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ABSTRACT

In this work, we develop the theory for analyzing the generalization performance
of recurrent neural networks. We first present a new generalization bound for
recurrent neural networks based on matrix-1 norm and Fisher-Rao norm. The
definition of Fisher-Rao norm relies on a structural lemma about the gradient of
RNNSs. This new generalization bound assumes that the covariance matrix of the
input data is positive definite, which might limit its use in practice. To address
this issue, we propose to add random noise to the input data and prove a general-
ization bound for training with random noise, which is an extension of the former
one. Compared with existing results, our generalization bounds have no explicit
dependency on the size of networks. We also discover that Fisher-Rao norm for
RNN s can be interpreted as a measure of gradient, and incorporating this gradient
measure not only can tighten the bound, but allows us to build a relationship be-
tween generalization and trainability. Based on the bound, we analyze the effect
of covariance of features on generalization of RNNs theoretically and discuss how
weight decay and gradient clipping in the training can help improve generaliza-
tion.

1 INTRODUCTION

The Recurrent Neural network (RNN) is a neural sequence model that has achieved state-of-the-art
performance on numerous tasks, including natural language processing (Yang et al., [2018}; [Mikolov
& Zweig, [2012)), speech recognition (Chiu et al., [2018]; (Graves, |2013)) and machine translation (Wu
et al.| 2016; [Kalchbrenner & Blunsom| 2013). Unlike feed forward neural networks, RNNs allow
connections among hidden units associated with a time delay. Through these connections, RNNs can
maintain a "memory” that summarizes the past sequence of inputs, enabling it to capture correlations
between temporally distant events in the data.

RNNs are very powerful, and empirical studies have shown that they have a very good generalization
property. For example, Graves|(2013)) showed that deep LSTM RNNs achieved a test error of 17.7%
on TIMT phoneme recognition benchmark after training with only 462 speech samples. Despite
of the popularity of RNNs in practice, their theory is still not well understood. Some theoretical
investigation into RNNs are in progress, especially about training recurrent neural networks. For
example, [Oymak]| (2018)) studied the state equation of recurrent neural networks and showed that
SGD can efficiently learn the unknown dynamics from few observations under proper assumptions.
Miller & Hardt| (2019) tried to explain why feed-forward neural networks are competitive with re-
current networks in practice. They identified stability as a necessary condition and proved that stable
recurrent neural networks are well approximated by feed-forward networks for the purpose of both
inference and training by gradient descent. Despite of these impressive progress in understanding
the training behavior of RNNSs, there are no generalization guarantees in these works.

Understanding the generalization performance in machine learning has been a central problem for
many years and revived in recent years with the advent of deep learning. One classical approach
to proving generalization bound is via notions of complexity. For deep neural networks, numer-
ous complexity measures have been proposed to capture the generalization behavior such as VC
dimension (Harvey et al., 2017) and norm-based capacity including spectral norm (Bartlett et al.,
2017; |[Neyshabur et al., |2019), Frobenius norm (Neyshabur et al., 2015bza; 2018) and /,,-path norm
(Neyshabur et al., 2015b; |Bartlett & Mendelson,|2002; |Golowich et al., 2018)). These existing norm-
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based complexity measures increase with the size of the network as they depend on the number
of hidden units of the network explicitly and thus can not explain why neural networks generalize
so well in practice, despite that they operate in an overparametrized setting (Zhang et al.| [2017).
Neyshabur et al.| (2019) proved generalization bounds for two layer ReL.U feedforward networks,
which decreased with the increasing number of hidden unit in the network. However their results
only applied to two layer ReLU networks and some specific experiments. More recently, a new
generalization bound based on Fisher-Rao norm was proposed (Liang et al., 2017). This notion of
Fisher-Rao norm is motivated by information geometry and has good invariance properties. But
they proved the bound only for linear deep neural networks. There are also some works about the
generalization of recurrent neural networks (Zhang et al.,|2018; |Chen et al.,[2019; |Allen-Zhu & Li,
2019). However these bounds also depend on the size of networks, which make them vacuous for
very large neural networks.

Our main contributions are summarized as follows.

e We define the Fisher-Rao norm for RNNs based on its gradient structure and derive new
Rademacher complexity bound and generalization bound for recurrent neural networks
based on Fisher-Rao norm and matrix-1 norm. In contrast to existing results such as spec-
tral norm-based bounds, our bound has no explicit dependence on the size of networks.

e We prove a generalization bound for RNNs when training with random noises. Our bound
applies to a general class of noises and can potentially explain the effect of noise training
on generalization of recurrent neural networks as demonstrated by our empirical results.

e We propose a new technique to decompose RNNs with ReLLU activation into a sum of linear
network and difference terms. As a result, each term in the decomposition can be treated
independently and easily when estimating the Rademacher complexity. This decomposi-
tion technique can potentially be applied to other neural networks architectures such as
convolutional neural networks, which might be of independent interest.

The remainder of this paper is structured as follows. We define the problem and notations in Section
2. The notion of Fisher-Rao norm for RNNs is introduced in Section 3.1. We prove the general-
ization bound for RNNs and the generalization bound for training with random noise in Section 3.2
and 3.3. Section 3.4 gives a detailed analysis of the generalization bound for RNNs. Finally we
conclude and discuss future directions.

2 PRELIMINARIES

We focus on the vanilla RNNs with ReLU activation. Let U € R™*%, V € RF*™ and W € R™*™
be the weight matrices. Given the input sequence x = (21,29, ,Z1) € RL4 where each z; € R?
and L is the input sequence length, the vanilla RNNs can be described as follows.

gr = Uxy +Why_y

he = p(g:) ) (D
ye = Vhy

where g; and h; € R™ represents the input and output of hidden layer at step ¢, p(-) is the ReLU
function and y; € R* denotes the output value at step .

For simplicity, in this paper, we only consider the final output y;,. We assume that data (z,y) is
drawn i.i.d. from some unknown distribution D over RX? x ) where ) represents the label space
{1,2,---,k}. The RNNs above define a mapping yr(x) from RX? — RF, where k is the number
of classes. We convert yr,(z) to a classifier by selecting the output coordinate with the largest
magnitude, meaning
x — argmax,[yr,(x)],
where [-]; represents the i-th element of a vector. This naturally leads to the definition of margin
My, (x,y) of the output yy, at a labeled example (x, y):
My, (2,y) = [yr(x)]y — max[yr ()], .
y'#y
Thus, y;, misclassifies (z,y) iff M,, (z,y) < 0. The quality of the prediction made by y;, is
measured by the expected risk defined as

Ewy)~p[lm,, (z.y)<0l-
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Without knowing the underlying distribution D, it is impossible to compute the expected risk. In-
stead, we consider the empirical error on sample data given by

1 n
=~ (Laty, (mp<a):
=1

The generalization error is then the difference between expected risk and empirical risk, defined as

n
~ 2 2 (Um, za):

And our goal is to study the generalization error for RNNs theoretically.

3\>—‘

E(a: y)ND[]lMyL (z,y) <O

To establish the generalization bound, a little bit of notations are necessary. For a vector, we
denote the I, norm by |[v]|, = (3 |v|P)!/? and the I, norm by ||v||.c = max|v;|. For
a matrix, we denote the matrix p-norm as [|Al|, = max), —;|Az|,, the matrix-1 norm by
||A]l1 = max;{}",|a;;|} and the Frobenius norm by ||A||% = trace(AA"). The smallest eigen-
value of a matrix A is given by /\mm(A). The activation function p and its derivative p’ are entry-
wise, i.e., p(4) = (p(asj)); ij and p'(v) = (p/( . Wedenote c = (L+1,L,---,2)T, n(0) =
[Vdiag(p'(gr))...Wdiag(p'(9,)) U1, Vdiag(p igL deg '(92))Uxs,-- -, Vdiag(p'(gr.))

Ury] € RF*Land 7(0) = (VWE Uz, VWE2Ux,, - VUxL) where § = (U, W, V) and
diag converts a vector into a diagonal matrix.

3 MAIN RESULT

In this section, we prove the generalization bound for RNNs with ReLU activation. Our new bound
is based on Fisher-Rao norm and matrix-1 norm. We first define the Fisher-Rao norm for RNNs.

3.1 FISHER-RAO NORM FOR RNNS

We adapt the notion of Fisher Rao norm to recurrent neural networks. To begin with, we establish
the following structural result for RNNs.

Lemma 1. Given an input x = (x1, 2, -+ ,xr), consider the recurrent neural network in , we

have the identity
3 0 0
yL Vab + Z Jr Wij + Z yL 0)6

The notion of Fisher-Rao norm is motivated by Fisher-Rao metric of information geometry and is
defined as follows.

Definition 1 ((Liang et al.,[2017), Definition 2). The Fisher-Rao norm for a parameter 0 is defined
as
10153, =< 0.1(0)0 >

where I(0) = E(VI(yry(z),y) @ Vi(yLe(z),y)) and (., .) is the loss function.

The following lemma gives the explicit formula of Fisher-Rao norm in RNNs. We can see that the
notion of Fisher-Rao norm relies mainly on the gradient structure of RNNs.

Lemma 2. Assume that the loss function l(.,.) is smooth in the first argument. Then the following
identity holds for the RNN in ().

1015, = B((n0)e, 20Dy,

Remark 1. We observe that each term Vdiag(p'(gz))..Wdiag(p'(g;))Ux; in n(6) is actually the
gradient component in Backpropagation through time (BPTT). Therefore the Fisher-Rao norm can
be regarded as a measures of the gradient. As will be shown later, we can build a relationship
between generalization and trainability in RNNs via Fisher-Rao norm.
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For the linear activation function and margin loss {(yrg(x),y) = Pa( My, (z,y)) Where o > 0 is
the margin parameter, one might upper bound the Fisher-Rao norm in Lemma 2 by

1615, < ~5E(max((r(6)e)1)

Wﬁ < max;[(7(0)c);]? by definition of M,, (z,y) and lipschitz
YLo

property of @, (-). We define this upper bound as
10117 == E(max[(r(6)c):]?), 2)

since (7(6)c,

and still call it Fisher-Rao norm” in the paper by slightly abusing the terminology as they are
equivalent for & = 1. In the rest of the paper, we will use this Fisher-Rao norm || - || 75 to derive
generalization bound for RNNs.

3.2 GENERALIZATION BOUND FOR RNNSs

We use matrix 1-norm and Fish-Rao norm together to derive the generalization bound for RNNs.
Since it is very challenging to bound the Radermacher complexity of ReLU networks directly in
terms of the Fisher-Rao norm, we consider decomposing the ReL.U network into the sum of a linear
network and a difference term, i.e., y;, = ¥(0)x + (y, — ¥(0)x). For the linear network part
1 (0)x, the Rademacher complexity can be bounded directly by Fisher-Rao norm. For the difference
term (yz, — ¥ (0)z), we notice that it can be further decomposed into a sum of simpler terms, and
we bound the Rademacher complexity of these simpler terms by matrix 1-norm. We first give the
results for the linear network part.

Lemma 3. Define F, = {x — [¥(0)z], : ||0]|ss < r,y € YV} where x € RE and (0) =
(VWE-LU, VWE=2U, ... VU). Forany data x1,xs,- - ,x,, drawn i.i.d from the distribution D,
collect them as columns of a matrix X € RY**™. Then we have

_ Xl I

R, (F) < on Mnin (E(zzT))’

assuming that E(zx™) is positive definite.

Remark 2. If E(z) = 0, then E(x27) is the covariance matrix of random variable z.

Remark 3. We should mention that our assumption that E(zz7') is positive definite is not so restric-
tive and usually holds in practice. For example, for the case that x is continuous random variable,
we can prove that E(zz”) is positive definite as follows. Suppose that  is a continuous random
variable in the n-dimensional subspace X C R". If there exists u € R" such that u” E(xzT)u = 0,
then for any z € X we have wTz =0,1ie.,u L X. Since X is n-dimensional, the only u that satis-
fies is that u = 0. Therefore, by definition, E(zx”) is positive definite. As we will show in section
3.3, this assumption can be removed, and a more general generalization bound will be presented.

Now we bound the Rademacher complexity of the difference term y;, — ¢(0)x. With a slight abuse
of notations, given input data xy,x2,--- ,x, € RE? the corresponding g1,92, ** ,gn € RIm
and hy, ho, -+, h, € RI™ is calculated by . We collect all input data as a matrix denoted by
X, all input data at time ¢ as a matrix denoted by X4, all input of the hidden layer at time ¢ as a
matrix denoted by G and all output of hidden layer at time ¢ denoted by H;, where X € RL4x",
X, € R™" G, € R™*", H; € R™*" andt = 1,--- , L. The difference term can be decomposed
by the following lemma.

Lemma 4. Define H] := H; — Gy. Then the following equality holds
L .
VHL —4(0)X => VW' H'.
i=1

To bound the Rademacher complexity of each term in the above decomposition, we need a technical
lemma given as follows.
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Lemma 5. Foranyp > 1,

HY|l, < mr 000Gy,

As we will see, the operator norm in Lemma 5 will be instantiated for the case of p = 1. The use
of || - ||1 helps avoid the appearance of the dimension m when upper bounding the Rademacher
complexity. Also it guarantees that Rademacher complexity has a convergence rate O(1/n). The
upper bound for the Rademacher complexity of these individual term is given by the following
lemma.

Lemma 6. Let Q := {0 = (U, W, V) : |[VT||1 < Bv, [IWT|l1 < Bw,||[UT||x < Bu}. Then for
anyt=1,---, L, we have

1 _. 1 o
Bo( sup —[VWETHY0) < —BvBu Y By I1X" I,
0eQ,yecy N n j=1
where ¢ = (01,02, ,0,)T is Rademacher random variable and [-],, represents the y-th row of

the matrix.

We are now ready to put the ingredients together to prove our main theorem.
Theorem 1 (Rademacher complexity of RNNs). Let Q = {0 = (U,W,V) : ||[VT||; <

By, IWT|l1 < Bw, [UT|l1 < Bu,||0lfs < r}. Then, the empirical Rademacher complexity of
RNNs with ReLU can be bounded as follows

1 r|| X|| 7 1
E,( sup =3 [ysg(ailyor) < D!

1
+ =By BullXT|LA |
0eQ,ycy ™ 2n Amin(E(xxT)) n

1— L
where A :== —1 ( By

S
To establish the generalization bound for RNNs, we need the following classical results for multi-
class margin bounds.

Lemma 7 ((Kuznetsov et al.l 2015), Theorem 2). Let H C R**Y be a hypothesis set with ) =
{1,2,--- ,k}. Fix @ > 0. Then, for any § > 0, with probability at least 1 — §, the following
multi-class classification generalization bound holds for all h € H:

1 & 4k - log%
< = s - _Z90
R(h) < - ;le o (Mp(zi,y:)) + - R, (I (H)) + 34/ o

where 1y (H) = {z — h(z,y):y € Y,h € H}.

— LBE) if Bw # Land A := 2L for By, = 1.

The generalization bound for RNNs follows from combining Theorem 1 and Lemma 7.

Theorem 2. Fix margin parameter o, then for any § > 0, with probability at least 1 — 9, the follow-
ing holds for every RNN whose weight matrices 0 = (U, W, V) satisfy |[VT ||y < By, |[|[WT||1 <
Bw, Ul < Bu and [|0]] 5 < r:

1 ak || X||r i 1
Bl worcol € =S Lt (o orcn £+ — - XT||,A
[ MyL("vJ)SO] = n Z My (zi,y:i) < + o ( m Amin(]E(JJZ‘T)) + nﬂVﬁUH ||1 )+
log% '
2n

3)

Comparison with existing results. We compare our result with the existing generalization bounds
(Zhang et al.| 2018 |Chen et al.,2019). In comparison with the bound in|Zhang et al.| (2018]), which

- 12 1 L
s of the onter O 0 Y2V o1 []15)

n : There is no explicit appearance of
no

the network size parameters d and m in our bound. As we have mentioned before, the reason that
we can avoid these dimensional factors is that we use matrix-1 norm instead of the spectral norm in
their bound to upper bound the Rademacher complexity of the network. There is always a L? factor
in their bound. However the L? term only occurs in our bound when |[W7||; = 1. For the case
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that [|W7|| > 1, our bound only has a linear dependence on L, and for the case that |[|[W7|; < 1,
by simple calculation, we can show that A < m and the dependence on L would vanish.

Both our bounds have an exponential term ||WW||%, which would make the bound become vacuous
for ||W|| > 1. It should also be pointed out that our bound scales linearly with the number of
classes since we handle multiclass on each coordinate of a k-tuple of functions and pay a factor of
k. |Chen et al| (2019) also derived generalization bound for RNNSs in terms of the spectral norm
and the total number of parameters of the network by using covering number analysis. Since their
work assumed that the activation function in the hidden layers was bounded rather than the ReLU
activation function considered in our paper, their bound is not directly comparable to ours, and we
do not make a comparison here due to the page limit. We should emphasis that our proof technique
is totally different from the PAC-Bayes approach (Zhang et al.,2018) and covering number analysis
(Chen et al.,2019). In particular, we work on the Rademacher complexity of RNNs directly with no
invocation of complicated tools such as covering number, which makes our analysis conceptually
much simpler. There is also an additional bonus of our proof technique. As we will see in the next
section, our proof technique allows us to derive a generalization bound for RNNs when training with
random noise.

3.3 GENERALIZATION BOUND FOR TRAINING WITH RANDOM NOISE

The generalization bound in Theorem 2 requires that the input covariance matrix E(xz”') be positive
definite and would become very poor when the smallest eigenvalue is close to 0, which greatly
limits the power of our bound. To address this issue, we consider adding random noise to the input
data. We notice that after adding random noise with mean 0 and variance o, the term E(zz”)
in the bound becomes E((x + ¢)(x + ¢)T) and the smallest eigenvalue of E((z + €)(z + €)T) is
(Amin (E(z2T))+02), which is greater than o'2. Therefore our bound still can be applied even when
the covariance matrix of original input data is rank-deficient. Involving noise variables have been
widely used in recurrent neural networks as a regularization technique (Bayer et al., 2013} /Zaremba
et al.} 2014;|Dieng et al., 2018;|Gal & Ghahramani,2016). For example, |[Bayer et al.|(2013) claimed
that conventional dropout did not work well with RNNs because the recurrence amplified noise,
which in turn hurt learning. To fix this problem,|Zaremba et al.|(2014) proposed to inject noise only
to the input and output of RNNs. Despite that their method greatly reduced overfitting on a variety
of tasks, the generalization guarantee was not provided. In this section, we present a generalization
bound of noise training for RNNs. For simplicity, we assume that the noise is drawn i.i.d. from a
Gaussian distribution with zero mean and variance o2. Let ¢; denotes the d-dimensional gaussian
noise generated at step i and € = (e1,€9,--- ,€e1) € R4, We collect all noise data as a matrix
denoted by X.. To prove the generalization bound, we need to use the Lipschitz property of RNNs
given by the following lemma.

Lemma 8. For every RNN in (1)) with weight matrices 0 = (U, W, V'), yr, is Lipschitz with respect
0| ]oos €.,

llyz (@) = yz (@)oo < D IVIRNUTIIW T llzs — 2l

forany x = (z1,w2,- -+ ,x1),2" = (2}, 2h,--- ,2}) € R4

The generalization bound for training with random noise is described as follows.

Theorem 3. Fix margin parameter o, then for any § > 0, with probability at least 1 — 0 over a
sample ((x1,€1,y1), (T2, €2,Y2),*+ , (Tn, €n,Yn)), the following holds for every RNN whose weight
matrices 0 = (U, W, V) satisfy ||V |1 < Bv, [[WT|l1 < Bw, [[UT||x < Bu and ||0]| s < r:

1 9 . log2
E[1m,, (zy)<o] < - > oMy, (i + €, yi)) + 5 S By Bu By foe/21og(2d) + 34/ 277164—

"0 X + Xl ; 1
il 1 T T
o ( 2n Amin (E(zzT)) + o2 * nﬁVﬂUH +X71hA)

Remark 4. The above bound can be easily extended to other kinds of noises by replacing
0o\/2108(2) by Ecle]|oo-

Remark 5. The bound in Theorem 3 is an extension of that in Theorem 2 and can be applied even
when the smallest eigenvalue of E(zx”) is very close to 0. For example, when \,,;, (E(zz”) =
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1 x 1075, applying Theorem 2 directly might lead to a vacuous bound. But if we use Theorem 3
by choosing a small noise with mean 0 and variance 0.01, we might obtain a better bound since the

term \/ m < 10. Notice that adding noise can not always guarantee an improved
generalization especially when \,,;, (E(zxT)) is not so small since it incurs an additional linear

2 .
term — >, By Bu Bty ‘ocr/210g(2d) to the bound and might also increase other parameters in the
a

bound such as || X + X.||r. Therefore we suggest adding noise only when the smallest eigenvalue
of E(xzT) is very small. For this case, a small noise such as o = 0.1 not only can greatly improve

1
the term N E@aT) but also ensure that the extra cost o.1/2log(2d) and || X + X.||r/n be
min rxr

small enough especially considering that there is a factor of 1/n since || X + X||r/n < || X||r/n+
[| Xc||7/m and || X || 7/n would be small when the noise is small.

Remark 6. If we remove the constraint condition ||6||fs < r, which means that we do not
have any knowledge about the gradients, the generalization bound in Theorem 2 and Theo-
rem 3 still holds by substituting r with ﬁvﬂUB((l,ﬁlw)z + 171ﬁw) when By < 1, where

Tl

||z < B. But with this extra gradient measure, the bound can become much tighter, es-
pecially when A, (E(z2T) is small. Please refer to the detailed analysis in the next section.
Experiments. We now study the effect of ran-

dom noise on generalization of RNNs empir-

ically. For simplicity, we consider the IMDB 1.60% 1
dataset, a collection of 50K movie reviews for

binary sentiment classification. We use GloVe 1.40%
word embedding to map each word to a 50-
dimensional vector. We fit vanilla RNNs with
ReLU activation with sequence length L =
100. The smallest eigenvalue of E(zzT) is
approximated by using the total training data,
which is 4 x 10~* for L = 100. We add 0.80% |
Gaussian noise to the input data in the train-

ing process with o. = 0.1,0.2,0.3 and 0.4. 0.60% |
Generalization errors which is the gap between 000 005 010 o015 020 055 030 035 040
test error without noise and training error with noise deviation

noise for different combination of L and o, are

shown in Figure 1. We observe that the gener-  Fjgure 1: Generalization error for training with
alization error is worse at 0. = 0, since the pgige.

smallest eigenvalue of the covariance matrix is

very small. Then as we start injecting noise, the generalization error becomes better. But when
the deviation of noise keeps growing, the generalization error shows an increasing tendency. This
behavior is consistent with the prediction made by our bound.

1.20%

1.00% A

generalization error

3.4 ANALYSIS OF GENERALIZATION BOUND

Our theoretical results give a lot of implications for the generalization performance in RNNs, and
some of them have been observed in empirical studies. We summarize these implications as follows.

3.4.1 GENERALIZATION AND SMALLEST EIGENVALUE OF E(xz7)

According to our result, the generalization performance in RNNS is influenced by the smallest eigen-
value of E(zz”). Since the smaller eigenvalues usually contribute to high frequency components of
the input signal, our bound suggests that high frequency information is often more difficult to gen-
eralize, which is consistent with intuition. There are many factors that might impact on the smallest
eigenvalue and therefore the generalization performance in RNNs. In particular, we study the effect
of the correlation between features on the generalization in RNNs. The exact answer for this problem
may be complicated. Here we provide an initial attempt. We claim that weaker correlation would
help improve the generalization, and a non-rigorous proof is given as follows. Denote the covariance
matrix E(z2T) by = where each element &;j in Z represents the covariance between feature ¢ and j.
Suppose that ||Z — I||; < ¢ with ( < 1. By definition of || - ||; matrix norm, we immediately get
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|€ii — 1[4+ >_,2: [§i5] < € for any 4. Then by simple derivation, we obtain §;; — >, 1§ > 1 —¢
for any . Applying Gershgorin circle theorem, we have that the smallest eigenvalue must be greater
or equal than 1 — (. Since the element &;; with ¢ # j represents the covariance between feature 4
and j, a weaker correlation between feature ¢ and j means a smaller value of |{;;| and we need a
smaller £ to upper bound ||= — I||1, which gives us a bigger lower bound on the smallest eigenvalue.
Therefore the generalization bound become better.

3.4.2 GENERALIZATION AND TRAINABILITY

The generalization in RNNs also depends on parameters 8y, By, By and r, where S8y, By and By
control the weight matrices and r represents the gradient measure. It has a natural relationship with
the training process. The normal procedure in training RNNSs is to use weight decay for regulariza-
tion and gradient clipping to avoid the exploding gradients problems (Bengio et al., |1994; |Pascanu
et al.| [2013). From the perspective of generalization, these strategies can decrease the value of these
parameters BU, Bv, Bw and 7 and thus improves the generalization. For example, if Sy < 1, we

1
have A < = B {i=pwy2> and the second term BV Bul|XT||1A in the generalization bound would be

small when Sy is not so close to 1. Slmllarly, if Apin (E(2xz™)) is very small, by setting the gra-
dient clipping value in the training procedure, we can achieve a smaller value of r and thus good
generalization. Therefore our bound partially explains why training RNNs in this way can achieve
good performance in practice.

3.4.3 GENERALIZATION AND GRADIENT MEASURE

We are interested in how the gradient measure contributes to generalization. Suppose now that we
only have the weights, i.e., the parameters S7, Sy and By and the gradient measure parameterized
by r is unknown to us. To apply our bound, a natural idea is to infer the gradient measure parameter
r based on the known weight parameters. And an upper bound for r in terms of 57, Sy and Sy can
be given as follows. Under the same conditions as Corollary 1, if we further assume that the data x
be given with ||zT||; < B, by the definition of || - || s in , for any y € ), we have
((7(9)c)y)2 (L+1)[V], WEtUzy + L[V], WE2Uzg + - 4 2[V], Uxy)?

|(L+1)[V], WE= 1Ua:1\ + |L[V]y WE2Ums| + -+ - + [2[V],, Uz |)?
(L+ 1)5\/5U35 '+ LBvBuBByy 2 + 2By BuB)? ’

2—(L+1)BL
— (Bv BuB(§gs + 00802 < (By By B(rhys + )

<
<

P,

for By < 1, and ((T((‘))C)y)2 < (ﬁvﬁUB%)Q for By = 1. The above inequality holds for
any z and y. So we can get ||0]| ;s = E(maxi[(r(e)c)i]Q)l/Q < BvﬂUB(m + ﬁ) for
Bw < 1. By replacing r with ﬁyBUB((l_éW)2 + 1_}3w), the inequality also holds. But
notice that this bound is obtained without any knowledge about the gradients. If we happen to
know that the parameter r is much smaller than Sy Sy B (m + ﬁ), for example, by setting

the gradient clipping value to be small in training process. Using this extra gradient measure can
provide us with a better generalization bound, especially when the smallest eigenvalue of E(zz”)
is small. Therefore the introduction of Fisher-Rao norm can help eliminate the negative effect of
Amin (E(zzT)) and thus improve the generalization bound.

4 CONCLUSION

In this paper, we propose a new generalization bound for RNNs in terms of matrix-1 norm and
Fisher-Rao norm, which has no explicit dependence on the size of networks. Based on the bound,
we analyze the influence of covariance of features on generalization of RNNs and discuss how
weight decay and gradient clipping in the training can help improve generalization. While our
bound is useful for analyzing generalization performance of RNNs, it would become vacuous when
[[WT||; > 1. Itis of interest to get a tighter bound which can avoid this exponential dependence.
Moreover, our bound only apply to vanilla RNNs with ReLU activation, and extending the results to
other variants of RNNs like LSTM and MGU might be an interesting topic for future research.



Under review as a conference paper at ICLR 2020

REFERENCES

Madhu S Advani and Andrew M Saxe. High-dimensional dynamics of generalization error in neural
networks. arXiv preprint arXiv:1710.03667, 2017.

Zeyuan Allen-Zhu and Yuanzhi Li. Can sgd learn recurrent neural networks with provable general-
ization? arXiv preprint arXiv:1902.01028, 2019.

Peter L Bartlett and Shahar Mendelson. Rademacher and gaussian complexities: Risk bounds and
structural results. Journal of Machine Learning Research, 3(Nov):463-482, 2002.

Peter L Bartlett, Dylan J Foster, and Matus J Telgarsky. Spectrally-normalized margin bounds for
neural networks. In Advances in Neural Information Processing Systems, pp. 6240-6249, 2017.

Justin Bayer, Christian Osendorfer, Daniela Korhammer, Nutan Chen, Sebastian Urban, and Patrick
van der Smagt. On fast dropout and its applicability to recurrent networks. arXiv preprint
arXiv:1311.0701, 2013.

Yoshua Bengio, Patrice Simard, and Paolo Frasconi. Learning long-term dependencies with gradient
descent is difficult. IEEE transactions on neural networks, 5(2):157-166, 1994.

Minshuo Chen, Xingguo Li, and Tuo Zhao. On generalization bounds of a family of recurrent neural
networks, 2019. URL https://openreview.net/forum?id=Skf-oo0qgt7.

Chung-Cheng Chiu, Tara N Sainath, Yonghui Wu, Rohit Prabhavalkar, Patrick Nguyen, Zhifeng
Chen, Anjuli Kannan, Ron J Weiss, Kanishka Rao, Ekaterina Gonina, et al. State-of-the-art
speech recognition with sequence-to-sequence models. In 2018 IEEE International Conference
on Acoustics, Speech and Signal Processing (ICASSP), pp. 4774-4778. IEEE, 2018.

Adji Bousso Dieng, Rajesh Ranganath, Jaan Altosaar, and David Blei. Noisin: Unbiased regu-
larization for recurrent neural networks. In International Conference on Machine Learning, pp.
1251-1260, 2018.

Yarin Gal and Zoubin Ghahramani. A theoretically grounded application of dropout in recurrent
neural networks. In Advances in neural information processing systems, pp. 1019-1027, 2016.

Noah Golowich, Alexander Rakhlin, and Ohad Shamir. Size-independent sample complexity of
neural networks. In Proceedings of the 31st Conference On Learning Theory, volume 75 of
Proceedings of Machine Learning Research, pp. 297-299. PMLR, 2018.

Alex Graves. Generating sequences with recurrent neural networks. arXiv preprint
arXiv:1308.0850, 2013.

Nick Harvey, Christopher Liaw, and Abbas Mehrabian. Nearly-tight vc-dimension bounds for piece-
wise linear neural networks. In Conference on Learning Theory, pp. 1064-1068, 2017.

Nal Kalchbrenner and Phil Blunsom. Recurrent continuous translation models. In Proceedings of
the 2013 Conference on Empirical Methods in Natural Language Processing, pp. 1700-1709,
2013.

Vitaly Kuznetsov, Mehryar Mohri, and U Syed. Rademacher complexity margin bounds for learning
with a large number of classes. In ICML Workshop on Extreme Classification: Learning with a
Very Large Number of Labels, 2015.

Tengyuan Liang, Tomaso Poggio, Alexander Rakhlin, and James Stokes. Fisher-rao metric, geome-
try, and complexity of neural networks. arXiv preprint arXiv:1711.01530, 2017.

Vladimir Alexandrovich Marchenko and Leonid Andreevich Pastur. Distribution of eigenvalues for
some sets of random matrices. Matematicheskii Sbornik, 114(4):507-536, 1967.

Tomas Mikolov and Geoffrey Zweig. Context dependent recurrent neural network language model.
In 2012 IEEE Spoken Language Technology Workshop (SLT), pp. 234-239. IEEE, 2012.

John Miller and Moritz Hardt. Stable recurrent models. In International Conference on Learning
Representations, 2019. URL https://openreview.net/forum?id=Hygxb2CgKm.


https://openreview.net/forum?id=Skf-oo0qt7
https://openreview.net/forum?id=Hygxb2CqKm

Under review as a conference paper at ICLR 2020

Behnam Neyshabur, Ruslan R Salakhutdinov, and Nati Srebro. Path-sgd: Path-normalized opti-
mization in deep neural networks. In Advances in Neural Information Processing Systems, pp.
2422-2430, 2015a.

Behnam Neyshabur, Ryota Tomioka, and Nathan Srebro. Norm-based capacity control in neural
networks. In Conference on Learning Theory, pp. 1376—1401, 2015b.

Behnam Neyshabur, Srinadh Bhojanapalli, and Nathan Srebro. A PAC-bayesian approach to
spectrally-normalized margin bounds for neural networks. In International Conference on Learn-
ing Representations, 2018. URL |https://openreview.net/forum?id=Skz_WfbCZ.

Behnam Neyshabur, Zhiyuan Li, Srinadh Bhojanapalli, Yann LeCun, and Nathan Srebro. The role of
over-parametrization in generalization of neural networks. In International Conference on Learn-
ing Representations, 2019. URL https://openreview.net/forum?id=BygfghAcYX.

Samet Oymak. Stochastic gradient descent learns state equations with nonlinear activations. arXiv
preprint arXiv:1809.03019, 2018.

Razvan Pascanu, Tomas Mikolov, and Yoshua Bengio. On the difficulty of training recurrent neural
networks. In International Conference on Machine Learning, pp. 1310-1318, 2013.

J Saniuk and I Rhodes. A matrix inequality associated with bounds on solutions of algebraic riccati
and lyapunov equations. IEEE Transactions on Automatic Control, 32(8):739-740, 1987.

Yonghui Wu, Mike Schuster, Zhifeng Chen, Quoc V Le, Mohammad Norouzi, Wolfgang Macherey,
Maxim Krikun, Yuan Cao, Qin Gao, Klaus Macherey, et al. Google’s neural machine trans-
lation system: Bridging the gap between human and machine translation. arXiv preprint
arXiv:1609.08144, 2016.

Zhilin Yang, Zihang Dai, Ruslan Salakhutdinov, and William W. Cohen. Breaking the softmax
bottleneck: A high-rank RNN language model. In International Conference on Learning Repre-
sentations, 2018. URL https://openreview.net/forum?id=HkwZSG-CZ.

Wojciech Zaremba, Ilya Sutskever, and Oriol Vinyals. Recurrent neural network regularization.
arXiv preprint arXiv:1409.2329, 2014.

Chiyuan Zhang, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. Understanding
deep learning requires rethinking generalization. 2017. URL https://arxiv.org/abs/
1611.03530.

Jiong Zhang, Qi Lei, and Inderjit Dhillon. Stabilizing gradients for deep neural networks via efficient
svd parameterization. In International Conference on Machine Learning, pp. 5801-5809, 2018.

10


https://openreview.net/forum?id=Skz_WfbCZ
https://openreview.net/forum?id=BygfghAcYX
https://openreview.net/forum?id=HkwZSG-CZ
https://arxiv.org/abs/1611.03530
https://arxiv.org/abs/1611.03530

Under review as a conference paper at ICLR 2020

A PROOFS IN SECTION[3.1]

A.1 PROOF OF LEMMA 1

Proof. To begin with, by equation (I)), we have y;, = V. Then the derivative of y;, with respect
to vap can be calculated as

dyr, _ T
avab - (070? 7[hL]b7 ;0) 5

i.e., a k-dimensional vector with a-th element [h 1], and all other elements zero. Multiplying both
sides by v, and summing them up, we get

0
7yL Vap = VhL =9yr.
a,b avab

The derivative of y;, with respect to W and U can be derived by using chain rule in the similar way
as follows.

Oy _ VahL

6wij awij

OML _ diag(p/ (91))(0,-++ , [l ,0)T + diag(p!(g1))W 2=
aw” g\p gL ) s [IUL—1]7> ’ g\p \gr 8“}”

and

oy VahL

OUpq o OUpq

Ohr, , , T . , Ohr_1
Su =~ dag(p'(gr)(0, - [eLlg, -, 0)7 + diag(p'(9L))W

Upq Upq

where we use the property of ReLU activation function that p(z) = p’(z)z. Summing up these terms
immediately gives us the following equality.

Ohr, Ohr,

S—wii + Y. ——u
i, a.wij T e Oupg _
= dwg(p’(gL))(Z(O, T [hL—l]ja t 70)Twij + Z(Ov ] [IL}Qv T 7O)Tupq) + dlag(pl(gL))
0 Pq
8hL_1 ahL—l
(Z ) TRy ) Upq)
i, i p,g YUpg oh oh
= diag(p/ (91)) (Why—y + Uzp) + diag(p/ (92))W (2 wij + 3= Ft )
o o Ow; b Otpg
= hi, + diag(p/ (91))W (X~ = wi + 5~ )
i,j OWij p,g OUpg
. Ohr, Ohy, :
For ease of exposition, define fr, := ) —w;; + Y =——up,. Then the above equality can be
iy Owij prg Olipg

rewritten as
fr =hr +diag(p'(90))W fr—1.
By induction, we have

fo = hp + diag(p'(gL))Whp—1 + diag(p'(g.))W diag(p'(gL—1))Whp 2+
diag(p'(gr))Wdiag(p'(9z-1))-.-Wdiag(p'(g2))W hy ’
Multiplying both sides by V' and using some basic calculation, we can show that V f;, = Ly —
n(0)(0,1,---, L — 1)T. Therefore,
9y

ayL ayL .
Vab + —Ww;; + —1U :yL+VfL: L+1yL—7’9 0717...7L_1T.
> o+ Egs Ui+ T g (L + 1)y = n(0)( )

And substituting yz, = 1(0)(1,1,--- ,1)T into the above equality leads to the desired result
ayL 3yL ayL
Vab + Wi —Upq =N(0)c .
200w " T Gy, T 2y, v = 1)

11
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A.2 PROOF OF LEMMA 2

Proof. Using the definition of Fisher-Rao norm,

Al(yry,
10112, = E(< 0, Vi(yrg,y) >?) = E(< 9,VyL9(x)(§’yLL"y) 2
[

al(yw»y) 2 T 31(3/Lo7y) N
—_— =E(<V 0, ———== >
9y . ) ) ( ng(x) 9y . )

By Lemma 1, we have Vyr,,(x)76 = 1(8)c. Substituting it into the above equality gives us

1616, = B(< n(e)e, T 52,

=E((07VyLy(z)

B PROOFS IN SECTION

B.1 PROOF OF LEMMA 3

The proof of Lemma 3 relies on the following result in|Saniuk & Rhodes|(1987).
Proposition 1. Let X, Y€ R™*™ with Y symmetric and nonnegative definite. Then,
trace(XY) < ||X||z - trace(Y).

Now we are ready to prove Lemma 3.

Proof. Denote A :=E(((L + 1)2¥, Lal, - 22T ((L + 1)aT, LaT,--- | 22T)). By the defini-
tion of ||6]| ss, for any y € ), we have

1O, I3

= [¢(9)]U,E(((L + 1)1‘1 7L.”L'2 LA ’sz)T((L + 1)*77{’ ng’ e 72${))[w( )].%

([(O)y, (L + VT, Lo, - 22T)T((L+ 1)af, Lad, - 20D (0)],,")

([(=(©)e)y)?) < 110117,
where [¢(0)],, represents the y-th row of ¢(6). On the other hand, from the definition of
Rademacher complexities,

FalF) = Bp (sup 13T f(30)00) = Eosup - S 00)7:d00) = Eo(sup - S0 (0] 7000

— E,(sup < - —Dlim Ti0is [ (O)]y." >) <E, (Sup(||l Yy @il aa |[(0)]y, " 1]4))

0,y 0,y

n 1 1
STEU(||nZi=1mi0i|A1)_7'E0\/< (ﬁzizyxiai)(ﬁzz 7 0), A1
1 1
<nfE, < zi_lxm(gz e <ELymal A7 >

=E
=E

= Z\/< XXT AL > = \/< XXT (CE(zzT)C)~ 1 > = \/tmce XXTC-HE(zzT))~1C—1)
where the first inequality uses Cauchy-Schwarz inequality and C' := dzag((LJr Iy, Llg,--- ,21,).

Since C~! and E(z2™) are positive definite, we have
trace(XXTC7H(E(zz™))~1C™1) = trace(C~H(E(zaT)) 1O 1 X XT)
< IO (E(za®) O [atrace(XXT) < [|C7Y[2l|(E(za™)) Y [2/|C ! |2trace(X XT)

= (B Ll < Tl

where the first inequality is by Proposition 1 and the last inequality uses trace(X XT) = || X||2..

)

Therefore,
r||X||F 1

RlFr) < =5 S BT
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B.2 PROOF OF LEMMA 4
Proof. Denote H{ := UX,; + WH]_, and H{ := UX;. By the definition of H,, we have

Hy, 7Hj: :p(UXL +WHL_1) -UXp, 7WH£_1
:p(UXL +WHL,1) - UX, —WHy_4 +W(HL71 —Hi_l) = HIL/-FW(HL,l —Hi_l) ?

which by induction gives
Hy — Hy = Hf + WH_, + -+ WETL(Hy — H{) = X7, WETH]
So the difference term can be rewritten as
VH, —(0)X =VH, —VH, =2 VWLiH! |

where the second equality uses ¢(6)X = VHJ. O

B.3 PROOF OF LEMMA 5

Proof. Using Riesz-Thorin Theorem, we have ||H'||, < ||H/||}/?||H/||% /. And since H/ =
p(Gy) — Gy, by the definition of the induced Ly and L., matrix norm, we know ||H/'||1 < ||Gt||1
and ||H/'||oo < ||G¢||oo- Therefore,

- - 1(g_1y 1(_1
1 || < 1 1L o™ < NGHRIIGH o7 < mr 90z (2] Gyl
where the last inequality uses some basic facts about matrix norm that ||G||; < m!*=/?||G4||, and
1Gtlloe < n/P[|Gel],. H

B.4 PROOF OF LEMMA 6

Proof. For any y € ), by Holder’s inequality, for any p, ¢ > 1 with % +o=1

- —i T L—i T
SvwheH, 0 = LV, W H o < L||H WV, lpllollq

T i T _ T i la— -1 :
= V1, Nl (WTNE N H T |t 1=t < [V, (W T [[E im0 727 |G3 T,

In order to eliminate the dimension dependency on m and simultaneously enjoy a faster
convergence rate with respect to n, we choose p = 1. Then the above inequality re-

duces to [VW!H], 0 < NV I W T G T < BB 'n YIG T <
Bv By 'n = (Bul| X" |l + Bw || Hi—1" ||1). For [[H;—1" |1, we have

NHia "l = lp(Xicd "UT + Hi "W < 1 X TUT + Hiy "Wy
< Bull Xz Tl + Bw | Hi—2" |1

which by induction gives

i1
I1H;i1 "l < Bu Zﬂ%lﬁanTHl-

J=1

Therefore,

]EC,( sup 1

. 1 i .
VWETH, o) < =BvBu > B 11X
I o) < - Zj w17
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B.5 PROOF OF THEOREM 1

Proof. Using the notations that we have introduced earlier, the empirical Rademacher complexity
can be rewritten as

Eo( sup %ZL[@/L@(%)}W)

e yey
:IE( sup [VHL] )
GEQ,yEy
:EJ( sup —[ZleVWLiiHZ(’Jrz/J(G)X]y’U) ;
0€§,y€yn 1
<SF Eo( sup f[VWL HY'y0) +Eo( sup —[h(0)X]y.0)
OEQ,yeyl 9eq,yey™
<SS Eo( sup —[VWETH!),0) + B ( sup *WJ() Jy.0)
0eQ,ycy N [16]] ps<ryeY T

where the second equality uses Lemma 4 and the last inequality is due to the fact that  C 2 and
QC{0:[l0]]5. < ).

For the last term, by Lemma 3, we have

sup L rl|X1r I
Eg(l|eufs<]:ueyn[w(” )= Amin (E(zzT)) -

The other terms can be handled by Lemma 6 in the following way.

EleE ( sup [VWL ‘H),. )SZle (lﬁvﬁU Zézl 51€v_j‘|X‘T‘|1)

0eQ,yey 1 o
< ZZ (L Bv By Zg 1@% |1 XT| ) = nﬁVﬂUHBW |1 (1 _gw LBL)
for Bw # 1,and Y- | E, (0 f)ufeyﬁ[VWL H",0) < 1By By By EEL for By = 1, where the
second inequality uses the definition of matrix norm || - ||1.

Collecting all terms, we establish

rl|Xle 1

E,( sup ~ S [yno(e)lyon) < 20\ Apin (E(w2T))

0€§,y€yn

1
+ EBVﬂUHXTHﬂL

C PROOFS IN SECTION[3.3]
This section includes the full proofs of the generalization bound for training with random noise.

C.1 LIPSCHITZ PROPERTIES OF RELU NONLINEARITIES AND MARGIN OPERATOR

We first establish the Lipschitz properties of the ReLU activation function and margin operator
M(yL(m)7 y) = MyL (1‘7 y)

Lemma9. Let p : R™ — R"™ be the coordinate-wise ReLU function, then it is 1—Lipschitz accord-
ing to || - ||p forany p > 1.

Proof. For any z,z’ € R,

)/ )/
@) = p(a)llp = (D lp(2); NilP) < (Dl —ail?) " =l —

14
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Lemma 10. For every j and every p > 1, M(-, ) is 2—Lipschitz wrt || - || p..

Proof. Lety,y', j be given, and suppose that M(y, j) < M(y’, j) without loss of generality. Select
coordinate i # j so that M(y, j) = y; — y;. Then

MY, 5) =My, ) =y *rgl%xyz’*yj +ui < (W —v5) + Wi —vi) <201y —yllso < 2lly—3/|lp-
O

C.2 PROOF OF LEMMA 8

Proof. We prove this Lemma by induction. Let = (z1, 2, - ,2r) and &’ = (2}, 25, -+ ,27).
Denote g; := Uz, + Wh}_q, h; := p(g;) and y; := Vh}. Then we have

1Rt = illoo = llp(ge) = p(g:)lloe < llge = Gillo = |Uze + Whi—1 = Uz = Whi_yloc
<Oz = @illoo + W11 = By ]oo,

where the first inequality uses Lemma 9 and the second inequality uses basic properties of || + ||oo-
By induction, we get

lhe = Rplloe < Y NUTILNIWTIF s — 2o
i

Therefore,

ly=y1lloo = VL=V R ]loo < [[Vlsollhe =R lloc < D IIVILINUT[LWTE |l —afloo-
O

C.3 PROOF OF THEOREM 3

We begin by establishing two auxiliary lemmas that we will need for the subsequent theorem.

Lemma 11. For every RNNs in (|I)) with weight matrices 0 = (U, W, V), the following inequality
holds

2 —i
[Ec[®a(My,(2,y)) = Pa(My, (z+€y))]] < EZ VIO W (Bl les o)
forany x = (x1, o, ,x1) and y.

Proof. For any fixed x and vy,
IlEegI)a(MyL (#,9)) = Pa(My, (332+ SV < Ee[@a(My, (2,9)) = Pa(My, (z+ 6 y))|
< SBlllyr(@) = yr(@ + o)l < B (VI ILIUTI W leillo0)
=2 IV W (el leil o)

[—=

where the first inequality uses Jensen’s inequality, the second inequality follows from the
Lipschitz property of ®,,(-) and Lemma 10 and the last inequality is by Lemma 8.

A

Lemma 12. Let {¢;}l, be an iid sequence of N(0,0%) variables, then E[max; |e;|]

o+/2log(2d)
Proof. Define Z = [max; |¢;|]. For any ¢ > 0, by Jensen’ inequality, we have

et]E(Z) < E(etZ) _ E(maxet\e,;\) < Z]E(et\ei\) _ 2dq>(0’t)eozt2/2 < 2deg2t2/2,
where the second inequality uses the definition of normal distribution and & is the cumulative dis-
tribution function of the standard normal distribution. Taking logs on both sides and dividing by ¢,
we get
log(2d) 0%t

E(Z) < =" 4 2
(2)s ——+
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leads to the desired result,

E(Z) < o+/2log(2d).

2log(2d
Choosing t = ﬁ
o

We now return to the proof of Theorem 3.

Proof. For any RNNs with weight matrices § = (U, W, V) satisfying ||[VT||; < By, |[[WT]|; <
Bw, |lUT[|1 < Bu. we have

\Em,y[%(MyL(x Y] —Eacy[Pa(My, (z+€y))
= sy (Pa(My, (2.)) — E[®a(M,, (z + . ))))

< Eqpy|®a(M yL(fE Y)) = Ec[®a(My, (z + €,9))]] < 222- By Bu B (Eel el )

where the first equality is due to the fact that the input = and noise € are independent, the first
inequality uses Jensen’s inequality and the last inequality follows from Lemma 10. The inequality
above can be rewritten as follows.

2 —i
Eoy[@a(My, (2,9))] € Eaey[Pa(My, (z+€,y)) + o > ﬁvﬁUﬂév (Eell€i]|oo) -
For the first term in the right hand side of the above inequality, by Corollary 1, we have
Egey[Pa(My, (z +€,9))

4k r|| X + X||p 1 1 log2
<= - X7+ XT|h1A —
S I W (e [ s Ly R L L (i

1
E Z q)a(MyL (xi + €, yt))

38 (rlX + Xl ! 1 T xT \/@
G n XT 4+ XT|hA) + 3¢/ ==
T N (E(za™) + E(ecT)) ~By BullXT + XT|hA) + 3/ 5 >+

1
g Z (I)a(MyL (xi + €i7yi))

Ak || X + X[ 1 \/ﬁ
T a XT 4+ XT||1A )
o ( 2n Amin (E(zzT) + 021) + ﬁVBUH + XT|[1A) +3 o +

1
- > Pa(My, (i + €, 9i)

4k || X + Xel|r 1 1 log2
=— - XT + XT||1A) + 3¢/ =2
o ( 2n Amin (E(zaT)) + o2 + nﬁVﬁU” + Xk ) + 2n +

S Pa(My, (21 + i 11)
holds with probability at least 1 — §. By combing the above two inequalities together, we get
E[ﬂMyL @y <o) < Eoy[Pa(My, (2,9))]
< % @My (i €4,00)) 534 B Bl (el el o)+

" | X + X||r T 1 o
o — XT 4+ XT||,A) +3
DT N BTy o2 T o v AUIXT + XEhA) +

)

log%
2n

where the first inequality makes use of the fact that 1,, < ®,(u). Therefore, the desired result can
be immediately obtained by substituting E.||¢;||~ With o.+/210g(2d) according to Lemma 12. [
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