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ABSTRACT

Learning overcomplete representations finds many applications in machine learn-
ing and data analytics. In the past decade, despite the empirical success of heuris-
tic methods, theoretical understandings and explanations of these algorithms are
still far from satisfactory. In this work, we provide new theoretical insights for sev-
eral important representation learning problems: learning (i) sparsely used over-
complete dictionaries and (ii) convolutional dictionaries. We formulate these prob-
lems as /*-norm optimization problems over the sphere, and study the geometric
properties of their nonconvex optimization landscapes. For both problems, we
show the nonconvex objectives have benign (global) geometric structures, which
enable development of efficient optimization methods finding the target solutions.
Finally, our theoretical results are justified by numerical simulations.

1 INTRODUCTION

The performance of modern machine learning and data analytical methods heavily depends on ap-
propriate data representations (or features) which capture hidden information underlying the data.
While we used to craft representations by hand in the past, it has been demonstrated that learned
representations from the data show much superior performance (Elad, 2010). Therefore, unsuper-
vised learning of latent representations of high-dimensional data becomes a fundamental problem in
signal processing, machine learning, theoretical neuroscience and many other fields (Bengio et al.,
2013). Moreover, overcomplete representations for which the number of latent features exceeds the
data dimensionality, have shown better representation of the data in various applications compared
to complete representation (Lewicki & Sejnowski, 2000; Chen et al., 2001; Rubinstein et al., 2010).
In this paper, we study the following overcomplete representation learning problems.

e Overcomplete dictionary learning (ODL). One of the most important unsupervised representa-
tion learning problems is learning sparsely used dictionaries (Olshausen & Field, 1997), which
finds many applications in image processing and computer vision (Wright et al., 2010; Mairal
et al., 2014). The task is given data

Y = A - X (1.1)
~—— ~—— ~——
data dictionary  sparse code

we want to learn the compact representation (or dictionary) A € R™*™ along with the sparse
code X € R™*P, For better representation of the data, it is often more desired that the dictionary
A is overcomplete, i.e., m > n.

e Convolutional dictionary learning (CDL). The convolutional form of sparse representations
(Bristow et al., 2013; Garcia-Cardona & Wohlberg, 2018) replaces the unstructured dictionary

A with a set of convolution filters {aOk}éil, inspired by deconvolutional networks (Zeiler et al.,
2010). Namely, the problem is that given multiple circulant convolutional measurements

K
yi = Y, an ® xy , 1<i<p, (12)
k=1
- filter sparse code

one wants to learn the filters {ao;c},lf=1 along with the sparse codes. The problem resembles a lot
similarities to classical ODL. Indeed, one can show that Equation (1.2) reduces to Equation (1.1)



Under review as a conference paper at ICLR 2020

in overcomplete settings by reformulation (Huang & Anandkumar, 2015). The interest of study-
ing CDL was spurred by the development of more efficient methods for the computationally-
expensive convolutional sparse coding (CSC) problem (Bristow et al., 2013), and has led to a
number of applications in which the convolutional form provides state-of-art performance (Gu
et al., 2015; Papyan et al., 2017b; Lau et al., 2019). Recently, the connection between CSC and
convolutional neural network has also been extensively studied (Papyan et al., 2017a; 2018).

In addition, variants of finding overcomplete representations appear in many other problems beyond
the dictionary learning problems we introduced here, such as overcomplete tensor decomposition
(Anandkumar et al., 2017; Ge & Ma, 2017), overcomplete ICA (Lewicki & Sejnowski, 1998; Le
etal., 2011), and short-and-sparse blind deconvolution (Zhang et al., 2017; 2018; Kuo et al., 2019).

Prior arts on dictionary learning (DL). In the past decades, numerous heuristic methods have
been developed for solving DL (Lee et al., 2007; Aharon et al., 2006; Mairal et al., 2010). Despite
their empirical success (Wright et al., 2010; Mairal et al., 2014), theoretical understandings of when
and why these methods work are still limited.

When the dictionary A is complete (Spielman et al., 2012) (i.e., square and invertible, m = n), by
the fact that the row space of Y equals to that of X (i.e., row(Y) = row(X)), Sun et al. (2016a)
reduces the problem to finding the sparsest vector in the subspace (Demanet & Hand, 2014; Qu et al.,
2016). By considering a (smooth) variant of the following ¢! -minimization problem over the sphere,

min - |q"Y],, st ges™, (13)
a p

Sun et al. (2016a) showed that the nonconvex problem has no spurious local minima when the spar-
sity level' # € O(1), and every local minimizer g, is a global minimizer where g,/ Y corresponds to
one row of X. The new discovery has led to efficient, guaranteed optimization methods for complete
DL from random initializations (Sun et al., 2016b; Bai et al., 2018; Gilboa et al., 2019).

However, all these methods critically rely on the fact that row (Y") = row (X)) for complete A, there
is no obvious way to generalize the approach to the overcomplete setting m > n. On the other
hand, for learning incoherent overcomplete dictionaries, with sparsity 8 € O(1/4/n) and stringent
assumptions on X, most of the current theoretical analysis results are local (Geng et al., 2011;
Arora et al., 2015; Agarwal et al., 2016; Chatterji & Bartlett, 2017), in the sense that they require
complicated initializations that could be difficult to implement in practice. Therefore, the legitimate
question remains: why do heuristic methods solve ODL with simple initializations?

Contributions. In this work we study the geometry of nonconvex landscapes for overcom-
plete/convolutional DL, where our result can be simply summarized by the following slogan.

There exists a nonconvex formulation for ODL/CDL with benign optimization lanscape, that
descent method can learn overcomplete/convolutional dictionaries with simple? initializations.

Our approach follows the spirit of Sun et al. (2016a), while we overcome the aforementioned ob-
stacles for overcomplete dictionaries by directly finding columns of A instead of recovering sparse
rows of X . We achieve this by reducing the problem to maximizing the /*-norm? of Y " q over the
sphere, which is known to promote the spikiness of the solution (Zhang et al., 2018; Li & Bresler,
2018; Zhai et al., 2019). In particular, we show the following results for ODL and CDL, respectively.

1. For the ODL problem, when A is unit norm tight frame and incoherent, our nonconvex objective
is strict saddle (Ge et al., 2015; Sun et al., 2015b) in the sense that any saddle point can be
escaped by negative curvature and all local minimizers are globally optimal. Furthermore, every
local minimizer is close to a column of A.

"Here, the sparsity level 6 denotes the proportion of nonzero entries in X .

2Here, for ODL simple means random initializations; for CDL, it means simple data-driven initializations.

3The use of #*-norm can also be justified from the perspective of sum of squares (SOS) (Barak et al., 2015;
Ma et al., 2016; Schramm & Steurer, 2017). One can utilize properties of higher order SOS polynomials
(such as 4-th order polynomials) to correctly recover columns of A. But the complexity of these methods are
quasi-polynomial, and hence much more expensive than the direct optimization approach we consider here.
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2. For the CDL problem, when the filters {ag, }szl are incoherent, a similar nonconvex objective is
strict saddle over a sublevel set, within which every local minimizer is close to a target solution.
Moreover, we develop a simple data-driven initialization that falls into this sublevel set.

Our analysis on ODL provides the first global characterization for nonconvex optimization landscape
in the overcomplete regime. On the other hand, our result also gives the first provable guarantee for
CDL. Indeed, under mild assumptions, our landscape analysis implies that with simple initializa-
tions, any descent method that can escape saddle points* provably finds global minimizers that are
close to our target solutions for both problems. Moreover, our result opens up several interesting
directions on nonconvex optimization that are worth of further investigations.

2 OVERCOMPLETE DICTIONARY LEARNING

In this section, we start stating our result with ODL. In Section 3, we will show how our geometric
analysis here can be extended to CDL in a nontrivial way.

2.1 BASIC ASSUMPTIONS

We study the DL problem in Equation (1.1) under the following assumptions for A € R™*"™ and
X € R™*P, In particular, our assumption for the dictionary A can be viewed as a generalization of
orthogonality in the overcomplete setting (Mixon, 2016).

Assumption 2.1 (Tight frame and incoherent dictionary A) We assume that the dictionary A is
unit norm tight frame (UNTF) (Mixon, 2016), in the sense that

LAAT = 1, Jai =1 (1<i<m), @.1)
m

and its columns satisfy the p-incoherence condition. Namely, let A = [a1 a2 -+ @),

>’ e (0,1), 22)

a; a;
A) ;= max — J
wa) = e Kain’ Jas]

where the coherence is small, u(A) < 1.
Assumption 2.2 (Random Bernoulli-Gaussian X) We assume entries of X ~; ;.q. BG(0)°, that
X = BOG, B ~iiq Ber(d), Gij ~iiqa N(0,1),

where the Bernoulli parameter 0 € (0, 1) controls the sparsity level of X.

Remark 1. The coherence parameter p plays an important role in shaping the optimization land-
scape. A smaller coherence p implies that the columns of A are less correlated, and hence easier
for optimization. For matrices with #2-normalized columns, classical Welch bound (Welch, 1974;

Foucart & Rauhut, 2013a) suggests that the coherence p is lower bounded by p(A) > ,/-2=2

(m—1)n>

which is achieved when A is equiangular tight frame (Sustik et al., 2007). For a generic random®

lof% roughly achieving

the order of Welch bound. For a typical dictionary A under Assumption 2.1, this suggests that the
coherence parameter ;( A) often decreases w.r.t. the feature dimension n.

matrix A, w.h.p. it is approximately UNTF, with coherence u(A) ~

2.2 PROBLEM FORMULATION

We solve DL in the overcomplete regime by considering the following problem

min o (q) = —CD?LHqTYHi - —CDTLHqTAXHi, st laly = 1, 23)

where cpr, > 0 is a normalizing constant. At the first glance, our objective looks similar to Equa-
tion (1.3) in complete DL, but we tackle the problem from a very different aspect — we directly find

“Recent results show that methods such as trust-region (Absil et al., 2007; Boumal et al., 2018), cubic-
regularization (Nesterov & Polyak, 2006), curvilinear search (Goldfarb et al., 2017), and even gradient descent
(Lee et al., 2016) can provably escape strict saddle points.

>Here, we use BG(0) for abbreviation of Bernoulli-Gaussian distribution, with sparsity level 6 € (0, 1).

®For instance, when A is random Gaussian matrix, with each entry a;; ~i.i.q. N (0,1/n).
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() ¢prL(q),n=3,m =4

Figure 1: Plots of landscapes 1 (q) and ©pr,(q) over S2. Both function values are normalized to
[0, 1]. The overcomplete dictionary A is generated to be UNTF, with n = 3 and m = 4. The sparse
coefficient X ~ BG () with § = 0.1 and p = 2 x 10%. Black dots denote columns of A (target).

columns of A instead of recovering sparse rows of X, that we explain below. Given UNTF A and
random X ~ BG(6), our intuition of solving Equation (2.3) originates from the fact (Lemma D.1)

Ex [oon(@)] = ¢r(a) — 5o (M), erl@) == —|ATdl}. @4
x l¥pLiq)] = ¢Tiq 20—6)\n/ pTiq) = Ty q|,, .
where p1(q) can be reviewed as the objective for 4th order tensor decomposition in Ge & Ma (2017).
When p is large, this tells us that optimizing Equation (2.3) is approximately maximizing ¢-norm
of ¢ = AT q over the sphere (see Figure 1). If q equals to one of the target solutions (e.g., ¢ = a),

5
Clg) == ATq = [|a12 alay - aIam] ,
—— ~——
5 <m 1<

then ¢ is spiky when p is small (in other words, A is incoherent). Recently, it is known that maxi-
mizing ¢4 norm over the sphere promotes the spikiness of ¢ (Zhang et al., 2018; Li & Bresler, 2018;
Zhai et al., 2019), so that we expect global minimizers of Equation (2.3) are close to columns of A.
Ge & Ma (2017) proved that for @1 (q) there is no spurious local minimum at a sublevel set that has
objective value close to the global minimum, but without providing valid initialization.

However, as the problem is nonconvex, the challenge still remains: can simple descent methods solve
Equation (2.3) to global optimality? In this work, we show that the answer is affirmative. Under
proper assumptions, we show that our objective actually has benign global geometric structure,
explaining why descent method with random initialization solves the problem to the target solutions.

2.3  GEOMETRIC ANALYSIS OF NONCONVEX OPTIMIZATION LANDSCAPE

To characterize the landscape of ppr,(q) over the sphere S™ 1, let us first introduce some basic tools
from Riemannian optimization (Absil et al., 2009a). For any function f : S"~! ~ R, we have

grad f(q) 1= PV f(q),  Hessf(q) := Pyp (V*f(q) —<{a.Vf(q))I) P,

to be the Riemannian gradient and Hessian’ of f(q). In addition, we partition S*~! into two regions
_ 2
Ry = {ge8" " [gr(e) > —éon w2 (@3}

Re = {qu”_1|<pT(q) < —épL M2/3 ||C(q)‘|§}7

for some fixed numerical constant {py, > 0. Unlike the approach in Sun et al. (2016a), our partition
and landscape analysis are based on function value ¢ (q) instead of target solutions. This is because
in overcomplete case the optimization landscape is more irregular compared to that of the complete
case, which introduces extra difficulties for explicit partition of the sphere. In particular, for each
region we show the following results.

"The Riemannian derivatives are similar to ordinary derivatives in Euclidean space, but they are defined in
the tangent space of the manifold M = S™~'. We refer readers to Absil et al. (2009a) for more details.
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Theorem 2.3 (Global geometry of nonconvex landscape for ODL) Suppose we have
K:=m/n, 0 e (m 37", & > 2% p< 407, (2.5)

and assumeY = AX such that A and X satisfy Assumption 2.1 and Assumption 2.2, respectively.

1. (Negative curvature in Ryx) W.h.p. over the randomness of X, whenever

-1
p = COK*n®log(On/n) and K < 3- (1 + 6+ 65135/5#2/5) :
any point q € Ry exhibits negative curvature in the sense that

JueS", st v Hessppn(q)v < —3|¢[5 <)% -

2. (No bad critical points in Rc) W.h.p. over the randomness of X, whenever
p > COK®max{n 2 Kn’}n’log(On/p) and K < 5%/5/8,

every critical point q. of vpL(q) in Rc is either a strict saddle point that exhibits negative
curvature for descent, or it is near one of the target solutions (e.g. a1) such that

(ar/|ai] gy > 1— 5650

Here C > 0 is a universal constant.

Remark 2. A combination of our geometric analysis for both regions provides the first global
geometric analysis for ODL with § € O(1), which implies that ¢py,(g) has no spurious local mini-
mizers over S~ !: any critical point is either a strict saddle point that can be efficiently escaped, or it
is near one of the target solutions. Moreover, recent results show that nonconvex problems with this
type of optimization landscapes can be solved to optimal solutions by using (noisy) gradient descent
methods with random initializations (Lee et al., 2016; Jin et al., 2017; Lee et al.). In addition, we
point out several limitations of our result for future work.

e As we only characterized properties of critical points, our result does not directly lead to conver-
gence rate for descent methods. To show polynomial-time convergence, as suggested by Sun et al.
(20164a; 2018); Li & Bresler (2018); Kuo et al. (2019), we need finer partitions of the sphere and
uniform controls of derivatives in each region®. We leave this for future work.

e Our analysis in Ry says that when y is sufficiently small’ the maximum overcompleteness K
allowed is roughly K = 3, which is smaller than that of R¢ (which could be a large constant).
We believe this is mainly due to loose bounds for norms of A in R¢. Moreover, our experiment
result in Section 4 suggests that there is a substantial gap for K between our theory and practice:
the phase transition in Figure 2a shows that gradient descent with random initialization works
even in the regime m < n?. We leave improvement of our result as an open question.

Brief sketch of analysis. From Equation (2.4), we know that ¢pr,(q) reduces to pr(q) in large
sample limit as p — oo. This suggests an expectation and concentration type of analysis: (i) we first
characterize critical points and negative curvature for the deterministic function ¢ (g) in R¢ and
Rn (see Appendix B); (ii) for any small § > 0, we show the measure concentrates in the sense that

for a finitely large p > Q(5~2poly(n)),

sup |lgrad ¢pr(q) — grador(q)| < 4, sup [Hess¢pr(q) — Hesspr(q)| < 0
qu"*l qesn,—l

holds w.h.p. over the randomness of X . Thus we can turn our analysis of ¢T(q) to that of ¢pr,(q)
by a perturbation analysis (see Appendix C & D). Here, it should be noticed that grad ¢pr,(q)
and Hess ¢py,(q) are 4th-order polynomial of X, which are heavy-tailed empirical processes over
g € S" 1. To control suprema of heavy-tailed processes, we developed a general truncation and
concentration type of analysis similar to Zhang et al. (2018); Zhai et al. (2019), so that we can utilize
classical bounds for sub-exponential random variables (Boucheron et al., 2013) (see Appendix F).

80ur preliminary investigation indicates that our premature analysis is not tight enough to achieve this.
From Remark 1, for a typical A, we expect p € O((nK)~"/?) to be diminishing w.r.t. n.
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3 CONVOLUTIONAL DICTIONARY LEARNING
3.1 PROBLEM FORMULATION

Recall from Section 1, the basic task of CDL is that given convolutional measurements in the form
of Equation (1.2), we want to recover kernels {aOk}szl. Here, by reformulating'® CDL in the form
of ODL, we generalize our analysis from Section 2.3 to CDL with a few new ingredients.

Reduction from CDL to ODL. Forany z € R™, let C, € R™*" be the circulant matrix generated
from z. From Equation (1.2), the properties of circulant matrix imply that

K
Cy'i - 025:1 aok®wik Z CaOka”‘ = Ao Xi, I<is<p,
k=1

with Ag = [Cayy Capy -+ Cageland X; = [CL. €I ..o €I ], so that
A€ R*nK g overcomplete and structured. Thus, contencating all Cy,, we have
[C’y1 Cy, - Cyp] = A [Xi Xo -+ X3] = Y = Ay X.
Y eRnXxnp Xe]RnKan

This suggests that we can view the CDL problem as ODL: if we can recover a column of the over-
complete dictionary A, we find one of the filters agr (1 < k < K) up to a circulant shift''.

Nonconvex problem formulation and preconditioning. To solve CDL, one may consider the
same objective Equation (2.3) as ODL. However, for many applications our structured dictionary
A could be badly conditioned and not tight frame, which results in bad optimization landscape and
even spurious local minimizers. To deal with this issue, we whiten our data Y by preconditioning'?

_ —1/2
PY = PAX, P = |[(0K%p) ' YYT| . 3.1)
For large p, we approximately have P ~ (K~'AA]) ' (see Appendix E.5), so that

PY ~ (K'40A)) 40X = A-X, A= (K'44]) "4,
where A is automatically tight frame with K—' AAT = I. This suggests to consider

. cc 4
min vepL(q) = —n—zLHqT (PY)|,, st |ql, =1, 3.2)

for some normalizing constant ccpr, > 0, so that is close to optimizing
~ CCDL || T 4
PcpL(q) = _Tp Hq AX||4 ~ ¢cpL(q),

for a tight frame dictionary A (we make this rigorous in Appendix E.4). To study the problem,
we make assumptions on the sparse signals @;; ~;.;.q4. BG(0) similar to Assumption 2.2, and we
assume Ag and A satisfy the following properties which serve as counterparts to Assumption 2.1.

Assumption 3.1 (Properties of Ay and A) We assume the filter matrix Ay has minimum singular
value omin(Ag) > 0 with bounded condition number k(Ag) = Omax(Ao0)/omin(Ao). In addition,

we assume the columns of A are mutually incoherent: max;—; ‘<Hg—lu, ﬁ> < W
K J

3.2 GEOMETRIC ANALYSIS AND NONCONVEX OPTIMIZATION
Optimization landscape for CDL. We characterize the geometric structure of pcpr,(g) over
Reow = {ge8"™ | er(a) < —goon n?k(40) [¢(a)]; | (33)

for some fixed numerical constant {cpy, > 0, where ((q) = ATq and pr(q) = —471 ||C(q)Hj as
introduced in Equation (2.4). We show ¢cpr,(q) satisfies the following properties.

10Similar formulation ideas also appeared in (Huang & Anandkumar, 2015) with no theoretical guarantees.

"'The CDL problem exhibits shift symmetry in the sense that aor @z, = s¢ [aok ]| ®s_¢ [@ik], Where s¢ []
denotes a circulant shift operator by length ¢. This suggests that solving CDL up to a shift is sufficient.

12 Again, the 6 here is only for normalization purpose, which does not affect optimization landscape. Similar
P is also considered in Sun et al. (2016a); Zhang et al. (2018); Qu et al. (2019).
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Algorithm 1 Finding one filter with data-driven initialization

Input: dataY € R™*?
Output: afilter a.
1: preconditioning. Cook up the preconditioning matrix P in Equation (3.1).
2: initialization. Initialize giny = Pgn—1 (Pyy) with a random sample yy, 1 < ¢ < p.
3. optimization with escaping saddle points. Optimize Equation (3.2) to a local minimizer q.,
by using a descent method such as Goldfarb et al. (2017) that escapes strict saddle points.
4: return an estimated filter a, = Pga—1 (P7!q,).

Theorem 3.2 (Local geometry of nonconvex landscape for CDL) Let us denote m := Kn, and
let Co > 5 and n < 275 be some constants. Suppose we have

0e (m_1,3_1)7 fepr = Co-n 23, < 407,
and assume that Assumption 3.1 and x;y, ~;;.q. BG(0) hold. There exists some constant C > 0,
w.h.p. over the randomness of x;is, whenever
K°k%(Ao)
0-12nin(A0)

every critical point q. in Rcpy, is either a strict saddle point that exhibits negative curvature for
descent, or it is near one of the target solutions (e.g. ay) such that {a/|a1| ,q.> = 1—5k72n.

p = 09K2u2n4max{ ,n}logﬁ(n/u) and K < Cy,

Remark 3. The analysis is similar to that of ODL in R (see Appendix D). In contrast, our sample
complexity p and Repr, have extra dependence on x(Ag) due to preconditioning in Equation (3.1).
On the other hand, because our preconditioned dictionary A is tight frame but not necessarily UNTF,
in the worst case we cannot exclude existence of spurious local minima in R, () S™~! for CDL.

From geometry to optimization. Nonetheless, in Algorithm 1 we cook up a simple data-driven
initialization gin;t such that qinit € Ropr. Since Repr, does not have bad local minimizers, by
proving that all iterates stay within Rcpy,, it suffices to show global convergence of Algorithm 1.

We initialize g by randomly picking a preconditioned data sample Py, with ¢ € [p], and set
Qinit = Psn1 (Pye), st Cinit = A Gmie ¥ VEPgur—1 (AT Azy) . (3.4)

For generic A, small ;1(A) implies that AT A is close to a diagonal matrix'?, so that (it is spiky
for sparse x,. Therefore, we expect large ||Cinit Hi and @iy € Repr by leveraging sparsity of ay.

Proposition 3.3 (Convergence of Algorithm 1 to target solutions) With m = Kn, suppose
2/ (K3 Kut
i3 m2logm |

logm
<O < et
R 02/@4/3m10gm

(3.5)

W.h.p. over the randomness of x;is, whenever

p = COK*p *max {K°:%(Ag) /02, (Ag), n}n*log® (m/p),
we have qinis € RcpL, and all future iterates of Algorithm 1 stay within Rcpi, and converge to an
approximate solution (e.g., some circulant shift sy [ao1] of agr, with 1 < £ < n) in the sense that

-1
|Psn—1 (P~ 'q.) — se[an]| < e
where € is a small numerical constant. Here, ¢1, ,co, C > 0 are some constants.

Remark 4. Our result (Equation (3.5)) suggests that there is a tradeoff between p and 6 for op-
timization. For generic filters (e.g. drawn uniformly from the sphere), we approximately have'*

uw e @(m_l/ %) and x € O(1), so that our theory suggests the maximum sparsity allowed is

0 e 5(m_2/ 3). For other smoother filters which may have larger 1 and , the sparsity 6 allowed
tends to be smaller. Improving Equation (3.5) is the subject of future work. On the other hand, our
result guarantees convergence to an approximate solution of constant error. We left exact recovery
for future work. Finally, although we write CDL in the matrix-vector form, the optimization could
be implemented very efficiently using fast Fourier transform (FFT) (see Appendix G).
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0.1; (d) m = 3n,p = 5 x 10%.

4 EXPERIMENTS

In this section, we experimentally demonstrate our proposed formulation and approach for ODL and
CDL. We solve our nonconvex problems in Equation (2.3) and Equation (3.2) using optimization
methods'> with random initializations introduced in Appendix G.

Experiments on ODL. We generate data Y = A X, with dictionary A € R"*™ being UNTF'®,
and sparse code X € R™*P ~, ; ; BG(#). To judge the success recovery of one column of A, let
0c = min (1—|{(gs,a;i/[a;)]).

1<is<m

We have 9. = 0 when g, = Pgn—1(a;), thus we assume a recovery is successful if o. < 5 x 1072

e Overcompleteness. First, we fix § = 0.1, and test the limit of the overcompleteness K = m/n
we can achieve by plotting the phase transition on (m,n) in log scale. To get rid of the influence
of sample complexity p, we run our algorithm on @1 (q) which is the sample limit of ¢py,(g). For
each pair of (m, n), we repeat the experiment for 12 times. As shown in Figure 2a, it suggests that
the limit of overcompleteness is roughly m ~ n?, which is much larger than our theory predicts.

o Recovering full matrix A. Second, although our theory only guarantees recovery of one column
of A, Figure 2b suggests that we can recover the full dictionary A by repetitive independent trials.
As the result shows, O(m log m) independent runs suffice to recover the full A.

e Recovery with varying 6 and p. Our simulation in Figure 2c implies that we need more samples
p when the overcompleteness K increases. Meanwhile, Figure 2d shows successful recovery even
when sparsity § ~ 0.3. The maximum 6 seems to remain as a constant when n increases.

Experiments on CDL. Finally, for CDL, we generate measurement according to Equation (1.2)
with K = 3, where the filters {aok}szl are drawn uniformly from the sphere S” !, and x;1, ~;.;.4.
BG(0). Figure 3 shows that our method can approximately recover all the filters by running a few
number of repetitive independent trials.

3This is because the off diagonal entries are bounded roughly by v/K 11, which are tiny when g is small.

14See Figure 3 of Zhang et al. (2018) for an illustration of these estimations.

15For simplicity, we use power method (see Algorithm 3) for optimizing without tuning step sizes. In practice,
we find both power method and Riemannian gradient descent have similar performance.

!6The UNTF dictionary is generated by Tropp et al. (2005): (i) generate a standard Gaussian matrix Ao, (ii)
from A, alternate between preconditioning the matrix and normalize the columns until convergence.
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APPENDIX

The Appendix is organized as follows. In Appendix A, we introduce the basic notations and tech-
nical tools for analysis. Appendix B provides a determinsitic characterization of the optimization
landscape in population. In Appendix C, we turn our analysis of Appendix B into finite sample ver-
sion. Appendix D and Appendix E provide the detailed proof for ODL and CDL, respectively. The
detailed concentration bounds are postponed to Appendix F. Finally, Appendix G provides some
ideas of optimization methods.

A NOTATIONS AND BASIC TOOLS

A.1 BASIC NOTATIONS

Throughout this paper, all vectors/matrices are written in bold font a/A; indexed values are written
as a;, A;j. We use S"~! to denote an n-dimensional unit sphere in the Euclidean space R™. We
let [m] = {1,2,--- ,m}. We use ® to denote Hadamard product between two vectors/matrices.

For v € R", we use v®" to denote entry-wise power of order m, i.e., v©" = [v],- - ,’UIL]T. Let
F,, € C™*" denote a unnormalized n x n DFT matrix, with |F,| = \/n, and F,; ! = n=1F* In
many cases, we just use F' to denote the DFT matrix.

Some basic operators. We use P,, and P,,. to denote projections onto v and its orthogonal com-
plement, respectively. We let Ps»—1 to be the £2-normalization operator. To sum up, we have

’U’UT ’U’UT v

Poiu=u— —=v, Pyu=—5u, Psgn-1v=-—.
? T T o]

Circular convolution and circulant matrices. The convolution operator & is circular with
modulo-m: (a®x), = Z;.':Ol a;x;—;. For v € R™, let sg[v] denote the cyclic shift of v with
length ¢. Thus, we can introduce the circulant matrix C,, € R™*" generated through v € R™,

V1 Um tee V3 V2
Vo U1 Um U3
C, = : vo v - | =[so[v] si[v] o sme1[v]]. (A.1)
Um—1 - - Um
Um Um—-1 - V2 U1

Now the circulant convolution can also be written in a simpler matrix-vector product form. For
instance, for any w € R™ and v € R™,
u®v=C, -v=0C, u, Cugw = CuC,.

In addition, the correlation between w and v can be also written in a similar form of convolution
operator which reverses one vector before convolution.

Basics of Riemannian derivatives. Here, we give a brief introduction to manifold optimization
over the sphere, and the forms of Riemannian gradient and Hessian. We refer the readers to the book
(Absil et al., 2009b) for more backgrounds. Given a point ¢ € S™~!, the tangent space T,S" !
is defined as T,S" ! = {'v lvig = 0}. Therefore, we have the projection onto 7,S™ ! equal to

P, . For a function f(q) defined over S”~1, we use grad f and Hess f to denote the Riemannian

gradient and the Hessian of f, then we have
grad f(q) = PpuVf(g),  Hessf(q) = Py (V*f(q) —{a,Vf(@))I) Py,

where V f(q) and V2 f(q) are the normal first and second derivatives in Euclidean space. For
example, for the function ¢ (q) defined in Equation (2.4), direct calculations give that

m

grador(q) = —PqLA(ATq)®3 = —P, 2 (an)Sak,
k=1

Hess p1(q) = —Pye [3A diag ((ATq)GQ) AT — HATqu I] P,..

12
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A.2 BaAsic TooLs

Lemma A.1 (Norm Inequality) Ifp > r > 0, then for x € R", we have
el < 2, < n'" VP ],
Lemma A.2 Let z, v € R. We have
(1+2)" <1+((2"—-1)2, Vze [0,1], r e R\(0,1),
(14+2)" < 1+rz Vze [-1,+x), r € [0,1],

where the second inequality reverse when r € R\(0, 1).

Lemma A.3 (Moments of the Gaussian Random Variable) If X ~ N (0,0%), then it holds for
all integer m > 1 that

E[IX|™] < o (m— DN, k = [m/2).

Lemma A.4 (Noncentral moments of the Y Random Variable) If Z ~ x (m), then it holds for
all integer p = 1 that

1 op T (p/2 + m/2) »

Lemma A.5 (Bernstein’s Inequality for R.V.s (Foucart & Rauhut, 2013b)) Let Xi,..., X, be
i.i.d. real-valued random variables. Suppose that there exist some positive numbers R and 0%
such that

|
E[|Xk|™] < %U%Rm_{ for all integers m > 2.

Let S = % b _1 Xk, then for all t > 0, it holds that

pt®
P[|S—E[S]| > 1] < 2exp | —=——— ).
S -ELS][ =] eXp< 20§(+2Rt)

Lemma A.6 (Bernstein’s Inequality for Random Vectors (Sun et al., 2015a)) Let x1,...,x, €
R? be i.i.d. random vectors. Suppose there exist some positive number R and 0% such that

!
E[|zx|™] < %aiRm_Q, for all integers m > 2.

Let s = % > b _, @y, then for any t > 0, it holds that

pt?
Pl|ls—E >t < 2(d+1 —— .
s =Bl > ] < 2+ Dexp (~5 )

Lemma A.7 (Bernstein’s Inequality for Bounded R.M.s, Theorem 1.6.2 of Tropp et al. (2015))
Let X1, X5, , X, € R% %9 pe jid. random matrices. Suppose we have

|X:| < R almost surely, max {|E [X; X ]|, [E[X/X]|} < ok, 1<i<p.

Let S = % P_, X, then we have

pt?
P(IS—E[S]| > ¢) < <d1+d2>exp< 20%4&/3).

Lemma A.8 (Bernstein’s Inequality for Bounded Random Vectors) Let x1, T3, - ,x, € R4
be i.i.d. random vectors. Suppose we have

lz:|| < R almost surely, E[H%HQ] < 0%, 1<i<p.

_ 1N7P .
Let s = 5 iy X, then we have

pt?
P(|s—E > 1) < S L
(s L]l ) dexp ( 20% + 4Rt/3)

13
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Lemma A.9 (Lemma A.4 of (Zhang et al., 2018)) Ler v € R with each entry following i.i.d.
Ber(0) distribution, then

32
P —0d| = tbd) < 2 — od | .
(ol 0] > t6a) < 2exp (57 00)
Lemma A.10 (Matrix Perturbation Bound, Lemma B.12 of (Qu et al., 2019)) Suppose B > 0
is a positive definite matrix. For any symmetric perturbation matrix A with |A| < 3omin(B), it
holds that

- - 4]A]
B+ A 1/2 - B 1/2‘ < 120
H( " ) ‘ ar211in (B)7
4]A
H(B + A)1/2 B—1/2 _ IH < : ! H ,
0111/111 (B)

where omin(B) denotes the minimum singular value of B.
Lemma A.11 Forany q, q, q» € S*™!, we have

HP‘IJ‘ H < 17 HPtll - PIIQ ” < 2 qu - Q2H .

Proof The first is obvious, and for the second inequality we have

Hqul — Py

= |odl —@a | < |adl —a1@3| + | — e | < 2|a - qf,

as desired. |

Lemma A.12 For any nonzero vectors u and v, we have
u v 2

< o

(K72

vl

Proof We have

u v 1
] |v|‘ = Taypopl 1ol = lul o
= rarror el = lelv + ol v~ Jul o]
< i (ol fu— ol + ol [lul = lol) < T w— ol
] o] o
as desired. ]

B ANALYSIS OF ASYMPTOTIC OPTIMIZATION LANDSCAPE

In this part of the appendix, we present the detailed analysis of the optimization landscape of the
asymptotic objective

1
mqin er(q) = ~1 HATqu, st. geS*!

over the sphere. We denote the overcompleteness of the dictionary A € R™*™ and the correlation
of columns of A with g by

K= (@)= ATg = [0 - Gl

Without loss of generality, for a given q € S”—1 we assume that

1G] =[] = -+ = [Gml-

14



Under review as a conference paper at ICLR 2020

Assumption. We assume that the dictionary A is tight frame with £2-norm bounded columns

1
?AAT =1, Jaf <M (1<i<m). (B.1)
We also assume that the columns of A satisfy the p-incoherence condition. Namely, we have
a; a;
MA) = max 1)) € (0., (B.2)
tsi=j<m |\ [a] " [a;]

such that p is sufficiently small. Based on the function value of the objective pr(q), we partition
the sphere into two regions

Ro(q:€) = {aes™™ | [CIf > en®* I¢I3 ). (B.3)

Ra(g:€) = {aes™™ [ I} < & I¢l3} (B.4)

where £ > 0 is some scalar. In the following, for appropriate choices of K, p, and &, we first show
that R does not have any spurious local minimizers by characterizing all the critical points within
the region. Second, under more stringent condition that A is #? column normalized, for the region
R we show that there exhibits large negative curvature throughout the region, such that there is no
local/global minimizer within Ry.

B.1 GEOMETRIC ANALYSIS OF CRITICAL POINTS IN R¢

In this subsection, we show that all the critical points of ¢ (q) in R¢ are either ridable saddle points,
or satisfy second-order optimality condition and are close to the target solutions.

Proposition B.1 Suppose we have

1
KM < 471832 M%< 9. &2, < % (B.5)

for some constant 1 < 275. Then any critical point q € Rc, with grad pT(q) = 0, either is a
ridable (strict) saddle point, or it satisfies second-order optimality condition and is near one of the
components e.g., a1 in the sense that

BN > 156720 > 1— 5.
lad|

First, in Appendix B.1.1 we characterize some basic properties of critical points of ¢1(q). Based
on this, we prove Proposition B.1 in Appendix B.1.2.

B.1.1 BASIC PROPERTIES OF CRITICAL POINTS

Lemma B.2 (Properties of critical points) For any point q € S"~ 1, if q is a critical point of o1(q)
over the sphere, then it satisfies

f(G) = G —aiGi+B8 =0 (B.6)
for alli € [m] with {(q) = AT q, where
e Spmaend .
Jas]® Ja?

Proof For any point g € S"~1, if q is a critical point of 1 (q) over the sphere, then its Riemannian
gradient satisfies

gradpr(q) = PprAC®® =0 —  AC®®—[¢[iq = 0.
Multiple @ (1 < i < m) on both sides of the equality, we obtain

||az‘H2Ci3 - HCHiQ + Z <ai,aj>gj3 = 0.

J#i
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Figure 4: Tlustration of f(z) in Equation (B.8) when 8 > 0.
By replacing «; and ; defined in Equation (B.7) into the equation above, we obtain the necessary
condition in Equation (B.6) as desired. |

Since the roots of f(z) correspond to the critical points of ¢ (q), we characterize the properties of
the roots as follows.

Lemma B.3 Consider the following cubic polynomial

flz) = & —az+p (B.8)
with
0 < |8 < ia?’/Q, a>0. (B.9)
Then the roots of the function f(z) is contained in one of the nonoverlapping intervals:
7, = {ZCER EAES M },Ig = {ZER |z —Va| < % },
I3 :={z€R’|z—|—f‘ 2|B|}

Proof By our construction |3 < % a?®? and @ > 0 in Equation (B.9), it is obvious that the intervals
71,75, and Z3 are nonoverlappmg Without loss of generality, let us assume that 3 is positive. We

have

fWa) = f(=va) = f(0) = B > 0. (B.10)

Thus, as illustrated in Figure 4, if we can show that
2 2 2
f(f) < 0, f< f—ﬁ> <0, f <\/E—(f> < 0, (B.11)

then this together with Equation (B.10) suffices to show that there exists at least one root in each
of the three intervals Z;, Z,, and Z3. Next, we show Equation (B.11) by direct calculations. First,
notice that

3
() - (2)' - B - & (30-) < o<

Second, we have
3
() - (o 2) )
1232 8B 1242

_ Q. 3/2 _ 3/2 _ o _
= 8% —a 68— —55 + T3 = g~ 5 =36 < 0

i
|

Similarly, we have

3 2 2 3
f(*/a‘f> 88 +12§2_35 5(—ii+1§/€—3><—853<0.

043

This proves Equation (B.11). Similar argument also holds for § < 0. Thus, we obtain the desired
results. [ ]
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B.1.2 GEOMETRIC CHARACTERIZATIONS OF CRITICAL POINTS IN R¢

Based on the results in Appendix B.1.1, we prove Proposition B.1, showing that there is no spurious
local minimizers in Rc.

Proof [Proof of Proposition B.1] First recall from Lemma B.2, we defined

4 3
W I, Smtanang
(2 2 b) (3 2 .
la|| la||
Then for any q € R, we have
1 [Ssenanllad e
|§l/|2 _ ¥kl - J < Hw H6CH3 < 1\435—3/27 (B12)
a; 1<y 1<y

where for the first inequality we used the fact that for any i € [m], |a;|| < M and

a;
m<| T ><]

and the last inequality derives from the fact that ¢ € R¢. Thus, by Equation (B.5) and Equa-
tion (B.12), we obtain

Z <ai7 a]>c_]3

Jj#i

3
laill max Ja;| < MMQZIQ = M|,

1<jsm

M3£_3/2 < } — |62| <
1 2

] =

This implies that the condition in Equation (B.9) holds, so that we can apply Lemma B.3 to char-
acterize the critical points. Based on Lemma B.3, we classify critical points g € R¢ into three
categories

1. AlL|G;| (1 < i < m) are smaller than 22!,

2. Only |(;] is larger than 2|61‘

2\/31| 2\/32|

3. Atleast |(1| and |5 are larger than and , respectively.

For Case 1, Lemma B.4 shows that this type of critical point does not exist under the assumption
in Equation (B.5). For Case 2, under the same assumption, Lemma B.5 implies that such a critical
point g € R satisfies the second-order optimality condition, and it is near one of the target solution
with

<a I > > 1-5632M% > 1—5n.

for some 77 < 27, Finally, for Case 3, Lemma B.6 proves that this type of critical points q € R¢
is ridable saddle, for which the Riemannian Hessian exhibits negative eigenvalue. Therefore, the
critical points in R¢ are either ridable saddle or near target solutions, so that there is no spurious
local minimizer in Rc. [ |

In the following, we provided more detailed analysis for each case.

CASE 1: NO CRITICAL POINTS WITH SMALL ENTRIES.

First, we show by contradiction that if ¢ € R¢ and is a critical points, then there is at least one

coordinate, e.g., |(1]| = 2"8 1l This implies that Case 1 (i.e., all |¢i] (1 < i < m) are smaller than

218 l‘) is impossible to happen In other words, this means that any critical point g € R¢ should be

close to superpositions of columns of A.

Lemma B.4 Suppose we have

M4/3K1/3 < 4—1/3&-.

17



Under review as a conference paper at ICLR 2020

If q € Rc is a critical point, then there exists at least one i € [m] such that the entry ¢; of (q)
satisfies

2(8;
Gl = | |
o
Proof Suppose there exists a g € R¢ such that all entries ¢; satisfying |¢;| < 2|/3 il Then we have
Yo lavan Gl 2M2pu¢);
1I<nfix ‘CZ| = ”C”OO = | . | < 1 =3
<l 1<y
This implies that
AMp? ¢l
4 2 2 H 2 12 6 2
IKly < KL ICI < ——52 K17 = [<ly” < 4M*®[¢]5 (<]

I¢ls
— ¢} < AVPMABKYEAE¢|3,

where we used the fact that |¢[|® = K according to Equation (B.1). Thus, by our assumption, we
have

MYBEYS < ¢4 — ¢l < e ¢)3.

This contradicts with the fact that g € Rc. [ ]

CASE 2: CRITICAL POINTS NEAR GLOBAL MINIMIZERS

Second, we consider the case that there exists only one big (7, for which the critical point satisfies
second-order optimality and is near a true component.

Lemma B.5 Suppose & is sufficiently large such that
M3 < - &% KM < 47'.¢%2 (B.13)

for some constant n < 275, For any critical point q € R, if there is only one entry in ¢ such that
2|B4]
§1 = o’

BN > 1-56720MP = 15y,
la|

Moreover, such a critical point q € Rc satisfies the second-order optimality condition: for any
veS* twithv L g,

1
v! Hess pr(q)v > 20 HCHi'

Proof We first show that under our assumptions the critical point g € R is near a target solution.
Following this, we prove that g also satisfies second-order optimality condition.

Closeness to target solutions. First, if g is a critical point such that there is only one (; > Q‘flll,

we show that such q is very close to a true component. By Lemma B.2 and Lemma B.3, we know
that (; needs to be upper bounded by

3 <r+2|ﬁl|> _ (|¢|i+2|2?2<a1,ak><2!>2

lai] I<I
4 3 2 2
Iy 2 ||€]l5 lar |” maxi < j<m lay]|
5 |1+ 6
lad| 1<y

18
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By using the fact that g € R¢ and |a,| < M (1 < j < m), we have

2

20 €[5 @ |* maxi <j < || _ 2

lai]? ¢ < <1+ 2 iF 2 ! Iy < (1+2g 3/2M3) ICI; . (B.14)
4

On the other hand, by using the fact that |(x| < ZLL;' for all £ > 2, we have

N 416/’ 42”5
Gz Ie -G D¢ = deti - 2k = gt (1- 2T e
2

k=2 1<l
> ¢y (1 — 4¢P KMY) (B.15)
Combining the lower and upper bounds in Equation (B.14) and Equation (B.15), we obtain
ar \* ¢ 1—463KMY (1463 KMY)
la| 7q> - lay|? g (1+ 25*3/2M3)2 > 1+ 6632013

— 1230 (353/2 + 2KM>
> 1-867%2M°% > 18y,

where the second inequality follows by Lemma A.2, and the last inequality follows from Equa-
tion (B.13). This further gives

_Qe—3/27/3 _Qe—3/27/3
a; > - 1-8*M - 1—-87*M

> = 1-5632M% > 1—5n. (B.16)
1— 85—3/2M3)1/2 1 —4E-3/2 M3

la|’

Second-order optimality condition. Second, we check the second order optimality condition for
the critical point. Let v € S”~! be any vector such that v L q, then
v! Hess pr(q)v = —3v' Adiag (CQQ) Alv + HCHZl
2 S 2 4
—3<a1,'u> CIQ -3 Z <ak,’U> CI% + HCH4
k=2

\Y

~3¢ar, v ¢ — 32| AT + ¢!
= —3{a1,v)* ¢ — 3K + |¢[; (B.17)

Next, we control {a;,v)* (2 and K(2 in terms of [¢ i, respectively. By Equation (B.14) and

<q7U> = Os
2
@t = (2 mav) (lal’d)

2 2
g (12em®) el
laa|
2
2 (1 - <‘“,q>) (1+2¢7%200%) ¢
la|
2 1
< 1072017 (1 4+ 2672200%) ¢l < 71 (B.18)
On the other hand, for g € R¢, using Equation (B.13) we have
416,/ 2[5 - 1
k¢ < kM0 < eIl gt < arare it < Sial @9
a [qn
Thus, combining the results in Equation (B.17), Equation (B.18), and Equation (B.19), we obtain
3 1 1
T 4 4
vTHespr(@o = (15 5 )ICIE = 55l
This completes our proof. [ ]
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CASE 3: CRITICAL POINTS ARE RIDABLE SADDLES.

Finally, we consider the critical points g € R¢ that at least two entries |1 | and |(z| are larger than
21511‘ and 21522‘, respectively. For this type of critical points in R, we show that they are ridable

saddle points: the Hessian is nondegenerate and exhibits negative eigenvalues.
Lemma B.6 Suppose we have

M3 < -2 < (B.20)

%7
for some constant n < 275 For any critical point q € R, if there are at least two entries in {(q)

2|8
such that ‘CZ| > o (
v L g, such that

i € [m]), then q is a strict saddle point: there exists some v € S"~1 with

v Hess pr(q)v < _HCHi'

Proof Without loss of generality, for any critical point ¢ € R¢, we assume that (; = a{ g and

(2 = a4 q are the two largest entries in ¢(q). We pick a vector v € span { Hail\ , Ha2 I } such that
v 1 q with v € S*~!. Thus,
v Hess pr(q)v = —3v' Adiag (¢®?) ATv + HCH?1
2 2
ai 2 asz 4
< -3 e =, -3 2( —_, + .
for P2 (ko) = 3laal® G {1200 +Icl:

2|81 2|82
21 =

o ‘ , by Lemma B.2, Lemma B.3, and the fact that g € R, we have

2
218\ 202 |} s
lar 23 > Jaul? (\ﬁal— | ') > (1—63 Il
a icle

> (1 2g72ar) ¢

Since |¢1]| =

In the same vein, we can also show that

2
las]* GG = (1 2¢7¥200%) "I

Therefore, combining the results above, we obtain

v Hess pr(g)v 44[1 3120 <<| o] > <||az| >>]

az
TaiT* Taz]

As v € span { } we can write

v = C a + Cgﬁ
la| laz|
for some coefficients ¢q, ¢y € R. As v € S* 1, we observe
asz
ail’ |az|

where the last inequality follows from Lemma B.7. Thus, we observe

<||a1| > <|a2 > =< "2<a1| ool ) (02”1<|a1 Tl )

ai as Acycy ay asz
lai]” |laz] lay]” az|
1+p

1-— ,u2u

Jv)® = C1+02+20102< =1 = A+ =>1-2cieo|p = 1—4p,

= (F+33)+(ci+c3)

> 1—dp— (1 —4p)p®>—4

> 1—-10p
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By the fact in Equation (B.20) and combining all the bounds above we obtain

2 1
vTHeser(@o < [1-3(1-209200) 010 | 1t} < el

This completes the proof. [ ]
Lemma B.7 Suppose ’<HG1H’ ”m” >‘ < pwith p < 1/2. Let v € span { ”m”, ng\l} such that
[v| =1and v = ¢y 2 Hal\l + o2 HazH , then we have
14+ p
< )
|crcal -

Proof By the fact that ’<v, H%H> <’U, ”Z—j”>’ < 1, we have

c1 + ¢
‘(1 ’ HalH HazH )( Hall\ Haal\ )‘

which further implies that

cico + (C +c
e+ (G + 6 <||a1| |a2|> ”<|a1

Since |v|| = 1, we also have

as

lay]” az|

A+ =1-2c0c

Combining the two (in)equalities above, we obtain

+< < =)

C1C2

forl Too il a

> el a2 K 2] > e (1- %) -
forT Too il a]

Thus, we obtain the desired result. |

1>

B.2 NEGATIVE CURVATURE IN Ry

Finally, we make more stringent assumption on A that each column of A is /2 normalized, i.e.,

N

la;| =1, 1 <i<m

We show that the function o1 (g) exhibits negative curvature in the region Ry. Namely, the Rie-
mannian Hessian for any points g € Ry has a negative eigenvalue, such that the Hessian is negative
in a certain direction.

Lemma B.8 Suppose each column of A is £? normalized and
K <3 (1 + 6+ 653/5u2/5)_
For any point q € Ry, there exists some direction d € S"~*, such that

d" Hess pr(q)d < —4[¢[5 <)% -
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Proof By definition, we have

a] Hess pr(q)a:

— 3a] P, Adiag (¢®%) A*Pyrar + [¢[} |[Pyra|

—3a] Adiag (¢°%) AT a1 + 6|, ¢ diag (¢°) ATar —3¢12 ¢4+ I¢1S (o) = 1¢I2)

< = 31C12 laal* + 611, laal? + 611l 1CI3 — 3 1CI2 1T + la I IEIE — 1612, €1
= —3ICIZ + 6CI% + 6 1€, I€15 — 4112 IS + 1<l
< 161, (=3 + 61¢I% + 6117 — 4 €1 + I¢I°)

6%, (=3 + 6 1¢12, + 6uK — 4] + K)

where for the second inequality we used the fact that |¢[; < [¢]% [¢]%, and for the last equality we
applied that |[¢|* = ¢TAATq = K. Moreover, as g € Ry, we have

115 < ISlE < &€72u* ¢l

. 1/3
Il = (Z ICk|3> < ¢l K2,
k=1

Thus, we obtain
ICI5 < &PuPICIP K — ¢ < €4 (uk)*P.
Hence, we have
ol Hess pr(a)ar < 12 (=3 -+ 66%° (k)" + 60K — (¢l + K) < —4[€I} ¢
whenever
K <3 (1 n 6M+6g3/5u2/5)71.

Thus, we obtain the desired result. |

C OPTIMIZATION LANDSCAPE IN FINITE SAMPLE

In this section, we will show that the finite sample objective functions in the overcomplete dictio-
nary learning and convolutional dictionary learning have similar geometric properties as ¢7(q) =

—i HATqu analyzed in Appendix B. Specifically, we will analyze the geometric properties of ob-
jective function ¢(q) (which could be ¢p1,(g) and ¢cpr,(q)) whose gradient and Hessian are close

to or(q). We denote by
d4(q) :=grad p(q) — grad o (q),
Ap(q) :=Hess p(q) — Hess pr(q),

both of which will be proved to be small for overcomplete dictionary learning and convolutional
dictionary learning in Appendix F.

(C.1)

C.1 GEOMETRIC ANALYSIS OF CRITICAL POINTS IN R¢

Proposition C.1 Assume

1
165(a)| < uM[Cl3  and  |An(q)] < 2 ¢y

Also suppose we have

KM < 871.¢32  M? < 2.2 < — (C.2)
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for some constant n < 275, Then any critical point q € Rc, with grad ¢(q) = 0, either is a
ridable (strict) saddle point, or it satisfies second-order optimality condition and is near one of the
components e.g., a in the sense that

<Zl|,q> > 1563203 > 15 (C.3)
1

Proof [Proof of Proposition C.1] With the same argument in Lemma B.2, we have that any critical
point g € S* ! satisfies

FG) = G-+ 8] =
for all i € [m] with ¢ = AT q, where

gl g 0y(q), ai) + 3, <ai, a;) ¢} a4 (y(q), @) 4
(2N 29 T 2 = Mi 5 B
[l ] Jai®
. . Z_j#i<ai,a]‘>§? Ly . .
with 3; = e which is defined in equation B.7.
Recall that a widely used upper bound for 3; in Appendix B.1 is:
B = >z {ai, a;) ¢ _ uM Il
Jas)® lail
which together with ||8,(q)| < M |¢|3 gives
Mlel?

la zn =7 ad
To easily utilize the proofs in Appendix B.1, we define & = 2-2/3¢ such that £'—3/2 = 2¢3/2,
Plugging the assumption M/3¢' %2 < 1 into equation C.5, we have
3 2 3
18I opMICls ail” MG
= 6 = 6
o} <l <1

This implies that the condition in equation B.9 holds, so that we can apply Lemma B.3 based on
which we classify critical points g € R¢ into three categories

—_

< 2MPETPR < 2MPETI <

=~

1. All || (1 <4 < m) are smaller than %,
2. Only |¢;] is larger than |ﬁl|
3. Atleast |(1| and |2 are larger than |Bl| and |B2‘ , Tespectively.

For Case 1, using the same argument as in Lemma B.4 we can easily show that this type of critical
point does not exist. For Case 2, with the same argument as in Lemma B.5, we obtain that such a
critical point is near one of the target solution with

< > > 1-5¢732M3% > 15,
laa”’

and satisfies the second-order optimality condition, i.e., for any v € S"~! with v L q, we have
1 4
v' Hessp(q)v > v’ Hess pr(g)v — [An(a)| = 55 [<ls — [An(a)]-

Finally, for Case 3, with the same v constructed in Lemma B.6 and using the assumption
4
|Am(@)] < 55 [€];, we have
v Hessp(q)v < o' Hesspr(q)v + [An(a)| < — ¢+ |An(@)] <0,

indicating that this type of critical points ¢ € R is ridable saddle, for which the Riemannian
Hessian exhibits negative eigenvalue. Therefore, the critical points in R are either ridable saddle
or near target solutions, so that there is no spurious local minimizer in R¢. [ ]
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C.2 NEGATIVE CURVATURE IN Ry
By directly using Lemma B.8, we obtain the negative curvature of ¢(q) in Ry.

Lemma C.2 Assume . )
1Au(a)]| <<l 1€]5 -

Also suppose each column of A is £2 normalized and
K <3 (1 + 6+ 6{3/5u2/5)_1 .
For any point q € Ry, there exists some direction d € S*™1, such that
d" Hessp(q)d < —3[¢[31¢17, -

Proof First, it follows Lemma B.8 that for any point g € Ry, there exists some direction d € sn—1
such that

d" Hess pr(q)d < —4[¢]4¢)

which together with the assumption |Ag(q)| < HCHi HCH?C and the fact d” Hessp(q)d =
d" Hess o1(q)d + d" Ay (q)d < d" Hess p1(q)d + |Ax(q)| completes the proof. [ ]

D OVERCOMPLETE DICTIONARY LEARNING

In this section, we consider the nonconvex problem of

T 4 1

~ ___ v Y gy Tax)t _

We characterize its expectation and optimization landscape as follows.
D.1 EXPECTATION CASE: OVERCOMPLETE TENSOR DECOMPOSITION
First, we show that ppy,(q) reduces to pr(g) in expectation w.r.t. X.

Lemma D.1 When X is i.i.d. drawn from Bernoulli Gaussian distribution as in Assumption 2.2,
then we have

Bx [eon(a)] = 1@ = 575 (%)

Proof Let ¢ = ATq e R™ with ¢ = ™. By using the fact that

X = [:El o iL'p], T = bk @gk:7 bk ~ Ber(@), gk NN(O7I)7
we observe
B 1 T 4] 1 > T \4
Ex [¢pr(q)] = —mﬂfx [HC XH4] T T 1R(-0)0p ;lek [(C x) ]

= —12(171_9)01&3,9 [<C ©b, g>4]

~ g [lcobl].

Write |z ©b* = 7", (2xbx)”, we obtain

2
1 m ) 1 m 0 5 o
Ex [¢pL(q)] = *mﬂib (Z (2xbr) ) T TA1-9) Z 2 — 2(1-6) Z G 7

k=1 k=1 i=j
Y R
- 1Pl T 5Ty
0 m\ 2
= @T(Q)—m<g) )
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as desired. ]

D.2 MAIN GEOMETRIC RESULT

Combining Proposition C.1 and Lemma C.2 together with the concentration results of the gradient
and Hessian in Proposition F.3 and Proposition F.6, we obtain the following geometry results of
overcomplete dictionary learning.

Theorem D.2 Suppose A satisfies Equation (2.2) and X € R™*? follows BG () with 6 € (%, 3).
Also suppose we have

K < max{S_l~£3/2,3(1+6u+6£3/5/¢2/5) } L< 27 < o

for some constant n < 276,

e Ifp > CHOK>n> max {log(e:jﬂ, Kn? log(9n2)} , then with probability at least 1 — cp~2, any

critical point ¢ € R of wpL(q) either is a ridable (strict) saddle point, or it satisfies second-
order optimality condition and is near one of the components e.g., a, in the sense that

Mg > 15673208 = 1 -6
lai]

o Ifp = COK*nClog(On®), then with probability at least 1 — cp~2, any critical point q € Ry of
b1 (q) is a ridable (strict) saddle point.

Here, ¢, C > 0 are some numerical constants.

Proof First note that for overcomplete dictionary A in Equation (2.2), it satisfies Equation (F.9)
with M = 1. Now it follows from Proposition F.3 and Proposition F.6 that when

log(0Kn/u|¢5) Knlog(0Kn/[C[}) }

, D.1)
RE I¢IS

p = CHK®n? max {

then with probability at least 1 — cp~—2,

sup |erad ¢pr.(q) — grad pr(q)| < uM [ <[5,
qesS"—

1, 4
sup [Hess opr(q) — Hessor(g)] < 55 ¢y
geSn—1

which together with Proposition C.1 implies that any critical point ¢ € R¢ of ¢pr(q) either is a
ridable (strict) saddle point, or it satisfies second-order optimality condition and is near one of the
components e.g., a; in the sense that
a;
—,q ) = 1—5n.
|yl ’ >

We complete the proof for g € R by plugging inequalities ¢, = m~Y¢|¢|, = K/3n~1/6 and
<), =m= Y4 ¢, = KY4n~Y/4 into Equation (D.1).

Similarly, by Proposition F.6, when

56,3 108(0K /¢ I¢%)

, (D.2)
ICIRICIS,

p=C

then with probability at least 1 — ¢p—2,

2 4
sup [Hess oo (q) = Hess pr(q) | < max ], [€ls.
qe n—

which together with Lemma C.2 implies that any critical point ¢ € Ry of ¢pr,(g) either is a ridable
(strict) saddle point. The proof is completed by plugging [ ¢|,, = n~'/2into Equation (D.2).
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E CONVOLUTIONAL DICTIONARY LEARNING

In this part of appendix, we provide the detailed analysis for CDL. Recall from Section 3, we denote

Y = [Cy, Cy - Cy|eR™P, Ay = [Cay Cay - Cayp] eR™™,
Ti1 Cm“
;2 Cs.,

2= | |erm, X, = | TP |erm™r, X=[X, X» - X,|eRVM™,
Tik Co.x

For simplicity we let
A = (K'40A]) " Ay, m =nKk.

Recall from Section 3, for CDL we make the following assumptions on Ag, A and X.

Assumption E.1 (Properties of Ay and A) We assume the matrix Ag has full row rank with
max A

minimum singular value:  omin(Ag) > 0, condition number:  k(Agp) = U((AO)).
Omin 0

In addition, we assume the columns of A are mutually incoherent in the sense that
a; a;
las]” aj>
Assumption E.2 (Bernoulli-Gaussian x;;;) We assume entries of ;i ~;.;.q. BG(0) that

i, = bik O gk, bik ~iia. Ber(d), gir ~iia. N(0,I), 1<i<p, 1<k<K.

max < M.
i=j

In comparison with Assumption 2.1, it should be noted that the preconditioning does not necessarily
result in £2-normalized columns of A. But their norms are still bounded in the sense that

lar|® < |ATar| < VK |ay| = Jax| < VK, 1<k<nK. (ED
Because of the unbalanced columns of A, unlike the ODL problem, the CDL problem
. 1 T 4 1 T 4
= - PY| = ——i—— PAyX
i, veonla) = g et PYy = gy llat PAlXI,
does not have global geometric structures in the worst case. But still we can show that the problem

is benign in local regions in the following. Moreover, we also show that we can cook up data driven
initialization which falls into the local region.

E.1 MAIN RESULT OF OPTIMIZATION LANDSCAPE

In this part, we show our main result for optimization landscape for CDL. Namely, consider the
region introduced in Equation (3.3) as

RepL = {q eS" ! pr(q) < —cpr K3/ HC(‘I)H§ },

where {cpr, > 0 is a fixed numerical constant. We show the following result.

Theorem E.3 (Local geometry of nonconvex landscape for CDL) Let Co > 5 be some constant
and n < 275, Suppose we have

1 1
ee( ) éopn = Co-n 2PK, u < K < Cy,

1
nk’3 40’
and we assume Assumption E.I and Assumption E.2 hold. There exists some constant C > 0, with
probability at least 1 — ¢1(nK) ™2 over the randomness of x;is, whenever

ﬁ, n log (m/,u)7

Umin( 0)

every critical point q. of wcpL(q) in Repy is either a strict saddle point that exhibits negative
curvature for descent, or it is near one of the target solutions (e.g. a1) such that

<alaq0> 2 1 - 5/{72’/].
lad]|
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Proof Noting Equation (E.1), we set M = /K in Proposition C.1. It follows from Proposition
E.11 that when

6,6 1/2 3 4
p > COK*nlog®(mK) max {K K (Ao) }.max{logwm/w [¢]3) log(0Kn/ <4>},

—5 %, N 5

7 uin(Ao) 2K ¢l I<I3
(E.2)

then with probability at least 1 — ¢q (nK)~¢2,

sup [grad pepr(q) — grad or(q)| < pvVK €[5,

qES"71

1
sup [Hess ocpr(g) — Hessor(g)] < 55 1€ -
qun—l

Thus, by using Proposition C.1, we have that any critical point g. € Rcpr, of ¢cpr(q) either is a
ridable (strict) saddle point, or it satisfies second-order optimality condition and is near one of the
components, e.g., a1 in the sense that

|Zq> > 1Bt K¥262 > 1 - b2,

where we have plugged M = VK and £ = &cprs/? in Equation (C.3). Finally, we complete
the proof by using inequalities [{|, = m™Y¢|¢|, = KY3n=Y6 and ], = m~Y*|¢], =
K14n=1/4 in Equation (E.2).

E.2 PROOF OF OPTIMIZATION

In the following, we show that with high probability Algorithm 1 with initialization returns an ap-
proximate solution of one of the kernels up to a shift.

Proposition E.4 (Global convergence of Algorithm 1) With m = nK, suppose

] —2/3 43 gt
a2 g <ot —— min{t_ E L (E.3)
m k4/3m log m w43’ m2logm
Whenever
KSx5(A
p = C’HKQ,uQmax{QH((AO)), n} n*log® (m/p),
min 0

our initialization in Algorithm 1 satisfies
Ginie € Roow = {qeS"™ | pr(q) < —€or K| < Ropu,  (E4)

such that all future iterates of Algorithm 1 stays within Rcp1, and converge to an approximate
solution (e.g., a circulant shift s; [ap1] of agp1) in the sense that

|Psns (P1a.) — se[anl]| < e
where € is a small numerical constant.
Proof Note that Rcpr, € Repr is due to the fact that
|ATq|; < [ATq|" - K.

We show that the iterates of Algorithm 1 converge to one of the target solutions by the following.

Initialization falls into Rcpr,. From Proposition E.5, taking & = &cpr,x%/2, with 6 satisfies Equa-
tion (E.3), whenever

K2 1110/3 ( AO)
ui30 02, (Ao)

min

p = log(m),

w.h.p. our initialization g, satisfies o7 (qinis) < —2cpr p?/*kYPK.
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Iterate stays within the region. Let {q(*)} be the sequence generated by Algorithm 1 with ¢(®) =
Qinit- From Proposition E.12, we know that whenever
OK? KS:5(A 5
{(AO)) } n?log (Hn,u_z/?’/f_‘l/‘g) log”(mK),
0

p = 027u4/3,{8/3 max 2
we have
0 1
_ LA | R 2/3,.4/3
Sup, coL(q) (soT(q) a—ok )‘ séopt wRTUK,

which together with the fact that the sequence {q(®)} satisfies ocpr(¢™) < wopL(q(?)) implies

0 1
K? + SéopL w?PRPK

k)Y <« (k) 7

1
K24+ = 2/3 4/3K
21— 0) + 2§CDL HTR

< or(@) + éopr 1p?PRVPK < —€copr p?PRYVPK.

< @CDL(Q(O)) +

Closeness to the target solution. From Theorem E.3, we know that whenever

KG 6(A0)

p > COK?*u3nt max{ Ay }logG(m/,u),

mln(
the function ¢cpr,(g) has benign optimization landscape, that whenever our method can efficient
escape strict saddle points, Algorithm 1 produces a solution g, that is close to one of the target
solutions (e.g. a1, the first column of A) in the sense that

< 7q*> = 1753
lax|

with e = x727. In the following, we show that our final output @, = Pg.—1 (P~!q,) should be

correspondingly close to a circulant shift of one of the kernels {aoj. }1[::1- Without loss of generality,
suppose g« = a1, then the corresponding solution should be ag; with zero shift (or in other words,
the first column ag; of Agp). In the following, we make this rigorous. Notice that

Psn-1 P! « —Pn1<a01>
st (Pae) = Po {1 ]

where for the last inequality we used Lemma A.12. Next, by triangle inequality, we have

[Poves (Pa.) — |
erted [ (5 o)

‘ 1 a1 ao
~of (Pt (5 40A]) 1) aur| + 2)a] HP (“1| q)|

<2]ai |P
lai] ad]
—1 ai
I|+2V2]ai]|P \14/1<|a1|,q*>.

Let ¢ € (0, 1) be a small constant. From Lemma E.18 and Corollary E.19, we know that whenever

ao1

P_lq* —
las ||

[Psns (P7q.) —an| =

< 2]

1 T 1z T —1/2
<2|(—YY (AgA)) —

Omp

A
> Co~ 1K3%§_2 log(m),
min 0
we have
1 12 —1/2
(ampYYT) (AgAg) " —1I| <6, |P7Y < 2K |A].

Therefore, we obtain
Hpgn—l (P_lq*) — (101” < 26 + 4\/5 HAQH \/E
<20 4+ 4V2/M0max(Ao)k ™ < 20 +4V2 < €

when 7 is sufficiently small. Here, € is a small numerical constant. [ ]
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E.3 PROOF OF INITIALIZATION

In this subsection, we show that we can cook up a good data-driven initialization. We initialize the
problem by using a random sample (1 < ¢ < p)

Ginit = Pgn (Pye), 1<{<p,
which roughly equals to
Qinit ~ Pso-1 (Azg), AT ~ VEPgm1 (AT Axy).

For generic kernels, AT A is a close to a diagonal matrix, as the magnitudes of off-diagonal entries
are bounded by column mutual incoherence. Hence, the sparse property of x, should be approxi-

mately preserved, so that ATqinit is spiky with large HATqinit Hj. We define

Cinit = ATqinita arlit = \/Rpgmfl (ATACC[) .

By leveraging the sparsity level 6, one can make sure that such an initialization g;y;¢ suffices.

Proposition E.5 Let m = nK. Suppose the sparsity level 0 satisfies

logm <0 < Kp=?/3 . § pt
ATn SUS CQ{mlogm o Kp43  m2logm | -
Whenever
K?  #5(Ao)
p - log(m),
320 o, (Ao) (m)

for some & > 0 we have
HCinit”i = fKNQ/B

holds with probability at least 1 — em~=<. Here, ci, c2, ¢, ¢, C > 0 are some numerical constants.

o4
Proof By using the convexity of £*-loss, we can show that the values of |[Cinit|; and | Cinic| are
4
close,
4 > 4 203 ~ A4 g -
IGmield > |Goie], + 4828 G = Ginie ) > |G|, — 4] €5 | Gini — Ginie
~ 4 3/2 ~

> |Cinie |, — 4K [Ginie — Ginie | - (B.5)

|\ —

small

~ 4

Cinit| - Let Z = supp(axy), and let Pz : R™ +— R™ that maps
4

all off support entries to zero and all on support entries to themselves. Thus, we have

Thus, it is enough to lower bound

G| = KA A2 | AT Am

4
4

\Y

K (|Pr (AT Az [ + [Pr- (AT A) ) |Pr (AT Az

K2 4
A+ 07 |Psns (Pz (AT Aa))|, s

2
Prc(ATA
with p 1= (M) . By Lemma E.7 and Lemma E.9, whenever

-2

I
< 9 < Co )
m mlogm

logm

C1
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we have

H’PIC (ATALEg)H < C1KpmA/0logm, HPI (ATAwg)H > %Kvﬂm

holding with probability at least 1 — cgm ™, so that

2
_ (1P (47 4| :
<|7><AA>| = Gl

Thus, we have

Guit| = K2(1+p) 2 [Pons (PrAT Axy) |, = LKQHPSM (PrAT Azy)|;.
" vl pim?2log® m vl

4
4

By Lemma E.10, we have

4 1
[Penr (PrAT Az, = o

with probability at least 1 — c5m ™. Thus, with high probability, we have
4 C3K? 1

Cinit| = : > 2K E.6
C t 4 u4m210g2m 29m g M ) ( )
whenever
—2/3
0 < C4KM . . -
E&m  p*m2log”m

Finally, Lemma E.6 implies that for any ¢ € (0, 1), whenever

6 A )
> Gyt ) 2
p 5 o_?nin(AO) Og(m)7
it holds that
Cinit — anit < 6,

with probability at least 1 — ¢7(m) 8. Choose ¢ such that

AKY? | Cinie — Gt | < 4K%%6 < EKp?P = § < C¢K 2?3, (E.7)

then by Equations (E.5) to (E.7) we have

4 Tk 3/2 - 2/3
[Cinitly = |Cinit W 4K || Cinit — Cinit| = K u™”.
Summarizing all the result above, we obtain the desired result. ]
Lemma E.6 Let § € (0,1). Whenever
K9 (Aop)
p = COIK3——"L_§2]og(m),
O—I2nin(A0) g( )
we have
Cinit — Cinit| < 0

with probability at least 1 — ¢ (Kn)~2. Here, ¢1, ¢, C > 0 are some numerical constants.
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Proof By definition, we observe

Cinit — anit AT]P)S'IL—I (P’yg) — \/?’PSnfl (ATA.’Eg) H
1 —1/2
= ATPSn—l YYT AQCE@ - \/?rpgn—l (ATA:IZ@)
OKmp
1/2
B AT (gmpYYT) Aomg ATA.’L'g
- 1/2 Az
’ HmpYYT) A()wf ” ZH
2] A 1 T -1z Ty—1/2
HAIB@” MYY AoiL‘g — (A()AO) Ao:Bg
VE HWH T e Ty~ 1/2
—1/2 12
— 2K || (YYT) ~ (A0a]) ™

where for the first inequality we invoked Lemma A.12, and the last equality follows the fact that
minimum singular value of A is unity. Next, by Lemma E.18, for some € € (0, 1), whenever

> Co~ 1K2m ~2log(m),

mm (AO)
we have
Cinit — Cinit|| < 8V K |[Aoll €
holding with probability at least 1 — ¢1(m)~“2. Here, ¢1, ,c2, C' > 0 are some numerical constants.

Lemma E.7 Suppose the columns of A are p-incoherent and satisfies Assumption 3.1, and suppose
@ satisfies Assumption E.2. Let T = supp (xy). For any t = 0, we have

[Pr- (A Asy)| < Jofidiog (AT A) ] < ¢

holds with probability at least 1 — 4m exp (— min { 4K2f;0m2 , 4Kmtnm })

Proof Since we have
|Pre (AT Azy)| < [offdiag (AT A) z , (E.8)
we could bound HPIC ATA.’BgH via controlling Hoﬂ’diag (ATA) mgH. Let

M = offdiag (ATA) =[m; -+ my]eR™™ and s = Mz, = Z ML -
—
Thus, we can apply vector version Bernstein inequality. By Lemma A.3 and the fact that |my| <
Kpy/m,

m!
Else] = 0, Efls[”] = 0lmil"Egopron) o] < =0 (Kpy/m)”
Therefore, by applying Lemma A.6, we obtain

P (Hoffdiag (ATA) :ch > t = ( 2 Sy — t)
— .
< 2 1 - .
(m +1)exp ( 2u2K20m? + 2Kum\/mt>
Finally, Equation (E.8) gives the desired result. [ ]
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Lemma E.8 We have
|diag (AT A) 2 < K20m + ¢ (E.9)

with probability at least 1 — exp (f% min { Kiizmv K%m })
Proof First, let

d=diag (AT A), s = |diag (ATA) mgHQ = dixd,
kgl kSka

where by Lemma A.4, we have

19p
E[|sk]’] < aK"“%, E[s] = 0|diag (AT A)|,. < K?0m.

2
[

Thus, by Bernstein inequality in Lemma A.5, we obtain

. 2 t2
P (|diag (ATA) @~ K26m > 1) <exp <_4K40m + 4K2mt) ’

as desired. |

Lemma E.9 Suppose x; satisfies Assumption E.2. Suppose x, satisfies Assumption E.2. Let T =
supp (x¢). Whenever 0 satisfies

—2

10gm<0< I

< ¢ , (E.10)
m mlogm

C1
we have

[Pz (AT Az)|” = %K20m (E.11)
with probability at least 1 — m™¢. Here, ¢, c1, co > 0 are some numerical constants.

Proof Notice that
[Pz (AT A=)

= |diag (AT A) z; + Pz (offdiag (AT A) z/) H2

— |diag (AT A) @ + | Pz (offidiag (AT A) ;)| + 2(diag (AT A) @, P (offdiag (AT A) z/))

> |diag (AT A) | — 2| diag (AT A) | [Pz (offdiag (AT A) z)| .

I

By Lemma A.9, Lemma E.7, and Lemma E.§, we have

Hdiag (ATA) a:/ng < K?0m + C1K?%\/6mlogm
Pz (offdiag (AT A) z¢)| < CofKpma/logm

holds with probability at least 1 — m ™. Thus, we obtain

[Pz (AT A))|* = K%60m (1 — o/ B om 1ogm> .

Om

Finally, by using Equation (E.10), we have
[Pz (AT Az)|” = %K29m

as desired. ]
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logm

Lemma E.10 Suppose x; satisfies Assumption E.2. Let T = supp (xy). Whenever 0 € ( B, %)

then we have

4
[Prr (Pz (AT Amp))|, = 55—

with probability at least 1 — m™°.

Proof By Lemma A.1, we know that for any z,
4 -1 4
Izl = Izl =],

and the fact that | Pgm-1 (P (AT Azy))|, = |x¢/,. we have

s
[Pan-s (P (AT Awy)) [} > [y

By Lemma A.9, we have

4
loddy < 20m = [Pons (Pz (AT Az))[} > 55

holds with probability at least 1 — m™°. [ ]

E.4 CONCENTRATION AND PERTURBATION

We prove the following concentration results for Riemannian gradient and Hessian, and its function
value.

Proposition E.11 For some small 6 € (0, 1), whenever the sample complexity satisfies
K%:5(A 0K
p = C6 20K*max {M, n} n?log <6n) log“r’(mK)7
we have

sup |grad ¢cpL(q) — grad o1 (q)|| < ¢
qesSn—

sup  |[Hess popr(q) — Hesspr(g)| < 0
qegn—l

hold with probability at least 1 — ¢1(mK)~°2. Here, ¢1, ca, C > 0 are some numerical constants.

Proof Let cpr,(q) be introduced as Equation (E.12)

1 T 4
~ 1261 —aynp 19 AX s

so that we bound the Riemannian gradient and Hessian separately using triangle inequalities via
PcpL(q).

@CDL(Q) =

Riemannian gradient. Notice that

sup |lgrad pcpr(q) — grad oT(q)|

gesn—1
< sup |grad ¢cpr(q) — grad cpr(q)| + sup lgrad @cpr(q) — grad oT(q)|| -
gesn— gesn—

From Proposition E.13, we know that whenever

KS(A
P > CleKl() 5 ( 0)

7572712 lo 5 mK s
UIIliIl(AO) & ( )

we have

sup lgrad ¢cpr(q) — grad @cpr(q)|| <
qesSn—

N>
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with probability at least 1 — ¢1(mK) 2. On the other hand, Corollary F.9 implies that whenever
0K
p = 00 20K%n%log < 6”) :

we have

R b
sup [grad @cpL(q) — grad pr(q)| < 3
qegn—l

holds with probability at least 1 — c3np~2. Combining the bounds above gives the desired result on
the gradient.

Riemannian Hessian. Similarly, we have
sup |Hess wcpL(g) — Hess or(q)|

qesn—1
< sup |Hess wcpr(q) — Hess popr(q)| + sup_ |Hess @cpr(q) — Hess or(q)] -
qgeS™— qesSn—

From Proposition E.15, we know that whenever

6 A =
> C 9K10“(A)0)5 202 log® (mK),

min (
we have

N >

sup  [Hess popr(g) — Hess Gopr(q)] <
qES"71

with probability at least 1 — ¢4 (m K ). On the other hand, Corollary F.10 implies that whenever
p = C40K%2n®log (0Kn/5),

we have

)
sup [Hess pr.(q) — Hessr(a)] <
qu'n.fl

holds with probability at least 1 — c4np~2. Combining the bounds above gives the desired result on
the Hessian. [ ]

Similar to Lemma D.1, for convolutional dictionary learning, asymptotically we have

0 1 4
—K? = ——|q"A|,.
Next, we turn this asymptotical results into finite sample for the function value via concentration
and preconditioning.

Ex [¢cpL(g)] ~ Ex [@cpr(q)] = ¢1(q) —

Proposition E.12 For some small 6 € (0, 1), whenever the sample complexity satisfies

6,6
p = C6 20K* max w n?log OKn log® (mK),
Ap)’ R

mln(
we have

sup
geSn—1

vcpL(q) — (tpT(Q) 1 2(1—6) )H

hold with probability at least 1 — ¢y (mK)~°2. Here, ¢y, ca, C > 0 are some numerical constants.

Proof By triangle inequality, we have

¢coL(q) — (%OT(‘J) - 2(09)1(2)’

sup
gesn—1 1-—
< sup |popL(q) — @ep(@)] + sup |@epr(q) — Ex [@epr(a)]]-
gesSn—1! gesn—1!
T T2
Thus, by using Corollary E.14 we can control 7. For 75, we can control in a similar way as
Corollary F.9 or Corollary F.10. For simplicity, we omitted here. [ ]
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E.5 PRECONDITIONING

In this part of appendix, let us introduce

1 o la"(PA0)X], Gepwla) =

_ 1 T
¢coL(q) = T 120(1 = O)np )np la"AX]|.

S 120(1 —
(E.12)

In the following, we show that the differences of function value, Riemannian gradient, and Hessian
of those two functions are small by preconditioning analysis. For simplicity, let us also introduce

vo(q) = XT(PAO)Tq7 v(q) = XTATq. (E.13)

E.5.1 CONCENTRATION AND PRECONDITIONING FOR RIEMANNIAN GRADIENT AND
FUNCTION VALUE

First, the gradients of ¢cpr,(q) and Pcpr,(g) and their Riemannian variants can be written as
1 1
360(1 — 6)np 30(1 — 6)np
grad pcpr(q) = PgrVecpL(q), grad 9cpr(q) = PgVocepL(q),

Vecepr(q) = PA Xv§?, Véepr(g) = AX v,

where recall from Section 3 that we introduced the following preconditioning matrix

) —1/2 ) » —1/2
P = YY' = |A x; x| Al .
(HKmp ) l O<0Kmp;1 ’ l) 01

In the following, we show that the difference between grad vcpr.(q) and grad @cpr.(q) is small.

11
m? 2

Proposition E.13 Suppose 0 € ( ) For any 6 € (0, 1), whenever

#5(Ao)

> COK'
P Uiﬁn(f40)

6 2n%log®(mK),

we have

sup lgrad ¢cpr(q) — grad cpr(q)| < 6
qeSn—

sup |Veepr(q) — V@epL(g)| < 6
gesSn—1

with probability at least 1 — ¢1(mK)~°2. Here, c1, ¢, C > 0 are some numerical constants.
Proof Notice that we have

sup |grad ¢cpL(q) — grad $cpL(q)|

qun—l
< sup [VeepL(q) — Véopr(q)
gesSn—1
1
< sup HPAOXv(()93 — AXU®3H

30(1 — 0)np gesn—

1 .
- - 3 _ ,,03 _ ®3
< 39(1 — G)TLP (qesél’gl HPAOX [UO v ]H " qesél’gl H (PAO A) Xv H >

T1 T2

Controlling 7;. For the first term, we observe
1

< oo [PAof | X] s o3 _ 08
T < S5 —gymp FAl \Iq:;gly\vo v
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where for all ¢ € S*~! we have
[0§° — o9 < [0°% = 2| vl + o —wol [woll,

2
< VE (VI 1PA) 1PAy AL (e 1Xerl) 1]
2
+ 1P~ Al IX| P4l (s [Xen )

2 2
< (VE +1P4l) 1X] (| mx |Xer]) P40 - Al

1<k<
where for the last two inequalities we used Lemma E.16. Thus, we have

2 ) 2
T < (VE+1PA) 1PAl IXT* (i [Xenl ) 1PA0— AL

1<k<

Controlling 75. For the second term, by Lemma E.16, we have

2
3 2
T2 < 1P~ ALIX| Iol} < K521 (s 1Xe] ) 1PAo - Al

Summary. Putting all the bounds together, we have
sup  [gradpcpr(q) — grad epL(q)|

gesn—1
1
< .
30(1 —0)np
By Lemma E.17 and Lemma E.20, we have
|X| < 2v/0mp,  max |Xey| < 4vOmlog(Kp)
<k<snp

2 2
| (V + 1Paal) 1P Aol + 52| IXI7 (s 1Xerl ) 1P Ao~ Al

with probably at least 1 — 2p~2. On the other hand, by Lemma E.19, there exists some constant
C > 0, for any € € (0, 1) whenever

%(Ap)

> Co K3 D e 2log(mK),
mm(AO) g( )
we have
|IPAy— A| < e |IPAy| < 2VK

hold with probability at least 1 — ¢;(mK) ™2 for some numerical constants ¢j,cy > 0. These
together give
Ti < CK®20mlog®(Km)e.

Replacing § = CK5/20mlog? (Km) e gives the desired result. [

Here, the perturbation analysis for gradient also leads to the following result

Corollary E.14 For some small § € (0, 1), under the same setting of Proposition E.13, we have

sup |¢cpL(q) — PepL(q)] < 0
qESn—l

hold with probability at least 1 — ¢y (mK)~°2. Here, c1, c2 > 0 are some numerical constants.

Proof Under the same setting of Proposition E.13, we have

lpep (@) — Pepr(q)] L ol L—Y
su — = sup - | |voly— v

qESnIzl $opLiq) — popid qegnp1 4130(1—0)np """ 30(1 — O)np 4
1

1
= sup |0
qegnpl 4 ‘30( —Onp

q, PA X v%? — AX0®?
0

N

1 . 1)
7 Sup IVeepL(g) — Pepr(g)ll < T
qeSn—1

as desired. |
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E.5.2 CONCENTRATION AND PRECONDITIONING FOR RIEMANNIAN HESSIAN

For simplicity, let vy and v be as introduced in Equation (E.13). Similarly, the Riemannian Hessian
of vepr(q) and Pcpr.(g) can be written as

1 : T T 4
Hess ocpL(g) = _quL [3 (PAy) X diag (v§?) X (PAo) — |lvoly I] P,
~ 1 . 4
Hess QOCDL(q) = _quL [3AX dlag (’U®2) XTAT _ H’U”4 I] PqL,
respectively.  In the following, we show that the difference between grad¢cpr.(g) and
grad $cpr,(q) is small.

Proposition E.15 Suppose 0 € (%, %) For any 6 € (0, 1), whenever

6
p > Cor10LAD) sor 00050 1),

Ur211111 (AO)

we have

sup |Hess pcpr(q) — Hess @cpr(q)| < ¢
gesn—

with probability at least 1 — ¢;(mK)~2. Here, c¢1, ca, C > 0 are some numerical constants.

Proof Notice that

Sup |Hess cpr(q) — Hess @cpr(q)||
qeSn—

1
< ———— sup
O(1 — 0)np gesn—

(PAg — A) X diag (v§?) X7 (PAO)TH

T1

+ 1 sup |AX diag (v9?) X (PAg — A)TH

O(1 — 0)np gesn—

T2

1
S — AX diag (vQ? — ) XT (PA TH
* T gp P, [AX ding (o ) XT (P o)
Ts
bt sup [t~ ool
30(1 — O)np gegnr | * 4

Ta

By using Lemma E.16, we have

<k<

2
Ti < |PA X [PAc - Al sup [ools, < [PA |XI° <1maxp|Xek||> |PA,— A,
qE n— n

2
2 2 2
To < JAIIXP swp [o]2 < K97 |X] (max |Xek|) |PA,— Al
gesn—1 1<k<np

Similarly, Lemma E.16 implies that

2
Ts < [PAo| |A]]X] sgplﬂv(??—v@?H@
qe n—

2
< VE (VK + 1PAol) [P A |XIP (s 1Xerl ) [PAo- AL

1<k<n
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and
Ti< s [loli = feoli] < 2 swp (o~ w0, 10°%)
qesSn—1 -

< 8 sup v —wof v
qES"7

2
< 8% |XI* (| max 1Xerl ) |PAo - Al
1<k<np

Thus, combining all the results above, we obtain
sup |Hess ocpL(q) — Hess @cpr(q)|
qegn—l
1
(1 — O)np

X

2
[(VE + 1PAul) [P A + & |PAo| + 456%2] 1XI* (o 1Xer] ) 1PAq - Al

By Lemma E.17 and Lemma E.20, we have

| X < 24/0mp, max || Xeg| < 4vVOmlog(Kp)
1<k<np

with probably at least 1 — 2p~2. On the other hand, by Lemma E.19, there exists some constant
C > 0, for any € € (0, 1) whenever

Ao)
> Co- 1K3K(70 2 log(mK),
nnn(flo) g( )
we have
|PA;— Al < ¢, |PAY| < 2VEK

hold with probability at least 1 — ¢; (mK) ™2 for some numerical constants ¢j,co > 0. These
together gives

sup |Hesscpr(q) — Hess oepr(q)| < C'K520m log? (Kp)e.
qES"fl

Replacing § = C"K%?0mlog”® (Kp) € gives the desired result. [

E.5.3 AUXILIARY RESULTS

Lemma E.16 Let vy and v be defined as in Equation (E.13), with
vo(q) = X' (PAo) q, v(q) = XTATg,

For all g € S*™1, we have

foll, < VE mox [Xedd,  lwl, < [PA max [Xeg],
1< 1<k<np
4
Wl < VEIX],  JolS < K°|X]? (n;ax |Xek)
2
Hv®2 _v0®2”OO < (x/?+ HPAOH) |PAy — A < max |Xek|>
[v—vo| < |[PAo— Al |X].

Proof In the following, we bound each term, respectively.
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Bounding norms of v and vy. For the ¢2-norm, notice that
vl < [ XAl < vEK|X]|
On the other hand, for the /*-norm, we have

_ TywT AT <

[vle = max JlexX'ATq| < VK max |Xe
_ TyT T <

[ooll, = max e[ XT (PA)) q] < |PAo| max [Xes|.

Thus, the results above give

4
6 4 2 3 2
folf < ol fol? < &*1X1° mox 1Xerl )

Bounding the difference between v and vy. First, we bound the difference in ¢2-norm,
Jo—vol = |[XT(PAy—4)"q| < |PA - 4] |X].
On the other hand, we have

[v9* —v§?|, < v = w0l v+ w0l < (0] + [v0lle) [¥ = w0l -

where

lv —wvoll,, = | ax

i XT(PAy - A)' g < |PA)— A max |Xey.
Thus, we obtain

2
o2 o], < (VE +1PAol) [PAs - Al ( s | Xerl)

<k<snp

as desired. ]

Lemma E.17 Suppose X satisfies Assumption E.2, we have
max || Xer| < 4vVOmlog(Kp)
P

1<k<n

with probability at least 1 — p=20™.

Proof Let us write

sj—1[®i1]
X, = [Zn Tio -+ Tin], with @&y = : Il<i<p, 1<j<n,
sj—1 [®ix]
where sy [-] denotes circulant shift of length ¢. Given X = [X; --- X,], we have
K
By, IXenl = _max 1Bl = _gmax, ) 2 B el

< VK max  |xy] -

1<i<p, 1<K
Next, we bound max; <;<p,1<e<k |®ic/. By using Bernstein inequality in Lemma A.5, we obtain
([ S e
ziy|” —nb| = < 2exp|————
i P\ 40 + 4t

Thus, by using a union bound, we obtain

max [@il < 4v0nlog(Kp),

1<i<p,1<<K

with probability at least 1 — p~2™, Summarizing the bounds above, we obtain the desired result. B

39



Under review as a conference paper at ICLR 2020

E.6 INTERMEDIATE RESULTS FOR PRECONDITIONING

Lemma E.18 Suppose X satisfies Assumption E.2. For any 6 € (0, 1), whenever
*(Ao)

> Co K220 52106 (m),
oh(Ag)’ B
we have
-1/2 1
’ %YYT — (A0A]) < 4,

1/2
<YYT> (AoAE)r)il/Q I < Umin(AO) . 57

Omp

hold with probability at least 1 — ¢ (mK)~°2. Here, c1, c2, C > 0 are some numerical constants.

Proof Notice that

1 1
Loyyr —AXXTA] = ApA] +A—XXT-T)A].
Omp Omp —_—— Omp

A
By Lemma E.20, for any € € (0, 1/K), whenever

p = CO'K% 2log(mK),

we have

]«
Omp

with probability at least 1 — ¢ (mK) 2. Thus, by the first inequality in Lemma A.10 we observe

—1/2
‘(YYT> B (AOAO)—I/ _ H(B+A)*1/2 _B—l/zH

Omp
< 40'mm( ) HAII
#*(Ao) T ' #?(Ao)
< —XX I € ———~ e
Ur2nin( ) 97’71]7 mm(AO)
On the other hand, by using the second inequality in Lemma A.10, we have
1 12 1/2
(HmpYYT) (A0ag) " —1| = [(B+A)B -1
< 40;,;1{2( B)|A|
4&2(A0)
< L oxxT_g < R0
aIIllIl AO emp H arrlill(AO) ‘
-1
Choose € = ( 4n? ((‘:D) ) 0, we obtain the desired results. ]

Given the definition of preconditioning matrix P, the result above leads to the following corollary.

Corollary E.19 Under the same settings of Lemma E.18, for any § € (0, 1), whenever

> 00~ 1K‘3H(AX)0)52 log(mK),

min (

we have
|[PAy—A| <6, |P7Y < 2K72|A|,
|IPAo| < |A| +6 < VK +0

hold with probability at least 1 — ¢1(mK)~°2. Here, ¢y, ca, C > 0 are some numerical constants.
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Proof For the first inequality, we have

1
|PA, — A| < VK

. —-1/2 1
—YY — (AgA Aol -
(Gr¥Y")  ~ (AoaD) ™ Lo

Thus, for any 0 € (0,1), Lemma E.18 implies that whenever

6(A
> o 1K3H(£Z)6‘2 log(mK),

min (

we have
|PAy— A| < 6. [PAd| < |A] + |PAy—A| < VE +5
with probability at least 1 — ¢; (m.K) ™. On the other hand, by Lemma E.18 we have

P = e A+ (A

< et a0 0) [ (1 [P (1 A00) ™ 1]

1/2

1/2
< K~Y2| A <1+ (YYT> (ApA]) T
Omp

) < 2K712 | Ay,
as desired. |

Lemma E.20 Suppose X satisfies Assumption E.2. For any 6 € (0, 1), we have

1 oxxTo I‘ < 4, IX| < +/0mp(1+9)
Omp
with probability at least 1 — cymK exp <fc20p min { (%)2 , %}) Here, c1, co > 0 are some
numerical constants.
Proof By using the factthat X = [X; X, --- X,], we observe
D kal
xxT = Y XX, Xp=| :
k=1 kaK
Z1
Forany z € S"~*, write z = | @ |. We have
ZK
1
'XXT I‘ = sup |z (XXT —I) z
Omp 2e§n—1 Omp

1 P
= sup |—=z2 X; X, | z—
zesn—1 | Omp (Z‘i ) |

T /K
2
= Sufi emp Z (Z C @kzk:> <2=21 szkzk> - HZH
1 &f&

2
LY (2zzc;mcmzwzzz,zc;kcmze) el ‘

k=1 k=¢
P

z,I LZ}C’T C,. —1I|z +2Z

emp Tik ik =,

+ 2K~

)
w0
o)
T

g

A
8
D=

Z Cul

1 p
T T
— > C

C’mw> z
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By Lemma E.21, we obtain

‘XXT IH < t1+2Kty < 6
Omp

with probability at least
1—2mexp (—019p min {52, 6}) —2mK exp (—029]3 min { (K*15)2 , Kﬁlé}) .

Finally, the second inequality directly follows from the fact that

— XX -I| <96 X|* < (0mp) (1 +6
s <5 = X< Gm(40),

as desired. |

Lemma E.21 Suppose x;; satisfies Assumption E.2. For any j € [K], we have

1 P
O Z C;w Cm”

<t
Onp =

holding with probability at least 1 — 2m exp (—%p min {%, t }) Moreover, for any k,{ € [K]
with k = ¢, we have

< b

1 & 4

holding with probability at least 1 — 2— exp < “2 min {tQ, tg})

Proof Notice that

Cl C,. = F*diag (\me@?) F, CJ C,, = F*diag(Fo,, © Fay) F. (E.14)

Tij

Bounding

1 €4, Ca,y — 1| From Equation (E.14), we have

Bnp xij
iicf C,, —I| = |F*diag ii |Fa;;|* -1 | F
Onp ~ Taj —EY Onp ~ J
1 & o2
= Fx;; _
1= o0

Let f; be arow of F', by Lemma A.3 we have for any £ > 1

240! 2
E (12| < 5By pa [ 1000 £l ] < S000)"

Thus, by Bernstein inequality in Lemma A.5, we have

1 pot?
P 1>t ] < 2exp (- .
(9 1) eXp( 8 + 4t

P
2

— ¥ | fFxT —

2152w

Thus, by using union bounds, we obtain

anz Tij Caiy =

for all 1 < j < K with probability at least 1 — 2nK exp (f— min { t; t1}>.

oe]
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; 1 y? T
Bounding Hm i—1Cz,,Cz,, |-

1 & 4
%Zcmikcwiz
=1

Let 28 = fra fixy = o) fafizie (1 < d < n), we have its moments for s > 1

s s s s! s s! s
E[}zfj ] < E[‘x;kfd‘ ]Eﬂf;wid] < §Ebd~Bcr(9) [|\bd®fd|\2] < 5971‘.
p

Thus, by Bernstein inequality in Lemma A.5, we obtain
Z k¢
Zid

1 Opt3
Pl — >ty | < 2exp | — P'2 .
ani 2+ 2t

Thus, by applying union bounds, we have
1 p
97 Z mz(

forall 1 < k,¢ < K and k = ¢ with probability at least 1 — 2mK exp ( “L min {tz, t2}> ]

On the other hand, by Equation (E.14), we know that

<

1 &
7ZF$1‘I€®F@M
anz_:l

o]

< 1o

F MEASURE CONCENTRATION

In this part of the appendix, we show measure concentration of Riemannian gradient and Hessian
for both pp1,(q) and wepr,(g) over the sphere. Before that, we first show the following preliminary
results that are key for our proof. For simplicity, we also use K = m/n throughout the section.

F.1 PRELIMINARY RESULTS

Here, as the gradient and Hessian of ¢4-loss is heavy-tailed, traditional concentration tools do not
directly apply to our cases. Therefore, we first develop some general tools for concentrations of
superema of heavy-tailed empirical process over the sphere. In later part of this appendix, we will
apply these results for concentration of Riemannian gradient and Hessian for both overcomplete
dictionary learning and convolutional dictionary learning.

Theorem F.1 (Concentration of heavy-tailed random matrices over the sphere) Let
Z\,Zy, - ,Z, € R™M*™ pe iid centered subgaussian random matrices, Wwith
Z;=q4Z (1<i<p)and

t2
E[Z;] = 0O, P(1Zij| > t) < 2exp (_M> .
For a fixed q € S"71, let us define a function fq(-) : R"*"2 R %42 sych that

1. fq(Z) is a heavy tailed process of Z, in the sense of P (| fq(Z)| = t) < 2exp (—CV/1).
2. The expectation E [ f4(Z)] is bounded and L y-Lipschitz, i.e.,

IE[fo(Z)1] < By, and |E[f,(Z)] - E[fe(Z)l] < Lylar—aol. Vi, g2 € S"7".

(F.1)
3. Let Z be a truncated random matrix of Z, such that
_ T - | Zij if|Zi| < B,
zZ=2z2+2 Zij = {O otherwise. (F.2)
with B = 20+/log (ninap). For the truncated matrix? we further assume that
|fa(Z)] < Ri(o), maX{HE [£a(Z)" 1a@)]|, |1a(@)1a(2)T[} < Ra(o), (B3
|fa:(2) - qu Z)| < Ly(o) lan - q2|| , Van g € S" 1. (F4)
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Then for any 0 € (0, 6%), whenever

D = C’max{mm{dl’dQ}Bf 52

2 | nlog <6(Lf§+Lf)> + log(dy + dz)‘| }

n1N90
we have
14—
sup |= Y. fo(Zi) —E[fo(2)]| < 6,
qesn—1 pi:l

7clog((Lf +Ly /5)

holding with probability at least 1 — (nlnzp)_2 —-n for some constant ¢, C' > 0.

Proof As aforementioned, traditional concentration tools does not directly apply due to the heavy-
tailed behavior of f4(Z). To circumvent the difficulties, we first truncate Z and introduce bounded

random variable Z as in Equation (F.2), with truncation level B = 204/log (n1n2p). Thus, we have

( sup qu fo(Z2)]| = t)
qesSn—1
<P (q:élnpl > t) + H”(ggftg 1Zi] ., = B)-

As fq(Z) is also bounded, then we can apply classical concentration tools to P;(t), and bound
‘P> by using subgaussian tails of Z. In the following, we make this argument rigorous with more
technical details.

Z fa(Z f4(2)]

P1 (1) P2

Tail bound for P>. Since Z; « 18 centered subgaussian, by an union bound, we have

2
Py =P <1IEa<X 1Z;] ., B) < nmngpP (|Z),] = B) < exp (—2 + log (nlngp)> .
Choose B = 204/log (n1nap), we obtain
-2
P = P 12, > B) < ()
Tail Bound for H% P fd(Z) —E[fe(Z H with a fixed g € S"~!. First, we control the quan-

tity for a given q € S"~L. Later, we will turn the tail bound result to a uniform bound over the sphere
for all g € S"~!. We first apply triangle inequality, where we have

p
N a2 + 2420 ~E (1 (2)
i=1
such that

>Q

B (2]~ B [ JQ

+ |E[fa(2)] - E[fa(2)]] ,

1 &
Pll=
P

Y faZ:) ~ Elf(2)]
( Zn? [fa(2)]
Notice that

[E[/a(Z)] - Elfa(D)]] < [E[fa(2)O 1zl < [Elfa(Z)]lr [E[12.2] 5

< min{dl,dg}Bf ZP(Z” :72’]’)
\l j

B2
< min{di, ds} Byy [ ningexp (22),
o
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where for the second inequality we used Cauchy-Schwarz inequality, the third one follows from

and the last one follows from the fact in Z is subgaussian. With B = 20+ /log (n1n2p), we obtain

[E[f,(Z)] - Elfo(2)]] < niduda) By

ninzp
>t > B
nin2p

Next, we need to show concentration of H LN fa(Zi)—E|fe(Z H to finish this part of proof.

A

so that

1p
p<
pz:l

Z fq(ii) - E[fq(z)]

2 fd(Z [/4(2)]

By our assumption in Equation (F.3), we apply bounded Bernstein’s inequality in Lemma A.7, such
that

1&, - -
P( =2 fa(Zi) —E[14(Z)]
P
Choose p large enough such that
p > 2min {d,d2} By . min {di,d>} By < t

t2
> tl) < (dy +dg)exp <_232ﬁ&{1152/3) '

nlngt n1nop 2
Thus, for a fixed g € S*~!, we have
1S, — - B
P < EZ fa(Z:) —E[fq(2)]| = ) ( Z fq(Z;) [f4(2)]| = t/g)
i=1

(di + dz) exp ( SRy + 8R1t/3)

Bounding 7P, (t) via covering over the sphere S"~!. Finally, we finish by . Let N(¢) be an
epsilon net of the sphere, where we know that

n—1
Vge S 3¢ € N(), st |g—4q| < e and #N(e) < (3) )

€

Thus, we have

1S, -
sup qu<zi>—E[fq<Z>]’
qES"71 pi:l
p —
= sup - fq’+e(Zi) —E [fq’+e<Z)]
q'eN(e),e|<e||P ;5
1 1S, -
< sup |2 RT3 TS L Sy AR oW &
q'eN (e) Z v aeN(e),le|<e||P ;5 e p;

+ sup E [fg+e(Z)] —E[fg(Z2)]] -

q'eN(e),lef <e

By our Lipschitz continuity assumption in Equation (F.1) and Equation (F.4), for any g € S"~!, we
obtain

|E[fg+e(Z2)] = E[fo(2)]] < Lyle|,

1< — 1& —
*qu’+e(zi)_*2fq’( qu +e fq( )H < Lf H6H7
P4 P4
which implies that
sup 12 fq(ii) —E[fq(Z2)]| < bup Z fq fa(2)]| + (Lf + ff) €.
qu”—l i=1 q EN
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Therefore, for any ¢ > 0, choose
t

€ < T —
2(Ly + Ly)

>t)

qu (Z;) fe(Z)]| = t— (L +Lf)e>

so that we obtain
sup
qesn—1
<P sup
q'eN (e
<P| sup f (Z;) (Z > t/2
q
q'eN (e)
1 _
< #N(e)- P ( ’ Z fa(Z:) —E[fq(2)]| = t/2>
i=1
3 n—1 pt2
< (2 N
(e) (dy + da) exp ( 32R; + 16R1t/3)
. th 3pt 6 (Lf + ff)
< - , log [ 2L T 210 ) 4 .
exp( mm{64R2 32R1}+n 0g< " + log(dy + d2)

Summary of the results. Therefore, combining all the results above, for any J € (0, 6%), when-

Z fa(Z fq(Z)]

ever
B 6(Ls+L
p = (C'max % 072Ry [ nlog M +log(dy +d2) |},
n1n25 )
we have
1 p
sup |= Y fo(Zi) —E[f4(2)]| < §,
qesn—l i—1

holding with probability at least 1 — (nlngp)f2 — n=c108((L+L1)/9) for some constant ¢,C>0.1

Corollary F.2 (Concentration of heavy-tailed random vectors over the sphere) Let
z1,%2,  ,2p € R™ be i.id. centered subgaussian random matrices, with z; =4 z (1 < i < p)
and

2
Elz] = 0, P (|2 t) < 2 -— .
(=] (1 > 1) < 2ewp (- )
For a fixed q € S"71, let us define a function fq(-) : R™ — R%, such that

1. fq(2) is a heavy tailed process of z, in the sense of P (|| fq(2)| = t) < 2exp (—CV/1).

2. The expectation E [ fq(z)] is bounded and L-Lipschitz, i.e.,
IE[fe(2)I < By, and |Elfq,(2)] —Elfa, ()] < Lflar — qell, ¥ a1, g2 € S"7.

(E5)
3. Let Z be a truncated random matrix of z, such that
cames n-fp IR
with B = QUM . For the truncated matrix z, we further assume that
1fa@ < Ri(0), E|lfe@IF] < Ralo), (E7)
[fa:(Z) = faR)| < Lg(0) g1 —aefl . Va1, g2 € "7 (F3)
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Then for any 0 € (0, 6%), whenever

B
p = Cmax{ f o

nlog (6 (Lf5+ Lf)) + log(d1)] } ,

16’
we have
1 p
sup |~ 3 fo(zi) ~E[fe(2)]] < 0,
gesn—1 || P i=1
holding with probability at least 1 — (nyp) > — nclos((Ls+Ly)/9) for some constant ¢, C' > 0.

Proof The proof is analogous to that of Theorem F.1. The slight difference is that we need to apply
vector version Bernstein’s inequality in Lemma A.8 instead of matrix version in Lemma A.7, by
utilizing our assumption in Equation (F.7). We omit the detailed proof here. [ ]

F.2 CONCENTRATION FOR OVERCOMPLETE DICTIONARY LEARNING

In this part of appendix, we assume that the dictionary A is tight frame with ¢2-norm bounded
columns

1
?AAT =1, |ai| < M (1<i<m). (F.9)

for some M withl < M < VK.

F.2.1 CONCENTRATION OF grad ¢py,(+)

First, we show concentration of grad ¢pr,(q) to its expectation E [grad ¢pr,(q)] = grad ¢r(q),

1 L 3 ©3
grad ppr(q) = P > (q"Azy)" (Amy) —  gradpr(q) = —PpA(ATq) ",
k=1

S 30(1-10)

where @y, follows i.i.d. BG(0) distribution in Assumption 2.2. Concretely, we have the following
result.

Proposition F.3 (Concentration of grad ppy,(+)) Suppose A satisfies Equation (F.9) and X €
R™*P follows BG(6) with 0 € (%, %) For any given 6 € (0, cK?/(mlog® plog? np)), whenever
0K
p = C620K5n%log <6n> ,
we have

sup |lgrad ¢pr(q) —grad or(q)| < 9
qESn—l

holds with probability at least 1 — ¢'p~2. Here, c,c’,C > 0 are some numerical constants.

Proof Since we have

1 < 3
d =—————P, TA A
grad ¢pr(q) 30(1— 0)p qt ];1 (q in) (Azy),
we invoke Corollary F.2 to show this result by letting
1 3 n
fo(x) = ) (q"Az)" P,. Az € R, (F.10)

where © ~ BG(#) and we need to check the conditions in Equation (F.5), Equation (F.7), and
Equation (F.8).
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Calculating subgaussian parameter o> for = and truncation. Since each entry of = follows
i ~iq.q. BG(0), its tail behavior is very similar and can be upper bounded by the tail of Gaussian,
ie.,

P(|z;| > t) < exp(—t*/2),

so that we choose the truncation level B = 24/log (np).

Calculating R, and R, in Equation (F.7). First, for each 7 (1 < i < p), we have

Azt _ Al K2

~x ~x ~x

@)l = = |47 42)" P, 43,

1-— 30(1—6) 30(1—6) 30(1—0)
By Lemma A.9 and a union bound, we know that for any 1 < ¢ < p,
[zil, < 46mlogp, |zi, < 49mlogp =— HEZH2 < B? |z, = 4B?0mlogp
(F.11)
with probability at least 1 — p~2™. Thus, by our truncation level, we have w.h.p.
_ 60
I fq(@:)] < K?B*m?*log®p = Ry.
(1-0)
On the other hand, by Lemma E.5, for the second moment we have
E|lfa@)I?| < E|lfa(@)?] < c0K*m
for some constant ¢ > 0. Thus, we obtain
60
R = =0 K?B*m?log?p, Ry = cdK*m. (F.12)

Calculating L in Equation (F.8). Notice that for any q1,q2 € S" 1, let {; = ATq; (i = 1,2),
by Lemma F.4 we have

lfar(®) = @] = g7 |(€19)" Py 47— (]2)" Py Aa]
< S |(¢12)" Py (617 Py
< s [0 [P - 2 4 (€12 - @]
< JALL Lo AP o1 s — 0 + 3141 121 o~ a1

44
_ 2]Al =] —
Soea—g
where for the last two inequalities we used Lemma A.11 and
_\3 _\3 _ 2 _ _ _\2
(¢T2)’ - (&2)°| = |G- ) 3|(2) + (T2) (=) + ()]
_ _\2 2 AT
lAl 2] g - a2l | (¢T)° + (cT@)° + ¢l [T @
3 =3
3 A1 =] g1 — gz -
Furthermore, by Equation (F.11) we obtain

N

VA

- - 2| A" = 320
Ifa (@) — fo, @) < “oi-0) lgr — gz < 1-0 9K234m2 log”p g1 — gaf -
This gives
- 20
Ly = %QWB‘*mQ log? p. (E.13)
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Calculating By and L; in Equation (F.5). From Lemma F4 we know that E[f,(x)] =
P, AL93, so that

Elfe@]l = |PpA(ATa)®| < [Py |Al[ATql;
< lA||ATq]" < |A)* = K* = B;,  (®14)

where we used Lemma A.1 for the second inequality. Moreover, we have

|E [fq,(2)] = E [fq, (2)]|
< | Py ACP — Py AG| + | Py ACP? — Py ACE|

< A 6P = ¢ + | Py — Py | 141 687
<A (G =)0 (P2 + 006+ + 21Al1é&:)1 la — gl
<5]|A|" g1 — @2 = 5K*|q1 — 2| = Lyla1 — g - (E.15)

where for the last inequality, we used the fact that
(61 =)0+ O+ )| < G -CGLIKP+6a o+ C?2H4
< AT (@ — a2)| (J¢72] + 161 © G|l + [ ¢F2])
< 341 a1 — @
Thus, from Equation (F.14) and Equation (F.15), we obtain
By = K?, Ly = 5K2. (F.16)

Final calculation. Finally, we are now ready to put all the estimations in Equations (F.12), (F.13)
and (F.16) together and apply Corollary F.2 to obtain our result. For any § € (0, 6%) , whenever

p = C620K5n*log (AKn/d),

we have

sup < 4,

gesn—1

© 3 fala:) ~E[fy(2)]

holding with probability at least 1 — (np)f2 —npc11og(0Kn/0) _4)=20m for some constant c1, C' > 0.
|

Lemma F.4 (Expectation of grad ¢pr,(+)) Vg € S"™1, the expectation of grad py,(-) satisfies
o3
grad ¢pr,(q) = grad pr(q) = —PjL A (ATq)

Proof Direct calculation. |

Lemma F.5 Suppose x ~ BG(0) and let fq(x) be defined as Equation (F.10), then we have

E|lfo(@)| < COK'm (K =m/n).

Proof Since x ~ BG(0), we write ¢ = b (® g with ~ Ber(f) and g ~ N(0,I). Let Z be the
nonzero support of  with Z = supp . And let Pz(-) be an operator that restricts a vector to the
support Z, so that we can write x = Pz(g). Notice that

E | fq(2)|* = E lZ | ?2(w)]k] < m max E[fP*(x)], .

1 ke[m]
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Let W = P,. A with wy, being the k™ row of W For Vk € [n],

2
[]EféDQ (m)]k ZME TA:]: (Z Wi Zx,)

ot (4700 ()

1

-5 =g (E(Pr (47q) 9) (EPraw).0")".

1
2

Notice that
(Pr(ATq) vy~ N(0.[Pz (ATq)|") and (P (wy),v) ~ N (0, |Pr (wi)[*),
hence
3 o azy
(E¢Pz (A7) v)"™)" = Vi1l (B [Pz (A7) )"
Let ATq = ¢, then we have

12
Er|Pr(ATq)| "= D mi LkezrCh, ToezCh, Lisez (R, LhuezCry LhsezCiy Lkoez, (F17)
ki,k2,....ke

for bounding equation F.17, we discuss the following cases:

e When only one index among k1, ko, ..., kg isin Z:

E [Pz (ATq)|" _9Zg < OK®

e When only two indices among k1, ko, . .., kg are in Z:
12
Er [Pr(ATq)| " =6 > (GRG0 +ChCE, +¢h.Ch,) <302K°
k1 k2
e When only three indices among k1, ko, ..., kg are in Z:
12
Er[Pr(ATq)| " =6 > (CLCLGE, + G GhGh + GhahGl,) < 36°KS

k1,k2,k3

e When only four indices among k1, ko, . . ., kg are in Z:
12
Er[Pr(ATq)| " =0" Y (GGG + GGG G,) < 20°K°
k1,k2,ks,ka

e When only five indices among k1, ks, . .., kg are in Z:

12

Er|[Pr(ATq)| " =0 > (GCEGERG) <K
k1,k2,ks,ka,ks
e When all six indices of ky, ko, ..., kg are in Z:
12
Er[Pr(ATq)[ =0 3 (GGG, < 0°K°.

E1,ka,ka,ka ks, ko
Hence, we have
Er [Pz (ATq)|"” = 0KS + 30°K® + 303K® + 26*K® + 0°K® + 0°K® < C,0K®
for a constant C; > 11. Similarly, we have

1
2

(EPr w).v)*)* = V3 (B2 1Pz (w)])
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and

m2

Ez |Pr (wi)|* = ) wi g, Leyezwf g, Liyer < Caf

2 )
n
k1,k2

for a constant Cy > 2. Hence, we have

m4

(ECP: (470).9)"%)" (EPrwig)') < Cot™.

for a constant C3 > 829. Hence, we know that Vk € [n],
C m*
[Bf&* ()] :

<—" —— = CHK*?,
k=61 —0)2nt
for a constant Cy > 93. Therefore
E|fq(@)|* < COK*m

for a constant C' > %. []

F.2.2 CONCENTRATION OF Hess ¢py,(-)

Proposition F.6 (Concentration of Hess ¢pr,(+)) Suppose A satisfies Equation (F9) and X €
R™*P follows BG(0) with 0 € ( ) For any given § € (0 cK?/(log® plog® np)) whenever

m’ 2
p = C520Kn3log (0K n/9),
we have

sup [Hess opr(q) — Hesspr(q)| < o
qeSn—1

holds with probability at least 1 — ¢'p~2. Here, c,c’,C > 0 are some numerical constants.

Proof Since we have

P, [ q Awk) Axy, (Awk)T — (qTAwk)4I] P,

Hess ¢p(q) = "

170271@ 1

we invoke Theorem F.1 to show our result by letting

fq(z) = —mqu. [3 (qTAac)2 Az (Az)" — (qTAw)4I] P, e R™", (F.18)

where © ~ BG(#) and we need to check the conditions in Equation (F.1), Equation (F.3), and
Equation (F.4).

Calculating subgaussian parameter o> for = and truncation. Since each entry of = follows
x; ~;.i.d. BG(0), its tail behavior is very similar and can be upper bounded by the tail of Gaussian,
ie.,

P(|z;| >t) < exp(—t*/2),

so that we choose the truncation level B = 24/log (np). By Lemma A.9 and a union bound, we
know that for any 1 < i < p,

|zil, < 46mlogp, |zi], < 49mlogp =— HEZH2 < B? [z, = 4B?0mlogp
(F.19)

—20m

with probability at least 1 — p
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Calculating R; and R in Equation (F.3). For simplicity, let E = A=. First of all, we have

— 2T —\ 4
Ifa@)] = %—HP 3a78)°€ - (a78)" 1] P
1 T= T T 2
< =) (7€)’ [5€€’ ~ (a9 1]
4 44 64B* 9
< s =g &' < g 141" < 57— 50K gD,
On the other hand, by Lemma F.7, we have
[E[fa@fa@) ]| = [E[fe@) fo@]]| < [E[fo(x)" fa@)]] < c0K*m?,
for some numerical constant ¢; > 0. In summary, we obtain
64B* 2 21 2 40, 2
R, = mGK m*log” p, Ry = 1 K*0m~. (F.20)

Calculating L ; in Equation (F.4). For any g1, g2 € S"~!, we have
1/, (T) — fq. (T

- 39(% P, [3 (@ 8°€ (a8 1| Py Py [3(aJ8)° €€ — (aJ8)' 1| Py
££Pl Pq%(qgg) &Pqé
H 25T

77| (@18) Py — (0 €) Py |

T T2

where by Lemma A.11, we have

ni< H €€ Py — Py (a€) €€ Pyy| + HquL (a/€)° & P,. — P, (41€)° €€ Py,
< [ HP# “Py| + [Py (a[€)8E -~ Py (a]8)° €| + [Py (a]€)EE - P,
< [&" |Pys — Py | + [ (/€ +aSE) (/€ - alE)
< 41" 11 — @2 < 4|A|"|Z]* a1 — 2] < 64K>B*6*m*log?p a1 — gl ,

and

Too< (@8 Py — (@8) Py + (€)' Py — (a]8)' Py
< (@ + @) (@ + @) &' (@~ a2) + 2[E]" |1 - |
< 6J&]" a1 — a2l < 6]AI* 2" |ar — 2] < 96KZB0*m*log®pla — gl ,

where for the last inequality we used Equation (F.19). Therefore, we have

_ _ 960
|fa @) = fa: (@) < ;4K B'm*log’pllar — @],

so that

— 966
Ly = mKQB‘*m log? p. (E21)

Calculating B and L in Equation (F.1). We have
|E [fq(@)]

HPqL [3A diag (¢®%) AT — ¢} I] P,

N

3Adiag (¢®%) AT ~ ¢} 1]

N

3|AI7 A7, + A" < K (3M? + K),
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where |Al|,: ;2 = maxi<p<m |ak| < M. On the other hand, for any g;, g2 € S"!, we have

|E [fq, ()] — E [fq. (2)]]
- HPL [3Ad1ag( ©2) AT _ \|c1\|jz] ~ P, [3Ad1ag( 92) AT \|¢2\|jI]PL

4 4
Il Py = 1Galf Py

L1 L2

< 3| P,y Adiag (¢72) AT Py — Py Adiag (¢9%) AT Py,

By direct calculation, we have

L1 < | Py Adiag (¢P?) AP, — P,y Adiag (¢§°) AT P,
< | Py Adiag (¢P2) AT (Pyy — Pyy )| + || Pyr Adiag (¢P?) — Pyy Adiag ( 92)]ATPL
< A2 HclHOOHPq ~ P, +14] (H(Pl P,y ) Adiag (¢f H —I—HPLAdlag 02 _
< 2AP G2 I — gl + 21A17 G5 lar — ao] + [AI ¢ + Gl 161 = Gl
< 6]AJAI7 L a1 — a2l < 6KM a1 — s .
and

4
2 S HC1H4 Hl:)qll_l:)qQl

+ [l = Icali] | Py
2141 lar = al + 11y = €l (1L + 1620 (1611 + 121

2141 a1 — sl + 161 =Gl (16l + I¢al) (I¢l® + al?)
6 HAH4 lgr — 2| = 6K lg: — q2| -

These together give us

|E [fo ()] = Efq.(@)]] < 6K (K +M?)[q1 - gz -
Summarizing everything together, we have

By = K(3M?>+K), Ly = 6K (K+M?). (F22)

NN
+

N

Final calculation. Finally, we are now ready to put all the estimations in Equations (F.20) to (F.22)
together and apply Theorem F.1 to obtain our result. For any 4 € (O, 6%), whenever

p = C5 20Kn®log (0Kn/s),

we have

sup < 0,

qesSn—1

© 3 fala:) ~ E[fy(2)]

-2 _ n—¢ log(0 Kn/é)

holding with probability at least 1 — (np) —p~29™ for some constant ¢y, C' > 0.

Lemma F.7 Suppose 0 € (%, %) Let fq(:c) be defined as in Equation (F.18). We have
[E[fa(@) fo@)]| < CK'om?

for some numerical constant C' > 0.

Proof Letx = b(® g with b ~ Ber() and g ~ N (0, I). First, let £ = Az, we have

E[fo(@) fa(@)]| = [E[9(a7€)" Pyr€€T Pyg€ Py 6 (a7€)" PystPys + (a7€)" Py
< 9[E[(a7¢)" Prte Pyt Py || 46 HP E[(q7¢) e¢T| Py

2

T Tz
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Bound
- [olle) e P R < o e pee|
= e[ IPeelfee]| <E[(@) 161'] < {5 e} (=g}
_ {E [<P1(ATQ),Q>8]}1/2 {(7;)41['3 [(me)4]}l/2 |
where

1 1
T 8112 T 8\ 2 my?
{E[(PraTa.)"|}" = vl (Bz|Praq|")" < 1o (%) (F23)
the proof of the last inequality is omitted, more details can be found in Lemma F.5, and
E|(2"2)"| = E[(Pra, Pray!| = E[(Pr(1,),6°%)"]
< eymb + cam?0? + csm303 + camr6?. (F.24)

combine, equation F.23 and equation F.24, yield
Ti < C16°m? (%)4

<[E[(ae) e = E[(a7e)° 1el] < {=a"e)2) " {E g1}

< {eaTq.2))  B140)} " = (£ PrATg). ) {(7;)2114:(91:%)2}1/2

1/2
m /

< 0ok [[Pr(aTg) ] [(n)Q (8mf + m(m — 1>92)] <ot (7).

T2 = |PuE|(a7€) €| P

the proof of the first inequality in the last line is omitted, more details can be found in Lemma F.5.
8 8 m\4
To = E[(Pr(A7q).9)°| < CiExz|[Pr(ATq)["| < CavfAl® < Cub (T)
Hence, summarizing all the results above, we obtain

HE [fq(a:)qu(SC)]H < Com? (%)4

as desired. |

Lemma F.8 (Expectation of Hess ppr, (1)) Vq € S"71, the expectation of Hess pr,(-) satisfies

Hess ¢pL(q) = Hessor(q) = —P,. [3A diag ((Ag')®?*) AT — HqTAHjLL I] P,

Proof Direct calculation. |

F.3 CONCENTRATION FOR CONVOLUTIONAL DICTIONARY LEARNING

In this section, we show concentration for the Riemannian gradient and Hessian of the following
objective for convolutional dictionary learning,

~ B ; T 4 _; L T 4
ooLl@) = e g la"AX], = 129(179)@;”9’ AXi,
with
Cwil
X = [X1 Xy - Xp], X; = s (F.25)
CmiK
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as we introduced in Section 3, where x;; follows i.i.d. BG(#) distribution as in Assumption E.2.
Since Cw,ij is a circulant matrix generated from x;;, it should be noted that each row and column
of X is not statistically independent, so that our concentration result of dictionary learning in the
previous subsection does not directly apply here. However, from Lemma D.1, asymptotically we
still have

0
2(1—0)
in the following we prove finite sample concentration of gcpr,(g) to its expectation o1 (q) by lever-

aging our previous results for overcomplete dictionary learning in Proposition F.3 and Proposition
F.6.

Ex [Fonn(@)] = ¢1(@) ~ 5 K% erla) = —la Al

F.3.1 CONCENTRATION FOR grad $cpr,(+)

Corollary F.9 (Concentration of grad ¢cp1,(+)) Suppose A satisfies Equation (F9) and X €
R™*"P jg genemted as in Equation (F.25) with w” “ a. BGOH) (1 <1 <pl<j<K)

and 0 € (L, 1). For any given § € (0,cK?/(m log? plog? np)), whenever

m’ 2
0K
= C6 20K5n210g< 5”),
we have

sup |lgrad @cpr(q) — grad or(q)| < ¢
qesS™—

holds with probability at least 1 — ¢'np~2. Here, c,c’,C > 0 are some numerical constants.

Remark. Note that our prove have not utilized the convolutional structure of the problem, so that
our sample complexity could be loose of a factor of order n.

Proof Let us write
sj—1[®i1]
Xi = [%11 %iQ e %”L] y with iij = 1 < 1 < D, 1 Sj < n,
sj—1 [®iK]

(F.26)

where sy [-] denotes circulant shift of length ¢. Thus, the Riemannian gradient of $cpr,(q) can be
written as

R 1 L& N
grad popL(q) = *quL Z Z (q"AZ;;)" (AZy))
im1j=1
1 ¢ &
- nz[ 391_ P Z q' Az;) Aw”)]
j=1 izl
grad; $cpL(q)
so that for each j with 1 < j < n,
~ 1 S ~ N3, o~
grad; Pcpr(q) = _MP‘ILZ (qTAwij> (AZ;;)
i-1

is a summation of independent random vectors across p. Hence, we have
1 n
sup |grad GopL(q) — grador(q)| < = > | sup |grad; @epL(q) — gradpr(q)| |,
gesSn—1 n =1 gesSn—1

where for each j we can apply concentration results in Proposition F.3 for controlling each individual
quantity ||grad; $cpr(q) — grad o1 (q)|. Therefore, by using a union bound we can obtain the
desired result. [ ]
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Table 1: Gradient for each different loss function

Problem Overcomplete Tensor ODL CDL
Los (a) Satell | LvTell | -5 W ed
o3
Gradient Vip(q) -A (ATq)®3 —Y (YTq)®3 s D1 Y ® (yl ® q)

F.3.2 CONCENTRATION FOR Hess @cpr, (+)

Corollary F.10 (Concentration of Hess ¢cpr, () Suppose A satisfies Equation (F9) and X €
R™*"P s generated as in Equation (F.25) with a:” ”d BGO) (1 <i<pl<j<K)
and 0 € (7711, 2) For any given § € (0 cK?/(m log? plog? np)) whenever

p = C65 20K log (0Kn/9),
we have

sup |Hess¢pr(q) — Hessor(q)| < ¢
qESn—l

holds with probability at least 1 — ¢'np~2. Here, c,c’,C > 0 are some numerical constants.

Proof Similar to the proof of Corollary F.9, the Riemannian Hessian of pcpy,(g) can be written as

Hess $cprL(q)

~
Hess; ¢cpL(q)

so that for each j with 1 < j < n,

Hess; cpr(q) = Z P, [ q Aw”) Axy, (Ag}ij)T _ (qTAgij)‘l I] P,

391—

is a summation of independent random vectors across p. Hence, we have

. 1 ~
sup  |Hess @opr(q) — Hess pr(q)] < > ( sup [Hess; $opr(q) — Hess soT(q)I> :

qES”71 ]:1 qES”71

where for each j we can apply concentration results in Proposition F.6 for controlling each individual
quantity |Hess; @cpr.(q) — Hess ¢ (q)||. Therefore, by using a union bound we can obtain the
desired result. [ ]

G OPTIMIZATION ALGORITHMS

G.1 OPTIMIZATION

In this part of the appendix, we introduce algorithmic details for optimizing the following problem

min ¢(q), g€ S",
q

where the loss function (q) and its gradient V(q) for different problems are listed in Table 1.
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Algorithm 2 Projected Riemannian Gradient Descent Algorithm

Input: DataY € R™"*P
Output: the vector g,
1: Initialize the iterate ¢(®) randomly, and set a stepsize 7(©).
2: while not converged do
3: Compute Riemannian gradient grad ¢(g(®)) = P(q(k)>¢ Vi (q®).

4: Update the iterate by

gt = Py (q("’) —7® gradw(q(’“)))-

5: Choose a new stepsize 7R+ and set k «— k + 1.
6: end while

Algorithm 3 Power Method

Input: DataY € R"*?

Qutput: the vector g,
1: Randomly initialize the iterate q(%).
2: while not converged do
3:  Compute the gradient Vo (g(®)).
4: Update the iterate by

) — P, (—Vw(q(’“)))-

5: Setk «— k + 1.
6: end while

Riemannian gradient descent. To optimize the problem, the most natural idea is starting from a
random initialization, and taking projected Riemannian gradient descent steps

q < Psir(g—7-grade(q)), grade(q) = PeVe(q), (G.1)

where 7 is the stepsize that can be chosen via linesearch or set as a small constant. We summarize
this simple method in Algorithm 2.

Power method. In Algorithm 3 we also introduce a simple power method!” Journée et al. (2010)
by noting that the loss function ¢(q) is concave so that the problem is equivalent to maximizing a
convex function. For each iteration, we simply update q by

q <« Ps1(=Vo(q))

which is parameter-free and enjoys much faster convergence speed. We summarized the method in
Algorithm 3. Notice that the power iteration can be interpreted as the Riemannian gradient descent
with varied step sizes in the sense that

Pgn-1 (g — 7 - gradp(q)) = Psn- < —7Ve(q)+ (1—7-q'Veo(q)) q) = Pgn-1 (=Ve(q))

=0

: _ 1
by setting 7 = V@

G.2 FAST IMPLEMENTATION OF CDL VIA FFT
Given the problem setup of CDL in Section 3, in the following we describe more efficient implemen-

tation of solving CDL using convolution and FFTs. Namely, we show how to rewrite the gradient
of pcpr(q) in the convolutional form. Notice that the preconditioning matrix can be rewrite as a

'7Similar approach also appears in (Zhai et al., 2019).
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circulant matrix by

L2 —1/2 L2 —1/2
_ . T _ * s ~ _ _ -1 _ - ~ 102
P = <0np Z Cy, Cyi> F* diag (p) F Cp, D F (an ; |y > ,

i=1
where y; = F'y;. Thus, we have

PCy, = CpCy, = Cpgy, = Cyr, Y, = p®Y;,

so that
min poni(a) = 2 (Csuial} = 2 Fod, st ges,
Thus, we have the gradient
Veopr(q) = —nip iy” ® (v @q)Q3 :
im
where ¥ denote a cyclic reversal of any v € R", i.e., ¥ = [v1, Up, Vp—1, " - ,vg]T.
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