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ABSTRACT

Stochastic gradient descent (SGD) with stochastic momentum is popular in non-
convex stochastic optimization and particularly for the training of deep neural
networks. In standard SGD, parameters are updated by improving along the path
of the gradient at the current iterate on a batch of examples, where the addition of
a “momentum” term biases the update in the direction of the previous change in
parameters. In non-stochastic convex optimization one can show that a momentum
adjustment provably reduces convergence time in many settings, yet such results
have been elusive in the stochastic and non-convex settings. At the same time, a
widely-observed empirical phenomenon is that in training deep networks stochas-
tic momentum appears to significantly improve convergence time, variants of it
have flourished in the development of other popular update methods, e.g. ADAM
(Kingma & Ba (2015)), AMSGrad (Reddi et al.| (2018b))), etc. Yet theoretical
justification for the use of stochastic momentum has remained a significant open
question. In this paper we propose an answer: stochastic momentum improves
deep network training because it modifies SGD to escape saddle points faster and,
consequently, to more quickly find a second order stationary point. Our theoretical
results also shed light on the related question of how to choose the ideal momentum
parameter—our analysis suggests that 8 € [0, 1) should be large (close to 1), which
comports with empirical findings. We also provide experimental findings that
further validate these conclusions.

1 INTRODUCTION

SGD with stochastic momentum has been a de facto algorithm in nonconvex optimization and deep
learning. It has been widely adopted for training machine learning models in various applications.
Modern techniques in computer vision (e.g/Krizhevsky et al.| (2012); [He et al.|(2016); (Cubuk et al.
(2018)); (Gastaldi| (2017)), speech recognition (e.g. /Amodei et al.| (2016))), natural language processing
(e.g. [Vaswani et al.| (2017))), and reinforcement learning (e.g. Silver et al.|(2017)) use SGD with
stochastic momentum to train models. The advantage of SGD with stochastic momentum has been
widely observed (Hoffer et al.|(2017); |Loshchilov & Hutter (2019); Wilson et al.| (2017)). |Sutskever|
et al.| (2013)) demonstrate that training deep neural nets by SGD with stochastic momentum helps
achieving in faster convergence compared with the standard SGD (i.e. without momentum). The
success of momentum makes it a necessary tool for designing new optimization algorithms in
optimization and deep learning. For example, all the popular variants of adaptive stochastic gradient
methods like Adam (Kingma & Bal(2015)) or AMSGrad (Reddi et al.|(2018b)) include the use of
momentum.

Despite the wide use of stochastic momentum (Algorithm[T)) in practice, justification for the clear
empirical improvements has remained elusive, as has any mathematical guidelines for actually setting
the momentum parameter—it has been observed that large values (e.g. 5 = 0.9) work well in practice.
It should be noted that Algorithm [I]is the default momentum-method in popular software packages
such as PyTorch and Tensorflow |'| In this paper we provide a theoretical analysis for SGD with

"Heavy ball momentum is the default choice of momentum method in PyTorch and Tensorflow, instead
of Nesterov’s momentum. See the manual pages https://pytorch.org/docs/stable/_modules/
torch/optim/sgd.html and |https://www.tensorflow.org/api_docs/python/tf/
keras/optimizers/SGD)


https://pytorch.org/docs/stable/_modules/torch/optim/sgd.html
https://pytorch.org/docs/stable/_modules/torch/optim/sgd.html
https://www.tensorflow.org/api_docs/python/tf/keras/optimizers/SGD
https://www.tensorflow.org/api_docs/python/tf/keras/optimizers/SGD
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Algorithm 1: SGD with stochastic heavy ball momentum

1: Required: Step size parameter 77 and momentum parameter /3.

2: Init: wo € R*and m_1 =0 € R

3: fort =0to 7T do

4:  Given current iterate w;, obtain stochastic gradient g; := V f (we; &).
5:  Update stochastic momentum m := fm¢—_1 + g.

6:  Update iterate wiy1 1= wy — nMy.

7: end for

momentum. We identify some mild conditions that guarantees SGD with stochastic momentum will
provably escape saddle points faster than the standard SGD, which provides clear evidence for the
benefit of using stochastic momentum. For stochastic heavy ball momentum, a weighted average of
stochastic gradients at the visited points is maintained. The new update is computed as the current
update minus a step in the direction of the momentum. Our analysis shows that these updates can
amplify a component in an escape direction of the saddle points.

In this paper, we focus on finding a second-order stationary point for smooth non-convex optimization
by SGD with stochastic heavy ball momentum. Specifically, we consider the stochastic nonconvex
optimization problem, min,cra f(w) := Eeop[f(w; )], where we overload the notation so that
f(w; &) represents a stochastic function induced by the randomness £ while f(w) is the expectation
of the stochastic functions. An (e, €)-second-order stationary point w satisfies

|V f(w)| < eand VZf(w) = —el. (1)

Obtaining a second order guarantee has emerged as a desired goal in the nonconvex optimization
community. Since finding a global minimum or even a local minimum in general nonconvex
optimization can be NP hard, most of the papers in nonconvex optimization target at reaching an
approximate second-order stationary point with additional assumptions like Lipschitzness in the
gradients and the Hessian (e.g. |Allen-Zhu & Li (2018)); Carmon & Duchi| (2018)); (Curtis et al.[(2017);
Daneshmand et al.[(2018);|Du et al.|(2017); |Fang et al.[(2018;2019); Ge et al.| (2015); Jin et al.| (2017}
2019); [Kohler & Lucchi| (2017); [Lei et al.|(2017); [Lee et al.| (2019); [Levy| (2016); Mokhtari et al.
(2018); |[Nesterov & Polyak! (2006); [Redd: et al.|(2018a); |Staib et al.| (2019); [Tripuraneni et al.[(2018));
Xu et al.|(2018) . We follow these related works for the goal and aim at showing the benefit of the
use of the momentum in reaching an (e, €)-second-order stationary point.

We introduce a required condition, akin to a model assumption made in (Daneshmand et al.| (2018)),
that ensures the dynamic procedure in Algorithm [2] produces updates with suitable correlation with
the negative curvature directions of the function f.

Definition 1. Assume, at some time t, that the Hessian H, = V2 f (wy) has some eigenvalue smaller
than —e and ||V f(w;)|| < €. Let v; be the eigenvector corresponding to the smallest eigenvalue of
V2 f(wy). The stochastic momentum my satisfies Correlated Negative Curvature (CNC) at t with
parameter v > 0 if

Ei[(me, ve)%] > . )

As we will show, the recursive dynamics of SGD with heavy ball momentum helps in amplifying the
escape signal ~, which allows it to escape saddle points faster.

Contribution: We show that, under CNC assumption and some minor constraints that upper-bound
parameter (3, if SGD with momentum has properties called Almost Positively Aligned with Gradient
(APAG), Almost Positively Correlated with Gradient (APCG), and Gradient Alignment or Curvature
Exploitation (GrACE), defined in the later section, then it takes T' = O((1 — ) log(1/(1 — B8)€)e~1°)
iterations to return an (¢, €) second order stationary point. Alternatively, one can obtain an (e, 1/€)
second order stationary point in 7 = O((1 — 3)log(1/(1 — B)e)e®) iterations. Our theoretical
result demonstrates that a larger momentum parameter /3 can help in escaping saddle points faster.
As saddle points are pervasive in the loss landscape of optimization and deep learning (Dauphin et al.
(2014); |Choromanska et al.|(2015)), the result sheds light on explaining why SGD with momentum
enables training faster in optimization and deep learning.

>We apologize that the list is far from exhaustive.
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Notation: In this paper we use [E,[] to represent conditional expectation E[-|wy, wa, . . ., w¢], which
is about fixing the randomness upto but not including ¢ and notice that w; was determined at ¢t — 1.

2 BACKGROUND

2.1 A THOUGHT EXPERIMENT.

Let us provide some high-level intuition about the benefit
of stochastic momentum with respect to avoiding saddle cscape diection ©

points. In an iterative update scheme, at some time ¢, the —

parameters wy, can enter a saddle point region, that is a

place where Hessian V2 f(w;, ) has a non-trivial negative ) @ v

eigenvalue, say Amin(V2f(wy,)) < —¢, and the gradient ., Lo )

V f(we,) is small in norm, say |V f(ws,)|| < €. The %HA. e e
challenge here is that gradient updates may drift only very P
slowly away from the saddle point, and may not escape Bty "

this region; see (Du et al.| (2017); |[Lee et al.| (2019))) for 56D trajectory 56D + momentum rajectory

additional details. On the other hand, if the iterates were

to move in one particular direction, namely along vy, the  Figure 1: The trajectory of the standard
direction of the smallest eigenvector of V2 f (wy,), thena  SGD (left) and SGD with momentum (right).
fast escape is guaranteed under certain constraints on the

step size n; see e.g. (Carmon et al.| (2018))). While the negative eigenvector could be computed
directly, this 2nd-order method is prohibitively expensive and hence we typically aim to rely on
gradient methods. With this in mind, Daneshmand et al.|(2018)), who study non-momentum SGD,
make an assumption akin to our CNC property described above that each stochastic gradient g, is
strongly non-orthogonal to vy, the direction of large negative curvature. This suffices to drive the
updates out of the saddle point region.

In the present paper we study stochastic momentum, and our CNC property requires that the update
direction m, is strongly non-orthogonal to vy, ; more precisely, Eq, [(m,, vy, )%] > v > 0. We are
able to take advantage of the analysis of (Daneshmand et al.| (2018)) to establish that updates begin
to escape a saddle point region for similar reasons. Further, this effect is amplified in successive
iterations through the momentum update when £3 is close to 1. Assume that at some w;, we have my,
which possesses significant correlation with the negative curvature direction vy, then on successive
rounds 1,41 is quite close to Bmy,, My, 42 is quite close to 32my,, and so forth; see Figurefor an
example. This provides an intuitive perspective on how momentum might help accelerate the escape
process. Yet one might ask does this procedure provably contribute to the escape process and, if so,
what is the aggregate performance improvement of the momentum? We answer the first question in
the affirmative, and we answer the second question essentially by showing that momentum can help
speed up saddle-point escape by a multiplicative factor of 1 — 5. On the negative side, we also show
that (3 is constrained and may not be chosen arbitrarily close to 1.

2.2 MOMENTUM HELPS ESCAPE SADDLE POINTS: AN EMPIRICAL VIEW

Let us now establish, empirically, the clear benefit of stochastic momentum on the problem of
saddle-point escape. We construct two stochastic optimization tasks, and each exhibits at least one
significant saddle point. The two objectives are as follows.

n

min fw) = 3 (g Hut b+ ful), ¥
i=1
1 n

Irgnf(w) = - Z ((a;rw)z — y)z_ “4)
i=1

The first @) of these was considered by (Staib et al.|(2019); Reddi et al.|(2018a)) and represents a very
straightforward non-convex optimization challenge, with an embedded saddle given by the matrix
H := diag([1, —0.1]), and stochastic gaussian perturbations given by b; ~ N (0, diag([0.1,0.001]));
the small variance in the second component provides lower noise in the escape direction. Here we
have set n = 10. Observe that the origin is in the neighborhood of saddle points and has objective
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Figure 2: Performance of SGD with different values of 8 = {0,0.3,0.5,0.7,0.9}; 8 = 0 corresponds to the
standard SGD. Fig. @ We plot convergence in function value f (5) given in (3). Initialization is always set as
wo = 0. All the algorithms use the same step size p = 5 x 107 °. Fig.@ We plot convergence in relative
distance to the true model w*, defined as min(|lw: — w*||, ||we + w*||)/|Jw*||, which more appropriately
captures progress as the global sign of the objective @) is unrecoverable. All the algorithms are initialized at the
same point wo ~ N (0, Z4/(10000d)) and use the same step size n = 5 x 107,

value zero. SGD and SGD with momentum are initialized at the origin in the experiment so that
they have to escape saddle points before the convergence. The second objective @) appears in
the phase retrieval problem, that has real applications in physical sciences (Candés et al.| (2013);
Shechtman et al.| (2015))). In phase retrievaone wants to find an unknown w* € R? with access
to but a few samples y; = (a; w*)?; the design vector a; is known a priori. Here we have sampled

w* ~ N(0,Z4/d) and a; ~ N(0,Z;) with d = 10 and n = 200.

The empirical findings, displayed in Figure |2} are quite stark: for both objectives, convergence
is significantly accelerated by larger choices of 3. In the first objective (Figure [4a)), we see each
optimization trajectory entering a saddle point region, apparent from the “flat” progress, yet we
observe that large-momentum trajectories escape the saddle much more quickly than those with
smaller momentum. A similar affect appears in Figure [db] To the best of our knowledge, this is the
first reported empirical finding that establishes the dramatic speed up of stochastic momentum for
finding an optimal solution in phase retrieval.

2.3 RELATED WORKS.

Heavy ball method: The heavy ball method was originally proposed by Polyak| (1964)). It has been
observed that this algorithm, even in the deterministic setting, provides no convergence speedup over
standard gradient descent, except in some highly structure cases such as convex quadratic objectives
where an “accelerated” rate is possible (Lessard et al.|(2016); |Goh|(2017); |Ghadimi et al.| (2015));
Sun et al.[(2019);|Loizou & Richtarik| (2017);|Gadat et al.|(2016);|Yang et al.| (2018)); Kidambi et al.
(2018));|Can et al.| (2019)). We provide a comprehensive survey of the related works about heavy ball
method in Appendix

Reaching a second order stationary point: As we mentioned earlier, there are many works aim at
reaching a second order stationary point. We classify them into two categories: specialized algorithms
and simple GD/SGD variants. Specialized algorithms are those designed to exploit the negative
curvature explicitly and escape saddle points faster than the ones without the explicit exploitation
(e.g.|Carmon et al.| (2018)); |Agarwal et al.|(2017); |Allen-Zhu & Li (2018)); Xu et al.| (2018))). Simple
GD/SGD variants are those with minimal tweaks of standard GD/SGD or their variants (e.g. |Ge et al.
(2015); ILevy| (2016); [Fang et al.| (2019); Jin et al.| (2017; 2018} 2019); Daneshmand et al.| (2018));
Staib et al.[(2019)). Our work belongs to this category. In this category, perhaps the pioneer works
are (Ge et al.[(2015)) and (Jin et al.|(2017)). Jin et al.|(2017) show that explicitly adding isotropic
noise in each iteration guarantees that GD escapes saddle points and finds a second order stationary

31t is known that phase retrieval is nonconvex and has the so-called strict saddle property: (1) every local
minimizer {w*, —w™} is global up to phase, (2) each saddle exhibits negative curvature (see e.g. (Sun et al.
(2015;2016); |Chen et al.|(2018)))
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point with high probability. Following (Jin et al.|(2017)), Daneshmand et al.| (2018)) assume that
stochastic gradient inherently has a component to escape. Specifically, they make assumption of the
Correlated Negative Curvature (CNC) for stochastic gradient g; so that E4[(g, v;)?] > v > 0. The
assumption allows the algorithm to avoid the procedure of perturbing the updates by adding isotropic
noise. Our work is motivated by (Daneshmand et al.[(2018))) but assumes CNC for the stochastic
momentum m, instead. In Appendix [Al we compare the results of our work with the related works.

3 MAIN RESULTS

We assume that the gradient V f is L-Lipschitz; that is, f is L-smooth. Further, we assume that the
Hessian V2 f is p-Lipschitz. These two properties ensure that |V f(w) — V f(w’)|| < L||w—w’|| and
that || V2 f(w) — V2 f(w')|| < pllw —w'||, Vw,w'. The L-Lipschitz gradient assumption implies that
|f(w") = f(w)—(V f(w),w —w)| < L|lw—w'||?, YVw, w’, while the p-Lipschitz Hessian assumption
implies that | f (w) — f(w) — (V f(w), w’ —w) — (w' —w) T V2 f(w)(w' —w)| < 2|lw—w'||3, Vw, w'.
Furthermore, we assume that the stochastic gradient has bounded noise ||V f (w) — V f(w; &) > < o2
and that the norm of stochastic momentum is bounded so that ||m;|| < ¢,,,. We denote II; M; as the
matrix product of matrices {M;} and we use 0oz (M) = || M|z := sup, o <g€;{vx>
spectral norm of the matrix M.

to denote the

3.1 REQUIRED PROPERTIES WITH EMPIRICAL VALIDATION

Our analysis of stochastic momentum relies on three properties of the stochastic momentum dynamic.
These properties are somewhat unusual, but we argue they should hold in natural settings, and later
we aim to demonstrate that they hold empirically in a couple of standard problems of interest.

Definition 2. We say that SGD with stochastic momentum satisfies Almost Positively Aligned with
Gradient (APAG)[*|if we have

B (VS (o), e — 9] 2 —5 19 f @l ©

We say that SGD with stochastic momentum satisfies Almost Positively Correlated with Gradient
(APCG) with parameter T if 3¢’ > 0 such that,

E¢[(Vf(we), Memy)] 2 =10 man (M)||V f (wy)]|?, (6)
where the PSD matrix My is defined as
My = (2} G ) (12 Gsy)  with  Gayi=1-n>5_ BFV2f(w,)

Sfor any integer 1 < k < 1 — 1, and 7 is any step size chosen that guarantees each G ; is PSD.

Definition 3. We say that the SGD with momentum exhibits Gradient Alignment or Curvature
Exploitation (GrACE) if 3¢y, > 0 such that

Ei[n(V f(we), g¢ — me) + %m} V2 f(wy)me] < nPep. (7)

APAG requires that the momentum term m; must, in expectation, not be significantly misaligned
with the gradient V f (w;). This is a very natural condition when one sees that the momentum term is
acting as a biased estimate of the gradient of the deterministic f. APAG demands that the bias can
not be too large relative to the size of V f(w;). Indeed this property is only needed in our analysis
when the gradient is large (i.e. ||V f(w;)|| > €) as it guarantees that the algorithm makes progress;
our analysis does not require APAG holds when gradient is small.

APCQG is a related property, but requires that the current momentum term m; is almost positively
correlated with the the gradient V f (w;), but measured in the Mahalanobis norm induced by M. Tt
may appear to be an unusual object, but one can view the PSD matrix M; as measuring something
about the local curvature of the function with respect to the trajectory of the SGD with momentum
dynamic. We will show that this property holds empirically on two natural problems for a reasonable
constant ¢’. APCG is only needed in our analysis when the update is in a saddle region with significant
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Figure 3: Plots of the related properties. Sub-figures on the top row are regarding solving (3)) and sub-ﬁgures on
the bottom row are regarding solving (4) (phase retrieval). Note that the function value/relative distance to w™ are
plotted on Figure[2] Above, sub-figures (a) and (d): We plot the gradlent norms versus iterations. Sub-figures (b)
and (e): We plot the values of (V f(w;), ms — g:)/||V f (we)]|* versus iterations. For (b), we only report them
when the gradient is large (||V f (w¢)|| > 0.02). It shows that the value is large than —0.5 except the transition.
For (e), we observe that the value is almost always nonnegative. Sub-figures (c) and (f): We plot the value of
(V f(we), Mymie) /00 maz (Me)||V f (we)]|%. For (c), we let M, = (I*X19°G, ) (I1*X1°° G, ;) and we only
report the values when the update is in the region of saddle points. For (f), we let M; = (1132, Gs.+) (TI3%, G ¢)
and we observe that the value is almost always nonnegative. The figures implies that SGD with momentum has
APAG and APCG properties in the experiments. Furthermore, an interesting observation is that, for the phase
retrieval problem, the expected values might actually be nonnegative.

negative curvature, ||V f(w)|| < e and Apin (V2 f(w)) < —e. Our analysis does not require APCG
holds when the gradient is large or the update is at an (e, €)-second order stationary point.

For GrACE, the first term on Lh.s of (7)) measures the alignment between stochastic momentum
my and the gradient V f(w;), while the second term on 1.h.s measures the curvature exploitation.
The first term is small (or even negative) when the stochastic momentum m; is aligned with the
gradient V f(w;), while the second term is small (or even negative) when the stochastic momentum
my can exploit a negative curvature (i.e. the subspace of eigenvectors that corresponds to the
negative eigenvalues of the Hessian V2 f (w;) if exists). Overall, a small sum of the two terms (and,
consequently, a small ¢;,) allows one to bound the function value of the next iterate (see Lemma [g)).

On Figure 3] we report some quantities related to APAG and APCG as well as the gradient norm
when solving the previously discussed problems (3)) and () using SGD with momentum. We also
report a quantity regarding GrACE on Figure d]in the appendix.

3.2 CONVERGENCE RESULTS

The high level idea of our analysis follows as a similar template to (Jin et al.| (2017);Daneshmand et al |
2018); |Staib et al.| (2019)). Our proof is structured into three cases: either (a) ||V f(w )H > ¢, or(b)
IV f(w)]] < eand Apin (V2 f(w)) < —¢, or otherwise (c) ||V f(w)| < e and Apin (V2 f(w)) > —e,
meaning we have arrived in a second-order stationary region. The precise algorithm we analyze is
Algorithm 2] which identical to Algorithm [I]except that we boost the step size to a larger value  on

“Note that our analysis still go through if one replaces % on r.h.s. of (5) with any larger number ¢ < 1; the
resulted iteration complexity would be only a constant multiple worse.



Under review as a conference paper at ICLR 2020

Algorithm 2: SGD with stochastic heavy ball momentum

: Required: Step size parameters r and 7, momentum parameter 3, and period parameter T¢nred-
: Init: wo € R?and m_; = 0 € R
: fort =0to 7T do
Get stochastic gradient g; at w, and set stochastic momentum m; := Sm¢—1 + gi.
Set learning rate: 7 := 7 unless (¢t mod T¢nreq) = 0 in which case 7 := r
W41 = Wt — ﬁmt.
end for

A ol ey

occasion. We will show that the algorithm makes progress in cases (a) and (b). In case (c), when the
goal has already been met, further execution of the algorithm only weakly hurts progress. Ultimately,
we prove that a second order stationary point is arrived at with high probability. While our proof
borrows tools from (Daneshmand et al.| (2018)); |Staib et al.|(2019))), much of the momentum analysis
is entirely novel to our knowledge.

Theorem 1. Assume that the stochastic momentum satisfies CNC. SetE]r = 0(e?), n = O(%), and
Tinrea = O((1 — B) log(ﬁ)e_G). If SGD with momentum (Algorithm has APAG property
when gradient is large (||V f(w)|| > €), APCGr,,,., property when it enters a region of saddle
points that exhibits a negative curvature (|V f(w)| < € and Anin(V? f(w)) < —¢), and GrACE

property throughout the iterations, then it reaches an (e, €) second order stationary point in T =
2 /

o((1-p) log(%#)e_m) iterations with high probability 1 — 4.

The theorem implies the advantage of using stochastic momentum for SGD. Higher /3 leads to

reaching a second order stationary point faster. As we will show in the following, this is due to that

higher /3 enables escaping the saddle points faster. Below we provide some key details of the proof of

Theorem [I] The interested reader can read a high-level sketch of the proof, as well as the detailed

version, in Appendix [G]

3.2.1 ESCAPING SADDLE POINTS

In this subsection, we analyze the process of escaping saddle points by SGD with momentum. Denote
to any time such that ({9 mod Tinreq) = 0. Suppose that it enters the region exhibiting a small
gradient but a large negative eigenvalue of the Hessian (i.e. ||V f(wy,)|| < € and Apin (V2 f (wy,)) <
—e). We want to show that it takes at most 7;p..cq iterations to escape the region and whenever it
escapes, the function value decreases at least by Fippeq = 0(64) on expectation, where the precise
expression of Fip,.q Will be determined later in Appendix [El The technique that we use is proving
by contradiction. Assume that the function value on expectation does not decrease at least Fyp,y.cq
in T¢preq iterations. Then, we get an upper bound of the expected distance By, [||wio 475,00 —
Wy, ||2] < Cuypper- Yet, by leveraging the negative curvature, we also show a lower bound of the
form Ey, [||wig+7;000a — Wiol|?] = Clower- The analysis will show that the lower bound is larger
than the upper bound (namely, Ciower > Cupper), Which leads to the contradiction and concludes
that the function value must decrease at least Fypreq in Tinreq iterations on expectation. Since
Tihrea = O((1 = 5) log(ﬁ)?), the dependency on 3 suggests that larger /5 can leads to smaller

Tinred> Which implies that larger momentum helps in escaping saddle points faster.
Lemma [T|below provides an upper bound of the expected distance. The proof is in Appendix

Lemma 1. Denote to any time such that (to mod Tipreqa) = 0. Suppose that B [f(we,) —
fwig+t)] < Finred for any 0 < t < Tiprea. Then, By [||lwigre — wio|?] < Cuppert =

Snt( Fenreat2rien+Lricd, 2 2
! ( = d(l_fg;h GRS ) + 87]2 (1t_06)2 +47’]2(%> C,?n + 2T26$n'

3See Table[3|in Appendix [E|for the precise expressions of the parameters. Here, we hide the parameters’
dependencies on 7, L, ¢, ¢/, 0°, p, cn, and §. We also need some minor constraints on 3 so that 3 cannot be
too close to 1. They are 1) L(1 — ,3)3 >1,2) 02(1 — ,8)3 >1,3)c(1— /3’)2 >1,4)n < %, 5)n < #’
and 6) Tinreda > 1+ %, where the precise expressions of 77 and T¢preq are on Tablein Appendix@ Wlo.g,
we also assume that ¢,,, L, 02, ¢/, ¢p, and p are not less than one and ¢ < 1. Please see Appendixfor details.
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We see that Cyypper in LemmaE]is monotone increasing with ¢, so we can define Cypper := Clupper, Tinyeu-

Now let us switch to obtaining the lower bound of Ey, [||wty+7;,... — Wi, ||%]. The key to get the
lower bound comes from the recursive dynamics of SGD with momentum.

Lemma 2. Denote ty any time such that (tg mod Tipreq) = 0. Let us define a quadratic ap-
proximation at wy,, Q(w) := f(wy,) + (w — wyy, V.f(wyy)) + 5 (w — wyy) T H(w — wy,), where
H := V2 f(wy,). Also, define Gy := (I —n>_1_, B~ FH). Then we can write wy, 4, — wy, exactly
using the following decomposition.

qm,t—1
o t—1
(Hé‘;iGj)( - TmtO) +n(=1) Z (Hé;iJrlGj)ﬂsmto
i
t—1 s
+ (=1 (WL, Gh) Y B H(VF(wigrk) — VQ(wre+s))
s=1 qw,f,_lk 1 .
t—1 s t—1 s
+ o (=)L 1G) > BTV F(wr) 4 (—1)> (2L, G5) Y B F it
s=1 k=1 s=1 k=1

The proof of Lemma [2] is in Appendix Furthermore, we will use the quantities
Qu,t—1>Tm,t—1,qq,t—1> Gw,t—1, G¢,t—1 as defined above throughout the analysis.

Lemma 3. Following the notations of Lemma|2] we have that

IE750 [Hwtoth_wto H2] > ]Eto [HQU,tfl H2]+277Et0 [<qv,t717 qm,tfl'*'Qq,tfl +Qw,t71+q57t71>] = Clower~

We are going to show that the dominant term in the lower bound of By, [|wy, 1t — wy,||?] is
Et,[|/gv,t—1]|%], which is the critical component for ensuring that the lower bound is larger than
the upper bound of the expected distance.

Lemma 4. Denote ; := S _, 377% =57 _ ¥ Vand A := —Ain(H). Following the condi-
tions and notations in Lemma and Lemma ﬁ we have that

_ 2
Eto[”‘]v,t—1”2] > (H§:11(1 +779j/\)) T27~ (8)

Proof. We know that A\, (H) < —e < 0. Let v be the eigenvector of the Hessian H with unit norm
that corresponds to Ayin (H) so that Hv = Ay (H)v. We have (I — nH)v = v — nAnin(H)v =
(1 = nAmin(H))v. Then,

(a) ® (© -
Eto[gv,e-1017] = By lll o1 [P [01P] = Bt [(qu,i—1,0)?] = B [(TTZ1G5) rmy,, v)?]

@ o [((IG2 (1 = 00 H))rmey, v)%] = Eeg (521 (1 = 00 Amin (H))) 7, , v)] ®)

Q)

> (231 +0,0)) %,

where (a) is because v is with unit norm, (b) is by Cauchy—Schwarz inequality, (c), (d) are by the
definitions, and (e) is by the CNC assumption so that E;, [(my,, v)?] > 7. O

Observe that the lower bound in (§) is monotone increasing with ¢ and the momentum parameter
(. Moreover, it actually grows exponentially in ¢. To get the contradiction, we have to show that
the lower bound is larger than the upper bound. By Lemma [I]and Lemma 3] it suffices to prove the
following lemma. We provide its proof in Appendix

Lemma 5. Let Fipreq = 0(64) and 1*Tinrea < 2. By following the conditions and notations in
Theorem|[I} Lemmal[l|and Lemma 2] we conclude that if SGD with momentum (Algorithm[2) has the
APCG property, then we have that Ciower = iy [||qo.Tinrea—1 121+ 2040 Qo Tinrea—15 GnTinrea—1 +
4q, Tinrea—1 T Gw, Tinrea—1 T qfv,]_th'r'ed_1>] > CMPPW'
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4 CONCLUSION

In this paper, we identify three properties that guarantee SGD with momentum in reaching a second-
order stationary point faster by a higher momentum, which justifies the practice of using a large value
of momentum parameter 5. We show that a greater momentum leads to escaping strict saddle points
faster due to that SGD with momentum recursively enlarges the projection to an escape direction.
However, how to make sure that SGD with momentum has the three properties is not very clear. It
would be interesting to identify conditions that guarantee SGD with momentum to have the properties.
Perhaps a good starting point is understanding why the properties hold in phase retrieval. We believe
that our results shed light on understanding the recent success of SGD with momentum in non-convex
optimization and deep learning.
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(a) About GrACE for problem . (b) About GrACE for problem (E[) (phase re-
trieval).

Figure 4: Plot regarding the GrACE property. We plot the values of UAEICRIT 7t2?+ 2 MM ersus

1
iterations. An interesting observation is that the value is well upper-bounded by zero for the phase retrieval
problem. The results imply that the constant ¢y, is indeed small.

A LITERATURE SURVEY

Heavy ball method: The heavy ball method was originally proposed by [Polyak|(1964). It has been
observed that this algorithm, even in the deterministic setting, provides no convergence speedup
over standard gradient descent, except in some highly structure cases such as convex quadratic
objectives where an “accelerated” rate is possible (Lessard et al.|(2016);|/Goh| (2017)). In recent years,
some works make some efforts in analyzing heavy ball method for other classes of optimization
problems besides the quadratic functions. For example, (Ghadimi et al| (2015) prove an O(1/T)
ergodic convergence rate when the problem is smooth convex, while [Sun et al.| (2019) provide a
non-ergodic convergence rate for certain classes of convex problems. |Ochs et al.|(2014) combine the
technique of forward-backward splitting with heavy ball method for a specific class of nonconvex
optimization problem. For stochastic heavy ball method, [Loizou & Richtarik|(2017) analyze a class
of linear regression problems and shows a linear convergence rate of stochastic momentum, in which
the linear regression problems actually belongs to the case of strongly convex quadratic functions.
Other works includes (Gadat et al.|(2016)), which shows almost sure convergence to the critical
points by stochastic heavy ball for general non-convex coercive functions. Yet, the result does not
show any advantage of stochastic heavy ball over other optimization algorithms like SGD. [Can et al.
(2019) show an accelerated linear convergence to a stationary distribution under Wasserstein distance
for strongly convex quadratic functions by SGD with stochastic heavy ball momentum. Yang et al.
(2018) provide a unified analysis of stochastic heavy ball momentum and Nesterov’s momentum for
smooth non-convex objective functions. They show that the expected gradient norm converges at rate
O(1/+/1). Yet, the rate is not better than that of the standard SGD. We are also aware of the works
(Ghadimi & Lan| (2016;2013))), which propose some variants of stochastic accelerated algorithms
with first order stationary point guarantees. Yet, the framework in (Ghadimi & Lan|(2016;2013))
does not capture the stochastic heavy ball momentum used in practice. There is also a negative result
about the heavy ball momentum. Kidambi et al.|(2018)) show that for a specific strongly convex and
strongly smooth problem, SGD with heavy ball momentum fails to achieving the best convergence
rate while some algorithms can.

Reaching a second order stationary point: As we mentioned earlier, there are many works aim at
reaching a second order stationary point. We classify them into two categories: specialized algorithms
and simple GD/SGD variants. Specialized algorithms are those designed to exploit the negative
curvature explicitly and escape saddle points faster than the ones without the explicit exploitation
(e.g.|Carmon et al.| (2018)); | Agarwal et al.|(2017); |Allen-Zhu & Li (2018)); Xu et al.| (2018))). Simple
GD/SGD variants are those with minimal tweaks of standard GD/SGD or their variants (e.g. |Ge et al.
(2015); [Levy| (2016); |[Fang et al. (2019); Jin et al.| (2017; |2018;12019); |Daneshmand et al.| (2018);
Staib et al.[(2019)). Our work belongs to this category. In this category, perhaps the pioneer works
are (Ge et al.|(2015)) and (Jin et al.|(2017)). Jin et al.|(2017) show that explicitly adding isotropic
noise in each iteration guarantees that GD escapes saddle points and finds a second order stationary

12
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Algorithm | Complexity
Perturbed SGD (Ge et al.[(2015)) | O(e~15)
Average-SGD (Fang et al[(2019)) | O(¢™")
Perturbed SGD (Jin et al.[(2019)) | O(
CNC-SGD (Daneshmand et al. (2018)) | O(e 1Y)
O(
O(

Adaptive SGD (Staib et al.| (2019))
SGD-+momentum (this work) ‘

Table 1: Iteration complexity to find an (e, €) second-order stationary point .

point with high probability. Following (Jin et al.| (2017)), |[Daneshmand et al.| (2018)) assume that
stochastic gradient inherently has a component to escape. Specifically, they make assumption of the
Correlated Negative Curvature (CNC) for stochastic gradient g; so that E;[{g;, v¢)?] > v > 0. The
assumption allows the algorithm to avoid the procedure of perturbing the updates by adding isotropic
noise. Our work is motivated by (Daneshmand et al.| (2018))) but assumes CNC for the stochastic
momentum m; instead. Very recently, Jin et al.|(2019) consider perturbing the update of SGD and
provide a second order guarantee. |Staib et al.| (2019) consider a variant of RMSProp (Tieleman
& Hinton| (2012))), in which the gradient g; is multiplied by a preconditioning matrix G; and the

update is w1 = wy — G 1/2 g¢. The work shows that the algorithm can help in escaping saddle
points faster compared to the standard SGD under certain conditions. |Fang et al.|(2019) propose
average-SGD, in which a suffix averaging scheme is conducted for the updates. They also assume an
inherent property of stochastic gradients that allows SGD to escape saddle points.

We summarize the iteration complexity results of the related works for simple SGD variants on
Table E] The readers can see that the iteration complexity of (Fang et al.| (2019)) and (Jin et al.
(2019)) are better than (Daneshmand et al. (2018); [Staib et al.|(2019)) and our result. So, we want
to explain the results and clarify the differences. First, we focus on explaining why the popular
algorithm, SGD with heavy ball momentum, works well in practice, which is without the suffix
averaging scheme used in (Fang et al.| (2019)) and is without the explicit perturbation used in (Jin
et al. (2019)). Specifically, we focus on studying the effect of stochastic heavy ball momentum and
showing the advantage of using it. Furthermore, our analysis framework is built on the work of
(Daneshmand et al.|(2018))). We believe that, based on the insight in our work, one can also show
the advantage of stochastic momentum by modifying the assumptions and algorithms in (Fang et al.
(2019)) or (Jin et al.| (2019)) and consequently get a better dependency on e.

B LEMMAIG][7] AND§]

In the following, Lemma[7]says that under the APAG property, when the gradient norm is large, on
expectation SGD with momentum decreases the function value by a constant and consequently makes
progress. On the other hand, Lemma 8] upper-bounds the increase of function value of the next iterate
(if happens) by leveraging the GrACE property.

Lemma 6. If SGD with momentum has the APAG property, then, considering the update step

Ln’cy,

W1 = wy — Ny, we have that By[f(wi11)] < f(wy) — %IIW(M)HQ + 3

Proof. By the L-smoothness assumption,

L772 2
flwir1) < flwe) = n(V f(we), me) + 7||mt||

L??QCQ

<flwe) =V f(we), ge) — n(V f(we), me — ge) + 5 o (10

%We follow the work (Daneshmand et al. (2018)) for reaching an (¢, €)-stationary point, while some works
are for an (e, \/€)-stationary point. We translate them into the complexity of getting an (e, €)-stationary point.
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Taking the expectation on both sides. We have

Ln?c?
Ei[f(we1)] < f(we) =V f(we)|* = nE[(V f (wy), me — g0)] + 5
Ln?c
< J(wn) = IV F ()P + =5 (an
where we use the APAG property in the last inequality.
O

Lemma 7. Assume that the step size n satisfies n < 85? If SGD with momentum has the

APAG property, then, considering the update step wi1 = wy — nmy, we have that Ei[f (wi41)] <
f(w) — 2€® when |V f(wy)]| > e

IV f(we)l|>e 2 2
_n.2, Ln7c, _n.2
= p€ 5™ < —3€

where the last inequality is due to the constraint of 7. O

Lemma [0l o | LnPc
Proof. By[f(wir1)—flwe)] < =3IV f(w)|*+ 5=

)

Lemma 8. [If SGD with momentum has the GrACE property, then, considering the update step
3
Wy = wy — nmy, we have that By[f(wey1)] < f(wy) +nPen + %cfn.

Proof. Consider the update rule w;4; = w; — nmy, where m; represents the stochastic momentum
and 7 is the step size. By p-Lipschitzness of Hessian, we have f(wiy1) < f(w:) — n(V f(w:), g+) +

n(V f(we), g —my) + gmsz(wt)mt + % ||m||*. Taking the conditional expectation, one has

2 3
Ee[f(wig1)] < flwe) — B [n]|V f(we)[|?] 4+ B [n(V f(we), ge — ma) + %WZVQf(wt)mt] + %C?n'
< flwy) + 0+ nPch + ’%ﬁcfn.
(12)
O

C PROOF OF LEMMA I

Lemma [1| Denote ty any time such that (to mod Tiprea) = 0. Suppose that B [f(we,) —
f(wto+t)} < ‘Fthredfor amny 0 <t< ﬁhred- Then,
Eto[llwiy e — wio|1?) < Cuppert
_ Snt(fthred +2rc, + §r3c§n)
(1-p5)2

2
5+ 47]2 (i)chn + 27‘263n.

to
82
AT -5
(13)

Proof. Recall that the update is w¢,+1 = Wy, — My, ANd Wi 4t = Weopt—1 — NMypy4t—1, fort > 1.
We have that

[wig 1t = wio 1> < 2([[wig 1t — wigal® + [lwig 11 = weo|*) < 2flweg e — weopa||* + 27“202,1’(14)
where the first inequality is by the triangle inequality and the second one is due to the assumption
that ||m;|| < ¢, for any ¢. Now let us denote

t—1—s 54
® (g — Ejzo éﬁj

t—1
® At—l = Zs:l Qs
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and let us rewrite g; = V f(w;) + &, where &, is the zero-mean noise. We have that

t—1 t—1 s
Eto[llwey e — wig11?) = By, [ Z —migpsl?] =B 021D (O B gtorg) + B, ) |I°]

s=1 j=1
< By, 27| 225 91015l + 207 Zﬂsmtoﬂ
s= 1] 1
s ﬁ )
< By, 20| 225 791015 11%] +2772(m) cn
s=1j=1
t—1 8
= By, [20°]] ) asgiorsl®] + 2772(@) Cn
s=1
t—1 8
=By, [20°]1 Y s (Vi (wegts) + Etors) 7] + 207 (m) Cm
s=1
t—1 t—1 8
< Eoo[40*] )V (wios ) IP] + Eog [40%]1 ) avsoss®] + 2772(@) Con-
s=1 s=1
(15)
To proceed, we need to upper bound E,, [47?| ZS 1 asV f(wi,+)||?]. We have that
t—1
Evo[407 ] ) oV f(wey 1)) < Eq, [40° A7 Z (weg+5)1%]
s=1
®) , At = ;i ,
< Eyy[4n ZHVf Wiots)||] < Eq, [47? (R D IV F (wegrs)IP]-
s=1
(16)
where (a) is by Jensen’s inequality, (b) is by max, as < ﬁ, and (c) isby A; 1 < 175. Now let
us switch to bound the other term.
Ey, [47°]| Zas£t0+sll | = 4n*(Ey, Zaza35t0+zfto+g + By, Zoé €t sEtots])
i#]
@ t—1
a
= 4772 (O + By, [Z O‘?ft—g+s§to+8])a
s=1
(®) to?
< A ——. 17
a-py

where (a) is because Eq, [¢,] | ;&1,+;] = 0fori # j, (b) is by that [|&]|? < 0% and max; o < 115.

1-8
Combining (T4), (T3). (16), (T7),

By [lwigre — weo]?] < By, 87

t—1

e 3 IV )+ 7 0

22
1_/@)) + 2r°c

m:*

§ ﬂ) 4

(18)
Now we need to bound E,, [Zz;ll |V f(wy,+5)||?]. By using p-Lipschitzness of Hessian, we have
that

1 p
Fwigts) < f(wigrs—1) = MV f(Wigts—1)s Mig5—1) + §n2m2)+s—lv2f(wto+s—1)mto+s—1 + 6773Hmto+s—1||3~

(19)
By adding n(V f (w¢,+s—1), Gto+s—1) on both sides, we have
NV f(Weg45-1)s Gtots—1) < fWigrs—1) = f(Weg+s) + 0V (Weots-1), Grots—1 — Migts—1)

1 P
+ gngm;Jrsfvaf(wtoJrsfl)mtoJrsfl + 8773\\mto+sf1||3'

(20)
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Taking conditional expectation on both sides leads to

Etots—1 IV f(wigt5-1) 7] € Ergps—1[f(Wigts—1) = f(Weg15)] + n°cn + gn%f’n, 21

where Ey 41 [1(V f(Wegt5-1)s Grots—1 — Megrs—1) + 577 Mgy s 1 V2 (Wegps—1)Megrs-1] <
n?cy, by the GrACE property. We have that for tg < tg + s — 1
Eo [V f (weyt5-1)[1%] = By [Brg 451 [1l| V f (weo-5-1) 1]

21 2 P 33
= Eto [Et0+5*1[f(wto+sfl) - f(wto+s)]] +n7cn + 677 Cm

= B [/ (Wi s1) = S (Weg1)] + 17cn + 0, 22)

Summing the above inequality from s = 2,3, ..., ¢ leads to

t—1

Ero [ nlIV £ (wro s )17 < B [f (wro41) = fwigre)] + 17 (= Den + §n3(t - 1)¢,

s=1

= Eu, [f(wig41) — fwey) + fwiy) — fwegqe)] + 77 (t — 1)en + gﬂ3(t - 1)),

(a)
< Eto [f(wto+1) - f(wto)] + Fihred + 772(t - 1)Ch + gﬁg(t - 1)0:73717

(23)

where (a) is by the assumption (made for proving by contradiction) that E., [ f(w:,) — f(wiy+s)] <
Finred forany 0 < s < Tipreq. By 1) with s = 1 and = r, we have

B, ]|V f ()] < Bay [ (wry) = F(wege)] 4 17n + £, 4
By (23) and (24), we know that
t—1 t—1
Eio > 1V F (wio4) 7] < B [Pl £ (wio) 2]+ Eeo > 0llV f (wrg40)[|°]
s=1 s=1
< Fihred + r2ch + gr?’ci’n + nztch + gn3tc§n
2 2 P33 P2 3
< Fihred +2r°cy + GT Crp T 6T NC -
® 2 P 323
< Fihred + 2r°cp + 37" Cms (25)

where (a) is by the constraint that 7%t < 72 for 0 < t < Tyeq and (b) is by the constraint that > 7.
By combining (23) and (T8)

t—1 2
t to B2
2 2 2 2 2 2 2 2
Eto[Hwtoth - wto” ] < Eto[Sn (1 — 5)2 ;:1 va(wt0+s)|| ] + 81 (1 — 6)2 +4n (1 — 5) Cr + 217,
8t (Fnred + 2r°cp + §1%c}) o to? 2 B 29 2 2
< + 8 + 40 (——) ¢, +2r°c;,.
=B Ta-ar i)
(26)
O
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D PROOF OF LEMMA 2] AND LEMMA 3]

Lemma 2| Denote ty any time such that (to mod Tiprea) = 0. Let us define a quadratic ap-
proximation at wy,, Q(w) := f(wy,) + (w — wyy, V.f(wyy)) + 5 (w — wyy) " H(w — wy,), where
H := V2 f(wy,). Also, define Gs == (I —n>_;_, B "H) and

® (Gut—1 = (H;;llGj)( — Tmzo).
® gm,t—1 = — 22;11 (H;;i+1Gj)BSmto-
o qoi—1i=—> 0y (241 Gy) Xy B (VS (wig k) — VQ(wigts))-

qu,t—1 = — Zi;ll (H§;i+1Gj) 22:1 /857kvf(wto)'

o qei1i=— oy (2L, Gy) Yo, B " in.

Then, Wi, 4t — Wiy = Gu,t—1 + NGm,t—1 + Nq,t—1 + NGw,i—1 + Nqe t—1-

Notations:
Denote t( any time such that (t9 mod Tipreq) = 0. Let us define a quadratic approximation at
wto 5

Q) = Flung) + (w0 = iy, ¥ f(wn,)) + 5w —wi) Hw—w,), @D

where H := V2 f(wy,). Also, we denote

Gs:= (I—nZﬁs_kH)

k=1

Um,s ‘= 58mt0

Vq,s ‘= Z 55716 (vf(wtoJrk) - VQ(wtOJFS))

k=1

> 5k ) o

k=1

S
—k
Ve, 1= E B "otk
=1

05 := iﬁs_k.
k=1

Vi,

Proof. First, we rewrite my,4; for any j > 1 as follows.

J
Mig+j = B/ me, + Zﬁjikgto—o—k
k=1 (29)

J
= By + > BV (wigsn) + Erorn).

k=1

17
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‘We have that
Wyt — Wiy = Wiogt—1 — Wiy — NMty4t—1

t—1

(@) _ 1

= Wigpi—1 — Wi, — (BT my, + Zﬂt RV f(wegtk) + o))
k=1

®) t—1

= Wigreo1 —wiy — 0 Y BTV Q(wre 1)

k=1

t—1
(B8 e+ BV (wig k) = VQ(wig 1) + &g k)

© Wi t—1 = Wiy — 1 Z BTR(H (weg 41 — wiy) + V f (wy,)

t—1
n(B ' ma, + Z BTV f(wigak) = VQ(wrgt-1) + Etot))

k=1
t—1
= - UZﬂt_l_kH) (wto+t—1 - wto)
k=1

t—1
n(ﬁt‘lmto + Z 5t_1_k(vf(wto+k) = VQ(wiy14-1) + V fwe,) + §t0+k))»

k=1
(30)
where (a) is by using with j = ¢ — 1, (b) is by subtracting and adding back the same term, and
(c) is by VQ(wey+1—1) = V fwy,) + H(Weg1-1 — we,).-

To continue, by using the nations in (28), we can rewrite (30) as
Wiyt — Wiy = Gi1 (Weott—1 — Wy ) — N (Vm,t—1 + Vgi—1 + Vut—1 + Vet—1). (31)
Recursively expanding (3T)) leads to
Wegtt — Wy = Gi_1 (wtothfl - wto) - n(vm,tfl + Vgt—1 + Vwyt—1 + 'UE,tfl)
=Gy (Gt—Q (wt0+t—2 - wto) - U(vm,t—z + Vg t—2 + Vypt—2 + Ug,t—Q))
- U(Um,tfl + Vg,t—1 + Vwt—1 + Ugt 1)

@ (rrt— (32)
= (H§:11G7> (wto-‘rl - ’wto Z H; i+1 'Um s T Vg5 + Vw,s + Vg, s)
() /ot
:(Hﬁ-zllG) — My, —nz H’; iH vms—l-vqs—i-vws-l-vgs)
where (a) we use the notation that H;;iGj = Gs X Ggp1 X oonn.. G¢_1 and the notation that

H;;%Gj = 1 and (b) is by the update rule. By using the definitions of {¢, 1} in the lemma
statement, we complete the proof.

O

Lemma 3] Following the notations of Lemma (2] we have that

Eto[Hwtoth - wt0||2] > ]Eto[HQv,tle?] + 277]Et0[<qv,t717 gm,t—1 + dq,t—1 + Guw,t—1 + q57t71>] = CIOWW
(33)

Proof. Following the proof of Lemma[2} we have

Wiyt — Wiy = Qut—1 + N (Gme—1 + g -1 + Quit—1 + qet—1).- (34)

18
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Therefore, by using ||a + b||? > ||a||? + 2(a, b),
Ety [llweo+t = weo %] 2= Bt [lgv,e-111%] + 20Beo [{@u,e-1: Gmot—1 + dg,e—1 + Gut—1 + dee—1)].

(35)
O
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E PROOF OF LEMMA

Lemma (5| Let Fipreq = 0(64) and 1*Tinrea < 12. By following the conditions and notations in
Theorem|l} Lemmal[l|and Lemma 2] we conclude that if SGD with momentum (Algorithm[2) has the
APCG property, then we have that Clower = Eto [quyﬂhrad71 ||2} + 2n]Eto [(qv,Tthred*h Gm, Tinrea—1 T
49, Tinrea—1 T GQw, Tinrea—1 T qf,Ttm»ed—lﬂ > CMPPW'

Table 3: Constraints and choices of the parameters.

Parameter | Value | Constraint origin | constant
Ci —
er < c?anod2ch’ €0 = 1152
2 C;

T 5’76 Cr 64 . 65 . 66 C%pngcfo(l,B)zch S Cr
SorTAa g S Cr
c3 pL202(1-p)3cy —

r ” r< \/75%?‘3‘1 from (|89 ?

h

n (52’}/2650" (64) C"I S W, CcC1 = %

n " 0 < r/v/Tinrea from (25),(39),(87).(89) "

U " n < min{ O77, C2T from {43, (78 -

Fihred 5’72 €4CF‘ 65 on2

2
Fihred ” Finred < <~ from (88 ”»

c(1— Ccm o2 ey
Tihred ‘ Tehred > (lnf) log(L(kB)pMe’ ) from (82 ‘

W.Lo.g, we assume that c,,, L, o2, ¢, ¢, and p are not less than one and that e < 1.

E.1 SOME CONSTRAINTS ON [3.

We require that parameter 3 is not too close to 1 so that the following holds,

D L(1-p3)3>1.
2)o%(1—-8)% > 1.

e 3)d(1-p)2>1.
e 4)n < %
o 5n< L
c(1— cmo2 c/cL
L 6) 7;h7’ed Z (17]56) log( L(l_ﬁ)%»ysl ) Z 1 + %

The constraints upper-bound the value of 3. That is, 3 cannot be too close to 1.

20
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E.2 SOME LEMMAS

To prove Lemma[5] we need a series of lemmas with the choices of parameters on Table [3]

Upper bounding E,[||¢q.c—1]/]:

Lemma 9. Following the conditions in Lemmal[l|and Lemma[2] we have
BLcy,
Ety[[lgq,e—1 /1] <(TGZ1(1 + 18, A))W
(Ht 1(1+’79 )‘)) P (fthred+2r ch+p 33) 36
1-3 ne? (1-5)? (30)
— 'l"20'2 2
(H§:11(1 +16;))) 9(8(1—;3)2 + 4772(%) 2, +2r2c))
1-8 2ne '
Proof.
t—1 s
Etolage-11] = Ex [l = > (W2541Gj) Y B (Vf(wegsn) = VQ(wigs)) ]
s=1 k=1
< Et, Z (T2, 1Gy) Y B (V f(wigan) — VQ(weors)) ]
k=1
® . t—1 ~ sk
< Ey [Z IO G llall D B (Vf (wig ) = VQ(wry5)) ]
k=1
< o Z I3 Gl Y B IV f (wigrn) = VQ(wry+s)) ]
k=1
(d) - ®
< Ey [Z I Gl D> B F IV F(wig k) = Vi (wig g ) |+ IV f (Wi 1s) = VQ(wres)]))]
s=1 k=1
(37)
where (a), (¢), (d) is by triangle inequality, (b) is by the fact that || Az||s <
A and vector z. Now that we have an upper bound of ||V f(w¢y1x) — V f(weo+s) |,
(@) (d) (38)
IVf(weosk) = VI (wigrs) | < Lllwegre — weorsll < Ln(s = ke

where (a) is by the assumption of L-Lipschitz gradient and (b) is by applying the triangle inequality
(s — k) times and that ||Jw; — wy—1|| < n|lme—1]] < nem, for any t. We can also derive an upper
bound of B¢, ||V f (wig+5) = VQ(wig+5) ]

Et, [V f(wig1s) — VQ(wi14)]]]

(a) p (b ) P 8ns (]:thred + 272 cp + p ) r2g2 9 B
<E,[° . an? (2 92
= t0[2||wt0+ wtoH ] ( (1_ﬂ) +8<1_ﬂ)2+ Ui (1_6) m,+ r
(39)
Above, (a) is by the fact that if a function f(-) has p Lipschitz Hessian, then
p
IVfy) = V@) = V@) - o) < Slly — =] (40)

(c.f. Lemma 1.2.4 in (Nesterov|(2013)))) and using the definition that
1
Q(U}) = f(wto) + <w — Wiy, vf(wto» + §<w - wto)TH(w - wto)?

21
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(b) is by Lemma([l]and 7%t < 72 for 0 < t < Tinrea

8t (Finrea + 212 ch 4 & 3¢3
Et, [llwig+t — wto||2] ( . )

Cm 2 tUQ 2 6 2 9 2.2
TEE + 87 (1_ﬂ)2+4n( —,6’) co, +2réc
877t(fth7’ed + 2T Ch + P ) TQUQ 2 ﬁ 2 9 2 9
+38 +4n*(——=) ¢, +2r°c
=Py a-pe T =p) "
Combing (37), (38), (39), we have that
Eio [llag,e—1]l]

Gp =t
< B DI, )
s=1

Z [ (H;;i-',-lGj) ll2 Z B *Ln(s — k)em
s=1 —

p 8778(]:,5}“«8(1 + 2r2 cp + p
+ ) IZ4G) IIQZBS *

) 7“20'2 5
+8 + 4n?
i R e Sy
t—1 s p
= ) (I, Gy ||2258 “Ln(s — k) cm+Z|| (MZeinGi) 2 Y B S (v + ),
s=1 k=1
(42)
where on the last line we use the notation that

Vg (=

8ns(Finrea + 2r%cp, + §13¢3,)
(1-5)?

43)
rlo? B 2
vi=8— + A (=) 2, + 202
a-pe t i Tp)
To continue, let us analyze || (IT G;) |2 first.
j .
(1752 s+1Gi)ll2 = ||Hg s+1 I‘UZﬁj_kH”b
k=1
(@) I3 (1+n6;0) @) 521 (1 4 n6;))
Il (1490, < =L A 44
j=st1(LH10;A) = H‘g (1 +n6;0) (1 +mne)s “44)
Above, we use the notation that 6; ﬂj —F. For (a), it is due to that A\ := — X5, (H),
Amax(H) < L, and the choice of 7 so that 1 > 7 5, or equivalently,
1-p
< — 45
s 7 (45
For (b), it is due to that 6; > 1 for any j and A >
r.h.s of @2) as

€. Therefore, we can upper-bound the first term on

t—1 s t—1

Z II= 1 Gi) 2 Y B85 L(s — K)ewm = D [I(IT52,
k=1 s=1

s—1
j=s+1 j)‘|2z/3kkL770m
k=1
(a )t 1
< ZH (), Gy

B
——Lncy,
gy lne
® o BLnen 1
= (G 0050) (755 2 ey
(©)

m 1 - Lem
< (25 (1 +n6;0)) (B n;)QrT - (H§—11(1+n9jk))e(f_cmz’ (46)

22

ll2 255 PV f(wigsre) = Vi (wegas) | + IV f (W1y45) = VQ(wio45)]])]
=1

)20727@ + 272

)
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where (a) is by that fact that 377, f*% < 715 5) forany 0 < 3 < 1, (b) is by us-
ing 1} and (c) is by using that Z:Zozl(1+ D M # Now let us switch to bound
S Gl iy B8 (v, + 1) on (42). We have that

S

Zn (021Gl Y A L () < BZII b e +v)
k=1
@( i +779j>\))§ 1 (H;<1+n0JA ti
- 1-5 —(1+nee2” - B = (1 +ne)®
© (23 (1+n00;))) i 1 p (Hﬁ;ll(lJrn@ N) pv
- 1-5  (1+ne2” 1-5 2ne
(M4 N) S 1 ) (I3 (1 +00;0) p(8 =5 + 40 (%)20%—1—27"203’1)
B 1-53 = (L4ne)p2” 1-8 2ne
@ (W2y(L+000) p 80(Finrea +2r°cn + §rc)
- 1-8 (me)? (1-p)2
(25 (1 +n6;)) (8({ fg)z +4n? ({£5 ) 2 +2rc)
1-4 2ne

(47
where (a) is by the fact that Y, _, 8*=% < 1/(1 — B), (b) is by , (c) is by using that
Zjil(ljne)s < #, (d) is by Y oo, zkllc Sl {5z for any |z| < 1 and substituting z = e
which leads to Z:i1 kK< = (1_1//((1+f;2))2 = %:]3'5 < (ni)Q in which the last inequality is
by chosen the step size 7 so that ne < 1.

By combining @2), (46), and (@7), we have that

t—1

S
B, llaga-1| < Y I(I24 G |\2Zﬁs “Li(s — k cm+ZH (L= G) Y B L v+ v)
s=1 k=1
% t—1 ﬂLcm

(Hj;l(]- + 7793'/\))

(1 -p)?
(211 +160;0) p 8(Finrea + 2r2cy, + £r3¢3,)
1-5 1762 (1-p)?
- 2
(I3 (1 +n650) (855 +47° (:55)" + 2r°¢F)
1-7 2ne ’
(48)
which completes the proof.
O
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Upper bounding ||g, ;—1]|:

Lemma 10. Following the conditions in Lemmal[l|and Lemma[2} we have

lgv.e-1 ]l < (TZ3 (1 +70;2))rem. (49)
Proof.
lgve-1ll < I(IGZ1G5) (= rme ) | < NIZLG5) lall = rmmgg || < (IEZ1 (L + 060)) 7, “
(50)
where the last inequality is because 7 is chosen so that 1 > 75 and the fact that Ao (H) < L.
O
Lower bounding E,, [21(qv.t—1,¢q,t—1)]:
Lemma 11. Following the conditions in Lemmal[l|and Lemma[2} we have
Ky, [277<% t—1,4q,t— 1)]
> —21}(Ht T(1+nb; )\)) rem X
[ BLcy, LS(]:thred +2r2c, + £13c3)) N (8(1 5)2 + 4n? (%) 2+ 27“20,271)].
e(1-=5)*  ne (1-p5) 2ne(1 — ) 51

Proof. By the results of Lemmal[9and Lemma
Bty [20(qu,t—15dg,t—1)] = —Eeo [20lq0,t—11l[|9q,e—1 ]

Lemma[10]
> —Eto[277<nt 1(1+779 )‘))rCmHth 1l]

L )
T (W (1 4 00;)) e x (52)

[ BLcm L 8(Finrea + 2r%ch + 813c3,) N /’(8( )2 + dip? (%) C%L‘FQ?"QC%)]
e(1-p)2  ne (1-p)3 2ne(1 — ) '
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Lower bounding E,, [21(qy t—1,e,t—1)]:

Lemma 12. Following the conditions in Lemmal[l|and Lemma[2} we have

Es, [277<QU,t71’ q&,tflﬂ =0. (53)

Proof.

t—1

Et, [20(qu,t—1, G¢,t-1)] = Bt [20(qu,t—1, — Z (28,1 Gy) z B 1 1n)]
k=1

s=1

S
(a)
= Eu, [2n(qu,i-1, Zakfto-&-k”
k=1
Vg, 20
= By [ 77ZEtoijfl[((lv,tfl,ak§t0+k>]]
k=1 (54)
© -
= Eo 20D (@oi-1, Beg g noronéro1a])]
k=1

= Eto [277 Z af <q7.),t—17 Eto+k—1 [ft(,-i-k-m
k=1

where (a) holds for some coefficients ay, (b) is by the tower rule, (c) is because g, ;—1 is measureable
with ¢g, and (d) is by the zero mean assumption of &’s.

O
Lower bounding E;, [27(qy.t—1, ¢m,t—1)]:
Lemma 13. Following the conditions in Lemmal[l|and Lemma[2} we have
Et, [27(qu,t—1, @m,e—1)] > 0. (55)
Proof.
Ky, [277<QU¢—1, Qm,t—1)]
t—1
= 2B, (W21 Gy )y, Y (1211 Gy) o) (56)
s=1

() ®)

g QT]TEtU [<mt0 s Bmt0>] Z 07
where (a) is by defining the matrix B := (II'_]G j)T (Xoa2i (2L, G;) 3%). For (b), notice that
the matrix B is symmetric positive semidef]mite._ To see that the matrix B is symmetric positive
semidefinite, observe that each G; := (I —n>_7_, 377" H) can be written in the form of G; =
UD,;U" for some orthonormal matrix U and a diagonal matrix D;. Therefore, the matrix product
(H;;ll Gj)T (H;;;lGj) = U(Hé;l1 Dj)(Hg;l,SHDj)UT is symmetric positive semidefinite as long
as each G is. So, (b) is by the property of a matrix being symmetric positive semidefinite.

O
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Lower bounding 2nE;, [(qy t—1, quw.t—1)]:

Lemma 14. Following the conditions in Lemmal[l|and Lemmal2) if SGD with momentum has
the APCG property, then

2nrc
(1-5)

21t [(Go,t—1 Gu,i—1)] > — (IEZ5 (1 4 n6;0))%e. (57)

Proof. Define D, :=TI'_1G,ITZL | G

t—1 s

277Et0[<QU,t717 Qw,t71>] = 2nEt0[<(H§;11GJ) (Tmt0)7 (H; 19+1 ) Zﬁs kvf(wto»]
1 k=1

S

t—1 s

= 2By, [(rmey, Y (ZIGGITZL Gy) Y B V f(wy,)]
s=1 k=1
t—1 s

=2nr Z Z Bs_kEto Kmtoy stf(th»]

s=1 k=1

(a) t—1 s B
277 rc ZZﬂS k||DS||2||Vf(wto)||2

s=1k=1

217 2pel

> - Z D5 1211V f (we, )17, (58)

where (a ) is by the APCG property. We also have that
IDs]l2 = T2 G2, 1 Gylle < G216 (220 Gl

ILZ1(1+ ;) (2 (I3 (1 + n6; )\))

Y, 59
A R e (e )
where (a) and (b) is by (@4). Substituting the result back to (38)), we get
277 rc
277]Et0[<q'ut 1, Qu,t— 1 Z”D ||2‘Vf wto)HQ
2
277 e tXi Ht 1 1+779 A)) 25 27727"‘3/ t—1 2 2
> IV f(wio)[* = = (I (L 4+ 00,;0)) [V f (we,) |
1-8 ~ 1+ ne) (1—B)me™
(60)
Using the fact that ||V f (w, )| < e completes the proof.
O

E.3 PROOF OF LEMMA [3]

Recall that the strategy is proving by contradiction. Assume that the function value does not decrease
at least Fypreq in Tipreq iterations on expectation. Then, we can get an upper bound of the expected
distance Ey, [||wty+Tip,eu — Wiol1?] < Cupper but, by leveraging the negative curvature, we can also
show a lower bound of the form Eq, [||wy+7:,,.. — Wi, ||?] = Clower- The strategy is showing that
the lower bound is larger than the upper bound, which leads to the contradiction and concludes
that the function value must decrease at least Fyppeq in Tinreq iterations on expectation. To get the
contradiction, according to Lemma|I| and Lemma@, we need to show that

Et, [|‘q7)77-th7‘ed_1 H2] + 2nEy, [<q7)77—thred_17 Gm, Tenrea—1 T 44, Tenrea—1 T Qw, Tenrea—1 T q§,7—uwed—1>] > Cupper-
(61)

Yet, by Lemma [13| and Lemma we have that nE¢, [(qu, Tipreu—1s @m.Tinrea—1)] > 0 and

NE+t, [(Go, Tonrea—15 ¢ Tinrea—1)) = 0. So, it suffices to prove that

]Eto [||qu7—th,7‘ed71 Hz] + ZUEto [<qu7’th,7‘ed71’ 44, Tinrea—1 T quﬁh,rsd71>] > CUPP€T7 (62)
and it suffices to show that
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b %Eto [qu,Tf,h,md*l HQ] + 20Ky, [<qu7’th,7‘ed71’ qq,Tth,red*1>] = 0.
® iEto[quJ’thrcd*l HQ] + 2nEy, [<qU77’thrcd717 quﬂhrcd71>] 2 0.
o 1Bt [0, Tinrea—1l"] = Cupper-

E.3.1 PROVING THAT %Eto [”q’U;’Tthrcd*l”Q] + 277Et0[<qv;7’thrcd71’ qQ77’thrcd71>] = 0:

By Lemmald]and Lemma|[IT] we have that

1
ZEto [||qv»7—th,red71 ”2] + Eto [277<qv,7—th,red*17 qq,Tr,hred,*1>]

1
> Z(H;f;hfﬂd*lu +00,0)) P2y — 2 (1721 (1 4o A e

BLc, P 8<~Fthred+QT Ch+ er3 3) i (8(T %)2 +4’f} (%)26 +27“ )]

“la—ar e 1= 2ne(1— B) o

To show that the above is nonnegative, it suffices to show that

9 24nrBLc3,

> ZHmBLCy 64
R o
and P 3 3
8(Fomred + 2
2 > 240remp 8(Finrea t 2rcn + fricn) (65)
(1= B)ne? (1-p)?
and 5 \2
B \2 2 22
p2y > 2T P P85y + 4P (:25) ¢l + 2r ) (66)
1-p 2ne

Now w.l.o.g, we assume that c,,,, L, o2, ¢, and p are not less than one and that ¢ < 1. By using the
values of parameters on Table[3] we have the following results; a sufficient condition of (64) is that

Cr 24Lc32, €2

TR VR (67)
Cn (1- ﬂ)Q
A sufficient condition of (63) is that
Cr 576¢m, p
2 s (68)
(1-p)?
and 1152
CmPChCr
1> ———=— (69)
(1-p)?
and 4 9o
192¢;, p=cz
1> —"—=r (70)
(1-8)°
A sufficient condition of (66) is that
2 2
. 96cmp(0® + 3¢, ere 71

- (1-p)3 ’
and a sufficient condition for the above , by the assumption that both o2>1landc, > 1,is

1> 576¢3 poee

Ta=p2
Now let us verify if (67), @) ©%. @0, (]7_7[) are satisfied. For (67), using the constraint of

2 2
c, on Table 3, we have that - > %

m for getting lb which holds by using the constraint that ¢/(1 — 3)2 > 1 and

(72)

. Using this inequality, it suffices to let ¢, >
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4 272 4
cp L0 cp

s . Using

e < 1. For , using the constraint of ¢y on Table we have that é >
which holds by using the constraint that

this inequality, it suffices to let ¢ > F—r 7.

o*(1—B)* > 1. For , it needs 11(175)3 > = > ¢, which hold by using the constraint

52cmpen, — ¢l pLoey
2
that 02(1 — 3)3 > 1. For 1} it suffices to let (114;?/) > an’pz(;zch > ¢, which holds by using the

constraint that (1 — 3)® > 1. For , it suffices to let a-p7° - o - > ¢,, which holds

576c3, pole — 3 pLo?c
by using the constraint that L(1 — 3)® > 1 and € < 1. Therefore, by choosing the parameter values

as Table we can guarantee that %Eto (G, Tonpea—1 ||2] + 20E+, (v, Tonrea—1: thTthred—lH > 0.

E.3.2 PROVING THAT %Eto [||q%775;”-ed—1||2] + 277Eto[<QU,7?;L7~ed—1’ qwaﬁ}t'r~ed_1>] > 0:

By Lemmaf]and Lemma|[T4] we have that

1
7]Et0 [”‘h}ﬂ?hmd—l H2] + QUEto [<qvv7;hred_1’ qwﬁ?hmd—l”

T 1 2nrc T: -1 2 (73)
4(H thred™H(1 + nb; /\)) r2y — 1-7 (ij:h{ed (1+nb;N))“e
To show that the above is nonnegative, it suffices to show that
8nrc'e
r2y > (1777 3 (74)

. e 4, . .
A sufficient condition is &= > 8167% . Using the constraint of ¢, on Table we have that ci >
n n

c‘r’mpL262c’ch, . coe
—m——. So, it suffices to let ¢, > 36 pL%0%en (1=B)

L(1—pB)3>1(sothat L(1 —3) > 1)and e < 1.

which holds by using the constraint that

E.3.3 PROVING THAT 2Eq, [||¢v, 7ipeu—11%] = Cupper:
From Lemma[d]and Lemmal [T} we need to show that

1

(I )

8t (Finrea + 2r2cn + §13¢3, 252
777(thd e )+8T02+4772(B

(1-75)? (1-5) 1-p
We know that 1 (HT“”“ Y1+ 78, )\)) r2y > 1 (HT“”E“‘ Y1+ 78, e))2r2fy. It suffices to show
that

)22, 222, (75)

1 _ 2
1 (Hzﬁiﬁmd "1+ nb;e)) r?y
8Nt (Finred + 2r%cn + 2r3¢3, r2g2 B .2
> ( e 3 ) + 8(1 — A +4772(m) 2 42022, (76)

Note that the left hand side is exponentially growing in 7;.cq. We can choose the number of
iterations T;p.eq large enough to get the desired result. Specifically, we claim that Typpeq >

C(ln_ﬂ) lo (L(Clmgz)pc k) for some constant ¢ > 0. To see this, let us first apply log on both sides of

bl

7’th7‘ed71
2( Y log(1+mnbe)) +log(r®y) > log(8aTinrea + 8D) (77)
j=1

an( Fenrea+2r? L33
where we denote a := n(Fa d:; TB)C:+3T ) and b := 4(1T %)2 + 2n? ( )2 ,+r2c2. To

forz € [0,~ 2. 51] We have that

proceed, we are going to use the inequality log(1 + x) > 7,
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as guaranteed by the constraint of 7). So,

Tehrea—1 (a) Tihrea—1 Tehrea—1j—1
2( Z log(1 + nbje)) > nb;e = Z Zﬂkne
j=1 j=1 j=1 k=0
Tihrea—1 i
1-p7 1 153
— > red — 1 — ——=)ne.
j; 1_ﬂne_1_6(’ﬁhed 1_5)776
® 7;hred -1
> 7, (79)
21— 5)

where (a) is by using the inequality log(1 + x) > § with = nf;e < 1 and (b) is by making
Tthrea—1
2(1-8)

> T _ﬁ 52 which is equivalent to the condition that

26

red 2 1+ +—— 80
Tinrea = 1+ 17— 3 (80)

Now let us substitute the result of ([79) back to (77). We have that
2(1-7) 8aTthred + 8b

log( 3
ne ~yr
which is what we need to show. By choosing 7;xcq large enough,

e(l1-=0) Lepo?plen 1
Tinred > - log( T A)5e )=0((1-7) log(m

for some constant ¢ > 0, we can guarantee that the above inequality (81 holds.

7;hred > 1+

), (81)

)e %) (82)

F PROOF OF LEMMA

Lemma (15| (Daneshmand et al.| (2018)) Let us define the event Yy = {||Vf(wrT,, .| =
€ or Amin (V2 f(WikTip,00)) < —¢€}. The complement is Y = {[|Vf(wir,,..)l <
€ and Apin (V2 f(wkT,,,.,)) = —€}, which suggests that wyr,, .., is an (e, €)-second order sta-
tionary points. Suppose that

E[f(w(k""l)'rthred) - f(wkn}w'ed”Tk} <-A

. A (83)

E[f(w(k-‘rl)ﬂmed) - f(wkﬂhred”’rk} < 65
Set T = 2Tinrea(f(wo) — miny, f(w))/(6A).  We return w uniformly randomly from
WO, WTip gy WoTinroas o s WhTinreas -+« s WK Toproqs Where K := | T/ Tiprea]. Then, with probability

at least 1 — 9, we will have chosen a wy, where Y}, did not occur.

Proof. Let Py, be the probability that Y, occurs.
Elf (Wi t1)Tinrea) = F W0k 00)]
= E[f (Wt 1) Tinrea) = ST ) [Tk P + L (Wt 1) Tonrea) — Fw0rT0,00) TR = Pr)
< —AP,+5A/2(1 — Py)
=0A/2—(1+6/2)AP;

< 6A/2 — AP.
(84)
Summing over all K, we have
1 & 1 &
K+l kZ:O]E[f(w(kH)Tmed) — fwrTpea)] < AK7+1 ];)(5/2 - P)
K
1 f(wo) — miny, f(w)
_— P <6/2 < 85
:K+1I§ LSOt T A S0 (83)
1 K
_- _ >1-—04.
¢K+1Z(1 P)>1-46
k=0
O

29



Under review as a conference paper at ICLR 2020

G PROOF OF THEOREM 1]

Theorem Assume that the stochastic momentum satisfies CNC. Setﬂr = 0(e?), n = O(e%), and

Tinrea = O((1 — B) log(ﬁ)e_‘s). If SGD with momentum (Alg()rithm has APAG property
when gradient is large (||V f(w)|| > €), APCGr,,,,., property when it enters a region of saddle
points that exhibits a negative curvature (||V f(w)]|| < € and Apin (V2 f(w)) < —e¢), and GrACE

property throughout the iterations, then it reaches an (¢, €) second order stationary point in T =

o((1-p) log(%i%i:’l)e_lo) iterations with high probability 1 — 4.

G.1 PROOF SKETCH OF THEOREM[I]

In this subsection, we provide a sketch of the proof of Theorem|[I} The complete proof is available in
Appendix Q Our proof uses a lemma in (Daneshmand et al.|(2018)), which is Lemmaﬂz]below. The
lemma guarantees that uniformly sampling a w from {wir;,...}, k= 0,1,2, ..., |T/Tihrea] gives
an (e, €)-second order stationary point with high probability. We replicate the proof of Lemma in

Appendix [F

Lemma 15. (Daneshmand et al.| (2018)) Let us define the event Ty, = {||V f(wrr,,...)| =
€ 0r Amin (V2 f(WiTy00)) < —€}. The complement is Y = {||Vf(wprip.a)ll <

€ and Amin(V2 f(WkT,,,00)) = —€}, which suggests that wyr,, .., is an (€, €)-second order sta-
tionary points. Suppose that

A
Elf (Wt 1) Tonrea) = FWkT00a) | Tk] < A & E[f (Wi 1)Tonrea) = FWET00a) [ Ti] < 05

(86)
Set T = 2Tiprea(f(wo) — miny, f(w))/(6A) ﬂ We return w uniformly randomly from
W0, WTiproas W2Tinreas - - - s WhkTinrods - - - s WK Typroqs Where K := | T/ Tinrea]. Then, with probability

at least 1 — 8, we will have chosen a wy, where Y}, did not occur.

To use the result of Lemma T3] we need to let the conditions in (86) be satisfied. We can bound
Elf(Wkt1)Tinrea) = F(WkTiprea) | Th] < —Finred, based on the analysis of the large gradient norm
regime (Lemma /) and the analysis for the scenario when the update is with small gradient norm but a
large negative curvature is available (Subsection . For the other condition, E[f(w(41)7;,,..) —

fwry, )| X5] < 6 thred it requires that the expected amortized increase of function value due

to taking the large step size 7 is limited (i.e. bounded by ¢ %) when wg7,,.., 1 a second order
stationary point. By having the conditions satisfied, we can apply Lemma|[I5]and finish the proof of
the theorem.

G.2 FULL PROOF OF THEOREM[I]

Proof. Our proof is based on Lemma [I5 So, let us consider the events in Lemma [I3]
T = {[|VFflwrr,.)ll > eor dmin(V2f(wrr,,..)) < —e}. We first show that
Elf (Wit 1) Tonvea) = FWrTonrea) | Tk] < Finrea.

When ”vf(wkTmred)” > €

8See Table for precise expressions.
°One can use any upper bound of f(wo) — min,, f(w) as f(wo) — min,, f(w) in the expression of T".
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Consider that T, is the case that ||V f(wgT;,,.,)|| = €. Denote to := kT¢nreq in the following. We
have that

Ttnrea—1
Bty [f (Wo s Tonrea) = Fwio)] = > By [BLf (wrose41) = F(Wig 1) [wouso 1]
t=0
7-1h’red 1
= E¢o[f(weo+1) — fwe,)] Z Eio [E[f (wWegtt+1) = f(weg+¢)|[w0:to-+4]]
(@) Lr?c2, ﬂh”rl
< —§||Vf(wto)||2 =5t > By [Elf (wigter1) — F(wigpe) [wout 4]
t=1
~ 87)
o Lr2e2,  Tiged! p (
< —§va(wto)H2 t— oy (et 677303 )
t=1
(9) L
L LI e+ Em a2, 4 0,

(d)
< — DIV + L2, + 1

© r, (f) (g)
< —56 4 Ly? C 42 chp < —ZG < —Fihreds

where ( ) is by usmg Lemma|§|w1th step size r, (b) is by using Lemma|[8] (c) is due to the constraint
that 72 Tinrea < 72, (d) is by the choice of 7, (€) is by ||V f(w)]| > ¢, (f) is by the choice of r so

€2 .
that r S W, and (g) 1S by

%2 > Finred- (88)

When ||V f(wiT,,,.,) ]| < €and Ain (V2 f (wiT;,,,.0)) < —€:

The scenario that Y, is the case that |V f(wiT;,,..) || < € and Apin (V2 f(wiT;,..)) < —€ has been
analyzed in Appendix [E] which guarantees that E[f (w4 7i,,..) — f(Wi,)] < —Finreq under the
setting.

When ||V (w7, .|| < € and A (V2 (wis,,,)) > —e:

Now let us switch to show that E[f (w(xt1)75,00) — F(WkTin,eq)|TE] < 672t Recall that Y§

means that ||V f(wg7,,,..)|| < € and Apin (V2 f(WkT;,,00)) = —¢. Denote to := kTipreq in the
following. We have that

Tihrea—1
Eto [f (Wo 4 Tonres) = FWio)] = D Ey[BIf (wrgse41) = F(wig 1) [worto 1]
t=0
Tihrea—1
= Ky, [f(wig+1) — f(wg,)] + J(Wegrt41) — F(We46)[wo:to-+4]]
t=1
(a) Tehrea—1
< rlep + 67'303 + Z B [E[f (weo4e41) = f(weg 1) [wo:tg 4]
S P.3 T”md_l 2 P 3
grch+6rc + ; (nch+6nc )
©) ) 0 Fihre
< 2ric, + gr < 4rie, < t2h d (89)

where (a) is by using Lemmalw1th step size 7, (b) is by using Lemma [8| with step step size 7, (¢) is
by setting 9> Tprea < 72 and 17 < 7, (d) is by the choice of r so that 877%¢c;, < 6 Fpred-
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Now we are ready to use Lemma [I3] since both the conditions are satisfied. According to

the lemma and the choices of parameters value on Table |3} we can set T = 2T;p1eq ( flwo) —
2 / . . .

min,, f(w))/(dfthred) :.O((l - B) 10&%)6—10)’ which will return a w that is an (e, €)

second order stationary point. Thus, we have completed the proof.

O
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