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Abstract

We consider the class of noisy multi-layered sigmoid recurrent neural networks
with w (unbounded) weights for classification of sequences of length 7', where
independent noise distributed according to A/(0, 02) is added to the output of each
neuron in the network. Our main result shows that the sample complexity of PAC
learning this class can be bounded by O(w log(T'/o)). For the non-noisy version
of the same class (i.e., 0 = 0), we prove a lower bound of Q(wT') for the sample
complexity. Our results indicate an exponential gap in the dependence of sample
complexity on 7" for noisy versus non-noisy networks. Moreover, given the mild
logarithmic dependence of the upper bound on 1/, this gap still holds even for
numerically negligible values of o.

1 Introduction

Recurrent Neural Networks (RNNs) are effective tools for processing sequential data. They are used
in numerous applications such as speech recognition (Graves et al.,|2013), computer vision (Karpathy:
and Fei-Fei, 2015), translation (Sutskever et al.,[2014)), modeling dynamical systems (Hardt et al.,
2018)) and time series (Qin et al.,|2017). Recurrent models allow us to design classes of predictors
that can be applied to (i.e., take input values from) sequences of arbitrary length. For processing a
sequence of 7" elements, a predictor f (e.g., a neural network) “consumes” the input elements one by
one, generating an output at each step. This output is then used in the next step (as another input to f
along with the next element in the input sequence). Defining recurrent models formally takes some
effort, and we relegate it to the next sections. In short, the function f is (recursively) applied 7" times
in order to generate the ultimate outcome.

Let us fix a base class F,, of all multi-layered feed-forward sigmoid neural networks with w weights.
We can create a recurrent version of this class, which we will denote by REC[F,,,, T, for classifying
sequences of length 7. One can study the sample complexity of PAC learning REC[F,,, T'] with
respect to different loss functions. [Koiran and Sontag|(1998)) studied the binary-valued version of this
class by applying a threshold function at the end, and proved a lower bound of (wT') for its VC
dimension.

There has also been efforts for proving upper bounds on the sample complexity of PAC learning
REC[F, TT for various base classes F and different loss functions. Given the above lower bound, a
gold standard has been achieving a linear dependence on 7" in the upper bound. [Koiran and Sontag
(1998) proved an upper bound of O(w4T2) on the VC dimension of REC[F,,, T'] discussed above.
More recent papers have considered the more realistic setting of classification with continuous-valued
RNNS, e.g., by removing the threshold function and using a bounded Lipschitz surrogate loss. In this
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setting, [Zhang et al. (2018) proved an upper bound of O(T*w | W ||°(T)) on the sample complexit
where ||W|| is the spectral norm of the network. (Chen et al.| (2020) improved over this result by

proving an upper bound of O(Tw||W||2 min{+/w, || W|©D)}). These bounds get close to the gold
standard when the spectral norm of the network satisfies ||W|| < 1.

The above upper bounds are proved by simply “unfolding” the recurrence, effectively substituting the
recurrent class REC[F,,,, T'] with the (larger) class of T'-fold compositions F, o Fy, ... o F,. These
unfolding techniques do not exploit the fact that the function f (that is applied recursively for T steps
to compute the output of the network) is fixed across all the 7" steps. Consequently, the resulting
sample complexity has (super-)linear dependence on T'. Therefore, we would need a prohibitively
large sample size for training recurrent models for classifying very long sequences. Nevertheless, this
dependence is inevitable in light of the of lower bound of Koiran and Sontag| (1998)). Or is it?

In this paper, we consider a related class of noisy recurrent neural networks, REC[F7,T]. The
hypotheses in this class are similar to those in REC[.F,,, T'], except that outputs of (sigmoid) activa-
tion functions are added with independent Gaussian random variables, N/(0, o2). Our main result
demonstrates that, remarkably, the noisy class can be learned with a number of samples that is only
logarithmic with respect to 7.

Theorem 1 (Informal version of Theorem [13). The sample complexity of PAC learning the class
REC[Fg,T] of noisy recurrent networks with respect to ramp loss is O(wlog(T/o)).

One challenge of proving the above theorem is that the analysis involves dealing with random
hypotheses. Therefore, unlike the usual arguments that bound the covering number of a set of
deterministic maps with respect to the ¢, distance, we study the covering number of a class of random
maps with respect to the total variation distance. We then invoke some of the recently developed tools
in [Fathollah Pour and Ashtiani| (2022) for bounding these covering numbers. Another challenge is
deviating from the usual “unfolding method” and exploiting the fact that in recurrent models a fixed
function/network is applied recursively.

The mere fact that learning REC[FS, T'] requires less samples compared to its non-noisy counterpart
is not entirely unexpected. For classification of long sequences, however, the sample complexity
gap is quite drastic (i.e., exponential). We argue that a logarithmic dependency on T is actually
more realistic in practical situations: for finite precision machines, one can effectively break the
Q(T) barrier even for non-noisy networks. To see this, let us choose ¢ to be a numerically negligible
number (e.g., smaller than the numerical precision of our computing device). In this case, the class of
noisy and non-noisy networks become effectively the same when implemented on a device with finite
numerical precision. But then our upper bound shows a mild logarithmic dependence on 1/c.

One caveat in the above argument is that the lower bound of |Koiran and Sontag| (1998)) is proved
for the 0-1 loss and perhaps not directly comparable to the setting of the upper bound which uses a
Lipcshitz surrogate loss. We address this by showing a comparable lower bound in the same setting.

Theorem 2 (Informal version of Theorem[I0). The sample complexity of PAC learning REC[F,,, T']
with ramp loss is Q (wT).

In the next section we introduce our notations and define the PAC learning problem. We state the
lower bound in Section 3] and the upper bound in Section[5] Sections|[6][7} and [§] provide a high-level
proof of our upper bound.

Additional Related Work. Due to space constraints, we postpone the discussion of some additional
related work to Appendix [A]

2 Preliminaries

2.1 Notations

lz]|1, |]|2, and ||| denote the £1, f2, and £+, norms of a vector x € R? respectively. We denote
the cardinality of a set S by |S|. The set of natural numbers smaller or equal to m is represented by

[m]. A vector of all zeros is denoted by 0g = [0 ... 0] € R%. We use X C R? as a domain set. We

gnoring the dependence of the sample complexity on the accuracy and confidence parameters.
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will study classes of vector-valued functions; a hypothesis is a Borel function f : R¢ — RP, and a
hypothesis class F is a set of such hypotheses.

We find it useful to have an explicit notation—here an overline—for the random versions of the above
definitions: X is the set of all random variables defined over X that admit a generalized density
functio 7 € X is a random variable in this set. To simplify this notation, we sometimes just write
Z € RY rather than 7 € R4,

7 = f(T) is the random variable associated with pushforward of 7 under Borel map f : R? — RP?.
We use f : R? — RP to indicate that the mapping itself is random. Random hypotheses can be
applied to both random and non-random inputs—e.g., f(Z) and f(x A class of random hypotheses
is denoted by F .

Definition 3 (Composition of Two Hypothesis Classes). We denote by h o f the function h(f(x))
(assuming the range of [ and the domain of h are compatible). The composition of two hypothesis
classes F and H is defined by Ho F = {ho f | h € H, f € F}. Composition of classes of random
hypotheses is defined similarlyby Ho F = {ho f |h € H,f € F}.

2.2 Feedforward neural networks

We will first define some classes associated with feedforward neural networks. Let ¢(z) = 7 é,m - %

be the centered sigmoid function. ® : R? — [—1/2,1/2]" is the element-wise sigmoid activation
function defined by ®((z(), ..., z®)) = (p(zM), ..., p(zP)).

Definition 4 (Single-Layer Sigmoid Neural Networks). The class of single-layer sigmoid neural
networks with d inputs and p outputs is defined by NET[d,p] = {fw : R? — [-1/2,1/2]7 |
fw(x) = (W Tx), W € RIXP},

Based on Definition ] we can define the class of multi-layer (feedforward) neural networks (with w
weights) as a composition of several single-layer networks. Note that the number of hidden neurons
can be arbitrary as long as the total number of weights/parameters is w.

Definition 5 (Multi-Layer Sigmoid Neural Networks). A class of multi-layer sigmoid networks with
po inputs, py, outputs, and w weights that take inputs in [—1/2,1/2]P° is defined by

MNET{po, pi, w] = | JNET[py—1,px] © ... o NET[po, p1]

where union is taken over all choices of (p1, 2, .. .,Pr—1) € N1 that satisfy Zle Di-Di—1 = W.
We say MNET[pqg, pi., w] is well-defined if the union is not empty.

Well-definedness basically means that pg, px, and w are compatible. For simplicity, in the above
definition we restricted the input domain to [—1/2,1/2]¢. This will help in defining the recurrent
versions of these networks (since the input and output domains become compatible). However, our
analysis can be easily extended to capture any bounded domain (e.g., [~ B, B]%).

2.3 Recursive application of a function and recurrent models

In this section we define REC[F, T'] which is the recurrent version of class F for sequences of
length T. Let v = (ay,...,am,) € X™ for m € N. We define First (v) = (a1,...,a,_1) € XY™ 1
and Last (v) = a,, € X as functions that return the first m — 1 and the last dimensions of the
vector v, respectively. Let u(®), u(M) ... u(T=1 be a sequence of inputs, where u(") € RP, and let
f : R® — RY be a hypothesis/mapping. In the context of recurrent models, it is useful to define the
recurrent application of f on this sequence. Note that out of the ¢ dimensions of the range of f, g — 1
of them are recurrent and therefore are fed back to the model. Basically, f* (U, ) will be the result
of applying f on the first ¢ elements of U (with recurrent feedback).

Definition 6 (Recurrent Application of a Function). Let U = [u(®) ... u(® .. .oT=D] € RP*T pe q
sequence of inputs of length T, where uY) € RP denotes the i-th column of U for 0 < i < T — 1.

2Both discrete (by using Dirac delta function) and absolutely continuous random variables admit a generalized
density function. B - o
3Technically, we consider f(z) to be f (), where &, is a random variable with Dirac delta measure on .
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Figure 1: An example of a recurrent model in REC[.F, T']. The first ¢ — 1 dimensions of f7(U,t —1)

is concatenated with u(*) to form the input at time ¢. The last dimension of f#(U, T — 1) is taken to
be the final output of the recurrent model.

Let f be a (random) function from R® to R4, where s = p + q — 1. Moreover, define f% (U, 0) =
f ([0q_1 u(o)]T). Then, for any 1 < t < T — 1, the recursive application of f is denoted by

fRRPXT x [T — 1] — RY and is defined as % (U, t) = f ([Fim (fRU,t-1)) u<t>f).

Now we are ready to define the (recurrent) hypothesis class REC[F, T']. Each hypothesis in this class
takes a sequence U of input vectors, and applies a function f € JF recurrently on the elements of this
sequence. The final output will be a real number. We give the formal definition in the following; also
see Figure|[I] for a visualization.

Definition 7 (Recurrent Class). Let s,p,q € N such that s = p+q — 1. Let F be a class of functions

Srom R® to RY. The class of recurrent models with length T that use functions in F (which we denote
by recurring class) as their recurring block is defined by

REC[F,T] = {h :R"*" - R | h(U) = Last (f* (U, T - 1)), f € F}

For example, REC[MNET(py, px, w], T] is the class of (real-valued) recurrent neural networks with
length T that use MNET[pg, pi, w] as their recurring block. We say that REC[MNET[pq, pi, w], T
is well-defined if MNET[pg, pi, w] is well-defined and also the input/output dimensions are compati-
ble (i.e., po > pk).

2.4 PAC learning with ramp loss

In this section we formulate the PAC learning model for classification with respect to the ramp loss.
The use of ramp loss is natural for classification (see e.g., Boucheron et al.| (2005)); Bartlett et al.
(2006)) and the main features of the ramp loss that we are going to exploit are boundedness and
Lipschitzness. We start by introducing the ramp loss.

Definition 8 (Ramp Loss). Let f : X — R be a hypothesis and let D be a distribution over X x ).
Let (z,y) € X x ), where Y = {—1,1}. The ramp loss of | with respect to margin parameter
v > 0 is defined as 1, (f,x,y) = r (—f(x).y), where 1 is the ramp function defined by

0 T < —7,
ry(x) = 1+% —y<x<0
1 x> 0.

Definition 9 (Agnostic PAC Learning with Respect to Ramp Loss). We say that a hypothesis class F
of functions from X to R is agnostic PAC learnable with respect to ramp loss with margin parameter
v > 0 if there exists a learner A and a function m : (0,1)? — N with the following property: For
every distribution D over X x {—1,1} and every €, € (0,1), if S is a set of m(e, §) i.i.d. samples
from D, then with probability at least 1 — § (over the randomness of S) we have

Eoy)np by (ALS), 2, 9)] < 10f B y)np [y (A(S), 2, 9)] + e

The sample complexity of PAC learning F with respect to ramp loss is denoted by m (¢, ¢), which is
the minimum number of samples required for learning F (among all learners .A). The definition of
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agnostic PAC learning with respect to ramp loss works for any value of v and when we are analyzing
the sample complexity we consider it to be a fixed constant.

3 A lower bound for sample complexity of learning recurrent neural networks

In this section, we consider the sample complexity of PAC learning sigmoid recurrent neural networks
with respect to ramp loss. Particularly, we state a lower bound on the sample complexity of the
class REC[MNET][py, pr, w], T] of all sigmoid recurrent neural networks with length 7" that use
multi-layer neural networks with w weights as their recurring block. The main message is that this
sample complexity grows at least linearly with 7.

Theorem 10 (Sample Complexity Lower Bound for Recurrent Neural Networks). For every T > 3
and w > 19 there exists a well-defined class H,, = REC[MNET[pg, pi, w],T] and a universal
constant C > 0 such that for every €,0 € (0,1/40) we have

(> 0 (MR,
The proof of the above lower bound is based on a similar result due to|Sontag et al.| (1998)). However,
the argument in [Sontag et al.|(1998)) is for PAC learning with respect to 0-1 loss. To extend this result
for the ramp loss, we construct a binary-valued class F,, = {f : f(U) = sign(h(U)),h € Hy}
where sign (z) = 1 if x > 0 and sign (z) = —1 if z < 0. We prove that every function f € F,, can
be related to another function h € H,, such that the ramp loss of / is almost equal to the zero-one

loss of f. This is formalized in the following lemma, which is a key result in proving Theorem [I0]
The proof of Theorem [T0]and Lemma|[TT|can be found in Appendix [C]

Lemma 11. Let H,, = REC[MNET[po, px,w],T] be a well-defined class and let F, = {f :
[—1/2,1/2]P*T — {—1,1} | f(U) = sign (h(U)),h € Hy,}. Then, for every distribution D over
[—1/2,1/2]P*T x {—1,1}, n > 0, and every function f € F,, there exists a function h € H., such
that IE(U,y)ND [Z’Y (h7 U, y)] < E(U,y)N'D [l071 (fv U, y)] +n where 1071(f7 U, y) =1 {f(U) 7£ y}

4 Noisy recurrent neural networks

In this section, we will define classes of noisy recurrent neural networks. Let us first define the
singleton Gaussian noise class, which contains a single additive Gaussian noise function.

Definition 12 (The Gaussian Noise Class). The d-dimensional noise class with scale o >
denoted by G,.q = {Go.a}. Here, Go.q : R? — R% is a random function defined by g, 4(T) = T
where Z ~ N(0,021,). When it is clear from the context we drop d and write G, = {Gy }-

0 is
+7Z

The following is the noisy version of multi-layer networks in Definition[5] Basically, Gaussian noise
is composed (Definition [3) before each layer.

Definition 13 (Noisy Multi-Layer Sigmoid Neural Networks). The class of all noisy multi-layer
sigmoid networks with w weights that take values in [—1/2,1/2]P° as input and output values in
[—1/2,1/2]P* is defined by

MNET[po, pr,w] = | NET[pr—1,pi] o ... 0 Gy 0 NET[py,pa] 0 Gy o NET[po, p1] © G,

where ¢ > 0 is scale of the Gaussian noise and the union is taken over all choices of
_ ) k
(p1,p2, -+, Pr—1) € N1 that satisfy Y i1 PiDi—1 = W.

Similar to the deterministic case, MNET, [pg, pr, w] is said to be well-defined if the union is not
empty (i.e., po, pr and w are compatible). We can use Definition [/| to create recurrent versions
of the above class. For example, RECIMNET,[po, pr, wl, T is a class of recurrent (and random)
hypotheses for sequence of length 7' that use MNET , [po, px, w] as their recurring block. Again,
similar to the deterministic case, we say REC[MNET, [po, px, w], T'] is well-defined if pg, px and w
are compatible and MNET, [pg, pi, w] is well-defined.
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5 PAC learning noisy recurrent neural networks

In section we established an Q(T") lower bound on the sample complexity of learning recurrent
networks (i.e., REC[MNET[pg, px, w], T']). In this section, we consider a related class (based on
noisy recurrent neural networks) and show that the dependence of sample complexity on 7' is only
O(logT). In particular, G, o RECIMNET, [po, pr,w], T'] can be regarded as a (noisy) sibling of
REC[MNET([pg, pr., w], T]. Since it is more standard to define PAC learnability for deterministic
hypotheses, we define the deterministic version of the above class by derandomizatio

Definition 14 (Derandomization by Expectation). Let F be a class of (random) functions from RP*T

to RY. The derandomization of gunction class F by expectation is defined as E(F) = {h : RP*T —
R | h(u) = B [ ()] .f € F).

We show that, contrary to Theorem[I0} the sample complexity of PAC learning the (derandomized)
class of noisy recurrent neural networks, £ (@ o REC[MNET, [po, pr, w], T1), grows at most loga-
rithmically with 7" while it still enjoys the same linear dependence on w. This is formalized in the
following theorem (see Appendix [D|for a proof).

Theorem 15 (Main Result). Let Q,, = G, o RECIMNET ;[ po, p, w], T] be any well-defined class
and assume T € N,0 < 0 < 1, €,0 € (0,1). Then the sample complexity of learning H,, = £(Quw)
is upper bounded by

g (6.8) = O (wlog (“Llog (L)) +log(1/6)> 5 (wlog () +log(1/5)>

€2 €2
where O hides logarithmic factors.

One feature of the above theorem is the mild logarithmic dependence on 1/c. Therefore, we can take
o to be numerically negligible and still get a significantly smaller sample complexity compared to
the deterministic case for large 7". Note that adding such small values of noise would not change the
empirical outcome of RNNs on finite precision computers.

The milder (logarithmic) dependency on T is achieved by a novel analysis that involves bounding
the covering number of noisy recurrent networks with respect to the total variation distance. Also,
instead of “unfolding” the network, we exploit the fact that the same function/hypothesis is being
used recurrently. We also want to emphasize that the above bound does not depend on the norms of
weights of the network. Achieving this is challenging, since a little bit of noise in a previous layer
can change the output of the next layer drastically. The next few sections are dedicated to give a
high-level proof of this theorem.

6 Covering numbers: the classical view

One of the main tools to derive sample complexity bounds for learning a class of functions is studying
their covering numbers. In this section we formalize this classic tool.

Definition 16 (Covering Number). Let (X, p) be a metric space. A set A C X is e-covered by a set
C C A with respect to p, if for all a € A there exists ¢ € C such that p(a,c) < e. We denote by
N(e, A, p) the cardinality of the smallest set C' that e-covers A and we refer to is as the e-covering
number of A with respect to metric p.

The notion of covering number is defined with respect to a metric p. We now give the definition of
extended metrics, which we will use to define uniform covering numbers. The extended metrics can
be seen as measures of distance between two hypotheses on a given input set.

Definition 17 (Extended Metrics). Let (X, p) be a metric space. Let u = (a1,...,Gm),v =
(b1y...,by) € X™ for m € N. The oo-extended and {s-extended metrics over X™ are defined by

P (U, v) = SUPy << p(ai, bi) and p' ™ (u,v) = 4/ 0 ST (p(as, i), respectively. We drop

m and use p> or p** if it is clear from the context.

*One can also define PAC learnability for a class of random hypotheses and get a similar result without
taking the expectation. However, working with a deterministic class helps to contrast the result with that of
Theorem|T0}
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A useful property about extended metrics is that the co-extended metric always upper bounds the
{9-extended metric, i.e., p’2(u,v) < p>(u,v) for all u,v € X. Based on the above definition of
extended metrics, we define the uniform covering number of a hypothesis class with respect to ||.||2.

Definition 18 (Uniform Covering Number with Respect to ||.||2). Let F be a hypothesis class of
functions from X to Y. For a set of inputs S = {x1,22,...,2m} C X, we define the restriction
of F to S as Fis = {(f(x1), f(x2),..., f(xm)) : f € F} C V™. The uniform e-covering
numbers of hypothesis class F with respect to ||.||3°, ||.||%2 are denoted by Ny (e, F,m, ||.||3°) and
Ny (e, Fom, ||.||5*) and are the maximum values of N (e, Fis, ||.[5>™) and N (e, Fis, I1.]15™) over
all S C X with |S| = m, respectively.

The following theorem connects the notion of uniform covering number with PAC learning. It
converts a bound on the ||.||5? uniform covering number of a hypothesis class to a bound on the
sample complexity of PAC learning the class; see Appendix [E{for a more detailed discussion.
Theorem 19. Let F be a class of functions from X to R. Then there exists an algorithm A with the
following property: For every distribution D over X x {—1,1} and every €,6 € (0,1), if S is a set
of m i.i.d. samples from D, then with probability at least 1 —  (over the randomness of S),

E(l’vy)ND [Z’Y (‘A<S)’ €T, y)]

In(2/0)
om

. 24 ¢
< nf B ypen b (f2,9)] + 166+ ﬁ\/ln No(ve, Fom, |1 15) +6
Moreover, the algorithm that returns the function with the mmlmum error on S satisfies the above
property (i.e., Algorithm A such that A(S) = argminsc r IS\ Z (@pes by (f,2.9).

7 Total variation covers for random hypotheses

One idea to prove a generalization bound for noisy neural networks is to bound their covering numbers.
However, noisy neural networks are random functions, and therefore their behaviours on a sample set
cannot be directly compared. Instead, one can compare the output distributions of a random function
on two sample sets. We therefore use the recently developed tools from [Fathollah Pour and Ashtiani
(2022) to define and study covering numbers for random hypotheses. These covering numbers are
defined based on metrics between distributions. Specifically, our analysis is based on the notion of
uniform covering number with respect to total variation distance.

Definition 20 (Total Variation Distance). Let i and v denote two probability measures over X and
let ) be the Borel sigma-algebra over X. The TV distance between 1 and v is defined by

drv (p,v) = sup |u(B) —v(B)].
BeQ
Furthermore, if i and v have densities f and g then

drv(uv) = s | [ (16 =5 [ 1#@ ~a@ldz = 51f =gl

BeQ

For two random variables = and 3 with probability measures p and v we sometimes abuse the
notation and write dry (7, %) instead of dzv (i, v). For example, we write drv (f1(%T), f2(T)) in
order to refer to the Total Variation (TV) distance between pushforwards of  under mappings f; and
Ja. We also write d75y™ ((f1(Z1), ..., [1(@m)) » (f2(T1), - - -, f2(Tm))) to refer to the extended TV
distance between mappings of the set S = {Z1,..., T} by fi and fo. We use the extended total
variation distance to define the uniform covering number for classes of random hypotheses.

Definition 21 (Uniform Covering Number for Classes of Random Hypotheses). Let F be a class
of random hypotheses from X to ). For a set of random variables S = {T1,T3,...,Tm} C X, the
restriction of F to S is defined as ?‘g ={(F@), f@2),...., f(@m)): fEeFYCY". Laa T C X.
The uniform e-covering numbers of F with respect to T and dF, is defined by

Ny (e, F,m,d%,,T) =  sup N(e,?‘g,d?‘}m).
SCT,|S|=m
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Some hypothesis classes that we analyze (e.g., single-layer noisy neural networks) may have “global”
total variation covers that do not depend on m. This will be addressed with the following notation:
Ny (e, F, 00, p>,T) = lim,, o0 Ny(e, F,m, p>=,T). The set I' in Definition [21is used to define
the input domain for which we want to find the covering number of a class of random hypotheses.
For instance, some of the covers that we see are derived with respect to inputs with bounded domain
or some need the input to be first smoothed by Gaussian noise. In this paper, we will be working with
the following choices of I'

-T=X;andT = X q: the set of all random variables defined over R? and [-B, B}d,
respectively, that admit a generalized density function. For example, we use & 5 4 to
address the set of random variables in [—1/2, 1/2]%.

- = Apr = {U | U = [51;(0) 5u(T—1) T,U(i) S Rp} and I' = AB7p><T =
{U|U = 1[040 --.. 6u<T71>]T ,ul) € [~B, B]P}, where 8, is the random variable

associated with Dirac delta measure on u(9. Note that A BpxT C Apxr.

- I'=Gsq0Xpq=1{054(T) | T € Xp,q}: all members of Xp 4 after being “smoothed” by
adding (convolving the density with) Gaussian noise.

We mentioned in Section |§I that a bound on the ||.||5* uniform covering number can be connected
to a bound on sample complexity of PAC learning. We now show that a bound on d35, covering
number of a class of random hypotheses can be turned into a bound on the ||. ||§2 covering number of
its derandomized version and, thus, PAC learning it.

Theorem 22 (||.||5> Cover of £(F) From d55,, Cover of F (Fathollah Pour and Ashtiani, 2022)). Let
F be a class of functions from RP*T to [— B, B]4. Then for every ¢ > 0 and m € N we have

NU(2B€\/§vg(f>vm7 ””gz) < NU(@?am?d%o\/vApXT) < NU(Ev?a Oovd%o\/’ApXT)'

8 Bounding the covering number of recurrent models

In Section[6] we mentioned that finding a bound on covering number of a hypothesis class is a standard
approach to bound its sample complexity. In the previous section, we introduced a new notion of
covering number with respect to total variation distance that was developed by [Fathollah Pour and
‘Ashtiani| (2022)). We showed how this notion can be related to PAC learning for classes of random
hypotheses. In the following, we give an overview of the techniques used to find a bound on the d75,
covering number of the class of noisy recurrent models. We also discuss why this bound results in a
sample complexity that has a milder logarithmic dependency on 7', compared to bounds proved by
“unfolding” the recurrence and replacing the recurrent model with the 7'-fold composition.

One advantage of analyzing the uniform covering number with respect to TV distance is that it
comes with a useful composition tool. The following theorem basically states that when two classes
of hypotheses have bounded TV covers, their composition class has a bounded cover too. Note
that such a result does not hold for the usual definition of covering number (e.g., Definition @;
see [Fathollah Pour and Ashtiani|(2022) for details.

Theorem 23 (TV Cover for Composition of Random Classes, Lemma 18 of |Fathollah Pour and
Ashtiani (2022)). Let F be a class of random hypotheses from R to RP and H be a  class of random
hypotheses from RP to R9. For any €1,e2 > 0 and m € N, denote Ny = Ny (61,]—"7m7d%ov, Xd).
Then we have,

Nu (1 + €2, H o F,m,d%y,, Xq) < Ny (€2, H, mNy,dFy, Xy,) Ny

An approach to bound the TV uniform covering number of a recurrent model REC[.F, T is to
consider it as the T-fold composition 7 o F ... o F. One can then use a similar analysis to that
of [Fathollah Pour and Ashtiani| (2022) to bound the covering number of the 7T-fold composition.
Unfortunately, this approach fails to capture the fact that a fixed function f € F is applied recursively,
and therefore results in a sample complexity bound that grows at least linearly with 7.

Instead, we take another approach to bound the covering number of recurrent models. Intuitively, we
notice that any function in the 7T-fold composite class Fo...o F ={fio...o fr | f1,...,fr €
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F} is determined by T functions from F. On the other hand, any function in REC[F,T] =
{E | h(U) = Last (?R(U , T — 1)) } is only defined by one function in F and the capacity of this
class must not be as large as the caty of Fo...oF. Interestingly, data _processing inequality

for total variation distance (Lemma|27) suggests that if two functions f and f are “globally” close

to each other with respect to TV distance (i.e., dpy (F(Z), f(Z)) < e for every T in the domain),

then dpy (F(F(Z)), f(f(Z))) < 2¢ (i.e., f o f and f o f are also close to each other). By applying
the data processing inequality recursively, we can see that for the T-fold composition we have
dry(fo...of(Z),fo...of(T)) < eI. The above approach results in the following theorem
which bounds the e-covering number of a noisy recurrent model with respect to TV distance by the
(e/T')-covering number of its recurring class. Intuitively, this theorem helps us to bound the covering
number of noisy recurrent models using the bounds obtained for their non-recurrent versions. Here,
Gaussian noise is added to both the input of the model (i.e., 7, = F o G,) and the output of the
model (by composing with G,,).

Theorem 24 (TV Covering Number of G, o REC[F,, T'] From G, o F,,). Let s, p, q € N such that
s =p+q— 1. Let F be a class of functions from Xp s to Xp 4 and denote by F, = F o G, s the
class of its composition with noise. Then we have

NU (Ga?UOREC[fU7 T]aooyd’%OVaAB,pXT) S NU (6/T7 go’,q Ofa7oo7d%OV7XB,s) .

For using this theorem, one needs to have a finer €/7T-cover for the recurring class. As we will see in
the next section, this will translate into a mild logarithmic sample complexity dependence on 7.

8.1 Covering noisy recurrent networks

An example of F, is the class MNET,[po, pr, w] of well-defined noisy multi-layer net-
works (Definition . Theorem suggests that a bound on the covering number of G, o
REC[MNET, [po, px, w], T'] can be found from a bound for G, o MNET, [po, pr, w]. We use the
following theorem as a bound for the class of single-layer noisy sigmoid networks together with
theorem [23|to bound the covering number of G, o MNET, [po, pr, w] (see Appendix@ Theorem.

Theorem 25 (A TV Cover for Single-Layer Noisy Neural Networks, Theorem 25 of |[Fathollah Pour
and Ashtiani| (2022)). For every p,d € N, e > 0,0 < 5d/e we have

IOg NU<€a ga,p o NET[d7P]7 o0, d%OV7 ga,d o XO.S,d) < p(d + 1) log 30

&2\ [n (2222) 15
3/252 n{—

N———

€0

Interestingly, the above bound (on the logarithm of the covering number) is logarithmic with respect
to 1/e. We will extend this result to multi-layer noisy networks, and then apply Theorem ﬂ to
obtain the following bound on the covering number noisy recurrent neural networks. Crucially, the
dependency (of the logarithm of the covering number) on 7' is only logarithmic.

Theorem 26 (A TV Covering Number Bound for Noisy Sigmoid Recurrent Networks). Let T € N.
For every e,0 € (0,1) and every well-defined class RECIMNET,[po, px,, w], T ] we have

IOg NU (Evgia o REC[MNETG'[p()vpk? w]7 T]7 o0, d%)\/a A0.5,p><T)
=0 (wlog (leog (wT>)> -0 (wlog (T>> .
€0 €0 €0

Finally, we turn the above bound into a ||.||$? covering number bound for the derandomized function
& (QTT o REC[MNET, [pg, pi, w], T]) by an application of Theorem We then upper bound the
sample complexity by the logarithm of covering number (see Theorem[I9) and conclude Theorem T3]
Limitations and future work. Our results are derived for sigmoid (basically bounded, monotone,
and Lipschitz) activation functions. It is open whether such results can be proved for unbounded
activation functions such as RELU. Our results are theoretical and we leave empirical evaluations on
the performance of noisy networks to future work.



358

359
360

361
362

363
364
365

366
367

368
369

370
371

372
373

374

376
377

378
379
380

381
382

383
384

385
386

387
388
389

390
391

393
394

395
396
397

398
399

400
401

References

Zeyuan Allen-Zhu and Yuanzhi Li. Can sgd learn recurrent neural networks with provable general-
ization? Advances in Neural Information Processing Systems, 32, 2019.

Martin Anthony, Peter L Bartlett, Peter L Bartlett, et al. Neural network learning: Theoretical
foundations, volume 9. cambridge university press Cambridge, 1999.

Sanjeev Arora, Rong Ge, Behnam Neyshabur, and Yi Zhang. Stronger generalization bounds for
deep nets via a compression approach. In International Conference on Machine Learning, pages
254-263. PMLR, 2018.

Sanjeev Arora, Nadav Cohen, Wei Hu, and Yuping Luo. Implicit regularization in deep matrix
factorization. Advances in Neural Information Processing Systems, 32, 2019.

Peter Bartlett. For valid generalization the size of the weights is more important than the size of the
network. Advances in neural information processing systems, 9, 1996.

Peter Bartlett, Vitaly Maiorov, and Ron Meir. Almost linear vc dimension bounds for piecewise
polynomial networks. Advances in neural information processing systems, 11, 1998.

Peter L Bartlett and Wolfgang Maass. Vapnik-chervonenkis dimension of neural nets. The handbook
of brain theory and neural networks, pages 1188—1192, 2003.

Peter L Bartlett, Michael I Jordan, and Jon D McAuliffe. Convexity, classification, and risk bounds.
Journal of the American Statistical Association, 101(473):138-156, 2006.

Peter L Bartlett, Dylan J Foster, and Matus J Telgarsky. Spectrally-normalized margin bounds for
neural networks. Advances in neural information processing systems, 30, 2017.

Peter L Bartlett, Nick Harvey, Christopher Liaw, and Abbas Mehrabian. Nearly-tight vc-dimension
and pseudodimension bounds for piecewise linear neural networks. The Journal of Machine
Learning Research, 20(1):2285-2301, 2019.

Peter L Bartlett, Philip M Long, Gabor Lugosi, and Alexander Tsigler. Benign overfitting in linear
regression. Proceedings of the National Academy of Sciences, 117(48):30063-30070, 2020.

Peter L Bartlett, Andrea Montanari, and Alexander Rakhlin. Deep learning: a statistical viewpoint.
Acta numerica, 30:87-201, 2021.

Eric Baum and David Haussler. What size net gives valid generalization? Advances in neural
information processing systems, 1, 1988.

Mikhail Belkin, Daniel J Hsu, and Partha Mitra. Overfitting or perfect fitting? risk bounds for
classification and regression rules that interpolate. Advances in neural information processing
systems, 31, 2018.

Mikhail Belkin, Alexander Rakhlin, and Alexandre B Tsybakov. Does data interpolation contradict
statistical optimality? In The 22nd International Conference on Artificial Intelligence and Statistics,
pages 1611-1619. PMLR, 2019.

Stéphane Boucheron, Olivier Bousquet, and Gabor Lugosi. Theory of classification: A survey of
some recent advances. ESAIM: probability and statistics, 9:323-375, 2005.

Minshuo Chen, Xingguo Li, and Tuo Zhao. On generalization bounds of a family of recurrent neural
networks. In International Conference on Artificial Intelligence and Statistics, pages 1233—-1243.
PMLR, 2020.

Lenaic Chizat and Francis Bach. Implicit bias of gradient descent for wide two-layer neural networks
trained with the logistic loss. In Conference on Learning Theory, pages 1305-1338. PMLR, 2020.

Richard M Dudley. Universal donsker classes and metric entropy. In Selected Works of RM Dudley,
pages 345-365. Springer, 2010.

10



402
403
404

405

407
408

409
410

411
412

413
414
415

416
417
418

419
420
421
422

423
424

425
426

427
428
429

430
431

432
433
434

435
436

437
438

439
440

441
442

443
444

445
446

Gintare Karolina Dziugaite and Daniel M. Roy. Computing nonvacuous generalization bounds for
deep (stochastic) neural networks with many more parameters than training data. In Proceedings
of the 33rd Annual Conference on Uncertainty in Artificial Intelligence (UAI), 2017.

Alireza Fathollah Pour and Hassan Ashtiani. Benefits of additive noise in composing classes with
bounded capacity. Advances in Neural Information Processing Systems, 35:32709-32722, 2022.

Wei Gao and Zhi-Hua Zhou. Dropout rademacher complexity of deep neural networks. Science
China Information Sciences, 59(7):1-12, 2016.

Paul W Goldberg and Mark R Jerrum. Bounding the vapnik-chervonenkis dimension of concept
classes parameterized by real numbers. Machine Learning, 18(2):131-148, 1995.

Noah Golowich, Alexander Rakhlin, and Ohad Shamir. Size-independent sample complexity of
neural networks. In Conference On Learning Theory, pages 297-299. PMLR, 2018.

Alex Graves, Abdel-rahman Mohamed, and Geoffrey Hinton. Speech recognition with deep recurrent
neural networks. In 2013 IEEE international conference on acoustics, speech and signal processing,

pages 6645-6649. Ieee, 2013.

Suriya Gunasekar, Blake E Woodworth, Srinadh Bhojanapalli, Behnam Neyshabur, and Nati Srebro.
Implicit regularization in matrix factorization. Advances in Neural Information Processing Systems,
30, 2017.

Mahdi Haghifam, Jeffrey Negrea, Ashish Khisti, Daniel M Roy, and Gintare Karolina Dziugaite.
Sharpened generalization bounds based on conditional mutual information and an application to
noisy, iterative algorithms. Advances in Neural Information Processing Systems, 33:9925-9935,
2020.

Moritz Hardt, Tengyu Ma, and Benjamin Recht. Gradient descent learns linear dynamical systems.
Journal of Machine Learning Research, 19:1-44, 2018.

Ziwei Ji and Matus Telgarsky. Characterizing the implicit bias via a primal-dual analysis. In
Algorithmic Learning Theory, pages 772-804. PMLR, 2021.

Ziwei Ji, Miroslav Dudik, Robert E Schapire, and Matus Telgarsky. Gradient descent follows the
regularization path for general losses. In Conference on Learning Theory, pages 2109-2136.
PMLR, 2020.

Kam-Chuen Jim, C Lee Giles, and Bill G Horne. An analysis of noise in recurrent neural networks:
convergence and generalization. IEEE Transactions on neural networks, 7(6):1424—1438, 1996.

Andrej Karpathy and Li Fei-Fei. Deep visual-semantic alignments for generating image descriptions.
In Proceedings of the IEEE conference on computer vision and pattern recognition, pages 3128—
3137, 2015.

Pascal Koiran and Eduardo D Sontag. Vapnik-chervonenkis dimension of recurrent neural networks.
Discrete Applied Mathematics, 86(1):63-79, 1998.

Soon Hoe Lim, N Benjamin Erichson, Liam Hodgkinson, and Michael W Mahoney. Noisy recurrent
neural networks. Advances in Neural Information Processing Systems, 34, 2021.

Philip M Long and Hanie Sedghi. Size-free generalization bounds for convolutional neural networks.
In International Conference on Learning Representations, 2020.

Wolfgang Maass. Neural nets with superlinear vc-dimension. Neural Computation, 6(5):877-884,
1994.

Mehryar Mohri, Afshin Rostamizadeh, and Ameet Talwalkar. Foundations of machine learning. MIT
press, 2018.

Vaishnavh Nagarajan and J Zico Kolter. Uniform convergence may be unable to explain generalization
in deep learning. Advances in Neural Information Processing Systems, 32, 2019.

11



447
448
449

450
451
452

453
454
455

456
457

458
459
460

461
462
463

464
465
466

467
468

469
470

471
472

473
474

475
476
477

478

479

481

482
483

484
485

Vaishnavh Nagarajan and Zico Kolter. Deterministic pac-bayesian generalization bounds for deep net-
works via generalizing noise-resilience. In International Conference on Learning Representations,

2018.

Jeffrey Negrea, Mahdi Haghifam, Gintare Karolina Dziugaite, Ashish Khisti, and Daniel M Roy.
Information-theoretic generalization bounds for sgld via data-dependent estimates. Advances in
Neural Information Processing Systems, 32, 2019.

Gergely Neu, Gintare Karolina Dziugaite, Mahdi Haghifam, and Daniel M Roy. Information-theoretic
generalization bounds for stochastic gradient descent. In Conference on Learning Theory, pages
3526-3545. PMLR, 2021.

Behnam Neyshabur, Ryota Tomioka, and Nathan Srebro. Norm-based capacity control in neural
networks. In Conference on Learning Theory, pages 1376—1401. PMLR, 2015.

Behnam Neyshabur, Srinadh Bhojanapalli, and Nathan Srebro. A pac-bayesian approach to spectrally-
normalized margin bounds for neural networks. In International Conference on Learning Repre-
sentations, 2018.

Yao Qin, Dongjin Song, Haifeng Cheng, Wei Cheng, Guofei Jiang, and Garrison W Cottrell. A
dual-stage attention-based recurrent neural network for time series prediction. In Proceedings of
the 26th International Joint Conference on Artificial Intelligence, pages 2627-2633, 2017.

Maxim Raginsky, Alexander Rakhlin, and Matus Telgarsky. Non-convex learning via stochastic
gradient langevin dynamics: a nonasymptotic analysis. In Conference on Learning Theory, pages
1674-1703. PMLR, 2017.

Daniel Russo and James Zou. Controlling bias in adaptive data analysis using information theory. In
Artificial Intelligence and Statistics, pages 1232—-1240. PMLR, 2016.

Daniel Russo and James Zou. How much does your data exploration overfit? controlling bias via
information usage. IEEE Transactions on Information Theory, 66(1):302-323, 2019.

Shai Shalev-Shwartz and Shai Ben-David. Understanding machine learning: From theory to
algorithms. Cambridge university press, 2014.

Eduardo D Sontag et al. Vc dimension of neural networks. NATO ASI Series F Computer and Systems
Sciences, 168:69-96, 1998.

Nitish Srivastava, Geoffrey Hinton, Alex Krizhevsky, Ilya Sutskever, and Ruslan Salakhutdinov.
Dropout: a simple way to prevent neural networks from overfitting. The journal of machine
learning research, 15(1):1929-1958, 2014.

Thomas Steinke and Lydia Zakynthinou. Reasoning about generalization via conditional mutual
information. In Conference on Learning Theory, pages 3437-3452. PMLR, 2020.

Ilya Sutskever, Oriol Vinyals, and Quoc V Le. Sequence to sequence learning with neural networks.
Advances in neural information processing systems, 27, 2014.

Zhuozhuo Tu, Fengxiang He, and Dacheng Tao. Understanding generalization in recurrent neural
networks. In International Conference on Learning Representations, 2020.

Mathukumalli Vidyasagar. A theory of learning and generalization: with applications to neural
networks and control systems. Springer-Verlag, 1997.

Pascal Vincent, Hugo Larochelle, Yoshua Bengio, and Pierre-Antoine Manzagol. Extracting and
composing robust features with denoising autoencoders. In Proceedings of the 25th international
conference on Machine learning, pages 1096—-1103, 2008.

Li Wan, Matthew Zeiler, Sixin Zhang, Yann Le Cun, and Rob Fergus. Regularization of neural

networks using dropconnect. In International conference on machine learning, pages 1058—1066.
PMLR, 2013.

12



492
493
494

495
496

497
498

500
501
502

503
504

505
506

508
509
510

511

512
513
514

516
517
518
519
520
521
522
523
524
525
526
527

529

530

532

533

534

535

536

538

539

541
542

Haotian Wang, Wenjing Yang, Zhenyu Zhao, Tingjin Luo, Ji Wang, and Yuhua Tang. Rademacher
dropout: An adaptive dropout for deep neural network via optimizing generalization gap. Neuro-
computing, 357:177-187, 2019.

Aolin Xu and Maxim Raginsky. Information-theoretic analysis of generalization capability of learning
algorithms. Advances in Neural Information Processing Systems, 30, 2017.

Chiyuan Zhang, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. Understanding deep
learning (still) requires rethinking generalization. Communications of the ACM, 64(3):107-115,
2021.

Jiong Zhang, Qi Lei, and Inderjit Dhillon. Stabilizing gradients for deep neural networks via efficient
svd parameterization. In International Conference on Machine Learning, pages 5806-5814. PMLR,
2018.

Tong Zhang. Covering number bounds of certain regularized linear function classes. Journal of
Machine Learning Research, 2(Mar):527-550, 2002.

Jingyu Zhao, Feiqing Huang, Jia Lv, Yanjie Duan, Zhen Qin, Guodong Li, and Guangjian Tian.
Do rnn and Istm have long memory? In International Conference on Machine Learning, pages
11365-11375. PMLR, 2020.

Wenda Zhou, Victor Veitch, Morgane Austern, Ryan P Adams, and Peter Orbanz. Non-vacuous
generalization bounds at the imagenet scale: a pac-bayesian compression approach. In International
Conference on Learning Representations (ICLR), 2019.

A More on related work

There is plethora of work on generalization in neural networks. There are a family of approaches
that aim to bound the VC-dimension of neural networks. (Baum and Haussler, |1988; Maass, |1994;
Goldberg and Jerrum, 1995} |Vidyasagar, [1997; |Sontag et al., {1998} |[Koiran and Sontag) (1998}
Bartlett et al.| |{1998; Bartlett and Maass|, 2003}, Bartlett et al., [2019). These approaches result in
generalization bounds that are dependent on the number of parameters. Another family of approaches
are aimed at obtaining generalization bounds that are dependent on the norms of the weights and
Lipschitz continuity properties of the network (Bartlett, [1996} |Anthony et al.| [1999; Zhang, 2002}
Neyshabur et al., |2015; |Bartlett et al., |2017; [Neyshabur et al., [2018; |Golowich et al., [2018}; |Arora;
et al., 2018} Nagarajan and Kolter, [2018; [Long and Sedghi, 2020). It has been observed that these
generalization bounds are usually vacuous in practice. One speculation is that the implicit bias
of gradient descent (Gunasekar et al.l 2017} |Arora et al., 2019} Ji et al., [2020; (Chizat and Bach,
2020; Ji and Telgarskyl [2021)) can lead to benign overfitting (Belkin et al., 2018, [2019; Bartlett et al.,
2020, [2021). It has also been conjectured that uniform convergence theory may not be able to fully
capture the performance of neural networks in practice (Nagarajan and Kolter, 2019; Zhang et al.|
2021). It has been shown that there are data-dependent approaches that can achieve non-vacuouys
bounds(Dziugaite and Roy, 2017; [Zhou et al.| 2019; Negrea et al., |2019). There are also other
approaches that are independent of data (Arora et al.| [2018)); see [Fathollah Pour and Ashtiani| (2022)
for more details.

Adding different types of noise such as dropout noise (Srivastava et al., 2014}, DropConnect (Wan
et al.,[2013)), and Denoising AutoEncoders (Vincent et al.,|2008) are shown to be helpful in training
neural networks. Wang et al.|(2019) and|Gao and Zhou| (2016) theoretically analyze the generalization
under dropout noise. More recently, Fathollah Pour and Ashtiani| (2022) developed a framework
to study the generalization of classes of noisy hypotheses and show that adding noise to the output
of neurons in a network can be helpful in generalization. Jim et al.| (1996)) show that additive and
multiplicative noise can help speed up the convergence of RNNs on local minima surfaces. Recently,
Lim et al.[(2021)) showed that noisy RNNs are more stable and robust to input perturbations by
formalizing the regularization effects of noise.

Another line of work focuses on the generalization of neural network that are trained with Stochastic
Gradient Descent (SGD) or its noisy variant Stochastic Gradient Langevin Descent (SGLD) (Russo
and Zou, 2016}  Xu and Raginsky, 2017} Russo and Zou, 2019; |Steinke and Zakynthinou, 2020;
Raginsky et al.,|2017; [Haghifam et al., 2020; [Neu et al.,2021). Zhao et al.[(2020) analyze the memory
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properties of recurrent networks and how well they can remember the input sequence/Tu et al.|(2020)
study the generalization of RNN by analyzing the Fisher-Rao norm of weights, which they obtain
from the gradients of the network. They offer generalization bounds that can potentially become
polynomial in 7. |Allen-Zhu and Li| (2019) analyze the change in output through the dynamics of
training RNNs and prove generalization bounds for recurrent networks that are again polynomial in
T.

B Miscellaneous facts

Lemma 27 (Data Processing Inequality for TV Distance). Given two random variables ¥1,T3 € X,
and a (random) Borel function f : X — ),

drv (f(71), f(72)) < drv(T1, T2).

Lemma 28. Let .7 € X be two random variables with probability measures 1 and v. Denote
by TI(u, v) the set of all their couplings. Then, there exists m* € W(u, v) such that Py« [T # 7] =
drv (u, V), where the subscript m* signals that the probability law is associated with the coupling T*.
Moreover, for any coupling w € Il(u, v) we have P [T # 7] > drv (u, v).

We use the following two lemmas to reason about the covering number of our recurrent model when
we take the first dimensions of the output at each time ¢ and when we concatenate new inputs with
the outputs. The first lemma states that if two random variables are close to each other with respect
to total variation distance, then they are still close after the applications of the First (.) and Last (.)
functions.

Lemma 29 (From TV of Random Variable to TV of First and Last). Let T1, T2 € R? be two random

variables. We have
drv (First (T7) , First (3))) < drv (T1,T3) ,

dry (Last (T) , Last (Tg))) <dry (Tl, Tg) .

Proof. We know that First (.) and Last (.) are functions from R? to R%~!. Therefore we can apply
Lemma[27] and conclude the result. O

The next lemma is used to bound the total variation distance between two random variables after
being concatenated with the input at time ¢. In that case, we let 1 and Z3 in the lemma to be

First (f7 (U,t — 1)) and First (fR (Ut — 1)), which are in X, _1. We also let 7 be u(® € Ay,
which is the input at time ¢.

Lemma 30 (From TV of Random Variable to TV of Concatenation). Let Z1, T3 be random variables
in Xy. Further, let § a random variable in Ag. If we have dpvy (T1,T3) < ¢, then

drv (77 97 7)) <e

Proof. Let y € Ay be the random variable with Dirac delta measure on 9. From Lemma 28| we
know that there exists a maximal coupling 7* of Z71 and T3 such that dpy (T1,T2) = Py« [T1 # T3]

and denote the density associated with P« by f*. Let 7y be a coupling of [Z1 E}T and [Tz 73]
such that

; T ™\ _ [ S (@1,22)  y1=y2 = wo,

/ ([a:1 nl s lre oyl ) B {O otherwise.

We can easily verify that vy is a valid coupling. Denote by f,,,, the density of the random variable
71 y]'. We know that

s ") = {0 v

0 otherwise,

where fz is the density function of the random variable 77. We can observe that density associated
with the marginal of -y would be the same as the density of the marginal of 7* at points where y = yg
and it is zero otherwise. On the other hand, we know that 77* is a valid coupling of Z7 and 3 and
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therefore the density of its marginal is fz;. This concludes that the density of the marginal of +y is
indeed fzr. We can show the similar thing for the other marginal, which concludes that -y is a valid
coupling.

Therefore, from Lemma 28] we can write that
dry (75 9" 0)") <B (@ 9 £ 9
Fle )l y]T)sAmyf([xl v syl
Y

=Yo

g/?é £ (01, 22) < Poe [7 # 73] = dry (77,73) < €
T1FT2,

Y=Yo

C Proof of lower bound

In order to prove Theorem[I0] we first need to give the definition of PAC Learning with respect to
0 — 1 loss.

Definition 31 (Agnostic PAC Learning with Respect to 0-1 Loss). We say that a hypothesis class
F of functions from X to R is agnostic PAC learnable with respect to 0 — 1 loss if there exists a
learner A and a function m®~! : (0,1)? — N with the following property: For every distribution
Dover X x {—1,1} and every ¢,6 € (0, 1), if S is a set of m(e, 0) i.i.d. samples from D, then with
probability at least 1 — § (over the randomness of S) we have

E(m,y)ND [lo*l(A(S)v'ray)] < flgg__E(w,y)ND [lo*l(fvxay)] + e

Same as Deﬁnition@ we denote by m?;l (¢, 0) the sample complexity of PAC learning F with respect
to 0 — 1 loss, which is the minimum number of samples required for learning 7 among all learners .A.

Before proving Theorem[T0} we first prove Lemma|[IT] which, as mentioned before, is a core part of
the proof. We state the lemma once more for completeness.

Lemma 32. Let H,, = REC[MNET[po, px,w],T] be a well-defined class and let F, = {f :
[—1/2,1/2]P>*T — {—1,1} | f(U) = sign (h(U)),h € Hy}. Then, for every distribution D over
[—1/2,1/2]P*T x {1, 1}, 1 > 0, and every function f € F,, there exists a function h € H., such

that IE(U,y)va [Z’Y (hv Ua y)] < E(U,y)ND [l071 (fa Uv y)] +n where 1071(.]: U, y) =1 {f(U) # y}

Proof. We know that H,, = {h : RP*T — [-1/2,1/2] | h(u) = Last (b (U, T —1)),b €
MNET[po, pr,wl}.  Similarly, F, = {f : RP*T 5 {11} | f(u) =
sign (Last (b (U, T —1))) ,b € MNET[po, pi,, w]}. Fix a distribution D over [-1/2,1/2]P*T x
{—1,1}. Define

z = min argmax[?’ [|Last (bR(U T-1) )| > x] >1-—n,
b 0<1<

where the minimum is taken over all well-defined multi-layer neural networks b in MNET[pg, pg, w].
The last dimension of function b is in [—1/2, 1/2] and, intuitively, z is the largest possible value such
that P [~z < Last (b®(U, T — 1)) < z] <n.

Let f be any function in F,, and let b = b _1 0. ..0bg be the k-layer network associated with f where
b;’s are single-layer sigmoid neural networks, i.e., f(U) = sign (Last (b" (U, T — 1))). Let Wj,_1 =
[v1 ... vp,c]T be the weight matrix associated with by,_;. Denote by Wy = [v1 ... c.vpk]T
the matrix that is exactly the same as Wj,_; but every element in its last row is multiplied by

¢ = ¢ (7)/¢1(2). Note that z > 0 and, therefore, ¢~ (z) > 0. Let by be the single-layer neural
network that is defined by weight matrix Wi_1, i.e., l;k_l(z) =& (W,lﬁ:) Denote b = by,_; o

..obg and let h(U) = Last (ZA)R (U, T - 1)) for any U € RP*T. Clearly, b € MNET(po, pi, w]
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and h € H,,. We claim that E gy p [l (1, U, y)] < Epyop [1°71 (f,U,y)] + n. We can write
the definition of ramp loss as

Ewyy~o [y (h, U, y)] =

F
S|
N
2

U

+Ewy)~p [y (—h(U)‘y)| IMU)| < ¢ (c.o™" (2)] P[R(U) < (et ()] (D)
= Ewy)~o [ry (=hU) Y[ [MU)] Z 4] P[[A(U)| =]
+Ewy)~p [ry (=R(O) )] |WU)] <A PRU)] <]

where we used the fact that sigmoid is a monotonic increasing function with a unique inverse and that
¢ (c.07'(2)) = ¢ (¢ (7)) = 7. Notice that whenever |2(U)| > ~ we can also conclude that either
hMU).y > vy or h(U).y < —v. This means that , (—h(U).y) is either 0 or 1. When h(U).y > v
we have ., (—h(U).y) = 0 and when h(U).y < —y we have 7, (—h(U).y) = 1. In other words if

|h(TU)| > ~, we have
ry (=h(U).y) = 1{sign (h(U)) # y} 2)
On the other hand, we know that 7,2 > 0 and ¢ = ¢ 1(y)/¢"1(2) > 0. Consequently,

sign (h(U)) = sign (Last (lA)R (U, T - 1))) = f(U) for any U € RP*T, Lemma suggests
that

P [|Last (bR (U, T —1))| < 2] =P HLast (?)R(U7T - 1))‘ <6 (c.¢_1(z))} = P[|h(U)] < ].

Moreover, we know that z is chosen such that IP [|Last (b%(U,T — 1) )| < z| < n and the ramp loss
is at most 1. Taking this and Equations[T]and [2]into account we can write that

Ew,y)~p [ly (h, U,y)] = Ewy)~p [1 {sign (R(U)) # y} |M(U)[| = 7] P|n(U)] = 7]
+ Ew,y)op [ry (=1(U) ) |[R(U)| < 4] P [|Last (b*(U, T - 1))| < 2]
< Ewy)~p [1{sign (h(U)) # y} |MU)| = ] P[(U)] = +] +n

< Ewy)~p [1{sign ((U)) # y} |R(U)| = 7] P[[M(U)]| = 1]

+ Ewy)~p [1{sign (h(U)) # y} [L(U)] <] P[[RU)] <] +n

< Ewy)~p [1 {sign (h(U)) # y}] +1n

< Ewy~n [[°7" (f,U.y)] +

~ o~ —~

—~

Proof of Theorem

Proof. Define F, = {f : [-1/2,1/2] — {-1,1} | f(U) = sign (h(U)) ,h € H,,} as the class of
all sigmoid recurrent networks with w weights that output binary values. Let D be a distribution over
[—1/2,1/2]P*T x {—1,1}. From Lemma we know that for every f € F,, there exists a function
h € Hy, such that B y)op [Ly (h, U, )] < Eyyop [1°7F (f,U,y)] +n, where n > 0 is any small
value. Therefore, we can write that

hlenf Ew.y~p by (B, Uy y)] < 1nf E(U w~o ' (U y)] + 0. 3)

Let myy,, (€, 0) denote the sample complexity of PAC learning ., with respect to ramp loss. There-
fore, there exists an algorithm A that receives a set S of m > myy,, (€, 6) i.i.d. samples from D and

returns h = A(S) such that with probability at least 1 — ¢ we have

E(t4)~p [m (ﬁ, U, y)} < inf Ey)ep (17 (1, U.9)] + ¢

Let f be a function in F,, such that f(U) = sign (iz(U)) for every U € [—1/2,1/2]P*T. Given
the definitions of 0 — 1 loss and ramp loss, it is easy to verify that E,)~p ' (f,U,y) <
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Ew,y~p 1] (h,U, ). Taking this and Equationinto account, we can define a new algorithm A’
that, given the set S, returns f € F,, such that with probability at least 1 — § we have

Ewg~o [ (£,Uy) < it By I (b, Uy y)+e < nf Ewy)~p [0°7H (£, U, y)+e+n.

This means that we have
m_(;-'z,l (6 +n, 5) < m, (67 6) (4)

On the other hand, from Theorem we now that the VC-dimension of F,, is Q(wT'). Moreover,
Theorem [33] suggests that

€2

1 (6.8) =0 (wT + 1og(1/5)) |

Taking the above equation and Equationinto account, by setting 7 = O(e), we can write that

wT + 1og(1/5)>
€2 ’

e (6.0) =2

which concludes our result. O

The following theorem states that we can find a lower bound on the sample complexity of PAC
learning F with respect to 0 — 1 loss based on its VC-dimension. For a proof see Theorems 5.2, and
5.10 in|Anthony et al.[(1999).

Theorem 33 (Lower Bound on the Sample Complexity of PAC Learning (Anthony et al.,{1999)).
Let F be a class of functions from a domain X to {—1,1} and let d = VC(F) be the VC-dimension
of the class F. Assume d < oco. Then there exists an absolute constant C' such that for every
(e,9) € (0,1/40) we have

d +log(1/5)

m% (e, 8) > C 2

We now introduce a lower bound on the VC-dimension of sigmoid recurrent neural networks with
binary outputs which is based on a result due to [Koiran and Sontag| (1998).

Theorem 34 (A Lower Bound on VC-Dimension of Sigmoid Recurrent Neural Networks). For
everyT' > 3 and w > 19 there exists a well-defined class H,, = REC[MNET([py, pi,w],T] with
the following property: The VC-dimension of F,, = {f : [=1/2,1/2]P*T — {-1,1} | f(U) =
sign (W(U)) ,h € Hy} is Q (wT).

The proof of the above theorem is essentially the same as the proof of the result in Koiran and Sontag
(1998)). The only difference is that the we should construct our network in a way that the last two
dimensions of the output of MNET[pg, px, w] must be similar to each other in order to feed back
the value of Last (bR( fit— 1)) with an extra node. Therefore, we only need a network that has a
constant factor more weights than the network that is proposed in |Koiran and Sontag|(1998)) which
does not change the order of sample complexity.

C.1 Lemmas used in the proof of Lemma

In the following, we state two lemmas that will help in proving Lemma I T]

Lemma 35. Let Wj_1 = [v1...v,,] € RP=1%Pk and Wy, = [vg ... c.vpk]—rfora constant
¢ > 0. Define two single-layer networks by, (x) = ® (W,_,z) and br_1(z) = ® (W,;'—_lx) Then,

for any two multi-layer networks b = by,_1 o ...0by and b = I;k,l o...0bg in awell-defined class
MNET[py, pi, w], every U € [—1/2,1/2]P*T, and every t € [T — 1] we have

First (b™ (U,t)) = First (lA)R (U, t)) .
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Proof. We prove by induction. Denote r = b;_5 o ... o b,. Therefore, we have b = by_; o r and
b=by_1 or. Fort = 0, we can denote z(®) = r ([Oq_l ul?] T) and write that

o 0 000 =i 0 (+ ([151]))) = o o (=)

(b(<1)1,.13(0)>) ¢(<’U1,l‘(0)>)
= First : = First :

10 ((vpk,-l,:r(o») ) ((c.vpk,l,x(o)»
= First (f)k,l (33(0))) = First (BR (U, O)) ,

where (v;, x(f‘)> denotes the inner product between vectors v; and (). Assume that we have
First (b® (U, ¢ — 1)) = First (ER (U, t — 1)) fort — 1 € [T — 2]. We now prove that we also have

First (b® (U, t)) = First (BR (U, t)). Denote z(*) = r ([First (b (Ut - 1)) u(t)]T). We can
then write that

First (b7 (U, )) = First (bkl or ([Fim (bRu((g’t - 1))} )) — First (b,H (;v(t)>)

¢ ({v1,21)) ¢ ((v1,21)))
= First = First :
¢(<Upk—1ax(t)>) ¢(<C'Upk—1’$(t)>)
= First (i)k_l (a:(t)>> = First (?)R (U, t)) .
O
Lemma 36. Let Wy, = [v1...v,,] € RO %Pk and Wy, = [v1 ... c.vpk]—rfora constant

¢ > 0. Define two single-layer networks b,_1(z) = ® (W,_,z) and bp_1(z) = ® (W,;'—_lw) Let
D be a distribution over [—1/2,1/2]P*T. Then, for any two multi-layer networks b = bj,_1 o ...0 by
and b =by_1 o...0bg in a well-defined class MNET[pg, pi., w] we have

P [|Last O (U, T - )| <z]=P HLast (l;R (U, T - 1))’ <¢(co™t (z))} ,

where ¢~1(2) is the inverse of sigmoid function ¢ at z.

Proof. Denote rr = by_g 0...0b, and z(T—1) = ([First (bR (U, T - 2)) u(T’l)] T). Note that

Last (bR (U, T —1)) = Last <bk1 or ([First (bR(T(g’l? - 2))} ))
— Last (bk—l (x(T—l)» -6 ((vpk,x(T_1)>) 7

where (v, , 2T ~1)) denotes the inner product between v, and (T ~1). From Lemma 35, we know
that First (b™ (U, T — 2)) = First (?)R (U, T — 2)) Therefore, we also have that

Last (BR (U, T - 1)) = Last (I;k_l or < [First (ER (0,7~ 2))] >>

u(Tﬁl)

= Last (l;k,l (x(T*I))> =¢ ((c.vpk,x(Tfl)» .
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Considering the above equations and the facts that ¢(x) is an invertible and strictly increasing function
and that ¢(x) = —¢(—=x), we can write

P [|Last (b (U, T —1))| < 2] =P [—2z < Last (" (U, T — 1)) < 2]

=P |2 <6 (0,2 7)) < 2| =P[67(=2) < (002 T™) <67 (2)]
=P [-co7(2) < (eap, 2T 7Y) < o7 ()]

6 (—c671 (2)) < 6 ((ep s ™)) < 6 (co™ ()]

=P [0 (co™ () < 6 ((cup, 2TD)) <6 (o7 (2))]

=P [[Last (0" (.7~ )| < 6 (c.o7 (2)] -

=P

D Proof of upper bound

D.1 Proof of Theorem 24|

We prove the following general theorem which holds for input domains X, and Apxr.

Theorem 37 (TV Cgvering Number of G, o REC[E, T ] From G, o F,). Let s,p,q € N such that
s =p+q— 1. Let F be a class of functions from X to X, and denote by F, = F o G, s the class
of its composition with noise. Then we have

NU (evaoREC[Taa T]7OO7dID“OV7Ap><T) S NU (6/T7?gofo‘7oo7d%o\/72) .

Proof. Let C = {Gog 0 fi ©Gas | fi ©Tas € Fuyi € [r]} be a global e-cover for G, , o F, with
respect to domain X, and d35,. Therefore, |C| < Ny (€,Go,q © For,00,d5,, Xs). Then for any
function Go 4 © f 0Gors € Goq © Fo, we know that there exists a function g4 o f; 0 Gy s in C such that

for every T € X, we have dry (ﬁ 0 f0G5.5(T),Gog © fio E(E)) < e. Denote h = fog, 5 and

f; = fl 0 Go.s- We prove by induction that for any input matrix U = [U(O) . u(T—l)} € Apxr,
_ R — ~—R __
where u(®) = §,), we have drv <gg,q o R (U, T—-1),goqoh; (UT- 1)) < Te.

—R ,— —R __ I
We start by proving that dry (mohR (U,0),Goq 0 hi (U,O)) < €. Denote (0 =

I
[50(,,1 u(o)} € A;. We can write that

drv (Gog 0 W™ (U,0) ,Gog o b (T, 0))

— (6 -1 N -1
:dTV (gmqofoga,s <|:320):|>ago,qofioga,s <|:1(L)L(IO :|>)

4T\ —
Since ({50(1_1 u(O)} ) € X, and considering the fact that g ; 0 f 0 Go.s = Go.q 0 h € Go g © For

and gs 4 © fz ©Go,s = Jo.q © IZ €Gsq0 F, are globally e-close over X, we get that
B — —R __
drv (ga,qoh (U,0) , 90,4 © hs (U,0)> <e

Now assume that we have

R —R __
dTV(gmohR(U,t—m,gU,qohi (U,zf—l))gte. (3)
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R — ~—R __
We want to bound the total variation distance between g, 4 © hR (U , t) and go 4 © h; (U , t) , which
are defined as follows.

. (=R —
MOhR(U,t)MOfOM<lFIISt(h (U,t—l))]>’

u®)

—R
—R __ R . . B
Goqohi (U.t) =Gogo fioTos First (hz (Ut 1))

u®)

From Lemma 29 we know that

drv (First (700 (R (Tt = 1)) First (gm (ﬁiR (U, - 1))))
<dry (W (A @.-1) 3% (ﬁf (Ut — 1))) <te

It is easy to verify that First (gT,q (ER (U, t— 1))) = Joq_1 (First (ER (U, t— 1))) because

o.q IS a gaussian noise with covariance matrix equal to 021, where I, € R?%4 is the identity matrix.
Considering this fact and Lemma [30] we can write that

. [gg,ql (irs (7" (U,t_1)))17 W(ma (hR (U,t—l)))

u® NO)

u(®)
<drv <First (m (ER (U, t— 1))) , First (gm (i}iR (U,t— 1)))) < te.

Applying data processing inequality for TV distance (i.e., Lemma[27) we can write that

e (Rt (1 @0 - 1)) [goas (First (%R (T,t - 1)))

dry N ; _
ga‘,p (u(ﬂ) % (U t)

. (+R . (TP =
—dry | 70 <lF1rst (h (U,t — 1))1) T First (hi (U,t — 1)> < te.

u® o)

(6)

R — — T ___
Notice that {First (hR (U, t— 1)) u(t)} is in X;. Since we know that g, ;o f 0 G55 and g, 4 ©

fi 0 Go.s are globally e-close on X, we can write that

. <g fomm ([F (2" (@~ 1))1) — ”(F (»" @~ 1))])) <

u® u®

Moreover, from data processing inequality (i.e., Lemma[27) and Equation [§] we can conclude that

o . (=R _
F1rst<h (U,t1))]>,mofiogw F1rst<h¢ (U,tl)) e

u® 2@

dry ga,qof}oga,s<

u®)
®)

Finally, we can combine Equations [7]and [§together with the triangle inequality for total variation
distance to conclude that

. —R = . ~—R __
drv ga,qofoga,sqF‘“t(h(U’t‘l))]),ga,qoﬁogg,s F‘r3t<hi((]’t_l))

u®) u®

—R

=drv (gg,qohR (U,t) ,Gog o hi (Unf)) < (t+1)e
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So far, we have proved that for any input matrix U € A, 7 we have

—R

dry (MohR (.7 1), 950k (U,T—l)) <Te

By another application of Lemma [29 we can conclude that
—R ,— —R __
dry (Last (gTﬂo (T, - 1)) Last (gwo hi (U, T - 1))) < Te
We can have a similar argument to the first function and write the above equation as
dry (got o Last (B (U, T = 1)) g o Last (A (T, T~ 1)) ) < Te.
This means that for every function g, 1 o Last (ER (ﬁ, T— 1)) inGg1o0 REC[F,, T] there exists

A R — —R __
a function f; in F such that g7 o Last (A" (U, T ~ 1)) and g5 7 o Last (hi T, T - 1)> are

globally T'e-cover close to each other with respect to A, 7. Setting €’ = €/T we can conclude that

NU (67@OREC[fUaT]7ooad%)\/aApXT) < NU (%7?410?07007‘1’%6\/72) .

The proof of the bounded domains essentially follows the same steps as above but for inputs that are
bounded, i.e., inputs in Ap ,x7 and Xp . O

D.2 A bound on the TV covering number of multi-layer noisy networks
From Theorem 25| and Theorem 23| we can get the following bound on the total variation covering
number of noisy multi-layer networks.

Theorem 38 (TV Cover for Multi-Layer Noisy Neural Networks). For every €,0 € (0, 1) and every
well-defined class MNET, [pg, pi, w], we have

IOgNU (67 go,pk o MNETa[pOa Pk, ’LU], 0, d’%OVa X0.5,p0)
~ 1
=0 (wlog (Elog (E))) =0 (wlog ()) ,
€ €0 €0
where O hides logarithmic factors.

Proof. Fix a choice of p1,...,pr—1 € Nand let F = NET[py_1,prlo...0G, o NET[pg,pi] o G
be a class of multi-layer sigmoid neural networks in MNET,, [pg, px, w]. Notice that

Gy 0 F =Gy oNET[pg—1,pxl © ... 0 Gy o NET[po, pi1l 0 Go

and that the covering number of G,, o F with respect to X} ,, is the same as the covering number of
G, o NET[pr_1,prlo...0 G, o NET[pg, p1] with respect to Go.po © X1 p,. From Theoremwe
know that for any 0 < ¢ < k — 1 we can bound the covering number of G, o NET[p;, pi+1] as

log Nu (€,G, o NET[p;, pit1],00,d%y, Go © Xo.5p,)

5/2 n i — €0 €0 :
< pi(pi+1 + 1) log <30pi vl ((eil/);az )/(c0)) In <5£Z)> )

Note that in |[Fathollah Pourind Ashtiani| (2022) the above @nd was originally stated as a bound
on the covering number of G, o NET([p;, p;+1] with respect G, o &) ;,,. However, we know that the
bound with respect to G, o X, is always an upper bound for the covering number with respect to

G, o Xo.5,p,- If, instead of setting B = 1, we wanted to consider B = 0.5 as a bound on the domain,
the covering number bound would become only tighter in terms of constant factors. Considering the
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above facts and applying Theorem 23] recursively, we can write that

log NU (kG,?UO?a 00, d%)\/am)

< log Ny (€, G, o NETIp;, pis1], 00, d5%, Go 0 Xo5.,)

k—1 5/2 |
< pilpres +1)log <30 VI (Gpi = <0)/(e0) m(spl)).

€3/2g2 €o
=0

We can now set € = €/k and rewrite the above equation as

log NU (6,g7(7 o ?, oo, d%ov, XO_57PO)

k-1 5/2
In ((5p; — €'o)/(eo 5pi
< sz (pit1 + 1)max {log (30 \/ 5/202 )/(€0)) In ( D >> }

o
1=0

P2 . _
oo T, i)

/ e 4
Swm?X{IOg (30 22 /In (5p:/(€0)) " <5]'%>>}

€/3/2 52

o
a/2 / - i )
< wmax < log BOMM opi
i €/3/252 o

opi
< wmax {IOg (30\/> /2p13/2 (e’i)) } .

Using the fact that €, o < 1, we can simplify the above equation and write that

log Ny (6,97007 o0 d%OV’T&PO)
gwm?x{log ((30[)3 ,‘?3 < <§,po>>3>}
<wmax{310g <30fpl ( >>}
<wmax{3log <3ofkpl ln( kpl))}

<w (31og <30f1n( — )))
<0 e (1 (2))) 0 (s (1)),

where we used the fact that £ < w and pi Sw for every 0 < ¢ < k. Now that we found an
upper bound on the covering number of G, o F for a choice of py,...,pr_1, we can bound the
covering number of G, o MNET, [pg, pr, w]. The number of different choices that we can have

for p1,...,pr_1 1S at most w1 since we know that Z _1 Pipi—1 = w and therefore p; < w for
every 0 < ¢ < k. Therefore, we can simply take a union of the covering sets for each choice of

Do, - - -, Pk—1 as a covering set for G, o MNET, [po, px, w], which yields to the following covering
number bound.

IOg NU (67 g7<7 o MNETO’ [p07 Pk, w]7 o0, d’Io?Va XO.5,p0)
S log wk~NU (67 g © fa oo, d%ov’ ga,po © XO.E),pO)

< wlogw +log Ni (€,G, 0 F,00,dFy, Gopy © X0.5.p0) (k <w)

0 (wigu s wios (2 (%)) =0 (e (210 (2))) =0 (e (1))
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D.3

Proof of Theorem

Proof. We know that

MNET, [po, p, w] = | JNETIp_1,pi] o ... 0 G, o NET[py, p2] © G, o NET[po, p1] 0 Gy

Define F = |JNET[px_1,prl© ... 0 G, o NET[p1, p2] 0 G, o NET[py, p1] and note that F o G, =

TU:

MNET, [po, pr, w]. Therefore, we can use Theorem to write that

NU (67 g o REC[MNETG'[p()vpka w]; T]v 0, d%OV7 A0.5,p><T)
= NU (67 gia © REC[fOW T]7 o, d’%o\/ﬁ AO‘S,pXT)

S NU (%7700f07 OO, d’%oVa X0.5,S)

€ — — -
= Ny (G o MNET, [po, pi, w), 00, dy, os.s )

We know of a bound on the covering number of G, o MNET,, [pg, pi., w] from Theorem Using
this bound we can rewrite the above equation as

D.4

NU (67 @ © REC[MNETU[p07pk7 w]a T]7 0, d:IO“OV7 A0.5,;0><T)
€ — - -
S NU (?a g o MNETO'[pO;pka ’LU], 0, d’%o\/a XO.S,S)

-oum(:Fn(22)) -0 ors(2))

Proof of Theorem

Proof. From Theorem 3| we can write that

Ez,y)

< in

feF €€[0,1/2]

~D [lv(f» z, y)}

£ ]E(ﬂ%y)ND [l’Y(fv Z, y)] +2 inf {2

12 Y2
et - / VI NG (. Fom, |12 dv

s

, 24 [1/2 In(2/8)
< ;relg_]E(%y)ND (f,z,y)] +2 éBeJrﬁ/6 \/lnNU('yl/,]:,m, ||.€2)dV] +6 o
, 24 ; In(2/9)
= J}g;ﬂ‘:(w,y)w? (L, (f 2, y)] + 16€ + ﬁ\/lDNU(VCJ:, m, |[112°) + 64/ — =,

where we have used the fact that the integral is over [0, 1/2] and the covering number decreases
monotonically with e.

D.5S

Proof of Theorem

O

We are now ready to state the proof of the upper bound on the sample complexity of PAC learning

noisy

recurrent neural networks with respect to the ramp loss.

Proof. From Theorem[19] we know that if we choose algorithm A such that for every distribution
over [—1/2,1/2]P*T x {—1,1} and any input S of m i.i.d. samples from D it outputs A(S) = h =

arg minpey,, ﬁ > (zy)es v (h, z,y) , then with probability at least 1 — § we have

Ew,y)~p {l’y(ila U, y)}

<

. 24 ¢
hlergw E(U,y)wD [l’Y(h’a Uv y)] + 16€ + ﬁ\/log NU (767 Hwa m, H||22) +6

23

log(2/6)

2m

€))

n(2/9)

2m
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We know that Q,, is a class of functions from [—1/2,1/2]P*T to [-1/2,1/2]. We also know that
[z]|52 < |l=||3° for every z. We can now use Theorem [22] to turn the bound on the covering
number of Q,, to a bound on the covering number of £(Q,,). Note that Theorem [22]is stated
for functions with outputs in [— B, B] and Q. = G, o RECIMNET, [po, pi, w], T'] outputs values
in Gy p, © Xp.5,p,. However, G, 5, is a class of zero mean Gaussian random variables that are
independent of the output of REC[MNET, [po, pr, w], T'] and, therefore, they do not change the
expectation and the covering number bound for £(Q,,) would be the same as the covering number
bound for £ (REC[MNETU [po, pr, w], T]). Thus we know that

NU(767 Hwa m, ””gz) < NU(’YQ va m, ”Hgo) < NU(pYEinwv 00, d%o\h A0~5-,P><T)'
We can, therefore, rewrite Equation@] as follows.

Ewy)~p {l"/(ilv U, y)}

24 p— J— log(2/4)
< hler%{f Ew,y)~p [l (h, U, y)] + 16€ + \/—E\/log Ny (ve, Qa,00,dF,, Do.s pxr) + 6 o
(10)

Therefore, if we find m such that ﬁ\/log Ny (ve, Qu, 00, d3%,, Apxr) = O(e) and /W -
O(e) then we can guarantee E(y/ ) p [l.y(il, U, y)} < infpen, Ewy~o [ly(h, U, y)] + O(€)

We know of a covering number bound for Q,, from Theorem [26| which is as follows.
_ - wT
log Ny (e, Qu,,oo,d??v,Ao,s,pr) =0 <w log < In < = ))) .

‘We can thus write that

log Nu (e, Qus 00,45y Bosxt) _ ) s = 0 (Luwtog (“L 1 (L
m €2 €o €o

Moreover, if we want 1/ w = O(e) then we should have m = O (%). Combining the
above results, we can conclude that

o (.6) = O (wlog(wT In (21)) +log(1/5)> 5 (wlog (L) +10g(1/6)> .

€2 €2

samples is sufficient to conclude that with probability at least 1 — & we have Ey,,)~p [Z,Y(ﬁ, U, y)} <

infren, Ew,y)~p [l5(h, U, y)] + O(€), which implies PAC learning #.,, with respect to ramp loss
with a sample complexity of my,,, (€, 9). O

E PAC learning and covering number bounds

In this section, we discuss how we can find a bound on the sample complexity of PAC learning a class
of functions with respect to ramp loss from a bound on its covering number. Particularly, we show
how to use a bound on covering number to find the number of samples required to ensure uniform
convergence with respect to ramp loss. We then connect the uniform convergence results to PAC
learning and find the minimum number of samples required to guarantee PAC learning with respect
to ramp loss.

We start by defining uniform convergence (with respect to ramp loss).

Definition 39 (Uniform Convergence with Respect to Ramp Loss). Let F be a class of functions
from X to R. We say that F has uniform convergence property with respect to ramp loss with margin
parameter v > 0 if there exists some function m : (0,1)? — N such that for every distribution
D over X x {—1,1} and every ¢,6 € (0,1), if S is a set of m(e, ) i.i.d. samples from D, then
with probability at least 1 — § (over the randomness of S) for every function f € F we have

By~ (£, 2,0)] = i Diapes b (foo,m)| < e
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go2 The sample complexity of uniform convergence for class F is denoted by m[}C(e, d), which is the
803 minimum number of samples required to guarantee uniform convergence for 7. We now show that
go4 uniform convergence implies PAC learning (with respect to ramp loss).

sos Lemma 40. Let F be a class of functions from X to R that satisfies uniform convergence property
sos  with respect to ramp loss. Then for any (e,6) € (0,1), we have mx(e,8) < mY©(e/2,9), i.e., there
807  exists an algorithm A such that for any distribution D over X x {—1,1} and any (€,8) € (0,1), if S
sos is a set of m > mY(e/2,0) i.i.d. samples from D, then with probability at least 1 — 5, we have that
g9 K [(xa y) ~ D] l’Y(A(S) €T y) < lnffE]: E(a:,y ~D [ (f? x y)] +e

sto  Proof. Let Abe an algorlthm that outputs the function in F that has the minimum empirical loss, i.e.,
st1  A(S) = argminyer ‘S‘ > (eyes by (f,2,y). Since S'is a set of m > m% (e/2,8) samples, we
812 know that with probability at least 1—§ we have ‘E(z D U (fr2,9)] — ﬁ Yyes b (frzy)| <

813 €/2 forevery f € F. Let f = A(S). Then for every f € F we can write that

1
E(x,y)~D|: (f7xyi| | Z l f,xy Z l f7xy
(z,y)eS (z,y)€ES
€ €
< ]E(:c,y)ED [lv(fa x7y)] + 5 + 5 = E(l‘,y)ED [lv(fvxvy)] +e€

814 This implies that with m > m%c(e /2,9) i.i.d. samples we can guarantee PAC learning with respect
815 to ramp loss with parameters € and d. In other words, we have mr(e,d) < m%(e/2,4). O

gt6  The following theorem tells us that we can relate the bound on the covering number of a class of
817 functions to the uniform convergence property for that class. The proof relies on bounding the
st Rademacher complexity of the class by a bound on its covering number (Dudley, [2010) and then
st9 relating the bound on the Rademacher complexity to uniform convergence property. See Shalev
s20 |Shwartz and Ben-David| (2014} and Mohri et al.|(2018) for a more detailed discussion and proof.

82t Theorem 41. Let F be a class of functions from X to R and F, = {f, : X x {-1,1} = [0,1] |
82 fy(x,y) = ry (—f(x).y),f € F} be the class of its composition with ramp loss. Let D be a
s2s  distribution over X x {—1,1} and S ~ D™ be an i.i.d. sample of size m. Then, for any 6 € (0, 1)
s24  with probability at least 1 — § (over the randomness of S) for every f € F we have

]E(I:y)ND [Z’Y (fv €, Z/)]

1
< — inf {2
<75 > lw(f,x,y)ﬂe[lg}lﬂ]{

(z,y)€S

19 (12
46+ﬁ/5 \/logNU(M]-Z{,m, I-12*)

2m

825 Itis only left to find a bound on the covering number of ., from a bound on the covering number of
g26 JF. The following lemma helps us finding this bound.

827 Lemma 42 (From Covering Number of F to Covering Number of ). Let F be a class of functions
s from X toRand F, = {f, : X x {-1,1} = [0,1] | fy(z,y) =y (—f(x).y),f € F} be the
829 class of its composition with ramp loss. Then we have

¢ J4
Ny (e, Fy,m, ||.||2) < Ny(ve, Fom, |.|[5)-

830 Proof. First, it is easy to verify that r, (with respect to the first input) is a Lipschitz continuous
g3t function with respect to ||.||2 with Lipschitz factors of 1/+; see e.g., section A.2 in [Bartlett et al.
832 (2017).

sss  Fix aninputset S = {(z1,y1),. (:Lm7ym)}CXxyandletC’:{f”S | fi € F,ie[r]}bean
834 (’}/6) -cover for F|g. For the s1mp11c1ty of notation, we denote the composition of fl with ramp loss by
835 f,Y i- Now, we prove that C, = {fﬂ, its | fv i € Fy, i € [r]}is also an e-cover for Fyis-

836 Given any f € F, there exists fl-| g € C such that

A 123

|(Fi@. s filan)) = (F@n). o )|

< ~e.
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837

838

‘We can then write that

|(Fra@n).o Fraten))

12

(fv(x1>7 ) fw(xm)) )

CHE

1

=

)= falew)

> (» (-t

k=1

3=

D) — o (—F)))

From the Lipschitz continuity of 7, (x) we can conclude that for any (z,y) € X x ),

Iy (@) =y (@) )| <

fil@) = f@).

=2~

ss9 Taking the above equation into account, we can rewrite Equation [TT]as

840

841

842
843
844

845

847
848

849

-(xl),...

—~~
:'w
S

7f'y,i(xm)) -

lo

(f’y('rl)’ R .f’y(xm)) 9

IN

IN

IN
s R e

IN

In other words, for any f, € ]:7| g the

A A L2
re exists f;, € S such that wa‘s — fys
2

therefore, C is an e-cover for .7-',” 5 and the result follows.

(11

< € and,

We can now combine Theorem 1] Lemma[0} and Lemma[@2]to state the following theorem, which
implies that we can relate a bound on the covering number of a class F to PAC learning F with

respect to ramp loss.

Theorem 43. Let F be a class of functions from X to R. There exists an algorithm A with the
Sollowing property: For every distribution D over X x {—1,1} and every § € (0, 1), if S is a set of
m i.i.d. samples from D, the algorithm outputs a hypothesis f = A(S) such that with probability at
least 1 — 0 (over the randomness of S and A) we have

IE(‘7c,y)~'D [l'y (fv z, y)]

]}lélf ]E(z y)~D [ V(f7 x, y)] +2 inf

€€[0,1/2]

1/2
4e+—/ \1og N (v, Fym, |12 dv

§

e

Proof. From Theorem A1) we know that for every f € F with probability at least 1 — § we have

E(xay)ND [l’y (fa z, y)]

>

(z,y)€S

<
|51

inf
e€[0,1/2]

l’Y(f,xvy)+

{2

ZleqLﬁ/E \/logNU(z/,}',y,m, ||,||§2)d1/]}+3

26

log(2/9)
2m

log(2/6)

2m



850
851

852

853
854
855

857

858

859

860

861

862

863

864

865

866

Lemma @] suggests that if we choose algorithm A such that A(S) = f =
arg minge r |S‘ Z (wy)es by l(f,z,y) then for any f € F with probability at least 1 — § we have

E(z,y)~D [lw(f» x, y)}

1 . . 1/2 log( 2/5
< 78] > lw(f,:c,y)+ee[lg}f/2]{2 4e+—/ Vog Nu (v, ., m, |.1) } 3\ =
(z,y)es
1/2 /log 2/5
< — Iy ( inf 2 [de + — log Ny (
— 1S (;es (f,2,9) 66[101,11/2]{ o / \/og o Fom | H ]}

<E 2 inf
(myND[ (fvx y)]+ EE[IOI,ll/Q{

1/2 log(2/4)
46—}-\/»/ VVlog Ny, . m, |115) H W
1o 1/2 log(2/6
4€+ ﬁ‘/e \/IOgNU(Pyl/y];ma ||||§2)d1/ }+6W

O

< i .
= ;gﬁ-]E(Ly)ND [l“/(fv x,y)] + 2 66[1&1{/2] {2

In Appendix [D]we use the above theorem together with an approximation of the right hand side of the
above inequality to find an upper bound on the sample complexity of PAC learning noisy recurrent
neural networks with respect to ramp loss.

F Missing proof from Section

F.1 Proof of Theorem 22

Proof. Let S = {Uy,...,Uy} C RP*T be an input set and define S = {Uy, ..., Uy} C Apur.
Let C = {fllg, ce frlg | fr € F,i € [r]} be an e-cover for 7@ with respect to d%,. Denote
H =E&F)and let H = {fzz(x) =B~ [ fl(m)} |ie [r]} C &(F) be a new set of non-random
function.

Given any random function f € F and considering the fact that C'is an e-cover for flg we know

there exists ﬁ, i € [r] such that
a5y (i Fis) = div (@), @), GO, ... F(Ow)) < e

From the above equation we can conclude that for any k& € [m] we have drv (

&m\
=
=
=
N—
N—
IA
@)

Further, for the corresponding h, h; € £(F), we know that

(V) = By [ F(T0)] = [ 22 @)@

WU =7 [TO0)] = | 227G O0) @

Rd

Denote I = 2(f(U)) and [ = 2 (ﬁ(ﬁk)) Define two new density functions Iy;f and ;s as

@)= 1@) poys f
Luigs(e) = ¢ drvil D) =
0 otherwise,
I@) = I@) 5o s 1
Luigs(e) = ¢ drvi D) =
0 otherwise.
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s67 Also, we define I,,,;,, as

Lin () = min{l(z), [()} _ min{I(x), [(x)}
" Tmin{I(e), I(@)}de 1 —dpyv (1)

ses  We can verify that
1@) = (1= drv (1, D)) Lnin(w) + drv (1 1) Laigs ()
i@) = (1= drv (1, 1)) Lin (@) + dry (1, ) Juig ().
gso  We then find the /5 distance between ﬁi(Uk) and h(U}) by

-],

= ‘ /Rdxf(x)dx—/Rde(x)dx ,

- ‘ /R x [(1 —dry(, i)) in (@) + dTV(I,f).fdiff(x)}

—x [(1 —drv (I, f)) Lnin () + dpv (1, I) daig s (2 } d:cH

— ‘ / xdry (I, f) [fdiff(x) —Idiff(x)} dx
-

= dpy (I, 1) H/R x [fdiff(x) - Idiff(x)} da

<2B./qdrv (7(U7k) , Z(Uk)) (Bounded domain [— B, B]? and triangle inequality)
< 2Be/q.

2

2

70 Since this result holds for any k& € [m], we have

~ ~ 2
s — hyslls® = hi(Uy) — h(Uk)Hz

m

zm: (2B/q)? (dTV( (Tr), f(Uj))) <2B.\/q Zez<236\[
k:

IN

g7t Therefore, 7:[‘5 is a 2Be,/q cover for H|g with respect to .|| and \’}:[|S| = r. This holds for any
g7z subset S of RP*T with | S| = m. Therefore,

Ny (2Bey/q,E(F),m, H||§2) < Ny(e, Fym,dy,, Apxr) < Ny (e, F,00,d5, Apxr)-
873 O
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