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A Notation Table

We provide the important notations and their descriptions for clarification on Table.3.

Appendix

Symbol

Description

X ERMXD
ZGRNXD
M
N
D
acRM
becRY
T € RMXN
CERJMXN

TaE e S®RII

JSemiUOT
Juot

Source domain data matrix

Target domain data matrix

Number of source samples

Number of target samples

Data dimension

Source marginal probability vector

Target marginal probability vector
Coupling matching matrix (transport plan)
Cost (distance) matrix

KL divergence coefficient for SemiUOT
KL divergence coefficient for source (UOT)
KL divergence coefficient for target (UOT)
Adjusted source marginal (via ETM)
Adjusted target marginal (via ETM)

Dual variable (SemiUOT, source)

Dual variable (SemiUOT, target)

Dual variable (UOT, source)

Dual variable (UQOT, target)

Scalar dual variable (shared)

KKT multiplier variable

Scaling factor: w = <<21>>

LogSumExp smoothing parameter

Update step: v = I,

Objective function of SemiUOT

Objective function of UOT

Exact SemiUOT Equation

Approximate SemiUOT Equation
Exact UOT Equation

Approximate UOT Equation
KKT-multiplier regularization term: (7, s)

Regularization term for OT (e.g. entropy or /5)

Regularization weight for multiplier term
Regularization weight (entropy or £5)
Adjusted cost: Cy; = Cy5 + nasij

Dual variable in MROT (source side)
Dual variable in MROT (target side)

Table 3: Important notations

B Proof of Proposition 1

Proposition 1. (Principles of Equivalent Transformation Mechanism for SemiUOT) Given SemiUOT

min |7

f.9.¢

with KL-Divergence JsemivoT, one can obtain its Fenchel-Lagrange multipliers form as:

M N
Saen (<L) <3000, - 0
i=1 j=1

s.t. fi + g; + Sij = Cij, 535 > 0.

22

(16)



955  where f, g, s and ( denote Lagrange multipliers. Moreover, SemiUOT problem can be further
956 transformed into the form of classic optimal transport as follows:

min Jp = (C, )
>0

wly =a ®exp (—M> =« (17)
s.t. T .

7TT1M =b

957 When 7 — 00, the source marginal probability is given as wly = wa where w = (b, 1x)/{a, 1)

958 Proof. To start with, we first review the definition of SemiUOT as shown below:

min Jsemivor = (C,w) + 7KL (7wly|a)
mia =0 (18)
s.t. 7TT].JM =b.

959 Then we can rewrite the optimization problem:
minJ = (C,7) + 7KL (7lxy|a)
>0
(Constraint) : 7w 1y =b (19)
(Optional) : wly =a
960 Note that we do not need to know the exact value of o beforehand. We adopt this optional constraint

961 only for simplifying the following deduction. The Lagrange multipliers of SemiUOT with KL-
962 Divergence is given as:

max min Jsemivor = TKL (wlylla) + (f +{,71y) + (g — ¢, b) +
5>0,f,9.¢ 7>0 (20)
(C—uxly -1y v —s,m),

963 where f, g, s and ¢ are dual variables. By taking the differentiation on ;; we have:

0JSemivOT =1
aeTij: 7 log @ +fi+¢ +(Cij—fi g]—sij)
N @21
Z Tij
=1
—C,‘j-l-TlOgJ +C—gj—sij
i
=0.
964 Therefore, we can obtain the results as:
N
e
Tij = G; €xp | ———
‘ T
Jj=1
(22)

M
> mij =1b
i=1

Cij —fi—9;—si; =0
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971

972

973

974

975

976

977
978

After that, we can take these back into KL-Divergence to simplify the calculation:
7KL (wlnlla) + (f + ¢ 7ln)

=i ((aown (- L24) Y 1a) + (£+ caem (-154))

%

M
Z |:—7'Cli exp <— fi:—<> + Ta,»] .

i=1

(23)
Therefore we can obtain its Fenchel-Lagrange multipliers form of SemiUOT as:

;D;IZJSemiUOT = —7KL (wlylla) — (f + (. wln) — (g — {7 " 1)

= Texp (—f_) <a,exp <—£)> — (g — ¢, b) + Oconst (24)

st fi+g; < Cyy,

where Oconst = — Zf\il Ta; and we can neglect it during the following calculation. Once we obtain
the optimal solution on f*, g* and (*, we will discover that:
7KL (7ly]j@) = 7KL <<a,exp <—f ¢ >> ||a> = Const. (25)
T

Hence SemiUOT problem can be transformed into classic optimal transport problem accordingly.
Finally we can obtain the optimal solution on ¢ by considering 8‘7365% = 0 as below:

M £, N
(=1 |log (Z a; exp <7_Z>> — log ij . (26)
j=1

i=1

Once we set 7 — 00, the results of the limitation will be shown as:

i . b1

lim a;exp ,ﬂ = lim a;exp fg =q; (b, 1) = wa;. 27
T—+00 T T—+00 T (a,1p)

Therefore we conclude the proof of the Proposition 1. O

C Proof of Proposition 2

Proposition 2. (Calculation for Approximate SemiUOT Equation) Given Approximate SemiUOT

equation Ep, it can be optimized via Equivalent Transformation Mechanism with Approximation
(ETM-Approx). That is, ETM-Approx aims to solve the following equation for each f:

o fotc j biexp (—)
=P — g exp (—ST> + exp ( :) Z =0. (28)

Ofs pell Dyl 1exp< ckJ>

Specifically, we can adopt fixed-point iteration method for solving Eq.(28) at the ¢-th iteration as
follows:

=y 1og<alexp( C)) log Z( (f) p(cﬁlj>>

; (29)

T4l ¢ al Cuj
fM+ =v |log (aM exp < )> log Z ( f ) exp (—6])>
j

Jj=1

24

M exp [ —Lits ' M
TZ a; exp (—fljc) log ne p( u ) — a; exp (—ﬂ:—g) +a; —|—Z(fi—|—g“)aiexp (—
i=1 i=1

Ji+¢

T

)



o79  where v = Te/(T + €) for simplification and ¥ ;( fé ) denotes the corresponding calculation:

. M L
Vei(F) = exp <f’“ - ’”) : (30)

k=1

980 The proposed procedure can be convergent with a theoretical guarantee. Finally, updating the
981 Lagrange multiplier ¢ by further considering V :Lp = 0 via { = T[log(zi]\il a;exp(—fi/7)) —
982 log(Z:jyz1 b;)]. One can achieve the optimal results on f* and (* via iterative computing accordingly.

983 Proof. We first review the proposed Approximate SemiUOT Equation Ep as below:

= +Zb lelog [Z efk fk]] ] . (31)

mlan—TE a;e”

984 Then we consider optimizing f, as follows:

8Lp T+ €~ ase’é
78]”8 0 = exp < Te fs> - N by cxp(— SJ/E) ) (32)
Z ( e J(f) )

Jj=1

985 where 7, ;( f ) is defined as Eq.(30). At that time we adopt fixed-point iteration method to optimize
986 f accordingly:

41—y [log (alefé) —log i (b;;fi/;) =F (Af, ,%4)

[~]=
/N
&
NE
— Q
| B
| @
=%
N~
Il
<
oS
:'w
;.,
E
SN—

M =V log(aMe T) log

Jj=1

987 where v = T By taking the gradient on ]-'S(ff) w.r.t ff, we can observe that:

T+e
on() __re 1 o (fee(tS))
8]@ T+e€e N ﬁ b‘afse ot %](ﬂ) yi
j=1 Wy (F8) J
) o
_ T 1 i bjexp(—0:1> exp(fS ECM) (34)
T ﬁ b, i=1 e i(F0) Ve ;i (F0)
j=1 Hei(FY) 7
<1
< 1.
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Likewise we can obtain the result:

— — OF.(f! OF.(f! OF(fC
afi oft fu
sJ Z‘Cw
N T 1 i bJexp(_ e) M €xp ! € )
TreXN EXP(— fJ) b =1 %73(7) u=1 %,J(fé)
j=1 /yeyj(fz) J
= jr <1
T+e
35)
We can easily conclude that:
yl (Eavﬂ(/[) <1
Zo(Foe i) <1 (36)

P (Foee ) <1

Therefore, we can conclude that the proposed ETM-Approx method guarantees convergence according
to Theorem 2.9 in [61]. O

Remark 1. ETM-Approx can reach the linear convergence rate via the fixed-point iteration shown as
O(NM log(1/eerr)) where eory = ||f — f*|loo and f* denotes the optimal solution.

Proof. We can formulate the whole optimization process for Proposition 2 as below :

/\1“1:}-1 (ffa afij)

B m (Fo ) = (B ) = P (R0 ) 0

P41 i i
= (P )
According to the above discussion, we have the following results:

70~ F| = [Fupawe (F) ~ Fopane ()]

) < TLH -7 ) (38)
<l F s el

Therefore the error between the solution f (4+1) at the (£ + 1) iteration and the optimal results f *is

given as:
el 7 N\ so
s () o).
o0

o € T+ €

HJ?(eH) _ f*

Hence ETM-Approx can be linear convergence via the fixed-point iteration shown as
O(NMlog(1/eerr)) where eery = ||f — f*||oo and f* denotes the optimal solution. O
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1000 D Algorithm for ETM-Based Method on SemiUOT

1001 We also provide the pseudo algorithm of the proposed ETM-Based approachs (e.g., ETM-Exact,
1002 ETM-Approx, and ETM-Refine) for solving SemiUOT in Alg.1 to make a clearer illustration.

Algorithm 1 The algorithm of ETM-Based method on SemiUOT
Input: C': cost matrix; a, b: initial marginal probability; 7, e: Hyper parameters.
Randomly initialize the value of f™it,
Choose ETM-Exact, ETM-Approx or ETM-Refine on SemiUOT for optimization.
(1) Function: ETM-Exact on SemiUOT(C, a, b, 7, f#=0 = firit)
Optimize f via L-BFGS algorithm on Lp as:

M fotc N
mln Lp = 7'22(1Z exp ( k ) Z |:ku[1]£[ [Crj — fx] — ¢ b,
€
=1 Jj=1

Optimize g via g; = iI[l{/[](ij — .

Optimize ¢ via { = T[log(zt' 1G5 exp( fi/T)) — log(X:JN:1 b;)] as shown in Eq.(26).
Return: The optimal solutions of f*, g* and *.
(2) Function: ETM-Approx on SemiUOT(C', a, b, 7, Fi=0 = pinity

Optimize f via Proposition 2 on Lp as:

M N M ~
m%nEP = TZaiexp < fl+<> —&-Zb] lelog [Zexp (W)

i=1 j=1 k=1

+¢

Optimize g via g; = —¢ log[z,iw 1 eXp((ﬁ — Cij)/e)

Optimize ¢ via ¢ = T[lOg(ZZ 1 @i exp(— fi/7)) - log(z:;\[:1 b;)] as shown in Eq.(26).
Return: The optimal solutions of f* g* and C*.
(3) Function: ETM-Refine on SemiUOT(C', a, b, T, F=0 = fpinity

Obtain f* = ETM-Approx on SemiUOT(C, a, b, 7, =0 = f”“t)

Obtain f* = ETM-Exact on SemlUOT(C a,b, 7, =0 = ).
Return: The optimal solutions of f*, g* and (*. .

w03 E  Proof of Proposition 3

1004 Proposition 3. (Principles of Equivalent Transformation Mechanism for UOT) Given UOT with
1005 KL-Divergence Juor, its Fenchel-Lagrange multipliers form is given:

/ N .
. _uitd¢ b _ Y <
min |7, g a;e  Ta + T E ;e b
uwl | = (40)
s.t. u; + Vj + Sij = Cij7 Sij > 07

1006 where u, v, s and ( denote Lagrange multipliers. Moreover, UOT problem can also be transformed
1007 into classic optimal transport as follows:

min Jy = (C, 7)
>0

Tly =a®ex 7U*+C* =«
N = P Ta - 41
s.t. . cr .
TrT]_M:bQQXp(—v >:IB
To

1008 Note that when 1,,T, — 00, the source and target marginal probabilities can be determined as
1000 wly = +/waand w1y = b/\/w where w = (b, 1x)/{a, 1) respectively.
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1010 Proof. To start with, we first rewrite the optimization problem as below:

min.J = (C, ) + 7, KL (71y]|ja) + 7, KL(7 " 1,]|b)
70 (42)
s.t. (Optional) : 7wly =a, w 1y =p.

1011 where a and 3 denote the marginal probabilities for source and target domains respectively. Note
1012 that we do not need the true value fo « and 3 beforehand. That is, the constraints here are optional
1013 for the following UOT deduction. The Lagrange multipliers of UOT with KL-Divergence is given as:

max min Jyor = T KL (7ly|la) + (u + (,mlxn) + TbKL(ﬂ'TlMHb) + (v — C,TK‘T]_M> + %vor,

s>0,u,v,( >0
(43)
1014 where €uoT = Z”(Cz —u; — v — 85)m; = (C—u® 1, -1y ®v" —s,7) and u, v and ¢
1015 are dual variables. By taking the differentiation on ;; we have:
N M
-21 Tij > Tij

j=

dJuoTr

=1
o, = |74 log ” +u; +C| + TblOgTj+Uj_C +(Cij — u; —vj — 845)
N M
2 i > g
zCl-j—l—Talogj* —l—Tblogi—Szj:Q
Qg '

(44)
1016 Then we can obtain the results:

& u; +¢
Z’]Tij = a; eXp | —
j=1

Ta

M ) (45)
Vi —

b (29)

i—1 b

Ci-—ui—vj—sij:O

1017 By taking the above results into KL-Divergence, we can further simplify the results:

)
N

7KL (7 1p/|b) + (v — {7 T 1y) = Z [—Tbbj exp (—gj — C) —‘rTbbj:l
Ty

M
7oKL (wlylla) + (u + ¢, wly) = E_; [_Ta“i exp <_ firjc
= (46)

j=1
1018 Therefore we can obtain its Fenchel-Lagrange multipliers form of UOT as:

minchOT = —7,KL (71'11\/“(1) — <’UJ+C,7T1N> 7TbKL(7TT1M||b) — <’U — C,TK‘T]_]\/[>

= T, €xXp (—f) <a, exp (—f>> ~+ T exp (i) <b, exp (—:’;>> + Oconst

s.t. u; + Vj < Cij,
47)
M N . . . .
1019 where Oconst = — D ;1 Talli — 2, =1 Tvb;, and we can neglect it during the following calculation.
1020 Once we obtain the optimal solution on v*, v* and (*, the KL-Divergence will turn out to be
1021 constants and therefore the original optimization problem can be transformed into classic optimal
1022 transport. Finally we can obtain the optimal solution on ¢ by considering ‘9‘78% = 0 as below:

= TaTh [log <a,exp <_u>> — log <b, exp (—U) >] . (48)
Ta + Tp Ta Th
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1024
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1027

1028

1029
1030
1031
1032

1033

1034
1035
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1038

Once we set 7, — oo and 7, — 00, the results of the limitation will be shown as:

lim a; exp (—W) = lim a; exp (—C> =a; (6, 1) = wa,,

To—>+00,Tp—+00 Ta Ta—>+400,Tp—>+00 Ta <a'v 1M>
] v; — ¢ . ¢ {a, 1) 1
1 b —= = 1 b; —= ) =bjy| 7 = —=b;.
Tn,*>+0(1?¥£1b*>+00 7 EXP < ) ) Tn,‘}‘f’()(l)l:f}b‘}'i’oc 3 %P < 7—b) ! <b7 1N> \/(’U !
(49)
Therefore we conclude the proof of the Proposition 3. O

F Illustrations of Optimization 1

Optimization 1. (Calculation of ETM-Approx approach for UOT) To start with, we first review the
Exact UOT Equation is defined as:

M .
mmLU—TaZalexp< 17_ )+Tbexp( )Zb exp(—)

i=1
s , — Oy
_TGZ%GXP< Z—i_C)-ﬁ-TbeXp( >Zb exp (upkE[M] (uk kj)>7
Tb

where v; = —supge(a (ur — Ck;) meanwhile the marginal probabilities are set as 7ly = a ©

(50)

exp(—(u+()/7,) = aand m'1y = b®exp(—(v—)/m) = B. Since the optimization
problem in Eq.(9) is convex, we can also utilize block gradient descent to optimize the problem.
Specifically, we first fix v’ and optimize variable u' at the [-th iteration by replacing the original
marginal probability b in Eq.(6) with 3 accordingly to transform UOT into SemiUOT problem:

m>ir(} Ji =(C,m) + 7. KL (rwlyla),

t (Constraint) : 7' 1y = b® exp <v7__bc> =7 51)
s.t.

(Optional) : w1y = a ®exp (—quC) =«

a

At that time, the Fenchel-Lagrange multipliers form of Eq.(51) is given via the Proposition 1:

M Uu; + ¢
m&nLU :TaZaiexp< ) Zﬁj (v; —

i=1
u; + ¢ Yo
=71, Zal exp ( > j; <kg[11fv1] [Crj — uk) — §) Bj.

Note that w and v denote the Lagrange multiplier for Eq.(51) while we have v; =

infrerar [Crj — ux] = vj and w = w. To further accelerate the optimization process, we consider to
wup —Cp.i

make a smooth approximation on replacing inf(-) as inf e [Crj —ur] = —610g[22/[:1 e kj} =

;. Therefore, we first fix ' and optimize variable %' at the I-th iteration to solve the following

(52)

equation on E% accordingly:

M
min LY =7, E a; exXp (
u

)£ ff ]

i=1 j=1

M ¢ v — M G~ Ck]
:TaZaiexp ( > Jerjexp (J> elog Ze

i=1 j=1 k=1

(53)
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The optimization objective shares a similar formulation as Eq.31. At that time we adopt fixed-point
iteration method to optimize u accordingly based on the Proposition 2:

[ —Cyj/e 1]
~¢+1 _ Taf -£ Bje” 1 B Y ~0
Uq = ﬁ log (ale ‘L) _log Z: < > _ul (ula'” 7uM)
- . e
g+t — _Ta€ |} ( —%) 1 Bieele —u. (@t.... .t 54
e = e B e " ; Wi (@h) SCRL
[ N Chrj/e
Seel_ Ta€ | ( Ta) . 56 I "y Y
@' = i |los (ane og ; w (@)

The iteration process can be shown to converge efficiently based on Proposition 2. After that we fix
u and optimize variable ¥ via U; = —e log[Zﬁil exp((ux — Ck;)/€)]. We can achieve the optimal
solution on w* and v* via iteratively computing via the above procedure accordingly. Finally, we

update ¢ via ¢ = (1475/(7a + Tb))[log(z —,a;exp(—uy/1,)) — log(z 1 bjexp(=v5 /m))].

G Algorithm for ETM-Based Method on UOT

We also provide the pseudo algorithm of the proposed ETM-Based approachs (e.g., ETM-Exact,
ETM-Approx and ETM-Refine) for solving UOT in Alg.2 to make a more clear illustration.

H Proof of Proposition 4

Proposition 4. (The Definition and Usage of KKT-Multiplier Regularization) Given any OT with
multiplier s, one can obtain accurate solution 7* via proposed KKT-multiplier regularization term
G(m,s) = (m, s), which formulates Multiplier Regularized Optimal Transport (MROT):

Iﬂp;% Ja = <C7 7'l'> + nG'<7Ta S> + nReg‘CReg(ﬂ-)

(55)
7"-TlM = ﬁv

st. wly =

where Lreg () denotes the regularization term on 7. o, 3 denote the final marginal probabilities
obtained by ETM-based method, while nRcg, 1c denotes the hyper parameter. Ideally, ng should be
set as a relatively large number. Meanwhile the dual form of MROT is given as:

i+ = Cy

1
)
TIReg

where C’” = Cij + ngsij, ¢ and 1) denote the Lagrange multipliers for MROT. EReg( ) denotes
the conjugate function of Lreg(-) and one can figure out the matching results of 7 via solving the

(djz + d’j - O??j)/nReg-

max Lg = (

56
nas (56)

avd’) + <ﬁv ¢> - nReg‘Cf{eg (

following equation V., Lreg(Tij) =
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Algorithm 2 The algorithm of ETM-Based method on UOT

Input: C': cost matrix; a, b: initial marginal probability; 7, 73, €: Hyper parameters.
Randomly initialize the value of w™.
Choose ETM-Exact, ETM-Approx or ETM-Refine on UOT for optimization.

(1) Function: ETM-Exact on UOT(C, a, b, 7o, 7, ut=0 = u/"it)
Optimize u L-BFGS algorithm to optimize Ly as:

M N
. su up — Ci;
min Ly =7, Zai exp (_u:&—() + Ty €xp (f) ij exp ( Pre[n] (e k]))
uw a b

-
i=1 =1 b

Optimize v via v; = ir[lf (Crj — ug).
ke[M

Optimize ¢ via ( = - [log <a exp (——)> log <b exp ( )>} as shown in Eq.(48).
Return: The optimal solutions of w*, v* and (*. o
(2) Function: ETM-Approx on UOT(C a,b, 1y, 7, W0 = uiMit)
Randomly initialize the value of ot =1,

fort/ =1to T’ do
Optimize u! via Proposition 2 to optimize LU as:

R M T, _¢ Mo
mjnL%:TaZaiexp( Yi ) Zb exp( ) [elog lZe <
“ k=1

i=1

+¢

Optimize 3 via ﬁ;l = —elog[X:,C Lexp((@h — Cyj)/e)-
end for
Optimize ¢ via { = % [log <a exp (——)> log <b, exp (——) >] as shown in Eq.(48).
Return: The optimal solutions of w*, ©* and (*.
(3) Function: ETM-Refine on UOT(C, a, b, 7., 7, =" = u'?)
Obtain #* = ETM-Approx on UOT(C, a, b, 7, 7, u! = = u/™it).
Obtain u* = ETM-Exact on UOT(C, a, b, 7o, 7, u'=° = @*).
Return: The optimal solutions of u*, v* and (*.

1058 Proof. We first provide the Lagrange multiplier of MROT as:

rfplagmanMROT = (C, ) + ng(m, 8) + MReg Lreg(7) — (Y, w1y — a) — (¢, w1y — B)

Cij +ncsij — i — ¢;
TIReg

= (o, 9) + (B, D) + NReg igf Z { i + ﬁch(mg')]
2]
Vi+ ¢; —

= <Ol, ¢> + </37 ¢> — TJReg SUP Z R ZJ Lch('/Tz])‘|
eg

™ .
Y]

i+ d; — Cyj
= (a,¥) + (B, D) — MRegLireg (1/””?)71) _

TIReg
(57)
1059 At that time we have the following results:
OJuror _ Vi Lieg Yitdi—Cij ) _ ai
8'¢1 chg
dImroT - Vi+ ¢ C ’ (58)
——— =0 * it 0 —Ci ) _ 45
6qu v(ﬁj»CReg < NReg > - BJ
1060 By taking the differentiation on ;; we have:
dJvroT _ A
“ar. = Cii t1RegVim; Lreg(mij) — i — ¢ = 0. (59)
ij
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Table 4: Classification accuracy (%) on Digits (Source: LeNet) and VisDA dataset (Source:ResNet50)
for UDA (unsupervised domain adaptation) task

Method | S=M M—U U—M  Avg|VisDA
Source 68.3+£0.3 65.3£0.5 66.2+0.2 66.6| 52.4
DeepJDOT [25] 95.4£0.1 95.6+£0.4 96.4+0.3 95.8| 68.0
JUMBOT [30] 98.9+0.1 96.7£0.5 98.2+0.1 97.9| 72.5

JUMBOT + UOT(ETM-Refine + MROT-Ent) |99.4+0.1 98.7£0.3 99.24+0.1 99.1| 73.6
JUMBOT + UOT(ETM-Refine + MROT-Norm) | 99.7+0.1 99.3+0.2 99.6+0.1 99.5| 74.2

For instance, when Lreg () = —(m,log(m) — 1) denotes as the entropy regularization term, the
dual form of MROT-Ent is shown as:

max IMROT—Ent = (0, ) + (B, }) — NReg ZeXp <W>

, i TIReg
_ ’ L (60)
o i +¢; — Cij
Ty = exp | ————
TIReg

When Lgeg(7) = (7, 7) /2 denotes the square-norm regularization term, the dual form of MROT-
Norm is shown as:

~ 12
e i+ o — (:%’
max C7h4}{()1747PJ0rn1 = <(17 @b> + <;37 qb> - i = :E:: @b Qﬁj !
LN 2 i TReg
B 5] +'. (61)
; G
Ti5 = 1b i ij !
TReg "
Therefore we conclude the proof of Proposition 4. O

In summary, the time complexity of the proposed ETM-Approx+MROT-Ent or ETM-Approx+MROT-
Norm method is provided as O (NM log (1/eerr) + NMd,). Meanwhile, the time complexity
of the proposed ETM-Refine+MROT-Ent or ETM-Refine+MROT-Norm method is provided as
O (NMlog(1/eerr) + NMdp + NMd,).

I Experiments on Domain Adaptations

Datasets. We conduct the unsupervised domain adaptation tasks on Digits, Office-Home, and VisDA.
Digits is the classic dataset for digit classification which contains three standard digit classification
datasets: MINIST [48], USPS[40] and SVHN [67]. Each dataset consists of 10 classes of digits,
ranging from 0 to 9. Office-Home [94] is a standard benchmark dataset which includes 15,500 images
in 65 object classes in office and home settings, forming four dissimilar domains: Artistic images
(Ar), Clip Art (Cl), Product images (Pr), and Real-World (Rw). VisDA [72] is a large-scale computer
vision dataset on two domains, i.e., Synthetic and Real with 280K images in 12 classes.

Performance. We also conduct the UDA domain adaptation tasks on Digits and VisDA and the
results are shown in Table.4. We can observe that the proposed ETM-Refine with MROT-Norm on
SemiUOT achieves state-of-the-art performance on Digits and VisDA.

J Experiments on Partial Domain Adaptations

Datasets. We further conduct the domain adaptation tasks on new datasets, i.e., Office-31 [79] and
ImageCLEF [13]. Office-31 is the commonly-used computer vision dataset for domain adaptation
with 4,652 images from three different domains: Amazon (A), Webcam (W) and DSLR (D). Target
domain has the first 10 classes (alphabetical order) following [11]. ImageCLEF contains 3 domains
with 12 classes, i.e., Caltech (C), ImageNet (I) and Pascal (P). Target domain has the first 6 classes
(alphabetical order) following [57].

Baselines. We involve DeepJDOT [25], ROT [5], JUMBOT [30], ETN [12], AR [38], m-POT
[68], MOT [56], as the model baselines for the domain adaptation task. (1) DeepJDOT [25] first
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Table 5: H-score (%) on Office-Home for universal unsupervised domain adaptation

Method Ar—Cl Ar—Pr Ar—Rw Cl—Ar Cl-Pr Cl-Rw Pr—Ar Pr—Cl Pr-Rw Rw—Ar Rw—Cl Rw—Pr Avg

ResNet [39] 4465 48.04 50.13  46.64 4691 4896 4747 43.17 5023 4845 4476 4843 4732

OSBP [80] 39.59 4509 46.17 4570 4524 4675 4526 4054 4575 4508  41.64 4690 44.48

UAN [100] 51.64 5170 5430 61.74 57.63 6186 50.38 47.62 6146 62.87 52.61 6519 56.58

CMU [34] 56.02 5693 59.15 6695 6427 67.82 5472 51.09 6639 6824 5789  69.73 61.60

DCC [49] 5797 5405 58.01 7464 70.62 7752 6434 7360 7494 8096 7512 8038 70.18

TNT [18] 6190 7460 8020 7350 7140 79.60 7420 69.50 8270 77.30  70.10 81.20 74.70

UniOT [16] 6727 80.54 86.03 7351 7733 8428 7554 6333 8599 7777 6537 8192 76.57

UniOT + UOT(ETM-Refine + MROT-Ent) ~ 68.63 81.72 87.94 7588 79.03 8621 7729 6877 87.14 7859 73.62 82.83 7897
UniOT + UOT(ETM-Refine + MROT-Norm) 69.02 81.95 8836 76.12 7936 8649 77.03 6925 87.30 7893 7418 8296 79.25

Table 6: H-Score (%) on Office-31 for universal unsupervised domain adaptation

Method A—D A—-W D—A D—-W W—A W=D Avg

ResNet [39] 49.78 47.92 4848 5494 4896 55.60 50.94

OSBP [80] 51.14 5023 49.75 55.53 50.16 57.20 52.34

UAN [100] 59.68 58.61 60.11 70.62 60.34 7142 63.46

CMU [34] 68.11 67.33 71.42 7932 7223 80.42 73.14

DCC [49] 88.50 78.54 70.18 79.29 75.87 88.58 80.16

TNT [18] 85.70 80.40 83.80 92.00 79.10 91.20 85.37

UniOT [16] 86.97 88.48 88.35 98.83 87.60 96.57 91.13

UniOT + UOT(ETM-Refine + MROT-Ent)  88.25 89.62 89.47 99.48 89.10 97.94 92.31
UniOT + UOT(ETM-Refine + MROT-Norm) 88.67 90.14 90.03 99.58 89.42 98.46 92.72

adopts optimal transport into solving domain adaptation problem with deep learning framework.
(2) ROT [5] adopts robust optimal transport into adversarial training for domain adaptation. (3)
JUMBOT [30] adopts mini-batch unbalanced optimal transport method for domain adaptation. (4)
ETN [12] utilizes example transfer network to jointly learn domain-invariant representations and
the progressive weighting scheme. (5) AR [38] adopts adversarial reweighting strategy on source
domain data for alignment. (6) m-POT [68] adopts partial optimal transport method in the mini-batch
settings for domain adaptation. (7) MOT [56] adopts masked unbalanced optimal transport technique
on considering label information for PDA tasks.

K Experiments on Universal Domain Adaptations

We further conduct the experiments on universal domain adaptations. That is, there are shared
labels between the source and target domains. Additionally, there are private labels specific to each
domain [29, 103]. We conduct the universal domain adaptations on both Office-31 and Office-Home.
Specifically, we set the first 10 classes in alphabetical order as the common label set, the next 10
classes as source private label and the rest 11 classes as target private label for Office-31. Likewise, we
set the first 10 classes in alphabetical order as the common label set, the next 5 classes as source private
label and the rest 55 classes as target private label for Office-Home. We involve the following models
as baselines: (1) OSBP [80] adopts domain adversarial learning for open-set domain adaptation, (2)
UAN [100] utilizes transferability criterion for universal domain adaptation, (3) CMU [34] learns to
detect open classes with uncertainty estimation, (4) DCC [49] adopts domain consensus clustering
for adaptation, (5) TNT [18] adopts evidential neighborhood contrastive learning for adaptation, (6)
UniOT [16] adopts unbalanced optimal transport with adaptive filtering for transferring.

Office Home Ar->Rw Office Home Rw->Ar
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Figure 5: The T-SNE of data features on Ar — Rw (Office-Home) and Rw — Ar (Office-Home).
The first row shows the original data sample distribution: The brown and gray colors denote the
source and target private classes, respectively. The rest are common label set with different colors.
The second row indicates the mapping between source and target domains: The red and blue points
denote the source and target samples, respectively.
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Table 7: Experimental results on Treatment Effect Estimation tasks.

ACIC (PEHE) ACIC (AUUC) IHDP (PEHE) IHDP (AUUC)
In-Sample Out-Sample In-Sample Out-Sample In-Sample Out-Sample In-Sample Out-Sample
OLS [2] 3.749 4.340 0.843 0.496 3.856 5.674 0.652 0.492
TARNet [88] 3.236 3.254 0.886 0.662 0.749 1.788 0.654 0.711
PSM [78] 5.228 5.094 0.884 0.745 3.219 4.634 0.740 0.681
CFR-WASS [88] 3.128 3.207 0.873 0.669 0.657 1.704 0.656 0.715
ESCFR [96] 2252 2.316 0.796 0.754 0.502 1.282 0.665 0.719
ESCFR + UOT(ETM-Refine + MROT-Ent) 2.327 2.261 0.839 0.814 0.497 1.275 0.769 0.763
ESCFR + UOT(ETM-Refine + MROT-Norm)  2.104 2.216 0.883 0.839 0.475 1.146 0.798 0.802
ETM + MROT-Norm (1, = 0) ETM + MROT-Norm (17 =1)  ETM + MROT-Norm (75 = 100) Ground Truth
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Figure 6: The matching results on ETM + MROT-Norm on SemiUOT with different values of
ne = {0, 1,100}.

We adopt the same experimental settings as UniOT [16]. We utilize the commonly-used H-score
[34] to validate the final results as shown in Table 5-6. Note that UniOT + UOT(ETM + MROT)
only replaces the entropic UOT in UniOT with our proposed ETM-Refine method with MROT. From
that, we can observe that UniOT + UOT(ETM-Refine + MROT-Norm) reaches the best performance,
indicating that UOT with ETM + MROT can provide more accurate matching results. Moreover, we
adopt T-SNE method [93] to plot the source and target data features in the latent space as shown
in Fig.5(a)-(b). We can find that: (1) original UniOT could lead to rather scattered features in the
latent space. That is because UniOT with entropic UOT could lead to dense and inaccurate matching
solutions, which limits the model potentials. (2) Our proposed UniOT + UOT(ETM + MROT-Norm)
can provide more compact features since it provides more accurate solutions. Thus it further illustrates
the efficacy of our proposed ETM-Refine with MROT-Norm method.

L Experiments on Treatment Effect Estimation

Datasets for Treatment Effect Estimation. We further conduct ETM-Refine on treatment effect
estimation with two semi-synthetic datasets IHDP [88] and ACIC [99]. IHDP is set to estimate the
effect of specialist home visits on infants’ potential cognitive scores and it contains 747 observations
and 25 covariates. ACIC includes 4802 observations and 58 covariates, which comes from the
collaborative perinatal project.

Results. We involve the following models as baselines: (1) OLS [2] utilizes least square regression
with treatment as covariates, (2) TARNet [88] adopts integral orobability metrics for adaptation, (3)
PSM [78] adopts propensity score for causal effects, (4) CFR-WASS [78] utilizes standard optimal
transport for adaptation, (5) ESCFR [96] further utilizes unbalanced optimal transport for adaptation.
We adopt the same experimental settings as ESCFR [96]. We utilize Precision in Estimation of
Heterogeneous Effect (PEHE) [88] and Area Under the Uplift Curve (AUUC) [7] for the evaluation.
Note that ESCFR + UOT(ETM-Refine + MROT-Ent) only replaces the entropic UOT in ESCFR with
our proposed approximate-to-exact ETM-Refine + MROT-Norm. The experimental results are shown
in Table 7. From that, we can observe that ESCFR + UOT(ETM-Refine + MROT-Norm) achieves the
best performance, indicating the efficacy of our proposed ETM-Refine method.

M More Experimental Results

Parameter sensitivity. We tune ng on SemiUOT via ETM-Refine with MROT-Norm in range
of ng € {0,1,100} using the same data samples shown in Fig.1 and show the results in Fig.6.
We can observe that when 7 is smaller (e.g., ng = 0 or ng = 1), the proposed KKT-multiplier
regularization term G (7, s) = (m, s) may struggle to play a significant role during the optimization
process. Meanwhile when ng = 100, ETM-Refine with MROT-Norm can achieve more accurate
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Figure 8: The results of ( and Lp on UOT and SemiUOT.

matching results. We can conclude that choosing a larger value of 7 can fully utilize the knowledge
provided by KKT multiplier and enhance the final results. Moreover, we conduct the experiments
for the absolute error when 7 = 1 with N = 500 synthetic data samples on both SemiUOT and
UOT and report the results in Fig.7(a)-(b). Larger value on ng can provide more useful KKT-
multiplier information and boost the model performance and therefore we set g = 100 empirically.
Furthermore, we conduct the hyper parameter experiments by varying e = {0.01,0.05,0.1,0.5,1}
on UDA task in Office-Home and report the results in Fig.7(c). We can observe that smaller value of
€ can provide a more accurate approximation with higher accuracy and thus we set ¢ = 0.01.

N Miscellaneous Discussions

N.1 The role of ( in ETM-based method

We first discuss why we should involve translation invariant ¢ in both Ly and Lp. Specifically, we
first analyze the case of SemiUOT. The Fenchel-Lagrange conjugate form of SemiUOT without
translation invariant mechanism is given as:

| AN
min TZ“XP( £)- Zﬂgﬂ -

i=1

We can adopt c-transform on Eq.(62) to obtain the unconstrained optimization problem as:

mm LP TZaz exp < fl) Z kg[l{ﬂ [Ck] — fk}bja (63)
j=

We adopt L-BFGS to optimize Ep using the same data samples as shown in Fig.1 with 7 = 1.
Meanwhile, the translation invariant term ¢ in SemiUQOT should be calculated as follows:

M fi N
¢ =T1log (Z a; exp (—;)) — 7log ij . (64)
j=1

i=1
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Figure 9: The UOT matching results on class imbalanced case. The blue ‘+’ and red ‘X’ denote the
source and target samples, respectively.

T

Ideally, ¢ should equals to O since Zf\il a; exp (— £ 1) = Zj\;l b;. However, we can observe that

¢ > 0 during the iteration epoch on optimizing Lp as shown in Fig.8(a). Therefore we can conclude
that C is indispensable during the calculation on SemiUOT. Likewise, the Fenchel-Lagrange conjugate
form of UOT without translation invariant mechanism is given as:

r11}111£1 [Ta<a,exp (—:_:) > + Tb<b, exp (—:_;) >] st u; +v; < Cyy. (65)

Here we can adopt c-transform on Eq.(65) to obtain the unconstrained optimization problem as:

o~ l u; al suppl; (ui, — Chj)
mdn Ly=m, Z a; exp —T—a + 7 Z b;j exp . (66)

-
i=1 b

=1

We also adopt L-BFGS to optimize Ly using the same data samples as shown in Fig.2 with 7, =
7, = 1. Meanwhile, the translation invariant term ¢ in UOT should be calculated as follows:

(= JoT {log <a,exp <u>> —log <b,exp (v) >] . (67)
Ta + Tb Ta i

Ideally, ¢ should equals to O since <a, exp ( l)> = <b, exp (f%) > However, we can observe

that ¢ > 0 during the iteration epoch on optimizing Ly as shown in Fig.8(b). Therefore we can
conclude that ¢ is indispensable during the calculation on UOT. In conclusion, the concept of
translation invariant was first proposed in [87]. However, [87] only utilizes translation invariant
for entropic UOT. We highlight that, in this paper, we further extend translation invariant for
standard UOT/SemiUOT scenario. We illustrate that translation invariant is essential in solving

UOT and SemiUOT problems.

N.2 UOT investigation on class imbalanced case

We also conduct the experiments for UOT on the class imbalanced scenario following the settings
in [28] . Specifically, the source and target data distributions (Gaussian mixtures of two uniform
distributions with different weights) are defined as Px = 2U([-1,1] x [0.5,1.5]) + 2U([5, 6] x
[0.5,1.5)) and Py = 2U([-1,1] x [-0.5,—1.5]) + 2U([5,6] x [—0.5, —1.5]). We first sample
N = 50 data for both Py and Pz with 7 = 0.9 and conduct the UOT experiments shown in Fig.9.
Note that data No.1-No.20 in Px are sampled from U([—1, 1] x [0.5,1.5]), and No.21-No.50 data
in Px are sampled from U ([5, 6] x [0.5, 1.5]). Meanwhile, No.1-No.30 data in P are sampled from
U(]-1,1] x [-0.5,—1.5]), and No.31-No.50 data in P are sampled from U([5, 6] x [—0.5, —1.5])
to setup the synthetic data experiment. From that we can observe: (1) Ent-UOT could only provide
coarse and inaccurate matching results. Moreover, Ent-UOT may lead to mismatch when 7 = 0.9. (2)
GEMUOT with square norm regularization term can obtain more sparse matching results. However,
the output results of GEMUOT are still far away from the ground truth. (3) Our proposed ETM-Refine
+ MROT-Norm can achieve more accurate results while avoiding mismatch compared with Ent-UOT
and GEMUOT, which indicates the efficacy of the proposed method.
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