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Abstract

Heavy-tailed noise is pervasive in modern machine learning applications, arising
from data heterogeneity, outliers, and stochastic non-stationary environments.
While second-order methods can significantly accelerate convergence in light-tailed
or bounded-noise settings, such algorithms are often brittle and lack guarantees
under heavy-tailed noise—precisely the regimes where robustness is most critical.
In this work, we take a first step toward a theoretical understanding of second-order
optimization under heavy-tailed noise. We consider a setting where stochastic
gradients and Hessians have only bounded p-th moments for p € (1,2], and
establish tight lower bounds on the sample complexity of any second-order method.
We then develop a variant of normalized stochastic gradient descent that leverages
second-order information and provably matches these lower bounds. To address
the instability caused by large deviations, we introduce a novel algorithm based on
gradient and Hessian clipping, and prove high-probability upper bounds that nearly
match the fundamental limits. Our results provide the first comprehensive sample
complexity characterization for second-order optimization under heavy-tailed noise.
This positions Hessian clipping as a robust and theoretically sound strategy for
second-order algorithm design in heavy-tailed regimes.

1 Introduction

We consider the stochastic optimization problem

min F(x)v F((ﬂ) = EﬁND[f(xag)]v (D
z€ER?

with F' a smooth (but potentially nonconvex) objective and ¢ a random variable drawn from an
unknown distribution. While first-order methods are widely used in practice due to their simplicity
and scalability, the application of second-order methods remains limited in stochastic settings. This is
in stark contrast to their strong theoretical properties: second-order methods such as Newton’s method
[Bennett, 1916, Kantorovich, 1948], cubic regularization [Nesterov and Polyak, 2006, Nesterov,
2008], quasi-Newton [Dennis and Moré, 1977], and adaptive second-order algorithms [Doikov
et al., 2024] can offer provably faster convergence rates. Furthermore, complexity-theoretic results
demonstrate that second-order methods can outperform first-order ones in oracle settings, often with
only moderate additional computational cost [Agarwal and Hazan, 2018, Arjevani et al., 2019b,
2020].

Second-order methods are highly sensitive to noise. First-order stochastic optimization (FOSO)
methods—such as stochastic gradient descent (SGD) and its adaptive variants—are well understood,
both algorithmically and from a complexity-theoretic perspective. These methods enjoy optimal
convergence guarantees under a broad class of noise models, including bounded variance and infinite
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variance regimes [Gower et al., 2019, Khaled and Richtarik, 2020, Wang et al., 2021, Yang et al.,
2023]. In contrast, the development of second-order stochastic optimization (SOSO) methods has
been significantly hampered by their extreme sensitivity to noise, particularly in Hessian estima-
tion. Existing second-order methods suffer from both practical instability and overly restrictive
theoretical assumptions. For instance, stochastic extensions of cubic regularization [Ghadimi et al.,
2017, Tripuraneni et al., 2018] and its momentum variants [Chayti et al., 2024] require bounded
noise assumptions, which are rarely satisfied in modern large-scale learning tasks. Other frame-
works—such as trust-region methods [Arjevani et al., 2020], recursive momentum schemes [Tran and
Cutkosky, 2021], and extrapolation-based approaches [Antonakopoulos et al., 2022, Agafonov et al.,
2023]—relax this to bounded variance, but still fall short of handling more realistic heavy-tailed noise
distributions. To the best of our knowledge, no existing SOSO method can operate reliably under
noise conditions with unbounded variance, highlighting a fundamental gap in the current landscape
of stochastic optimization.

Heavy-tailed noise in gradients and Hessians. In recent years, the first-order optimization litera-
ture has increasingly moved beyond the bounded variance assumption, adopting more general noise
models that better reflect empirical observations in modern applications. A particularly influential
framework is the bounded central moment condition (p-BCM), which assumes

E [HVf(J?,f) - VF(Q?)HP] <o?, for some p € (1’2]7

thereby allowing for heavy-tailed noise with unbounded variance. This model aligns well with
empirical findings in deep learning, reinforcement learning (RL), and large-scale models, where
heavy-tailed gradient noise is often observed [Garg et al., 2021, Zhang et al., 2020, Ahn et al.,
2024, Simsekli et al., 2019, Battash et al., 2024]. Algorithms designed for robustness under p-BCM
noise—such as those employing gradient clipping or normalization—have demonstrated both strong
empirical performance and rigorous convergence guarantees [Zhang et al., 2020, Hiibler et al., 2024].
These developments suggest that heavy-tailed noise models are not only practically relevant but
also theoretically tractable, providing a principled foundation for algorithm design. Given that
second-order methods are even more sensitive to noise than first-order ones, this naturally motivates
the extension of such robustness principles to the second-order setting. In this work, we take this step
and aim to

develop a comprehensive theory of second-order stochastic optimization under heavy-tailed noise.

Specifically, we assume access to unbiased stochastic gradients and Hessian-vector products, each
satisfying a p-BCM-type condition:

E[|V?f(z,&) — V*F(z)|5,] < o7, for some p € (1, 2].

Our goal is to characterize the fundamental performance limits and develop practical algorithms for
minimizing F'(x) in this setting, with a focus on obtaining guarantees for finding points with small
gradient norm ||V F(z)|| < &, either in expectation or with high probability.!

From gradient to Hessian clipping. Gradient clipping has become a standard tool in modern
machine learning, particularly due to its empirical success in stabilizing training under heavy-tailed
noise and ill-conditioned objectives [Pascanu et al., 2013, Schulman et al., 2017]. Theoretically, it
has been shown to offer robustness under relaxed smoothness and moment assumptions [Polyak and
Tsypkin, 1979, Jakoveti¢ et al., 2023], and to enable high-probability convergence guarantees with
only logarithmic dependence on the failure probability. These properties are well-documented across
both convex [Nazin et al., 2019, Gorbunov et al., 2020, Davis et al., 2021, Gorbunov et al., 2024b, Liu
and Zhou, 2023, Gorbunov et al., 2024a, Puchkin et al., 2024, Armacki et al., 2023] and nonconvex
[Sadiev et al., 2023, Nguyen et al., 2023, Cutkosky and Mehta, 2021, Hiibler et al., 2024] regimes.
Crucially, high-probability results are both theoretically and practically appealing as they guarantee
the performance of individual runs rather than average-case behavior.

Despite these advances, the robustness enabled by gradient clipping remains largely confined to
first-order methods. In the second-order setting, where both gradients and Hessians may be corrupted
by heavy-tailed noise, comparable algorithmic tools are conspicuously lacking. The core difficulty is

'Tt would be interesting to extend our results to finding second-order stationary points [Nesterov and Polyak,
2006, Arjevani et al., 2019a], but we leave this investigation for future work.
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not just technical but conceptual: existing SOSO algorithms do not include mechanisms to suppress
the influence of extreme noise in Hessian estimates. This leads us to a fundamental question for the

design of robust second-order stochastic methods:

Can we develop second-order algorithms with high-probability convergence guarantees under
simultaneous heavy-tailed noise in both gradients and Hessians?

= Second-order
—— First-order

Complexity

1.2 1.4 1.6 1.8 2.0
Tail index p

Figure 1: Sample complexity comparison for
FOSO and SOSO depending on the tail index
p. Each line corresponds to the leading term in
the sample complexity for each class of algo-
rithms. These leading terms match in upper and
lower bounds, so this characterization is exact.
We establish the characterization along the entire
green line complementing the prior work [Arje-
vani et al., 2019a] for p = 2.
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Figure 2: Performance of algorithms on a simple
problem F(z) = 0.5 ||z||>, d = 10 with syn-
thetic noise generated from symmetrized Pareto
distribution with tail index p = 1.1. We observe
that algorithms without clipping, NSGDM and
NSGDMHess, suffer significantly from noise.
This motivates our more in-depth study involv-
ing gradient and Hessian clipping for high prob-

ability convergence.

Contributions:

* Tight lower bound. We establish a minimax lower bound on the sample complexity of any
SOSO algorithm under p-BCM noise model: 2 (% (5) Pj) , where A denotes the initial

e? €

suboptimality, and o, o, denote the scale of noise in gradients and Hessians, respectively.
This bound improves over the best known complexity for first-order methods [Zhang et al.,
2020, Hiibler et al., 2024] by a factor of 1/¢ uniformly for all p € (1, 2], demonstrating
that second-order methods can yield provable advantages even in the heavy-tailed regime,
see Figure 1. Moreover, our result implies that increasing the order of the algorithm (e.g.,
using higher-order derivatives) cannot significantly improve the rate under the same noise
assumptions.

* Optimal algorithm. We develop a second-order stochastic algorithm that achieves the

lower bound (up to constants) in the regime L < oj, where L denotes the Lipschitz constant

AlLton) (g> =
g g

of the gradient. The algorithm attains a sample complexity of O ( ) , and

is, to our knowledge, the first second-order method that provably works under p-BCM
noise. Notably, our method does not require second-order smoothness of the objective. This
result holds even in the classical setting p = 2, highlighting the broader implications of the
approach.

* High-probability convergence via Hessian clipping. We propose a clipped variant of our
algorithm that incorporates both gradient and Hessian clipping—the latter introduced here
for the first time. We show that this variant achieves near-optimal sample complexity with
high probability, incurring only a poly-logarithmic overhead in the failure probability. This
significantly extends the robustness of SOSO methods, enabling strong guarantees not only
in expectation but also with high confidence.

Our results are primarily theoretical and validated through synthetic experiments with controllable
heavy-tailed noise. While one component of our algorithm (in its unclipped form) has previously been
applied in reinforcement learning settings [Fatkhullin et al., 2023], its broader practical deployment
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remains an open challenge. In particular, several questions must be addressed to make these methods
viable in real-world applications: How can we reduce hyperparameter tuning overhead? Are there
default configurations that are robust across problem classes? And is clipping truly necessary, or can
it be systematically replaced by normalization techniques, as recent work suggests in the first-order
context [Hiibler et al., 2024]? We view our contributions as a foundational step toward a principled
understanding of second-order methods under realistic, heavy-tailed noise conditions, and hope they
spur further theoretical and algorithmic advances in this direction.

2 Notations and Assumptions

We use the common notation for natural numbers N = {0,1,...}, [n] = {1,2,...,n}. Throughout
this paper, d € N> denotes the dimension of the optimization problem (1). We use O (-) , 2 (+) for
sample complexity notations, which preserve the dominating term in the target accuracy € > 0 along
with the multiplicative constants such as initial suboptimality A, smoothness constants L, r > 1,
the variance of higher-order stochastic oracles o,., r > 1. When we write O (-), we suppress the
dependence on all parameters except for accuracy ¢ in the dominating term.

We make the following assumptions throughout the paper.
Assumption 1 (Lower Boundedness). The objective function F' is lower bounded by F* > —oc.

Assumption 2 (L-smoothness). The objective function F' is L-smooth, i.e. F is differentiable and for
all x,y € R% we have |VF(x) — VF(y)| < L |z — y|-

Assumption 3 (p-BCM). We have access to stochastic gradients V f (., §) such that E[V f(z,&)] =
V F(x). Moreover, there exist p € (1,2] and o > 0 such that

E[|Vf(z, &) — VF(x)|[’] <P  foranyz € R

Assumption 4 (p-BCM for Hessian). The function F is twice differentiable and we additionally have
access to stochastic Hessian-vector products V? f(z,€) -v for any v € R such that E [VQf(ac, f)] =

V2F (z). Moreover, there exist p € (1,2] and o, > 0 such that, for all x € R?

E|[V2f(2,6) - V2 F@)|! | <o

3 Lower Complexity Bounds for SOSO under p-BCM

To establish lower bounds, we build on a technique developed in a series of works [Arjevani et al.,
2019a, Carmon et al., 2020, Arjevani et al., 2020], which introduced a worst-case non-convex
function exhibiting the zero-chain property: starting from the origin, each algorithmic iteration
reveals information about only a single coordinate. Leveraging this framework, Zhang et al. [2020]
derived the first lower bounds for FOSO under heavy-tailed noise, assuming the p-th moment of the
stochastic gradient is bounded, i.e., E[||V f(z,&)||]” < GP, which differs from Assumption 3.

In our work, we assume access to a g-th order stochastic oracle, meaning that each query yields
stochastic approximations of derivatives of orders 1 to ¢ at a given point x. This oracle model was
formally introduced by Arjevani et al. [2020]. Building on their proof technique, we derive new lower
bounds under the assumption that each stochastic derivative has a bounded p-th central moment.

Function class. We consider the class of ¢-times differentiable functions (¢ > 1) satisfying two key
properties: (i) functional boundedness, i.e., F'(0) — F* < A; and (ii) Lipschitz continuity of each
derivative up to order ¢, i.e., for all z,5 € R% and r € [q],

IV"F(z) = V' F(y)llop < L[l — yll.

We denote this function class by F(A, Ly.,), where L1., = {L1, Lo, ..., L, }. Note that the constant
L from Assumption 2 corresponds to L1 in this notation.

Oracle class. We now define the oracle model. For a fixed function F' € F(A, L1.,), a stochastic
g-th order oracle is defined as follows: for any € R? and £ ~ D,

def

0%(2,6) = (f(,8), Vf(2,6),V?f(2,6),..., VI f(x,€)),



149
150
151
152

154

155
156
157
158

159
160
161

162

164
165
166

167

168

169
170
171
172
173
174

175
176

177
178
179

180
181
182
183
184
185

186
187

where each component satisfies the unbiasedness conditions:  E¢up[f(z,§)] =
F(z), and Eeup[V'f(z,8)] = V'F(x), Y r € [q]. We define the oracle class O, (F, 01.4)
as the set of all such stochastic oracles for which the p-th moment of the estimation error (with
p € [1,2)) satisfies:

Eenp ||V f(2,8) = V'F(2)]g,| <07, V7€ gl

For r = 1, this recovers o1 = ¢ from Assumption 3, and for = 2, we similarly have oo = o}, from
Assumption 4.

Algorithm class. To prove lower bounds we will work with a class of zero-respecting algorithms.
The formal definition is provided below. The motivation why this class of algorithms is interesting
for us is based on its property: on each iteration of such algorithm we can reveal only maximum one
new coordinate.

Definition 1. We call a stochastic q-th order algorithm A zero-respecting if for any function F' and
any p-th order oracle O%, the iterates {x'}1cn generated by A via querying O% satisfy the following
property: supp{z'} C U, supp{O%(¢*,£")}, ¥Vt € N with probability one with respect the
randomness of the algorithm and the realizations of {&'}ien.

Theorem 1. Ler g € N, and let A > 0, Ly, = (L1,...,Ly), 014 & (01,...,04) and e < O(o1).

Then, there exists F € F(A, L1.q) and a corresponding noisy oracle 0% € O(F, 01.4) such that for
any q-th order zero-respecting algorithm, the number of oracle queries required to find an e-stationary
point (with constant probability) is lower bounded by

1 1

A fo\eT : o\ (Lo \7
QL) - —(— — . 2
S € (z-:) mm{re{mzl.?q} (01) ’rr'%l[rql]( € ) } @

Moreover,  this lower bounds is realized by a construction of dimension

1 1
S) (? min {minre{z,...,q} (%) o , M, (g (L:)T }) .

The proof of Theorem 1 is deferred to Appendix D. In Theorem 1 we provide lower bounds for any
g € N, which corresponds to the order of an oracle used in an optimization algorithm. Since the
main focus of our work is the second order information and the benefits to improving complexity
compare to the first order, we discuss a complexity result from Theorem 1 for the case ¢ = 2. For
second-order methods ¢ = 2, under Assumptions 2, 3, 4 and, additionally, (possibly) assuming the
Hessian is Lipschitz continuous with constant L, we have

Q(1) - min { A (g)ﬁ , AlLo (g)ﬁ , AVLno (U)pll} , 3)

e2 \¢ g3 \eg e’ €

where the parameters are that o = 01, 0}, = 02, L = Ly, Ly = L;,. Now we will discuss each term
separately in different regimes.

First-order optimization with Lipschitz gradient. When we do not have access to the second-order
information and the objective function has only Lipschitz continuous gradient, but not any higher
derivative, our lower bounds (3) reduces to second term:

Q (Aga (g) _> '
€ €
This bound exactly matches (up to a numerical constant) the previously known lower bounds for
first-order stochastic optimization under p-BCM [Zhang et al., 2020], and the corresponding upper
bound achieved by normalized SGD [Hiibler et al., 2024]. Several other algorithms like Clip-SGD and
NSGD with momentum and clipping also nearly match this complexity lower bound up to additional
polylogarithmic terms in 1/ and polynomial terms in d, L and o [Zhang et al., 2020, Cutkosky and
Mehta, 2021, Nguyen et al., 2023].

First-order optimization under higher-order smoothness. The second case worth discussion is
when we still do not have access to stochastic Hessian, but we know that an objective function has
Lipschitz continuous second order derivatives. Then our lower bound in (3) becomes

o (o {257 (2)77 24887 (7)),
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The last term in the above bound nearly matches with the complexity of method called NIGT
with clipping from the paper of Cutkosky and Mehta [2021] in terms of dependence on 1/¢ up to
logarithmic factors. Unfortunately, there is still a small discrepancy with the upper bound in the
dependence on other parameters and with that Cutkosky and Mehta [2021] use a slightly stronger
(non-central) assumption E [||V f(z, £)||]” < GP instead of our p-BCM. We believe our bound is tight
and can be achieved with a more careful analysis of NIGT type algorithm under p-BCM assumption.

Second-order optimization with only Lipschitz gradient. Finally, we wish to discuss an important
setting, which is rarely discussed in the literature on second-order optimization. Higher-order
smoothness can be challenging to verify in practice and even when it is possible, the estimates of Ly,
can be too large to be useful. Thus we pay attention to the case when we have access to stochastic
Hessian, but the second derivative can be non-continuous, i.e. L; — +oc. Our lower bound (3)
provides new insights on this interesting setting, simplifying to

- (Aoy soNv= ALc /0N =1
Q ( min 5 <7> — (7) .
€ € € €
As we can see, the first term corresponding to the second-order optimization has better dependence on
an accuracy ¢, and can be potentially much smaller than the second one. Moreover, this complexity is
not impacted with the constants corresponding to higher order smoothness, which potentially gives
us the possibility of designing a second-order methods with this complexity that does not depend on

Ly, and higher order smoothness constants. However, this is merely a lower bound, which does not
give us any algorithmic solution yet. The question we investigate in the next section:

a1
Can we design an algorithm handling heavy-tailed noise with complexity O (A”“ (g) Pt ) ?

£2

4 Near-optimal Second-Order Method under p-BCM

In the last decade, the stochastic second-order optimization (SOSO) has been extensively studied
under stronger noise assumptions. We will first overview the existing approaches, particularly
focusing on the development in the non-convex setup. First, Tripuraneni et al. [2018] proposed and
analyzed Stochastic Cubic Newton (SCN) method achieving @(5’7/ %) sample complexity. They
require a strong bounded noise assumption, use large mini-batches and importantly this complexity is
not order optimal. Later Arjevani et al. [2020] established lower bounds for SOSO to find first-order
stationary points and proposed two algorithms: SGD with recursive variance reduction with stochastic
Hessian-vector products (HVP-RVR) and Subsampled cubic-regularized trust-region method with
HVP-RVR. Both algorithms achieve O(e~3) sample complexities, which is min-max optimal when
the variances of stochastic gradient and Hessian are bounded. Besides strong noise assumptions, their
algorithms require large batch sizes of Hessians, since they used HVP-RVR subroutine to update the
momentum term. To overcome the large batch-size requirement Tran and Cutkosky [2021] design
a simpler algorithm: SGD with Hessian-corrected momentum (with optional normalization) called
SGDHess. Thanks to the Hessian corrected momentum term, their methods also achieve O(e~3)
sample complexity with any batch size > 1. Recently, Chayti et al. [2024] propose a variant of SCN
with momentum without large batch requirement. However, their analysis requires bounded noise
assumption and only achieves O(¢~"/2) sample complexity.’

To summarize, all above mentioned works require strong noise assumptions: bounded noise and
bounded variance. Moreover, their sample complexities also depend on second-order smoothness Ly,
which can be potentially infinite as we discussed in the previous section. We refer to Table 1 for the
summary of existing results.

To design an optimal second-order algorithm without these limitations, we take an inspiration from
the recent developments in reinforcement learning [Salehkaleybar et al., 2022, Fatkhullin et al.,
2023]. Their algorithms called SHARP and (N)HAR-PG are variants of SGDHess in [Tran and
Cutkosky, 2021] with optional normalization step. We adapt one variant of their method to our
general stochastic optimization setting and present it in Algorithm 1. This algorithm computes a
random interpolation point z; uniformly distributed between consecutive iterates x;_; and x;. Then

B “However, in the noiseless case their complexity has better @(5’3/ ?) iteration complexity compared to
O(e~?) for SGDHess.
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Algorithm 1 NSGDHess (Normalized SGD with Hessian correction)

1: Input: Starting point zo € R?, a vector go € RY, a stepsize v > 0, momentum parameters
o > 0, the number of iterations 7.

2. 11 =T — ’yufg’—g”

3: for t=1,2,..., T —1do

4: Sample ¢; ~ U ([0, 1])

5: Ty = qiy + (1 —qi)we

6: Sample &;, & ~ D independently

T g =(1-aqa) (gt—l + V2 f (&g, &) (g — xt—l)) + aV f (x4, &)
8: xt—i—l = Tt — 7“37:“

9: end for

10: Output:

it evaluates a stochastic gradient and stochastic Hessian-vector product using independent samples &;

and ft. Finally, a recursive momentum is constructed before applying the normalization step.> Now
we are ready to state the convergence guarantee for Algorithm 1.

Theorem 2. Suppose Assumptions 1, 2, 3 and 4 hold. Let the initial gradient estimate be given by

Binir p p
1 g —1 g\ 2p—1
go = B, jE:1 V f(xzo,&o,;), where Bj,; = max {17 (g> . (g) ’ } .

1 .
Set stepsize as v = ‘/%, momentum parameter as o = min {1, a5}, where ooy =

j2 52— p—1
max{(f{;) =t (A(%ﬁ”)) e }, & = 20/B,. . Then, Algorithm 1 guarantees that
T tT:_Ol E[|VF(x:)||]] < € with the total sample complexity
A(L A(L P 7T
O( (Lt on) , Al j””(ﬂ) +2(9) ) e
€ € € € \¢e

The proof is deferred to the Appendix E. We also investigate different choices of gg and their influence
on the total sample complexity rate in Appendix E. We find that the initial batch size to estimate g is
not necessary for convergence, but helps to slightly improve the total sample complexity.

Discussion: Comparing this result with Theorem 1, we observe that our upper bound (4) matches our
lower bound-the first term in (3) in terms of the target accuracy . Moreover, when A(L + o) > oe,
we have a tight upper bound, which exactly matches the lower bound from previous section in the
leading term (up to a numerical constant). Moreover, since our upper bound does not depend on
constant Ly, it explains our observations in Section 3 regarding the limit case L;, — oo, and answers
the raised question affirmatively. We refer to Table 1 for more technical comparison with prior work.

5 Hessian Clipping for High-probability Convergence

In Section 4 we provide an in-expectation guarantee for Algorithm 1. While in-expectation guarantees
are useful in the case when we are allowed to run method multiple times to analyze average-case
behavior, it can be impractical. In may real-world scenarios only a single run of the methods can be
performed, due to computational or time constraints. Thus, our main goal in this section is to conduct
high-probability analysis for Algorithm 1 or its modification.

Since we work in the unbounded variance case, which corresponds to heavy-tailed noise, it is
important to ensure that the analyzed method is robust to such noise. Following works of Gorbunov
et al. [2020], Cutkosky and Mehta [2021], Sadiev et al. [2023], Nguyen et al. [2023], we propose
a new algorithm called Normalized SGD with momentum and Hessian clipping. It is presented in

3Normalization step for this method is important for our analysis under p-BCM, however, it can be removed
when p = 2 or when additional clipping is used as in the next section.
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Algorithm 2, where we incorporate gradient clipping and Hessian clipping compared to Algorithm 1.
Formally, a clipping operator (clipping for short) is defined as
A
clip(v,\) = min {1, ”H} v forany v # 0 from R, 5)
v

where A > 0 is called clipping level/threshold.

Algorithm 2 Clip NSGDHess (Normalized SGD with Hessian correction and clipping)

1: Input: Starting point zo € R, a vector gy = 0 € RY, a stepsize v > 0, momentum parameters
a > 0, clipping levels A > 0, A, > 0, the number of iterations 7.

2: x1 =xpand go =0

3: for t=1,2,...,T—1do

4: Sample ¢; ~ U ([0, 1])

5: Ty = qrxy + (1—qi) w1

6: Sample &;, & ~ D independently

7. g =(1-a) (gt—l +vyclip (7_1V2f(it, §)(we — w4-1), ;\h)) +aclip (V (2, &), A)
8: T4l = Tt — ’YHZ%H

9: end for

10: Output:

As in Algorithm 1, we use normalization in the gradient update (line 8), which allows the next point
x4 to stay in the ball with center at x; with radius . The main difference between Algorithms 1
and 2 is in the momentum term. To enhance the robustness we clip not only gradient, but also
the Hessian-vector product. As we mentioned above, gradient clipping is a common approach,
but Hessian clipping is new and we it allows us to provide the first high-probability guarantees
for second-order stochastic optimization without light-tail noise assumptions. It is worth to draw
attention to the following term:

yclip ('7_1V2f(§7tyét)(xt —Ti_1), 5\h) . (6)

Observe that clipping the entire Hessian based on its operator norm would have been very costly since
it typically requires O(d?) arithmetic operations (e.g., using power iteration [Golub and Van Loan,
2013] or Lanczos algorithm [Lanczos, 1950, Saad, 2011]). Instead of clipping the stochastic Hessian,
we clip the Hessian-vector product, which is computationally tractable and only required O(d)
operations. Thus the computation of this clipped Hessian-vector product can be easily implemented
via backpropagation and the subsequent “vector” clipping (5). Another reason why we prefer to use
this form of clipping comes from the analysis: we want to preserve the following useful property:

B, [V &) @ — )| = By B [V2F(@060)] (00— 20)]
Eq, [V2F(§3t)(xt - It—l)]

1
/ V2F (qre + (1 — q)w¢—1) (2t — 24_1)dgq
0
= VF(xt) — VF(l'tfl), (7)

which would have been invalidated if we were to use the direct Hessian matrix clipping. Instead, we
prove that the expectation of (6) will approximately be equal to (7) when A, is selected properly. By
smoothness and gradient step, we have ||VF(z;) — VF(z;-1)|| < L||xy — 24—1]| = L7y, meaning
the expectation is bounded. To provide analysis, we need to rewrite clipped Hessian-vector product
as follows

v clip (’Y_lvzf(fct,ét)(xt — 1), j\h) = clip (VQf(f?uét)(xt - xt—l)a’yj\h) )
where we denote \;, = 'yj\h. The former formulation in the above formula is useful for implemen-

tation, since as we will see that \;, ~ O(ya~"?) and A\ ~ O(a~"?). Thus, A and )\;, are of the

1
same order ~ O(a~"/?) = O(T2»-71), which makes it easier to tune these 2 parameters together in
practice. The latter formulation will be used in the high-probability analysis. Now we are ready to
state the main theorem of this section.
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Theorem 3. Let Assumptions 1,2,3, and 4 hold, and define the initial optimality gap as A, :=
F(xg) — F.. Let 6 € (0,1 and T > 1 be such that log(8T/§) > 1. Suppose Algorithm 2 is

executed with the following settings: momentum parameter o« = T~ T, clipping levels A =
max {4\/LA1, #} Ap = %ﬁ’h) stepsize y satisfying:

Ay \/m Ay Aral/r
fy<(9<m1n{\/; \/> T log(T/0)’ ga%Tlog(T/Cs)’ \/(L+0h)Tlog(T/6 })

Then, with probability at least 1—06, the output of the algorithm satisfies: = Z LVF(z)]| < 2A1
As a result, the gradient norm converges at the rate:

1= A(L+on)+o T
= IVE@) =0 ( g ()

t=0 2p—1

with high probability.

The complete proof of Theorem 3 is in Appendix F. Disregarding parameters L, o, o, A1 in the
choices of the stepsize and the clipping level, we see that momentum parameter and stepsize decrease

with the same rate ~ O(1/75°1 ), similarly to Algorithm 1. Also, as we mentioned above clipping
levels A and S\h has the same rate and increase with ~ O(TTlfl)

Corollary 1. In the setting of Theorem 3 Algorithm 2 ensures that Z ||VF(xf) | < e with
probability at least 1 — §. To achieves this, the algorithm requires at most

2p-1
o (((\/Al(L+Uh)+U)/E log 1/55) o ) first/second-order oracle calls.

According to the results of Theorem 3 and Corollary 1, we have shown that Algorithm 2 has a
near-optimal convergence rate in the dependence of €. Moreover, the complexity has the logarithmic
dependence on 1/s, which is better than a polynomial dependence that can be achieved by directly
translating the in-expectation result of Theorem 2 to high probability using Markov’s inequality.
Unfortunately, the dependence on Ay, L, o, oj, does not matches with lower bounds (3).

Comparison with Liu et al. [2023b]. Under additional strong assumptions, recently Liu et al. [2023b]
analyze a momentum-based variance-reduced first-order method and obtain rates similar those in our
Corollary 1. However, they assume individual smoothness (i.e. |V f(x,&) — Vf(y,&)| < ¢z — y||
for all -,y € R? and all realizations of random variable £). However, the individual smoothness is a
very strong assumption which implies the bounded stochastic Hessian, i.e. || V2 f(x, )| < £ a.s., for
all x € R, We also note that under individual smoothness fast p-independent rates can be obtained,
e.g., Lei et al. [2019] achieve O(¢~*) complexity for SGD under this individual smoothness.

6 Limitations and Future Work

While our proposed method with Hessian clipping has many desirable properties such as near-optimal
sample complexity, batch-free and high-probability convergence under mild statistical assumptions,
it also has several limitations. First, it requires tuning 4 extra parameters compared to, e.g., vanilla
NSGD [Hibler et al., 2024]. It would be interesting to investigate if such extensive tuning can be
removed for second-order methods. Second, while our sample complexity is near optimal, it does
not exactly match our lower bound in all important parameters. Moreover, while we mainly pay
attention to the leading stochastic terms in the complexity, our methods do not recover optimal
deterministic complexities of second-order methods. Perhaps a different analysis technique for
clipping and some algorithmic modifications (like Newton type preconditioning [Chayti et al., 2024])
are required to exactly match the upper and lower bounds. Third, high probability upper bounds are
derived for a fixed confidence level ¢ rather than uniformly for all § € (0, 1) (as e.g., in [Liu et al.,
2023a, Hiibler et al., 2024]) and the algorithm’s parameters depend on this choice. This is limiting
as it doesn’t necessarily imply high probability convergence for a fixed parameter choice. Finally,
while we make an important progress in the fundamental understanding of second-order stochastic
optimization, this results should be interpreted with caution. In practice, the overhead of second-order
methods (computing Hessian information or even Hessian-vector products) and the challenge of
tuning additional hyperparameters (such as clipping thresholds for both gradients and Hessians) can
be significant.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: yes, we derive new sample complexity upper and lower bounds, the formal
proofs are in the appendix

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: yes, there is limitations sections in the end of main part

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: Yes, all formals proofs are in the appendix, assumptions are clearly stated.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Yes, we describe the details of our experiments, although our experiments use
very simple toy illustration.

Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [NA]

Justification: Our work’s focus is advancing theory of stochastic optimization, so this
question is not applicable. Our one numerical illustration is a very toy experiment involving
10 dimensional quadratic problem with synthetic heavy-tailed noise.

Guidelines:

» The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Yes, we provide all necessary information to reproduce our toy illustration.
Guidelines:

* The answer NA means that the paper does not include experiments.
» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: Yes, we include error bars as it is important to illustrate the confidence levels
of optimization algorithms.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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10.

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]

Justification: The illustration is toy and can be run on any device without advanced compute
resources.

Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: Yes, we follow the NeurIPS Code of Ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: Our work advances theory of optimization, it has not immediate societal
impact.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: There are no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: We don’t use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

18


paperswithcode.com/datasets

739
740

741

742
743

744

745

746

747
748
749
750
751
752
753
754

756
757
758

759

760

761

762

763

764
765
766
767
768
769

770
771

772
773
774
775

776

777

778

779

781
782
783
784
785
786
787
788

789

13.

14.

15.

16.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We don’t release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: we don’t use crowdsoucing.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: the work does not involve crowdsourcing.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
Justification: We don’t use LLM for method development.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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Table 1: Summary of sample complexities of stochastic second-order (SOSO) methods for finding
an e-stationary point, in high probability of in expectation, i.e., number of stochastic gradient and
Hessian evaluations to find Z with ||V F(Z)|| < €. The column “p” indicates the range of moments
in Assumptions 3, 4 for which the result holds, that is when p = 2, the corresponding result holds
only under bounded variance. When p = oo it means that at least for stochastic gradient or stochastic
Hessian bounded noise assumption is required, which corresponds to all moments being bounded.
We are not aware of any prior works for SOSO for p < 2. The column “HP?” denotes whether the
high probability guarantee with polylogarithmic dependence on the inverse of failure probability 1/
is available.

Algorithm Sample Complexity P HP?
SCN A~N/Lyo? 1)
[Tripuraneni et al., 2018] e'/2 > v
SGD with HVP-RVR Mooy | AVLyoy | AL 9 X
[Arjevani et al., 2020] €3 /2 e?
SN2 with HVP-RVR Aooy | AVIsor | Aoy 9 X
[Arjevani et al., 2020] &3 %2 e?
N-SGDHess 3 | Aoon | AVIuo: 4 Aoy 9 X
[Tran and Cutkosky, 2021] &3 &3 £°/2 e?
SCN with IT-HB AVIL | AL0)? | AVIo?
[Chayti et al., 2024] g T TR © X
Lower Bounds . [ Aor ALoc AVLErio)l fo)\set
Theorem 1 min { EQh =S 55/; } (E) o (1,2]
NSGDMHess A(L+op) A(L+on) | o) (o\ 5T
Theorem 2 et < ot ;) (E) T A S
i
Clip NSGDMHess Arlton+o ) T7T Wy v
Theorem 3 & ’

) Tripuraneni et al. [2018] provide analysis under stronger assumptions, which implies the noise has light tails.
2 SN = Subsampled Newton.

A Additional Related Work

Gradient clipping and normalization. Gradient clipping has been applied successfully also in
zero-order optimization [Kornilov et al., 2024], bandit and RL literature [Bubeck et al., 2013, Cayci
and Eryilmaz, 2024], online learning [Zhang and Cutkosky, 2022] and differential privacy [Abadi
et al., 2016, Sha et al., 2024]. Some other works, which use normalization and gradient clipping
under heavy-tailed noise include [Armacki et al., 2023, Puchkin et al., 2024, Liu and Zhou, 2024].

B About Normalized SGD and Different Variants of Momentum

In this section we describe a general framework of momentum terms. There is a lot of literature
about it especially for convex optimization, since Nesterov [1983] showed that an appropriate use
of momentum with GD accelerates convergence. But we want to emphasize that in our work we
consider momentum in the context of stochastic non-convex optimization. The general update rules
is defined as follows

Gt
Ti41 = Tt — ’tha
t
where ¢, is a momentum term. Different selections of g; leads to different types of methods. Let us
consider several of them.

NSGD is the well-known method. if g; = V f (24, &), we immediately get NSGD. As it was shown
that NSGD converges only to the neighborhood, which radius is equal to ¢ [Yang et al., 2023, Hiibler
et al., 2024]. One of the possible way to fix it is mini-batching, allowing to reduce the variance. But
if we want to use only one sample per iteration, this strategy cannot be applied.
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NSGDM is the solution of the above problem and was proposed and analyzed by Cutkosky and
Mehta [2020]. The momentum term is defined as

gt =(1—a)g—1+aVf(x,&).

In their work we showed that NSGDM converges to e-stationary point and has sample complexity,
which is equal to O(¢~%), which is optimal according to Arjevani et al. [2019a]. Later, Hiibler
3p—2
sp=2

et al. [2024] extended this result to the case of bounded p-th moment deriving O(¢™ »
complexity.

) sample

NSGDM with clipping was proposed directly for the general set up with bounded p-th moment of
stochastic gradient. The momentum term is modified as follows

gt = (1 —a)g—1 + aclip (Vf(z, &), A).
Cutkosky and Mehta [2021] provided high-probability convergence guarantees, and the sample

3p—2
complexity of this method is O (e~ pT ), which is optimal and matches with lower bounds from the
paper of Zhang et al. [2020]. It is worth to mention that the clipping operator is not necessary and
normalization of momentum term is sufficient to guarantee convergence under Assumption 3 [Hiibler

et al., 2024, Liu and Zhou, 2024].

NIGT is NSGD with momentum and implicit gradient transportation proposed by Cutkosky and
Mehta [2020]. They modified momentum term with replacing the point, at which stochastic gradient
is computed:

l—«

gt = (1 —a)gi—1 + OéVf(iUtwft% where y; = x4 + Ti_1.

Thanks to this modification, assuming that the objective function has Lipschitz continuous Hessian
Cutkosky and Mehta [2020] proved NIGT has sample complexity O (5_7/ 2), which is better than
NSGDM.

NIGT with clipping was motivated for high-probability analysis under bonded p-th moment of
stochastic gradient by Cutkosky and Mehta [2021]. The main difference from NIGT is only a clipping
operator, which is needed from theoretical perspective. According to Cutkosky and Mehta [2021],

NIGT with clipping has sample complexity O (5_2%2> , which is optimal according to Theorem 1.
NSGD with MVR is other version of NSGD with momentum variance reduction (MVR).

STORM/MVR was proposed by Cutkosky and Orabona [2019] to improve the sample complexity
compared to SGD.

The above considered methods use only first-order information. What if we try to exploit second-order
information to improve sample complexity?

NSGD-Hess is Normalized SGD with Hessian-corrected momentum proposed by Tran and Cutkosky
[2021]. They introduced stochastic Hessian-vector product into momentum term:

gt =1 —a)(ge—1+ V2, &) - (w1 — 2121)) + oV f (s, &),

Refined NSGD-Hess. Our refined momentum modifies the point where the stochastic Hessian is
evaluated and uses another fresh sample &; ~ D for the Hessian-vector product computation.

@ U([0,1]),
T = qay+ (1= q)re—n,
g = (1-a) (gt—l + V2 f (&4, &) - (2 — Jﬂt—1)> +aV f(x,&).

2
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C Technical Lemmas

We list the following technical lemmas, which are useful for our analysis in the subsequent sections.

Lemma 1 (Lemma 10 from Hiibler et al. [2024]). Let p € [1;2], and X1,...,X,, € R? be a
martingale difference sequence, i.e. E[X;|X;_1,...,X1] =0a.s. forall j =1, ..., n satisfying

E[|X;|II’] <oo  foralli=1,...,n.
Define S, = 2?21 X, then

E{]1Sa]"] <2 Z B {11 X511°] -

i=j
Lemma 2 (Lemma 10 from Cutkosky and Mehta [2021]). Let X1,..., X, € R be a sequence of
random vectors. Define the sequence of real numbers w1, . . . ,wy, recursively

1. Wo = 0
2. Ifzf;ll X, # 0, then we set:

=1 sz;ll X

3' Ifz‘z?;ll Xl - O, set ’LU‘7 = 0.

Then |w;| < | X,/ forall j=1,...,n, and

n n
2 2

1Sl < | D wj| + | mas [1XG17 + > 1%]™ ®)

= Jj€ln] =
Lemma 3 (Bernstein inequality). Let X,..., X, € R? be a martingale difference sequence,
ie. E[X;|X;1,...,X1] = 0as. forall j = 1,...,n. Assume that conditional variances
032- i) [X J2|Xj,1, . ¢ 1] exist and are bounded, and assume that there exists deterministic
constant ¢ > 0 such that | X ;| < c almost surely for all j = 1,...,n. Define S & St X, then

forallb>0,G >0
n b2
2

Lemma 4 ( Lemma 5.1 from Sadiev et al. [2023]). Let A > 0 and X € R? be a random vector and
XY clip (X, \). Then, Hf( —E {)ﬂ H < 2. Moreover, if for some o > 0 and p € (1;2] we have
E[X] =2 € RL E[||X — 2||] < 0P, and ||z|| < V2, then

[e[] -] <55 = [Hf —:cm <18\ P07, B U];}_E [y”ﬂ e
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D Missing Proofs for Section 3

In this section we provide lower bounds for the certain class of functions and the oracle class. Our
prove is inspired by the paper of Arjevani et al. [2020].

Auxiliary Lemmas. Now we state two helpful lemmas to prove lower bound. The first lemma is
about the number of iteration to reveal all coordinates, when zero-respecting algorithms use the
information received from the oracle forming probability-p zero-chain.

Definition 2. A collection of derivative estimators V' f(x,€), V2f(x,€), ..., Vif(x,€) for a
function F forms a probability-p zero-chain if

P{3a|prog (V' f(2.€),.... V[ (2,)) = progs () + 1} < p

and

IP’{EJC | prog (Vlf(x,f),...,vqf(x,ﬁ)) :prog%(x) +i} =0,7:>1.

The second lemma is about the main properties of the worst function from the class F (A, Ly.q).

Lemma 5 ([Arjevani et al., 2020]). Let V' f (x €),...,Vif(z,&) be a collection of probability-
p zero-chain derlvatlve estzmators for F : RT — R and let O% be an oracle with Op =

V" f(x, . Let {2 11} be a sequence of queries produced by a zero-respecting algorithm A
r€lq] A[O ]
F
interacting with O%.. Then, with probability at least 1 — §

T —log +
prog (xfi)[OqFO <T, forall t< T‘s.
Lemma 6 (Carmon et al. [2020]). Let h : RT — R be the following function.:

T

h(z) = =T(1)@(x1) + Y (P(—2i1)®(—;) — W(zi_1)P(xs)) ,

=2

where

IN
N[ = w\»a

7 and ®(z f/ -3t gy,

)

0, T
‘I'(x):{exp(l—(zzlw), .

Then the function h satisfies the following properties:

V

* h(0) —inf h(z) < AoT, where Ag = 12.

» For ¢ > 1, the q-th order derivatives of h are {,-Lipschitz continuous, where {; <
exp (%q log g + cq) for a numerical constant ¢ < o0.

e Forallz € RT, g € Nandi € [T), we have ||[VIh(z)||,p < €g—1, where by = 23.
e Forallz € RT and q € N, prog (Vih(z)) < prog(x) + L.

* Forall z € R, if prog, (x) < T, then | V()| > |V g, ()11 ()] > 1.

Lemma 7. Let the derivative estimator is defined as follows for each r € [q]

[V"h(z,€)], & (1 +11{¢ >progi(9c)} (i - 1)) VTh(z),

where & ~ Bernoulli(p). Then, {V"h(x,§)},¢|q forms probability-p zero-chain, and for any
p € [1,2] and for each r € [q] the derivative estlmator satisfies

241: ,

E[V'h(z,2)] = V'h(z), and IE[HVTh(a:,f)— h(z)|? } forall z € RY.
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Proof. First of all, it is easy to show that the proposed estimator is unbiased, i.e.

E[V'h(z,8)] = (140) - V'h(z) = V"h(z).
According to Lemma 6, we have prog (V"h(z)) < prog ()+1< progi(aﬁ) + 1, where the last
inequality is true because prog,, is non-increasing with respect to .. Then, by Lemma 6 we have

[V'h(z,§)], = Vih(z) =0, Vi> prog: () + 1.
Therefore, due to that £ ~ Bernoulli(p) we obtain
IP{EI;U | prog (V' f(z,2),...,Vif(z,2)) = progy (z) + 1} < p,
ie. {V"h(z,§)}re[q forms probability-p zero-chain.

Now we bound p-th moment of V"h(z, ) — V"h(z) for any p € [1;2]. Denoting i, = progi (& (x)+1,
for any r € [¢] we have

E ||V h(z.€) = V'h)l] = H zz>prog<>}(i_1>pllvzh(x)é’p]
- &[5,
C enlfe
N )
-
< oL
-

O
Main Theorem. Now we are ready to state and prove the main theorem in this section, i.e. Theorem 1.

Proof. First of all, we fix all parameters: ¢ € N, A, L;.q,01.4 > 0 and € > 0. Next, we rescale our
function h as follows: h*(z) = vh(Bx), where v > 0 and 8 > 0. According to Lemma 6, selecting

T= L%A[)J,we have for any r € [q — 1]

h(0) —infh*(z) = v (h*(O) — inf h*(ﬂx)) < vAT < A,
IV (@) lop = wB IV R(B)|| < vBTH
IVR* (@) = vBI[Vh(Bz)|| = vB|Vh(z)|| = vB, Va: prog,(z) <T.

Since {V"h*(z,€) = vB"V"h(Bz, )}
probability at least § = l we have

relp) forms a probability-p zero-chain, then by Lemma 6 with

8[| o] <o [ st 2 2. ves 5!

The p-th central moment of the scaled derivatives estimators is bounded as
E[IV' 0 (0,6 = VR @)L < vPBTE |[VTh(Ba, ) =V h(5a) b,
2P BTPIE
prt

where in the last inequality we applied Lemma 7. Thus, we have the set of constraints for parameters
vand g forall r € [g]:

)

I/A()T < A;

v, < Ly
"B > e
1/”61”6

r—1pp— 1§O—p
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928 We will resolve the system of inequalities step by step. The first step is to set v = %‘5 Forr =1, we
929 have

pr—t o1

p
2 =1 41 P
vPpPep - <odl = p:min{<€> .Qﬂééjl,l},

930 To set 3, we need to find its specific value, which can satisfy the following constraints: for any
931 1 €{2,...,q} and any 7’ € [q]

L. BL, b o 2 o (ol—1\?
L T T pP < pr(r=1) T < P
vl,  2el,’ vip L1 = B Loy = 9r

Bt <

p
932 where in the inequality (x) we used pf—,l < #1”6" Therefore, we obtain

8= min min foar - L ’
_r’e[q];rE{Z,...,q} b._107 ’ 2el,0 '

P

o1 P _
933 Then, assuming 7" > 3 and ( )p ! .2%45"1 <1, we get

T-1 1 AB AR AB
20 2p \|2Ape = 8pAge

g o A min min boor - Ly ’
2660 4A0€ r'€lql; re{2,...,q} l._1071 ’ 2el,.
1 1
A P% T =1 L o
Q1) — (ﬂ) " min min Ir , min :
IS IS re{2,...q} \ 01 ' €[q] £

934 Since h and h* are functions of 7" arguments, the dimension of the problem is equal to 7". This
935 concludes the proof. O

v
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E Missing Proofs for Section 4

In this section we study Normalized SGD with Hessian correction (NSGD-Hess) (see Algorithm 1).

Auxiliary Lemmas. To show the convergence guarantees for Algorithm 1, we state and prove
auxiliary lemmas. The first one is well-known Descent Lemma for Normalized SGD. The proof for
this lemma can be found in Cutkosky and Mehta [2020], Hiibler et al. [2024], but for completeness we
restate and reprove it. The second one is devoted to the bounds on error term from Descent Lemma.

Lemma 8. Let Assumptions 1 and 2 hold. Then for any selection of stepsize v > 0 the iterates
{2}, generated by Algorithm 1 satisfy

T-1 T—1
YO NVE@) +Ar < Ag+2y ) [l + —5—

t=0 t=0

¥ LT

10
5 (10)
where functional gap is defined as A\, 4 F(xy) — F,, error term is defined as é; d:efgt — VF(xy).

Proof. According to the update rule for z; and Assumption 2, we have

L
F(zi41) < Flz) +(VE(@), 2e1 = 20) + Sllen - ||

2
gt v°L
= F(xy) — VF(xy), — )+ —
(@) ”< (@) ||gt||> 2
2
L
= Fla) =l =2 (VFG) - g0 2 ) + 2F
2L
< F(xe) = yllgell I VF(z0) — gel| + T
2L
< F(e) I VF@)| + 2V F ) - gl + LE.

Using notation for the functional gap and the error term, we get

7L
YWVE(z)]| + Arpr < Ay + 27|[é]| + 5

Summing over ¢ from 0 to 7" — 1, we obtain
T—1 T—1

VY IVF(@)| + Ar < Ag+27 > el + ——

t=0 t=0

’yLT

5 (11)

O

Next, we derive the lemma for error control for the Hessian corrected momentum estimator (lines
4 —71in Algorithm 1). Similar lemma for the special case p = 2 appeared previously in [Salehkaleybar
et al., 2022, Fatkhullin et al., 2023]. For the case p < 2, similar recursion was derived by Hiibler et al.
[2024] for first-order momentum. Now we extend this idea to the case of second-order momentum.

Lemma 9. Let Assumptions 2, 3 and 4 hold. Then for all t > 0, we have

Eflell] < (1 - a)'E[léoll] + 207 o + 124(L + 0o, (12)
where é; := g — VF(xy).

Proof. Define € = vf(xf,gf) — ( ) St+1 = VZf(i‘t+1,ét+1) . (It+1 — l’t) — VF(It+1) +
VF(z;). We have E[e,] = 0, E [||e¢ ][] < o, E M — 0, and
E H Si p} = B {HVF(%) — VE(z141) + V2 (@151, §51) - (@1 — 20) p}

< SE(IVF(@) = VE(wen)I) + 3B [HVQF(@H) (T — a?t)Hp}
3k [H (sz(it"'l’g“‘l) - VQF(ft—H)) (Te41 — T4) p}
6LPP + 302’#’,

IN
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957 By the update rule for the gradient estimator:
ét = g — VF({Et) = (1 — a)ét—l + aey + (1 — O[)St
958 Unrolling the recursion, we have

t—1
é = (1-a) 60+O¢Z tJ1€+1+21*Oé 841
7=0
959 Then, taking the norm and the total expectatlon, we get
t—1
E[[éill] < 1-a)E[[éol+E |[|a 301~ a) e || +E || S0 - )85 | - (13)
— iz

960 To continue the proof, we need to bound the last two terms from the previous inequality. By Jensen’s
961 inequality, we obtain

t—1 t—1 P\ 7
E aZ(l )t e < E aZ(l —a) ey
J=0 j=0
l/p
()
< apz afP I VE [leja |”]
() t—1 /r
< 20 Z(l — a)Pt=i= P
j=0
(k%) p1
< 2(ap_1ap)l/p =2a 7 o, (14)

962 where in () we used Lemma 1, in (xx) we used E[|le;41]|"] < oPand in (* x %) we used the
963 following inequality

t—1 t—1 00
. . . 1
D A-aft T <Ny 1—a) <> (1-a) =~
j=0 j=0 j=0 @
964 We bound the third term in the same way as we did for the second term:
t—1 t—1 P\ 7
E Z(l —Oz)t_ij_H S E OéZ(l —Ot)t_JSj+1
j=0 j=0
t—1 e
() - A p
2 (+5a-areon s
j=0
p
(%)
< 122 :D(f J) P(LP + o?)

(k)

< 12 (a_l'yp(Lp + oi)))l/p < 12(L + op)ya~ /7, (15)

. P
965 where in (x) we used Lemma 1, in (xx) we used E H‘Sj_H H } < 6LPAP + 30P~P, and in (* * x) we

966 used the following inequality

t—1 . t—1 o)
S -t <3 (1-a) T <3 (1 —a) =at.
7=0 j=0 j=0

967 Plugging (14) and (15) into (13), we obtain
Ell&l] < (1 - a)Ellél] +20"7 o +129(L + o)a™ ",
968 which concludes the proof. O
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Main Theorem. Now we are ready to state and to prove the main convergence theorem for Algo-
rithm 1.

Theorem 4. Let Assumptions 1, 2, 3 and 4 hold, and stepsize v = 1/ %, momentum parameter
_p T
a = min {1, ey}, where oy = max { (F2)=T, (%) v } Then iterates {x}{ ' of
Algorithm 1 satisfy
i )

1Tl

T To? AT

AL+ on) +U(A(L+ah));”‘ll STO («%)

E[[VF(z)l] = (

t:O

where & is defined as some upper bound on E [||go — VF (20)||]

Proof. Applying Lemma 9, we have

T-1
E flle]
t=0

IN

Z (1— a)'E[|léo]] + 207 oT + 129(L + op)a~/*T
t=0

[Ileoll] =1 m—ye
< +2a 7 oT + 129(L 4 op)a™ /*T.

Therefore, according to Lemma 8, we obtain

| Tl A 9Tl
S EIVF@ < St S Elled) + 2
t=0 t=0
A AL 2E[|e 1 B
< St UG 40" 6 1 249(L + oo~
A 2E[|e =
< S+ BBl s st e
AL +on)  Efléoll] | e=1
SO( a'/PT + oT taroal,
where in the last inequality we took v = %. Denoting E [||éo]|]] < &o and taking momentum

p P
. 55T A(L 2p—1
parameter o = min {1, Qefr }, Where aer = max { (F2)=T, (%) }, we have

T—
A(L+Jh) &o p=1
L EITFC - O( —arT tar e
B A(L—l—ah) & A(L—I—Uh) ‘21%11 & 721;111
- O( —7 vt "1 ) T\ :

Now we investigate how different choices of initial estimator gq affect the total sample complexity
bound.

Corollary 2. Let all assumptions of Theorem 4 hold and the step-size and momentum parameters are

set according to this theorem statement.

1. If we set g9 = VF(xg), then & = 0, and the total sample complexity of Algorithm 1 is
equal to

g2 g2 €

o (A(L—i—ah) N A(L+op) (0)#1) .
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2. Ifwe set go = 0, then &g = V2AL, and the total sample complexity of Algorithm 1 is equal

to

A(L + op)

0 <A(L +op)

e2

3. If we set gy = 35— Z N f

init
p=1

50 —20’/B

init

e2

0 (A(L +o3) .

e2

e2

then éy = 0 and & = 0. Thus we have

1 T-1
LY slwrel - o
t=0

1 -
In other words, we can guarantee — » ,

°f

iterations of Algorithm 1.

A(L + Uh)

(0™

(x0,&0,5) With By = max{l (6)ﬁ , (%)ﬁ}, then

1
p—1 ag
3

Proof. The first case is ideal, when we can have access to the full gradient but once: set gg

VAL

e2

1
O’)pfl
3

JN)

T

e2

£2

To?

LR [||VF(2,)]] < e after
n A(L + Uh)

©7")

AL+on) |, <A(L+Uh)>2p;

and the total sample complexity of Algorithm 1 is equal to

A(L + op) (g
€

).

= VF(I()),

)y

The second case is that we select gg as a zero vector. This choice implies that by smoothness of F/,
we have

T-1 2L
1 A(L—i—ah) A(L-‘,—Uh) 2p—1
— E F =
p—1
A(L + op) A(L +op)\ 27
= O 7 o To? +o
which implies that the total sample complexity is
A(L + A(L
0<(2““-(§%Wﬂ 4 YAl
€ € € €

The third case is that we set go =

E[léoll] = [VF(zo)|| < V2LA =

Plugging the obtained value of & into the result of Theorem 2, we have

Eflleo]] <

<

<

Binit

VAL

T

0)7)

Z "V f(xo,&0,;). By Lemma 1, we have

> RV £(xo,€o.5) — VF(x0)]"]

(E [[léo]”))’
9 Binit
Binit \ =5
B..
2 init
oP
Binit z_:
7=0

* — (Ellgo — VF(z0) "))

Plugging the obtained value of & into the result of Theorem 2, we have

d

T

T—
Z WIVEG@)] = O
t=0

A(L + op)

A(L + op)

T
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p—1
2p—1
)

(m

To

|

To

p—1
) 2p—1

1/;7
o 1
1 + g 1
TB. °7 TB. p

init

m)z”‘l




1000 from which we have that the total sample complexity is

A(L + A(L + e 2 =
(Lt on) AL+ on) (2)7+—=—(3)77 + —= + B
IS 9 B<T€2 P

€ € -
init eB;i¢

O

P

P P
1001 Taking Bjn = max {1, (2)7 1, (2)= " }, we have that the total sample complexity is

€

O(A(L+oh) N A(L + o) (g)ﬁJrg (g)ﬁJr (0)2;’1)

g2 g2 € € \¢e €

1002
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w3 F  Missing Proofs for Section 5

1004 Now we start the high-probability convergence analysis for Algorithm 2. We divide our analysis into
1005 two parts: Optimization part, where we prove descent lemma, and High-Probability part, where we
1006 uUse concentration inequality to bound several terms from Descent Lemma. Finally, combining results
1007 from both parts, we prove the main results of this section via induction. The idea is based on work of
1008 Sadiev et al. [2023] and Liu et al. [2023b].

1009 F.1 Analysis: Optimization Part

1010 We start with Descent Lemma.

1011 Lemma 10. Letr Assumptions 1, 2 hold. Then Algorithm 2 with stepsize v > 0 and momentum
1012 parameter o € (0, 1) generates iterates {zt}tho satisfying the following inequality

T-1 2
F Ar < A+ ——+—+LA
’Y;”V (@l +Ar < Art =+ =LA

-1 ¢
+27az Z (1—a)70, —|—2WZ Z —a) Iy,
j=1 t=1 ||j=1

1013 forany j € [T — 1] vectors 6; and w; are defined as follows

0, ¥ clip(Vf(x;,&),N) — VF(x;), (16)
Y & clip (VQf(i'tvét)(xt — 1), /\h) —(VF(zj) = VF(zj-1)). (I7)

1014 Proof. First, we notice that Lemma 8 holds for Algorithm 2 and can be proven in the same way as
1015 for Algorithm 1, since the gradient updates in the both methods are identical except for x1, and the
1016 update rule for momentum term does not play any role in the proof of Lemma 8. Therefore, the

1017  iterates {xt}tTZO of Algorithm 2 satisfy

T-1

VY IVF()] + Ar < Ay +2WZ &) + =—

t=0 t=0

'yLT

. as)

1018 where Ay = Ay, because £y = z7. Next we bound ||é;]| in almost the same way as we did in
1019 Lemma 9. By update rule for momentum parameter, we have

€ = g1 — VF(x)
= (1-q) (gt—l +clip (sz(:%t,ft)(:ct - T-1), Ah))
+aclip (Vf(x, &), A) — VF(x)

(16),a7 (1—a)éi—1+ab + (1 — @)w;

¢ ¢
= (1—a)ey+ aZ(l — )70, + Z(l — )ity
j=1 j=1

1020 Taking the norm, we obtain the following bound

t t
SOERIERTAEN ) IR 1Y) SRt
=1 =
t ¢ |
< (1,a)t 2LA + « Zl,at JQ + Z(lfa)tiﬂrle ’ (19)
= =

1021 where in the last inequality we used the following chain of inequalities

léoll = llgo — VE(z0)l| = [VE(20)| = [VF(21)l| < 2L(F(21) — Fv) < V2LA,.
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1022 Plugging (19) into (18), we acquire

T—1 T—1 VLT
VY IVF@)|+Ar < Ar+2y > [léd + 5
t=0 t=0
1;7” T-1
< A1+T+2 Z 1 —a)'\/2LA,
— t T—1 t
+2'yaz Zl—atw +2’yz Z(l
t=1 ||j=1 t=1 =
2T 3
< A4 + 1\/LA1

2
T-1|| ¢t T—1
+2'yaz Zl—atw +2’yz Z(l
t=1 ||j=1 t=1

1023 where in the last inequality we used

272 (1-a)t 2LA1<272 (1 - )'\V2LA, < Wy LA1<3

1-—

= 1-(1-a)

1024

1025 F.2 Analysis: Statistical Part

1026 According to Lemma 10, we have two new terms

t t

Z(l —a)'770;|| and Z(l —a)t Iy,

j=1 j=1

@)ty

a)t*jﬂw]

1027 To bound both of them, we use the same idea as in the work of Gorbunov et al. [2020], Sadiev et al.
1028 [2023], Liu et al. [2023b]: introduce unbiased and biased parts of 6; and wy, i.e. for any ¢ € [T

0, = 60"+6° where

0? d:ef clip (Vf(xtagt)vA) _]Eft [C:Llp (Vf(mt’gt)7>\)] ’
00 L Ee, [clip (Vi (24, &), N)] — VF(2y);

w = w'+w’ where

(20)
2D

wy = clip (sz(i“t,ét)(ft — 1), /\h) —Eqg ¢ [CliP (V2f(§7t’€t)(l’t —T41), )\hﬂQ,Z)

p  def

wi = Egpg [Clip (VQf(ﬂACtaét)(xt - xt—l)a)\h)} — (VF(z;) = VF(z;_1)).

1026 Under Assumption 3 for any A > 2||VF(z,)| Lemma 4 implies

Ee, [H@ylﬂswv—pap and  ||6?]| < 2PA1"Po®, forallt € [T].

(23)

(24)

1030 It is worth to mention we have already shown in Lemma 8 that under Assumptions 2 and 4 the vector
1031 S = V2 f (4, ét) (x4 —x4—1) — VF(2,) + VF(z4—1) has zero expectation E, ¢, [5}} = (0, since

E, ¢, [sz (4, &) (e — xt_l)] = E, [Eét [v2 f(:et,g})} (20 — xt_l)}
= Eq [V2F(50t)($t - xtfl)]

= VF(.Tf) - VF(It_l).
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. [P
1032 The p-central moment of S, is bounded, i.e. Ey, ¢, [HSt H } < 6LPHP + 30} ~P. Then, according to
1033 Lemma 4, for all ¢ € [T] we have

Egs, [0} °] < 18N 7797607 +307) and  [|wt]| < 22X, P97(6L7 +30F), (25
1034 forany 2 [|[VF(z:) — VF(zi—1)|| < 2Ly < Ap.

Lemma 11. Let Assumption 3 hold. For any §' € (0,1/2] and any t € [T, if clipping level satisfy
o
A > max {2 VF ()], -}

1035 then with probability at least 1 — 26’

t

2
Z (1—a)~ 30 §22)\logy.

103 Proof. We start with bounding H (1= a)t90; H

1037 Upper bound for HZ (1—a)t=70; H By (20) and (21), we have

t

t t
Z1—oﬁﬂe < Z1—atﬂeu Z )76

®
1038 Denote Y} o (- a)tﬂ'o;HQ - E, [H(l —a)t=i0y|| ] and |X!| < (1 — a)"=76%]| for any
1038 j € [t]
0, if j = 0;

b def 51gn(_lei> — , if j # 0and Z(l—a) 1o = 0;

—a)t—ige i=1

i1 ,
0, ifj#0and > (1 — )70 =0.

i=1

t

> (1 a)igy

Jj=1

1040 Then to bound we use Lemma 2 and obtain

t t
IR RN ol P P LR T S o LR
t t
S D ARED I (Cea il
j=1 j=1
t t t /2
< |2V *(2'ZYJ+2~ZE@ [H(l—a)”eﬂﬂ) |
j=1 Jj=1 Jj=1
@ ® ®
1041 Upper bound for @. The sequence X f, R Xtt is martingale difference sequence, since, by definition

12 of 0% and X', forall j € [t] we have E [X! | X! |,... X{] = E¢, [X!] = 0. Also, according to
143 Lemma 2, we have | X!| < ||(1 — a)'~76%|| for all j € [t]. Using Lemma 4, we obtain that

IXH < |1 =)t 798| < ||6] <2\, where ¢; € 2). (26)
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1044 Denoting o5 &R [(XD? X! ,,..., X]] = Eg, [(X})?], Lemma 3 implies

t
2 b?
P < |®| > by and 0?2 < Gilog= % <2exp | — 1 =4,
01> b ; 3= (= p( 2G110g52/+26§b1>

1045 where the last identity is true, if we set by = (%cl + 4/ %cl + 2G1) log %. To define GG, we need
t 2.
146 tobound ) ., o7:

t t t
2 = P < 3B [0 - o) 031 = 300 - e (101
Jj=1 j=1 7j=1
t
24) , 18\~ PgP 18\2~PgP
e 1 — a)2(t=3) . 18)\2~PsP < < =G 27
1047 where we assumed ||V F(z;)|| < 4 forany j € [¢].
1048 Upper bound for @. The sequence Y, ..., Y, forms a martingale difference sequence, since the

1049 definition of Y} leads to E [V [ Y/ y,..., Y]] = E¢, [Y]] = Oforall j € [t] . Also, according to
1050 Lemma 4, we obtain that

VE < [|(1 = )t 70%|° + Ee, [\\(1 — a)t_jeﬂﬂ < AN 4N =8N, (28)

def . oe . ~ def
1051 where we define ¢ = 8)\2. Denoting the conditional variance of th as 0?2 =

j
s B [(Y])? | Y}, ..., Y]] = Eg, [(Y})?], we can bound o7 easily

j =

7 < 8 E|[|a-a)ye’ - B [0 - a)er)’]]
< 16V, [l - o).

1053 Then, Lemma 3 implies

t
2 b2
PL|@ >boand Y 52 < Gylog= § <2exp | — 2 =4,
81> b, ; 3= = p( 2G210g52/+20§b2>

1054 where the last identity is true, if we set by = (%02 + 4/ %CQ + 2G2> log %. To define G5, we need
1055 to bound Zj G

t

S < 168 Y, [0 - a) oy

j=1 j=1
t
= 16X Y (1 - )2 DR, [Hg;H?]
j=1
27 18\2—PgP 16 - 18\ \4—PgP
z 16)\2-8/\ a:6 8\ U:G%

« «

1056  where we assumed ||V F(z;)|| < 4 forany j € [¢].

1057 Upper bound for ®. Thanks to the proof of the bound on @ (see (27)), we have already shown what
1058 we need: with probability 1

@ )18>\2 PgP
® = ZEEJ [H (1—a)” J9“||} To
j=1
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10ss  Upper bound on @. Assuming ||V F(z;)|| < 3 for any j € [t], with probability 1 we have

t t t 1—
b t b 1— t—j - ANTPaP
@=|> (1—a) ¢ Z 716Y B PPy (1—a)' <
j=1 j=1 j=1 o
1060 To sum up, we introduce event Eq ; as follows
: 2
Eo: €0 < by orZa§>Gllogy , (29)

j=1

1061 where ¢ = 2\, G; = W’ by = (%cl +1/5¢2 +2G1) log 2. We have shown that

1062 P{FEg:} >1— ¢ The bound on by

1 /1 2 2 2
<3C1 + gC% + 2G1> log g S (301 + v/ 2G1) log E

4 A2=PgP 2 4 1 so\P 2
Aty log = = [ = (7Y ) 10g 2.
<3A+ 67 ) 08 5 A<3+6 p ()\) ) 08 5

1063 Also we define event Eg ; as follows

by

t
N 2
Eor =@ <byor ¥ & >Gs log = ¢ (30)
j=1

1084 where co = 82, Gy = W, by = (%CQ +1/53+ 2G2) log 2. We have shown that
1065 P{Fg@:} > 1— . We adjust the bound on bs:

1 1
<3cz + 1/503 + 2G2> log — 5 S <02 + \/2G2) log — 5
16 5 16 - 36 \4—PgP 2 16 1 /so\P 2
= (22 /P T g = = 24y/= (2} ) 1og =.
<3A+ a gy =N\ g+ a()\) Y

1066 Thus, the event Fg ; N Eg ; implies

ba

t t t
Zl—atm < Zl—atmu Zl—atwb
< |®|+v - @4+2-®+@
<

(e ols () oug v S (5

16 LT one). 2 36)2-rgp
+ 2A2< +24 <0>>log—|—a.
a \\ «

3 o’

1067 Taking \ > we have the event Eg ; N Eg ; implies

1/5

¢
— 4 32 2 2
Z(l—a)t 701 < )\<3+6+4+\/3+84>10g6<22)\10g6/

1068 This concludes the proof. O
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1070

1071

1072

1073

1074
1075

1076
1077

1078

Lemma 12. Ler Assumptions 2and 4 hold. For any 6" € (0,1/2] and any t € [T, if clipping level

satisfy
L
o/P

and with probability at least 1 — 26"

t

. 2
g (1 — )7 w;|| < 59\, log 5
=1

Proof. By (22) and (23), we have

t t t
=)yl < D (- )+ |1 e (31)
j=1 j=1 j=1

Denote 2 = [[(1 = a) =7 +wt || ~Ey, ¢, [[[(1 = )7+ ||*] and [W] < [|(1 = @)=+ 1y

for any j € [t]

0, if j = 0;
i=1 v ,
j—1 <‘Z:l(17a)t—1r+lw;¢7(17()()1,—]4»1“)? -1 -
e def ) sign (Z Wf) = L i #0and 3 (1—a) el £ 0;
i i=1 > (l—a)t—itley i=1
i=1
j=l _
0, if j#0and 3 (1—a) " lwt = 0.
i=1

¢
(1 =) tey
=1

Then to bound we use Lemma 2 and obtain

¢
ma [[(1 = o)y |* 4+ 37 (1 = )iy
= Jjelt] =

AN
.[\’1 -
=
_|_

t
>_(1-a)uy
j=1

I
1]
=

t
{ENE) DI CEEE T
=1 \ j=1

t t 1/2
s (222; o —a>t—j+lw;|\2}) |
j=1 j=1

IA
]
3

Jj=1 =
—— ——
® ® @
Upper bound for ®. The sequence W/, ..., W} is martingale difference sequence, since, by

definition of w’ and W/, for all j € [t] we have E [W} | W} _|,... . W{] =Ky, ¢, [W}] = 0. Also,
according to Lemma 2, we have |[W}| < (- ) Wy || for all j € [t]. Using Lemma 4, we obtain
that

W < [[(1 = @) 9wy < [|w¥|| < 2Mn,  where 3 = 2. (32)

Denoting 0% R (WH2 | WI_y,..., W] = Ee, [(W})?], Lemma 3 implies

i
2 b3
P{[6] > byand 3 62 < Gylog— p < 2exp | - ; =",
o1 bamnd 2oy = Galowys ¢ = eXp( 2G310g52~+26:3ab3>
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1079 where the last identity is true, if we set b3 = (%03 +1/5c3 + 2G3) log ;. To define G3, we need

t —
1080 tobound >-;_, 57:

~ . W] @ o) 2(t=7+1) u
.07 = D B (W) <) (- TR, ¢, [llw]1I°]
Jj=1 j=1 j=1
t 2-p P
(25) Z 2(t—j+1) | 18)\2 P (6Lp + 30 ) P < 18/\h (6Lp + 30’h)'yp
- 1—(1—-a«)?
=1
18)\,21 P(6LP 4 30P) AP _ 18X\7 P (6LP + 30%) 4P
a2 — ) a
1081 Upper bound for ®. The sequence Z{, ..., Z} forms a martingale difference sequence, since the

182 definition of Z! leads to E [Z} | Z}_,,..., Z}| = Eq, ¢, [Z}] = Oforall j € [t] . Also, according
1083 to Lemma 4, we obtain that

1Z8 < (1= @) |* 4 By, (10— @)l P] <403+ 408 = 8AF, (34)

1084 where we define cy &ef 8\2.  Denoting the conditional variance of Z§ as EJZ &f
oes B [(Z1)? ] ZE_,..., Z1] = Eq,¢, [(Z])?]. we can bound 57 easily
JURNEY) " a2
57 S 8N By [[0- ) P~ By, 11— @) ] ]
< 16APEg, g, [[I(1— @) ] (35)

1086 Then, Lemma 3 implies

t
2 b2
PL{|®| > b and§:82-<Glo— <2exp| — 4 =4,
(01> buand o = Culoe = p( wuog;+2%f4>

1087 where the last identity is true, if we set by = (%04 + 4/ %c4 + 2G4> log %. To define G4, we need
1088 to bound Zj 105

t

t t
35 16 Y By [0 ) ?] = 163 300 - 020 E, ¢ [llut]

j=1 j=1 j=1
2— 4—
< e ALY #3000 161N + 300
- e} «

108s  Upper bound for @. Thanks to the proof of the bound on @ (see (33)), we have already shown what
1000 we need: with probability 1

2—
@ = ZEﬁy {H (1—a)~ —j+1 u” } (33) 18\ p(6L:+3Up)

j=1

1091 Upper bound on ®. By definition of wj?, with probability 1 we have

a) I

¢
Y Z(l - a)t7j+1w§7

IN
1M-
-

AN TP (6LP + 307) 4P
o

25) .
< (1—a)7it <

M~

4N, 7P (6LP + 30%) 4P

1

<.
Il
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1002 To sum up, we introduce event Eg ; as follows

t
2
Esy =18 <bsor Y a7 >Gslog = o, (36)
j=1

2—p P oP )P
1003 where c3 = 2\, G3 = 182, (6La +30h) , by = (%03 + \/%cg + 2G3> log % We have shown
1004 thatP{FEg} > 1 — 6”. We adjust the bound on bs:

1 /1 2 2 2
(303 + §C§ + 2G3> log y < (363 + vV 2G3> log ﬁ

4 AP (6LP + 307) 4P 2
= | 2, h lo
3 }+\/36 5 o8 5

4 6LP + 307 )? 2
" (+6 <>> log 2.

b3

3 QNP

1005 Also we introduce event Eg ; as follows

t
=% 2
Eo:=(|® <bgor ZO’? > Gy log —

; (37)
~ S

16-18X; "7 (6LP 4307 )y?

106 where cq = 8\, Gy = = Jby = (g + /562 2G4> log ;. We have shown

1007 that P{Eeg} > 1 — ¢”. We adjust the bound on by:

1 /1
(304 + 60?1 + 2G4> log 5 < <C4 + /2 > log — 5

E)\i N \/16 -36X, P (6LP + 30%) P
3 «

by

2
log 5

16 (6LP + 307) P 2
2 h
A ( 3 " 24 aXy log o

1008 Thus, the event Eg ; N Eg ; implies

t t t
Z(l _ a)t*jJrlw] < Z 1 _ a t JH1u Z t j+1w§
i=1 i=1 i=1
< B+V2-®+2-©@+®
4 (6LP + 30%) P 2 (6LP + 307)~P
< M| =464 ———F " Jlog— + 4N, —— T
= Ok <3 + ay 8 5 A aXp
16 (6LP + 307) P 2 (6LP + 307)
2?2 24 [ —— 2L | log — 36)\2 R E
T\ e ( 3" any %85 T ol

1099 Assuming that \p, > %, we have the event Eg ; N Eg ; implies

t
Z(l —a)t Iy,
j=1

IN

4 32 2
Ah <3+6\/6+24+\/3+48\/6+216> log

IN

2
59Ah 10g W .

1100 O
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1101 Main Theorem Now we are ready to state and prove the main results of this section: high-
1102 probability convergence guarantees for Algorithm 2.

1103 Theorem 5. Let Assumptions 1, 2, 3 and 4 hold, and Ay = Ay = F(xo) — F . Then if the
1104  parameters of Algorithm 2: stepsize

<mind L AL @ [A1 1 /A Ay Asa'lr
T= 2V I 12V L 12080 log STV L7 3555075 110g 52\ 968(L + o) Tlog °F

(38)
1105 momentum parameter and clipping levels
! 2(L + on
o=, A=max{4yIA;, -}, = DLt on) 39)
T2p71 fe% /P o /;n

1106 for some T > 1 and § € (0,1] such that log % > 1. Then after T iterations of Algorithm 2 the
107 iterates with probability at least 1 — § satisfy

2A
- Z IVF(z)|| < 71 (40)

1108 Moreover, if we set (38) as identity, then the iterates generated by Algorithm 2 after T' iterations with
1109 probability at least 1 — § satisfy

max{ Al(LJrah),cf} T

1
= S IVF@)]| =0 = log 5 | @
=0 2p—1

1110 implying that to achieve VF(x < e with probability at least 1 — § Algorithm 2 requires
plying T t p ty 8 q

max{\/Al(L—s—ah),a} Gl a1 |1 max{\/Al(L—&—Uh),U} =
T=0 log =1 | = (42)
€ 0 €
1111 iterations/samples.
1112 Proof. We remind in the proofs of Lemma 11 and Lemma 12 we have shown
@9 : 2 (30 : 2
Eo, = |®|gblorza§>allog§ . Eagy = |®|ngorZ&§>Gglog5 :
j=1 =
(36) : 2 37 d 2
Es; = |®\§b30r26§>G310gﬁ ,  Ee: = |©|gb40r23]2>G410gy :
j=1 =
where
18A\2~PgP 4 1 soN\P 2
—oN Gi=—2 T <A +6 7(7) log =,
“ ! Q@ t= (3 + a \\ ) 8 o’
16 - 18\*~PgP 16 1 P 2
g =8\, Gy= — 00 T p< N2 2404y /2 (3) log =,
@ 3 a \A &
180, P (6LP + 307) 4P 4 6LP + 307)P 2
c3 =2\, Gg = — (617 + Uh),y,b?,ﬁ)\h - +6 (617 + 30 )77 log —,
Q@ 3 QNP 6"
16 - 18277 (6LP + 307) P 16 (6LP + 307) P 2
=8\}, Gy = h h by < A} 24y | ——2 | log —.
“ ho T4 a Po =l Ty + aXy 08 G

Moreover, according to Lemma 11 and Lemma 12, we have

P{Eo } >1-0", P{Eo,}>1-0", P{Es;}>1—-40", P{Ee:} >1-4¢".
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1113 The idea of the proof is based on technique form work of Gorbunov et al. [2020], Sadiev et al. [2023],
1114 Liju et al. [2023b]: via mathematical induction we plan to show that for any 7 € {0,1,...,7 — 1}
1115 the event

Gr=FENENEy;NE3NEy,

1116 holds with probability at least 1 — Z2, where event E, is defined as

s=0

E‘r = {’YZ ||VF<xs>|| +At+1 < 2A17 Vit < T}7

1117 and

=(\Eot, Far=()FEet, Esr=()Ees FEir=[)Eeu

t=1 t=1 t=1

1118 Basis of induction. Obviously, we have Go = Ey = {A¢ = A7 < 2A;} holds with probability
7§ T= 0

1119 - =
T

1120 Step of induction. Assume that the induction hypothesis is true for 7 — 1: P{G,_;} > 1 — (-1)¢/1.
1121 One needs to prove P{G,} > 1 — 7¢/7. We want to mention that

E. 1 NENE NENE;=G,_1NEsrNEe,NEs,NEer.
1122 Then, we have
P{E, 1NEi;NEy;,NEs,NEs;;} = P{G,-1NEs,NEs,NEs,NEe-}
= 1-P{G,_1NEs,NEe,NEs,NEs,}

> 1-P{G ) -P{T,} - P{Ea)
~P{Es.} —P{Fo-}

SREE

= 1TT5+<;25’26”)

)

1123 where we have selected 0’ = 6" = %. The event E,_; implies for any ¢ < 7

t—1
Ay < ’YZ [VE(zs)[| + A < 24.
s=0

1124 Therefore, we have |V F(z,)|| < v2LA; < 2¢/LA; < . Assuming E-_1 N Ey ;N Ey - N E3 ;N
1125 4 ; happens, Lemma 10 implies

YV2L(T +1)

- 3
VY IVF@)|+ A < At VA + 0

t=0

T T

t t
+2’yaz Z (1—a)70, +2vz Z )it

A1+3’Y LA1+M

IN

8T 8T
+44ya(T 4+ 1)Alog e + 118y(7 + 1)Ap, log 5

1126 By setting clipping levels (39) and stepsize (38), we have

A A A A
< et e T
VE [VE(@)ll + Arir < Ar+ T T Tt =2A,.
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1127

1128

1129

1130

1131

1132

1133
1134
1135
1136
1137

1138

Therefore, we obtain

P{G,} = P{E.NENE;;NE;5; NE; }
P {ET—l n El,'r n EQ,T N ES,T N E4,‘r}
> -2
T
Thus, we have
P{Er} >P{Gr} >1—4,

or equivalently with probability at least 1 — §

T—1
2A
VI IVE())| + Ar <24, = Z IVF(z)| < TTl
t=0

Pugging (38) into the inequality above, we have

271
TZ||VFSUt ||<7T

v Aq(L ) 1
= O | max LAI LAl \/LAllog Ja = log 5 \/ i ;01}/) o8 6
(87 P

Selecting «« = 1/7-?/2»=1 (see (39)), we obtain
1 X
=D IVE@)
t=1

= max \/ “LAl v lo T o lo T A1(L+0h)log%
B sz o sz Y & 5’ Tgppill & S’ T?=2/2p—1

:O<max{ Al(L—Fah),a} T>.

log —
T2ppill & é

Discussion. According to Theorem 3, the sample complexity of Algorithm 2 is

_ max 4 \/A1(L + op),0 =
o (retvmEzana) )

which has the same dependence on ¢ as lower bounds do (see Theorem 1). However, the obtained
upper bound has worst dependence on parameters L, o, o,, A1 than lower bounds have. We suppose
that this caused by the analysis technique, since Algorithm 1 has better convergence rate in terms
of parameter dependence. This observation raises an interesting question: Is it possible to conduct
high-probability analysis for Algorithm 1, or equivalently, Algorithm 2 without clipping?

O
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