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ON THE PROVABLE ADVANTAGE OF UNSUPERVISED
PRETRAINING

Jiawei Ge!  Shange Tang Jianqing Fan  Chi Jin'

ABSTRACT

Unsupervised pretraining, which learns a useful representation using a large
amount of unlabeled data to facilitate the learning of downstream tasks, is a critical
component of modern large-scale machine learning systems. Despite its tremen-
dous empirical success, the rigorous theoretical understanding of why unsuper-
vised pretraining generally helps remains rather limited—most existing results are
restricted to particular methods or approaches for unsupervised pretraining with
specialized structural assumptions. This paper studies a generic framework, where
the unsupervised representation learning task is specified by an abstract class of
latent variable models ® and the downstream task is specified by a class of predic-
tion functions ¥. We consider a natural approach of using Maximum Likelihood
Estimation (MLE) for unsupervised pretraining and Empirical Risk Minimization
(ERM) for learning downstream tasks. We prove that, under a mild “informa-

tive” condition, our algorithm achieves an excess risk of O(\/Cq/m + \/Cy /1)
for downstream tasks, where Cg,Cy are complexity measures of function classes
®, ¥, and m, n are the number of unlabeled and labeled data respectively. Com-

paring to the baseline of O(1/Caow /n) achieved by performing supervised learn-
ing using only the labeled data, our result rigorously shows the benefit of unsu-
pervised pretraining when m > n and Cgoy > Cy. This paper further shows
that our generic framework covers a wide range of approaches for unsupervised
pretraining, including factor models, Gaussian mixture models, and contrastive
learning.

1 INTRODUCTION

Unsupervised pretraining aims to efficiently use a large amount of unlabeled data to learn a useful
representation that facilitates the learning of downstream tasks. This technique has been widely used
in modern machine learning systems including computer vision (Caron et al., 2019; Dai et al., 2021),
natural language processing (Radford et al., 2018; Devlin et al., 2018; Song et al., 2019) and speech
processing (Schneider et al., 2019; Baevski et al., 2020). Despite its tremendous empirical success,
it remains elusive why pretrained representations, which are learned without the information of
downstream tasks, often help to learn the downstream tasks.

There have been several recent efforts trying to understand various approaches of unsupervised
pretraining from theoretical perspectives, including language models Saunshi et al. (2020); Wei
et al. (2021), contrastive learning Arora et al. (2019); Tosh et al. (2021b;a); HaoChen et al. (2021);
Saunshi et al. (2022), and reconstruction-based self-supervised learning Lee et al. (2021). While
this line of works justifies the use of unsupervised pretraining in the corresponding regimes, many
of them do not prove the advantage of unsupervised learning, in terms of sample complexity, even
when compared to the naive baseline of performing supervised learning purely using the labeled
data. Furthermore, these results only apply to particular approaches of unsupervised pretraining
considered in their papers, and crucially rely on the specialized structural assumptions, which do not
generalize beyond the settings they studied. Thus, we raise the following question: Can we develop
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a generic framework which provably explains the advantage of unsupervised pretraining?
This paper answers this highlighted question positively.

We consider the generic setup where the data x and its label y are connected by an unobserved
representation z. Concretely, we assume (z, z) is sampled from a latent variable model ¢* in an
abstract class @, and the distribution of label y conditioned on representation z is drawn from dis-
tributions 1* in class U. We consider a natural approach of using Maximum Likelihood Estimation
(MLE) for unsupervised pretraining, which approximately learns the latent variable model ¢* using
m unlabeled data. We then use the results of representation learning and Empirical Risk Minimiza-
tion (ERM) to learn the downstream predictor ¢* using n labeled data. We remark that MLE is
one of the most important underlying principle for designing unsupervised learning algorithms—a
large number of modern unsupervised pretraining algorithms compute MLE or its proxies (such as
optimizing the variational lower bound) due to computational constraints. These examples include
contrastive learning (see Section 6), Variational AutoEncoder (VAE) (Kingma & Welling, 2013) and
diffusion model (Sohl-Dickstein et al., 2015). Investigating this generic setup allows us to bypass the
limitation of prior works that are restricted to the specific approaches for unsupervised pretraining.

We prove that, under a mild “informative” condition (Assumption 3.2), our algorithm achieves a
excess risk of O(1/Ce/m + /Cy/n) for downstream tasks, where Cy,Cy are complexity mea-
sures of function classes ®, ¥, and m, n are the number of unlabeled and labeled data respectively.
Comparing to the baseline of (7)(\ /Caow /) achieved by performing supervised learning using only
the labeled data, our result rigorously shows the benefit of unsupervised pretraining when we have
abundant unlabeled data m > n and when the complexity of composite class Cgoy is much greater
than the complexity of downstream task alone Cy.

Our generic framework enables a simple and standardlized approach to understand and analyze a
wide range of unsupervised pretraining models. Consider the scenario where a new model of unsu-
pervised pretraining is proposed, and we would like to evaluate the effectiveness of this pretraining
method. We can directly apply our framework to compute the “informative” condition presented in
this paper, providing a concrete starting point for analysis. If the “informative” condition is satisfied,
our main results are directly applicable.

Finally, we highlight that our generic framework (including the “informative” condition) captures
a wide range of setups for unsupervised pretraining. We underscore this applicability with three
concrete examples, including (1) factor models with linear regression as downstream tasks; (2)
Gaussian mixture models with classification as downstream tasks; and (3) Contrastive learning with
linear regression as downstream tasks.

1.1 RELATED WORK

Applications and methods for unsupervised pretraining. Unsupervised pretraining has achieved
tremendous success in image recognition (Caron et al., 2019), objective detection (Dai et al., 2021),
natural language processing (Devlin et al., 2018; Radford et al., 2018; Song et al., 2019) and speech
recognition (Schneider et al., 2019; Baevski et al., 2020). Two most widely-used pretraining ap-
proaches are (1) feature-based approaches (Brown et al., 1992; Mikolov et al., 2013; Melamud
et al., 2016; Peter et al., 2018), which pretrains a model to extract representations and directly uses
the pretrained representations as inputs for the downstream tasks; (2) fine-tuning based approaches,
(see, e.g., Devlin et al., 2018), which fine-tunes all the model parameters in the neighborhood of
pretrained representations based on downstream tasks. Erhan et al. (2010) provides the first em-
pirical understanding on the role of pretraining. They argue that pretraining serves as a form of
regularization that effectively guides the learning of downstream tasks.

A majority of settings where pretraining is used fall into the category of semi-supervised learning
(see, e.g., Zhu, 2005), where a large amount of unlabeled data and a small amount of labeled data
are observed during the training process. Semi-supervised learning methods aim to build a better
predictor by efficiently utilizing the unlabeled data. Some traditional methods include: generative
models (e.g. Ratsaby & Venkatesh, 1995), low-density separation (Joachims et al., 1999; Lawrence
& Jordan, 2004; Szummer & Jaakkola, 2002), and graph-based methods (Belkin et al., 2006). While
most works in this line propose new methods and show favorable empirical performance, they do
not provide rigorous theoretical understanding on the benefit of unsupervised pretraining.



Published as a conference paper at ICLR 2024

Theoretical understanding of unsupervised pretraining. Recent years witness a surge of theoret-
ical results that provide explanations for various unsupervised pretraining methods that extract rep-
resentations from unlabeled data. For example, (Saunshi et al., 2020; Wei et al., 2021) considers pre-
training vector embeddings in the language models, while (Arora et al., 2019; Tosh et al., 2021b;a;
HaoChen et al., 2021; Saunshi et al., 2022; Lee et al., 2021) consider several Self-Supervised Learn-
ing (SSL) approaches for pretraining. In terms of results, Wei et al. (2021) shows that linear predictor
on the top of pretrained languange model can recover their ground truth model; Arora et al. (2019);
Saunshi et al. (2020); Tosh et al. (2021b;a); Saunshi et al. (2022) show that the prediction loss of
downstream task can be bounded by the loss of unsupervised pretraining tasks. These two lines of
results do not prove the sample complexity advantage of unsupervised learning when compared to
the baseline of performing supervised learning purely using the labeled data.

The most related results are Lee et al. (2021); HaoChen et al. (2021), which explicitly show the
sample complexity advantage of certain unsupervised pretraining methods. However, Lee et al.
(2021) focuses on reconstruction-based SSL, and critically relies on a conditional independency
assumption on the feature and its reconstruction conditioned on the label; HaoChen et al. (2021)
considers contrastive learning, and their results relies on deterministic feature map and the spectral
conditions of the normalized adjacency matrix. Both results only apply to the specific setups and
approaches of unsupervised pretraining in their papers, which do not apply to other setups in general
(for instance, the three examples in Section 4, 5, 6). On the contrary, this paper develops a generic
framework for unsupervised pretraining using only abstract function classes, which applies to a wide
range of setups.

Other approaches for representation learning. There is another line of recent theoretical works
that learn representation via multitask learning. Baxter (2000) provides generalization bounds for
multitask transfer learning assuming a generative model and a shared representation among tasks.
Maurer et al. (2016) theoretically analyses a general method for learning representations from mul-
titasks and illustrates their method in a linear feature setting. Tripuraneni et al. (2021); Du et al.
(2020) provide sample efficient algorithms that solve the problem of multitask linear regression.
Tripuraneni et al. (2020) further considers generic nonlinear feature representations and shows sam-
ple complexity guarantees for diverse training tasks. Their results differ from our work because they
learn representations by supervised learning using labeled data of other tasks, while our work learns
representations by unsupervised learning using unlabeled data.

2 PROBLEM SETUP

Notation. We denote by P(z) and p(z) the cumulative distribution function and the probability
density function defined on x € X, respectively. We define [n] = {1,2,...,n}. The cardinality of
set A is denoted by | A|. Let || - ||2 be the ¢5 norm of a vector or the spectral norm of a matrix. We
denote by || - ||r the Frobenius norm of a matrix. For a matrix M € R™*", we denote by o in (M)
and oyax (M) the smallest singular value and the largest singular value of M, respectively. For two
probability distributions P; and Py, we denote the Total Variation (TV) distance and the Hellinger
distance between these two distributions by drv (P1,P2) and H (P, Ps), respectively.

We denote by x € X and y € Y the input data and the objective of the downstream tasks, respec-
tively. Our goal is to predict y using x. We assume that x is connected to y through an unobserved
latent variable z € Z (which is also considered as a representation of x). Given the latent variable z,
the data = and the objective y are independent of each other. Latent variable structure is general in
statistics (for example, the hidden categories and low dimension factors) and applies to most unsu-
pervised learning models (including contrastive learning, auto-encoder, etc). To incorporate a large
class of real-world applications, such as contrastive learning, we consider the setup where learning
can possibly have access to some side information s € S. We assume that (x, s, 2) ~ Py« (z, s, 2)
and y|z ~ Py- (y|z), where Py- and Py~ are distributions indexed by ¢* € ® and ¢)* € W. It then
holds that Py« - (z,y) = [ Py= (z, 2)Py- (y|2) dz.
Let ¢(-,-) be a loss function. For any pair (¢, 1) € ® x U, the optimal predictor g, , is defined as
follows,

9oy < argming Ep, [€(9(x),y)], (1)
where the minimum is taken on all the possible functions and Ep, , := E(, Our
prediction function class is therefore given by Go v := {g¢.4|¢ € ®,9 € ¥},

Y)~Py oy (2,y)
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Algorithm 1 Two-Phase MLE+ERM
1: Input: {in, Si}ﬁl, {Z‘j, Y; };-L:l
2: Use unlabeled data and its corresponding side information {z;, s;}™ to learn ¢ via MLE:

b « arg MaxXyeq 2 i 108 Pg(Ti, 5i). 3)

3: Fix ¢ and use labeled data {z;, y; }7—1 to learn ¢ via ERM:

) arg min,,c g Z?:1€(9$7¢(xj)ayj)~ “4)

Our framework covers the standard setup (e.g., in large language models) which uses a large mount
unlabeled data to pretrain a deep neural network as a representation, and then uses a small amount
of labeled data to only fine-tunes the linear head for downstream tasks. Concretely, consider the
setting where (-, -) is the squared loss and y = (3*Tz + ¢, where ¢ ~ N(0,0?) is a Gaussian
noise independent of z. Then the optimal predictor gy y(z) = Ep, ,[y|z] = 87 Ep,[2|2] and the
prediction function class Go v = {87 Ep,[2|z] | ¢ € ®, 3 € ¥}. Here, Ep, [2|2] corresponds to the
representation learned by deep networks, and f3 is the parameter of the linear head.

Given an estimator pair (¢, 1)), we define the excess risk with respect to loss £(-, -) as

Errore(¢, 1) == Ee,. . [£(95.5(®),9)] = Epye - [((96+ 0+ (2),1)], 2

where ¢* and * are the ground truth parameters. By the definition of g4« 4=, we have

Error(q@, 1[)) > 0. We aim to learn an estimator pair (<;AS7 zﬁ) from data that achieves smallest or-
der of the excess risk.

We consider the setting where the latent variable z cannot be observed. Specifically, we are given
many unlabeled data and its corresponding side information {z;, s; }/, that are sampled i.i.d from
an unknown distribution Py« (7, s) and only a few labeled data {z;,y;}7_; that are sampled i.i.d
(also independent with the unlabeled data) from an unknown distribution Py+ 4+ (z,y).

Learning algorithm. We consider a natural learning algorithm consisting of two phases (Algo-
rithm 1). In the unsupervised pretraining phase, we use MLE to estimate ¢* based on the unlabeled
data {x;,s;}™,. In the downstream tasks learning phase, we use ERM to estimate )* based on

pretrained ¢ and the labeled data {z;, y; };’:1. See algorithm 1 for details.

We remark that another natural learning algorithm in our setting is to use a two-phase MLE. To be
specific, in the unsupervised pretraining phase, we use MLE to estimate ¢* based on the unlabeled
data {z;, s;}; as (3). In the downstream tasks learning phase, we again use MLE to estimate ¢*
based on pretrained ¢ and the labeled data {;,y;}7_,. However, we can show that this two-phase
MLE scheme fails in the worst case. See Appendix E for the details.

Complexity measures. Sample complexity guarantee for Algorithm 1 will be phrased in terms
of three complexity measurements, i.e., bracketing number, covering number and the Rademacher
complexity, which are defined as follows. We denote by Py (®) := {pes(z)|¢ € P} a set of
parameterized density functions pg(z) defined on = € X, where ¢ € @ is the parameter.

Definition 2.1 (e-Bracket and Bracketing Number). Let € > 0. Under || - ||; distance, a set of
functions N (Px (®), €) is an e-bracket of Py (®) if for any py (x) € P (P), there exists a function
Po(x) € N1 j(Px(®), ) such that: (1) py () > py(x), Vo € X3 Q2) [Ipg(2)—pe (@)l = [ |Ps(x)—
py(z)|dx < e. The bracketing number Nj1(Px (®), ) is the cardinality of the smallest e-bracket
needed to cover Py (P). The entropy is defined as the logarithm of the bracketing number.

To measure the complexity of a function class, we consider the covering number and the Rademacher
complexity defined as follows.

Definition 2.2 (e-Cover and Covering Number). Let F be a function class and (F, || - ||) be a metric
space. For each € > 0, a set of functions N'(F, ¢, || - ||) is called an e-cover of F if for any f € F,
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there exists a function g € N'(F, e, || - ||) such that || f — g|| < e. The covering number N (F, e, | - ||)
is defined as the cardinality of the smallest e-cover needed to cover F.

Definition 2.3 (Rademacher Complexity). Suppose that z1, ..., x, are sampled i.i.d from a proba-
bility distribution D defined on a set X'. Let G be a class of functions mapping from X" to R. The
empirical Rademacher complexity of G is defined as follows,

Rn(g) = ]E{o,i n_ ~Unif{£1} | SUPgeg % Z?:l aig(wi)|-

The Rademacher complexity of G is defined as R,,(G) := E(,,)n ~p (R, (G)].

3 MAIN RESULTS

In this section, we first introduce a mild “informative” condition for unsupervised pretraining. We
show this “informative” condition is necessary for pretraining to benefit downstream tasks. We then
provide our main results—statistical guarantees for unsupervised pretraining and downstream tasks
for Algorithm 1. Finally, in Section 3.1, we generalize our results to a more technical but weaker
version of the “informative” condition, which turns out to be useful in capturing our third example
of contrastive learning (Section 6).

Informative pretraining tasks. We first note that under our generic setup, unsupervised pretrain-
ing may not benefit downstream tasks at all in the worst case if no further conditions are assumed.

Proposition 3.1. There exist classes (P, V) as in Section 2 such that, regardless of unsupervised
pretraining algorithms used, pretraining using unlabeled data provides no additional information
towards learning predictor gy .

Consider the latent variable model z = Az, where z ~ N (0,1;), A € ® is the parameter of the
model. Then, no matter how many unlabeled {x;} we have, we can gain no information of A from
the data! In this case, unsupervised pretraining is not beneficial for any downstream task.

Therefore, it’s crucial to give an assumption that guarantees our unsupervised pretraining is informa-
tive. As a thought experiment, suppose that in the pretraining step, we find an exact density estimator
QB for the marginal distribution of z, s , i.e., p 43(% s) = pe~(x, s) holds for every z, s. We should ex-
pect that this estimator also fully reveals the relationship between z and z, i.e., p3(@, 2) = pg+ (@, 2)
holds for every z, z. Unfortunately, this condition does not hold in most practical setups and is often
too strong. As an example, consider Gaussian mixture models, where z € [K] is the cluster that data
point 2 € R? belongs to. Then in this case, it is impossible for us to ensure pg(T,2) = pe~(, 2),
since a permutation of z makes no difference in the marginal distribution of . However, notice
that in many circumstances, a permutation of the class label will not affect the downstream task
learning. In these cases, a permutation of the clusters is allowed. Motivated by this observation, we
introduce the following informative assumption which allows certain “transformation” induced by
the downstream task:

Assumption 3.2 (x~!-informative condition). We assume that the model class ® is x~*-informative
with respect to a transformation group 7¢. That is, for any ¢ € ®, there exists 71 € 7g such that

dTV (]IDT10¢(£E, Z), P¢* (:c, Z)) S K dTV (P¢(I, S), ]P¢* (93, S)) . (5)

Here ¢* is the ground truth parameter. Furthermore, we assume that 7g is induced by transformation
group Ty on U, i.e., for any T} € Ty, there exists Ty € Ty such that for any (¢, 1)) € ® x U,

Py (2, Y) = Pryog myou (2, ). (©6)

Under Assumption 3.2, if the pretrained ngS accurately estimates the marginal distribution of z, s up
to high accuracy, then it also reveals the correct relation between = and representation z up to some
transformation 73 which is allowed by the downstream task, which makes it possible to learn the
downstream task using less labeled data.

Proposition 3.1 shows that the informative condition is necessary for pretraining to bring advantage
since the counter example in the proposition is precisely O-informative. We will also show this
informative condition is rich enough to capture a wide range of unsupervised pretraining methods in
Section 4, 5, 6, including factor models, Gaussian mixture models, and contrastive learning models.
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Guarantees for unsupervised pretraining. Recall that Py s(®) := {py(z,s)|¢ € ®}. We
have the following guarantee for the MLE step (line 2) of Algorithm 1.

Theorem 3.3. Let ¢E be the maximizer defined in (3). Then, with probability at least 1 — §, we have

1 N (P ), L
dTv(]P’(;(x,s),]P’¢*(:c,s)) SB\/mlog []( XX;( ) m)’

where N|| is the bracketing number as in Definition 2.1.

Theorem 3.3 claims that the TV error in estimating the joint distribution of (z,s) decreases as
O(Cs/m) where m is the number of unlabeled data, and Ce = log N|(Pxxs(®),1/m) measures
the complexity of learning the latent variable models ®. This result mostly follows from standard
analysis of MLE (Van de Geer, 2000). We include the proof in Appendix A.l for completeness.

Guarantees for downstream task learning. In practice, we can only learn an approximate down-
stream predictor using a small amount of labeled data. We upper bound the excess risk of Algorithm
1 as follows.

Theorem 3.4. Let gB and vfz be the outputs of Algorithm 1. Suppose that the loss function £ : Y XY —
R is L-bounded and our model is k~'-informative. Then, with probability at least 1 — 8, the excess
risk of Algorithm 1 is bounded as:

- 1 2N (Pxxs(®),1/m) 2, 4
Errorg(¢, 1) < 2%13§Rn(€og¢7q,)+12mL- \/m log L : +9L- ﬁbgg'

Here R, (-) denotes the Rademacher complexity, and £ o Gy ¢ := {E(g¢,¢(x),y) XA XY —
[—L, L] |1/J e v}

Note that the Rademacher complexity of a function class can be bounded by its metric entropy. We
then have the following corollary.

Corollary 3.5. Under the same preconditions as Theorem 3.4, we have:

A a log N (¢ L . 2 4
Errory($, 7)) < &maxL\/ 08 N(CoGyw L/vn |- llse) | of Zlog =
PED n n 0
IN | (Prxs(®),1
+12/<;L\/110g 1(Pxxs(®) /m)’
m o
where ¢ is an absolute constant, N(F, 9, || - || ) is the 6 —covering number of function class F with

respect to the metric || - || oo-

By Corollary 3.5, the excess risk of our Algorithm 1 is approximately O(/Co/m++/Cy /1), where
Cg and Cy are roughly the log bracketing number of class ® and the log covering number of ¥. Note
that excess risk for the baseline algorithm that learns downstream task using only labeled data is
@(\ /Coow/n), Where Coov is the log covering number of composite function class ¢ o ¥. In many
practical scenarios such as training a linear predictor on top of a pretrained deep neural networks,
the complexity Cooy is much larger than Cy. We also often have significantly more unlabeled data
than labeled data (m > n). In these scenarios, our result rigorously shows the significant advantage
of unsupervised pretraining compared to the baseline algorithm which directly performs supervised
learning without using unlabeled data.

3.1 GUARANTEES FOR WEAKLY INFORMATIVE MODELS

We introduce a relaxed version of Assumption 3.2, which allows us to capture a richer class of
examples.

Assumption 3.6 (x~!-weakly-informative condition). We assume model (®, V) is x~!-weakly-
informative, that is, for any ¢ € &, there exists ¢¥» € ¥ such that

drv (P¢,1/) ('Tv y)a P(Iﬁ*,’l[«'* (Qf, y)) <K- H(P¢($, 8)7 Pqﬁ* (Qf, S)) : (7N
Here we denote by ¢*, ¥ the ground truth parameters.
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Assumption 3.6 relaxes Assumption 3.2 by making two modifications: (i) replace the LHS of (5) by
the TV distance between the joint distribution of (z, y); (ii) replace the TV distance on the RHS by
the Hellinger distance. See more on the relation of two assumptions in Appendix A.4.1.

In fact, Assumption 3.6 is sufficient for us to achieve the same theoretical guarantee as that in
Theorem 3.4.

Theorem 3.7. Theorem 3.4 still holds under the k= -weakly-informative assumptions.

The proof of Theorem 3.7 requires a stronger version of MLE guarantee than Theorem 3.3, which
guarantees the closeness in terms of Hellinger distance. We leave the details in Appendix A.4.

4 PRETRAINING VIA FACTOR MODELS

In this section, we instantiate our theoretical framework using the factor model with linear regres-
sion as a downstream task. Factor model (see, e.g., Lawley & Maxwell, 1971; Forni et al., 2005;
Fan et al., 2021) is widely used in finance, computational biology, and sociology, where the high-
dimensional measurements are strongly correlated. We rigorously show how unsupervised pretrain-
ing can help reduce sample complexity in this case.

Model Setup. For the latent variable model, we consider the factor model as follows.

Definition 4.1 (Factor Model). Suppose that we have d-dimensional random vector x, whose de-
pendence is driven by r factors z (d > r). The factor model assumes * = B*z + u, where B* is a
d x r factor loading matrix. Here u ~ N (0, I) is the idiosyncratic component that is uncorrelated
with the common factor z ~ N (0, I,.). We assume that the ground truth parameters B* € B, where
B:={B € R¥™"|||B||2 < D} for some D > 0.

For the downstream task, we consider the linear regression problem y = B*Tz + v, where v ~
N(0,2?) is a Gaussian noise that is uncorrelated with the factor z and the idiosyncratic component
. We assume that the ground truth parameters 8* € C, where C := {8 € R" | || ]|z < D} for some
D > 0. The latent variable model (i.e., ®) and the the prediction class (i.e., V) are then represented
by B and C, respectively. In the sequel, we consider the case where no side information is available,
i.e., we only have access to i.i.d unlabeled data {z;}{"; and i.i.d labeled data {z;,y;}}_;. For

regression models, it is natural to consider the squared loss function /(z, y) := (y — x)2.

Informative condition. We first show that Assumption 3.2 holds for the factor model with linear
regression as downstream tasks. The idea of the factor model is to learn a low-dimensional repre-
sentation z, where a rotation over z is allowed since in the downstream task, we can also rotate 3 to
adapt to the rotated z.

Lemma 4.2. Factor model with linear regression as downstream tasks is k= '-informative, where
k= c1(0)a + 1) (02,,) 3. Here ¢y is some absolute constants, o}, and o, are the largest
and smallest singular value of B*, respectively.

Theoretical results. Recall that in Theorem 3.4, we assume a L-bounded loss function to guaran-
tee the performance of Algorithm 1. Thus, instead of directly applying Algorithm 1 to the squared
loss function, we consider Algorithm | with truncated squared loss, i.e.,

Uz,y) = (y —2)* Dyy—w)2<r} + L Liy—a)2>1}- ®)
Here L is a carefully chosen truncation level. To be more specific, in the first phase, we still use
MLE to learn an estimator B as that in line 2 of Algorithm 1. In the second phase, we apply ERM to
the truncated squared loss to learn an estimator B . We then have the following theoretical guarantee.
Theorem 4.3. We consider Algorithm 1 with truncated squared loss (8) with L = (D? + 1)3logn.

Let B , B be the outputs of Algorithm 1. Then, for factor models with linear regression as downstream
tasks, with probability at least 1 — 0, the excess risk can be bounded as follows,

Errory(B, 8) < O (KL\/W+L\/7~/7) ,

where D is defined in the sets B and C, and k is specified in Lemma 4.2. Here (7)() omits absolute
constants and the polylogarithmic factors in m,d,r, D,1/4.
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Notice that the rate we obtain in Theorem 4.3 is not optimal for this specific task: by the nature of
squared loss, if we consider a direct d—dimensional linear regression (from z to y) with n data, we

can usually achieve the fast rate, where excess risk decreases as O(d/n). To fill this gap, we consider
Algorithm 1 with ® = R%*" and ¥ = R" and denote D := max{|| B*|2, ||3*||2}. Following a more

refined analysis, we could achieve a sharper risk rate that scales as O(d/m + r/n), which is much
better than the usual linear regression when m > n. See Appendix B.5 for details.

5 PRETRAINING VIA GAUSSIAN MIXTURE MODELS

In this section, we show how pretraining using Gaussian Mixture Models (GMMs) can benefit the
downstream classification tasks, under our theoretical framework.

Model setup. For the latent variable model, we consider a d-dimensional GMM with K compo-
nents and equal weights. To be specific, the latent variable z that represents the cluster is sampled
uniformly from [K]. In each cluster, the data is sampled from a standard Gaussian distribution, i.e.,
x|z =1 ~ N(uf, 1) for any ¢ € [K]. It then holds that z ~ Zfil K='N(u}, I;). We denote by
U the parameter space with each element consisting of K centers (d-dimensional vectors).

We assume that the set of parameters U satisfies the normalization condition—there exists D > 0
such that for any u = {u;}X, € U, we have |lu;||s < Dy/dlog K, Vi € [K]. We further assume
the ground-truth centers {u}}X , € U satisfy the following separation condition.

Assumption 5.1 (Separation condition). The true parameters {u}/*, € U satisfies ||uj — u}|lz >

100+/dlog K, Vi # j.

For the downstream task, we consider the binary classification problems with label y € {0,1}. We
denote by W the set of 2K classifiers such that for each 1 € ¥, and any i € [K|, we have either
Py(y = 1]z = i) = 1 —corPy(y = 0]z = i) = 1 — &, where ¢ represents the noise. Then,
the latent variable model and the prediction class are represented by I/ and W, respectively. In the
sequel, we consider the case where no side information is available, i.e., we only have access to i.i.d
unlabeled data {z;}7", and i.i.d labeled data {z;, y;}_,. For classification problems, it is natural

to consider the 0 — 1 loss function £(z,y) := 1(,,} which is bounded by 1.

Informative condition. We prove that Assumption 3.2 for the above model. We have the follow-
ing guarantee.

Lemma 5.2. Let L~{~: {u e U |drv(pu(®),pur(x)) < 1/(4K)}. Under Assumption 5.1, GMMs

with parameters inU is O(1)-informative with respect to the transformation group induced by down-
stream classification tasks.

Theoretical results We have the following theoretical guarantee.

Theorem 5.3. Ler 1, 1/3 be the outputs of Algorithm 1. Suppose that Assumption 5.1 holds and
m = Q(dK?). Then, for the Gaussian mixture model with classification as downstream tasks, with
probability at least 1 — 0, the excess risk can be bounded as follows,

Errory (i1, 1)) < O (\/dK/m + K/n) )
Here (7)() omits some constants and the polylogarithmic factors in m,d, K, D,1/6.

Theorem 5.3 shows the power of unsupervised pretraining under this setting in the following sense:
Note that the number of parameters of a GMM is dK, therefore if we directly do classification

without unsupervised pretraining, the risk will scale as @(\/dK /n). When d is large and m > n,
we achieve a better risk bound than supervised learning that only uses the labeled data.

6 PRETRAINING VIA CONTRASTIVE LEARNING

In this section, we show how pretraining through contrastive learning (learning the embedding func-
tion) can benefit the downstream linear regression tasks under our theoretical framework.
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Model setup. In the setting of contrastive learning, we assume that z and x’ are sampled in-
dependently from the same distribution P(z). The similarity between = and 2’ is captured by a
representation function fy« : X — R” in the following sense,

P(t=1|z,2') = (1+e for @ for@N=1 Pt = _1|2,2') = (1 + efor @ for @)1,

Here ¢ is a random variable that labels the similarity between = and a’. If the data pair (z, ) is
similar, then ¢ tends to be 1. If the data pair (x,2’) is not similar (negative samples), then ¢ tends
to be —1. We assume (x,2’,t) ~ Py,. (z,2',t). Here, (2,¢) can be viewed as side information.
The latent variable z is defined as z := fy- () + p, where p ~ N(0, 1)) is a Gaussian noise that is
uncorrelated with z. We denote (z, z) ~ Py,. (z, 2).

For the downstream task, we consider the linear regression problem y = 3*7z 4 v, where v ~
N (0, 1) is a Gaussian noise. We assume that the true parameters 6* € © and 8* € BB, which satisfy a
standard normalization assumption, i.e., || fo(z)||2 < 1 forany 6 € © and x € X and || 8]|2 < D for
any 3 € B. We have access to i.i.d unlabeled data {z;, z},%;}{"; and i.i.d labeled data {x;,y;}}_;.
Here (x},t;) is the side information corresponding to x;. In the sequel, we consider the same form
of truncated squared loss as in (8).

Weakly informative condition. We first prove that the above model satisfies Assumption 3.6:

Lemma 6.1. Contrastive learning with linear regression as downstream tasks is x~'-weakly-
—1/2 (E[fo~ () fo+ (x)T]). Here c3 is an absolute constant.

min

informative, where k = c3 - 0

Theoretical results. We define a set of density functions Pxxs(Fp) := {py,(x,2',t) |0 € O}.
We then have the following theoretical guarantee.

Theorem 6.2. We consider Algorithm 1 with truncated squared loss (8) where L = 36(D? +

1)log n. Let é, B be the outputs of Algorithm 1. Then, for contrastive learning with linear regression
as downstream tasks, with probability at least 1 — 0, the excess risk can be bounded as follows,

+ Iy -
m n

Errore(d, 3) < @(ﬁL\/logNH(Pxxs(}—o), 1/m?) 1)7

where L = 36(D? + 1) log n and & is specified in Lemma 6.1. Here @() omits some constants and
the polylogarithmic factors in 1/6.

Note that the excess risk of directly training with labeled data strongly depends on the complexity of
the function class Fy. In the case that m > n, the excess risk of Theorem 6.2 scales as O(+/1/n),
which beats the pure supervised learning if the complexity of Fy is quite large. Thus, the utility of
unsupervised pretraining is revealed for contrastive learning.

When applying our generic framework to the specific context of contrastive learning, our result
morally aligns with that in HaoChen et al. (2021), albeit with differing assumptions. In Theorem
4.3 of HaoChen et al. (2021), the risk is characterized by the eigenvalues of an adjacency matrix
A whose elements measure the similarity between data pairs. As a counterpart, our excess risk

incorporates the quantity Kk = U;SKQ(E[J‘@* (7) fo- (2)T]), where E[fo- () fo-(x)7] also plays the

role of measuring the similarity. Notably, our generic framework covers a variety of approaches for
unsupervised pretraining, extending beyond just contrastive learning.

7 CONCLUSIONS

This paper proposes a generic theoretic framework for explaining the statistical benefits of unsu-
pervised pretraining. We study the natural scheme of using MLE for unsupervised pretraining and
ERM for downstream task learning. We identify a natural “informative” condition, under which our
algorithm achieves an excess risk bound that significantly improves over the baseline achieved by
purely supervised learning in the typical practical regimes. We further instantiate our theoretical
framework with three concrete approaches for unsupervised pretraining and provide corresponding
guarantees.
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A PROOFS FOR SECTION 3

In Section A.1, we prove Theorem 3.3, which gives a TV distance guarantee for the MLE step
in Algorithm 1. Our proof is inspired by Van de Geer (2000); Zhang (2006), and largely follows
Agarwal et al. (2020); Liu et al. (2022). In Section A.2, we prove Theorem 3.4 that guarantees
the performance of Algorithm 1 by upper bounding the excess risk. The proof relies on the fact
that the labeled data {z;,y;}}_; are independent of the unlabeled data {x;, s;}] ;. In Section A.3,
we prove Corollary 3.5 based on the analysis of Gaussian complexity. In Section A.4, we prove
Theorem 3.7 by first showing that the MLE step in Algorithm 1 actually guarantees an upper bound
on the Hellinger distance, which is stronger than the TV distance guarantee mentioned in Theorem
3.3.

A.1 PROOFS FOR THEOREM 3.3

In the sequel, we prove Theorem 3.3.

Proof of Theorem 3.3. For notation simplicity, we denote « := (x,s). Recall that we define
Prxs(®) = {pg(z,s)|¢ € ®}. Let Njj(Prxxs(®),€) be the smallest e-bracket of Py s(P).
We have [N (Pxxs(®),€)| = N |(Pxxs(®),€), where Nj(Pxxs(®),€) is the bracketing num-
ber of Pyxs(P). By Markov inequality and Boole’s inequality, it holds with probability at least
1 — ¢ that for all py(x) € ./\/[](’ngxg(q)), €)

™ log Py (i) N P q) s
72 1 ]E|: 2Z’L:11gp¢*(wl’):|+10g []( XXS( ) 6)‘ (9)
i=1 p¢* 5
Note that (i is the maximizer of the likelihood function, i.e.
¢ « arg max Z log pg(x;),
bed =1

which implies

33t 10)

2 ) p¢*

Then we have with probability at least 1 — ¢ that

15 g 2015 N (P ®
oglogJE[(e?Zl:l‘g%*W}+1og il XES( 1),

:mlogE[ ]ii((fn))} _|_1ogN[](,PX(>;S((I)),€)7
_mlog/de+log PXZS((I)) )’
Sm(/ P&($)p¢*(w)d:c—1>+1og ”(PX;S(‘I’)ae), an

where the last inequality follows from the fact that logx < z — 1. By rearranging the terms, we

have
— 1 N1 (Pxxs(®),¢€)
1- / \/Pg(@)pe- () dz < Elog 5 . (12)

By the definition of bracket, we obtain

[pst@rde = [s(@) - pyteNde + [ pyta)de < e,

13
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which implies

[ (Jrat@) = fpor @) "da < 2<1—/de) +e (13)
/ (\/ﬁq;(w) + \/pw (ac))2 dz < 2/@;(.@) + pg- () de < 2€ + 4. (14)

Combining (12) and (13), we show that

[ (Jostor= o) e < 2o PRI s

By Cauchy-Schwarz inequality, it then holds that

([ 1@ - porta )Idw>2</(\/z%+\/p¢*(w))2dw‘/(\/z%— por (@) de.

N 1(Prrs(®),

where the last inequality follows from (14) and (15). Note that

([iste)-ne@iae) ([ s - po-@lan)
= ([ 3t~ e @1 + 175 - @) - ([ Ios(0) o 2]~ pyte) —po- )]

< (/ 195(@) — Py (@) + 155(@) — Py (@) dw) [ 1s6@) ~ pit)]
<(e+4)- e 17
Adding (16) and (17) together, we have

([ w3t = porte >|dm)2s<2e+4>~(;ng““’*;S(‘I’)’G)+e)+<e+4>-e, as)

and

(16)

which implies

drv (P (@), Py () = = /|p¢ — e ()] da

1 2 N (Pxxs(®),€)
2\/(26+4)- (mlog 5 +e>+(e+4)-e. (19)

IN

Setting ¢ = 1/m, we have with probability at least 1 — ¢ that

e B3 2o < (2 1) (Zrog PO 1Y (L) T

<3 \/10 P’”‘Z( ) 1/m). 20)

Thus, we prove Theorem 3.3. O

A.2 PROOFS FOR THEOREM 3.4

Before proving the theorem, we first present some useful results that will be used in the proof
of Theorem 3.4. Lemma A.l upper bounds the difference between empirical loss and population
loss by an application of bounded difference inequality and a standard symmetrization argument.
Lemma A.2 relates excess risks with the total variation distance between probability distributions.
For notation simplicity, we denote E(; ) p,, ,(z,y) Y Eg  in the following. We further denote by

[E the expectation taken over the ground truth parameter, i.e., E := E(w,y)mﬂ» or o (T9)

14
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Lemma A.1. Suppose that {(-,-) is a L-bounded loss function. For any given ¢ € ®, with proba-
bility at least 1 — 6,

sup (E[E(go.0(), 9] = - D oo ol3).1)

21log(2/0) 21
n )

where Ry, (£ 0 Gy w) is the Rademacher complexity of the function class £ o Gy ¢ defined in Theorem
3.4.

Proof of Lemma A.1. First notice that, when a pair (z;, y;) changes, since ¢ is L-bounded, the ran-
dom variable

1 n
S E[¢ — 22
wgg( [£(gg(x ng 9o (25), > (22)

can change by no more than 2L /n. McDiarmid’s inequality implies that with probability at least
1-46/2,

n

sup (Elt(g0.0(0). )] = 3 gtz )

Yew =

< E{sup <E[€(9¢,w(w),y)} - ;Zn:lﬁ(gw(xj)’yj))] ot

Pew

21og(2/9) 23)
—

Let {2,y j—1 be independent copies of {z;,y; }?:1 and {o;}7_, be ii.d. Rademacher random
variables. Using the standard symmetrization technique, we have

| sup (Bllas.0(0).9)] - iiﬂ%w(%%yﬁ)}

~&[supa[L ngqbw —;ém,w(myﬁ o
<2 (3 et ’y3‘>—i§“%»w<xﬂ’%>)]
<=y, Z%( soule) )~ oot )

<2E[sup Zoj (9o, (@5), y])}

pew N
=R,(lo gw). (24)
Therefore, with probability at least 1 — §/2,
1 & 21og(2/6
sup (B16(a6.0 0] = 5 Do (0).15) ) < Ralto G+ 1y 222D o
j=1
Similarly, with probability at least 1 — §/2,
1 « 2log(2/0
sup (3 U ole3):35) ~ Ellas(a) )] ) < Ralto G + 1 22 o
€ =
Combine these together, we prove Lemma A.1. O

Lemma A.2. Suppose that {(-,-) is a L-bounded loss function. Then, it holds for any ¢ € ®,1) € ¥
that

E[Z(g@l/) (513), Z/)] - E[Z(gqg*,@p* (x)’ y)] <4L- dTV(PlﬁﬂP ('Tv y)a Pdﬁ*ﬂ/)* (Z‘, y)) (27)

15



Published as a conference paper at ICLR 2024

Proof of Lemma A.2.
Egr (0096, (2), ¥)] — Egr yp [€(gg= = (), Y)]
= Ege - [0(96,0(2), )] — Eg 5 [€(94,4(2), )]
+ Eg,p[€(9p,0(2), y)] — Egp 4 [0(gg= = (7). y)]
+ Eg,y [0(9g 0+ (), )] — Egr .y [€(gg~ = (), y)]- (28)
First notice that, by definition of g4 .,
Eg0[0(96,0(2), y)] — Eg,4[€(g4= 4+ (), y)] < 0. (29)
For the other two terms, based on the fact that ¢ is L-bounded, we have

[Eg« = [£(96, (%), y)] — Eg,0[€(9,4 (), y)]|

/ U(9p.4(), Y)Ps. . (7, y)drdy — / U(9p.4(2), y)pg,p (v, y)drdy

e
5,

- ] [ 5009000 —p¢,w<x,y>>dxdy‘
/ 18,5 (2, )| B (@29) — D))y

< / Ll (2.9) — pors () dady

= 2L - drv(Pyy(x,y), Py y- (2,9)). (30)
Similarly, it holds that
[Ege - [(gg= = (), 9)] = Eg p[(gpr = (), y)]| < 2L - drv(Psy(2,y), Por y(w,9)).  (31)
Combining (28), (29), (30) and (31), we obtain
Egpr = [0(gp,0 (%), )] — By [0(gg o (), y)] < AL - drv (P (2,y), Py y (x,9)).  (32)
O

With Lemma A.1 and Lemma A.2, we are able to state our proofs for Theorem 3.4 in the following.
The main idea of the proof is decomposing the risk. And a key observation is that the labeled data

{;,y;}}_, are independent of the pretrained ¢, which is learned from the unlabeled data {x;}7 ;.

Proof of Theorem 3.4. Let

¢ := arg min dpv ( P (@, y), Py oy (2, 9))- (33)
Ppew

And for any ¢ € &, € U, we define

1 n
App 1= Egr g [6g0.0 (), y)] = — D Ugow (@), y5)- (34)
j=1
Recall that the excess risk is defined in (2). It then holds that

Errore(¢, 1) = Ege = [(95 (), y)] — Ege = [€(g6+ v+ (), )]

= B e [605,0(0), )] — = D g 405),)

3

j=1
lf: Ug: (), ;) Zeg (z;),y;) (<0, by ERM in Algorithm 1)
n & 6.0(T3)s Ui HwJﬂf’
1 n
72 (94,5(25):95) = Egr - [(95 5(2), y)]

+ Eww*[@(g(lgﬂ;( ), y)] — Bgr e [(gge - (2), y)]
<Ay s — A5+ Ese - [0g55(2),y)] — Egr pe [€(gg p- (), 9)]- (35)
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By lemma A.2, we have

Eg 0 [0(95.5(2), )] — Egr - [€(gg 4+ (2), y)]
<AL - drv(Py 5(2,y), Py oy (2,9))
=4L- wmelg drv(Py ., (%,y), Py .y (x,y)) (by definition of )

< A4KL - dyv(Py(, s), Py~ (2, 5)). (36)

The last line holds, since by Assumption 3.2, for any (/3 € ®, we choose T that satisfies (5) and T5
that satisfies (6). Let ¢ = T3, Lo 1p*. It then holds that

min drv(Py ,(2,Y), Poe y(2,9)) < drv (Py (2, ), Pye y- (2,))

= dTV (]P)Tlo&w* (1’, y)a P(b*,w* ({E, y))
S dTV (]P}Tloé(xv Z)? P(b* ((ﬁ, Z))

< Kk-dry (Pé(wv s), Py (x,5)). 37
Combining (35) and (36), we have
Errory(¢, 1) < Ay — Dy g HARL - drv(Py(z,s), Py (z,5)). (38)
We define the following events
D= {dTv<P¢;(m, ), Py (2,5)) < 3\/ L jog 2N Prexs (@) 1/m) } (39)
and
21log(4/9)
R:=<qsup|A; |<R,(loG; )+ Ly ————= 3. 40
{weg | ¢,¢‘ ( ¢,\p) n (40)
It holds that
P(D N R) = E[lpng] = E[E[1plr|d] = B[l pE[lg|4] = E[1pP(R|¢)], (41)

where the third equation follows from the fact that D is ¢-measurable. Note that {zj,y;17-y is
independent of gﬁ By Lemma A.1, for any given gi; with probability at least 1 — §/2,

2log(4/0)
sup |A: | < R,(£oG; )+ Ly ——"—=, 42
wegl ¢7¢| ( ¢>,xp) n (42)

ie.,
P(R|¢) > 1 —5/2. (43)

By Lemma 3.3, with probability at least 1 — §/2, the output of the first step of our algorithm qAS,
satisfies

(Paxs(®),1/m)

1 2N
drv(Py(z, s), Py« (2, ) < 3\/m log

5 (44)
ie.,
P(D) >1—4/2. (45)
By (41), (43) and (45), we have
P(DNR)>(1-6/2)*>1-4. (46)
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Then, under event D N R, by our decomposition (38), we have
Errory(¢, 1) < Ay — A +4KL- dTv(Pd;(ac, s), Py (2, s))
<2sup [Ag | +4kL - drv(Ps(z,s), Py (@, 5))
Pew ’

2log(4 1 2N P),1
< 2R, (£0G; ) +2L 70‘%75 /9, 12I€L\/m log (PXXS; ) 1/m)
<2 I;laé( R,(oGyw)+ 2L/ 21%(4/6) + 12,%[/\/7711 log QN(pXXS(S((I))7 1/m).
€
47)
Thus, we prove Theorem 3.4.
O

A.3 PROOFS FOR COROLLARY 3.5

In the following, we give the proof of Corollary 3.5, which is based on the analysis of Gaussian
complexity.

Proof. By Theorem 3.4, we have

" oa 2 4 1 QN[]('PXXS(@),l/m)
< a /= — . )
Errory(¢,v) < 2 max R,(€oGyw)+2L -1/ - log 5T 12xL \/m log 5
(48)

Therefore, it remains to bound the Rademacher complexity term. By Ledoux & Talagrand (2013),
the Rademacher complexity is upper bounded by the Gaussian complexity, i.e.,

Ru(F) < ¢ Gu(F) = ¢-EG,(F), (49)

where ¢ is some absolute constants. Here G,,(F) is the Gaussian complexity, and it’s empirical
version is defined as

Gu(F) =By, sup |2 3 if )
i=1

feF

Ty, ,xn] (50)

where g1, - , g, are i.i.d. A/(0, 1) random variables. By (5.36) in Wainwright (2019), we have

Gn(loGyu) < min {wm 2L\/logN(€og¢7q,75, | - ||00)}

1
% . 0€[0,L]

< % (L + 2L\/1og N(oGyw,L/vVn,| - ||Oo)> (Take § = L/+/n)
< a1, BN Gor LIV 1) s
n
Combining (49) and (51), we obtain
ot Gon) < 1y ENCGoat VAT o) -
By (48) and (52), we finish the proof. O]

A.4 PROOFS FOR THEOREM 3.7

In this section, we first show the relation of Assumption 3.2 and Assumption 3.6. We then show
that the MLE step in line 2 of Algorithm 1 guarantees an upper bound on the Hellinger distance
H(Py(z, s), Py~ (z, ). Then, using the same techniques as that in the proof of Theorem 3.4, we
prove Theorem 3.7.
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A.4.1 RELATION OF ASSUMPTION 3.2 AND ASSUMPTION 3.6

Assumption 3.6 is actually a relaxation of Assumption 3.2. To see this, by Assumption 3.2, for any
¢ € @, we choose T that satisfies (5) and 75 that satisfies (6). Let ¢ = T2_1 o 9p*. It then holds that
drv (Pg,p(2,y), Py g+ (2, 9))
= drv (Pryop,p+ (2, Y), Py - (2, y))
< dry (Pryog(, 2), Py+ (2, 2))
< k-drv (I%(x, ), Py« (z, 5))

Note that the TV distance can be upper bounded by the Hellinger distance. Thus, Assumption 3.2
directly implies Assumption 3.6.

A.4.2 HELLINGER DISTANCE GUARANTEE
Suppose that c;AS is the output of the MLE step in Algorithm 1, which satisfies
b + arg maleogqu(xi,si). (53)
e S

We have the following theoretical guarantee on the Hellinger distance between P qZ)(nc,s) and
]P)¢* (I’, 5)

Lemma A.3. Let (ﬁ be the output of Algorithm 1. It then holds that with probability at least 1 — ¢
that

2
H(By(2,5), Py (2,5)) < \/ 2 g ML Pres 0107, (54)

where we denote Px xs(®) := {py(z,s)| ¢ € O}

Proof of Lemma A.3. For notation simplicity, we denote  := (z, s). Let e > 0. Similar to the proof
of Theorem 3.3, we obtain with probability at least 1 — §

1 Ni 1 (Pxxs(®),
1—/\/154;(16)P¢*($)dw§ —log ilt Xas( G (55)

Here p;(x) € N[ )(Pxxs(®),€) that satisfies p(x) > py- () for any  and

/ﬁé(w) —pg- () de < e. (56)

Note that

1= [ \Jos@e @ e~ (1= [ \fos(me @) da)
— [ (Vrs(@) - \fos@) oo (@) de

< /e (57)
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Here the first inequality follows from Cauchy-Schwarz inequality and the second follows from the
fact that , /ps(@)pg(x) = pg(x). By (55) and (57), we have

1 Ni(Pxxs(®),
1f/\/pq;(w>p¢*(w>d:csﬁ+Elog it Xas( 29 (58)

which implies that

H*(Py (), Pye () =1 — / \/Ps(®)pe- () dw < Ve + %log N”(PX;S(@)’G). (59)

Set e = 1/m?. We have

2
log [](PXxs(s(‘P);l/m ) (60)

O

HQ(]P’ (z,5), Py (, 5)) §%

A.4.3 PROOF OF THEOREM 3.7

With Lemma A.3 in hand, we are ready to prove Theorem 3.7.

Proof of Theorem 3.7. Let (;AS be the output of the MLE step in Algorithm 1. And forany ¢ € ®,v €
VU, we define

1 n
Ao = By - [l(g0.0(2), y)] - > Ugow (@), ;) (61)
j=1
Following the same arguments as that in the proof of Theorem 3.4, we have with probability at least
1-46,

2
H(Py(,5), Py (z, 5) \/1 P"X‘Sé ), 1/m?) (62)
and
21log(4/0)
A | <Ry(boG: )+ Ly =280 63
Zlelgl sl SRa(lo Gy y) + - (63)

Moreover, as mentioned in (35), we have
Errory(¢,v) < Ay 5 — Ag 5+ Bge y=[0(g5 5(2), y)] — Ege = [((gpr u+ (2), y)]

2log(4
< 2R, (L0 Gyy) +2L w

+ Egpe e (099 i (%), 9)] — Egr o [€(ggm = (2), )], (64)
where ¢ := arg min, ey drv (P w(m,y),IP’d,*,w*(a:, y)) and the second inequality follows from
(63). By lemma A.2, we have

B [6(94,5 (%), y)] = Eo = [€(go 9~ (), y)]
<AL - dry(Py 5 (2, 9), Py - (2,9))

HT
=4L- 1Ibn1n drv(Py . (2,y), Py - (z,y)) (by definition of Y)
3z,

<1y 4kL - H(P s),Py-(z,5))
2 2N ®),1/m?
<9 4KL\/m log (PXXS(E ), 1/m?), (65)
where 1) follows from Assumption 3.6 and 2) follows from (62). Combining (64) and (65), we have

PN 2
Errore(¢, 1) < 2R, (€0 Gy ) +2L 2log 4/5 s L\/ 2N( PXng ), 1/m?2)
2

(66)
O
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B ADDITIONAL RESULTS AND PROOFS FOR SECTION 4

In Section B.1, by analysing the total variation distance between two high-dimensional Gaussians
and applying the Davis-Kahan theorem, we show that factor model with linear regression as down-
stream tasks has k-transferability (Lemma 4.2), where « depends on the largest and smallest singular
value of the ground truth parameter B*. In Section B.2 and Section B.3, we prove two lemmas that
will be used in the proof of Theorem 4.3. To be specific, in Section B.2, we upper bound the bracket-
ing number of the set P (1) by using e-discretization (Lemma B.5). In Section B.3, we prove Lemma
B.6, which will be used to upper bound the Rademacher complexity of the function class £ o Gg ¢.
In Section B.4, we prove Theorem 4.3. Finally, in Section B.5, we provide a refined analysis for
proving Theorem B.9.

B.1 PROOFS FOR LEMMA 4.2

First of all, we present some useful lemmas that will be used in the proof of Lemma 4.2. Given two
high-dimensional Gaussians, we can bound their total variation distance as follows.

Lemma B.1 (Theorem 1.2 and Proposition 2.1 in Devroye et al. (2018)). Suppose that d > 1. Let
w1 # po € R Then, we have

L < dTV(N(NlaId)aN(u27Id)) <1
200 = min{l, [[u1 — pollay T

Lemma B.2 (Theorem 1.1 in Devroye et al. (2018)). Suppose thatd > 1. Let i € R% and 31 # ¥
be positive definite d x d matrices. Then, we have
L < drv (N(Nv El)aN(uv 22))
100 = min{1, |2, /28,572 — Iy|lr}

3
< -
-2

Recall that we define B := {B € R*"|||B||2 < D}. Let B € B and B* be the ground truth
parameter. We denote by o, .. and ¢ . the largest and smallest singular value of B*, respectively.

max min

Moreover, we denote the singular value decomposition of B and B* by B = UXV and B* =
U*¥*V*, respectively. Here ¥, %* € R™" are diagonal matrices and U, U* € R¥*", V,V* €
R"*? are matrices with orthogonal columns. Let

M :=BBT =UAUT, M*:=B*BT =U*A*U*T, (67)
where A := X7 and A* := ¥*2*T. We define

O :=argmin |[UO — U*||p. (68)
OGO’V‘XT

Then, we have the following lemmas.
Lemma B.3. For M, M* defined in (67) and O defined in (68), there exists some absolute constants
c > 1 such that

c
(07min)?

min

U0 =U[lr < IM — M |[p.

Here o}, is the smallest singular value of the true parameter B*.

Proof. An application of Davis-Kahan Theorem (Davis & Kahan, 1970). O

Lemma B.4. For M, M* defined in (67) and O defined in (68), there exists some absolute constants
c such that

c(o

4 * 2
181720 — 0112y < STl g e
(Umirl)S

Here o . is the smallest singular value of the true parameter B*.

min
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Proof of Lemma B.4. Our proof is inspired by Ma et al. (2018). By Lemma 2.1 in Schmitt (1992),
we have

1 1
||A1/2O_OA*1/2||F < 7HOTAO_A*HF: *
Jmin(M*) Tmin

Note that A = UT MU and A* = U*T M*U*. Thus, we have

IOTAO = A*[le. (69

|OTAO — A*||p = |OTUTMUO — U*T M*U*||p
< |oTuTMUO - OTUT M*UO||r + ||OTUTM*UO — U M*UO||r
+ U M*UO — U M*U*||p
<M = M [[g + 2||M*||2|UO = U"|[r

2
* Umax *
<t 0 e+ 2e( ) ar - ar

*

« 2
< 40(021”> M — M*||g, (70)

where the third inequality follows from Lemma B.3. Combing (69) and (70), we have

4 * 2
C(Umax) HM o M*”F

A1/2 o A*1/2 <
WO = O e = oy

Now we are ready to prove Lemma 4.2.

Proof of Lemma 4.2. Let O™*" := {0 € R™*" | 00T = OTO = I,.}. First of all, we show that for
any (B, ,0) € B x C x O, itholds that Pg 3(z,y) = Ppo orp(x,y). This can be easily seen by
the following observation,

BO(BO)T BOOT BBT B
erooms~ (0| Fograr orinrors] ) = (o[ ] ) ~ees

By Lemma B.3, it holds for some constant ¢ > 1 that

* c * %
|UO = U*[|r < WHBBT — B*B*"|r. (71)
By Lemma B .4, it holds for some constant ¢ > 1 that
* 4C O-:‘Kﬂax 2 * %
[0 — OX*||r < QHBBT - B*B*|p. (72)

(Thin)?
Let O := V~1OV* € O™*". By (71) and (72), we have

|BO = B*|lg = [|[USOV* = U*S*V*||g
< |US0 - UE"||p
<||USO -UOY*||p + [[UOE" —U*Y"||p
<120 - OX*|lr + [[UO = U™ |[r[Z7|2

4 * 2 *
<ec- ( (Umax) + Omax > . ||BBT _ B*B*THF

- (Urt)in)?) (U:nin)2
5C a;knax 2 * %
< (fy*, )3) |BBT — B*B*T||p. (73)

22



Published as a conference paper at ICLR 2024

Note that
1y (Bo(e, ). Po- (2.2) = [ Ippo(e] ) = po- (x| lp(z) dad:
_ / dry (N(BOz 1), N (B*2,1,))p(2) dz

< /min{l, |BOz — B*z||2}p(2) d=

< min {1, E[|BOz — B[]},
where the first inequality follows from Lemma B.1. We can show that

A * A * (12 1/2
B[|BO= — B2s] < (B[ BO= — 23]

A N 1/2
- (Tr((BO — B)(BO - B*)))
= ||BO — B*||p.
By (73), (74) and (75), it holds that
dTV(PBé(x»Z)aPB* (1’72))
<min{1,|BO - B*||r}
5c(ay; )2 T T
max . BB _ B*B*
G ¥
5C(U:nax)2 * 2 .
< T () 1) min {1

min

< min {1,

|BBT - B*B*"||x
(Ohax)®+1 ]

where the last inequality follows from ¢ > 1 and
(0F . )?+1 S 207

max max
< > Tomax
O min O min

By Lemma B.2, we have

drv(p(), pp=-())

1
> 1o in {1,1(B*B*" + 1,)"*(BB" — B*B*")(B*B*" + 1,)"'/?||¢ }.

Note that
1(B*B*T +Id)—1/2(BBT — B*BT)(B*B*T +Id)_1/2HF
T BB T+ Ll T (0ha)? 1
Thus, by (77) and (78), it holds that

|BBT — B*B*T||p }

1
«(x)) > ——min<1
dTV(pB(-r)J)B (Z‘)) ~ 100 mln{ ’ (J;ax)2 +1

Finally, by (76) and (79), we have
500¢(0ax)” ((Tmax)” +1)

drv (Ppo(@, 2),Pp- (2, 2)) <

< 500¢(0 a0 + 1)4

- (J;in)g

(Jmin

~drv(pp(7), pB= (7))

23

* )3 'dTV(pB(m)va* (l‘))

(74)

(75)

(76)

(77)

(78)
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B.2 BRACKETING NUMBER

By an application of e-discretization technique, we upper bound the bracketing number of P(/3) as
follows.

Lemma B.5. Let Px(B) := {N(0, BBT +1,) | B € B}, where B={B € R™" ||| B|» < D} for
some D > 0. Then the entropy can be bounded as follows,

log N{(Px(B),1/m) < 4drlog (24mdr(D* + 1)).
Proof of Lemma B.5. We consider a set of Gaussian distribution

1
Px(B) := {Pz(x) = NSO

where B = {B € R¥*" ||| B||s < D}. Note that

e 22 e 5 = BBT 4 [, B € B},

-1 1
> —.
~ D241
Here we denote by Apax (X71) and Apin (X 71) the largest eigenvalue and the smallest eigenvalue of
%71, respectively. Our goal is to find a 1/m-bracket N{|(Px(B),1/m) of Px(B). In other words,
for any px(x) € Px(B), we need to define ps () € N[ j(Px(B),1/m) such that

-1

/\max(zil) = ()\min(z)) = 17 )\min(Eil) = (AIIlaX(E)) (80)

s pu(x) > ps(z), Vo € RY
s [|pn(z) — ps(z)|dz < 1/m.

Note that rank(BBT) = r < d and © = BBT + I,;. Thus, the eigendecomposition of X! has the
following form

oY 5

vl =U Ul +1,, (81)
A — 1

1

where VVT = VTV = I;and U € R%*" is the first » columns of V. For notation simplicity, we
denote

A —1
A=
Ar—1
Thus, we have =1 = UAUT + I,. For some fixed 0 < ¢ < (D? 4 1)71/2 (which we will
choose later), if A\; € [ke, (k + 1)e) for some k € Z, we define \; := (k — 1)e. Note that A\; >

Amin(X71) > (D? 4+ 1)~L. Thus, it holds that k > 2 and A; = (k — 1)e > € > 0. Moreover, we
have € < \; — \; < 2¢. We define

A —1
A=
Ar— 1
For tl_le matrix U = (u; ;) € R, ifu; ; € [3’“;, (’;\';%6) for some k € Z, we define u; ; 3\’}27
and U := (u; ;) € R™". It then holds that
lT=Ullz < |U=Ullr = =3 (82)
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We define
Y-1:=UAUT + 1. (83)

Note that (D? +1)~! < \; <1 and |u; ;| < 1. Thus, we totally have

() () - () (B8] e

many ¥~ 1. Note that for any ||z||; = 1, we have
(S =S N = 2T (UTAU — UAUT )2
=2TUT(A - MUz 427U - U)'AU +0)z
n(A=8) = |(U=TU)"AU + D)2

)\mi
Amin(A = A) = [|U = Ull2 - [AU + U)|l2
2

\VARAY

>e—3

where the third inequality follows from

_ _ - _ 1 € D?
< < [ — | < .
AU + D)|lz < [|A]|2|U + T < <26+1 D2+1) <2+ 3> < 3(26+ D2+1>

and the last inequality follows from our assumption ¢ < (D? + 1)~!/2. Thus, for any x € R, it
holds that

(27t —x-Dz >o0. (85)

We consider py;(x) of the following form

pZ(x) =c (27T)de 5

By (85), we have: px(x) > px () holds for any = € R? if and only if
|21 Al A
C2> | = =14/ = —.
=1 Van

il —1 <14-<144(D*+1
NS hmne TR tRES +4(D7+ e,

Note that

where the second inequality follows from k& > 2 and the last inequality follows from ke > (D? +

02)~1. We then obtain that
Al A r
2 < (14 4(D2 + 1)),
AL A

Let ¢ = (1 + 4(D? + 1)¢)"/2. It then holds that

AL A
c> |l
TN AN
which implies px(z) > ps(z) holds for any 2 € R¥. Note that

/|ﬁg(a?) —py(@)|dr=c—1=(1+4(D*+ 1)6)"/2 — 1 < 4(D?* + 1)er,
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where the last inequality follow from (1 4 z)"/2 < 1+ rz for z < r~'. Let
1
- - 86
T UD+ mr (86)

We have
1
dr <4(D*+1 —.
[ 1ps(@) = p(o)l do < 4D + er = -
By (84) and (86), we show that

N{{(Px(B), 1/m) < (4rmD?)" - (24rm(D? + 1)Vdr)",
which implies
log N 1(Px(B),1/m) < 4drlog (24mdr(D* 4 1)).

B.3 RADEMACHER COMPLEXITY

Note that for fixed B the prediction function class

Gp.c = {yps(x) =B BT (BB +0°I;) 'z|B eC}
belongs to a linear hypothesis class. For a linear hypothesis class H, we can bound its empirical
Rademacher complexity as follows.
Lemma B.6. For a linear hypothesis class H = {hg(x) = BTz |B € R",||B|l2 < D}, where
x € R" and ||z||2 < X, the empirical Rademacher complexity can be bounded as follows,

- 2DX
Rn(H) < N

Proof of Lemma B.6. Note that
R(H)_E Z 50| = 26, [ sup 57 zn:
n = o’l sup gj - ZTi| = o Lo sup £ 0;T;

IBll2<D ;= B8ll2<D
E 0T

2D [
} < —E,, Zaiaja:?scj .
R [
By Jensen’s inequality, we then have
; < E < 2D E T | _
R,(H) < —E,, Zazajx zj| < =\ | Fo Zoiajxi zj| =
i, N

B.4 PROOFS FOR THEOREM 4.3

IN

2
JE[ 6]
n [18]l2

In this section, we verify the utility of Algorithm 1 by proving Theorem 4.3. Recall that the truncated
squared loss is defined as

g($7 y) = (y - x)Q]I{(y—a:)sz} +L- H{(y—z)2>L}7 (87)

which is L—bounded and 2v/L—Lipschitz w.r.t. the first argument. Before proving Theorem 4.3,
we need to state some core lemmas. Recall the definition of gp s(x):

gB,p(x) :=argminEp 5[l(g9(z),y)]. (88)
g

Since £ is the squared loss, it’s obvious that
gp.p(x) :=argminEg g[l(g(z),y)] = Epy 4(a) ly]z] = BTBT(BBT + Id)_lx. (89)
g

The next lemma shows that the optimal predictor under the squared loss ¢ and the truncated squared
loss ¢ stays the same.
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Lemma B.7. We denote by gp 3 the optimal predictor under truncated squared loss, i.e.,

gp,p < argminEp g[l(g(z), y)]. (90)
g
It then holds that

98,5(%) = Epy sy | ] = gB,8(2). 91

Proof of Lemma B.7. Notice that, the distribution (under parameter B, (3) of y given x is a Gaussian
distribution with mean p = Ep, ,(s,)[y | ] and variance v* (which is of no importance). We
define function f as

fla) :==Epgl(a,y) | «]

at+vL 1 (w—p)? +oo 1 (=m)?
:/ (y —a)? G*ﬁdzﬂr/ TR dy
a a

L——¢
VL vV 2T +VI vV2m
a—vL 1 _(y—w?
—|—/ L e 2027 dy. (92)
oo vV 2T
Then, it holds that
L (a—p+vI)? L (a—p—vT)? a+vL 1 (y—p)?
’azie_T—ie_T—I—/ 2(a — e =2 d
T ) vV 2T vV 2T a—vT ( )v\/27r Y
L 7<a—u+5@)2 . L 7(ﬂr—u—2\/f)2
- e 2v e 2v
vV 2T vV 2T
/a+\i2( ) 1 7(1/-;;)2 d
= a—1y)——=—e¢ 20 Y
a—VIL vV 2T

1 (w=m? 1 (y—m)?

a a+vVL
= 2(a —y)—=e" 22 d —|—/ 2(a —y)—=e =2 d
/aﬁ ( y)vm vt | (@ =9) 7= y

VL 1 _(a—z—p)? VL 1 _ (atz—w)?
= 2z———e 202 dz — 2z e 202 dz
0 0

vV2m vV2m
\/Z a—z—p 2 a+z—p 2
:/ 27,;(64 =w? e*( 2w )dz. 93)
0 v i

Notice that for z € [0, /L],

_(a—z—w)? _ (atz—mw)?

e 22  —e 22  >0whena > p, (94)
(a—z—m)? _ (atz—w)?

e 22  —e 22 < Owhena < p. 95)

Therefore, we have f'(a) < 0 when a < p, f'(a) > 0 when a > p, which implies that a = y is the
unique minimizer of f(a), i.e.,

9B.5(x) = Epy, 42y | 2] = 9B,s(7). (96)
O

The following lemma shows that the truncation has no significant influence on the excess risk.
Lemma B.8. There exist c; = (D? + 1)3, such that

A A ~ ~ 2L L
Errory(B, ) < Ep- p[l(95 5(x),y)] — Ep+ p- (9 - (x), y)] + 1/ 77026 2. (97)
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Proof of Lemma B.S.
Errory(B, 3) = Ep- p-[l(95 3(2),y)] — Ep~ s [€(9B~ 5+ (7), y)]
=Ep-5-[0(9p 4(2),9)] = Ep- p-[lgp (), y)]
+Ep- 5 [l(95 5(),9)] = Ep- 5+ [(95+ - (), 9)]
+Ep- g [l(9~ 5~ (€),9)] = Ep- g+ [(95- - (),9)] (< Osince £ < ¢)
< SBU,E{EB*7 5 [l(gB.5(x),y)] — Ep- p-[l(gn (), y)]}

+Ep- 5-[U95 5(x),y)] — Ep- p-[(g5- p- (), )] (98)
For the first term, we have

sup{Ep- 5-[£(95,5(2), 9)] = Ep-5-[{(95,5(2), y)]}

)

= ?E{EB*,ﬁ*((QB,B(x) —9)? = L)(gp p(a)-9)2>L} }- 99)
Notice that
9p,p(x) —y = BT BT (BBT + 1o)~'w —y ~ N(0,3%), (100)
where
N =Varg- g-[gp.s(z) - y]
=Ep- (8" BT (BB" + 15)"'w —y)?
=+ BT (BBT + 1) Y(B*B*" + 1,)(BBT +1;,)"'Bp
+ ﬁ*Tﬁ* o 2ﬂTBT(BBT + Id)_lB*ﬁ*
<€+ 578+ (BB + 1) 7[5 - [|B*B*T + Lall2 - | BSI3
+2(BB” + 1) o - | B"B"|l2 - | BSl2
S 62 +ﬂ*Tﬁ* +D4||B*B*T+Id”2 +2D2HB*B*H2
<1+ D?+ D*D?+1)+2D*
< co. (101)
Therefore

Séug{EB*,ﬁ* ((98.5(x) = 9)* = D)Ui(gp o(x)—y)?>L}}

o1 =2
= sup2/ (% — L)e 27 dz

A VI AM2m
{ A p2 |70 9 too g 22
= 2su — ——xe 232 + (A =L / em?dx}
)\p V2 VI ( ) VI A\W2m
L L too =2
=2sup{ 4/ =——Ae 27 + AL / e_Ndx}
)\p 27 ( ) VI MW2mw
L __L_ . 2
< 2sup —\e 22 (since L > ¢ > \*)
A ™
2L
_ €2 =55 (102)
T

The last equation holds since Ae” 337 monotone increases w.r.t. A, and A < /c;. Combining (98),
(99) and (102), we finish the proof. O

Now we are ready to prove Theorem 4.3.
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Proof of Theorem 4.3. Note that [ is L—bounded. By Lemma B.7, we can apply Theorem 3.4 to I,
which gives

Ep«p-[l(93 5(),y)] — Ep~ g [€(gB~ g+ (%), y)]

~ 2. 14 1 2N (Px(B),1
§2maan(€och)+L-1/10g—|—12/£L-\/log 1(Px(B), 1/m) (103)
BeB ’ n 1) m 1)

Here r = ¢1(0},,, + 1)*/0}2, is the transferability defined in Lemma 4.2.

min

By Lemma B.5, we have
log N(1(P(B),1/m) < 4drlog(24mdr(D? + 1)). (104)

Since [ is 21/L—Lipschitz w.rt. the first argument, the contraction principle (Theoerem 4.12 in
Ledoux & Talagrand (2013)) gives

R, (Zo gB,c) < 2VLR, (Gpc). (105)
Therefore it remains to bound R,, (Gp ¢) . By Lemma B.6, for fixed B,

2 n
R (GB.c) =By By, [Slgp - Z 0i98,8(z;)]
j=1

2 w _
— E{xj};;lE{Uj ;L=1[SlngZgjﬂTBT(BBT —|—Id) 1£Cj}

j=1
< ]E{Ij}y:1 [?/—l% sgp ||BT(BBT + Id)_lxng] (By Lemma B.6, since ||3]|2 < D)
— QE{M@ [sup || BT (BBT + 1) 'a;]|2). (106)
Vot !
Note that z; ~ N(0, B*B*T + 1,). Therefore BT (BB + I;)"'x; ~ N(0, %), where
¥ :=BT(BBT + 1,)"Y(B*B*" + I;)(BBT +1;,)7'B. (107)
Thus, we have
22 BT(BBT + I;)"'z; ~ N(0,1,). (108)

Letu; := ¥~ 2 BT(BBT + 1)~ 'z, then
Efasyn, [Sgp IBT(BB" + Ia) ;2]

=By, [Slj%p 122 ;2]

< Egaypp, up |2 o 2]

< sup||x2 2By, [5uP o] (109)
By the Theorem 3.1.1 in Vershynin (2018), ||u; || —+/7 is c4—subGaussian for some absolute constant

c4. Therefore, for any ¢ > 0,

Bltsup; llusliz] < mletsup; llusllz) by Jensen’s inequality)
n
< 3 Bl k)
=1

= Z E[etluillz=vr]etvr

t2
= netVrtTes, (110)
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Taking log on both sides, we have

logn t
Efsupu;ll2) < = .
J

which holds for any ¢t > 0. Take t = / 2125", we get

EsupHujH < V/2cqlogn + /1.

Note that
]2 = 1B (BB" + 15)~"(B*B*" + 15)(BB" + 1) "' B||2
< |IBIE- (BB + 1)~ |3 - |B*B*" + L|
< (D*+1)%,

i.e., sup ||E2 l2 < (D? 4 1). Combining (106), (109), (112) and (113), we have
2D
Ry (Gpw) < IE{x yo_, [sup | BT (BB + 1a) ™ 2]
J

2D 1
< —=sup |22 [|2E ) [sup [luf2]
J

f
2D,
\FD +1)(\/2cqlogn + /1),

which implies

- 2D
glg;{Rn (6 o QM) < 2\/51;5[1;2%1{” (Gpw) < Q\FLﬁ(lﬂ +1)(\/2¢c4logn + /1)

We are now ready to bound the excess risk. By Lemma B.8, we have

Ley _ L

Ercors(B, B) < Ep- 5+ 19,50, 9)] ~ B - [lgi o (1), )] + || T2 %5

~ 2 4
< = =
< 2mahn (ToGon) + 1oy lox g

2N (Px(B).1 i
+12K§L\/110g []( X(g ) /m)+\/2LC2e L
m

™
oD, 2 4
<AVL==(D*+1)(/2cslogn+ r) + L -1/ = log ~
Vvn n -4
1 2LCQ __L
+ 125 L4/ —(4drlog(24mdr(D? 4+ 1)) + log(2/0)) + e 3% ,
m ™

(111)

(112)

(113)

(114)

(115)

(116)

where the second inequality follows from (103) and the last inequality follows from (104), (115).

Here ¢4 is an absolute constant. Note that ¢y = D2 + 1) and L = ¢y log n. Thus, we have

Errorg(E,B < 8v/2c¢4 L\/7+8L\/7+L \/ = 10g(S

+ 12nL\/ (4drlog(24mdr(D? 4+ 1)) 4 log(2/0)) + Ly —

™
< @(KLL\/TJrL\/?),
m n

where L = (D? + 1)3logn and k = ¢1(0},,, + 1)* /023, for some absolute constants c;.
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B.5 FAST RATE FOR FACTOR MODELS WITH LINEAR REGRESSION AS DOWNSTREAM TASK

In this section, we provide a refined analysis for factor model, which implies a faster rate.

Theorem B.9 (Fast rate). Let B, 3 be the outputs of Algorithm 1. Then, if m > (D%+1)%dlog(1/6),
n 2 (D? + 1)2rlog(1/6), for factor models with linear regression as downstream tasks, with
probability at least 1 — 0, the excess risk can be bounded as follows,

min

2 A log(1 log(4
EI'I‘OI‘[(B,ﬁ) < O((D2 + 1)6(D4 —+ 0'*74>dL(/6> + (D2 + 1)27"Og(/6)) )
m n
Here O(-) omits some absolute constants.

Proof of Theorem B.9. First notice that we can rewrite our model (without z) as
y=p"C" +w, (118)

where 8* € R"™*!, C* = B*T(B*B*T + 1)~ ¢ R™4, 2 ~ N(0, B*B*T + 1), w ~ N(0, € +
18*113 — B*T B*T(B*B*T + 1;)~!B*B*). Here w and z are independent. Therefore we can write
our data as

Y =X  + W, (119)
where Y = (g1, -+ ,ya)” € RV, X = (21, -+ )T € RV = (wy, -+ ,w,)T € RO¥,
In the first step (MLE), we obtain an estimator B and the corresponding estimator C= BT(BBT +
I;)~L. Then our estimator /3 for the second step (ERM) is given by

B =argmin|Y — XCTB|3
B

= (XCNT(XCT) (XY
= (CXTXCTY'CXTy. (120)
Then our risk is given by
Errory(B,8) = Ep,. .. (o [ (v — 93,3(50))2} —Eppy o) [(v — 9B (CC))Q]
=E[(8TC*z +w — BTBT(BBT + 1) '2)?| — E[w?]
=E[(8*TC*x — 5T Cx)?]
— (8*TC* — BTOVB* BT + I)(BTCr — fTE)T
< ||B*B*" + L|l2||CT 5 — 07873 (121)
Our goal is to bound |CT 3 —C*T 3*||2. Consider the SVD of C*T and C7 . ie., C*T = U*A*V*T,
CT = UAVT. Then, we have
CTh— T
=CT(CXTXCT) Xy — T
= OT(CXTXCT) 1OXT(XCT B+ W) — ¢T3
= (CT(CXTXxCT)1CXTxC*T — T g* + CT(CXTXCT)y 1 CXTW
= (UOTXTXO)WOTXTXU* —UON VT + UOTXTXO)W0TXTW. (122)
Therefore
ICT6 — a5 < 2 (UOTXTXU) T UTXTXU — U 3IIA* (13157113
+ 2|00 XTX0)UTXTW )2 (123)
We give two lemmas for bounding the related terms. The first lemma considers the bias term:
Lemma B.10. Let Y := B*B*T + I,. If n > || 2||?r log(1/6), then with probability at least 1 — 6,
[(OOTXTXU)TOTXTXU" - U")|3 < O(|2]A%), (124)
where A = dist(U,U*) := |UUT — U*U*T||.
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The second lemma considers the variance term:

Lemma B.11. Let Y := B*B*T + I,. If n > || 2||*r log(1/6), then with probability at least 1 — 6,
100" XTX0) 0T XTW |2 < 0(”2”"5(4/‘”) (125)
where 02 .= E(w?) = €2 + ||8*||3 — B*T B*T(B*B*T + 1;) "1 B*3* is the variance of w.
Using this two lemmas together with the decomposition (123), we have
1675 - Tl < o1 PIA s a? + T, (126

Now it remains to control A, which is related to the estimation error of the first step (MLE). The
following lemma gives an upper bound for A.

Lemma B.12. Ifm 2> ||||?dlog(1/6), then with probability at least 1 — §,
A% < O(IIEIQC“(’%ELWAZQ(O*TC*)), (127)
where \.(C*T'C*) is the r-th (smallest) nonzero eigenvalue of C*T C*.
By Lemma B.10, B.11, B.12, we have
Errory(B, 8) < |E][|CT6 - C*T 573
< O(IB 1IN P IZ1 A2 + (1) )-

dlog(1/9)

a?rlog(4/9)
n

< O(IB*IPIATIPI=IPA2 (T C) + 1= )-

(128)

a?rlog(4/9)
n

Using the assumptions that ||3*|| < D and ||B*|| < D, we can bound these terms by D and
quantities related to ground truth. First notice that 3 have eigenvalues 032 +1 > 032 +1 > .- >
024+1>1=---=1, where o are singular values of B*, therefore |2 < D? + 1. Also, since

C*TC* = (B*BT 4 1) B*B*T(B*B*T + I,)~"
— (B*B*T 1 1)~ — (B*B*T 1 I;)"?
=3 !1-x7? (129)
we know that C*TC* has r nonzero eigenvalues {(c} + o ')"2}/_,. Therefore |A*||> =
[C*T e < 1/4,
A(CTCT) < max((of + 077 ) (o7 + o))

<OD* +or7). (130)
For 02, we have
ot =&+ |85 - 8T BT (B B + L) "' B
<1+ (8*|°1L. — BT (B*B*" + 1) B*|

<1+ D% (131)
Combine all this bounds, we have
R A * * _ % *dlo 1/6 027"10 4/6
Brror(B, 3) < O(|8" || A" PSP AT2(C o) DBy 708 /0

min

< O((D* +1)5(D* + a*_4)dl%(1/5) (D% 4 1)2”%(4/5)). (132)

O
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In the sequel, we give the proofs of Lemma B.10, B.11 and B.12. We first prove some additional
technical lemmas. The following lemma, which is a simple corollary of Tripuraneni et al. (2021)
Lemma 20, shows the concentration property of empirical covariance matrix.

Lemma B.13. Let ¥ € R? be a positive definite matrix. Let {xl ' | be d—dimensional Gaussian
random vectors i.i.d. sample from N(0,%), X = (z1,---,2,)T € R" % Then for any A, B €
RI*" we have with probability at least 1 — §

147208 - Al < OQANBINEIG T + L AL 8O,

Proof. We write the SVD of A and B: A = Ui A\V{T, B = UsAoViE, where Uy, Uy € RIXT,
Al,A27‘/i,‘/2 R"*". Then

XTX XTX

||AT( )B — ATSB||s = [|[ViA UL ( VU AoV — ViA UL S UL AV ||
XTX
< [|ViAq ||| UF ( YUz — UL SUs ||| A V4|
XTX
< [|AINIBINUL( )Uz — Ul SUs . (134)

Now since Uy, Uy € R?X" are projection matrices, we can apply Tripuraneni et al. (2021) Lemma
20, therefore

T
WXy, — v < oumuf p Ly fleld/o)  loall/o))y 3
n n n n n

which gives what we want. O

The following lemma is a basic matrix perturbation result (see Tripuraneni et al. (2021) Lemma 25).

Lemma B.14. Let A be a positive definite matrix and E another matrix which satisfies || EA~Y|| <
1 then F:= (A+ E)~' — A7 satisfies |F|| < 3| A7Y|[EAY.

With these two technical lemmas, we are able to prove Lemma B.10, B.11.

Proof of Lemma B.10. We consider U € R%" and UT € R?*(¢=") be orthonormal projection
matrices spanning orthogonal subspaces which are rank r and rank d — r respectively, so that

range(U) @ range(U,) = R% Then A = dist(U,U*) = |[UTU*| (see Chen et al. (2021)
Lemma 2.5). Notice that I; = UoT + Ul Uf, we have

UUTXTX0) 'Ot XT XU - U*

=UW0TXTx0)\UTxTxWwu" + U, 0N Ut —U*

=U0TXTXxO)WWIXTXUUTU + UOTXTXO) WO XT XU UT U - U

=U0TXTX0) " WUTXTXU, UTUr + UUTUY - U

=U0"X"X0)\0TXxTXxU, UTUr - U, UTU* (136)
Therefore

TOTXTX0) 0T XTXU* —U*|2 <2)UO0TXTX0) ' OT X" XU, UTU*|2 + 2||U(l13U7LT)U*||§.

For the second term,
|ULTTU (|5 < |ULPIUTU|? < A% (138)
For the first term,
10OTXTX0) 0T X" XU, UTU~|

r XTX 1 X7
= 00T =—=0)""0"

X ~ -

ULUTU*|

o* ) Ly PYOTSU UTU + By

UTsO)~"Y(OTsO, UTU*)| + (((UTS0) By + |[FUTSUOTU | + | FE ||, (139)
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where F; = UTXTTXULUEU* ~UTsU, UTU*, F = ((A]TXTTXU)_1 —(UTU)~!. In order to
bound || F||, let E = (A]Tﬁff — UTXU, then by Lemma B.13, with probability at least 1 — 4,

I 1 5 1 1 5
1B] < O(ISI( \f Ty ELULNL UL (140)

Therefore, since Ay (X) = 1,
IE@TS0) | < |IB[I(TT=0)
< ElAmin(2) 7

< o(3( \/7 [log 1/5 log 1/6 (141)

Notice that n = [|X[|*r log(1/6) implies /T + L + 4/ M + w < |27t Thus, we show

that when n is large enough, we have | E(UTSU) || < L. Therefore we can apply Lemma B.14,
which gives

4
171 < 5llEU JTE0)HINOTED)
4 1
<4 Lypr 1
<L hyorsoyy
1
< -. 142
=3 (142)

As for || Ey |, directly applying Lemma B.13, using n > ||X||?r log(1/4), we get

o OfrTrr* r log(1/8) = log(1 (5
184 < OISO OTU (= + - oy fos03], Lostl/D

<o(I=lal=l=
<0(4) (143)
Combining (139),(142)and(143), we have
|TOTXTX0) 0T XTXU UTU||
<|UTS0)HOTSULUTU) | + |(UTS0) B + |FUTSULUTU | + |FE ||
< O SO) N @TSOOTUN)| + [(OTSO) Bl + [FNOTSOOTU | + || B
< Anin ) NENOTT |+ A () B + [ENSINT T + [EY B

< M) IS8+ min (5 OOmin(DA) + Fhmia () IZIA + FAin(2) O nin (5)4)

< O(|[Z]1A) (144)
Finally, combining (137),(138) and (144), we get

[(OOTXTXU)TOTXTXU" - U")|3 < O(|2]A%), (145)
with probability at least 1 — §, which is what we want. O

Proof of Lemma B.11.
|TOTXTXO) ' OT X" W2 < (0T XTX0) 0T XTW |2
= ((UTXTX0) U XxTW)T (T XxTXxU)tUTXTw)
1XU 7 XTX ., UTXT

=wT U U w. 146
(@R (146)
Let A = %)\(}7{ (TjTXZX U)—2 U%T, W =oV,thenV ~ N(0, I,,). By Hanson-Wright inequality
(see Vershynin (2018) Theorem 6.2.1),
., 1P t
P(VTAV —E[VTAV]| > t) < 2exp(—cm1n(W7m)). (147)
F
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Hence with probability at least 1 — 4,

VTAV <E[VTAV] +(f)(|\A||F,/1og(S +(’)(||AH210g5) (148)

Notice that E[VT AV] = Tr(A), therefore it remains to bound Tr(A), || A||z and || A]|2. If we define
B = % € R"*", then A = L B(BTB)~2BT. Therefore
1
Tr(A) = Tr(— B(BTB)~2BT)
n
1
= —Tr((BTB)~2BTB)
n

= LT(B"B)™)

~|(B"B) s (149)

IN

Let the SVD of Bbe B = PMQT, where P € R"*", M,(Q € R"™*", then
1
Al = E||B(BTB)*QBT||2

= L PMQT(@MQT) QM P,

1
= —||PM 2P|,
n
1,
< —|M72|
n
1
= —I(B"B)""|» (150)

Also notice that A is rank 7, therefore || A||z < /7||A||2. Thus it remains to bound ||(BTB) 7|, =
H(UTXTTxﬁ)ﬂHQ Let F' = (UTXTTXU)’l — (UTSU)~1. Recall (142), which states that with
probability at least 1 — &, we have || F|| < £ A\, (3) 1. Therefore

107X o)1) = @ s0) 4 )
< @TS0) |+ 7]
< O(Amin(2)7H). (151)
Thus [|A]| < O Amin(2)7H), |A]lF < O(% min(2)71), Tr(4) < O(FAmin(2)~"). There-

fore with probability at least 1 — 20,

2 2
VTAV < E[VTAV] + O Al log 2) + O Al 1og 2

r N 2 1 2
< *)\mzn b - 7)\min z -t 1 < *Amzn D) 711 <
< O(EAmin(2)7) + O(E A in(£) 71108 ) + O Amin(5) " log 2)
< O(EAmin(2) " log 2)
— n min g6
r 2
= 0O(—log -). 152
(- log <) (152)
The last line holds since Ay, (X) = 1. Recall
|TOTXTXO) 0T XTW |2 = WTAW = o2VT AV, (153)
combining this with the above bound for VT AV yields our desired result. O

Finally we prove Lemma B.12 in the following.
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Proof of Lemma B.12. In the first step, we have m unlabeled data {x;}7, ii.d. sample from

N(0,%). Let > = Ly @;al be the empirical covariance matrix. Then by Lemma B.13, with
probability at least 1 — 4,

=81 < o)L+ Ly s/ losll/a), (154

IBBT — (S~ Ip)|. < |£ -3, (155)

We claim that

and the proof of this claim will be at the end of this section. With the claim,
IBB" = B*B*T| = | BBT = (£~ Ia) + (£ — 1) = (£ — )|
<|IBBT — (£ - L)l + = - 2|
<2|Z -%j. (156)
Notice that
cTo* = (B* BT + 1) B* BT (B*B*T + ;)"
=B*BT + 1) = (BB + 1) 7 (157)
Similarly
CTC = (BB +1;)~' — (BBT + 1)~ (158)
Let By = (BBT 4+ 1,;) — (B*B*T + 1), F, = (BBT + I;)~' — (B*B*T + 1;)~'. Then

Bl < 25— 8 < oL + L4 [0 losU/B)))

Therefore when m > || 2[|2dlog(1/9), || Ez|| < O(||Z]| dlogﬁ/&))’
1/4. Then we can apply Lemma B.14, which gives

BN < ER|IZH) <

4 _
IF2] < SIS B
4, _
< SISTPIE

dlog(1/4)

m

<O LX)

dlog(1/9)

= o(|z|y/ £

). (160)

The last line holds since Ay, (X) = 1. Thus
[C*TCr = CTC| = (T + Fo) = (ST 4+ Fo)* = (571 =277
=||F—Y'F - By - F
< Bl + 2= M E + || 2l

dlog(1/6
< o(nj | 18U (161
m
Therefore by Davis-Kahan theorem,
A = dist(U*,U) < OH(CTe)| e Tes =T o). (162)
Combining the above three inequalities, we have
dlog(1/6
a7 < o B o) (163)
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Finally we will need to prove the claim (155). Notice that the MLE estimator Bis given by
B =argmaxy ps(z;)
BeRdxr ;
= arg max(— logdet(BBT + I;) — Te(X(BBT + 1))
BeRer

= argmin(log det(BBT + I;) + Tr(S(BBT + 1,)71)) (164)
BeRdxr

Let ¥ = UAUT and (BBT + I;) = UAUT, where U and U are orthogonal matrices, A =
diag(Ay, -+, Ag), A = diag(A, -+, Ag)and Ay > ... > Ag, Ay > ... > \g. Since rank(BBT) <

r, we have A\,11 = ... \q = 1. By Ruhe’s trace inequality (see P341 of Marshall et al. (2011)), we
have
d
Te(N(BBT +1)71) > Y A, (165)
j=1

and the equality holds only when the two matrices have simultaneous ordered spectral decomposi-
tion, i.e., U = U. Therefore

min (logdet(BBT + I;) + Te(3(BBT + I,)™1))

BERdXT'
d
= min (log)\j—l—)\;l)\j) subjectto Ay > --- > A 2 Ay =---=Ag=1  (166)
do oo
i=1 j=1
and the minimum is achieved when A\; = j\j, for j = 1,---,r. Therefore the MLE estimator B

satisfies (BBT + I;) = UAUT where A = diag(\y,- -+ ,Ar,1,---,1). Thus, we have BBT =
U(A — I;)UT, which implies

IBBT — (S~ 1)
= |O(A - 1)UT —U(A - 1)07|

< A~ Al
= max |5\j —1]
j=r+1,-,d
< max A = A(2)]
<% -2 (167)
Here the last inequality follows from Weyl’s Theorem. Thus, we prove claim (155). O

C PROOFS FOR SECTION 5

In Section C.1, we show that GMM with classification as downstream tasks has co-transferability
for some absolute constants ¢, (Lemma 5.2). In Section C.2 and Section C.3, we prove two lemmas
that will be used in the proof of Theorem 5.3. To be specific, in Section C.2, we upper bound the
bracketing number of the set P(U) by using e-discretization (Lemma C.5). In Section C.3, we prove
Lemma C.6, which will be used to upper bound the Rademacher complexity of the function class
¢ o Gy,y. Finally, in Section C.4, we prove Theorem 5.3.

C.1 PROOFS FOR LEMMA 5.2

Before going to the proof of this theorem, we first state some basic definitions and useful lemmas.
We define the balls of radius 8y/d log K around each v} and u; as

QF = {xeRd | [l — ul] SS\/dlogK} (168)
Q; = {x eR?| |l — w| < 8\/d10gK} (169)

We denote the p.d.f of N (u;, I;) and N (u}, ;) by P; and P} respectively.
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Lemma C.1. If

dTV (pu(x)apu* (:E)) < Ea

then there exists a permutation of w such that ||u} — w;|| < 16v/dlog K holds for every 1 < i < K.

(170)

Before proving Lemma C.1, we first state a useful result of Gaussian norm concentration.
Lemma C.2. Let X ~ N (0, 1), then
2

>t) <
P(IX] 2 ) < 2exp(— -

—). (171)

Proof. This is a simple application of Jin et al. (2019) Lemma 1.3. Notice that X is 1-subGaussian,
therefore taking o = v/d in Jin et al. (2019) Lemma 1.3 yields what we want. O

Proof of Lemma C.1. We prove by contradiction. If the statement is not true, since the separation
satisfies 100+/dlog K > 2 - 16+/dlog K, there must exist a u; (W.L.O.G., denote it by u7}), such
that ||u] — u;|| > 16y/dlog K forany 1 < j < K. Then

1 & 1 &
?ZP;‘fKZPZ-dx
/*‘KZP*—ZP

1

dz d
z/“KZP /Q* ZPx

1 =1
>/ iP*dm—iz: P;dx
~Jo: K ! K~ Jo ’

1
= —P(N (u},I) € Q) KZIP (ui, 1) € QF) (172)

2dTV (pu(x)apu* (1’)) =

K
Since ||uf — w;]| > 16+/dlog K, therefore QF N Q; = ), which implies (by Lemma C.2)

2
BN (1, 1a) € ) < POV (11, L) € 0°) < 2exp(— VLBI) _ppsiarc 193,

Also, by Lemma C.2,

Vdlog K)?
PN (uf, Ig) € Q) > 1— Zexp(—%) =1 2e4los K (174)
Therefore,
K
]- * * ]' *
2drv (pu(x)apu* (SC)) > ?P(N (ula-[d) € Ql) - ? Z;P(N (ui’Id) € Ql)
1 —4 lo, K —4log K
> (1 —2e7 e ) — Z 24108
_ 1 2 —4log K
=% 2+ K)e
1 .
> ? o 367410gK
1 1.,
= = —3(%)
1
= 175
5 (175)
which is a contradiction. ]
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We then state the core lemmas of proving Lemma 5.2.

Lemma C.3. If for any i, ||u; — u}|| < 16+y/dlog K, then for Q} (corresponding results hold for
each Y7),

/ |Pf — P|dz > ¢y min {||u] —uq||,1}, (176)
QF

1
m.

Lemma C4. If for any i, ||u; — u}|| < 16y/dlog K, then for QU} (corresponding results hold for
each S} ), then for every j # 1,

where ¢c1 =

* C2 . *
/ |Pj — Pjldz < ?mln{ﬂuj fuj||,1}, (177)
Q7
where co = 2688 (%)69 .
With these lemmas, we are now able to prove Lemma 5.2.
Proof of Lemma 5.2. By Lemma C.1, there exists a permutation of w such that |ju} — u;| <

16+/dlog K holds for every 1 < ¢ < K. Therefore Lemma C.3, C.4 can be applied. Notice
that

1 & 1 &
a(@) —pa-@)de = [ =S Pr— =S Ppld
| @ =puetlar = [ |23 P - > Rl
1 1 =1 =1
K K
1 1 1 1
> [ |- —=pld- | |23 P -3 Pl
—/Q;Kl K x/Q;K TR

1=2
1 1 &

— | P~ Pz — = / P — Py|dz
K/QI ' K; o

K
S . c . ,
—1m1n{||u1—u1||,1}—?222m1n{||ui —u;l, 1}, (178)
i=2

%

V

T K

where the last line comes from Lemma C.3, C.4.

Sum up all the equations above for corresponding 1 < i < K, since {2} }X£ | are disjoint, we have

1
1 (pul) P () = 5 [ [pue) = pus (o)l do
R
1 K
253 [, 1)~ i
K
1 C1 (K* 1)62 . *
25 (5~ ) S min i~ 1)
1 1
> 3 (c1 —¢a) - ?;mm{ﬂuf — |, 1}
69 K
1 1 1 1
=— = —2688 (= - in {Juf — ul, 1
2<200 (5) ) ge Do (o~ 1)
1 1
z%f;min{llufﬂill,l}- (179)

In the end, we refer to Lemma B.1, which states that
dTV(N(uf7Id),N(ui, Id)) S m1n(||uf — ui||, 1). (180)
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Take o(u) = {ui}iK:l,

M=

drv (pa(u) (l’, Z)vpu* (ZL‘, Z)) = ]P(Z = Z)dTV(N(u;ka Id)aN(uiyld))

1

.
Il

K
<3 gt il
< 500dtv (pu(®), pu (7)) - (181)
O
Finally we state the proof of Lemma C.3 and C.4.
Proof of Lemma C.3. WL.O.G. let v = 0, A = |uw| < 16y/dlogK, and u; =
(=A,0,0,---,0). The densities are given by
1 100012
Pj(z) = (—=)%e 2"l 182
1 1 2
Pi(z) = (—=)de" 2ol 183
We consider an area S C §27:
1
S = {x:(xl,--~,xd)xeﬂ’{,w12m} (184)
Then for any z € S, ||z||> < ||z — w1||?, which implies P;(z) > P;(x). Therefore
/ \P; — Pylde > / \P; — Py|de
oh s
1 d( ~Hlall? _ g~ blle— uz)
= [ (—=)% (e 2"l —em2lT7ull ) dg
S( )
1 a1 \P( Llall?~ 3l HZ)
= —)% 2%l (1 — ez ®lm2liFmwall ) dg
|
1 1 1 1 2
> min (1 —e§|\wll2—§|\w—m\|2)/ ) blelP g
T xeS S(\/Q’]T)
xE
For min,cg (1 — e%||x”2_%||‘”_”1”2), notice that for any z = (z1,--- ,24) € S,
1, ., 1 ) 1., 1
Szl = Slle —wi]? = —mA - SA2< — A 186
5 12l° = Sl — il 21A - SA < —o5 (186)
Thus
min (1 _ e%nwlﬁfénwwl"’) >1—e A (187)
z€S -
Take c3 = %. We claim that
. Lzl2— 1 2 |12 .
min (1 — ezl —zllz—ul ) > cgmin{A, 1}. (188)
S
In fact, when 0 < A <1,
1
glensl (1 - 6%H1H2*%H17u1|\2) >1— ¢ 104 > %A. (189)
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The last inequality holds, since if we let f(z) = e~ 1% + s~z — 1, Then f(0) = 0,

20
/ 1 —Llg 1
- — <
f(z) ¢t gg S0 (190)
for any x € [0, 101log 2]. Thus for any A € [0, 1],
_ LA 1
IR 4 sA 1= f(A) < F(0) =0, (191)

When 1 < A <164/dlog K,

1 2 1 2 1 1 1
in (1 — edlzl’=3lz—ul ) Sloe B> e B> .1 192
1;1612( e > e > em10 > o (192)
Therefore we have shown that
mhsl (1 — e%\lrl\Q—%Hm—mHZ) > c3min{A, 1} (193)
xre
where c3 = %.
As for P(NV (0,14) € S), take
1
S = {x = (z1, -+ ,2q)|24/dlog2 > z1 > To,x% +~~~+x(2i < 60d10gK} . (194)

Then S’ C S. Therefore
POV (0,14) € §) > PN (0,T) € S)

1
=P(2+/dlog2 > x; > E,x%—i—-n—l—mfl < 60dlog K,z ~ N (0, 1))
1

> P (||N(0Jd71)H2 < 60d10gK>

( 0
> P (2 og2 > A0, 1) > 110) B (INV(0. Lu-1) [ < 60(d 1) log 2)
>P (2 log2 > N(0,1) > 110) (1 —=2e7?) (by Lemma C.2)
1 —2
1
> T (195)

Combine all these results, we have

/ 1P~ Pilde > min (1 - el 41l PV (0,1) € 8)
oh eSS

1
> cgmin{A, 1} - 0

1

= %min{ﬂu’{ —uq|l,1} (196)
O

Proof of Lemma C.4. For any i # 1,

1 1 * (|12 1 2
P! — Pylde = / (o Y|~ Bl 1P _ o= dlle—ual| g (197)
/QT Qr V2w

Notice that if we denote a(z) = ||z — u}||, 6(z) := | — uf|| — |l — wi] .A = |Ju; — w}]], then

[0(z)] < A < 16+/dlog K, and for any x € QF, a(z) > 92v/dlog K (due to separation condition).
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Therefore
max |e—tlla=uil? _ e;mun""
zeQ]
~ max |e— (@) _ o~ ka(@)—5(x))?
zeQ]
< max{ e~ 202) _ g3 (a(@)=6(2))? a(xz) > 92y/dlog K, |6(x)| < A}
a2 a— 2 a a 2
<  max {max(le” ¥ — e l,le”z — e~ N}
a>92+/dlog K
a— 2 a2 a2 a 2
= max {max(e_( - e z,e 7T — 6_%)}
a>92+/dlog K
_ (a=n)2 a2 a2 _ (a+n)?
<max( max e 2 —e 2, max e 2 —e 2
a>92+/dlog K a>92+/dlog K
_ a2 (at+0)? _ a2 _(at+5)?
<max( max e 7 —e 2 , max e 2 —e 2 )). (198)
a>76v/dlog K a>92y/dlog K
a 2
The last inequality holds since A < 16+/dlog K. For fixed A, let f(a) = e‘§ — e_( = . Then
, _a2 _(ata)?
fila) = —ae™ 7 +(a+A)e” 2 (199)
We first show that f'(a) < 0, for any a > 76+/dlog K. Notice that
a2 (ata)?
fl(a)=—ae”"7 +(a+A)e” 2 <0
_(a+a)? _ a2
— (a+A)e 2 <ae 2
A
= 1+ = < ettt (200)
a
The last statement is true because
1 A
e8> 1 L gA ¢ iAQ >14= (201)
a
when a > 76+/dlog K > 1.
Since f'(a) < 0 for any a > 76+/dlog K, we have
f(a) < f(76y/dlog K)
1 1
= exp(—§(76\/dlog K)?) - exp(—§(76\/dlogK +A)?)
_ o 5(76VdTog K)2(1 _ ¢~ T6Vdlog KA7%A2)
< e~z (16VAs K)* (76 [Tlog KA + %AQ)
< e 2(T6VdeR)* gy /dlog KA (since A < 16+/dlog K). (202)
‘Which shows
a? a 2
max e ¥ — e F < e #MVARER)? g4 [ilog KA (203)
a>76v/dlog K
Similarly
a? a 2
max e 2 — e_( e < e~ 3(92Vdlog K)* 100+/dlog KA (204)
a>92+/dlog K
Therefore
max e~ alle—uill® _ g=sle—wl®| < o—3(76Vdlog K)* | 84y/dlog KA < ¢y min {||u} — u;|, 1}
€N
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where ¢, = e~ 2(76V@10e K)* . 13444 ]og K (Since A < 16y/dlog K min {A, 1}). Notice that
e~ 2(T6VA0e K)* 1344 110g K

Cyqy =
<e —3(76/dlog K)? | 1344k K
< ¢ 3(T6VA08K)* | 1344)2d
— 1344672886d10gK
< 1344e~2(T0VATog K)*? (206)
W.L.O.G., let u} = 0, and define v’ = (50+/dlog K,0, - - - ,0), then

1 2
Pr — P dx:/ — e zllrull® _ omslle—uil® | gy

1 o2
< _— \d max le” 2 ||:L‘ U, H —e 2 HT uz“ dx
_/m< =" max| |

1
= / *< E>d1344e—%<7wdl°gf“2 min {||u; — w], 1} da
— min {Juf — w]|, 1}/ J11344¢ 3 (TOVAER)? gy

< 1344 min {||lu] — u,l|, 1} (7)(16_%“‘"”_“/”2(11‘

1
Qr V2w
< 1344 min {||u — ul|, 1} PN (v, I4) € QF)
< 1344 min {||u} — w;l|, 1} P(JN (v, I4) — u'|| > 34+/dlog K)

34,/dTog K)?
< 1344 min {|[ul — wi|, 1} - 2exp(—%)

< 1344 min {||uf — u;||, 1} - 2exp(—701log K)

1 70
= 2688 min {||u; — u;||,1} <K)

(by Lemma C.2)

AN
< — J— 1 * o,
< 2688 <2) <K> min {||u} — w|, 1} (207)

C.2 BRACKETING NUMBER

We upper bound the bracketing number of Py (i) as follows.
Lemma C.5. Let

K
1
Pl = { 3 N
We assume there exists D > 0 such that for any u = {u; } | € U, it holds that

lluill2 < D+/dlog K, Vi € [K]

Then the entropy can be bounded as follows,
log N (Px(U),1/m) < 2dK log(6mdK D).

u={u}k, ¢ u}.

Proof of Lemma C.5. First of all, we consider a set of standard Gaussian distribution
Pad)i= {a(o) = <o |a ]
=pe(z) = —e 2 a ,

X b o
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where A = {a € R?|||alls < D+/dlog K}. Our goal is to find a 1/m-bracket N[ |(Px(A),1/m)
of Px(A). In other words, for any p, (z) € Px(A), we need to define p,(x) € N;j(Px(A),1/m)
such that

* Po(x) > pa(x), Vz € RY
o [|pa(®) — pa(2)| dz < 1/m.

We consider p, () of the form

( ) 1 _clllz—a\\§+c
() = e 2 2
P Vo
We then specify @ € R%, ¢; € Rand c; € R. Leta = (ay, ..., aq) and € > 0 be a parameter that
will be chosen later. If a; € [ke, (k+1)e) for some k € Z, we define @; := ke and a := (ay,...,aq),
which implies

la —all3 < de*. (208)

Note that p, () > p,(z) holds for any = € R? if and only if

— 12
a—cia
cp—1

(c1 = D)|jlz+

1—c

L |la—al? < 2cy, Yz € R%
1

Let ¢; = 1 — €. Then, we have p,(z) > pa(:r) if and only if

1

—n2
1=ad) L 2= la—al2 < 2, Yz € R%
€

a:—l—c_l

—€

2
Note that

1—

— 112
a—cia € _
o la-als

cp—1

—€|lx + _eHa—dH% < d(1—e€)e,

where the last inequality follows from (208). Thus, by choosing ¢z = d(1 — €)¢/2, we obtain
Pa(r) > pa(x) for any z € R?. Note that

d(1—e)e

1
/|pa 7)) do = —— -eczf1:612 1< (1+d1—ee)-(1+€) — 1< (1+2d)e.
VA — €

Here the first inequality follows from the fact that e
0 <z < 1/2. Let (1 +2d)e = m~!. It then holds that

1
/|pa = pa(@)|de < (1 + 2d)c =
m’
Recall that for any a € A, it holds that ||a||2 < D+/dlog K. Thus, we have
d
2D+/dlog K d
N (Pr(A),1/m) < <€Og> - <2mD(1 +2d)+/dlog K) :
Then, we consider a set of Gaussian mixture model

P (U {Z =N (ui, 1a)

where U = {{u;}E,||uill2 < DdlogK,Vi € [K]}. Our goal is to find a 1/m-bracket
N (Px(U),1/m) of Px(U). For any pu(x) € Px(U), it holds that

K q
2 =Y 2eru @)

where p,,, () € Px(A). Note that for any i € [K], there exists p,,, (z) € N}(Px(A),1/m), such
that

1
Vi-z —

u={u;}X 1eu}
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* Pu, () > pu, (), Yo € RY

We define
K
pu(x) = ; Eﬁul (33)
It then holds that
Ko Ko

_ . _ d

Pu() = Z; 2o Pu, () 2 ; 2Pu,(¥) = pu(z), Vo €R
and

Thus, we obtain that
K dK
N (Pa@),1/m) < (N (Pa(A), 1/m)) < (2mD(1 +2d)/dlog K ),
which implies that

log N (P (U), 1/m) < dK log (2mD(1 +2d)\/dlog K) < 2dK log(6mdK D).

C.3 RADEMACHER COMPLEXITY

Given labeled data {z;, y;}7_; and the pretrained 1, the function class
{(gay @iz Lgay@azua) | € ¥}
is a finite function class, whose Rademacher complexity can be bounded by the following lemma.

Lemma C.6. Let A = {a',... ,a"'} be a finite set of vectors in R". Then, the Rademacher com-
plexity can be bounded as follows,

22Tog N
Ry(A) < max [al|z - %

Proof. Note that for any A > 0

2 1
R.(A)=E [ sup — Z Uiaz} < —logE {esupa“ R "””}
i=1

acA N — A
<L Z]E{eﬂ - Wz} _ 1y ZﬁE[e@”f“f] (209)
<y log =ylog )] :
acA acAi=1

where the first inequality follows from Jensen’s inequality. Recall that o; is a Rademacher random
variable. Thus, we have

2 1 2x 1 2x%a?

2X 5. a. ;i — 224,
E|:€ 22 alal} — 26" a1+§e n di <e »? | (210)

where the last inequality follows from the fact that (e® + e¢~%)/2 < e’ /2, By (209) and (210), we
have
222 a2 222

1 1 2 1 2\
-maxg [lall* _ 2
R,(A) < Y 1OgaEEAe nZ < X log | Ale n2 €A = XlogN + 3 -I{?eaj( llall*. (211)
Let A = \/nlog N/2max,e 4 |la]|2. We obtain that

Rn(A) < max||a| 2v2log N
a€A n
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C.4 PROOFS FOR THEOREM 5.3

In the sequel, we prove Theorem 5.3.

Proof. Let ® = U and V¥ be the set of 2¥ classifications. Recall that the loss function is defined as

{(x,y) = 14y}, which is upper bound by 1. Let m = Q(dK?). By Theorem 3.3 and Lemma C.5,
it holds that

1 N{|(Px(®),1/m) \/ dK . mdKD _ 1
2 . <4/ = <= <
dry (Py(2), Py- (2)) < \/m log 5 S\ ole 5S¢

Then, by Lemma 5.2, Assumption 3.2 holds for Gaussian mixture models. By Theorem 3.4, with
probability at least 1 — d, we have the following excess risk bound,

- [2 4 1 2N(Px(®),1/m)
Errore(¢, 1) < 2 max R, (LoGyw)+ -~ log 5 + 12k - \/m log 5 ,

where Kk = co is some absolute constants that represents the transferability of the model. By Lemma
C.5, we further have

Errory(¢, 1) < QIggan(f 0Gsw) +14/ % logg + 12k - \/2(jnK log 12m§lKD. (212)

For any ¢ € ®, we have

1 n
R,({oG E[su =S il 0 } 213)
( o.v) weg n & {90.w(2i)#yi}
Note that |¥| = 2%, By Lemma C.6, it holds for any ¢ € ® that
2¢/2log 2K 2K log 2
Ro(£oGow) < v/n- 282 — 9 [Z= 282, (214)

By (212) and (214), we have

2K log 2 \/ 2 4 \/ 2dK . 12mdKD
—— 414/ —log log
n

Errory(¢, 1) < 4\/ - 5 + 12k - 3

_O(\/Klogg+ﬂ\/df<10g%“’>
n m
R K
(o).
n m

where k = c5 is some absolute constants that represents the transferability of the model. O

Thus, we prove Theorem 5.3.

D PROOFS FOR SECTION 6

In Section D.1, we show that contrastive learning with linear regression as downstream tasks is
x~l-weakly-informative by proving Lemma 6.1. In Section D.2, we prove Theorem 6.2.

D.1 PROOFS FOR LEMMA 6.1

Recall that in the setting of contrastive learning, we assume that x and x’ are sampled independently
from the same distribution P(z). And we assume the label ¢ that captures the similarity between z
and z’ satisfies
N 1
) = 1+ e—for @)T fox (')’
1
1+ efor (@) fox (a)

P(t=—-1|z,2") =

Lemma 6.1 directly follows from the following lemma.
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Lemma D.1. There exists O € R™*", OTO = OOT = I, such that

1
Tmin (B fo- (@) for (2)T])

drv (Poy, (z,2),Py,. (z,2)) < c- \/ H(Py, (z,2',1),Py,. (z,2',1)).

Here c is some absolute constants.

We first prove the following lemma, which is the core of the proof of Lemma D.1.

Lemma D.2. Suppose that E[fy(z) fo-(x)T] = E[fo-(x) fo(x)T] are positive semi-definite matri-
ces. Then we have

E[(fo(x)T fo(a") = fo- (2)T fo- ()] > (2V2 — 2)0min (Elfo- () fo- (2)7]) - Ell|fo- () — fo(x)II3).

Proof of Lemma D.2. For notation simplicity, we denote A(x) :
E[(fo(@)" fo(a') = fo- ()" fo- (2'))]
= E[(fo- ()" AE) + A@)" fo- (2') = A@@) " A@)7]
= E[(A@)TA®G))* = 2V2A() A fo- ()T A () + 2fo- (2) A') fo- (/) Alw)]
)A

for(z) — fo(x). It then holds that

+ (=22 )T ARAW f ()] + (V2 = Dl ()T A@AE) o ()
For the first term of (215), we have
E[(A@ >TA< >)2 M A( )T A@) for ()T A(®) + 2f- (2) AW fo ()T A @)
—Tr(E JA@)T = 2V2A @) fo- (+')T A@)A@)T +2A(") fo- (+') A@) fo- (2)7])
Te ((EIA@)A@)T])? = 2V2E[A () fo- (2)7] - E[A@)A@)T] + 2(E[A(2) fo- (2) 7))
—Tr( )] - VIE[A@) fo- ()7])%), 216)

where the second equation follows from our assumption that z,z’ are iid. Note that

Elfo(w) fo- (2)") = E[fo- () fo(x)"]. Thus, we obtain
(BA@)AG)T] - VEEIA@)fo- (2)7]) = E[A@)AG)T] - VEELfp- (1)A(2)")
— E[A@)A@)] - VIEA@) fo- ()], @17)
which implies that E[A(z)A(z)"] — V2E[A(xz) fo- (x)T] is symmetric. It then holds that
E[(A@)TAW))" - 2V2A@)" A@') for (¢)Ax) + 2fo- (1) Aa!) for (2') Aw)]
= Tr( (E[A(2)A(2)"] - VIEIA ) fo- (2)"])") 2 0 218)

For the second term of (215), we have

Elfo(x)" A@)A@) for (2)] = Tr(Elfo- () foo)] - BA@)A@)T]) 20, 219)
where the inequality follows from the fact E[fp- (2') fo(2")T] %= 0 and E[A(z)A(z)T] = 0.
For the third term of (215), we have

Elfo- ()T A@)A@) fo- (2')] = Tr (Elfo- (2) for (2)"] - E[A(2) A2)T])
> O (Elfor (2) for (2)7]) Tr (EIA () A(2) 1)

= min (Elfo- (z) fo- (z) ) E[|| A(2)]|3]- (220)
Combining (215), (218), (219) and (220), we have

E[(fo(2)" fo(a) = fo- (2)" for (2'))"] > (22 = 2)0min (B fo- (2) fo- (x) ") E[| Ax)[3] 221)
O
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With Lemma D.2, we prove Lemma D.1 in the following.

Proof of Lemma D.1. We consider the singular value decomposmon (SVD) of E[fo(z) fo=( 7J
U2 V)" and E[fp- () fo(2)"] = (E[fo(2)fo-(x)"])" = ViZ,1U. We define O := V1 U{
R™*", which satisfies OTO = OOT = I,.. It then holds that

B[O fo(x) fo ()] = E[ fo- () (O fo(2)) "] = iT1 VT, (222)
which are positive semi-definite matrices. By Lemma D.2, we have
E[(fo(@)" fola’) = for (@) fo- (a))]
> (2v2 = 2)omin (Elfo- () fo- ()7]) - [l fo- () — Ofa(2)]13]- (223)
For Hellinger distance, we have

2H? (IP’fe (z,2',t),Py,. (z, 2, t))

= / (\/pfe(ac,x’,t) — \/pfg* (x,x’,t))2dtdzdx/
- / (\/pfg(t =1|z,2') — \/pfg* (t = 1|x,x’))2p(x,m’) dxdzx’

+/ <\/pr (t=0]|z,a") — \/pfg* (t=0]=z, x’))zp(ac,x’) dzdz’ (224)

For the first term of (224), we have

/ (\/pr (t=1|z,2") — \/pfe* (t=1]| x,x’))Qp(x,m’) drdx’
/(\/h fo(2)T fo(x \/h (for ()7 fo- (x ))QP(IvI/)dCCdI/a (225)

1
1+e@a’
By Cauchy-Schwartz inequality, we have |fo(2)T fo(2")| < || fo(2)|2]| fo(2")|]2 < 1. Note that for
any a,b € [—1, 1], we have

(Vaa) - VA®)

@)’ 1
(Vi@ +vam)

m |l

where

h(a) := (226)

(227)
Thus, it holds that
2
/(\/pr (t=1|z,2") \/pfe*(t:1|x,x’)) p(x, 2") deds’
> o [ (ol hoe') = o @) for (0) bl ") did
1
= mE[(ﬁ)(m)ng(gc') — for ()T for (")) (228)
Similarly, For the second term of (224), we have
2
/ (\/pfe(t =0z, — \/pfs* (t=0] x,x’)) p(z,2") dedx’
> 5o B(fo@) fola') — for () for ()] (229)
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Combining (224), (228) and (229), we have

1
H? (Pfe (z,2',t),Py,. (z,x’,t)) > WE[(fH(I)Tfe(CE') - fe*(x)Tfe*(x’))ﬁ. (230)

We choose O € R"*" that satisfies (223). For the TV distance, we have
drv (Poy, (x,2),Py,. (z,2)) = %/Ipofe(zm — Dty (2] ) |p(2) da. (231)
Note that z | z ~ N (fg(z), I,-). By Lemma B.1, we have
drv (Pos,(2,2) Ps,-(2,2)) = 5 [ lposy(10) = by (2] D)lple) do

%/min{l, |0 fo(z) — for(x)||2}p(x) dz

IN

IN

%min {1/ 10fo(x) = fo- (2)2p(x) dx}

2 wmin {1.E[|0fs() ~ fo- ()]a]}. )
Combining (223), (230) and (232), we show that

drv (Poy, (7,2), Br,. (2, )

< SElI0o(z)  for ()12

< 2\ElIOSs(2) — fo- (@) ]
. ! T ') — for ()T fou (2! 2
= 2\/(2\[—2)0min(E[f9*(x)fe*(a?)T])EKfe(x) fo@") = fo- (@) fo- ( )) ]
1 2+e+e ! , o
- 2Wz\f D) Bl @) o @) 0 e () @3
Thus, we prove Lemma D. 1. O

Lemma D.1 directly implies Lemma 6.1.

Proof of Lemma 6.1. For any 6 € ©, we choose O € R™*" that satisfies Lemma D.1. It then holds
that

drv (Py, 07 (2,9), Py, g+ (2,9)) = drv (Pog,,p- (2,y), Py, g (2, 1))
S dTV (Pofe (3?, Z)7 ]Pfe* (SL’, Z))

1
<ec- \/ ~H(Pf9(x,m’,t),IPfe* (m,x',t)).

Umin(E[fe* (x)fS* (x)T])

Thus, we prove that the model is x~*-weakly-informative, where

1
K=c- \/O’min(E[fg* (@) fo- (2)T]) (234)

Here c is some absolute constants.
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D.2 PROOFS FOR THEOREM 6.2

In this section, we prove Theorem 6.2. Suppose that é, B are the outputs of Algorithm 1. Let ¢ be
the squared loss and ¢ be its truncation with truncation level L. The optimal predictor defined in (1)
has the following closed form solution

90.5(x) = Eg gly | 2] = B7 fo(x). (235)

We have the following guarantees.

Lemma D.3. Let the truncation level L = 36(D? + 1) log n. It then holds that

18(D? + 1)1
S1p {Eo- - [£(90,5(x), )] — Eo- 5+ [{(g0,5(x),y)] } < \/ —Og" (236)

)

Proof of Lemma D.3. Note that
(90.6(x) —y)|z = (8" fo(a) —y) |z ~ N (B fo(w) = BT fo- (), 1) (237)

We denote by c(z) := BT fo(x) — B*T fo« (). It holds that |c(x)| < 2D. Thus, it holds for any 6, 3
that

Eg~ g+ [((g0,8(x),y) — 5(99 s(x),y) | ]
= Eo - | ((905(@) — )"~ L)ﬂ{@e,ﬁ(m)—y)%u E

+oo u7c172
:/ (Q—L)' 1 67( 2’()) du

VI V2m
_ [ u+c(z))?—L)- = e du
VEte) (o) i@ ofte e
B V2r - Veor /ﬁc(z) !
< \/Z\%C(:”)e(ﬁz”) (L>4D%+1>c(x)? +1)
< M\/;f(x))e—w (L >36D% > (3c(x))?)
_ 2L -2D) ()
= \/% €
< geé (VL -2D > g) (238)

As a result, we show that

sup {Eo- 5+ [€(90,6(2),y)] — Eo- 5+ [£(g0,5(2),v)] }

)

SEG*,ﬁ*[SGUEEQ*,B* [€(g0.5(),y) *5(90 5(x),y) |93H

VL _.
< e s
V2T
18(D2 + 1)1
g\/W. (L = 36(D? + 1) logn) (239)
0
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Lemma D.4. Suppose that 9: B are the outputs of Algorithm 1. Let { be the truncated squared loss
with truncation level L. Then there exists an absolute constant c such that with probability at least
1 — 6 that

Eo- - [0(95.5(x),y)] — Eo p- [£(go- 5 (x), y)]

N Fo),1/m? /
< ckL - \/1 log H(PXXSES ), 1/m ) +cL log1/0 + ¢V Lsup R, (Go,B), (240)
m n

0€O

where

1
K= 63\/0mm (Elfo- (x) fo- ()T])

for some absolute constants c3. Here Ry, (Go ) is the Rademacher complexity defined as

)

n(Go.5) E[sup Zazgoﬁ x»}, (241)
where o; are Rademacher random variables.

Proof of Lemma D.4. With Lemma B.7 and Lemma 6.1 in hand, Lemma D.4 follows directly from
Theorem 3.7 and the fact that ¢ is 2v/L-Lipschitz.

O
With Lemma D.3 and Lemma D.4 in hand, we are now ready to prove Theorem 6.2.

Proof of Theorem 6.2. Note that
] = Eoe g+ [€(90- - (2), )]

| = Eoe 5 [£ (geﬂ 7),y)]

v)] — Eo- 5= [0(g0- p- (2), )]
+Eo- g+ [0(90+ 5+ (), )] — Eo- g+ [¢(g0- g+ (), y)]

< Seug{Ee*,B* [£(g0.5(x),9)] — Eo- 5 [(90.6(x).9)] }
+Eg- g+ [0(95,5(2),9)] — Eo- 5 [£(g0 5 (2),9)]. (242)
Let the truncation level be L = 36(D? + 1) log n. By Lemma D.3 and Lemma D.4, we have
Error(d, B)

1 Ni (P Fo),1/m?2 log1/6
gan~\/log 1(Pxxs(Fo) /m)+c Ly ——— ogl/ + eV Lsup R, (Go )
m 4] n EG)

18(D?% +1) 1
B o

(243)
™
For the Rademacher complexity, we have

Ry.(Go.8) = {sup 201995 l‘z):|

sup ai87 fo(x; }

e[yt B

2D

<= 244
SV (244)
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where the last inequality follows from Lemma B.6. Combining (243) and (244), we have
Error(6, 3)

Niq (P Fo), 1 2
gcﬁ;L.\/llog []( XXS(69 /m 10g1/5 2D\/7
m

n \/18(D2 +1)logn
™

2
:@<KL\/10gN[]('PX><S(}—0)>1/m )1 1), (245)

m n

where L = 36(D? + 1) logn and

1
K= C3\/Umin(E[f9* () fo- () T])

for some absolute constants c3. L]

E FAILURE OF TWO-PHASE MLE

For simplicity, in the sequel, we consider the case where no side information is available, i.e., we
have access to unlabeled data {z;}7*, and labeled data {x;, yj} . Another natural scheme is to
use a two-phase MLE (Algorithm 2) To be specific, in the first phase, we use MLE to estimate ¢*
based on the unlabeled data {x;} . In the second phase, we use MLE again to estimate 1)* based

on pretrained dA) and the labeled data {x;, y; }?:1

Algorithm 2 Two-phase MLE

L Input: {172, {(25,95)}j=1
2: Use unlabeled data {z;}", to learn ¢ via MLE:

b + arg Inaxz log pg(x;).
ded =1

3: Fix ¢ and use labeled data {(z;, Y;)}7—1 to learn ¢ via MLE:

Y arlgpn‘;axz:bgp(bw(x],y])
€ -

4: Output: gf) and v).

Note that the two-phase MLE does not directly associate the learning process with the loss func-
tion. Thus, the only way to evaluate the excess risk is to study the total variation distance between
P, ﬁ(x’ y) and Py« 4« (x,y). In the pretraining phase, MLE guarantees that the estimator P 3 is
close to Py~ in the sense of total variation distance (Theorem 3.3). However, it’s still possible that
for some z, P; () = 0 while Py« (2) # 0. This phenomenon may resultinlogp; .. (z;,y;) = —o0
for some labeled data in the learning of downstream tasks, which will dramatically influence the be-
haviour of MLE for estimating ¢/* and finally lead to the failure of the second phase. Inspired by
this idea, we give the following theorem.

Theorem E.1. There exists &, U, ¢* € ® " € U, such that for any constant ¢ > 0, there exists
m,n > c such that with probability at least %(1 —e Ve L, we have
1
drv (P (2, 9), Por oy (2,9) 2 3,
where dA) and 1& are the outputs of Algorithm 2.
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Proof of Theorem E.1. We construct the counter example as follows. Let (z,y, z) € N3 xN; xN;.
We assume that the true parameter (¢*, ™) = (¢1, 11), which satisfies
1
Py (x=k,z=k)= oF Vke Ny, Py (z=m,z=n)=0 Vm #n,
Py, (y=k|lz=k) =1, Yk € N;.
For i > 2, we define Py, as follows,

1 1 1

Py, (x=m,z=n)=0Ym#norm=n=4.

We define Py, as follows, for any k € N,
Py(y =1z = k) =

Py.(y=Jjlz=k) = 55 ¥j ¢ {1,2}.

We denote @ := {¢; |i € Ny} and ¥ := {wl, ¥2}. In the sequel, we show that Algorithm 2 fails
on this case. Recall that we denote by {z;}7, and {z;,y;}" j=1 the unlabeled data and labeled data,
respectively. We have the following observatlons

v Py (y=2lz=k) =7

—_ ]

* We define i := min{k # 1|k ¢ {x;}1",}. If we have 1 € {z;},, then the maximizer of
likelihood function ¢ satisfies ¢ = ¢;.

* Suppose that qb ¢; for some 7 #~ 1 and i € {yj 1. We then have w Pa.

We define the event £ := {3i # 1, such that ¢ = ¢; and i € {y, #_1}. Under event £, we have
qg = ¢; for some i # 1 and 12) = 1b9, which implies

drv (P (2, ), Poe y- //Ipqx b2 (T,Y) = Py (2, )| dzdy
> 2/’/%1-,1&2(%3/) — Doy (T, y) dz| dy
1
=3 1Pg: 12 () — Py 0 ()| dy

1 1
§|P¢17¢2 (y = 2) - HD¢171/J1 (y = 2)| = g (246)
In the following, we only need to lower bound the probability of event £. Note that

P(E) =P(UZy {6 =i € {y;}7=1})
:Z (&= dii € {y;}]=)

Y

Mg I

&
||
N

‘PH18

||
N

P(¢ = ¢i) - P(i € {y;}]=1)

1\" .
(1 — (1 — 21) ) ‘P(p = ¢i). (247)
Thus, it holds for any L > 2 that

e £(-(-3)) o

> (1—(1—21L>n>~IE”(E|2<i<L,$:¢i). (248)
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Note that
P(32<i<L,é=d)
=P({lefod ) n{32<i<Li¢ {w)i,})
>P({1 e (@} N {L ¢ {w:}2})
>P(le{eily) +P(L ¢ {z:}i%) — 1
=P(L ¢ {z:}i2y) —P(1 ¢ {a:}72y)

1\™ 1
(1—2L> ~ (249)

Combining (248) and (249), we have for any L > 2

re (1 (1 2)) (- 2)- ) 50

Setting 2 = m = n, we obtain that

P(E) > (1 — (1 — ;L)m) . ((1 — ;)m — ;n) —(1—et)-et asm — o0 (251

Thus, for any ¢ > 0, there exists m,n > c such that

P(€) > %(1 e e,
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