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A Analysis of Computational Complexity of DJL

We analyze the computational complexity for the proposed method as follows. There are three main
dominating parts of the computation: the adaptive discretization, the estimations of conditional mean
function and the propensity score function, and the construction of the final value estimator.

First, for the adaptive discretization on the treatment space (the main part of DJL, see Algorithm T]
Part I11.3), we use the pruned exact linear time (PELT) method in [Killick et al.|(2012)) to solve the
dynamic programing. This step requires at least O(m) computing steps and at most O(m?) steps
(Friedrich et al[|2008)). According to Theorem 3.2 in |Killick et al.| (2012), the expected computational
costis O(m).

Second, for each step in the linear complexity of adaptive discretization, we need to train the deep
neural network for the conditional mean function and the propensity score function to calculate
the cost function. Here, the time and space complexity of training a deep learning model varies
depending on the actual architecture used. In our implementation, we employ the commonly used
multilayer perceptron (MLP) to estimate the function () and the propensity score in each segment.
Suppose we use the standard fully connected MLPs of w width and d depth with feedforward pass
and back-propagation under total e epochs. Then according to the complexity analysis of neural
networks, the computational complexity of modeling the function ) and the propensity score is
O{2 xne(d — 1)w?}.

For the last part, the construction of the final value estimator based on £-fold cross fitting, which
repeats the above two steps £ times. Therefore, by putting the above results together, the total
expected computational complexity of the proposed DIL is O{L * m * 2 x ne(d — 1)w?}. Note
that the computation for the last part (i.e., cross-fitting) can be easily implemented in parallel
computing, and thus the total expected computational complexity of the proposed DJL can be reduced
to O{m * 2 x ne(d — 1)w?}.

B More on the implementation

We summarize our algorithm in Algorithm 1]

*Equal contribution.
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Global: data {(X;, A;,Y;) }1<i<n; number of initial intervals m; penalty term ~,,; target policy 7.

Local: Bellman function Bell € R™; partitions D; DNN functions {q},@z HVANS 13}, avector 7 € N™;

a set of candidate point lists R.
Output: the value estimator for target policy V (7).
L. Split all n samples into £ subsets as {L1,--- ,Lz}; V(1) « 0;
II. Initialization:
1. Set even segment on the action space with m pieces:
{I} = {[07 1/m), [1/m7 2/m),..., [(m —1)/m, 1]};
2. Create a function to calculate cost C with inputs (I, 7):
IfC(l,r) == NULL:
(). LetZ = [I/m,r/m) ifr <melse T = [I/m,1];
(ii). Fit a DNN regressor: ¢z(-) < I(z € L§)I(A; € Z)Y; ~ I(A; € Z)DNN(X;);
(iii). Store the cost: C(Z) < Zz‘eJL; I(A; € T){qz(X;) — Yi}2;
Return C(I,7); '
NI.Foré{=1,---,L:
1. Set the training dataset as L§ = {1,2,--- ,n} — Ly;
2. Bell(0) < —v,; D =[0,1]; 7 + Null; R(0) + {0};
3. Apply the pruned exact linear time method to get partitions: For v* =1,...,m:
().Bell(v*) = min,eg (v+){Bell(v) + C([v/m, v* /m)) + v };
(ii). v' = argmin,c g, {Bell(v) + C([v/m,v* /m)) + Yu};
(iii). 7(v*) « {vl, 7(v})};

@iv). R(v*) + {v € R(v* — 1)U {v* — 1} : Bell(v) + C([v/m, (v* — 1)/m)) < Bell(v* — 1)};

4. Construct the DR value estimator: r < m; [ < 7[r]; While r > 0:
()LetZ = [I/m,r/m)ifr <melseZ = [I/m,1]; D + DUL;
(ii) Recall fitted DNN: gz(-) < (i € LE)I(A; € I)Y; ~ I(A; € T)DNN(X,):
(iii) Fit propensity score: bz (-) + I(i € L§)I(A; € Z) ~ I(A; € Z)DNN(X;);
(iv)r « ;1 « 7(r);

6. Evaluation using testing dataset L;:

V(@) = Trep (Sier, 14 € T) [H5E9EB Y, — (X)) + (X))
return V (7)/n .

Algorithm 1: Deep Jump Learning

C Additional Experimental Results

We include additional experimental results in this section. First, the number of initial intervals m
represents a trade-off between the estimation bias and the computational cost, as illustrated in Figure
In practice, we recommend to set m = n/10. When n is small, the performance of the resulting
value estimator is not overly sensitive to the choice of ¢ as long as c is not too large. See the left
panel of Figure|l|for details. When n is large, we further investigate the computational capacity
of the proposed method by setting m = n/10 for large sample sizes and report the corresponding
computational time in Table We use Scenario 1 and consider the sample size chosen from
n € {1000, 2000, 5000, 10000} for illustration. It turns out that such a choice of ¢ can still handle
datasets with a few thousand observations. Here, we use parallel computing to process each fold,
as our algorithm employs data splitting and cross-fitting. This largely facilitates the computation,
leading to shorter computation time compared to those listed in Table[I] Finally, when n is extremely
large, setting m = n/10 might be computationally intensive. In addition to parallel computing, there
are some other techniques we can use to handle datasets with large sample size. For instance, in
the change-point literature, [Lu et al.[(2017) proposed an intelligence sampling method to identify
multiple change points with long time series data. Their method would not lose much statistical
efficiency, but is much more computationally efficient. It is possible to adopt such an intelligence
sampling method to our setting for adaptive discretization. This would enable our method to handle
large datasets.



Table 1: The averaged computational cost (in minutes) under the proposed deep jump learning and
three kernel-based methods for Scenario 1.

Methods  Deep Jump Learning SLOPE (Su et al.[2020) |Kallus & Zhou|(2018) |Colangelo & Lee|(2020)

n = 50 <1 <1 365 <1
n=100 3 <1 773 <1
n=200 7 1 > 1440 (24 hours) <1
n=300 14 2 > 2880 (48 hours) <1

Table 2: The averaged computational cost under the proposed deep jump learning for Scenario 1 with
large sample settings.

Sample Size n = 1000 n = 2000 n =5000 n = 10000

Computational time  15.92 minutes  30.40 minutes 1.32 hours  2.86 hours

Table 3: The absolute error and the standard deviation (in parentheses) of the estimated values under
the optimal policy via the proposed deep jump learning and three kernel-based methods for Scenario
1to 4.

n 50 100 200 300
Scenario 1  Deep Jump Learning 0.445(0.381) 0.398(0.391) 0.253(0.269) 0.209(0.210)
V=133 SLOPE (Su et al.[2020)  0.392(0.377) 0.385(0.549) 0.329(0.400) 0.344(0.209)
Kallus & Zhou|(2018) 0.656(0.787) 0.848(0.799) 1.163(0.884) 0.537(0.422)
Colangelo & Lee|(2020) 1.285(1.230) 1.473(1.304) 1.826(1.463) 0.934(0.730)
Scenario 2 Deep Jump Learning 0.696(0.376) 0.502(0.311) 0.400(0.219) 0.411(0.168)
V =1.00 SLOPE (Su et al.[2020)  0.620(0.634) 0.859(0.822) 0.749(0.878) 1.209(0.435)
Kallus & Zhou|(2018) 1.061(1.124) 1.363(1.131) 1.679(1.032) 1.664(0.792)
Colangelo & Lee|(2020) 1.827(1.371) 2.292(1.458) 2.429(1.541) 2.264(1.062)
Scenario 3  Deep Jump Learning 2.014(0.865) 1.410(0.987) 1.184(0.967) 1.267(0.933)
V =4.86 SLOPE (Su et al.2020)  3.660(0.496) 3.185(0.592) 2.897(0.781) 2.037(0.401)
Kallus & Zhou|(2018) 2.196(2.369) 2.758(2.510) 3.573(2.862) 1.151(1.798)
Colangelo & Lee|(2020) 2.586(2.825) 3.172(3.027) 3.949(3.391) 1.367(2.110)
Scenario 4 Deep Jump Learning 0.494(0.485) 0.412(0.426) 0.349(0.383) 0.321(0.315)
V =1.60 SLOPE (Su et al.[2020)  0.586(0.337) 0.537(0.279) 0.483(0.272) 0.483(0.143)
Kallus & Zhou|(2018) 2.192(1.210) 2.740(1.034) 3.354(1.324) 1.555(0.500)
Colangelo & Lee|(2020) 2.975(1.789) 3.282(1.525) 3.921(1.927) 1.853(0.751)
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Figure 1: The absolute error of the estimated value and the computational cost (in minutes) under the
DIJL with different initial number of intervals (/m) when n = 100 in Scenario 1.



Table 4: The averaged size of the final estimated partition (|ﬁ\) in comparison to the initial number
of intervals (m) under the proposed DJL for Scenario 1 to 4.

1D|/m n=50 n=100 n=200 n=300
Scenariol 3/5 4/10 6/20 6/30

Scenario2 4/5 6/10 9/20 11/30
Scenario3 4/5 6/10 8/20 10/30
Scenario4 4/5 6/10 8/20 10/30

Table 5: The mean squared error (MSEﬂ the normalized root-mean-square-deviation (NRMSDﬂ
the mean absolute error (MAEf] and the normalized MAE (NMAE’bf the fitted model under the
multilayer perceptrons regressor, linear regression, and the random forest algorithm, via ten-fold
cross-validation.

Method  Multilayer Perceptrons Regressor  Linear Regression Random Forest

MSE 0.06 0.09 0.08
NRMSD 0.13 0.16 0.15
MAE 0.19 0.23 0.22
NMAE 0.10 0.12 0.12

D Rate of Convergence of Kernel-Based Estimators

D.1 Convergence Rate under Model 1

Consider the following piecewise constant function @

_f 0, ifa<1/2,
Q(z,a) _{ 1, otherwise.

Define a policy 7 such that the density function of 7(X) equals
{ 4/3, if1/4 < m(x) <1/2,

2/3, elseif1/2 < w(x) < 4/3,

0, otherwise.
We aim to show for such () and 7, the best possible convergence rate of kernel-based estimator is
n=1/3,

We first consider its variance. Suppose the conditional variance of Y| A, X is uniformly bounded
away from 0. Similar to Theorem 1 of|Colangelo & Lee|(2020), we can show the variance of kernel
based estimator is lower bounded by O(1)(nh)~* where O(1) denotes some positive constant.

We next consider its bias. Since the behavior policy is known, the bias is equal to

. </w<x>+h/2K {G—Z(X)} I{r(X) <1/2<a} ~Ha<1/2 < W<X>Hd“> |

(X)—h/2

Using the change of variable a = ht 4+ w(X), the bias equals

E < v K®)[{n(X) <1/2 < 7(X) + ht} — {m(X) + ht < 1/2 < W(X)}]dt> .
—1/2

SMSE =1%" (Vi — Y;)?. Seehttps://en.wikipedia.org/wiki/Mean_squared_error.

"NRMSD = (YY) —min(Y) % See https://en.wikipedia.org/wiki/Root-mean-square_
deviation.

SMAE = Ly Y- }71| See https://en.wikipedia.org/wiki/Mean_absolute_error.

‘NMAE = MAD See https://en.wikipedia.org/wiki/Root-mean-square_
deviation.

max(Y)—min(Y) "


https://en.wikipedia.org/wiki/Mean_squared_error.
https://en.wikipedia.org/wiki/Root-mean-square_deviation.
https://en.wikipedia.org/wiki/Root-mean-square_deviation.
https://en.wikipedia.org/wiki/Mean_absolute_error.
https://en.wikipedia.org/wiki/Root-mean-square_deviation.
https://en.wikipedia.org/wiki/Root-mean-square_deviation.

Consider any 0 < h < e for some sufficiently small e > 0. The bias is then equal to

1/2 1/2
/ K@t){Il(a<1/2<a+ht) —I(a+ ht <1/2 < a)}dtda
1/2—¢/2J—1/2

1/24¢/2 ,1/2
+ / K){I(a < 1/2 < a+ ht) —I(a+ ht < 1/2 < a)}dtda.
1 —1/2

Under the symmetric condition on the kernel function, the above quantity is equal to

1/2 1/2 1/2—h/4 p1/2
/ / t)dtda > = / / t)dtda
1/2—h/2 2a)/2h 1/2—h/2 2a)/2h

1/2—h/4 ,1/2 no[12
> / K(tydtda = [ k(t)ar.
3 1/2-h/2 J1/4 1/4

Consequently, the bias is lower bounded by O(1)h where O(1) denotes some positive constant.
To summarize, the root mean squared error of kernel based estimator is lower bounded by

O(1){(nh)~'/2 + h} where O(1) denotes some positive constant. The optimal choice of / that

minimizes such lower bound would be of the order n~'/3. Consequently, the convergence rate is
lower bounded by O(1)n~1/3,

D.2 Convergence Rate under Model 2

Similar to the case under Model 1, we can show the variance of kernel-based estimator is lower
bounded by O(n~'h~1) in cases where the conditional variance of Y given (A, X) is uniformly
bounded away from zero.

Consider the conditional mean function @)

Q(z,a) = Ch—lK{“_;(""”)},

for some constant C' > 0. We aim to derive the bias of kernel-based estimator under such a choice of
the conditional mean function (). Using similar arguments in the case where Model 1 holds, we can
show the bias equals

b (o ATV , g (A=)

Similarly, we can show the right-hand-side is lower bounded by O(1)h. This implies that the
convergence rate is at least O(1)(n=th~! 4 h) under Model 2.

E Technical Proof

Throughout the proof, we use ¢, C, ¢, ¢, ¢4, etc., to denote some universal constants whose values
are allowed to change from place to place. Let O; = { X, Y;} denote the data summarized from the
ith observation. For any two positive sequences {ay, },, and {b, },. The notation a,, < b,, means
that there exists some universal constant ¢ > 1 such that ¢~ 1b,, < a,, < ¢b,, for any n. The notation
a, x b, means that there exists some universal constant ¢ > 0 such that a,, < c¢b,, for all n.

Proofs of Theorems [[|and 2|rely on Lemmas [E.T] [E.2] and In particular, Lemma [E.T| establishes
the uniform convergence rate of (i(IZ) for any Z whose length is no shorter than o(~,,) and belongs to
the set of intervals:
J(m) = {[i1/m,iz/m) : for some integers i1 and io that satisfy 0 < iy < iz < m}
U {[is/m, 1] : for some integers i3 that satisfy 0 < i3 < m}.
To state this lemma, we first introduce some notations. For any such interval Z, define the function

qro(z) = E(Y|A € Z, X = z). It is immediate to see that the definition of gz o here is consistent
with the one defined in equation ] for any Z C Dy.



Lemma E.1 Assume either conditions in Theorem 1 or 2 are satisfied. Then there exists some
constant C' > 0 such that the following holds with probability at least 1 — O(n=2): For any
1<t4< L TeT(m)and|Z| > cyn,

¢
Bllazo(X) — @ ()P {Oi}iers] < C(nlZ]) /5P log* . (M
Here, the expectation in equation [I)is taken with respect to a testing sample X.

Lemma E.2 Assume either conditions in Theorem 1 or 2 are satisfied. Then there exists some
constant C' > 0 such that the followings hold with probability at least 1 — O(n=2): For any
1<t4< L TeT(m)and|Z| > cyn,

3 Y 1A € DY - aro(X)HE (X0) — az.o(X0)}| < CIZ)P/ PP 10g5n.,
TeD® |i€Lg

Lemma E.3 Assume either conditions in Theorem 1 or 2 are satisfied. Then the following
events occur with probability at least 1 — O(n=2): there exists some constant ¢ > 0 such that
ming 7, |Z| > ey forany 1 < ¢ < L.

We first present the proofs for these three lemmas. Next we present the proofs for Theorems [[]and 2}

E.1 Proof of LemmalE.]l

The number of folds £ is bounded. It suffices to derive the uniform convergence rate for each ¢. By

definition, qA(IZ )

It follows that

is the minimizer of the least square loss, arg min ¢ o, Ziehﬁ I(A; € 7)Y — q(Xy)|%

> IA € DY =3 (X)° < 3 T(A; € )Y — (X,

i€Lg ieLg
for all ¢ € Qz. Recall that gz o(z) = E(Y|A € Z,X = z), we have E[I(A € I){Y —
qz,0(X)}|X] = 0. A simple calculation yields

ST I(A; € Dlaro(X:) - 3 (X)) < (A € Dlaro(Xs) — a(Xo)P

iclg €Ly

+2 3" 1(A; € TIY: — qz.o(Xa) HE (Xi) — az0(X0)},
ielg
for any g and 7.

The first term on the right-hand-side measures the approximation bias of the class of deep neural
networks. Since E[I(A € Z){Y — ¢z,0(X)}|X] = 0, the second term corresponds to the stochastic
error. The rest of the proof is divided into three parts. In Part 1, we bound the approximation error.
In Part 2, we bound the stochastic error. Finally, we combine these two parts together to derive the
uniform convergence rate for 6(12).

Part 1. Under the given condition, we have Q)(e,a) € ®(, ¢), b(ale) € ®(S, ¢) for some ¢ > 0 and
any a. We now argue that there exists some constant C' > 0 such that gz,o € ®(8, C) for any Z. This
can be proven based on the relation that

Jz Q(z, a)b(alz)da

fI a|x Yda
Specifically, we have that sup, |gz,0(z)| < sup, . |Q(x,a)| < c. Suppose 3 < 1. For any

x1, T2 € X, consider the difference |gz o(x1) — ¢z,0(z2)|- Under the positivity assumption, we have
inf, ; b(alx) > ¢, for some c, > 0. It follows that

QZO( )

J71Q(z1,0a) Q( |b(a|:c1)da

laz,0(x1) — qz,0(22)| < T blale
z
fI|Q 3, a)||b(alz1) — b(alzz)|da fI|Q 3, a)|b(alzs) dafz|b(a|f€1) b(a|xz)|da
J7 bla|z1)da J7 blalz1)da [} b(a|xs)d

2
<z — xQHﬁ*LﬁJ + 2:||1‘1 _ xZnﬁﬂﬁJ.
*



Consequently, gz € ®(8, ¢ + 2¢2/c?).

Suppose 3 > 1. Then both Q(e,a) and b(ale) are |3]-differentiable. By changing the order
of integration and differentiation, we can show that ¢z o(z) is | ]-differentiable as well. As an
illustration, when < 2, we have | 3] = 1. According to the chain rule, we have

dqzo(x) _ J7{0Q(x,a)/027}b(alz)da [; Q(alx){0b(alx)/0x }da

dzi J;b(alz)da J7 b(alz)da
fz (alz)b(alz)da [{Ob( a|x)/8xj}da
{fI (a|r)da}?

Moreover, using similar arguments in proving gz o € ®(3, ¢ + 2¢?/c?) when 3 < 1, we can show
that all the partial derivatives of gz o(x) up to the |8 |th order are uniformly bounded for all Z. In
addition, all the | 3]th order partial derivatives are Holder continuous with exponent 8 — | 8. This
implies that gz o € ®(8, C) for some constant C' > 0 and any 7.

It is shown in Lemma 7 of [Farrell et al.|(2021])) that for any € > 0, there exists a deep neural network
architecture that approximates ¢z o with the uniform approximation error upper bounded by ¢, and

satisfies Wz < CeP/B(loge™ + 1) and Lz < C(loge~! + 1) for some constant C' > 0. These
upper bounds will be used later in Part 2. The detailed value of € will be specified below. It follows
that for any Z, the bias term can be upper bounded by

> (A € D)lgro(Xi) — (X <€) 1(4; €T). 2)
ieLg i€y

We next provide an upper bound for the right-hand-side. Since A has a bounded probability density

function, the variance Var{I(A4; € Z)} is upper bounded by \/FEI(A; € Z) < ¢y/|Z| for some
universal constant ¢ > 0. It follows from Bernstein’s inequality that

: t%/2
> I(A; €T) - [L{ENA€T) >t < ),
vele

for any t and Z. Set t7 = 6 max(cy/n|Z|logn,|Z|logn), the right-hand-side is upper bounded by
n~%. Since m = n and the number of intervals Z in J(m) is upper bounded by m?, it follows from
Bonferroni’s inequality that

pr| J {D WA €D~ [LYENAET) > t7 o | <m’n~* =0(n?).
Zed(m) | i€ls
As such, with probability at least 1 —O(n~2), we have that ZieLg I(A, €eI)-|L{|EFI(A e T) < itz
uniformly for all Z, or equivalently, > ", eL I(A; € T) < |L§|¢|Z| + tz. Consider a subset of intervals
7 with |Z| > ¢, for any constant ¢ > 0. Under the given conditions on ~,,, we have

Z I(A; € T) < nc*|Z|, foranyZ suchthat |Z| > cv,, 3)
i€Lg

for some constant ¢* > 0. It follows from equation 2] that the following holds with probability at least
1 — O(n=2): for any Z € J(m) such that |Z| > cv,,, we have

D (A € D)lazo(Xi) — a(X3)” < e*en|T].
i€elg
Set ¢ to (n|Z])~#/(20+P) it follows that
D 1A € Dgzo(Xs) — a(X0) [P < & (n|Z)) ">/ 4P (n|T)). 4)
i€y

Wz and Lz are upper bounded by C(n|Z|)?/(5+P)(Blog(n|Z])/(28 + p) + 1) and
C(Blog(n|Z|)/(28 + p) + 1), respectively. This completes the proof for Part 1.



Part 2. For the function class of deep neural networks (J7, we use 67 to denote the parameters in deep
neural networks. This allows us to represent Q7 as {gz(e,07) : 67} We will apply the empirical

process theory (see e.g.,|Van Der Vaart & Wellner]|1996) to bound the stochastic error. Let 67 be the
estimated parameter in a(IZ ). Define

0*(Z,0) = E{I(A € I)|qz,0(X) — qz,0(X,0)]*},

for any 0 and Z. Consider two separate cases, corresponding to o (Z, 51) < |Z|Y?(n|z|)~P/(2B+P)

and 0(Z,07) > |Z|*/2(n|Z|)~P/(28+P) respectively. We focus our attentions on the latter class of
intervals. In Part 3, we will show that for those intervals,

o(T,01) < O()|Z|"(n|Z]) =7/ *F7) log" n,
for some universal constant O(1). This implies that for any Z, we have

o(Z,07) < O(V)|Z|V2(n|Z])~ P/ 25 +P) 108" n. (5)

We consider bounding a scaled version of the stochastic error,

(Ila) Z I(A; € I){Y; — QI,O(Xi)}{ZI\(IZ)(Xi) —qz,0(Xi)}-
O\ V7)) jere

Its absolute value can be upper bounded by

Z(T) = sup ﬁ 3 54 € DY ~ 02X HazolXe ) ~ azof(X0Y

where the supremum is taken over all § such that o'(Z, 0) > |Z|'/?(n|Z|)~#/(25+p),

For a given 6, the empirical sum has zero mean. Under the boundedness assumption on Y, its
variance is upper bounded by some universal constant. In addition, each quantity o~ 1(Z, §)I(4; €
I{Y; — qr.0(Xi)Haz.o(Xi,0) — qr.0(X;)} is upper bounded by O(1)|Z|~1/2(n|Z|)?/(25+P) for
some universal constant O(1). This allows us to apply the tail inequality developed by Massart et al.
(2000) to bounded the empirical process. See also Theorem 2 of |[Adamczak et al.| (2008)). Specifically,
for all t > 0 and T that satisfies o/(Z,67) > |Z|*/2(n|Z|)~#/(2A+P)  we obtain with probability at
least 1 — exp(t) that

Z(T) < 2EZ(T) + ev/tn + t&Z| = /2 (n|Z|)?/ 20+, (6)

for some constant ¢ > 0. By setting ¢ = 3 log n, the probability 1 — exp(t) = 1 — n~3. Notice that
the number of intervals Z is upper bounded by O(n?), under the condition that m is proportional to
n. By Bonferroni’s inequality, we obtain that equation E]holds with probability at least 1 — O(n~2)
for any Z. Under the given condition on ~,, for any interval Z such that |Z| > ¢, the last term
on the rigl;t-hand-side of equation E]is o(y/n). Tt follows that the following occurs with probability
1—-0(n"),

Z(T) < 2EZ(T) + 2¢\/nlogn, (7
for all Z such that |Z| > ¢y, and o(Z,07) > |Z|Y/2(n|Z|)~B/A+p),
We next provide an upper bound for EZ(Z). Toward that end, we will apply the maximal in-

equality developed in Corollary 5.1 of |Chernozhukov et al.| (2014). We first observe that the
class of empirical sum indexed by 6 belongs to the VC subgraph class with VC-index upper

bounded by O(WzLzlog(Wz)). It follows that for any Z such that |Z| > c¢v,, o(Z, 51) >
|Z|1/2(n|Z|)~F/(8+p),

EZ(T) « \/nWy Lz log(Wz)log n + Wz Lz log(Wz) log n.

Based on the upper bounds on Wz and L7 developed in Part 1, the right-hand-side is upper bounded
by

O(1)(n|Z)/ 47420\ [nlog" n + O(1)|Z| =2 (n|Z])"/ 74P log" m,



where O(1) denotes some universal constant. It is of the order O{n'/2(n|Z|)?/(4#+2P) 1og* n}. This
yields that

EZ(Z) o n*/>(n|Z))"/ 47727 log? .

This together with equation E] and equation I yields that with probablhty atleast 1 — O(n=2), the

scaled stochastic error is upper bounded by n'/2(n|Z|)?/(46+2p) Jog* n. As such, with probability at
least 1 — O(n~2), we obtain that

> (A € DY — qzo(X) HE (X0) — az.0(X0)}| o o(Z, 0702 (n|Z])P/ 49 +20) log* n,
ieLg

for any T such that [Z| > ¢, o(Z,07) > |Z|/2(n|Z|)~#/(2f+P) By Cauchy-Schwarz inequality,
the left-hand-side can be further upper bounded by
no?(Z,01)
4

where O(1) denotes some universal positive constant. This completes the proof for Part 2.

+ O(l)(n|I\)p/(25+p) log8 n,

Part 3. Combining the results in Part 1 and Part 2, we obtain that for any Z such that |Z| > ¢y,
o(Z,07) > |Z|*/?(n|T|)~P/26+p),

no?(Z,07)

1 +O(1)(n|I\)p/(2ﬁ+p) log® n,

¢
E I(A; € I)lqz,0(Xs) — a(z)(Xi)F <
ieLg

with probability at least 1 — O(n~2). As for the left-hand-side, we notice that

ST I(4 € Dlazo(Xs) — 35 (X))

i€Lg

Cc n E (& n
> [L§lo*(Z,01) — |3 (A € T)lazo(X) — Gy (X0)[2 = [L§lo*(Z, 0r)|
i€l
Using similar arguments in Part 2, we can show that the second line is upper bounded by
no*(Z,07)/8 + O(1)(n|Z|)P/8+P) log® n, with probability at least 1 — O(n~2), for any Z such
that |Z| > ¢y,, 0(Z,07) > |Z|Y/?(n|Z|)~P/(28+P)_ Since L§ > n /2, we obtain

1 1 1 ~ 1
(G-1-3 )P4 (E.r) = goT.0) o (nlT) /2P g

This yields the desired uniform upper bound for o (Z, 91) We thus obtain equatlonlholds with
probability at least 1 — O(n=2).

Under the assumption that the density function b(a|x) is uniformly bounded away from zero, we
obtain

~ [
o*(T,01) < cZ|Blgz o(X) — G5 (X) P2,
for some constant ¢ > 0. This assertion thus follows.
E.2 Proof of LemmalE.2|

The assertion can be proven in a similar manner as Part 2 of the proof of LemmalE.T] We omit the
details to save space.

E.3 Proof of LemmalE.J3

Consider a given interval Z € DO, Suppose |Z| < ¢y,. The value of the constant ¢ will be
determined later. Then, for sufficiently large n, we can find some interval Z' € J(m) N D that is



adjacent to Z. Thus, we have Z U Z’ € J(m), and hence

¢
| |Z]IA e (Y, — (X)) + |]Lc‘
i€lg

ST (A e THY: - G0 (X)) ()

LE]LC
= |Hf\ Z I(4; e ZUT)Yi - qI&I/(X )1} = Yn-
€L

Notice that the left-hand-side of the above expression is nonnegative. It follows that

3 LA € TUT)Y; — G507 (X0))2.
i€Lg

Yo <
ILI

By definition, we have

1
G5y = argmin ~ > I(A; € TUT)Y; - qz(X:)}%
qz€Qr M i€Lg

It follows that
¢ 1 ¢
_ Z (A4 € TUTY: — G50p (X)) < — 3 I(A; € TUT)Y: — g5/ (X0) 2.
|1L | 2~ L] &~
2
By equatlon@ this further implies that
¢ 1
I LS e Dy - @0 (X0} < I 2 (e DY, — 35 (XY =,
¢lieLs ¢ ieLs
and hence

¢
Yo < UL“\ 34 € DY - 5 (X))
€L
Under (A2), the function gz is uniformly upper bounded from above. It thus follows from Cauchy-
Schwarz inequality that

S e ‘Z I(A; € D{Y? + G5 (Xi)} <con ' Y 1(A; € 1),
Z

1€L] S

for some constant ¢y > 0. Usmg similar arguments in showing equation[3] we can show that with
probability at least 1 — O(n~?), the following evens hold for all Z € J(m),

nt Z I(A; € 7) < ci(v/n~1Z|logn + |Z]),
i€lLg
for some constant ¢c; > 0. The right-hand-side shall be larger than or equal to ~,,. Consequently, we
have either |Z| > co7y,, or |Z| > can~y?/ logn for some constant co > 0. Under the given condition
on 7, we obtain that |Z| > co,, for sufficiently large n. The proof is hence completed.

E.4 Proof of Theorem/[]

Since the number of folds L is a fixed integer. We will show the assertions in (i) and (ii) holds for
each ¢, with probability at least 1 — O(n~2). The proof is divided into three parts. In Part 1, we show
the consistency of the estimated change point locations and that |D(*)| > |Dy| with probability at
least 1 — O(n~2). In Part 2, we prove that |D(*)| = | Dy| with probability at least 1 — O(n~2) and
derive the rate of convergence of the estimated change point locations and the estimated function Q.
In Part 3, we derive the rate of convergence for the value estimator.

Part 1. We first show the consistency of the estimated change-point locations. Assume [Dgy| > 1.

Otherwise, the assertion |[D()| > |Dy| trivially hold. Consider the partition D = {[0, 1]} which
consists of a single interval and a zero function (). By definition, we have

) ~
S [ Y wa ey - @0 (X0)Y? | + LD O] < 3 ¥ + Ly
Ieﬁ“) iE]Lz ie]Lg

10



Under the boundedness assumption on Y, we obtain that \Lg|%|ﬁ(€)| < Co(|LG| + v») for some
constant Cy > 0 and hence

D] < 2Co7; 7, ©
for sufficiently large n, as v, — 0.

Notice that

S YA ey - X0 = > Y A € DY — qro(X))?

TeD®) €Ly TeD® i€l
ny
14
+ 30 Y A e DG (X0) - azo(Xi))
TeDW i€l

¢
=2 3 1WA € DY; — aro(X)Hay (Xi) — aro(X0)}.
TeD® [1€L]
The second line is non-negative. Under Lemmas [E:2] and [E3] the third line is lower bounded
by —C1 ) 7cpin(n n|Z|)P/®+28) 1og® n for some constant C; > 0 with probability at least 1 —

O(n=2). In view of equatlon EI, it can be further lower bounded by —2C(C~;, 'n?/ (P+26) log® n.
By equation |§| and the given condition on -, the thlrd line is o(n). It follows that

37 304 € DY - 37 (X)) = 05 + o(n), (10)

TeD) i€L]
with probability at least 1 — O(n™2).

Similar to equation [3] we can show that the following events occur with probability at least 1 —

O(n=?),

|Z (A; € DLY; — Q(Xy, AYHQ(X:, A;) — az.0(X:)} (11)

| V4 ZE]LC

< ¢ {nl/z\/E]I(A € D{Q(X,A) — qz0(X)}2logn +n~'log n] ,

1] 22 14 € DX A) ~ aro(X)F - FI(A € DIQ(X. A) (X)) (12

i€Lg

<o |72 [EIA € ZHQUEA) ~ aza(X))logn + ™ og
for some constant ¢y > 0. For any interval Z, the two upper bounds in equation [IT]and equation [T2]
are o(1).
It follows that

= Y YA ey - QXL AN + Y S T4 € DHQXG, A) — aro(X0))?

TeD® i€lg TeD® €Ly
+2 ) Y T(A; € DY — QX5 A)HQ(X4, Ai) — gz.o(Xi)}
TeD® i€Ls
= Vi - Q(Xi, AP + L] Y EI(A € D|QX, A) — qz(X)[* + o(n),
ielg TeD®)

with probability at least 1 — O(n~2). It follows from equationthat

oY MA e DY -G (XY = Y Vi — QX A

TeD® €L i€lg

3 13)

+HILE| Y EI(A € D)|Q(X, A) — qz(X)[* + o(n),
TeDW

11



with probability at least 1 — O(n~2).
Let us consider 5. We observe that
m= Y Y (A € D)|Y; - qz.o(X:)|*.
ZeDo iclf

By the uniform approximation property of deep neural networks, there exists some ¢; € Q7 such
that

Z laz.0(Xi) — g3 (Xi)[* o< n(n|Z])~20/C04P),
ieLg

See Part 1 of the proof of Lemma [E1] for details. Similar to equation [3] we can show that the
following events occur with probability at least 1 — O(n~2),

e S T € Y -z} az(X) — (60} | < DVE LB 92500,
€l jeLs

for some constant ¢y > 0 and any Z € Dy. It follows that

=Y Y WA DY, —gx(X)P > = Y Y I(Ai € Dgzo(Xi) — ¢5(X0)|?

TeDy iels TeDyiels

=2 > 1D LA € D{Yi — ax(Xi) Haz(X0) — gz (X0)}| > —en?/ BP0,
TED, |icls

for some constant ¢ > 0. This together with equation [T3]yields that
4 *
> D UA DY —a (X)Y > Y- D LA € DIY; - gx (X))
Ieﬁ(({) iG]LE ZeDy iE]L‘[E

+LE| Y EI(A € T)|Q(X, A) — qz.0(X)[* + o(n) + O{n?/ 4P},
TeDW

(14)

with probability at least 1 — O(n~2).

Let K = |Dy|. For any integer k such that 1 < k < K — 1, let Ty 1, be the change point location
that satisfies 7, = i/m for some integer i and that |79 5 — 7| < m~". Denoted by D* the
oracle partition formed by the change point locations {7 el Set 70 = 0, 75 x = 1 and
q[:%.k—l’T(,)k,k) = q[:'o,k-—lﬂ'o,k) forl < k< K —1. Let A, = [Tg,k_l,’rg}k) N [70,k—1, To,x)¢ for
1<k<K-1land Ax = [Tg’Kfl, 1] N [70,x -1, 1]¢. The length of each interval Ay is at most
m~L. Tt follows that

DD WA € DY — a7 (X)) | + 7alLglD7]
ZeD* |i€l

K
- > D WA e DY — i (X)Y | +1lLElIDol | <2) ) T(A; € Ay) {Yf + sup Q%Q(Xi)} :

TeD, |ielg k=1i€Ls o,

Since Y is a bounded variable, g7 is uniformly bounded for any Z. The right-hand-side is upper
bounded by Zszl > eLe I(A; € Ay). Similar to equation The later is upper bounded by O (logn),
with probability at least 1 — O(n~2).It follows that

D | D0 WA € DY — g7 (X)}? | + LG D7 (15)
ZeD* [i€lg

= | X2 [ Do WA e D{Yi - 2(X0)}? | +7alL{l[Do| | < O(logn),
IeDy |i€lg

12



with probability at least 1 — O(n~2). By definition,
> D UA € DY~ (X)) + 7L 1DY)

TeDW) €L (16)
< Y0 Y HA € D{Yi — g5 (X)) + 7LD,
ZeD* ielg
Combining this together with equation [T3]yields that
‘ P~
> YU e D{Yi - (X)) +7alL{l DY)
TeD® i€l
< Y0 T WA € DY 3 (X0)} + alLIDo] + Ollog ).
ZeDyiels
It follows from equation[T4]and the condition ~,, — O that
Y EI(A€DQX, A) - azo(X)]* = o(1), (17)

ZeD®
with probability at least 1 — O(n~2). Under the event defined above, we show that
mMaX,e j(py) MiN J(PW®) |7 — 7] < 6 for any constant 6 > 0. This yields the consistency of
our estimated change point locations.
Specifically, under the condition that ¢z, 0 # ¢z,,0 for any adjacent Z;,7Z; € Dy, we have

Elqz, 0(X) — qz,,0(X)[? > 0. Let &y denote the minimum distance between two change point
locations. Since the change points are fixed, Jy is a fixed positive value. For a given 0 < § < dg,

SUPPOSE MaXre j(py) Ml ¢ 5 (Fe)) |7 — 7| > 4. Then there exists a change point 7y and Z € DO

such that 7o € Z, |Z| > 24 and that min(|a — o[, |b—70|) > 0 where a, b correspond to the endpoints
of the interval Z. Under the event defined in equation[I'7] we have

EI(A € [a,b))|Q(X, A) — qz,0(X)[> = o(1). (18)

Since dy > d, the conditional mean function @) is a piecewise function of A in the intervals [a, 7o]
and [7g, b]. The left-hand-side thus equals

EI(A € [0, b])|g{ry,01,0(X) = az.0(X)* + EI(A € [a,70])|q1a,r,1,0(X) — qz.0(X)]*.

The function g7 o that minimizes the above objective is given by

{EL(A € [a,b]|X)} ™ [gla,7o),0(X) B{I(A € [a,70])| X} + qlry 4,0 (X) E{L(A € [r0, b])| X}].
Consequently, the left-hand-side of equation[I8]is greater than or equal to

B{I(A € [r0, b])| X HI(A € [a, 70])|X }dro 41,0 (X) = dla,ro],0 (X)),
which is not to decay to zero since min(|a — 79|, |b — 79|) > ¢ and that gz, o # gz, o for any adjacent
T1,7Z5 € Dy. This contradicts equation As such, we obtain that max, ¢ j(p,) min. . J(Bwy T |7 —

7| < 4 for any sufﬁmently small . This yields the consistency of the estimated change point locations.

It also implies that |D )| > |Do| with probability at least 1 — O(n~2). This completes the proof of
Part 1.

Part 2. In this part, we show |D(9)| = |Dy| with probability at least 1 — O(n~2) and derive the rate
of convergence of the estimated change point locations. Similar to equation|[T4]and equation T3] with
a more refined analysis (see Part 1 of the proof), we obtain that

ST HA €DV —@(X)P = > D WA € DY — g5 (X))
TeD) €L ZeD* iely

HILE Y BI(A € DIQX, A) = aro(X)[? = Co[ DO/ CrHnr/ 20 log® 4 O(n?! 5+0))
TeD®

“20|L§[Y2 3" \/EI(A € D{QUX. A) — gz.0(X)}2log n — 20/ D) log .
TeD®

13



with probability at least 1 — O(n~2). By Cauchy-Schwarz inequality, the third line is lower bounded
by

L R
_% > EI(A€D)|QX, A) - qz,0(X)|* - 2(co + )| D[ log n.

TeDw®
It follows that
YD HA eV —q(X)Y > D D LA € DY — g5 (X))
TeD® €L ZeD* iely

LS ~
+|72ﬂ Z EI(A € T)|Q(X, A) — qr.o(X)|> — C,|DW) B/ @p+B8) pp/(0+28) 1668 1y
ZeDw
—2(co + )| DO | log n + O(n?/ 2F+P)),
This together with equation [I6]yields that

Ll

2 Y EI(A € T)|Q(X, A) — qro(X)[* < Cy| D[P/ CrtBnp/(+26) jog®

TeDW
+O(n?/ PP 4 oy (IDo| — [DO)) + 2(co + )| DO log .

Under the given condition on 7,, we obtain that [D()| < [Dy|. Combining this together with
|D®)| > | Dy, we obtain that [D)| = |Dy|. As such, we have that

> EIA€I)|Q(X,A) — qro(X)]* oc n 2/ @H2) 1065 p,
TeDw

Using similar arguments in establishing the consistency of the estimated change point locations,
we can show that under the above event, we have that max,cj(p,) minfel(ﬁw) |7 — 7|

n~—28/(P+26) 10g® . This completes the proof of this part.

Part 3. For any target policy 7, we define a random policy 75, according to the partition DO as
follows:

mwlale) = Y Hr(z)e€Z,a €1}y b(alz)

h0 b(Zlx)’
where b(Z|x) denotes the propensity score function pr(A € Z|X = z). Note that fol s (alz)da =
> rcnw Hm(x) € I} = 1 for any x. Consequently, 75, is a valid random policy.

Since the behavior policy is known, the proposed doubly-robust estimator corresponds to an unbiased

estimator for £~* Z,il V(75 ). Using similar arguments in the causal inference literature on
deriving the asymptotic property of doubly-robust estimators (Chernozhukov et al.[2017), we can
show that

L
)= 2D Vinpe) = Opn ),
(=1

It suffices to show £~1 Zle{v(wﬁw) -V} = Op{n*25/(2ﬁ+p) log® n}. or equivalently,
V(mpw) — V(r) = Opfn—28/CHp) log® n}.

Based on the results obtained in the first two parts, it follows from Cauchy-Schwarz inequality that
> B[lA€DQX.A) - g (X0PIX] <2 Y ELAE€DQX, 4) - aro(X)
TeDW TeDw

2 Y E [ (AeD)g(x) - qLO(X)P\X} ox 028/ (P+28) o8 1y,
IeD(f)

19)
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Note that
b(alX)

s) =F X H{r(X T
Vrso)=E [ Q(X.a) 3 In(X)eTaeThygcsda
[ ) ] IQ'D(Z)
b(Z NIy X)
FEqzr, (X Hr(X)e I} ————.
Zo€Do ICD®
Similarly, we can show
= Y Eqr,(X)K{r(X) € Ty}
Zo€E€Dy
It follows that
b(Z NIy X)
V(rgw) —V(m)| < Z Elgz, (X)| [{m(X) € Zo} — Z H{W(X)EI}W .
Zo€Do ICDW®
As gz, is uniformly bounded, the left-hand-side is upper bounded by
b(Z NIy X)
E|\l{r(X) ey} — Hr(X)eZ}————=|. 2
2, Blln(X) T}~ > Hr(X) e D=5 (20)

ToeDo ICD®

Based on the results obtained in Part 2, for each Zy € Dy, there exists some Iée) where the Lebesgue
measure of the difference Z, N (Iée))C +I5N Iée) is upper bounded by O{n~—2#/(6+P) 1og® n},
with probability at least 1 — O(n~2). The upper bound in equation [20]is O{n=28/(26+7) 1og® n},
under the positivity assumption and the assumption that pr(7(X) € [19 — €, 70 + €]) = O(e) for any
70 € J(Dy) and sufficiently small € > 0. This completes the proof.

E.5 Proof of Theorem 2]

We break the proof into two parts. In Part 1, we introduce an auxiliary lemma and present its proof.
In Part 2, we derive the convergence rate of the proposed value estimator.

Part 1. We first introduce the following lemma.

Lemma E.4 For any interval T € J(m) with |I| >> ~,, and any interval ' € DO with T C T/, we
have with probability approaching 1 that

Elqz.o(X) = gz o(X)* < C|Z| "',

for some constant C' > 0.

We next prove Lemma For a given interval Z' € DO , the set of intervals Z considered in Lemma
[E-4] can be classified into the following three categories.

Category 1: T = T'. Tt is immediate to see that gz = gz and the assertion automatically holds.
Category 2: There exists another interval Z* € J(m) that satisfies Z = Z* U Z. Notice that the
partition D* = D) U {I*} UZ — {Z'} forms another partition. By definition, we have

S>> A € T){Yi — G, (Xi)}? + 7l DO

i€Lf 7 eD )=

SN WA € To){Yi — G5, (X0)}? + 7 DY),

\C\

- \‘\

ZE]LEI ep(z)
and hence
MZ (A; € Y - G2 (X)) + ‘MZ (A, € )Y — - (X))
lEL(‘ ZE]LF
1 ~
2 g 2 WA € T)Y: — G (X)) = 7
¢

i€Lg

15



It follows from the definition of gz~ that

1 . . 1 " ~

= > WA € TVNY: — G- (X)) < = Y 1A € T)NY; — G (X))

Lj] 2= Lf] 2~

14 14
Therefore, we obtain
1 - 1 ~
%] D (A € DY — Gz(X0)}? > ILe] I(A; € D{Yi — §z(Xi)}* = - 21

el jers 2l ieLe

Category 3: There exist two intervals Z*, 7** € J(m) that satisfy Z' = 7* UZ U Z**. Using similar
arguments in proving equation 21} we can show that

1 ~ 1 ~
Lo 2 M € DY = @(X0)Y = 0 3 LA € DY — G (X)) = 20,
€ieLg € ieLg

Hence, regardless of whether Z belongs to Category 2, or it belongs to Category 3, we have

. 1 .
D (A e DY — Gz (X0)) > ILe] > (A € D{Y; — G (X0)}? — 29m. (22)
€L € jeLs

1
L]

Notice that for any interval Zj,

|]ng > "4 € To){Yi — Gz, (X0)}? — E[I(A € To){Y — Gz,(X)}*[{Os }ievs]
=
- £;| D I(Ai € To){Gn, (X:) — az0(Xi) Haro(X:) — Gr 0(X0) Y
ieLg
g 20 1A € T Y: — i (X0}~ BIIA € To) 2, (X0) — 32, (91O e )
i€lLg

Using similar arguments in bounding the stochastic error term in Part 2 of the proof of Lemma
[EIl we can show with probability approaching 1 that the right-hand-side is of the order
O{n=28/26+P) 10g® n}, for any T, € J(m). As such, we obtain with probability approaching
1 that

T 2 104 € DY~ (X)) = BII(A € DAY ~ X0V 1O e
=
L O()IZ|(RIZ]) 2/ Log® n,

> I(A; € IHY; — G (X)) = B[I(A € T){Y — G (X)}’{Oi }ier]
ielg

1
L]

+O(1)|Z|(n|Z]) =2/ 77 log® n,

where O(1) denotes some universal positive constant. Combining these together with equation
yields

BI(A € T){Y — Gz(X)}?*[{Os}ievs] = E[I(A € T){Y — G (X)}?[{O; }iere]
—27, + O(1)|Z|(n|Z]) "2/ 549 1og® n,

for any Z and Z’, with probability approaching 1. Note that gz satisfies E[I[(A € I){Y —
qz,0(X)}|X] = 0. We have

E[I(A € T){qz.0(X) — 3z(X)}*{Oi}iers] > EI(A € T){qz,0(X) — Gz (X)}*{Oi}iers]
—2v, 4+ O(1)|Z|(n|Z|) 2%/ (28+P) 10g® .

Consider the first term on the right-hand-side. Note that
B[I(A € I){az.o(X) — @ (X)}*[{Oi}iers] = E[L(A € T){az,0(X) — gz (X)}*{Os }ier]
+EI(A € T){Gr (X) — qz/,0(X)}*{Oi}iers]
—2E[[(A € T){qz,0(X) — gz, 0(X) Haz (X) — qz7,0(X) }{ Oi}ierg]-

16



By Cauchy-Schwarz inequality, the last term on the right-hand-side can be lower bounded by
1 ~
—5Ell(A € T){gzo(X) — qz.0(X)}?{Oi}ierg] — 2E[(A € T){qz(X) — gz 0(X)}*[{Oi}icre]-
It follows that
~ 1
E[(A € T){gz.0(X) — Gz (X)}*{Oi}iers] > S BII(A € T){gz,o(X) — qz.0(X)}?*{Oi}iers]
—3E[(A € T){qr (X) — qz/,0(X)}*{Oi}iers],

and hence

lElAe I){gz.0(X) = az,0(X)}*{Os }iers] — 27 + O(V)|Z|(n|Z]) >/ 277 log® n

< E[I(A € T){gz,0(X) — @z(X)}*{Oi}ierg] + 3E[L(A € D) {gz 0(X) — Gz (X)}*{Oi}ier]-
By Lemma [E.T] Lemma [E3]and the positivity assumption, the right-hand-side is upper bounded

by O(1)|Z|(n|Z|)~2#/®+25) 1og® n for some universal positive constant O(1), with probability
approaching 1. We obtain with probability approaching 1 that

E[I(A € T){gz(X) - g (X)}2{Os}iers] = 47 + O(V)[Z|(n|Z]) >/ 0P 10g® ,

uniformly for any Z and Z’, or equivalently,

B | ar(X) = an(O)HObsesg| = T +OQ)aIZ) 2547 log*n

By the positivity assumption, we have with probability approaching 1 that
El{az(X) = av (X)}Y*{Oi}ierg] = O(3|Z|™") + O{(n|Z]) 2/ P+ 10g" n},
uniformly for any Z and Z’. The proof is hence completed by noting that -, is at least of the order

O(n=2%/(28 + p)) log®n.

Part 2. Consider the bias of the proposed estimator first. Similar to Part 3 of the proof of Theorem 1]
the bias is given by £7! Zle V(75@) — V(). By definition,

4y,

Vingw) = Vim) = 3 /I EQ(X, a)l(x(X) € T) Z&f{; da — EQ{X, (X)}

- Y [ Blote) - exaCoNIee) € Iy

TeDW

= > B{gro(X) - Q{X, n(X)}}H(n(X) € T).
T'eD®
It follows that

V(rpe) = V(M| < suwp  ElQ(X,a) - qr(X)|. (23)
Z7'eD® jacT’

For any 7' € D®. Consider two separate cases, corresponding to 7| < ’yn % and |Z'| > ’y
respectively.
In Case 1, it follows from the Lipschitz property of the conditional mean function @ that |Q(z, a1) —

Q(x a2)| < L’yn/ 3 for any ai,as € 7' and z. By definition, the function qIf can be represented as
qz (x fz' (a, x)da for some weight function w such that fI, a,x)da = 1. It follows
that the right- hand s1de of equatlonls upper bounded by Lfyl/ 8,

In Case 2, for any a € Z’, we can find an interval Z C 7', a € Z with length proportional to %1/ 3

Using similar arguments in Case 1, we can show that |Q(z, a) — gz,0(x)| < L'y,ll/?’. By Lemma
and the Cauchy-Schwarz inequality, we have

Elgro(X) — gz o(X)| < \/Ca/® = CV/241/3,
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with probability approaching 1. It follows that the right-hand-side of equation[23]is upper bounded
by (L + Ve )771/ % with probability approaching 1.

As such, the bias of the proposed estimator is upper bounded by

(L+VOn?,
with probability approaching 1.
We next consider the standard deviation of our estimator. The proposed estimator is can be repre-
sented by £~1 Zle V() where V*() is the value estimator constructed based on the samples in
{O;}icL, . Since the propensity score function is known to us, each V() is unbiased to V(5 ).

Under the positivity assumption and the boundedness assumption on Y and gz, the variance of 175(77)
is upper bounded by |L¢|~! inf,_5, [Z|'. By Lemma it is upper bounded by O(n~1v,71). As

such, the standard deviation of our estimator is upper bounded by O(n =14, 1).

As such, the convergence rate is given by O, (’yi/ St/ 2y 1/ 2). By setting v, = n~3/5, the rate

is given by O, (n~!/). The proof is hence completed.
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