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A Related work

Group Fairness. Group fairness in machine learning was first studied in [HPS16]] and [ZVGRG17]],
where they required the model to perform equally well over all groups. Later, [HSNL18]| studied
another type of group fairness called Rawlsian max-min fairness [Raw01]], which does not require
equal performance but rather requires high performance on the worst-off group. The subpopulation
shift problem we study in this paper is most closely related to Rawlsian max-min fairness. A large
body of recent work have studied how to improve this worst-group performance [DN18, OSHIL.19,
LHC' 21 [ZDKR2T]. Recent work however observe that these approaches, when used with modern
overparameterized models, easily overfit [SKHL20L ISRKL20]. Apart from group fairness, there are
also other notions of fairness, such as individual fairness [DHP™ 12, ZWS™ 13| and counterfactual
fairness [KLLRS17]], which we do not study in this work.

Implicit Bias Under the Overparameterized Setting. For overparameterized models, there could
be many model parameters which all minimize the training loss. In such cases, it is of interest to study
the implicit bias of specific optimization algorithms such as gradient descent i.e. to what minimizer
the model parameters will converge to [DLL™ 19, [AZLST9]. Our results use the NTK formulation of
wide neural networks [JGHI1S8], and specifically we use linearized neural networks to approximate
such wide neural networks following [LXS™ 19]. There is some criticism of this line of work, e.g.
[COB19]| argued that infinitely wide neural networks fall in the “lazy training” regime and results
might not be transferable to general neural networks. Nonetheless such wide neural networks are
being widely studied in recent years, since they provide considerable insights into the behavior of
more general neural networks, which are typically intractable to analyze otherwise.

B Extension to Multi-dimensional Regression / Multi-class Classification

In our results, we assume that f : R — R for simplicity, but our results can be very easily extended
to the case where f : R¢ — R¥. For most of our results, the proof consists of two major components:
(i) The linearized neural network will converge to some point (interpolator, max-margin classifier,
etc.); (ii) The wide fully-connected neural network can be approximated by its linearized counterpart.
For both components, the extension is very simple and straightforward. For (i), the proof only
relies on the smoothness of the objective function and the upper quadratic bound it entails, and
the function is still smooth when its output becomes multi-dimensional; For (ii), we can prove that
sup; || f (@) — fin(x)]2 = O(d~'/*) in exactly the same way. Thus, all of our results hold for
multi-dimensional regression and multi-class classification.

Particularly, for the multi-class cross-entropy loss, using Theorem [§] we can show that under any
GRW satisfying Assumption 1] the direction of the weight of a linear classifier will converge to the
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Figure 1: Experimental results of ERM, importance weighting (IW) and Group DRO (GDRO) with
the logistic loss and the polynomially-tailed loss. First row: Logistic loss; Second row: Polynomially-
tailed loss. All norms are Lo norms. 6 is a unit vector which is the direction of 6.

following max-margin classifier:

Ot = argmin{. min {f(:ci)y — 51/12;( f(mi)y/] 2102 = 1} (20)

0 i=1,,n

which is still independent of g;.

C More Experiments

We run ERM, importance weighting and Group DRO on the training set with 6 MNIST images which
we used in Section .1 with the logistic loss and the polynomially-tailed loss (Eqn. (I9), with o = 1,
B = 0 and /e, being the logistic loss shifted to make the overall loss function continuous) on this
dataset for 10 million epochs (note that we run for much more epochs because the convergence is
very slow). The results are shown in Figure[I} From the plots we can see that:

* For either loss function, the training loss of each method converges to 0.

* In contrast to the theory that the norm of the ERM model will go to infinity and all models
will converge to the max-margin classifier, the weight of the ERM model gets stuck at some
point, and the norms of the gaps between the normalized model weights also get stuck.
The reason is that the training loss has got so small that it becomes zero in the floating
number representation, so the gradient also becomes zero and the training halts due to
limited computational precision.

* However, we can still observe a fundamental difference between the logistic loss and the
polynomially-tailed loss. For the logistic loss, the norm of the gap between importance
weighting (or Group DRO) and ERM will converge to around 0.06 when the training stops,
while for the polynomially-tailed loss, the norm will be larger than 0.22 and will keep
growing, which shows that for the polynomially-tailed loss the normalized model weights
do not converge to the same point.

* For either loss, the group weights of Group DRO still empirically satisfy Assumption|[I]

D Proofs

In this paper, for any matrix A, we will use || A||2 to denote its spectral norm and || A || to denote its
Frobenius norm.
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D.1 Background on Smoothness

A first-order differentiable function f over D is called L-smooth for L > 0 if

fv) < f(2) + (Vi (@)hy -2y + 5 ly—ol}  VeyeD a

which is also called the upper quadratic bound. If f is second-order differentiable and D is a convex
set, then f is L-smooth is equivalent to

v Vif(x)v <L  V|v||p=1,Vx €D (22)

A classical result in convex optimization is the following:

Theorem 10. If f(x) is convex and L-smooth with a unique finite minimizer x*, and is minimized
zy gradient descent 111 = xy — NV f(xy) starting from xo where the learning rate 1 < %, then we
ave

1
fl@r) < f@)+  llwo - z*|; (23)

which also implies that xr converges to x* as T — oc.

D.2 Proofs for Subsection 4.1l

D.2.1 Proof of Theorem[I]

Using the key intuition, the weight update rule (7) implies that §¢+2) —9(*) € span{x1,--- ,x,} for
all t, which further implies that §*) — 6(©) € span{x;,--- ,,} for all t. By Cramer’s rule, in this
n-dimensional subspace there exists one and only one * such that 6* — 89 € span{x1,--- ,x,}

and (0*, x;) for all 4. Then we have

B
(24)
because || X 76 — YH; = 2nR(f(x;0)). On the other hand, let s™ be the smallest singular value
of X. Since X is full-rank, s™* > 0, and HXT(G(t) —0%) ‘2 > gmin HH(” — 0*| ,- This shows
that ||§®) — 6* H2 — 0. Thus, #) converges to this unique 6*. O

HXT(O(t) o 9*)

’ - H(XTW) —Y) - (XTo — Y)H < HXTW - YH H|x T — Y|
2 2 2

D.2.2 Proof of Theorem[2]

To help our readers understand the proof more easily, we will first prove the result for static GRW
where qgt) ft) — g; as

t — oo.

= q; for all £, and then we will prove the result for dynamic GRW that satisfy ¢

Static GRW. We first prove the result for all static GRW such that min; ¢; = ¢* > 0.

We will use smoothness introduce in Appendix Denote A = S, ||&;[|5. The empirical risk of
the linear model f(x) = (0, x) is

F(O) = ai(x]0—y) (25)
i=1
whose Hessian is
ViF(0) =2 qima/ (26)
i=1

So for any unit vector v € R?, we have (since ¢; € [0, 1])

vIVEF(0)w =2 q(z]v)? <2> gzl <24 27)
=1 =1

—0
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which implies that F'(0) is 2A-smooth. Thus, we have the following upper quadratic bound: for any
91, 92 € Rd,
F(02) < F(61) + (VoF(61),02 — 01) + A |62 — 615 (28)

Denote g(6®)) = (X7 —Y) € R™. We can see that ||/Qg(6") H2 F(#®), where where

VQ = diag(\/q1, - ,/Gn). Thus, VF(0®)) = 2XQg(0V). The update rule of a static GRW
with gradient descent and the squared loss is:

oUT =9 — 772 qixi(f 331 — i) = 6" — nXQg( ) (29)

Substituting 6; and 05 in with (") and A0+ yields
2
F(OHD) < F0U) — 2n9(0") T QT X T XQg(0) + A [n X Qg (6 (30)
2
Since x1, - - - , @, are linearly independent, X TX is a positive definite matrix. Denote the smallest

eigenvalue of X " X by A™" > 0. And ||Qg/(6 ||2 > /" ||g(6®) )|, = F(0®), so we have
9(0)TRTXTXQg(6) > g" A F(0)). Thus,

F00) < F00) —2g X F(00) + A | X /Q|| | V@at0)]]

< F(ID) — 2 Amin F(90) 1+ Ap? HX\F H F(O) a1
< F(OU) = 20g" N F(00) + A? | X |7 F(6©)
_ (1 _ 2nq*)\min + A2772)F(9(t))

Letny = 4 Amm . For any 7 < 1o, we have F(0(1D) < (1 — ng*A™")F(§®) for all ¢, which
implies that hmt_>C>O (0(”) = 0. This implies that the empirical training risk must converge to 0.

Dynamic GRW. Now we prove the result for all dynamic GRW satisfying Assumption |I} By
Assumption for any € > 0, there exists . such that for all ¢ > ¢, and all 7,

0 € (g —eq+¢) (32)
This is because for all 4, there exists ¢; such that for all ¢ > ¢;, q( ) € (¢; — €,q; + €). Then, we can
define t. = max{ty,--- ,t,}. Denote the largest and smallest elgenvalues of X T X by \™®* and
A and because X is full rank, we have A™" > (). Define € = min{ %, m%} and then ¢, is
also fixed.

We still denote Q = diag(qi,- -+ ,¢,). When t > t., the update rule of a dynamic GRW with
gradient descent and the squared loss is:

O+ = _nx QW (X T —Y) (33)

where Qit) = Q(t), and we use the subscript € to indicate that HQ@ — QH2 < €. Then, note that we

can rewrite Qgt) as Qgt) =4/ éte) -v/Q as long as € < ¢* /3. This is because ¢; +¢€ < 1/(q; + 3€)q;

and ¢; — € > /(q; — 3¢)q; forall € < ¢;/3, and ¢; > ¢*. Thus, we have

6D = 00— X /Y \/Qg(8?) where Q¥ = /@Y - /@ (34)

Again, substituting 6, and 5 in with 6®*) and A1) yields

2
FOUY) < F(0D) — 2596 TQTX T X/ QY /Qg(6") + A anx/ Q" \/Qg(6"™)
2
(35)
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Then, note that

G0 TQTXTX (\/? \/(2) VQg(0")
<|va'xrx (Vor - v |vasen;

(36)

< |V, Ixx1, |Vl - v [[vase);
SAmaX\/@F(G(O)

where the last step comes from the following fact: for all € < ¢;/3,
Vi + 36 — /G <V3e and /g — /g — 3¢ < V3e (37)
And as proved before, we also have
9(0)TQTXTXQg(6Y) = g ™ F(91) (38)

* yminy2
Since ¢ < LX)

oamax2z s we have

g(g(t))TQTXTX /Qgtg) \/ag(e(t)) > <q*)\min _ /\max\/?)?) F(a(t)) > %q*)\minF(Q(t)) (39)
Thus,
X\/Qy

. 2 2
F(OUD) < F(O) = ng" A" F(01) + Ay |[v@go)]
2

. 40
< (1 =g A™™ + A%n%(1 + 3¢))F () (40)
< (1 —ng"A™n 2422 F(§W)

forall e < 1/3. Letny = ql’;m. For any 7 < 19, we have F(0(1) < (1 — ng*A™in/2)F (1))
for all ¢ > ¢., which implies that lim;_, ., F'(# (t)) = 0. Thus, the empirical training risk converges to
0. O

D.3 Proofs for Subsection
D.3.1 Proof of Lemma[3
Note that the first [ layers (except the output layer) of the original NTK formulation and our new

formulation are the same, so we still have the following proposition:

Proposition 11 (Proposition 1 in [JGHIS8I). If o is Lipschitz and d; — oo for | = 1,--- L
sequentially, then for all | = 1,--- L, the distribution of a single element of h' converges in
probability to a zero-mean Gaussian process of covariance Y that is defined recursively by:

1 AN 1 / 2
Sz, x') = d—oaz—rm +8 @
Sz, 2) = Eflo(f(2))o(f(z')] + 52

where f is sampled from a zero-mean Gaussian process of covariance (1),

Now we show that for an infinitely wide neural network with L > 1 hidden layers, ©(°) converges in
probability to the following non-degenerated deterministic limiting kernel

0 =E;uselo(f(®)o(f(a)] + 52 (42)

Consider the output layer hX+1 = WTLﬁ(hL) + Bbl. We can see that for any parameter 6; before
d

the output layer,
L+1 L tr L

Vo, h = diag(c(h Vo,h" =0 43
3 ing((h)) ==Y, @)
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And for WL and bL, we have
1

Vwrhtt = —o (Rt and  Vyehit = 44
wL \/CEO-( ) bl /8 ( )
Then we can achieve by the law of large numbers. [

D.3.2 Proof of Lemma/[3

We will use the following short-hand in the proof:
9(0) = FO(X) - ¥
J(OW) = Vo f(X;00) € RPX™ (45)
0 = JOM)YT J(o®)

(®)

For any ¢ > 0, there exists ¢, such that for all t > ¢, and all 4, ¢; ’ € (¢; — €, ¢; + €). Like what we

have done in (34), we can rewrite Q) = Q) = gi) -/Q, where Q = diag(q1, -+ , qn).

The update rule of a GRW with gradient descent and the squared loss for the wide neural network is:
pt+1) — o) _ 77J(@(t))Q(t)g(g(t)) (46)

and for t > t., it can be rewritten as

o) = 6 — (69 Q) [V@a (o)) 7)

First, we will prove the following theorem:
Theorem 12. There exist constants M > 0 and ¢y > 0 such that for all € € (0,¢e0), n < n* and any

8 > 0, there exist Ry > 0, D > 0 and B > 1 such that for any d>D, the following (i) and (ii)
hold with probability at least (1 — &) over random initialization when applying gradient descent with
learning rate n:

(i) Forallt <t there is

|90, < BRo (48)
t t
; ; : MBt*R,
9l _ 9(]-1)H <nM Bi-1 0 49
2 H , STME0) S TB -1 “49)
=1 =1
(ii) Forallt > t., we have
*/\min t—te
HW%M%&S@—Wg) B'“Ry (50)
t % ymin \ Jte
|0 — 00| <nvTH3eMB Ry Y (1 /U — ; )
j=tc+1 2 Jj=te+1 (28
3\/1 +3eM B* R,
*Alnln

Proof.  The proof is based on the following lemma:
Lemma 13 (Local Lipschitzness of the Jacobian). Undgr Assumption[Z} there is a constant M > 0

such that for any Cy > 0 and any 6 > 0, there exists a D such that: If d > D, then with probability
at least (1 — &) over random initialization, for any x such that ||x||, < 1,

o],

IIVef(fv'9)Hz =M

7

1T < M

Hnga: 0) — Vof(x;0) H

V0,6 € B0\, Cy) (52)

|70~ 5@)], < =l -4l




18 where B0, R) = {0: |0 — 9(0){’2 < R}.

149 The proof of this lemma can be found in Appendix Note that for any x, f(°)(x) = Sb" where
150 blis sampled from the standard Gaussian distribution. Thus, for any § > 0, there exists a constant
151 Ry such that with probability at least (1 — ¢§/3) over random initialization,

|90 < Ro (53)

152 And by Proposition [3| there exists Do > 0 such that for any d > Dy, with probability at least
153 (1—4/3),

H@ _ @(O)H < & (54)
F 3
154 Let M be the constant in Lemma Let ¢g = %. Let B = 14 n*M?, and Cy =

€ / te . . .
155 ML gt_ 1R° +3 1236/&”3 fo By Lemma there exists D; > 0 such that with probability at least

156 (1 —4/3), forany d > Dy, is true for all 8,0 € B(0©), Cy).
157 By union bound, with probability at least (1 — 4), (52)), and are all true. Now we assume

158 that all of them are true, and prove #8) and (49) by induction. (@8] is true for ¢ = 0 due to (33)), and
150 ([@9) is always true for ¢t = 0. Suppose (@8] and ([@9) are true for ¢, then for ¢ + 1 we have

H9<t+1> _o® < HJ(9<t>)Q(t> i Hg(9<t>)H2 < ’J(Q(t))Q(t) i Hg(g(t))H2 5
<n 709 [l90)|, < 25 Re
160 So (@9) is also true for ¢ + 1. And we also have
oo |, = o) = g6 + 96,

— 7@ (9D — g0y g(g(t))H2
= =1 @) T I0)QWg(0®) + 96
< [T =n1@)TI0 Q| ||ae)|, (56)
< (1+ [nr@ ) 76©)Q®|| ) a0,

< (o7 7] ) o],

< (1 + T]*MQ) Hg(e(t))H < Bt+1RO
2

161 Therefore, 1@) and are true for all t < t., which implies that H\/Qg(e(te)) |2 < ||g(9(’55))H2 <
162 Bt Ry, so (50) is true for t = t.. And is obviously true for t = t.. Now, let us prove (ii) by
163 induction. Note that when ¢ > t., we have the alternative update rule (7). If (50) and (5I) are true
164 for ¢, then for t + 1, there is

2

Joees 60, <a 500/ Vs, <u s/l [[Vase®)
* \min \ t—te

< 0], [ V@], < v (1) b
(57)



165 So (31) is true for ¢ 4+ 1. And we also have
Voo, = | V@t — V(o) + vaa(e®)|,
— [ V/Qr@ T (9D —9®) 1\ /Qg(6®) H
= [=n/QI(6D)T 1(0)QW g(8®) + \/Qq(0®) H
I-0/QIE) T I0) Q5| |V@ge®)|
2

% ymin \
< |1 =ny/QIED) T I(0W)/QL (177‘];) Ro
2
166 where 6(*) is some linear interpolation between 8(*) and 6(+1). Now we prove that

I-0/QJ(E")" J(6")\/ QS

167 For any unit vector v € R", we have
v (I -1V/Q0VQ)v =1-1v"/Q6\/Qu (60)

168 ||\/;'U||2 [V/@, 1], so forany n < n*, v (I —ny/QO+/Q)v € [0,1 — nA™g*], which implies
160 that |1 — nf@f“z <1 —nAming* Thus,

(58)

IN

* ymin
<1_w

(59)

|1=nvQi@)TI0) V|,
<|r-nv@eva|, +n||vae -e)va| +u||vaue®) ™) - 1@ 16NV
<L—mg 4+ V@O —0)VQ| + 1| VRUED)TI0) 16TV,
<1—Aming 4+ |6 - @“’)HF + (7097 6®) - J(é(t))TJ(Q(t))HF
<1 gmings 4 N M (oo _ g0 | g0 — g0 ) <1 1A

T
(61)
- 4
170 for all d > max {Dl, Do, (1(12]&{120) }, which implies that
HI W0
2
<1 H JIED)T 16 (x/ N ) (©2)
*/\mln */\mm
<1- L+nM2\/?;§ 1- WT (due to (37))

171 forall € < €. Thus, (30) is also true for ¢ 4 1. In conclusion, (30) and (31)) are true with probability

4
172 atleast (1 — 0) forall d > D = max {Dl, D, (1(121‘//{:,%’) } O

173 Returning back to the proof of Lemma [3 Choose and fix an € such that ¢ <
* ymin 2

174 min{eo, % (m) }, where ¢ is defined by Theorem (12| Then, ¢, is also fixed. There

175 exists D > 0 such that for any d > D, with probability at least (1 — ), Theorem and Lemma

176 are true and )
* )\mm

oo, <24



177 which immediately implies that
q* Al‘ﬂin
3

e A e 9

178 We still denote B = 1 +n* M 2and Cy = M gt_elRO + 3‘/%\]”3 tERO. Theorem ensures that for
179 allt, 01 € B(A®) Cy). Then we have

I waenval, < 1@ a

,rlvae-eval,

) ) (65)
. ,r}q*)\ml!l 2,'7q*)\m1n
< 1 — ppin* g2 =R 2
A 3
180 so it follows that
1-/Qe/Qll| < [r-nv@evval, + [avae® (Ve - va)
? 2 *)\min i *)\min ? (66)
<1- 777(13 Fpmex L2 Ve
*}\min 2
181 Thus, for all € < % (W) , there is
*)\min
‘I —/QO/QY| <112 67)
2
182 The update rule of the GRW for the linearized neural network is:
ot = 0) — nJ (0©) QW gia(69) (68)

183 where we use the subscript “lin” to denote the linearized neural network, and with a slight abuse of
: C(pt) — (t)
184 notion denote gjin (') = g(0;”).

lin

185 First, let us consider the training data X . Denote A; = glin(ﬁ(t)) = g(ﬂ(t)). We have

9in(040) = gua(00) = =0T (0) T T(0)Q" ) ga (9 (©9)
g(0" ) = g(6")) = —nJ(6) T J(61)Q M g(6")
186 where () is some linear interpolation between #(*) and #(**1). Thus,
Avsr = Ay = [JOD)TI(00) = J(0) T I(07)] QVg(6") 0,
_ nJ(G(O))TJ(Q(O))Q(t)At
167 By Lemma([I3] we have
HJ((§<t>)TJ(9<t>) _ J(9<o>)TJ(9<o>)HF
_ T
< H (769) = 70)) IO + [0 (16D - 1(6)) H (71)
. F

<OM?Cod 4
188 which implies that for all ¢ < ¢,

18cilly < || [T =00 TI6)Q"] A,

[ [7@O)Ta00) — 16T 56@)] Qg6

< 1= ns0 )10 Q"

Nl 4 [|1@0)T50®) - 50O 30| [ot0®)]

< (14 nM?) || All, + 2nM>Co Bt Rod~/*
< B| Al + 2nM>*Co Bt Ryd~/*

2

(72)



189 Therefore, we have
B A |ly < BT Aglly + 2nM*CoB ™ Rod~/* (73)
190 Since Ag = 0, it follows that for all ¢ < ¢,
Al < 2tnM3?CoB' ' Rod /4 (74)

191 and particularly we have

|vas,

<A ||y < 2tenM?CoB ' Rod /4 (75)
2

192 For ¢ > t., we have the alternative update rule (7). Thus,

V@A — QA —U\F[ TIOW) — J(H(O))TJ(G(O))} \/@ [\/ag(g(t))}
- n\/éJw@)TJ(e(%@ vas)]

(76)

103 Let A =1 —ny/QJO)TJO)/QY =T —nyQe©®,/Q). Then, we have

V@A = AV@DAnV@ [JEO)TI00) 6O 6] V@ (VRg(e®)) )
194 Lety=1-— w < 1. Combining with Theoremand , the above leads to
[v@aenl], < 14l | Va@ad, +o | V@ [160) 560 - 560y ol | [vase),

<y ||V@ad, 076D TIED) — 36O)TIE)| VIT By B" Ry

SWH\/QAt

195 This implies that

e v@a], < Vs,

7t 2M>Cov/1 + 3ey'~t Bt Ryd /4
(78)

t M2 Cov/1 + 36y~ Bt Rod /4 (79)

196 Combining with (73)), it implies that for all ¢ > ¢,

[vaad,

< 29" tenM2CoB" Ry [te B~ + V1 + 3y~ (t —t.)] d~ /4 (80)

197 Next, we consider an arbitrary test point & such that ||x||, < 1. Denote d; = flg?(az) — O ().
198 Then we have

{éﬁ*”(:::) in (@) = 1V f (2:6)TI(0)Qgia(6) &
P (@) = O (@) = Vo (@:00)TT(6)QWg(6")
199 which yields

b1 — b =1 | Vo f (@:00)T1(00) = Vo f(2:09)T1(0)] QU g(0) )

— Vo f(z;09)TT(0©)QWA,

10



200 Fort <t., we have

t—1
0ull, <0 Y |[[Vor @i 8T T00) = Vo s (@:00)TT(01)] Q)
s=0

ol

t—1
+ny Hvef(w; 6 TI(0)QY
s=0

A,
<3 [V @ ) TI0) — Vo sas0®) T 0|t (83)
s=0

0> [Farte00)]| 569 1.l
s=0

t—1 t—1
<M?Cod/* Y " B*Ro+nM*> (2snM>CoB*~ ' Rod /%)
s=0 s=0

201 So we can see that there exists a constant C such that ||é; ||, < C} d—Y/*. Then, for t > t., we have

0> [ Vs 59 T09) - Vs 00 Ta0)] @ |vV@go),
s=t. 2

t—1

+nz

=t.

18]l — 16,

Vo f(a;00)T1(0©)\/ QL)

t—1
SZnMQCOJ_l/‘l\/l + 3¢ Z vt Bt R,

2

|vas.
2

s=te
t—1
MV T3y (275*%7;1\420013%1%0 [t B+ VT4 3y (s —t)] J*l/‘*)
s=t
(84)
202 Note that >,° ; t4" is finite as long as y € (0, 1). Therefore, there is a constant C' such that for any ¢,
203 ||0¢], < Cd~'/* with probability at least (1 — &) for any d > D. O

204 D.3.3 Proof of Lemma[13

205 We will use the following theorem regarding the eigenvalues of random Gaussian matrices:

206 Theorem 14 (Corollary 5.35 in [VerlO]). If A € RP*? is a random matrix whose entries are
207 independent standard normal random variables, then for every t > 0, with probability at least
208 1 —2exp(—t?/2),

VD — T —t < AV(A) S AT(A) < pt gt (85)

209 By this theorem, and ~also note that W is a vector, we can see that for any 0, there exist D > 0and
210 M; > 0 such that if d > D, then with probability at least (1 — §), for all § € B(6®),Cy), we have

Wi, <3vd osisp-1) ad WHl,<Co<3Vd @6
211 as well as _
Igb'], < MVd  (# =0, L) (87)
212 Now we assume that and are true. Then, for any @ such that ||z, < 1,
AOTH [ E o of <L jpo 0 3 i
Wl = | 7+ 58| <z (WP, ol + 1987, < (= o+ M)V
1 1
R = | =Wzl 4 bt < — WL =], + || 3b' (VI >1) (33)
[BH], |\/g 2 \/gH I 11| + {186l

|2']l, = llo(h!) = o(0") + (0", < Lo [[B]l, + o(@)Vd (=1

11



213 where Ly is the Lipschitz constant of o and o(0') = (¢(0),--- ,0(0)) € R%. By induction, there
214 exists an My > 0 such that leH2 < Mg\/gand thH < MQ\/gfor alll=1,---, L.

215 Denote a! = Vi f(x) = ViuhE+L Foralll = 1,--- | L, we have o = diag(d (hl))W;r altt

216 where d(x) < LO for all z € R since o is Lo-Lipschitz, o™ = 1 and ||a*|, =

diag(é (")) %=

217 ’

< %Lo. Then, we can easily prove by induction that there exists an
2

\/é
218 M5 > 1 such that ||ole2 < Mg/%fOl’ alll =1,---, L (note that this is not true for L + 1 because
219 altl=1).

220 Forl =0, Vyof(z) = ﬁwoal—r, so [V f(x)]y < ﬁ ||m0||2 Hozl||2 < ﬁMg/é/& And
zr forany =1, L Vi f(@) = Jza'al™ 5o [V f(@)l; < = [|']], |, < M2,

222 (Note that if M3 > 1, then ||ch+1H2 < Ms; and since d > 1, there is ||ole2 < Msforl < L)
223 Moreover, for[ =0, -+, L, Vi f(x) = Bal ™, 50 |V f ()|, < BMs;. Thus, if (86) and (87) are
224 true, then there exists an My > 0, such that || Vg f(x)||, < Ms/+/n. And since ||z;||, < 1 for all 7,
225 50 ||J(0)||p < My.

226 Next, we consider the difference in Vy f(x) between 6 and 0. Let f,W,b,&,h, & be the function
227 and the values corresponding to 6. There is

Bl - h1H (WO — WOz + B(B° — B°)
H w :
1 -
e L W°H el +5 o 3], < (7 +#) o~
f H 2 Vi .
1 ~ -
th+1 hl+1 @ — (W —WhHE + B — B
Vi , (89)
1 ~ -
< ~|>wl|| ! =&, + = |t = [a),+ 5]t - ¥
\/é 2 2 \/é 5 2 5
<slla' — @', + M+ )00 =D
! = @], = |or)) — o) < Lo |n' ~R|  u=1)
228 By induction, there exists an M5 > 0 such that ||a:l - d‘:lH2 < Ms;5 HH — 9~H for all .
2
220 For a!, we have aXt! = ¢&*t1 = 1, and forall I > 1,
WZT 5 WlT
o) — &'|, = ||diag(¢(h')) — diag(6(h!)) —=a't!
Vi )
T 1T
< |ding(o(r) Y (@t — &t + | diag(ent) T g
d ) Vd )
~ Wit
+ ||diag((6(R") — o(h'))) —=a&'!
Vi )
< 3Lol|a’*t = &Y, + (MsLod /2 4+ 8Mu Mz Lod /) |0 - 6]
(90)
230 where L is the Lipschitz constant of &. Particularly, for [ = L, though aLtl =1, since HWLH <
2
231 3d~1/4, (90) is still true. By induction, there exists an Mg > 0 such that ||al — dl||2 < %‘(} 0 — 9~H2

232 for all [ > 1 (note that this is also true forl = L + 1).

12



233

234

235

237

238

239

240
241

242
243
244

245

246
247

248

249

250

Thus, if (86) and (87) are true, then for all 8,0 € B(9(*), Cy), any  such that ||z||, < 1, we have

[V (@) = Vo le)], = =l ™~
< — [ -& 1)
do 2
<—=2rle-9

and for! =1,---, L, we have

|vwis(@) - Vi )| [#'a T - e,

2:\/g|
1
TV

< (Mo s 2 ) o],

(Il flo* = &l + [l = &, & ],) (9

Vi o Vi
Moreover, forany ! =0, - - - , L, there is

S

93)

2
0— 9” O

Overall, we can see that there exists a constant M; > 0 such that ‘ Vof(x)— Véf(a:)H <

M 7

, so that HJ H M7

D.3.4 Proof of Theorem[d]

First of all, for a linearized neural network (11), if we view {Vyf(®) (x;)}?_, as the inputs and
{yi — FO(x;) + (0©), Vy £O) (;)) }_, as the targets, then the model becomes a linear model. So
by Theorem [2] we have the following corollary:

Corollary 15. If Vo f© (x1),--- , Vo f© (x,) are linearly independent, then there exists 1y > 0

such that for any GRW satisfying Assumption |1} and any n < 1o, 0) converges to the same
interpolator 0* that does not depend on ;.

Let 17, = min{no, n*}, where 7 is defined in Corollaryand n* is defined in Lemma Let flsz) (x)
and flgzéRM(:c) be the linearized neural networks of f(*)(x) and fERM( ), respectively. By Lemma ,
for any § > 0, there exists D > 0 and a constant C' such that

sup |1 (@) = /O (@)| < €
t>0
() ® 5—1/4 ©4)
sup | fiingrm () — ERM(m)‘ <cd Y
>0
By Corollary[13] we have
Jim [0 (@) = fide (@) =0 95)
Summing the above yields
lim sup ’ FO(a) - ggM(@\ <20d /4 (96)
t—o0
which is the result we want. O
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255
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258

261

262
263
264

265
266
267

269

270

271

272
273

274

275
276
277
278

279

280

281
282

283

284

286
287
288

D.4 Proofs for Subsection
D.4.1 A New Approximation Theorem

Lemma 16 (Approximation Theorem for Regularized GRW). For a wide fully-connected neural
network f, denote J(8) = Vo f(X;6) € RP*" and g(0) = V34(f(X;6),Y) € R™. Given that the
loss function { satisfies: Vog(0) = J(0)U(0) for any 0, and U () is a positive semi-definite diagonal
matrix whose elements are uniformly bounded, we have: for any GRW that minimizes the regularized
weighted empirical risk (I3) with a sufficiently small learning rate n, there is: for a sufficiently large

d, with high probability over random initialization, on any test point x such that |zl < 1,

up | s (@) — 1 @) < €1 ©7)

where both flgﬁzeg and fr(eg are trained by the same regularized GRW and start from the same initial
point.

First of all, with some simple linear algebra analysis, we can prove the following proposition:

Proposition 17. For any positive definite symmetric matrix H € R"*", denote its largest and
smallest eigenvalues by \™** and \X™". Then, for any positive semi-definite diagonal matrix
Q = diag(q1,- - ,qn), HQ has n eigenvalues that all lie in [min; ¢; - \™™ max; g; - \"™2%].

Proof.  H is a positive definite symmetric matrix, so there exists A € R™*" such that H = ATA,
and A is full-rank. First, any eigenvalue of AQA " is also an eigenvalue of A" AQ, because for
any eigenvalue A of AQA " we have some v # 0 such that AQA "v = A\v. Multiplying both sides
by A" on the left yields AT AQ(ATv) = A\(ATv) which implies that ) is also an eigenvalue of
AT AQ because ATv # 0as \v # 0.

Second, by condition we know that the eigenvalues of AT A areall in [)\mi“, A™aX] where Amin s, ()
which implies for any unit vector v, v' AT Av € [A™" \™X] which is equivalent to ||Av||, €
[V Amin y/Amax] Thus, we have v’ ATQAv € [\™" min; ¢;, \™** max; ¢;], which implies that
the eigenvalues of AT QA are all in [A\™" min; ¢;, \™** max; ¢;].

Thus, the eigenvalues of HQ = AT AQ are all in [A™" min; ¢;, \™* max; ¢;]. O
Proof of Lemma(l6] By the condition ¢ satisfies, without loss of generality, assume that the elements
of U(0) are in [0, 1] for all . Then, let n < (p + A™® 4 \max) =1 (If the elements of U () are

bounded by [0, C], then we can let < (p + CA™® + CA™3%)~1 and prove the result in the same
way.)

With L, penalty, the update rule of the GRW for the neural network is:
P+ — o) _ nJ(g(t))Q(t)g(g(t)) — Uﬂ(e(t) — 9(0)) (98)

And the update rule for the linearized neural network is:

O =04 — 0T (6°)QWg(6()) — nu(6y;) —0) (99)

lin lin lin

By Proposition f(x;0) converges in probability to a zero-mean Gaussian process. Thus, for any
§ > 0, there exists a constant Ro > 0 such that with probability at least (1 — §/3), ||g(6(™)] , < Ro.

Let M be as defined in Lemma Denote A = nM Ry, and let Cy = % in Lemma ' By Lemma
, there exists D; such that for all d > D;, with probability at least (1 — 6/3), 1) is true.

Similar to the proof of Proposition we can show that for arbitrary 0, all non-zero eigenval-
ues of J(0O)QW U (8).J(#)T are eigenvalues of J(#)T.7(6©)Q" 1 (h). This is because for
any A # 0, if J(OYQWU(0)J(0)Tv = I, then J(O©O)T J(OOYQWU (0)(J(0D)Tv) =
MJ(OO)Tw), and J(H®)Tw # 0 since \v # 0, so A is also an eigenvalue of

'Note that Lemmaonly depends on the network structure and does not depend on the update rule, so we
can use this lemma here.
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289
290
291
292

294

295

296

297

299
300

301

302

303

304

305

306

307

308
309

J(OO)T J(0©)QWU (). On the other hand, by Proposition 3, J(6©)T.7(6©)QM U (9) con-
verges in probability to ©Q ") U () whose eigenvalues are all in [0, \™?%] by Proposition So
there exists Dy such that for all d > Ds, with probability at least (1 — §/3), the eigenvalues of
J(OOYQWU(H)J(0)T are all in [0, ™ 4 \™i] for all .

By union bound, with probability at least (1 — §), all three above are true, which we will assume in
the rest of this proof.

First, we need to prove that there exists Dy such that for all d > Dy, SUP;>0 HH(” — 0 H ) is

bounded with high probability. Denote a; = #®*) — (0). By we have
a1 =(1 = np)a; —n[J(0D) = JO))QWg(6™) (100)
= J(0)QW1g(0")) — g(0 )] — 0T (6°)QWg(6)

which implies
lacilly < |0 =m0 T =0 (6)QOUED)I @) llarl,

e e e e N s

2
where 8 is some linear interpolation between #®*) and #(?). Our choice of 7 ensures that nu < 1.

Now we prove by induction that |la¢||, < Cp. It is true for t = 0, so we need to prove that if
lat]|y < Co, then |latq1|y < Co.

For the first term on the right-hand side of (T0T)), we have

1= w1 =001 @)1, <0 -1 - L a0)QOUE) 50T

o], ) - 0
(102)
Since 1/(1 — nu) < (A™® 4+ Amax) =1 by our choice of 77, we have
HI — T J0)QWU ()TN T <1 (103)
L —np 2

On the other hand, we can use 1| since [lat|l, < Co, so [[J(6@)],. HJ(é(t)) — J(G(O))H <

F
%CO. Therefore, there exists D3 such that for all d > Ds,
@=L =070 QUU@E®)1(0)T|| <1-" (104)

For the second term, we have

R I e e |

< o], Ju@], Joo - o0, + < s my
And for the third term, we have
oo, o], < o=
Thus, we have
el < (1)l TR 5 4 (107

So there exists Dy such that for all d > Dy, [|azs1]y < (1 — ) [lac|l, + 2A. This shows that if
la¢||y < Co is true, then |las41 |, < Cp will also be true.
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s1o In conclusion, for all d > Dy = max{D;, Ds, D3, D4}, |6 — 6(© H2 < Cy is true for all t. This
s11  also implies that for C; = M Cy + Ry, we have ||g(9(t)) H2 < (4 for all ¢ by 1) Similarly, we
siz can prove that [|6\) — (||, < Cj for all £.

313 Second, let A, = 0) _ 9(®). Then we have

lin

At = A = n(J(0)QWg(0“) — J(0)QW (b)) — nAy) (108)
314  which implies

Avr = [(L=m)T =07 (0)QUU@D)I(ED)T] Av + (I (09) — 7(0)Qg(6")
(109)
s15 where #(*) is some linear interpolation between #(*) and 91(1?- By , with probability at least
si6 (1 —0) forall d > Dy, we have

HAMHQSH(l—w)I—nJ(e“”)Q(“U(é“)>J<é(”)TH2||At||2+nHJ<e<t>>—J( 0| o]

< (1= Y Ay + 0= CoCy

7

317 Again, as Ay = 0, we can prove by induction that for all ¢,
I

(110)

Ay < (111

ste  For any test point @ such that |||, < 1, we have

T4(®@) = Fies (@)| = |£(@:0) = fin(a: 03,))
Fla;6) = fiin(a;0%)
F(:09) — fin(; 0

F@:0D) — fin(a; 00|+ M [ Al

+ | fin(a; 01) — fiin (3 04
+HV9f(w;9 H ’0 — o ,

IN

IN

~—

IN

319 For the first term, note that
Fla;00) = f(a;:0) = Vo f(;00) (0 — 6©
fin(@;0%)) — fiin(;0©) = Vo f(2;0)(6®) — 6

s20 where () is some linear interpolation between §(*) and #(%). Since f(x;60©) = fiin(2;6©),
)

)
(113)
)

~ M
[ F(@500) = fin(;0)| < [|Vof(@s00) = Vo flw;0®)| [lo@ - 0| < T=c3 14
2 2 \4/&
321 Thus, we have shown that for all d > Dy, with probability at least (1 — §) for all ¢ and all ,
2M?2CoC1\ ~_
reg( ) flgrtlZeg( )‘ < <M002+/1101>d 1/

322 which is the result we need. O

=0(d 'Y (115)

323 D.4.2 Result for Linearized Neural Networks

324 Lemma 18. Suppose there exists My > 0 such that Hng(O) (x)||, < My for all test point x. If the

I

sos  gradients Vo f© (x,),--- , Vo f O (x,) are linearly independent, and the empirical training risk of
326 fl(iﬁzeg satisfies
lim sup R(fhmeg) €, (116)
t—o0
27 for some € > 0, then for x such that |||, < 1 we have
hin sup flgrtlzeg(w) - flgfl%ERM(w) = 0(Ve). (117)
—00
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335
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337
338

339
340
341

342

343

344

345

347

349
350

351
352

First, we can see that under the new weight update rule, g®  — 9O €
span{Vy O (z1),--- , Vo fO(x,)} is still true for all . Let 6* be the interpolator

in span(Vof@(z1), -+ ,Vof(z,)), then the empirical risk of 6 is =37 (0 —

0", Vof O (z;))? = & ||V9f(0)(X)T(9—0*)||§. Thus, there exists 77 > 0 such that for
anyt > T,

2
s - <

Let the smallest singular value of ﬁvg FO(X) be s™, and we have s™ > 0. Note that the

column space of Vi f(?)(X) is exactly span(Vy f(O(z1), -+, Vo f (¥ (x,)). Define H € RP*"
such that its columns form an orthonormal basis of this subspace, then there exists G € R™*" such
that Vg f(O)(X) = HG, and the smallest singular value of \}EG is also s™™. Since ) — §(0)

is also in this subspace, there exists v € R" such that 6 — §* = Hwv. Then we have v/2ne >
||GTHTH’UH = HGT’UH2 < \ﬁ which implies

S\/Q?

2 smin

He@ —0 (119)

We have already proved in previous results that if we minimize the unregularized risk with ERM, then
6 always converges to the interpolator 6*. So for any ¢ > T" and any test point @« such that ||z||, < 1,

we have
Mo/2¢

Fimee (®) = Siatrma(@)] = 100 =07,V O (@) < =2 (120)
which implies (TIT7). O
D.4.3 Proof of Theorem|6]
Given that R( féﬁzeg) < e for sufficiently large ¢, Lemma implies that
R(fig) = RUL)| = O Ae+d712) (121)

So for a fixed e, there exists D > 0 such that for all d > D, for sufficiently large ¢,

R(FY) < € = R(fine,) < 2€ (122)

By Lemma[5and Lemma|[I6] we have

sup | ieaa(®) — fifa(@)| = O(d~1)

(®) j—1/4 (123)
Sup | fieg(@) — f2 (@) = O(d /)
>0
Combining Lemma [I8] with (T123)) derives
11?1 Sup freg () lgltl)M ‘ = 0@+ \[) (124)
—0
Letting d — oo leads to the result we need. O

Remark. One might wonder whether ||V f(*)()]|> will diverge as d — co. In fact, in Lemma
we have proved that there exists a constant M such that with high probability, for any d there is

Vo f©(z)||2 < M for any x such that || z|s < 1. Therefore, it is fine to suppose that there exists
such an M.
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D.5 Proofs for Subsection
D.5.1 Proof of Theorem[7]

First we need to show that éMM is unique. Suppose both ¢; and 0> maximize min;—i,... » ¥; -
(0,x;) and 01 # 03, ||01||]2 = ||02||]2 = 1. Then consider 8y = 6/||0|2 where 8 = (61 + 62)/2.
Obviously, ||0]]2 < 1, and for any 4, y; - (0, x;) = (yi - (01, %) + yi - (02, 2:))/2, 80 y; - (o, ;) >

min{y; - (61, x;), y; - (02, ;) }, which implies that min;—; ... , y; - (fo, ;) > min{min;—y ... ,, y; -

(01, ;), min;—1 ... , Y; - (02, ;) }, contradiction!
Now we start proving the result. Without loss of generality, let (z1,91), - , (Zm, ym ) be the samples
with the smallest margin to u, i.e.
argminy; - (u, x;) = {1,--- ,m} (125)
1<i<n
And denote y; - (u, 1) = -+ = Y, - (W, Ty) = Ya. Since the training error converges to 0, ., > 0.

Note that for the logistic loss, if y; - (0, ;) < y; - (¢, x;), then for any M > 0, there exists an
Ry > 0 such that for all R > Ry,

V9‘€(<R97 1132>, yl)
V9£(<R9’ mj) ) yj)
which can be shown with some simple calculation. And because the training error converges to 0,

we must have ||0(t) || — oo. Then, by Assumptionthis means that when ¢ gets sufficiently large,
the impact of (z;,y;) to 8) where j > m is an infinitesimal compared to (x;, ;) where i < m

> M (126)

(because there exists a positive constant ¢ such that qgt) > ¢ for all sufficiently large ¢ by Assumption
. Thus, we must have u € span{xy, - , &, }.

Letu = ayyi®1 + - + @mYm®m. Now we show that o; > 0 forall 4 = 1,--- ,m. This is
because when ¢t is sufficiently large such that the impact of (z;, y;) to 6) where j > m becomes
infinitesimal, we have

(t) ) t) .
q; " exp(y; - (0, z;
9(t+1) _ e(t) ~ ( < >)

i 127
L+ exp(y: - (00, 2,)) " (=
and since ||| — oo as t — oo, we have
0 00
o; o« lim 6 xplyi (00, @) ai(T) (128)
T—o00 P 1+ exp(yi . <9(t)7 x; T—o0
=To

where T is sufficiently large. Here the notion cv; o limy_, o cv;(T") means that limp_, % =2
J J

for any pair of 4, j and «; # 0. Note that each term in the sum is non-negative. This implies that all

aq,- -,y have the same sign (or equal to 0). On the other hand,
Y aive = iy (u,m;) = (u,u) >0 (129)
i=1 i=1

Thus, a; > 0 for all ¢ and at least one of them is positive. Now suppose u # éMM, which means that
Va, is smaller than the margin of Oyy. Then, forallé = 1, - -, m, there is y; - (u, ;) < y; - (Ovm, ;).
This implies that

(u,u) = Zaiyi (u, ;) < Z%‘yi (O, i) = (O, ) (130)
i=1 i=1
which is a contradiction. Thus, we must have u = éMM. O

D.5.2 Proof of Theorem|§]

Denote the largest and smallest eigenvalues of X " X by A™#* and A™", and bi condition we have

. * * yminy2
AT >0, Let € = min{ %, (1%2?\%}. Then similar to the proof in Appendix |D.2.2} there exists ¢,
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such that for all ¢ > ¢. and all 7, qft) € (q; — €,¢; + €). Denote Q = diag(qy, - - - , qn), then for all
t>1t,Q" = QY = /qy/ Qgi), where we use the subscript € to indicate that HQE“ - QH <e
2
First, we prove that F'(f) is L-smooth as long as ||x;||2 < 1 for all i. The gradient of F is
n
VF(9) = Zqiwé(w, Ti), Yi)Ti (131)
i=1
Since £(3j,y) is L-smooth in ¢, we have for any 01, 65 and any ¢,
€(<927 $i>7 yz) - €(<017 xi>7 yz)

SVl((Or, i), y3) - ((O2,25) — (01, 24)) + §(<927$i> — (01, z;))*

L (132)
= <vl}€(<017mz>,yl) : wiaGQ - 01> + §(<92 — 91,111'»2

L
< <Vﬁ£(<017xl>7yz) ' mia92 - 91> + 5 ||(92 — 91”3

Thus, we have

F( qu 921137, ’L) _€(<911$Z>7y1)]
<qu (Val({O1, @), y:) - @i, 02 — 01) + Zqz 6y —6uf; (3D
=1

—(VE(6,).0,— 00) + 162 ]
which implies that F'(6) is L-smooth.
Denote §(0) = Vy£(f(X;0),Y) € R, then VF(0®)) = XQg(6"), and the update rule is
oD =9 _nxQMg(s") (134)

So by the upper quadratic bound, we have

2
FPEU) < POW) - n(XQg(0"), XQWg(6™)) + % HXQ“>§(9<”>H2 (135)

* >\min

Letn = 574 30 e Similar to what we did in Appendix |D.2.2{(Eqn. ( ) we can prove that for
allp <y, @ implies that for all ¢ > ¢, there is
L ? i 2

HX\/Q:(Q |V,

2

*)\min 2 2L ~ 2

F(o0) - 2—||vQge)|| + L= 1X 15 (1 + 36 [ vQge™)|

*)\min 2

< F(o") - To— | VQae™)|
*2>\min 2

(6™ H

9@,

This shows that F((§(*)) is monotonically non-increasing. Since F(6) > 0, F/(6(!)) must converge as

t — oo, and we need to prove that it converges to 0. Suppose that F(H(t)) does not converge to 0,

then there exists a constant C' > 0 such that F(§(*)) > 2C for all t. On the other hand, it is easy to

see that there exists 6* such that £({0*, x;),y;) < C for all 4. || also implies that HQ(G(”)H2 —0
as t — oo because we must have F/(0()) — F(9(+1)) — 0.

Note that from (I34) we have
oo

F(g(t+1)) < F(g(t)) _na ;‘ \/ag(g(t)

~—
[ V)

(136)

< F(e®) - =

2 2 2
He(t+1) _ i ) +2p(XQMG(0™), 0% — D) 4 2 HXQ(t)g(g(t))HQ (137)
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Denote

Zq“)é 0,2:),y:) (138)

Then F; is convex because / is convex and q( ) are non-negative, and VF; () = XQ® g(o™).
By the lower linear bound Fi(y) > Fi(x) + <VF,5(IE), y — x), we have for all ¢,

2 4
(XQUG(HY), 0"~ 60) < F(6") ~ F(0V) < (")~ SF(O®) < € = 2T = S (139)
because ¢\ > ¢; — e > 2giand Y. | ¢\ = 1. Since 13(6™)]|, — 0, there exists 7' > 0 such that
forallt > T and all n < 7o,
nC

H9<t+1> H9<t> _ e (140)
2 3
which means that ||9 ) — g H — —oo because "30 is a positive constant. This is a contradiction!

Thus, F (™)) must converge to 0, which is result (i).
(i) immediately implies (ii) because / is strictly decreasing to 0 by condition.

Now let’s prove (iii). First of all, the uniqueness of 0y can be easily proved from the convexity
of F(0). The condition implies that y; (0r, ;) > 0, i.e. Or must classify all training samples
correctly. If there are two different minimizers 6 and 6, in whose norm is at most R, then consider
0% = 3(0r+07%). By the convexity of F, we know that 67, must also be a minimizer, and [|6% > < R.

Thus, F( H(ﬁll 0%) < F(6%) and || ”95 0%|l2 = R, which contradicts with the fact that %, is a

minimizer.

ll2

To prove the rest of (iii), the key is to consider (I35]). On one hand, similar to (36) we can prove that
for all t > t., there is

(XQW5(6), X(Q - @)3(0))]| < D). aan

(q )\nnn)2

Tomymaxz }» this inequality implies that

Since we choose € = min{ % =,

L R P S P S N

/\min * 2
> 5L [VQWae®)|| = 4(x@®g00"). X (@Y - Q)3(6®))|
(142)
On the other hand, if n < 1y = 2 T, WE will have
27, 2 2
L HXQu)g(g(t))H < HVFt(gm)H (143)
2 2 4 2
Combining all the above with (I35) yields
2
FOED) — F(o0) < —g HVFt(H("))H (144)
2
Denote u = limpg_. o o 9 H Similar to Lemma 9 in [JDST20], we can prove that: for any o > 0,
there exists a constant p(«) > 0 such that for any 6 subject to ||0]|2 > p(«), there is
F (14 a)[0]]2u) < Fi(6) (145)

for any t. Let t,, > t. satisfy that for all t > ,, |0 || > max{p(«), 1}. By the convexity of F},
forallt > t,,

(VE,(0D),01) — (1 +a)]|0W]2u) > Fy(0) — Fy(1L+ ) |0 ]au) >0 (146)
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Thus, we have
O =0 u) = (—nVF,(0"),u)

> (—nVE,(0M), 9<t)>m
1 (147)

(1+a)||9“>||2
1 2 ]

_ (2 (t+1>H _,H (t)
(2 H9 2 2 b

By 1(|0+1 [, [[00)]]2)2 > 0, we have (4 [|0+D[|5 =1 [|60][3)/116@ 2 > [|00+D]|,—|o®]],.
Moreover, by (T44) we have

[0+ — 0|5 (|0 — 903 o2 | VR (0D)]; ® (t4+1)
2T . < . - 5 <n(POD) = FOD))  (148)

- <9(t+1) _ g(t),g(t)>

-3 Hg(t-s-l) 10

2 1
2) (1+ a)[[0®]l2

2

Summing up (I47) from ¢ = ¢, to ¢ — 1, we have

o 16Oy =6y g (t0)
o 2t (FO9) — F)) >

1611, — [16“]l, _

1+«

(0 —p(ta) F(gt))

(149)
which implies that

o) 1 1 [CASAIP
(ta) _ _ (ta)

Since lim; . ||[§®]|2 = co, we have

o 109) 1
iR\ oo ") 2 Tra (151

18]
oo,

Since « is arbitrary, we must have lim;_, oo, = w as long as n < min{ny, n2}. O

D.5.3 Corollary of Theorem

We can show that for the logistic loss, it satisfies all conditions of Theoremland limp_ o —R é
2

First of all, for the logistic loss we have Vgé(y, y) = < max; I’ so £ is smooth.

evy +e_?/?7+2

Then, we prove that limpg_, o %R exists and is equal to Gyim. For the logistic loss, it is easy to show
that for any 6’ # Gy, there exists an R(6') > 0 and an §(8’) > 0 such that F(R - 6) > F(R - Oym)
forall R > R(0') and 0 € B(0',6(9")).

Let S = {0 : ||0] = 1}. Forany € > 0, S — B(fyu;,€) is a compact set. And for any 0 €
S — B(6ym, €), there exist R(6) and 6(6) as defined above. Thus, there must exist 6y, - - - , 0, €
S — B(fym, €) such that S — B(fyu, €) C U™, B(6;,8(6)). Let R(e) = max{R(61),- - , R(6;n)},
then for all R > R(e) and all € S — B(Oyu,€), F(R - 0) > F(R - Oyy), which means that
%R € B(fu, ¢) for all R > R(e). Therefore, lim oo %R exists and is equal to Oy

Therefore, by Theorem [8] any GRW satisfying Assumption [T makes a linear model converge to the
max-margin classifier under the logistic loss.

D.6 Proof of Theorem[9]

We first consider the regularized linearized neural network flgflgeg. Since by Proposition fO () is
(

sampled from a zero-mean Gaussian process, there exists a constant M > 0 such that | f(%) (x;)] < M
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for all ¢ with high probability. Define

F(0) =Y qil((6, Vo O (@) + fO (i), vi) (152)
=1

Denote 0 = argminy{F(R - 0) : ||f]l2 < 1}. when the linearized neural network is trained
by a GRW satisfying Assumption [T] with regularization, since this is convex optimization and the
objective function is smooth, we can prove that with a sufficiently small learning rate, as ¢ — oo,
0 = R-0r + 0 where R = lim;_,o [|0® — 6(9]|5 (which is the minimizer). And define

y=_min yi- (O, VoSV (x)) (153)

=1

First, we derive the lower bound of R. By Theorem with a sufficiently large d, with high
probability R ( r(etg)) < e implies R( fl(t)

inreg

) < 2e¢. By the convexity of ¢, we have

2¢ > %ZE«RéR, i) + [ (@), y:) > log <1 + exp (:A Z((RéRami> + f(o)(mi))yi>>

i=1
SRR
> log (1 + exp <_n ZR(QR,aci>yi — M))

i=1

which implies that R = Q(— log 2¢) forall € € (0, 1).

Denote § = ||Oyiy — O ||2. Let 0 = w,then we can see that ||| = /1 — %. Let 0 = H:’/Hz'
By the definition of Gy, there exists j such that y; - (0", Vo fO(z;)) <, which implies

<éMM+§R 1
Yj -

2 52
Vi-7

,Vef(o)(a:j)> <~ (155)

Thus, we have

~ 2 R
i+ O Vol () < 241 Ty — 5 - (v, VoS O ay))

(o)

(156)
52 . T
< 2(1—;)—1 vy (51nce\/1—x§1—§)
52
=(1 — —
A=
On the other hand, we have
g;log(1 + exp(—y; - (R-0r, Vo [ (x;)) — M)) < F(R - 0p) (157)
<F(R - fyw) < log(1+ exp(—Ry + M))
which implies that
2
q" log (1 + exp (—(1 - %)R'y - M)) <log(1 + exp(—Rvy + M)) (158)

and this leads to

*

2 q 2
14+exp(—Ry+ M) > (1 + exp (—(1 — %)Rfy — M)) >14q¢" exp (—(1 — %)Rv — M)
(159)
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which is equivalent to

52
—Ry+M>—-(1- Z)Ry—M+log(q*) (160)
Thus, we have

6 =O0(R™Y2) = O((—log 2¢)~1/?) (161)

So for any test point z, since |V f () (x)||2 < My, we have
|<9MM - eR,VQf )( )>‘ <dMy = O((—logQG)_l/Q) (162)

Combined with Theorem[I6] we have: with high probability,
limsup |R - fum(z) — [ (®)| = O(R - (~log2)"/2 +d~/*) (163)

t—o0

So there exists a constant C' > 0 such that: As d — co, with high probability, for all € € (0, i), if

| fmm()| > C - (—log2¢)~1/2, then fr(eg (z) will have the same sign as fym () for a sufficiently
large t. Note that this C' only depends on n, ¢*, v, M and M, so it is a constant independent of
€. O

Remark. Note that Theorem [J] requires Assumption [I] while Theorem [6] does not due to the
fundamental difference between the classification and regression. In regression the model converges
to a finite point. However, in classification, the training loss converging to zero implies that either (i)
The direction of the weight is close to the max-margin classifier or (ii) The norm of the weight is
very large. Assumption [I]is used to eliminate the possibility of (ii). If the regularization parameter
is sufficiently large, then a small empirical risk could imply a small weight norm. However, in our
theorem we do not assume anything on 4, so Assumption [T]is necessary.

E A Note on the Proofs in [LXS"19]

We have mentioned that the proofs in [LXS™19], particularly the proofs of their Theorem 2.1 and
Lemma 1 in their Appendix G, are flawed. In order to fix their proof, we change the network
initialization to @]) In this section, we will demonstrate what goes wrong in the proofs in [LXST 19,
and how we manage to fix the proof. For clarity, we are referring to the following version of the
paper: https://arxiv.org/pdf/1902.06720v4.pdfl

To avoid confusion, in this section we will still use the notations used in our paper.

E.1 Their Problems

[LXST19] claimed in their Theorem 2.1 that under the conditions of our Lemmal 5L for any 6 > 0,
there exist D > 0 and a constant C such that for any d > D, with probability at least (1 — §), the
gap between the output of a sufficiently wide fully-connected neural network and the output of its
linearized neural network at any test point & can be uniformly bounded by

sup [ (x) — flgfl) (CE)’ < CdY? (claimed) (164)

t>0

where they used the original NTK formulation and initialization in [JGHI18]:

w! 1(0)
Rt = ——at + 34! W ~ N(0,1
s " O Wiz aes)
2+ = o (R b, ~N(0,1)
where o = x and f(x) = h+1. However, in their proof in their Appendix G, they did not directly
prove their result for the NTK formulation, but instead they proved another result for the following

formulation which they called the standard formulation:
R — Wig! + 3b! Wil(_O) N0, =
. et b and " ( dz) (VI=0,---,L) (166)
= g(h't) 1(0)
b, ~N(0,1)

T
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See their Appendix F for the definition of their standard formulation. In the original formulation,
they also included two constants o,, and o} for standard deviations, and for simplicity we omit
these constants here. Note that the outputs of the NTK formulation and the standard formulation at
initialization are actually the same. The only difference is that the norm of the weight W' and the
gradient of the model output with respect to 1! are different for all /.

In their Appendix G, they claimed that if a network with the standard formulation is trained by
minimizing the squared loss with gradient descent and learning rate " = 7/d, where 7 is our learning
rate in LemmaE] and also their learning rate in their Theorem 2.1, then @]) is true for this network,
so it is also true for a network with the NTK formulation because the two formulations have the same
network output. And then they claimed in their equation (S37) that applying learning rate 7’ to the
standard formulation is equivalent to applying the following learning rates

d; 1
dmax
to W' and b’ of the NTK formulation, where dy,.x = max{do,--- ,dr}.

To avoid confusion, in the following discussions we will still use the NTK formulation and initializa-
tion if not stated otherwise.

Ny = and = n (167)

dmax

Problem 1. Claim (167) is true, but it leads to two problems. The first problem is that 7}, = O(d L)

since n = O(1), while their Theorem 2.1 needs the learning rate to be O(1). Nevertheless, this
problem can be simply fixed by modifying their standard formulation as h!*! = W'a! + 3/d;b!

where 5\” ~ A/ (0,d;"). The real problem that is non-trivial to fix is that by |D there is

i
0o, = dd—‘?n. However, note that d is a constant since it is the dimension of the input space, while
dmax goes to infinity. Consequently, in (I167) they were essentially using a very small learning rate
for the first layer W but a normal learning rate for the rest of the layers, which definitely does not

match with their claim in their Theorem 2.1.

Problem 2. Another big problem is that the proof of their Lemma 1 in their Appendix G is
erroneous, and consequently their Theorem 2.1 is unsound as it heavily depends on their Lemma 1. In
their Lemma 1, they claimed that for some constant M > 0, for any two models with the parameters

6 and  such that 8,6 € B(6(), Cy) for some constant Cy, there is

HJ(G)—J(@)H < M~H9—9H (claimed) (168)
d 2

P Vi

Note that the original claim in their paper was HJ(H) — J(é) H < M\/&~ HO — 9~H . This is because
F 2
they were proving this result for their standard formulation. Compared to the standard formulation, in

the NTK formulation 6 is \/8~ times larger, while the Jacobian J(6) is \/3 times smaller. This is also

why here we have 6,6 € B(6(), Cy) instead of 6,0 € B(0(®), Cod~'/2) for the NTK formulation.
Therefore, equivalently they were claiming (T68) for the NTK formulation.

However, their proof of (I68) in incorrect. Specifically, the right-hand side of their inequality (S86)
is incorrect. Using the notations in our Appendix [D.3.3] their (S86) essentially claimed that

M
Vd
for any 6,6 € B0, Cy), where &' = V,:h"+! and & is the same gradient for the second model.

Note that their (S86) does not have the \/2 in the denominator which appears in (169). This is

because for their standard formulation, 6 is \/&~ times smaller than the original NTK formulation,
while Hal H2 has the same order in the two formulations because all ! are the same.

lo' =&, < == [0-7]| (claimed) (169)

However, it is actually impossible to prove (169). Consider the following counterexample: Since 6
and @ are arbitrarily chosen, we can choose them such that they only differ in b} for some 1 <1 < L.

Then, ||0 — ] H = ‘bll — Ell‘ We can see that h!*! and h!*! only differ in the first element, and
2
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‘hllﬂ - hllH‘ - ‘ﬁ(bll - bll)‘~ Moreover, we have Wt = WL 5o there is

41 ALl ey T e W
o' —aT =diag(c(h'T))—=—a " —diag(¢(h")) —Q
Vd Vd
5 Wl-i—lT
- [diag(d(hl“)) - diag(o'v(hl“))} 7 42 (170)
d
+ ding(6 () VL (a2 — g+
Vi
Then we can lower bound ||a!™ — &' ||, by
B WiHT
ot = &), > | [dnglo (') — dinglo (R)] =o'
d
i 2 (171)
| -G AR | witt 142 ~1+42
diag(c(h ))7\[~ (a a™’)
d 2

The first term on the right-hand side is equal to ‘ [d(hllﬂ) — d(izllﬂ)} (Wit V4, al“)‘ where

Wit is the first row of W'+!. We know that ||[W{™!||, = © (\/3) with high probability as its

elements are sampled from (0, 1), and in their (S85) they claimed that ||+ H2 = O(1), which is
true. In addition, they assumed that ¢ is Lipschitz. Hence, we can see that

=0 (it =) =o (o],
2

(172)

Wl+1T

Vd

+2

o

[dtag(& (1)) — diag(a (R

On the other hand, suppose that claim lb is true, then Hal+2 — dl+2||2 =0 (cifl/Z HQ — ONH )
2
Then we can see that the second term on the right-hand side is O (ci’l/ 2 H9 — §H ) because
2

|| Wwitl ||2 = O(\/Zi) and & (z) is bounded by a constant as o is Lipschitz. Thus, for a very large d,
the second-term is an infinitesimal compared to the first term, so we can only prove that

Jatt =, =0 (|o-14] ) (173)

which is different from || because it lacks a critical d~1/2 and thus leads to a contradiction. Hence,
we cannot prove (169) with the d~1/2 factor, and consequently we cannot prove (168)) with the \/67
in the denominator on the right-hand side. As a result, their Lemma 1 and Theorem 2.1 cannot be

proved without this critical d-1/2, Similarly, we can also construct a counterexample where 6 and 9
only differ in the first row of some W',

E.2 Our Fixes

Regarding Problem 1, we can still use an O(1) learning rate for the first layer in the NTK formulation
given that ||x||, < 1. This is because for the first layer, we have

1 1
Vo f(x) = — 2% = —galT (174)

Vdo Vdo
For all [ > 1, we have ||sr:l||2 = O(d"/?). However, for | = 0, we instead have ||:co||2 = O(1). Thus,
we can prove that the norm of Vo f () has the same order as the gradient with respect to any other
layer, so there is no need to use a smaller learning rate for the first layer.
Regarding Problem 2, in our formulation (§)) and initialization (9), the initialization of the last layer
of the NTK formulation is changed from the Gaussian initialization ij(o) ~ N(0,1) to the zero
L(0)

initialization W; = 0. Now we show how this modification solves Problem 2.
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The main consequence of changing the initialization of the last layer is that (86) becomes different:
instead of HWLH2 < 3V d, we now have HWLH2 < Cp < 3v/d. In fact, for any € (0,1/2), we
can prove that H Wk ||2 < 3d" for sufficiently large d. In our proof we choose r = 1/4.

Consequently, instead of ||o¢lH2 < M3, we can now prove that ||o¢l||2 < Msd™=Y2 foralll < L
by induction. So now we can prove [’ — &!||, = O <JT_1/2 H9 - 5“ ) instead of O (HG - éH ),

2 2
because

« For | < L, we now have ||a/*!||, = O(d"~'/?) instead of O(1), so we can have the
additional d"~'/2 factor in the bound.

» For | = L, although HocL“H2 = 1, note that HV[/LH2 now becomes O(Jr) instead of
O(d'/?), so again we can decrease the bound by a factor of d"~1/2,

Then, with this critical d"~1/2, we can prove the approximation theorem with the form

sup ‘f(” (z) - fﬁ,ﬁ)(m)‘ <cd1/? (175)

t>0

for any € (0,1/2), though we cannot really prove the O(d~'/2) bound as originally claimed in
(T64). So this is how we solve Problem 2.

One caveat of changing the initialization to zero initialization is whether we can still safely assume
that A™™ > 0 where ™" is the smallest eigenvalue of ©, the kernel matrix of our new formulation.
The answer is yes. In fact, in our Proposition [3] we proved that © is non-degenerated (which means
that ©(x, «’) still depends on « and x’), and under the overparameterized setting where dy, > n,
chances are high that © is full-rank. Hence, we can still assume that Amin s,

As a final remark, one key reason why we need to initialize W as zero is that the dimension of the
output space (i.e. the dimension of h“*1) is finite, and in our case it is 1. Suppose we allow the
dimension of A to be d which goes to infinity, then using the same proof techniques, for the NTK

L+1(t)
lin 9

formulation we can prove that sup, HhL +H®) _p < C, i.e. the gap between two vectors of

infinite dimension is always bounded by a finite constant. This is the approximation theorem we need
for the infinite-dimensional output space. However, when the dimension of the output space is finite,

sup, HhL+1(t) _ h£n+1(t)

WL in order to obtain a smaller upper bound.

< C no longer suffices, so we need to decrease the order of the norm of
2
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