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Figure 3: Comparison of stepsizes of affine-invariant damped Newton methods with quadratic local
convergence. We compare AICN (blue), and stepsizes from |[Nesterov [2018] in orange and green. We
set Lgemi = Lsc = 5.

Appendix

A Extra comparisons to other methods

A.1 Damped Newton method stepsize comparison

In Figure [3, we present comparison of stepizes of AICN with other damped Newton methods
[Nesterov, 2018]. Our algorithm uses stepsize bigger by orders of magnitude. For reader’s

. . . L _114/IT2C def
convenience, we repeat stepsize choices. For AICN stepsize is o = HTHQG, where G =
* def 1 def
Lsemi||V f(2k)||,. For damped Newton methods from Nesterov| [2018], a1 = 75,0 =
1+G def *
1+G1+1G% , where G1 = L[|V f(xk)3, -

A.2 Convergence rate comparison under various assumptions

In this subsection we present Table [2 — comparison of AICN to regularized Newton methods under
different smoothness and convexity assumptions.

A.3 Logistic regression experiments

We solve the following minimization problem:

m
. def 1 bl z jz
s {00 $ove (1 0e7) o i

To make problem and data balanced, we normalise each data point and get ||a;||2 = 1 for every
i € [1,...,m]|. Parameters of all methods are fine-tuned to get the fastest convergence. Note, that it
is possible that for bigger L method converges faster in practice.

In Fi gureE[, we consider classification task on dataset w8a [[Chang and Lin,[2011]]. Number of features

for every data sample is d = 300, m = 49749. We take starting point xg &f 8[1,1,...,1]" and
1 = 1073, Fine-tuned values are L.y = 0.6, Ly = 0.0001, o = 0.5. We can see that all methods are
very close. Damped Newton has rather big step 0.5, so it is fast at the beginning but still struggle at
the end because of the fixed step-size.

In Figure[5] we consider binary classification task on dataset MNIST [Deng,2012] (one class contains
images with 0, another one — all others). Number of features for every data sample is d = 282 = 784,

m = 60000. We take starting point z &fs. [1,1,...,1]7 (such that Newton method started from
this point diverges) and ;= 1073, Fine-tuned values are Loy = 10, Ly = 0.0003 for Globally Reg.
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Table 2: Convergence guarantees under different versions of convexity and smoothness assumptions. For
simplicity, we disregard dependence on bounded level set assumptions. All compared assumptions are considered
for Va, h € R?. We highlight the best know rates in blue.

Strong Global Local ¥
Algorithm convexity Smoothness assumption convergenceconvergence Reference
constant rate exponent
Damped Newton B 0@ self-concordance (Definition (@] (k7 5 ) 2 Nesterov 20]8 (5.1.28)]
Damped Newton C 0@ self-concordance (Definition X 2 Nesterov 2018 (5.2. 1)c]
Cubic Newton m Lipschitz-continuous Hessian (@) o (k2) 2 'I\(I;ist;:o;andez?elr;v
Cubic Newton -star-convex Lipschitz-continuous Hessian (@) o (k’z) 3 Nesterov and Polyak| [2006
Cubic Newton b:l?: dzznl;/eel):w Lipschitz-continuous Hessian (@) @] (k_ % ) X Nesterov and Polyak|[2006
Globally Reg. Newton m Lipschitz-continuous Hessian @) O (k72) 2 Dmk(l;/\l/izl:lcherél;)em:,202l202 i

; . . . . _9 Mishchenko [4/2021
Globally Reg. Newton 0 Lipschitz-continuous Hessian @) o (k™?) X Doikar nd Nestoros 1133051

2)

AIC Newton 0“ semi-strong self-concordance (Deﬁnition O (k’z) 2 Theorems
AIC Newton m f(z+h) — f(z) <(Vf(x),h) + L||R|2 + %Hhﬂi O (k~2) 2 Theorems

AIC Newton 0 Fl@+h) — f(@) < (V@) h) + LIB)% + 22 a2 0 (k~2) @ X Theorem

() For a Lyapunov function ® and a constant ¢ > 0, we report exponent 3 > 1 of P(zp41) < c<I>(xk)ﬁ. Mark X means that such 3, ¢, ® are not known.
@ Self-concordance implies strong convexity locally.

© Under strong convexity, we can prove local convergence analogically to Theoremﬂ

) Convergence to a neighborhood of the solution

=== Cubic Newton
Damped Newton

— AIC Newton

— - Globally Reg. Newton

~== Cubic Newton
30 Damped Newton
—— AIC Newton

25 —:~ Globally Reg. Newton

~== Cubic Newton
Damped Newton

— AIC Newton

—:~ Globally Reg. Newton

[ 5 10 15 20 25 30 )
Iterations, k

10 15 20 25 30

00
Iterations, k Time, sec

Figure 4: Comparison of regularized Newton methods and Damped Newton method for logistic
regression task on w8a dataset.

Newton and Cubic Newton, o = 0.1. We see that AICN has the same iteration convergence as Cubic
Newton but faster by time.

~== Cubic Newton
Damped Newton

— AIC Newton

25 —:~ Globally Reg. Newton

T = lx*)
117fxII?

= Cubic Newton
Damped Newton
1077{ — AIC Newton
N -~ Globay Reo.ewton |

\
. 1032 | === Cubic Newton \
Damped Newton \

\ 10-4 { — AIC Newton \
\‘ —- Globally Reg. Newton |}
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Iterations, k

Figure 6: Comparison of regularized Newton methods and Damped Newton method for logistic
regression task on MNIST dataset (10 models for ¢ vs. other digits problems with argmax aggregation).

In Figure[6] we present the results for multi-class classification problem on dataset MNIST. We train
10 different models in parallel, each one for the problem of binary classification distinguishing i-th
class out of others. Loss on current iteration for the plots is defined as average loss of 10 models.
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Figure 5: Comparison of regularized Newton methods and Damped Newton method for logistic
regression task on MNIST dataset (0 vs. all other digits).

Prediction is determined by the maximum “probability” predicted by ¢-th model. The estimates for
the parameters of methods are the same as in previous experiment.We see that AICN is the same
speed as Cubic Newton and Globally Reg. Newton and much faster than Damped Newton in both
value of function and gradient norm.

For normalized problem, we can analytically compute an upper bound for theoretical constant L,

IV2f ()2 < Lo.

One can show that Ly = % ~ (.1. In our experiments, we show that Cubic Newton can work with
much lower constants: madelon - 0.015, w8a - 0.00003, a9a - 0.000215. It means that theoretical
approximation of the constants can be bad and we have to tune them for all methods.

B Proofs of Results Appearing in the Paper
In this section, we present proofs of the lemmas and theorems from the main paper’s body.

B.1 Proofs regarding affine invariance (Section [3.1)

Proof of Lemmall|(Lemma 5.1.1, Nesterov| [2018]). [Newton method is affine-invariant]

Let y, = A~ !z for some k > 0 and oy, be affine-invariant. Firstly,

ki1 = vk — i [V20(ui)] ' Volyr) = yr — ax [ATV? f(Ay)A] T ATV F(Ay)
— A 'zy, — o AT [V2f(2)A] TV (0r) = A

Secondly note that ||V f(z)||} is affine invariant, as
IVa(u)ll, = Valyr) " V2glyr) "' V(yr) = Vf(wr) V2 () 'V (k) = V(@)
Consequently, stepsizes o, from AICN and Nesterov [2018] are all affine-invariant. Hence these

damped Newton algorithms are affine-invariant. [

Proof of Lemma[2] [Upper bound from from semi-strong self-concordance]

We rewrite function value approximation from the left hand side as

) — F() — Vf(a / Vi@ + 7y — ) — V(@) [y - aldr
0
z//(v2f(x+/\(y—x))) [y — z]2d\dr.
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Taking its norm, we can finish the proof as

‘f(y) @) = V@)l — o] — 2V f@)ly — af?

2

(VQf(ac + Ay —=x))— sz(x)) [y — 2]2d\dT

|
—
N O~

<

O\H S

/ !(VQf(:C + Ay —=x))— VQf(x)) [y — ac]Q’ d\dt

T

1
Lsemi
[ [ enidlly = alizinar = 22y — a2
0 0

INE

O

Proof of Theorem[I] [Minimizer of the model has form of damped Newton method (11)]

Proof is straightforward. To show that AICN model update minimizes Sy 1 (), we compute the
gradient of Sy 1. (x) at next iterate of AICN. Showing that it is 0 concludes zx11 = Sy 1. (Tk).

For simplicity, denote h &ef y — x. We can simplify the implicit update step Sy 1., ()

5.10(0) = arguin { £(2) 4 (V@) — ) + 5 (V) — 2)y = ) + 2y = ol

1 L
— o+ anganin { (V). ) + 5012+ 22} (30)
heE

Taking gradient of the subproblem with respect to h,

1 Les
Vi (V1)) + A2 +

and setting h according to AICN, h = —aV?2 f(z) "'V f(x), leads to

) = V70 + VS @h + S @Al 6D

VI@) - V1) - S I@|V @) V@), = V1) (<14 0+ ST )
(32)
Finally, AICN stepsize a is chosen as a root of quadratic function
L V@) e +a - 1=0, (3)
hence the gradient of the at next iterate of AICN is 0. This concludes the proof. O

B.2  Proof of global convergence (Section d.1)

Proof of Lemma|3] [One step decrease globally under semi-strong self-concordance]

This claim follows directly from Lemma 2]

F(Spr@) D7)+ (TF), 510 (0) )+ 5 (@S0 (2) 20,5 1, (x) — )

Lest
+ 5 ||Sf,LN(I)*17Hi
@ in { o) + (VH)y = a) 5 (T )y =)+ 252y a2}
(18]
< mi}g{f(y)—i—% y_xHi}
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Proof of Theorem|2] [Global convergence under semi-strong self-concordance]

We start by taking Lemma 3] for any ¢ > 0, we obtain

@
o) < min{f(y) + 52 ly — w3, }

@ min {f Ty + N (s —xt))‘f‘%ﬂ?Dg}

B n¢€[0,1]

< min {(L=n)f(xe) +mef (@) + 0l D}
n¢€[0,1]

where for the second line we take y = x¢ + n: (2. — x+) and use convexity of f for the third line.
Therefore, subtracting f(x,) from both sides, we obtain, for any 7; € [0, 1]

Flaern) = fz) < (=) (f (@) = flzs)) + Bt D (34)

Let us define the sequence {A4; };>¢ as follows:

1, t=0
A déf t
¢ [Ta=m), t>1 (35)
=l

Then Ay = (1 — n;) As—1. Also, we define 7 = Dividing both sides of by A, we get

1 1 n LestD?
— _ D)< — (1 — _ . It est
A o)~ a2 S 3 Q=m0 flo) =5
1 03 LegD
— 36
() - fle)) + R 36)
Summing both sides of inequality fort =0,...,k, we obtain
k
1 (1 —mo) LesD? ;
Ik(f(mk+1) = f(@.)) < A (f(@o) = f(zs)) + 7; A,
no=1  LexD? z’“: s
3 t=0 Ay
As aresult,
wD3= A
Jonsn) - fa,) < 2o Z U (37)
To finish the proof, we need to choose 7; so that Zf:o Aj’g?* = O(k~2). This holds fo
def 3
== 120 38
e t+ 3a = YU ( )

as stated in the next lemma.

Lemma 6 (Properties of 1, and A;, [from (2.23),|Ghadimi et al.|[2017]). | For choice 1, as and
Ay as we have

6
A= t+1D)(t+2)(t+3)’ (39
t+1)(t+2) _ 9%k
Z _;@IW)Sz (0)

"Note that formula of 7o coincides with its definition above.
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Plugging Lemma [6]inequalities to concludes the proof of the Theorem 2}

6 Le«D? 9k 9L.D3 9L« R?
< < .

f@rgr) = f@) < (k+1)(k+2)(k+3) 3 2~ k2 Tk

For readers convenience, we include proof of Lemma [6]in Appendix [B.4.

B.3 Proofs of local convergence (Section 4.2)

Proof of LemmaH| [Strong convexity / Bound on inverse Hessian norm change]

Claim follows from Theorem 5.1.7 of [Nesterov| [2018], which states that for L.-self-concordant
function, hence also for Lgpyi-semi-strongly self-concordant function f and zj,zyy1 such that

L%| Tyt — xk“wk < 1 holds

L mi ’ Ls mi -2
(1 — 5; [Ee —:cklwk) V2 f(zpgr) X V2 f(ag) =2 (1 - ; [ —xkllxk) V2 F(11).

Let ¢ be some constant, 0 < ¢ < 1. Then for updates of AICN in the neighborhood

L *
{xk ce> 2tak||vf(xk)xk}

holds
V2 f(xre1) " 2 (1= ¢) 2 V2 ()7 (41)
O

In order to prove Lemmal[5, we first use semi-strong self-concordance to prove a key inequality — a
version of Hessian smoothness, bounding gradient approximation by difference of points.

Lemma 7. For semi-strongly self-concordant function f holds
* Lsemi
IV () = V(@) = V2 f(@)ly = o)l < =5y — =12 (42)
Proof of Lemmal[7] [Local smoothness assumption follows from semi-strong self-concordance]
We rewrite gradient approximation on the left hand side as
1
VW) - V@) - V@l -2l = [ (T4 1y - ) - V(@) [y - s
0

Now, we can bound it in dual norm as

*

195) = V(@) = V2 #@)ly = al|[, = || [ (V1 + 7l — ) = V(@) [y~ aldr
0

x

< / 1(V2f @+ 7y — 2)) — V2 (@) [y — al||" dr
0

1
< [ IV + vty = 2) = 5@, Iy — el
0

1

@ Lsemi

= [ Lamitlly = alldr = 25y~ a2,
0
where in second inequality we used property of operator norm (10). O
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Finally, we are ready to prove one step decrease and the convergence theorem.

Proof of Lemmal|5| [One step decrease locally under semi-strong self-concordance]
We bound norm of V f(z1) using basic norm manipulation and triangle inequality as
IV f s, BV @) = V2 ) (@ — o) — anV (@),
= ||V f(@r41) = Vf(zr) = V2 f(zr)(@ppr — zx) + (1 — Oék)Vf(JCk)H:k
< ||V f (@) = VE(@r) = V2 F(er) (@re — @), + 0= an)IVF )]},

Using Lemma([7} we can continue

IV f(r)lly, < 1VF (i) = V(@) = V2 F@r) (@ — 2|, + (0= an)lIVF ()l

@Lsemi *
< 2 ppn — a2+ (1= an) [V (@)l

@Lseml

< “kwﬂ DI+ (1= ap) V@I,
L

< 9 122 + (1 - oIV S,
- (B9 @, - an 1) VAL,

D LoV )22

We use Lemma] to shift matrix norms.

IVl = IV,
¢ %\W(u)llﬁ (43)
< ()2
We obtain neighborhood of decrease by solving £k ||V £ () ||Zk <1lin||Vf(zx) H;k
O
Proof of Theorem[3] [Local convergence under semi-strong self-concordance]
Let ¢ = 3, then for |Vf(zo)|;, < gi—» we have L22|Vf(zo)|; < 1 and ¢ >
Lot ||V f (o) ||, - Then from Lemmawe have guaranteed the decrease of gradients ||gx+1 ||;k+1 <
lgrll,, < 9%&' We finish proof by chaining ([43)) and simplifying with o; < 1.
IVF@ol;, < (3Lew) <Ha > IV f (o)l )2k~ (44)
O
B.4 Technical lemmas
Lemma 8 (Arithmetic mean — Geometric mean inequality). For ¢ > 0 we have
1+4c w > 1+ 2c. (45)
Lemma 9 (Jensen for square root). Function f(x) = \/x is concave, hence for ¢ > 0 we have
%(ﬁﬂ)gm < Vel (46)
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Lemma@ [(2.23) from [Ghadimi et al.,|2017]]] For

def 3 def 1, b=
C] C]
=——, t2>0 d A = t
=iy e ! [T(T—m), t=>1
=1
we have
k k
6 03 9t +1)(t+2) 3k
A = and Lk = _ < —, 47
T+ )+ 2)(E+3) Z;At Z; 2t+3)2 2 “7)
Proof of Lemmal6] We have
k k
t k! 3! 1
k ll( ) 11t+ (k +3)! Ilk+j’ )
= = j=1
which gives,
k T 3 k7173 .
Sy ISl s R @
— A (t+3)3 1L k45 Fﬂk+jﬁ0 (t+3)3 °

The sum is non-decreasing. Indeed, we have

1 1
1S4 <14, Vje{1,2,3),
tis Sttty welhd

and, hence, for all j € {1, 2,3},

t+j+1
t+4
< (tTg) 1:[ t+
j=1
3 .
PR 1 N GY) L4147
(t+3)? - (t+1+3)3

Thus, we have shown that the summands in the RHS of are growing, whence we get the next
upper bound for the sum

Ant_ H:;: (t+4)
| ESPIE

t=0 t=0

1 (B +7)  (k+1)3° 1
§§11E17«k+n~ %lmg g(k+$3§o<m>.

(50)

C Global Convergence with weaker assumptions on Self-Concordance

We can prove global convergence to a neighborhood of the solution without using self-concordance
directly, just by utilizing the following assumptions:

Assumption 2 (Convexity). For function f and any x, h € E holds
fl@+h) 2 f(z)+(Vf(z),h) D
Assumption 3 (Hessian smoothness, in Hessian norms). Objective function f satisfy

f(x+h) = fx) < (Vf(x),h) + 3|p)2 + Le|n)|2,  Va,h€E. (52)
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Lemma 10 (One step decrease globally). Let Assumption [hold and let L,y > Ly Iterates of
AICN egq. (11)) yield function value decrease,

3
QFHW(xk)Hm iFIVFaol, >
Flan) = flae) < =3IV F @)l L HIVI@OlL, < > . (53)

est

—anwm)nif IV @l;, = 32 and0 <o <1

~

Decrease of Lemma @ is tight up to a constant factor. As far as ||V f(zy)|;, < ‘}fl we have

functional value decrease as the first line of (53], which leads to O (k‘_2) convergence rate.

We can obtain fast convergence to only neighborhood of solution, because close to the solution,

gradient norm is sufficiently small [V f (x|, < % and we get functional value decrease from

second line of (53). However, this convergence is slower then O (k~2) for ||V f (z) I, = 0and it
is insufficient for O(k~?2) rate.

Note that third line generalizes first line; we use it to remove a constant factor gap from the
neighborhood of fast local convergence.

Theorem 4 (Global convergence). Let Assumptlonslf_ 3 I hold, and constants cy, L.y satisfy
0<c1 <1,Ley > Ly For k until |V f (xy) || = AlCN has global quadratic decrease,

flaw) - <0 (Laf?).

Note that the global quadratic decrease of AICN is only to a neighborhood of the solution. However,
once AICN gets to this neighborhood, it converges using (faster) local convergence rate (Theorem 3)).

Proofs of global convergence without self-concordance
Throughout the rest of proofs, we simplify expressions by denoting terms
def def
g EVf(ze)  and by = mpp — 2 (54)
for which holds
he = =V f(ze) gk, gr = —= V2 (@) and  hgll,, = Vallgrl;,m  (55)

def
and also Gj = Lest”.ng:k'

Proof of Lemma We can use Assumption [3]to obtain
f@rgr) = f(2e) = f(@re + hi) — f(2k)

& 1 Les f

< (Vi (e) ) + g lhelz, + = 1wl (56)
* 1 * L *

D ol + Sodlanl + =algulls)
* 1 L x

— ~aullonli? (1= gou - Satlanl,). 7

We can simplify bracket in eq. (57) as

Lo gy, <1 WIEEE 1 G (VT 1Y;
2 6 " Tk Gy 6 Gy
_ 4G +1- VI+2G, @ 1
6G . 2
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Also, we can simplify the other term in eq. as

. VIF2G; +1 2)lgx ;2
e R R W [
Leg V1I+2GE +1 VI+2GE +1
*2 *2 *2
@ 2l el el
T VG + 1+ % ~ VG +2 ~ max (VGy,2)
and plug these two result into eq. (37) to obtain first two lines of (53). Third line can be obtained

from the first line of (53). For ¢; so that 0 < ¢; < 1 and z, satisfying % <V f(z)lly, < L‘;
holds

*2
agllgrlly, =

3
F@nm) = flar) < =3IV )52 < =571V () 122

O

Proof of TheoremHd] As a consequence of convexity (Assumption [2) and bounded level sets
(Assumption[T), we have

flaw) = f* < {gp, i — 24) = <V2f($k)_1/29k,ng(mk)m(xk - x*)> < Ngellz, len — 2l

< Dllgxll, - (58)
Plugging it into eq. (53) (which holds under Assumption [3) and noting that it yields
Vel #13/2
— < - - . 59
frgr) = flan) < 5 LD (flzr) = ") (59)
Denote 7 & YL and Bk & 72(f(zk) — f*) > 0. Terms Sy, satisfy recurrence

2y LesLD3/2

Bra1 = 7°(f(wrs1) — [7) @ P2(flan) = f*) = (o) — £ = B — B
Because 41 > 0, we have that 8, < 1.

Proposition 1 of [Mishchenko|[4/2021]] shows that the sequence {Bk}zozo ,0 < Bi <1 decreases as
O (7). Let ¢; be a constant satisfying 8y < €% for all k (c; ~ 3 seems to be sufficient). Finally, fol

k> ;/525:2‘/‘”@*;1?’:0( L‘EDB> we have

v DBr C2
— = — < < .
Flaw) =1 T2 T k212 T c
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