥2(B5)

d5(b5, C)∂b5κ

for some constant d5(b5, C), and thus

T5 =
∑

(B,C)∈bipart([k+1])

∑
b∈allpart≥2(B)

d5(b, C)(∂bκ)
∏
c∈C

(xac − ∂acκ).

Finally, letting

dk+1(b, C) :=

5∑
j=2

dj(b, C)

for each b ∈ allpart≥2(B) and C such that (B,C) ∈ bipart([k + 1]), we have shown that if
Dk(x, x̃t) is in the form of (38), Dk+1(x, x̃t) is also in this form. Thus, claim (38) is valid for all
p ≥ 2.

Part 2 of the proof of Lemma 10: First, we remind readers of the definition of κ(x̃t) in (23). Also,
the partial derivatives within the expectation over Xt ∼ Qt do not affect the rate by Assumption 5.
Note that ∇κ = µt from direct differentiation. From (37) and (38), for fixed xt, we have

EXt−1∼Qt−1|t

[
p∏

i=1

(Xai
t−1 − µai

t )

]

= Õ

 sup
(B,C)∈bipart([p])
b∈allpart≥2(B)

∂bκ(x̃t)EXt−1∼Qt−1|t

[∏
c∈C

(Xac
t−1 − µac

t )

]
= Õ

(
sup

(B,C)∈bipart([p])

(
sup

b∈allpart≥2(B)

∂bκ(x̃t)

)
EXt−1∼Qt−1|t

[∏
c∈C

(Xac
t−1 − µac

t )

])
. (39)
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We first consider the term supb∈allpart≥2(B) ∂bκ(x̃t). Given a partition b ∈ allpart≥2(B), direct
differentiation yields

∂|ξ|
aξ
κ =

1− αt

αt
+

(1− αt)
2

αt
∂2
aξ

log qt(xt) = Õ(1− αt), if |ξ| = 2 and ξ1 = ξ2

∂|ξ|
aξ
κ =

(1− αt)
|ξ|

α
|ξ|/2
t

∂
|ξ|
ξ log qt(xt) = Õ((1− αt)

|ξ|), for all other ξ.

Since by definition ∂bκ =
∏

ξ∈b ∂
|ξ|
aξ κ and ⊔ξ∈bξ = B, the slowest rate of ∂bκ (as a function of B)

is determined by the partition b containing the most number of equal pairs. The slowest rate is

sup
b∈allpart≥2(B)

∂bκ(x̃t) =

{
Õ
(
(1− αt)

(|B|−1)/2(1− αt)
3
)
= Õ

(
(1− αt)

(|B|+5)/2
)

if |B| is odd
Õ
(
(1− αt)

|B|/2) if |B| is even

To proceed, we will again use induction to find the overall rate. From Lemma 8, base cases have been
established that

EXt−1,Xt∼Qt−1,t

[
2∏

i=1

(Xai
t−1 − µai

t )

]
= Õ (1− αt) , ∀a ∈ [d]2

EXt−1,Xt∼Qt−1,t

[
3∏

i=1

(Xai
t−1 − µai

t )

]
= Õ

(
(1− αt)

3
)
, ∀a ∈ [d]3

EXt−1,Xt∼Qt−1,t

[
4∏

i=1

(Xai
t−1 − µai

t )

]
= Õ

(
(1− αt)

2
)
, ∀a ∈ [d]4.

These rates satisfy (24) and (25) when p = 2, 3, 4. Now we turn to the inductive step. Suppose k ≥ 4
is even. For purpose of induction, suppose (24) and (25) hold for all p = 2, . . . , k. Then, following
(39), for p = k + 1 (odd number), we have

EXt−1,Xt∼Qt−1,t

[
k+1∏
i=1

(Xai
t−1 − µai

t )

]

= O

(
sup

(B,C)∈bipart([k+1])
|B| odd, |C| even

(1− αt)
(|B|+5)/2(1− αt)

|C|/2

+ sup
(B,C)∈bipart([k+1])

|B| even, |C| odd

(1− αt)
|B|/2(1− αt)

(|C|+3)/2

)

= O
(
(1− αt)

(k+1)/2+5/2 + (1− αt)
(k+1)/2+3/2

)
= O

(
(1− αt)

(k+1)/2+3/2
)
.

Then, for p = k + 2 (even number), we have

EXt−1,Xt∼Qt−1,t

[
k+2∏
i=1

(Xai
t−1 − µai

t )

]

= O

(
sup

(B,C)∈bipart([k+2])
|B| odd, |C| odd

(1− αt)
(|B|+5)/2(1− αt)

(|C|+3)/2

+ sup
(B,C)∈bipart([k+1])

|B| even, |C|even

(1− αt)
|B|/2(1− αt)

|C|/2

)

= O
(
(1− αt)

(k+2)/2+4 + (1− αt)
(k+2)/2

)
= O

(
(1− αt)

(k+2)/2
)
.

These show the validity of the claims (24) and (25). The proof is now complete.
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F.10 PROOF OF LEMMA 11
Before analyzing the rate of each moment, we need to guarantee the validity of exchanging the
limit (in the Taylor expansion) and the expectation operator. Intuitively, this is achievable under
Assumption 5, where the Taylor series is absolutely convergent in expectation due to its Gaussian-like
moments. Specifically, since log qt−1 is analytic, all its partial derivatives exist. Following from the
Taylor expansion of ζ ′t,t−1 in (20),

lim
k→∞

∣∣∣∣∣E Xt∼Qt

Xt−1∼P ′
t−1|t

[ζ ′t,t−1]− E Xt∼Qt

Xt−1∼P ′
t−1|t

[
T1(log qt−1, Xt−1, µt) + T ′

2(log qt−1, Xt−1, µt)

+

k∑
p=3

Tp(log qt−1, Xt−1, µt)

]∣∣∣∣∣
≤ lim

k→∞
E Xt∼Qt

Xt−1∼P ′
t−1|t

∣∣∣∣∣ζ ′t,t−1 − T1(log qt−1, Xt−1, µt)− T ′
2(log qt−1, Xt−1, µt)

−
k∑

p=3

Tp(log qt−1, Xt−1, µt)

∣∣∣∣∣
≤ lim

k→∞
E Xt∼Qt

Xt−1∼P ′
t−1|t

 ∞∑
p=k+1

|Tp(log qt−1, Xt−1, µt)|


(i)

≤ lim
k→∞

lim inf
ℓ→∞

ℓ∑
p=k+1

E Xt∼Qt

Xt−1∼P ′
t−1|t

|Tp(log qt−1, Xt−1, µt)|

(ii)
= 0.

Here (i) follows from Fatou’s lemma, and (ii) is because, under Assumption 5 and Lemma 7, we
have E Xt∼Qt

Xt−1∼Pt−1|t

|Tp(log qt−1, Xt−1, µt)| = Õ
(
T−p/2

)
, and thus the infinite sum is convergent

for all (k, ℓ) such that 1 ≤ k < ℓ < ∞ since
∞∑
p=1

E Xt∼Qt

Xt−1∼P ′
t−1|t

|Tp(log qt−1, xt−1, µt)| = Õ

( ∞∑
p=1

1

p!
· dp

T p/2

)
< ∞.

The proof for E Xt∼Qt
Xt−1∼Qt−1|t

is similar due to its Gaussian-like concentration of all centralized

moments (see Lemma 10). Thus, we are able to exchange the infinite sum and the expectation under
either P ′

t−1|t ×Qt or Qt−1,t.

Next, we put together the rates of the conditional moments. We use abbreviated notations as
Tp = Tp(log qt−1, Xt−1, µt). To investigate the dominant term, we analyze the expected difference
of the first 8 moments in the Taylor expansion (20) separately. First, for any fixed xt,

EXt−1∼Qt−1|t [T1] = 0 = EXt−1∼P ′
t−1|t

[T1] .

Also, for T ′
2, note that for any random variable Z (regardless of its distribution) with EZ = 0 and

Cov(Z) = Σ, the mean of the quadratic form (with fixed matrix Ξ) is

E[Z⊺ΞZ] = E[Tr (Z⊺ΞZ)] = Tr (ΞΣ) .

This implies that, for any fixed xt,

EXt−1∼P ′
t−1|t

[T ′
2] =

1

2
EXt−1∼P ′

t−1|t

[
(Xt−1 − µt)

⊺

(
∇2 log qt−1(µt)−

αt

1− αt
Bt

)
(Xt−1 − µt)

]
=

1

2
Tr

((
∇2 log qt−1(µt)−

αt

1− αt
Bt

)
Σt

)
=

1

2
EXt−1∼Qt−1|t

[
(Xt−1 − µt)

⊺

(
∇2 log qt−1(µt)−

αt

1− αt
Bt

)
(Xt−1 − µt)

]
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= EXt−1∼Qt−1|t [T
′
2].

Using Lemmas 7 and 8, the rate for T3 is

EXt∼Qt

(
EXt−1∼Qt−1|t − EXt−1∼P ′

t−1|t

)
[T3(log qt−1, Xt−1, µt)]

= EXt−1,Xt∼Qt−1,t [T3(log qt−1, Xt−1, µt)]

=
(1− αt)

3

3!α
3/2
t

d∑
i,j,k=1

EXt∼Qt
[∂3

ijk log qt−1(µt(Xt))∂
3
ijk log qt(Xt)].

Using Lemmas 7 and 10, and when the partial derivatives satisfy Assumption 5, the rate for T5, T7,
and Tp(p ≥ 8) can also be determined:

EXt∼Qt

(
EXt−1∼Qt−1|t − EXt−1∼P ′

t−1|t

)
[T5(log qt−1, Xt−1, µt)]

= EXt−1,Xt∼Qt−1,t
[T5(log qt−1, Xt−1, µt)]

= Õ((1− αt)
4),

EXt∼Qt

(
EXt−1∼Qt−1|t − EXt−1∼P ′

t−1|t

)
[T7(log qt−1, Xt−1, µt)]

= EXt−1,Xt∼Qt−1,t [T7(log qt−1, Xt−1, µt)]

= Õ((1− αt)
5),

EXt∼Qt

(
EXt−1∼Qt−1|t − EXt−1∼P ′

t−1|t

)
[Tp(log qt−1, Xt−1, µt)]

= Õ((1− αt)
4), ∀p ≥ 8.

The remaining orders are T4 and T6. The following proof will draw from the results in Lemmas 7
to 9. Fix p ≥ 1. Write Zi = Xi

t−1 − µi
t and Aij = [At]

ij for i, j ∈ [d]. For T4, let i, j, k, l ∈ [d] all
differ, and the difference (in expectation) of each term of T4 is

EXt−1∼Qt−1|t [Z
4
i ]− EXt−1∼P ′

t−1|t
[Z4

i ]

= 3

(
1− αt

αt

)2

+ 6
(1− αt)

3

α2
t

∂2
ii log qt(xt)− 3

(
1− αt

αt

)2

(1 +Aii)2 + ÕLp(Qt)

(
(1− αt)

4
)

= −3

(
1− αt

αt

)2

(Aii)2 + ÕLp(Qt)

(
(1− αt)

4
)
,

EXt−1∼Qt−1|t [Z
3
i Zj ]− EXt−1∼P ′

t−1|t
[Z3

i Zj ]

= 3
(1− αt)

3

α2
t

∂2
ij log qt(xt)− 3

(
1− αt

αt

)2

Aij(1 +Aii) + ÕLp(Qt)

(
(1− αt)

4
)

= −3

(
1− αt

αt

)2

AijAii + ÕLp(Qt)

(
(1− αt)

4
)
,

EXt−1∼Qt−1|t [Z
2
i Z

2
j ]− EXt−1∼P ′

t−1|t
[Z2

i Z
2
j ]

=

(
1− αt

αt

)2

+
(1− αt)

3

α2
t

(
∂2
ii log qt(xt) + ∂2

jj log qt(xt)
)
−
(
1− αt

αt

)2

(1 +Aii)(1 +Ajj)

+ ÕLp(Qt)

(
(1− αt)

4
)

= −
(
1− αt

αt

)2

AiiAjj + ÕLp(Qt)

(
(1− αt)

4
)
,

EXt−1∼Qt−1|t [Z
2
i ZjZk]− EXt−1∼P ′

t−1|t
[Z2

i ZjZk]

=
(1− αt)

3

α2
t

∂2
jk log qt(xt)−

(
1− αt

αt

)2

(1 +Aii)Ajk + ÕLp(Qt)

(
(1− αt)

4
)

= − (1− αt)
2

α2
t

AiiAjk + ÕLp(Qt)

(
(1− αt)

4
)
,
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EXt−1∼Qt−1|t [ZiZjZkZl]− EXt−1∼P ′
t−1|t

[ZiZjZkZl] = ÕLp(Qt)

(
(1− αt)

4
)
.

Recall from (14) that At = (1− αt)∇2 log qt(xt) = ÕLp(Qt)(1− αt) under Assumption 5. Hence,
many low-order terms above are cancelled, and we get(

EXt−1∼Qt−1|t − EXt−1∼P ′
t−1|t

)
[T4(log qt−1, Xt−1, µt)] = ÕLp(Qt)

(
(1− αt)

4
)
.

Now we turn to T6. Let i, j, k ∈ [d] all differ, and the difference (in expectation) of each lowest-order
term of T6 is

EXt−1∼Qt−1|t [Z
6
i ]− EXt−1∼P ′

t−1|t
[Z6

i ]

= 15

(
1− αt

αt

)3

− 15

(
1− αt

αt

)3

(1 +Aii)3 + ÕLp(Qt)((1− αt)
4),

EXt−1∼Qt−1|t [Z
4
i Z

2
j ]− EXt−1∼P ′

t−1|t
[Z4

i Z
2
j ]

= 3

(
1− αt

αt

)3

− 3

(
1− αt

αt

)3

(1 +Aii)2(1 +Ajj) + ÕLp(Qt)((1− αt)
4),

EXt−1∼Qt−1|t [Z
2
i Z

2
jZ

2
k ]− EXt−1∼P ′

t−1|t
[Z2

i Z
2
jZ

2
k ]

=

(
1− αt

αt

)3

−
(
1− αt

αt

)3

(1 +Aii)(1 +Ajj)(1 +Akk) + ÕLp(Qt)((1− αt)
4).

Also, by Lemmas 7 and 9, the rest of the terms already satisfy ÕLp(Qt)((1−αt)
4) under Assumption 5.

The low-order terms cancel in the same way as for T4, and thus,(
EXt−1∼Qt−1|t − EXt−1∼P ′

t−1|t

)
[T6(log qt−1, Xt−1, µt)] = ÕLp(Qt)((1− αt)

4).

Therefore, the lowest order term above is T3, whose order is ÕLp(Qt)((1− αt)
3). The proof is now

complete.

F.11 PROOF OF COROLLARY 3
The proof is very similar to Lemma 11 and (21), except with a perturbed covariance matrix. We
employ the notations Ãt and B̃t from Remark 3. Here we have that Ãt(Xt) = At(Xt) + Ξt(Xt),
and thus, ∀r ≥ 1,

B̃t(Xt) = Bt(Xt) + ÕLr(Qt)

(
(1− αt)

2
)
= At(Xt) + ÕLr(Qt)

(
(1− αt)

2
)

= (1− αt)∇2 log qt(Xt) + ÕLr(Qt)

(
(1− αt)

2
)
.

Compare with the proof of Lemma 11, the only difference is the expected difference of T ′
2. Since

Ãt(Xt) = At(Xt) + ÕLr(Qt)

(
(1− αt)

2
)

and B̃t(Xt) = Bt(Xt) + ÕLr(Qt)

(
(1− αt)

2
)
, the

expected differences of all higher order Tp’s have the same rate as the non-perturbed case.

Now, for any fixed xt and r ≥ 1,

EXt−1∼P ′
t−1|t

[T ′
2]

=
1

2
EXt−1∼P ′

t−1|t

[
(Xt−1 − µt)

⊺

(
∇2 log qt−1(µt)−

αt

1− αt
B̃t

)
(Xt−1 − µt)

]
=

1

2
Tr

((
∇2 log qt−1(µt)−

αt

1− αt
B̃t

)
Σ̃t

)
,

and, from Lemma 8,

EXt−1∼Qt−1|t [T
′
2]

=
1

2
EXt−1∼Qt−1|t

[
(Xt−1 − µt)

⊺

(
∇2 log qt−1(µt)−

αt

1− αt
B̃t

)
(Xt−1 − µt)

]
=

1

2
Tr

((
∇2 log qt−1(µt)−

αt

1− αt
B̃t

)
Σt

)
.
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Thus, (
EXt−1∼Qt−1|t − EXt−1∼P ′

t−1|t

)
[T ′

2(log qt−1, Xt−1, µt)]

=
1

2
Tr

((
∇2 log qt−1(µt)−

αt

1− αt
B̃t

)(
Σt − Σ̃t

))
= −1− αt

2αt
Tr

((
∇2 log qt−1(µt)−

αt

1− αt
B̃t

)
Ξt

)
= −1− αt

2αt
Tr
((
∇2 log qt−1(µt)− αt∇2 log qt(Xt)

)
Ξt

)
+ ÕLr(Qt)

(
(1− αt)

4
)
.

Note that here the first term is in the order ÕLr(Qt)

(
(1− αt)

3
)

under Assumption 5 since Ξt(Xt) =

ÕLr(Qt)

(
(1− αt)

2
)
. Therefore, under the perturbed case,

EXt∼Qt

(
EXt−1∼Qt−1|t − EXt−1∼P ′

t−1|t

)
[ζ ′t,t−1]

= −1− αt

2αt
EXt∼QtTr

((
∇2 log qt−1(µt(Xt))− αt∇2 log qt(Xt)

)
Ξt(Xt)

)
+

(1− αt)
3

3!α
3/2
t

d∑
i,j,k=1

EXt∼Qt [∂
3
ijk log qt−1(µt(Xt))∂

3
ijk log qt(Xt)]

+ Õ((1− αt)
4).

The final result can be achieved using (21). The proof is complete.

F.12 PROOF OF LEMMA 12
From (1), the forward process at the first step is

x1 =
√
α1x0 +

√
1− α1w1

where w1 ∼ N (0, Id) is independent of Q0. Thus,

EX1∼Q1,X0∼Q0 ∥X1 −X0∥2 = EW1∼N (0,Id),X0∼Q0

∥∥√1− α1W1 + (
√
αt − 1)X0

∥∥2
(i)
= EW1∼N (0,Id)

∥∥√1− α1W1

∥∥2 + EX0∼Q0
∥(
√
αt − 1)X0∥2

(ii)

≤ (1− α1)d+ (
√
α1 − 1)2M2d

(iii)

≤ (1− α1)(M2 + 1)d

where (i) follows from independence, (ii) follows from Assumption 1, and (iii) follows be-
cause (

√
z − 1)2 ≤ 1 − z for all z ∈ [0, 1]. The proof is complete since W2(Q0, Q1)

2 ≤
EX1∼Q1,X0∼Q0

∥X1 −X0∥2 by the definition of Wasserstein-2 distance.

G PROOF OF THEOREMS 2 TO 4 AND 5
In this section, we instantiate Theorem 1 (along with Corollary 1) to provide upper bounds that have
explicit parameter dependency for a number of interesting distribution classes. In order to obtain an
upper bound that explicitly depends on system parameters, we need only to provide an explicit bound
on the reverse-step error, which is the main topic that we address in the following subsections.

G.1 PROOF OF THEOREM 2
We first introduce some relevant notations. Given that Q0 is Gaussian mixture, the p.d.f. of qt at each
time t ≥ 1 can be calculated as

qt(x) =

∫
x0∈Rd

qt|0(x|x0)

N∑
n=1

πnq0,n(x0)dx0

=

N∑
n=1

πn

∫
x0∈Rd

qt|0(x|x0)q0,n(x0)dx0 =:

N∑
n=1

πnqt,n(x).

Since the convolution of two Gaussian density is still Gaussian, we have that qt,n is the p.d.f. of
N (µt,n,Σt,n), where µt,n :=

√
ᾱtµ0,n and Σt,n := ᾱtΣ0,n + (1 − ᾱt)Id. Note that Σt,n has full

rank.
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G.1.1 CHECKING ASSUMPTION 4
We first verify Assumption 4 for Gaussian mixture Q0 for any αt that satisfies Definition 1. The
intuition is that its Gaussian-like tail (for all t ≥ 0) is sufficient to control all higher-order derivatives
of log qt.

In the following, Lemma 13 provides an upper bound on any order of partial derivative of a Gaussian
mixture density for any fixed xt, as long as each mixture component is well controlled. This
directly implies that the partial derivatives are also well controlled in expectation, and thus we verify
Assumption 4 for Gaussian mixture in Lemma 14.
Lemma 13. Let g(x|z) be the conditional Gaussian p.d.f. of N (µz,Σz). Define q(x) :=∫
g(x|z)dΠ(z), where Π(z) is a mixing distribution (and denote Z its support). Suppose b :=

supz∈Z ∥µz∥ < ∞, and suppose the following conditions on Σz hold for all z ∈ Z:

1. There exist u, U ∈ R such that u ≤ det(Σz) ≤ U ;

2. There exists V ∈ R such that
∥∥Σ−1

z

∥∥ ≤ V ;

3. There exists w ∈ R such that supz∈Z,i,j∈[d]2

∣∣∣[Σ− 1
2

z ]ij
∣∣∣ ≤ w.

Then,∣∣∂k
a log q(x)

∣∣ ≤ min

{
CkBk

d2k max {w, 1}k

uk/2
Ukek

V
2 (∥x∥2+b2), Bk

d2k max {w, 1}k

uk/2
|polyk(x)|

}
,

where Bk is the Bell number, C is some constant, and polyk(x) is some k-th order polynomial in x.

Proof. See Appendix H.1.

Lemma 14. When Q0 is Gaussian mixture (see Theorem 2), Assumption 4 is satisfied.

Proof. See Appendix H.2.

G.1.2 EXPRESSING ∂3
ijk log qt

Now we continue from Theorem 1 to work for an explicit dependency on d. We first calculate the
second partial derivative of its log-p.d.f. as

∇2 log qt(x)

=
1

q2t (x)

(
qt(x)

(∑
n

πnqt,n(x)
(
Σ−1

t,n(x− µt,n)(x− µt,n)
⊺Σ−1

t,n − Σ−1
t,n

))

−

(∑
n

πnqt,n(x)Σ
−1
t,n(x− µt,n)

)(∑
n

πnqt,n(x)Σ
−1
t,n(x− µt,n)

)⊺)
. (40)

Now write zt,n(x) := Σ−1
t,n(x − µt,n). Note that ∂kz

i
t,n = [Σ−1

t,n]
ik, and that ∂kqt,n(x) =

qt,n(x)(−zkt,n(x)). We can rewrite (40) as

∂2
ij log qt(x) =

1

q2t (x)

(
qt(x)

N∑
n=1

πnqt,n(x)
(
zit,n(x)z

j
t,n(x)− [Σ−1

t,n]
ij
)

︸ ︷︷ ︸
N1

−

(∑
n

πnqt,n(x)z
i
t,n(x)

)(∑
n

πnqt,n(x)z
j
t,n(x)

)
︸ ︷︷ ︸

N2

)
.

To calculate the third partial derivative of its log-p.d.f., we need first to calculate the partial derivative
of N1 and N2. The derivative for N1 is given by

∂k

N∑
n=1

πnqt,n(x)
(
zit,n(x)z

j
t,n(x)− [Σ−1

t,n]
ij
)
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=

N∑
n=1

πnqt,n(x)(−zkt,n(x))
(
zit,n(x)z

j
t,n(x)− [Σ−1

t,n]
ij
)

+

N∑
n=1

πnqt,n(x)[Σ
−1
t,n]

ikzjt,n(x) + πnqt,n(x)[Σ
−1
t,n]

jkzit,n(x),

and the derivative for term N2 is given by

∂k

(
N∑

n=1

πnqt,n(x)z
i
t,n(x)

N∑
n=1

πnqt,n(x)z
j
t,n(x)

)

=

N∑
n=1

πnqt,n(x)
(
(−zkt,n(x))z

i
t,n(x) + [Σ−1

t,n]
ik
) N∑
n=1

πnqt,n(x)z
j
t,n(x)

+

N∑
n=1

πnqt,n(x)z
i
t,n(x)

N∑
n=1

πnqt,n(x)
(
(−zkt,n(x))z

j
t,n(x) + [Σ−1

t,n]
jk
)
.

Combining these, the derivative for the numerator is

∂k(qt(x)N1 − N2) = ∂k(qt(x))N1 + qt(x)∂k(N1)− ∂k(N2)

= −
N∑

n=1

πnqt,n(x)z
k
t,n(x)

N∑
n=1

πnqt,n(x)
(
zit,n(x)z

j
t,n(x)− [Σ−1

t,n]
ij
)

+ qt(x)

(
N∑

n=1

πnqt,n(x)(−zkt,n(x))
(
zit,n(x)z

j
t,n(x)− [Σ−1

t,n]
ij
)

+ πnqt,n(x)[Σ
−1
t,n]

ikzjt,n(x) + πnqt,n(x)[Σ
−1
t,n]

jkzit,n(x)

)

−
N∑

n=1

πnqt,n(x)
(
(−zkt,n(x))z

i
t,n(x) + [Σ−1

t,n]
ik
) N∑
n=1

πnqt,n(x)z
j
t,n(x)

−
N∑

n=1

πnqt,n(x)z
i
t,n(x)

N∑
n=1

πnqt,n(x)
(
(−zkt,n(x))z

j
t,n(x) + [Σ−1

t,n]
jk
)

= −qt(x)

N∑
n=1

πnqt,n(x)z
i
t,n(x)z

j
t,n(x)z

k
t,n(x)−

N∑
n=1

πnqt,n(x)z
k
t,n(x)

N∑
n=1

πnqt,n(x)z
i
t,n(x)z

j
t,n(x)

+
N∑

n=1

πnqt,n(x)z
j
t,n(x)

N∑
n=1

πnqt,n(x)z
i
t,n(x)z

k
t,n(x) +

N∑
n=1

πnqt,n(x)z
i
t,n(x)

N∑
n=1

πnqt,n(x)z
j
t,n(x)z

k
t,n(x)

+ qt(x)

N∑
n=1

πnqt,n(x)[Σ
−1
t,n]

ijzkt,n(x) +

N∑
n=1

πnqt,n(x)[Σ
−1
t,n]

ij
N∑

n=1

πnqt,n(x)z
k
t,n(x)

+ qt(x)

N∑
n=1

πnqt,n(x)[Σ
−1
t,n]

ikzjt,n(x)−
N∑

n=1

πnqt,n(x)[Σ
−1
t,n]

ik
N∑

n=1

πnqt,n(x)z
j
t,n(x)

+ qt(x)

N∑
n=1

πnqt,n(x)[Σ
−1
t,n]

jkzit,n(x)−
N∑

n=1

πnqt,n(x)z
i
t,n(x)

N∑
n=1

πnqt,n(x)[Σ
−1
t,n]

jk.

Since

∂3
ijk log qt(x) = ∂k

(
qt(x)N1 − N2

q2t (x)

)
=

1

q3t (x)

(
∂k(qt(x)N1 − N2)qt(x) + 2(qt(x)N1 − N2)

N∑
n=1

πnqt,n(x)z
k
t,n(x)

)
,
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we get

q3t (x)∂
3
ijk log qt(x)

= −q2t (x)

N∑
n=1

πnqt,n(x)z
i
t,n(x)z

j
t,n(x)z

k
t,n(x) + qt(x)

N∑
n=1

πnqt,n(x)z
k
t,n(x)

N∑
n=1

πnqt,n(x)z
i
t,n(x)z

j
t,n(x)

+ qt(x)

N∑
n=1

πnqt,n(x)z
j
t,n(x)

N∑
n=1

πnqt,n(x)z
i
t,n(x)z

k
t,n(x)

+ qt(x)

N∑
n=1

πnqt,n(x)z
i
t,n(x)

N∑
n=1

πnqt,n(x)z
j
t,n(x)z

k
t,n(x)

− 2

(∑
n

πnqt,n(x)z
i
t,n(x)

)(∑
n

πnqt,n(x)z
j
t,n(x)

)(
N∑

n=1

πnqt,n(x)z
k
t,n(x)

)

+ q2t (x)

N∑
n=1

πnqt,n(x)[Σ
−1
t,n]

ijzkt,n(x)− qt(x)

N∑
n=1

πnqt,n(x)[Σ
−1
t,n]

ij
N∑

n=1

πnqt,n(x)z
k
t,n(x)

+ q2t (x)

N∑
n=1

πnqt,n(x)[Σ
−1
t,n]

ikzjt,n(x)− qt(x)

N∑
n=1

πnqt,n(x)[Σ
−1
t,n]

ik
N∑

n=1

πnqt,n(x)z
j
t,n(x)

+ q2t (x)

N∑
n=1

πnqt,n(x)[Σ
−1
t,n]

jkzit,n(x)− qt(x)

N∑
n=1

πnqt,n(x)z
i
t,n(x)

N∑
n=1

πnqt,n(x)[Σ
−1
t,n]

jk.

Below, we write ξt(x, i) := maxn
∣∣zit,n(x)∣∣ and Σ̄ to be a matrix such that Σ̄ij := maxn

∣∣[Σ−1
t,n]

ij
∣∣.

Also write ht,n(x) = πnqt,n(x)/qt(x). Note that for any x,
∑N

n=1 ht,n(x) = 1. Therefore, we take
maxn within each summation above and get∣∣∂3

ijk log qt(x)
∣∣ ≤ 6ξt(x, i)ξt(x, j)ξt(x, k) + 2Σ̄ijξt(x, k) + 2Σ̄ikξt(x, j) + 2Σ̄jkξt(x, i).

G.1.3 ASYMPTOTIC EQUIVALENCE OF µt(xt) AND xt

Intuitively, µt(xt) and xt are asymptotically close when 1 − αt is small, which will be useful for
later analysis. In this subsubsection, we will show that ξt−1(µt, i)− ξt(xt, i) = Õ(1− αt).

Note that for each n and fixed xt (writing µt(xt) = µt),

zt−1,n(µt)− zt,n(xt)

= Σ−1
t−1,n(µt − µt−1,n)− Σ−1

t,n(xt − µt,n)

= (Σ−1
t−1,n − Σ−1

t,n)(µt − µt−1,n)− Σ−1
t,n((xt − µt,n)− (µt − µt−1,n)). (41)

Here, since Σt−1,n is real symmetric, we can write the eigen-decomposition as Σt−1,n = UDU⊺,
where U is an orthonormal matrix (having unit 2-norm) and D is a diagonal matrix (with all diagonal
elements positive). In the same notation, Σ−1

t−1,n = UD−1U⊺, and Σ−1
t,n = (αtΣt−1,n + (1 −

αt)Id)
−1 = U(αtD + (1− αt)Id)

−1U⊺. Since∣∣[D−1]ii − [(αtD + (1− αt)Id)
−1]ii

∣∣ = ∣∣∣∣ 1

Dii
− 1

αtDii + (1− αt)

∣∣∣∣
≤

(1− αt)(
∣∣Dii

∣∣+ 1)

αt(Dii)2 + (1− αt)Dii

= Õ(1− αt),

the following holds: ∥∥Σ−1
t−1,n − Σ−1

t,n

∥∥ = Õ(1− αt).

Denote [A]i∗ as the i-th row of a matrix A. Thus, following from (41), for any i ∈ [d],∥∥[Σ−1
t−1,n]

i∗ − [Σ−1
t,n]

i∗∥∥ (i)

≤
∥∥Σ−1

t−1,n − Σ−1
t,n

∥∥ = Õ(1− αt), (42)
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∣∣µi
t − xi

t

∣∣ = ∣∣∣∣1−√
αt√

αt
xi
t −

1− αt√
αt

∂i log qt(xt)

∣∣∣∣ = Õ(1− αt),∣∣µi
t,n − µi

t−1,n

∣∣ = ∣∣(1−√
αt)µ

i
t−1,n

∣∣ = Õ(1− αt),

where (i) follows from the definition of matrix 2-norm and from the fact that [Σ−1
t,n]

i∗ = Σ−1
t,n1i (1i

is the unit vector where the i-th element is 1, and recall that Σ−1
t,n is symmetric). This implies that∣∣zit−1,n(µt)− zit,n(xt)

∣∣ = Õ(1− αt),∀i. Thus,

ξt−1(µt, i)− ξt(xt, i) = max
n

∣∣zit−1,n(µt)
∣∣−max

n

∣∣zit,n(xt)
∣∣

≤ max
n

∣∣zit−1,n(µt)− zit,n(xt)
∣∣ = Õ(1− αt), (43)

where the last inequality follows because maxn |an|+maxn |bn| ≥ maxn(|an|+|bn|) ≥ maxn |an+
bn|.
Following from Theorem 1, we have

EXt∼Qt

 d∑
i,j,k=1

∂3
ijk log qt−1(µt(Xt))∂

3
ijk log qt(Xt)


≤ EXt∼Qt

[
d∑

i,j,k=1

(
6ξ(µt(Xt), i)ξ(µt(Xt), j)ξ(µt(Xt), k) + 2Σ̄ijξ(µt(Xt), k) + 2Σ̄ikξ(µt(Xt), j)

+ 2Σ̄jkξ(µt(Xt), i)
) (

6ξ(Xt, i)ξ(Xt, j)ξ(Xt, k) + 2Σ̄ijξ(Xt, k) + 2Σ̄ikξ(Xt, j) + 2Σ̄jkξ(Xt, i)
) ]

(ii)
≍ EXt∼Qt

 d∑
i,j,k=1

(
ξ(Xt, i)ξ(Xt, j)ξ(Xt, k) + Σ̄ijξ(Xt, k) + Σ̄ikξ(Xt, j) + Σ̄jkξ(Xt, i)

)2
≤ 2EXt∼Qt

 d∑
i,j,k=1

ξ(Xt, i)
2ξ(Xt, j)

2ξ(Xt, k)
2 + (Σ̄ij)2ξ(Xt, k)

2 + (Σ̄ik)2ξ(Xt, j)
2 + (Σ̄jk)2ξ(Xt, i)

2


(44)

where (ii) follows from (43).

G.1.4 EXPLICIT PARAMETER DEPENDENCY

We are now ready for the explicit parameter dependency for Gaussian mixture Q0. In the following,
we provide two different ways to upper-bound the terms in (44) depending on how N is compared to
d. The first approach can be applied when N < d. For the ξ(x, ·) (∀x ∈ Rd) terms,

d∑
i=1

ξ(x, i)2 =

d∑
i=1

max
n

([Σ−1
t,n]

i∗(x− µt,n))
2 ≤

d∑
i=1

N∑
n=1

([Σ−1
t,n]

i∗(x− µt,n))
2

=

N∑
n=1

∥∥Σ−1
t,n(x− µt,n)

∥∥2 ≤ N max
n

∥∥Σ−1
t,n

∥∥2 max
n

∥x− µt,n∥2

(i)

≲ N max
n

∥x− µt,n∥2 ,

where (i) follows because of the following. Since Σt,n is a (full-rank) covariance matrix, all its
eigenvalues are positive. Let λn,min > 0 be the smallest eigenvalue of Σ0,n, and thus

max
n

∥∥Σ−1
t,n

∥∥
2
≤ 1

ᾱt minn λn,min + (1− ᾱt)
≤ 1

min{1,minn λn,min}
< ∞. (45)

In particular, this bound does not depend on d or T . Also, for the Σ̄ terms,
d∑

i,j=1

(Σ̄ij)2 =

d∑
i,j=1

max
n

([Σ−1
t,n]

ij)2 ≤
d∑

i,j=1

N∑
n=1

([Σ−1
t,n]

ij)2 =

N∑
n=1

∥∥Σ−1
t,n

∥∥2
F
≲ Nd,
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where the last inequality follows from (45) and the fact that for any matrix full-rank A, ∥A∥F ≤√
d ∥A∥2. The second approach can be applied when N ≥ d, where we can bound the ξ(x, ·) (∀x ∈

Rd) terms instead as

d∑
i=1

ξ(x, i)2 =

d∑
i=1

max
n

([Σ−1
t,n]

i∗(x− µt,n))
2

(ii)

≤
d∑

i=1

max
n

(∥∥[Σ−1
t,n]

i∗∥∥2 ∥x− µt,n∥2
)
≤

d∑
i=1

max
n

∥∥[Σ−1
t,n]

i∗∥∥2 max
n

∥x− µt,n∥2

(iii)

≤
d∑

i=1

max
n

∥∥Σ−1
t,n

∥∥2 max
n

∥x− µt,n∥2
(iv)

≲ dmax
n

∥x− µt,n∥2 .

Here (ii) follows from Cauchy-Schwartz inequality, (iii) follows from definition of matrix 2-norm
and the fact that [Σ−1

t,n]
i∗ = Σ−1

t,n1i (1i is the unit vector where the i-th element is 1), and (iv) follows
from (45). Also, for the second term, we can obtain an alternative upper bound as follows. Write
the eigen-decomposition as Σ0,n = Qndiag(λn,1, . . . , λn,d)Q

⊺
n, where Qn here is an orthonormal

matrix (that does not depend on T ). Then,

Σ−1
t,n = Qn(ᾱtdiag(λn,1, . . . , λn,d) + (1− ᾱt)Id)

−1Q⊺
n

= Qndiag((ᾱtλn,1 + (1− ᾱt))
−1, . . . , (ᾱtλn,d + (1− ᾱt))

−1)Q⊺
n,

and thus

max
n∈[N ]

∣∣[Σ−1
t,n]

ij
∣∣ = max

n∈[N ]

∣∣∣∣∣
d∑

k=1

(ᾱtλn,k + (1− ᾱt))
−1Qik

n Qkj
n

∣∣∣∣∣
≤ (min{1,min

n
λn,min})−1 max

n∈[N ],i,j∈[d]

∣∣(Qi∗
n )⊺(Qj∗

n )
∣∣

≤ (min{1,min
n

λn,min})−1 max
n∈[N ],i∈[d]

∥∥Qi∗
n

∥∥2
= (min{1,min

n
λn,min})−1,

where the last line follows because Qn is orthonormal for all n ∈ [N ]. Note that this is a uniform
bound that does not depend on N , T or d, which further implies that

d∑
i,j=1

(Σ̄ij)2 ≲ d2.

Combining the two cases, we get

d∑
i=1

ξ(x, i)2 ≲ min{d,N}max
n

∥x− µt,n∥2 , (46)

d∑
i,j=1

(Σ̄ij)2 ≲ dmin{d,N}. (47)

Therefore, using (46) and (47), we can continue from (44) and get

EXt∼Qt

 d∑
i,j,k=1

∂3
ijk log qt−1(µt(Xt))∂

3
ijk log qt(Xt)


≲ min{d,N}3EXt∼Qt

[
∥Xt∥6 +max

n
∥µt,n∥6

]
+ (dmin{d,N})(dmin{d,N}).

Now, note that
max
n

∥µt,n∥6 ≤ max
n

∥µ0,n∥6 ≲ d3
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since µ0,n < ∞ is a fixed vector. Also, the expected sixth power of the norm can be bounded as

E ∥Xt∥6 = E
[(∥∥√ᾱtX0 +

√
1− ᾱtW̄t

∥∥2)3] ≲ E ∥X0∥6 + E
∥∥W̄t

∥∥6 ≲ E ∥X0∥6 + d3,

and, when Q0 is a Gaussian mixture,∫
∥x0∥6 q0(x0)dx0 =

N∑
n=1

πn

∫
∥x0∥6 q0,n(x0)dx0 ≍ d3.

Therefore, we finally obtain a bound on the reverse-step error with explicit system parameters:

T∑
t=1

EXt−1,Xt∼Qt−1,t

[
log

qt−1|t(Xt−1|Xt)

p′t−1|t(Xt−1|Xt)

]
≲

d3 min{d,N}3 log3 T
T 2

.

G.2 PROOF OF THEOREM 3
Throughout the proof of Theorem 3 we adopt the noise schedule αt defined in (10). We first
investigate some nice properties of the noise schedule in (10). Since c ≍ log(1/δ), we have
1− αt ≲ log(1/δ) log T/T . Using a similar argument from (Li et al., 2024c, Equation (39)),

1− αt

αt − ᾱt
,
1− αt

1− ᾱt
,

1− αt

1− ᾱt−1
≲

log(1/δ) log T

T
, ∀2 ≤ t ≤ T, (48)

1− ᾱt

1− ᾱt−1
− 1 =

ᾱt−1(1− αt)

1− ᾱt−1
≤ 1− αt

1− ᾱt−1
= Õ

(
log T

T

)
, ∀2 ≤ t ≤ T.

We note that Li et al. (2024c) does not highlight δ dependency in their results. Also, note that if T is
large,

δ

(
1 +

c log T

T

) T
log T

≍ δec ≥ 1.

Thus, with any fixed r ∈ (0, 1) such that t ≥ rT (≥ T
log T ), we have

1− αt =
c log T

T
min

{
δ

(
1 +

c log T

T

)t

, 1

}
=

c log T

T
.

As a result,

ᾱT ≤
T∏

t=⌊rT⌋

αt =

(
1− c log T

T

)⌈(1−r)T⌉

≍ exp

(
⌈(1− r)T ⌉

(
−c log T

T

))
= Õ(T−(1−r)c).

(49)
Given any c > 2, we can always find some r such that (1− r)c > 2. For example, this is satisfied
when r = (c − 2)/4 if c ∈ (2, 4) and r = 1/4 otherwise. This shows that the αt in (10) satisfies
ᾱT = o

(
T−2

)
if c > 2. Therefore, the αt in (10) satisfies Definition 1.

Since the parameter dependency is clear in the bound for the initialization and estimation errors
(Lemmas 3 and 4), it remains to provide a bound on the reverse-step error that depends explicitly on
the system parameters, which is the main topic below.

G.2.1 CHECKING ASSUMPTION 5
Instead of Assumption 4, we check the more general Assumption 5 below. In particular, we verify
Assumption 5 with the αt in (10). In the following, Lemma 15 is used to establish the first half
of Assumption 5. Next, the following Lemma 16 is used to establish the behavior of the expected
moments under the perturbed posterior Q0|t−1(·|µt(Xt)) when Xt ∼ Qt. Both Lemmas 15 and 17
will be useful for establishing the second half of Assumption 5 with the αt in (10).
Lemma 15. For all t ≥ 1, ℓ ≥ 1, and a ∈ [d]p such that |a| = p ≥ 1,

EXt∼Qt
|∂p

a log qt(Xt)|ℓ ≲
dpℓ/2

(1− ᾱt)pℓ/2
.
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Proof. See Appendix H.3.

Lemma 16. For all t ≥ 2 and p ≥ 1, with the αt in (10),∫
x0,xt

∥µt(xt)−
√
ᾱt−1x0∥

p
dQ0|t−1(x0|µt(xt))dQt(xt) ≲ dp/2(1− ᾱt−1)

p/2.

Proof. See Appendix H.4.

Finally, the following Lemma 17 verifies the second half of Assumption 5 with the αt defined in (10).
Lemma 17. For all t ≥ 2, ℓ ≥ 1, and a ∈ [d] such that |a| = p ≥ 1, with the αt in (10),

EXt∼Qt |∂p
a log qt−1(µt(Xt))|ℓ ≲

dpℓ/2

(1− ᾱt−1)pℓ/2
.

Combining this with Lemma 15, Assumption 5 holds.

Proof. See Appendix H.5.

Now, Assumption 5 is satisfied since 1
1−ᾱt

≤ 1
1−α1

= δ−1 for all t ≥ 1 if δ is constant. Thus, if δ is
a constant, Assumption 4 is already satisfied, as is Assumption 5. When δ = 1/poly(T ) is vanishing
with T , from (48), we still get 1−αt

1−ᾱt−1
= Õ(1− αt). Thus, Assumption 5 is satisfied.

G.2.2 EXPRESSING ∂3
ijk log qt

We begin by investigating ∇2 log qt (t ≥ 2), for which we can derive the Hessian of log qt(x) as

∇2 log qt(x) =
∂

∂x

(∫
x0∈Rd ∇qt|0(x|x0)dQ0(x0)∫
x0∈Rd qt|0(x|x0)dQ0(x0)

)

=
qt(x)

∫
x0∈Rd ∇2qt|0(x|x0)dQ0(x0)−

(∫
x0∈Rd ∇qt|0(x|x0)dQ0(x0)

)(∫
x0∈Rd ∇qt|0(x|x0)dQ0(x0)

)⊺
q2t (x)

=
1

(1− ᾱt)2q2t (x)

(
qt(x)

∫
x0∈Rd

qt|0(x|x0)
(
(x−

√
ᾱtx0)(x−

√
ᾱtx0)

⊺ − (1− ᾱt)Id
)
dQ0(x0)

−
(∫

x0∈Rd

qt|0(x|x0)(x−
√
ᾱtx0)dQ0(x0)

)(∫
x0∈Rd

qt|0(x|x0)(x−
√
ᾱtx0)dQ0(x0)

)⊺)
= − 1

1− ᾱt
Id +

1

(1− ᾱt)2

(
EX0∼Q0|t(·|x)

[
(x−

√
ᾱtX0)(x−

√
ᾱtX0)

⊺
]

−
(
EX0∼Q0|t(·|x)

[
x−

√
ᾱtX0

]) (
EX0∼Q0|t(·|x)

[
x−

√
ᾱtX0

])⊺)
. (50)

For the third-order partial derivatives, we employ the notation

z :=
x−

√
ᾱtx0

1− ᾱt
.

Note that ∂kqt|0(x|x0) = qt|0(x|x0)(−zk). Then, we can write (50) as

∂2
ij log qt(x) =

1

q2t (x)

(
qt(x)

∫
qt|0(x|x0)z

izjdQ0(x0)︸ ︷︷ ︸
N1

−
∫

qt|0(x|x0)z
idQ0(x0)

∫
qt|0(x|x0)z

jdQ0(x0)︸ ︷︷ ︸
N2

)
− 1

1− ᾱt
Id.

Note that the last term is a constant. The derivative for term N1 is given by

∂k

∫
qt|0(x|x0)z

izjdQ0(x0)
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=

∫
qt|0(x|x0)(−zk)zizj + 1(k = i)qt|0(x|x0)(1− ᾱt)

−1zj

+ 1(k = j)qt|0(x|x0)(1− ᾱt)
−1zidQ0(x0),

and the derivative for term N2 is given by

∂k

(∫
qt|0(x|x0)z

idQ0(x0)

∫
qt|0(x|x0)z

jdQ0(x0)

)
=

∫
qt|0(x|x0)

(
(−zk)zi + 1(k = i)(1− ᾱt)

−1
)
dQ0(x0)

∫
qt|0(x|x0)z

jdQ0(x0)

+

∫
qt|0(x|x0)z

idQ0(x0)

∫
qt|0(x|x0)

(
(−zk)zj + 1(k = j)(1− ᾱt)

−1
)
dQ0(x0)

=

(∫
qt|0(x|x0)(−zk)zidQ0(x0) + 1(k = i)(1− ᾱt)

−1qt(x)

)∫
qt|0(x|x0)z

jdQ0(x0)

+

∫
qt|0(x|x0)z

idQ0(x0)

(∫
qt|0(x|x0)(−zk)zjdQ0(x0) + 1(k = j)(1− ᾱt)

−1qt(x)

)
.

Combining these, the derivative for the numerator is given by
∂k(qt(x)N1 − N2) = ∂k(qt(x))N1 + qt(x)∂k(N1)− ∂k(N2)

= −qt(x)

∫
qt|0(x|x0)z

izjzkdQ0(x0)

−
∫

qt|0(x|x0)z
kdQ0(x0)

∫
qt|0(x|x0)z

izjdQ0(x0)

+

∫
qt|0(x|x0)z

jdQ0(x0)

∫
qt|0(x|x0)z

izkdQ0(x0)

+

∫
qt|0(x|x0)z

idQ0(x0)

∫
qt|0(x|x0)z

jzkdQ0(x0).

Thus,

∂3
ijk log qt(x) = ∂k

qt(x)N1 − N2
q2t (x)

=
1

q3t (x)

(
∂k(qt(x)N1 − N2)qt(x) + 2(qt(x)N1 − N2)

∫
qt|0(x|x0)z

kdQ0(x0)

)
=

1

q3t (x)

(
− q2t (x)

∫
qt|0(x|x0)z

izjzkdQ0(x0)

+ qt(x)
∑

a1=i,j,k
a2<a3, a2,a3 ̸=a1

∫
qt|0(x|x0)z

a1dQ0(x0)

∫
qt|0(x|x0)z

a2za3dQ0(x0)

− 2

∫
qt|0(x|x0)z

idQ0(x0)

∫
qt|0(x|x0)z

jdQ0(x0)

∫
qt|0(x|x0)z

kdQ0(x0)

)
= −

∫
zizjzkdQ0|t(x0|x)

+
∑

a1=i,j,k
a2<a3, a2,a3 ̸=a1

∫
za1dQ0|t(x0|x)

∫
za2za3dQ0|t(x0|x)

− 2

∫
zidQ0|t(x0|x)

∫
zjdQ0|t(x0|x)

∫
zkdQ0|t(x0|x) (51)

G.2.3 EXPLICIT PARAMETER DEPENDENCY

By Cauchy-Schwartz inequality, we have

EXt∼Qt

 d∑
i,j,k=1

∂3
ijk log qt−1(µt(Xt))∂

3
ijk log qt(Xt)


51
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≤

√√√√√EXt∼Qt

 d∑
i,j,k=1

(
∂3
ijk log qt−1(µt(Xt))

)2×

√√√√√EXt∼Qt

 d∑
i,j,k=1

(
∂3
ijk log qt(Xt)

)2.
(52)

We now analyze the two terms in (52) separately.

We begin with the second term in (52). Recall that Z = Xt−
√
ᾱtX0

1−ᾱt
is standard Gaussian under Q0,t.

Also note that for a standard Gaussian random variable Z, E ∥Z∥6 = d(d+ 2)(d+ 4) ≲ d3. Now,
substituting (51) into the second term of (52), we get

d∑
i,j,k=1

EXt∼Qt

(∫
zizjzkdQ0|t(x0|Xt)

)2

≤ 1

(1− ᾱt)3
EX0,Xt∼Q0,t

 d∑
i,j,k=1

(
Xi

t −
√
ᾱtX

i
0√

1− ᾱt

)2
(
Xj

t −
√
ᾱtX

j
0√

1− ᾱt

)2(
Xk

t −
√
ᾱtX

k
0√

1− ᾱt

)2


=
1

(1− ᾱt)3
EX0,Xt∼Q0,t

∥∥∥∥Xt −
√
ᾱtX0√

1− ᾱt

∥∥∥∥6
=

1

(1− ᾱt)3
E ∥Z∥6

≲
d3

(1− ᾱt)3
,

and
d∑

i,j,k=1

EXt∼Qt

(∫
zidQ0|t(x0|x)

∫
zjzkdQ0|t(x0|x)

)2

= EXt∼Qt

∥∥∥∥∫ zdQ0|t(x0|x)
∥∥∥∥2 d∑

j,k=1

(∫
zjzkdQ0|t(x0|x)

)2


≤

(
EXt∼Qt

∥∥∥∥∫ zdQ0|t(x0|x)
∥∥∥∥6
)1/3

EXt∼Qt

 d∑
j,k=1

(∫
zjzkdQ0|t(x0|x)

)2
3/2


2/3

≤ EX0,Xt∼Q0,t

∥∥∥∥Xt −
√
ᾱtX0

1− ᾱt

∥∥∥∥6
=

1

(1− ᾱt)3
E ∥Z∥6

≲
d3

(1− ᾱt)3
,

and
d∑

i,j,k=1

EXt∼Qt

(∫
zidQ0|t(x0|Xt)

∫
zjdQ0|t(x0|Xt)

∫
zkdQ0|t(x0|Xt)

)2

= EXt∼Qt

(
d∑

i=1

(∫
Xi

t −
√
ᾱtx

i
0

1− ᾱt
dQ0|t(x0|Xt)

)2
)3

=
1

(1− ᾱt)3
EXt∼Qt

∥∥∥∥∫ Xt −
√
ᾱtx0√

1− ᾱt
dQ0|t(x0|Xt)

∥∥∥∥6
≤ 1

(1− ᾱt)3
E ∥Z∥6
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≲
d3

(1− ᾱt)3
.

Thus, the second term of (52) satisfies that

EXt∼Qt

 d∑
i,j,k=1

(
∂3
ijk log qt(Xt)

)2 ≲
d3

(1− ᾱt)3
.

Now we turn to the first term in (52). Note that Z =
µt(Xt)−

√
ᾱt−1X0

1−ᾱt−1
. While Z is no longer standard

Gaussian under Q0,t, we can still achieve moment bounds using Lemma 16. Now, substituting (51)
into the first term of (52), we apply Lemma 16 and get

d∑
i,j,k=1

EXt∼Qt

(∫
zizjzkdQ0|t−1(x0|µt(Xt))

)2

≤ 1

(1− ᾱt−1)3
EX0∼Q0|t−1(·|µt(Xt))

Xt∼Qt

∥∥∥∥µt(Xt)−
√
ᾱt−1X0√

1− ᾱt−1

∥∥∥∥6 ≲
d3

(1− ᾱt−1)3
,

and similarly,
d∑

i,j,k=1

EXt∼Qt

(∫
zidQ0|t−1(x0|µt(Xt))

∫
zjzkdQ0|t−1(x0|µt(Xt))

)2

≲
d3

(1− ᾱt−1)3
,

d∑
i,j,k=1

EXt∼Qt

(∫
zidQ0|t−1(x0|µt(Xt))

∫
zjdQ0|t−1(x0|µt(Xt))

∫
zkdQ0|t−1(x0|µt(Xt))

)2

≲
d3

(1− ᾱt−1)3
.

Thus, the first term of (52) satisfies that

EXt∼Qt

 d∑
i,j,k=1

(
∂3
ijk log qt−1(µt(Xt))

)2 ≲
d3

(1− ᾱt−1)3
.

Finally, since 1−αt

1−ᾱt
, 1−αt

1−ᾱt−1
≲ log(1/δ) log T

T , we arrive at

(1− αt)
3EXt∼Qt

 d∑
i,j,k=1

∂3
ijk log qt−1(µt(Xt))∂

3
ijk log qt(Xt)

 ≲
d3 log3(1/δ) log3 T

T 3
.

Summation over t ≥ 2 gives us the desirable result.

G.3 THEOREM 5 AND ITS PROOF

Before we enter the proof of Theorem 4, we introduce an intermediate result which might have
independent interest. Previously, for regular samplers, linear dimensional dependency can be shown
when all Qt’s (∀t ≥ 0) have Lipschitz score (Chen et al., 2023a;d). The following Theorem 5
provides an accelerated convergence guarantee when all Qt’s (∀t ≥ 0) have Lipschitz Hessians.
Theorem 5 (Accelerated Sampler for All-Path Lipschitz Hessians). Suppose that ∇2 log qt(x), ∀t ≥
0 is 2-norm M -Lipschitz, i.e., ∃M > 0 such that∥∥∇2 log qt(x)−∇2 log qt(y)

∥∥ ≤ M ∥x− y∥ (53)

for all x, y ∈ Rd and t ≥ 0. Then, under Assumptions 1, 3 and 4, if the αt satisfies Definition 1, the
distribution P̂ ′

0 from the accelerated sampler satisfies

KL(Q0||P̂ ′
0) ≲

d2M2 log3 T

T 2
+ (log T )ε2 +

log2 T

T
ε2H .
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G.3.1 PROOF OF THEOREM 5
In order to continue from Theorem 1 (in particular, the reverse-step error in (26)), we need to introduce
some useful notations for the distribution class in (53). For a matrix A, define its vectorization as
vec(A) := [A11, . . . , A1d, . . . , Ad1, . . . , Add]⊺ ∈ Rd2

. Define Kt ∈ Rd2×d to be the matrix that
reorganizes the third-order partial derivative tensor, i.e.,

[Kt(x)]
mk := ∂3

ijk log qt(x), s.t. m = (i− 1)d+ j, ∀i, j, k ∈ [d].

With these notations, consider y = x+ ξu where u ∈ Rd satisfies ∥u∥2 = 1 and ξ ∈ R is some small
constant. Then,

vec(∇2 log qt(y))− vec(∇2 log qt(x)) = Kt(x
∗)(y − x) = ξKt(x

∗)u.

Here x∗ = γx+ (1− γ)y for some γ ∈ (0, 1). Also, we have∥∥vec(∇2 log qt(y))− vec(∇2 log qt(x))
∥∥

=
∥∥∇2 log qt(y)−∇2 log qt(x)

∥∥
F

≤
√
d
∥∥∇2 log qt(y)−∇2 log qt(x)

∥∥ ≤
√
dM ∥y − x∥

where the last inequality comes from (53). Thus, noting that y = x+ ξu and that ∥u∥2 = 1, we take
the limit of ξ to 0 and get

∥Kt(x)∥ ≤
√
dM, ∀x ∈ Rd, ∀t ≥ 0. (54)

We now derive an explicit upper bound on the reverse-step error. Using Cauchy-Schwartz inequality,
for any t ≥ 1 and xt ∈ Rd, we have

d∑
i,j,k=1

∂3
ijk log qt−1(µt)∂

3
ijk log qt(xt)

≤

√√√√ d∑
i,j,k=1

(∂3
ijk log qt−1(µt))2

√√√√ d∑
i,j,k=1

(∂3
ijk log qt(xt))2

= ∥Kt−1(µt)∥F × ∥Kt(xt)∥F
≤ (

√
d ∥Kt−1(µt)∥)× (

√
d ∥Kt(xt)∥)

≤ d2M2. (55)

Therefore, following from Theorem 1, we obtain

T∑
t=1

EXt−1,Xt∼Qt−1,t

[
log

qt−1|t(Xt−1|Xt)

pt−1|t(Xt−1|Xt)

]
≲

d2M2 log3 T

T 2
.

G.4 PROOF OF THEOREM 4
Throughout the proof of Theorem 4 we adopt the noise schedule αt defined in (10) with δ =

1/(M
2
3T

3
2 ) and c ≥ log(M

2
3T

3
2 ). Note that such αt satisfies Definition 1 for all t ≥ 1, and thus

the bound on the estimation error still applies. Also, Assumption 5 is satisfied for t ≥ 2, as shown
in Appendix G.2.1. Thus, Theorem 3 can be applied and the reverse-step error at t ≥ 2 satisfies,
∀t = T, . . . , 2,

(1− αt)
3EXt∼Qt

 d∑
i,j,k=1

∂3
ijk log qt−1(µt(Xt))∂

3
ijk log qt(Xt)


≲

d3(log3 M + log3 T ) log3 T

T 3
. (56)

In order to determine the dimensional dependency of the reverse-step error, the key is thus to establish
a similar upper bound at t = 1.
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Now, we provide a modified version of Theorem 1 which does not require q0 to be analytic (as in
Assumption 2) or to have regular partial derivatives (as in Assumption 5). We recall from (21) that
the reverse-step error at time t = 1 can be upper-bounded as

EX0∼Q0|1

[
log

q0|1(X0|x1)

p′0|1(X0|x1)

]
≤ EX0∼Q0|1 [ζ

′
1,0]− EX0∼P ′

0|1
[ζ ′1,0].

Instead of the Taylor expansion in (20), we employ the following different expansion from Taylor’s
theorem. The only difference is that the expansion stops at the third-order term.

ζ ′1,0 = (∇ log q0(µ1)−
√
α0∇ log q1(x1))

⊺(x0 − µ1)

+
1

2
(x0 − µ1)

⊺

(
∇2 log q0(µ1)−

α0

1− α0
Bt

)
(x0 − µ1)

+
1

3!

d∑
i,j,k=1

∂3
ijk log q0(µ

∗
1)(x

i
0 − µi

1)(x
j
0 − µj

1)(x
k
0 − µk

1). (57)

Here µ∗
1(x1, x0) := ςµ1(x1) + (1− ς)x0 for some ς ∈ [0, 1]. Note that µ∗

1 is a function of both x1

and x0.

A remarkable difference from the proof of Theorem 1 is that we do not require q0 to be analytic for
this expansion. Indeed, it only requires that the third-order partial derivative exists. With this new
expansion, we have the following lemma, which serves as a counterpart of Lemma 11.
Lemma 18. Suppose that q0 exists and ∇2 log q0 is 2-norm M -Lipschitz. Then, with the αt in (10),
we have

EX0∼Q0

(
EX0∼Q0|1 − EX0∼P ′

0|1

)
[ζ ′1,0] ≲

(1− α1)
3/2

3!α
3/2
1

d4M.

Proof. See Appendix H.6.

Finally, with the chosen δ = 1− α1 = 1/(M
2
3T

3
2 ), the rate at the first step satisfies

(1− α1)
3/2

3!α
3/2
1

d4M ≲
d4

T 9/4
= o(T−2).

As T becomes large, the rate of the total reverse-step error, which decays as Õ(T−2), is not affected.
The proof is now complete.

H AUXILIARY PROOFS OF THEOREMS 2 TO 4
In this section, we provide the proofs for the lemmas in the proofs for Theorems 2 to 4.

H.1 PROOF OF LEMMA 13
Fix k ≥ 1 and a ∈ [d]k. Recall that u ≤ det(Σz) ≤ U ,

∥∥Σ−1
z

∥∥ ≤ V , and

supz∈Z,i,j∈[d]2

∣∣∣[Σ− 1
2

z ]ij
∣∣∣ ≤ w for all z ∈ Z . Also write ϕ(y) as the p.d.f. of the unit Gaus-

sian. We are interested in upper-bounding the absolute partial derivatives of log q(x) with a function
of x where

q(x) =

∫
g(x|z)dΠ(z),

where, using the change-of-variable formula,

g(x|z) = 1

det(Σz)
1
2

ϕ
(
Σ

− 1
2

z (x− µz)
)
. (58)

We first identify an upper bound on the absolute partial derivatives of q(x). Now,

∂k
aq(x)

(i)
=

∫
∂k
ag(x|z)dΠ(z)
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(ii)

≤ 1

infz∈Z det(Σz)
1
2

∫
∂k
aϕ
(
Σ

− 1
2

z (x− µz)
)
dΠ(z)

where (i) follows from the dominated convergence theorem (see (31)), and (ii) follows from (58). To
obtain an upper bound on the k-th derivative of Gaussian density, we invoke the multivariate version
of the Faá di Bruno’s formula (Constantine & Savits, 1996, Theorem 2.1). Since y = Σ

− 1
2

z (x− µz)

is linear in x, only the first-order partial derivative is non-zero and is equal to an entry in Σ
− 1

2
z . Thus,

we have∣∣∣∂k
aϕ
(
Σ

− 1
2

z (x− µz)
)∣∣∣ =

∣∣∣∣∣∣
∑

a′∈[d]k

ϕ
(k)
a′ (y)

k∏
s=1

∂

∂xas

[Σ
− 1

2
z (x− µz)]

a′
s

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∑

a′∈[d]k

ϕ
(k)
a′

(
Σ

− 1
2

z (x− µz)
)∣∣∣∣∣∣max {w, 1}k , ∀a : |a| = k.

Here we define ϕ(k)
a (y) := ∂k

aϕ(y). Since ϕ(y) is a Gaussian density which is infinitely differentiable
and decays exponentially at the tail, its k-th order derivative satisfies ϕ(k)

a (y) = polyk(y)ϕ(y) where
polyk(y) is a k-th order polynomial function in y1, . . . , yd (and thus in x1, . . . , xd by linearity). Also
note that, for any a ∈ [d]k,

lim
∥y∥→∞

∣∣∣ϕ(k)
a (y)

∣∣∣ = lim
∥y∥→∞

|polyk(y)ϕ(y)| = 0.

By the continuity of ϕ(k)
a (y), there exists ȳa such that

∣∣∣ϕ(k)
a (y)

∣∣∣ ≤ ∣∣∣ϕ(k)
a (ȳa)

∣∣∣ ≤ polyk(ȳa) for all

y ∈ Rd. Now, for all x ∈ Rd,∣∣∂k
aq(x)

∣∣ ≤ ∫ det(Σz)
− 1

2

∣∣∣∂k
aϕ
(
Σ

− 1
2

z (x− µz)
)∣∣∣dΠ(z)

≤ max {w, 1}k
∫

det(Σz)
− 1

2

 ∑
a∈[d]k

∣∣∣polyk (Σ− 1
2

z (x− µz)
)∣∣∣
ϕ

(
Σ

− 1
2

z (x− µz)
)
dΠ(z)

(59)

≤ dk max {w, 1}k√
u

|polyk (ȳa)|ϕ (ȳa) . (60)

We have thus obtained a constant upper bound on all partial derivatives of q(x) of order k.

Next, we convert the partial derivative bound into that for log q(x). We again invoke Faá di Bruno’s
formula Constantine & Savits (1996). Note that

∂k
a log q(x) = q(x)−k

∑
b1,...,bk

k∏
j=1

∂
|bj |
bj

q(x) =:
∑

b1,...,bk

rb1,...,bk
(x) (61)

in which we define each summation term as r. Here {b1, . . . , bk} is some (possibly empty) partition
of a, i.e.,

∑
j bj = a and

∑
j |bj | = k (thus, at most k partitions). We order this partition such

that k ≥ |b1| ≥ · · · ≥ |bk| ≥ 0. Note that the total number of partition can be upper-bounded
by dk

∑k
l=1 Bk,l(1, . . . , 1) = dkBk, where Bk,l(·) and Bk are the Bell polynomials and the Bell

number, respectively.

We first showcase a simple yet useful upper bound. From (60), we get,∣∣∣∣∣∣
k∏

j=1

∂
|bj |
bj

q(x)

∣∣∣∣∣∣ ≤
k∏

j=1

∣∣∣∂|bj |
bj

q(x)
∣∣∣

≤ (dmax{w, 1})
∑

j |bj |

min{u, 1}k/2
max{max

y
ϕ(y), 1}k

k∏
j=1

∣∣∣poly|bj |(ȳbj
)
∣∣∣
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≤ (dmax{w, 1})
∑

j |bj |

min{u, 1}k/2
max{max

y
ϕ(y), 1}k max

j

∣∣∣poly|bj |(ȳbj
)
∣∣∣k

≤ Ck
b1,...,bj

dk max {w, 1}k

min{u, 1}k/2

where, as noted above, ȳbj
does not depend on x. Here Cb1,...,bj

is some constant which depends
only on the partition {b1, . . . , bj} and is independent of x. On the other hand, we can also obtain
a simple lower bound on q(x). Observe that q(x) is continuous and always positive. Recall that
b = supz∈Z ∥µz∥. Thus,

q(x) =

∫
Z
g(x|z)dΠ(z)

≥ 1

(2π)d/2 supz∈Z det(Σz)
1
2

∫
Z
exp

(
−1

2
sup
z∈Z

(x− µz)
⊺Σ−1

z (x− µz)

)
dΠ(z)

≥ 1

(2π)d/2 supz∈Z det(Σz)
1
2

∫
Z
exp

(
−1

2
sup
z∈Z

∥∥Σ−1
z

∥∥ (∥x∥2 + ∥µz∥2)
)
dΠ(z)

≥ 1

(2π)d/2 supz∈Z det(Σz)
1
2

∫
Z
exp

(
−1

2
sup
z∈Z

∥∥Σ−1
z

∥∥ (∥x∥2 + b2)

)
dΠ(z)

≥ 1

(2π)d/2U
exp

(
−V

2
(∥x∥2 + b2)

)
.

Therefore, if we set C := maxb1,...,bj
Cb1,...,bj

, we obtain∣∣∂k
a log q(x)

∣∣ ≤ CkBk
d2k max {w, 1}k

min{u, 1}k/2
Ukek

V
2 (∥x∥2+b2). (62)

The upper bound above, though it depends only on parameters u, U, V, w, has an exponential depen-
dency on x, which is not desirable. We next derive a more refined bound in x. For brevity of analysis,
we re-express r (defined in (61)) to avoid empty partitions:

rb1,...,bk
(x) = q(x)−p

p∏
j=1

∂
|bj |
bj

q(x), s.t. |bp+1| = · · · = |bk| = 0.

Now, by the boundedness of ∥µz∥ and
∥∥∥Σ−1/2

z

∥∥∥ on Z , for each x, there exist (bounded) Σ̄bj
and µ̄bj

such that, ∀z ∈ Z ,∑
b∈[d]|bj|

∣∣∣poly|bj |

(
Σ

− 1
2

z (x− µz)
)∣∣∣ ≤ ∑

b∈[d]|bj|

∣∣∣poly|bj |

(
Σ̄

− 1
2

bj
(x− µ̄bj

)
)∣∣∣ < ∞.

Then, following from (59), we obtain

|rb1,...,bk
(x)| = q(x)−p

∣∣∣∣∣∣
p∏

j=1

∂
|bj |
bj

q(x)

∣∣∣∣∣∣ ≤ q(x)−p

p∏
j=1

∣∣∣∂|bj |
bj

q(x)
∣∣∣

≤ (dmax{w, 1})
∑p

j=1|bj |

up/2
×

p∏
j=1

∫
det(Σz)

− 1
2

∑
cj∈[d]|bj|

∣∣∣poly|bj |

(
Σ

− 1
2

z (x− µz)
)∣∣∣ϕ(Σ− 1

2
z (x− µz)

)
dΠ(z)∫

det(Σz)−
1
2ϕ
(
Σ

− 1
2

z (x− µz)
)
dΠ(z)

≤ (dmax{w, 1})k

min{1, u}k/2
×

p∏
j=1

∑
cj∈[d]|bj|

∣∣∣poly|bj |

(
Σ̄

− 1
2

bj
(x− µ̄bj

)
)∣∣∣ (∫ det(Σz)

− 1
2ϕ
(
Σ

− 1
2

z (x− µz)
)
dΠ(z)

)
∫
det(Σz)−

1
2ϕ
(
Σ

− 1
2

z (x− µz)
)
dΠ(z)
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=
(dmax{w, 1})k

min{1, u}k/2

p∏
j=1

∑
cj∈[d]|bj|

∣∣∣poly|bj |

(
Σ̄

− 1
2

bj
(x− µ̄bj

)
)∣∣∣

Note that for each j, the number of terms in the summation above is upper-bounded by d|bj |. Thus,
expanding the product of summations would result in no more than

∏p
j=1 d

|bj | = dk terms. Also,

since
∣∣polyk1

(y)
∣∣ · ∣∣polyk2

(y)
∣∣ = ∣∣polyk1+k2

(y)
∣∣, and since any Σ̄

− 1
2

bj
(x − µ̄bj

) is linear in x and
independent in z, each product term is a k-th order polynomial in x. Therefore, we obtain

|rb1,...,bk
(x)| ≤ d2k max{w, 1}k

min{1, u}k/2
max

cj∈[d]|bj|,∀j=1,...,p

|polyk (x)|

and thus ∣∣∂k
a log q(x)

∣∣ ≤ Bk
d2k max{w, 1}k

min{1, u}k/2
max

b1,...,bk

max
cj∈[d]|bj|,∀j=1,...,p

|polyk (x)| . (63)

We have thus identified an upper bound on
∣∣∂k

a log q(x)
∣∣ which is polynomial in x. The proof is now

complete by combining (62) and (63).

H.2 PROOF OF LEMMA 14
We first identify u, U, V, w for Σt,n such that they are independent of T and k for all t ≥ 1. Fix t ≥ 1.
We use the fact that Σt,n = ᾱtΣ0,n+(1− ᾱt)Id. If we let λn,1 ≥ · · · ≥ λn,d > 0 as the eigenvalues
of Σ0,n (which do not depend on T ), the eigenvalues of Σt,n are {ᾱtλn,i + (1− ᾱt)}di=1. Therefore,
for any n = 1, . . . , N and t ≥ 1,

(u :=)

d∏
i=1

min{min
n

λn,i, 1} ≤ det(Σt,n) ≤
d∏

i=1

max{max
n

λn,i, 1}(=: U).

Also, following from (45), we have V := 1
min{1,minn λn,d} . Next, write the eigen-decomposition as

Σ0,n = Qndiag(λn,1, . . . , λn,d)Q
⊺
n, where Qn here is an orthonormal matrix (that does not depend

on T ). Then, for any t ≥ 1,

Σ
− 1

2
t,n = Qn(ᾱtdiag(λn,1, . . . , λn,d) + (1− ᾱt)Id)

− 1
2Q⊺

n

= Qndiag((ᾱtλn,1 + (1− ᾱt))
− 1

2 , . . . , (ᾱtλn,d + (1− ᾱt))
− 1

2 )Q⊺
n

and thus, for all t ≥ 1,

[Σ
− 1

2
t,n ]ij =

d∑
k=1

(ᾱtλn,k + (1− ᾱt))
− 1

2Qik
n Qkj

n

≤ (min{1,min
n

λn,d})−
1
2 max
n∈[N ],i,j∈[d]

∣∣∣∣∣
d∑

k=1

Qik
n Qkj

n

∣∣∣∣∣ =: w.

Since the identified u, U, V, w are all independent of T and k, by Lemma 13 we have obtained an
upper bound on

∣∣∂k
a log q(x)

∣∣ for any fixed x which is independent of T . Thus,

(1− αt)
k/2EXt∼Qt

∣∣∂k
a log qt(Xt)

∣∣ , (1− αt)
k/2EXt∼Qt

∣∣∂k
a log qt−1(µt(Xt))

∣∣
= Õ

(
(1− αt)

k/2
)
= Õ

(
1

T k/2

)
.

Hence, we have shown Assumption 5.

H.3 PROOF OF LEMMA 15
Fix t ≥ 1. We will draw some notations introduced in Lemma 13. Specifically, we recall from (61)
that

∂p
a log qt(xt) = qt(xt)

−p
∑

b1,...,bp

p∏
j=1

∂
|bj |
bj

qt(xt)

58



3132
3133
3134
3135
3136
3137
3138
3139
3140
3141
3142
3143
3144
3145
3146
3147
3148
3149
3150
3151
3152
3153
3154
3155
3156
3157
3158
3159
3160
3161
3162
3163
3164
3165
3166
3167
3168
3169
3170
3171
3172
3173
3174
3175
3176
3177
3178
3179
3180
3181
3182
3183
3184
3185

Under review as a conference paper at ICLR 2025

= qt(xt)
−p

∑
b1,...,bp

p∏
j=1

∫
x0

qt|0(xt|x0)poly|bj |

(
xt −

√
ᾱtx0

1− ᾱt

)
dQ0(x0)

=
∑

b1,...,bp

1

(1− ᾱt)
p
2

p∏
j=1

∫
x0

poly|bj |

(
xt −

√
ᾱtx0√

1− ᾱt

)
dQ0|t(x0|xt) (64)

in which we have defined polyk(y) as a k-th order polynomial function in y1, . . . , yd. Recall that
here {b1, . . . , bp} is some (possibly empty) partition of a, i.e.,

∑
j bj = a and

∑
j |bj | = p.

Thus,

EXt∼Qt
|∂p

a log qt(Xt)|ℓ

≤ 1

(1− ᾱt)
pℓ
2

pℓ
∑

b1,...,bp

EXt∼Qt

 p∏
j=1

∣∣∣∣∫
x0

poly|bj |

(
Xt −

√
ᾱtx0√

1− ᾱt

)
dQ0|t(x0|Xt)

∣∣∣∣ℓ


(i)

≤ 1

(1− ᾱt)
pℓ
2

pℓ
∑

b1,...,bp

p∏
j=1

(
EXt∼Qt

∣∣∣∣∫
x0

poly|bj |

(
Xt −

√
ᾱtx0√

1− ᾱt

)
dQ0|t(x0|Xt)

∣∣∣∣
pℓ

|bj|
) |bj|

p

(ii)

≤ 1

(1− ᾱt)
pℓ
2

pℓ
∑

b1,...,bp

p∏
j=1

(
EX0,Xt∼Q0,t

∣∣∣∣poly|bj |

(
Xt −

√
ᾱtX0√

1− ᾱt

)∣∣∣∣
pℓ

|bj|
) |bj|

p

=
1

(1− ᾱt)
pℓ
2

pℓ
∑

b1,...,bp

p∏
j=1

(
E
∣∣∣poly|bj | (Z)

∣∣∣ pℓ

|bj|
) |bj|

p

≲
d

pℓ
2

(1− ᾱt)
pℓ
2

where Z ∼ N (0, Id) is a standard Gaussian random variable (that does not depend on T here) and
any r-th order of polynomial of Z1, . . . , Zd has finite expectation (that does not depend on T and
with at most dr/2 dimensional dependency). Here (i) holds by Hölder’s inequality, and (ii) holds by
Jensen’s inequality since pℓ/ |bj | ≥ 1 for all bj and ℓ ≥ 1. The proof is now complete.

H.4 PROOF OF LEMMA 16
Fix t ≥ 2. We first introduce the following notations. Write µt = µt(xt). Let Qµt

be the distribution
of µt(Xt) where Xt ∼ Qt, and let qµt

be the corresponding p.d.f. (w.r.t. the Lebesgue measure). Let
Qµt,x0

be the joint distribution of µt and x0.

Now, we can re-write the integral as∫
x0,xt

∥µt(xt)−
√
ᾱt−1x0∥

p
dQ0|t−1(x0|µt(xt))dQt(xt)

=

∫
x0,µt

∥µt −
√
ᾱt−1x0∥

p
dQ0|t−1(x0|µt)dQµt

(µt)

=

∫
x0,µt

∥µt −
√
ᾱt−1x0∥

p qµt(µt)

qt−1(µt)
dQ0|t−1(x0|µt)dQt−1(µt)

≤

√∫
x0,µt

∥µt −
√
ᾱt−1x0∥

2p
dQ0|t−1(x0|µt)dQt−1(µt)

×

√∫
x0,µt

(
qµt

(µt)

qt−1(µt)

)2

dQ0|t−1(x0|µt)dQt−1(µt) (65)

where the last line follows from Cauchy-Schwartz inequality.
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Now, for the first term of (65) we recovered the matched moment, and we have√∫
x0,µt

∥µt −
√
ᾱt−1x0∥

2p
dQ0|t−1(x0|µt)dQt−1(µt)

=

√∫
x0,xt−1

∥xt−1 −
√
ᾱt−1x0∥

2p
dQ0,t−1(x0, xt−1)

= (1− ᾱt−1)
p
2

√∫
x0,xt−1

∥∥∥∥xt−1 −
√
ᾱt−1x0√

1− ᾱt−1

∥∥∥∥2p dQ0,t−1(x0, xt−1)

= (1− ᾱt−1)
p
2

√
E ∥Z∥2p ≲ d

p
2 (1− ᾱt−1)

p
2

where Z ∼ N (0, Id) is a Gaussian random variable.

Now we upper bound the second term in (65), whose square is equal to∫
x0,µt

(
qµt(µt)

qt−1(µt)

)2

dQ0|t−1(x0|µt)dQt−1(µt)

=

∫
xt−1

(
qµt

(xt−1)

qt−1(xt−1)

)2

qt−1(xt−1)dxt−1

= 1 + χ2(Qµt ||Qt−1)

(i)

≤ 1 + χ2(Qµt,x0
||Qt−1,0)

=

∫
x0

(∫
µt

(
qµt|x0

(µt|x0)

qt−1|0(µt|x0)

)2

qt−1|0(µt|x0)dµt

)
dQ0(x0)

=

∫
x0

(∫
xt

(qt|0(xt|x0))
2

qt−1|0(µt(xt)|x0)
det

(
dµt(xt)

dxt

)−1

dxt

)
dQ0(x0)

(ii)

≤

√∫
x0,xt

(
qt|0(xt|x0)

qt−1|0(µt(xt)|x0)

)2

dQt,0(xt, x0)×√∫
x0,xt

det

(
dµt(xt)

dxt

)−2

dQt,0(xt, x0)

where χ2(P ||Q) is the chi-squared divergence between P and Q. Here (i) follows from the data
processing inequality for f-divergence, and (ii) again follows from Cauchy-Schwartz inequality. We
can calculate the determinant term above as

det

(
dµt

dxt

)−2

= det

(
1

√
αt

Id +
1− αt√

αt
∇2 log qt(xt)

)−2

=

(
1

α
d
2
t

(
1 + (1− αt)Tr(∇2 log qt(xt)) + ϵT (xt)

))−2

≤ α
d
2
t

(
1− 2(1− αt)Tr(∇2 log qt(xt)) + ϵT (xt)

)
where we denote the residual terms as ϵT (xt) :=

∑∞
p=2(1−αt)

p
∑

I:|I|=p cI
∏

(i,j)∈I ∂
2
ij log qt(xt),

where cI is some coefficient that does not depend on T . Since from Lemma 15,

EXt∼Qt

∣∣∂2
ij log qt(Xt)

∣∣ℓ = Õ

(
1

(1− ᾱt)ℓ

)
, ∀i, j ∈ [d], ∀ℓ ≥ 1,

and note that 1−αt

1−ᾱt
= Õ

(
log T
T

)
with the αt in (10), we have that

EXt∼Qt
|ϵT (Xt)| ≤

∞∑
p=2

(1− αt)
p
∑

I:|I|=p

cIEXt∼Qt

∏
(i,j)∈I

∣∣∂2
ij log qt(Xt)

∣∣
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≤
∞∑
p=2

(1− αt)
p
∑

I:|I|=p

cI
∏

(i,j)∈I

(
EXt∼Qt

∣∣∂2
ij log qt(Xt)

∣∣p) 1
p

=

∞∑
p=2

Õ

(
(1− αt)

p

(1− ᾱt)p

)

= Õ

(
(log T )2

T 2

)
,

and thus

EXt∼Qt
det

(
dµt

dxt

)−2

= α
d
2
t + Õ

(
log T

T

)
≤ 1 + Õ

(
log T

T

)
.

Also, since

(
qt|0(xt|x0)

qt−1|0(µt|x0)

)2

=

1
(1−ᾱt)d

exp

(
−∥xt−

√
ᾱtx0∥2

1−ᾱt

)
1

(1−ᾱt−1)d
exp

(
−∥xt+(1−αt)∇ log qt(xt)−

√
ᾱtx0∥2

αt−ᾱt

)
=

(
1− ᾱt−1

1− ᾱt

)d

exp

(∥∥xt −
√
ᾱtx0

∥∥2( 1

αt − ᾱt
− 1

1− ᾱt

))
×

exp

(
2(1− αt)∇ log qt(xt)

⊺(xt −
√
ᾱtx0) + (1− αt)

2 ∥∇ log qt(xt)∥2

αt − ᾱt

)
(iii)

≤ exp

(∥∥∥∥xt −
√
ᾱtx0√

1− ᾱt

∥∥∥∥2 1− αt

αt − ᾱt

)
×

exp

(
2(1− αt)∇ log qt(xt)

⊺(xt −
√
ᾱtx0) + (1− αt)

2 ∥∇ log qt(xt)∥2

αt − ᾱt

)
(iv)
= exp

(∥∥∥∥xt −
√
ᾱtx0√

1− ᾱt

∥∥∥∥2 1− αt

αt − ᾱt

)
×(

1 + Õ

(
(1− αt)∇ log qt(xt)

⊺(xt −
√
ᾱtx0) + (1− αt)

2 ∥∇ log qt(xt)∥2

αt − ᾱt

))
where (iii) follows because 1−ᾱt−1

1−ᾱt
< 1, and (iv) follows because ez = 1 + Õ(z) when z → 0 and

because 1−αt

αt−ᾱt
, 1−αt

1−ᾱt
= Õ

(
log T
T

)
with the αt in (10). Thus,

EXt,X0∼Qt,0

(
qt|0(Xt|X0)

qt−1|0(µt(Xt)|X0)

)2

≤

√√√√EXt,X0∼Qt,0
exp

(
2

∥∥∥∥Xt −
√
ᾱtX0√

1− ᾱt

∥∥∥∥2 1− αt

αt − ᾱt

)
×

√√√√1 + Õ

(
EXt,X0∼Qt,0

[
(1− αt) ∥∇ log qt(xt)∥ ∥xt −

√
ᾱtx0∥+ (1− αt)2 ∥∇ log qt(xt)∥2

αt − ᾱt

])

(v)
=

√√√√EXt,X0∼Qt,0
exp

(
2

∥∥∥∥Xt −
√
ᾱtX0√

1− ᾱt

∥∥∥∥2 1− αt

αt − ᾱt

)
×
(
1 + Õ

(
log T

T

))
where (v) follows from Lemma 15 and Cauchy-Schwartz inequality, and

EXt,X0∼Qt,0 exp

(
2

∥∥∥∥Xt −
√
ᾱtX0√

1− ᾱt

∥∥∥∥2 1− αt

αt − ᾱt

)
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=
1

(2π)
d
2

∫
z

e2
1−αt
αt−ᾱt

∥z∥2− 1
2∥z∥

2

dz

=
1

(2π)
d
2

∫
z

e−
1
2∥z∥

2(1+Õ(log T/T ))dz

= 1 + Õ

(
log T

T

)
.

Therefore, we arrive at a bound for the second term in (65):√∫
x0,µt

(
qµt

(µt)

qt−1(µt)

)2

dQ0|t−1(x0|µt)dQt−1(µt) ≤ 1 + Õ

(
log T

T

)
.

and the lemma follows immediately.

H.5 PROOF OF LEMMA 17
Fix t ≥ 2. From (64), we also have

EXt∼Qt |∂p
a log qt−1(µt(Xt))|ℓ

≤ 1

(1− ᾱt−1)
pℓ
2

pℓ
∑

b1,...,bp

EXt∼Qt

 p∏
j=1

∣∣∣∣∫
x0

poly|bj |

(
µt(Xt)−

√
ᾱt−1x0√

1− ᾱt−1

)
dQ0|t−1(x0|µt(Xt))

∣∣∣∣ℓ


≤ 1

(1− ᾱt−1)
pℓ
2

pℓ
∑

b1,...,bp

p∏
j=1

(
EXt∼Qt

∣∣∣∣∫
x0

poly|bj |

(
µt(Xt)−

√
ᾱt−1x0√

1− ᾱt−1

)
dQ0|t−1(x0|µt(Xt))

∣∣∣∣
pℓ

|bj|
) |bj|

p

≤ 1

(1− ᾱt−1)
pℓ
2

pℓ
∑

b1,...,bp

p∏
j=1

(
EXt∼Qt

∫
x0

∣∣∣∣poly|bj |

(
µt(Xt)−

√
ᾱt−1x0√

1− ᾱt−1

)∣∣∣∣
pℓ

|bj|
dQ0|t−1(x0|µt(Xt))

) |bj|
p

≤ 1

(1− ᾱt−1)
pℓ
2

pℓ
∑

b1,...,bp

max
j∈[p]

EXt∼Qt

∫
x0

∣∣∣∣polypℓ(µt(Xt)−
√
ᾱt−1x0√

1− ᾱt−1

)∣∣∣∣dQ0|t−1(x0|µt(Xt))

≲
1

(1− ᾱt−1)
pℓ
2

· EXt∼Qt

∫
x0

∥∥∥∥µt(Xt)−
√
ᾱt−1x0√

1− ᾱt−1

∥∥∥∥pℓ dQ0|t−1(x0|µt(Xt))

≲
d

pℓ
2

(1− ᾱt−1)
pℓ
2

where the last line follows from Lemma 16. Now, together with Lemma 15, Assumption 5 is
established noting that 1−αt

1−ᾱt−1
= Õ

(
log T
T

)
= Õ(1− αt) for all t ≥ 2.

H.6 PROOF OF LEMMA 18
Recall the expansion of ζ ′1,0 in (57). As in the proof of Lemma 11, with the choice of µ1 and Σ1, we
still have

EX0∼P ′
0|1

[T1] = EX0∼Q0|1 [T1],

EX0∼P ′
0|1

[T ′
2] = EX0∼Q0|1 [T

′
2].

Define T ′
3 := 1

3!

∑d
i,j,k=1 ∂

3
ijk log q0(µ

∗
1)(x

i
0 − µi

1)(x
j
0 − µj

1)(x
k
0 − µk

1). Here µ∗
1 = µ∗

1(x1, x0) is a
function of both x1 and x0. A useful result from Lemma 15 is that, with the αt in (10), we have,
∀i, j, k ∈ [d] and ℓ ≥ 1,

(1− α1)
ℓEX1∼Q1

∣∣∂2
ij log q1(X1)

∣∣ℓ ≲ (1− α1)
ℓdℓ

(1− ᾱ1)ℓ
= dℓ, (66)

(1− α1)
3EX1∼Q1

∣∣∂3
ijk log q1(X1)

∣∣2 ≲
(1− α1)

3d3

(1− ᾱ1)3
= d3. (67)
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First, using Lemma 8, we have that

EX0,X1∼Q0,1
[T ′

3]

=
(1− α1)

3

3!α
3/2
1

d∑
i,j,k=1

EX0,X1∼Q0,1
[∂3

ijk log q0(µ
∗
1(X1, X0))∂

3
ijk log q1(X1)]

≤ (1− α1)
3

3!α
3/2
1

√√√√EX0,X1∼Q0,1

d∑
i,j,k=1

(∂3
ijk log q0(µ

∗
1(X1, X0)))2

√√√√EX1∼Q1

d∑
i,j,k=1

(∂3
ijk log q1(X1))2

≤ (1− α1)
3

3!α
3/2
1

dM

√√√√EX1∼Q1

d∑
i,j,k=1

(∂3
ijk log q1(X1))2.

Here in the last line we have used a similar technique in (55), which assumes that ∇2 log q0 is 2-norm
M -Lipschitz. Now, from (67) we have

EX0,X1∼Q0,1
[T ′

3] ≲
(1− α1)

3/2

3!α
3/2
1

d4M.

Also,

EX0∼P ′
0|1

X1∼Q1

[T ′
3]

=
1

3!

d∑
i,j,k=1

EX0∼P ′
0|1

X1∼Q1

∂3
ijk log q0(µ

∗
1(X1, X0))

∏
c=i,j,k

(Xc
0 − µc

1(X1))


(i)

≤ 1

3!
dM

√
EX0∼P ′

0|1
X1∼Q1

∥X0 − µ1(X1)∥6

≤ 1

3!
d2M

√√√√ d∑
i=1

EX0∼P ′
0|1

X1∼Q1

(
Xi

0 − µ1(X1)i
)6

(ii)
=

1

3!
d2M

√√√√ d∑
i=1

15

(
1− α1

α1

)3

EX1∼Q1 (1 + (1− α1)∂2
ii log q1(X1))

3

(iii)

≲
(1− α1)

3/2

3!α
3/2
1

d4M

where (i) holds with a similar technique in (55) assuming ∇2 log q0 is M -Lipschitz, (ii) holds by
Lemma 7, and (iii) holds by (66). The proof is now complete.
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