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GRADIENT AND HESSIAN MATRIX COMPUTATION

This supplementary material focuses on computing the gradient and the Hessian matrix of L.

We define some notations. For £/ € Ny, j € Np_1, we let
ajg = Hj(Xg), agy -— Xy (1)
and the diagonal index matrix
il BIREBL2E (en, o
j.bj.aci_ 1 N
JrPRG-1)E 0, [W;a(j,1)5 +bj]iz‘ <0’ /
and
D
epe :=Np ({Wjabj}jzl;xf) —ye.
From the definition, ]IW bj,a0 1) is a piecewise constant function with respect to W; and b,
and therefore its gradlent with respective to W, and b; are zero. Note that we do not consider the
boundaries of each piece, as they have zero measure.

We will consider the network functions with one and four hidden layers, which will be used in the
main paper.

A SINGLE HIDDEN LAYER

We consider the network with a single hidden layer. In this case, D = 2. The network function is

No ({Wj,b]}J ¥ ):: W] o (W] x+by)+by. 3)

We first compute the gradient. Since we use the vectorization of the parameters in our computation, it
is important to review the Kronecker product|Schacke|(2004);[Van Loan! (2000). If A isanm X n
matrix and B is a p X ¢ matrix, then the Kronecker product A ® B is the pm x gn block matrix:

anB -+ a1,B
AeB=| 1 .
amiB - amnB
Let A, B and V be three matrices. The mixed Kronecker matrix-vector product can be written as:
(A ® B)vec(V) = vec(BVAT)
where the operator vec applied on a matrix denotes the vectorization of the matrix. For convenience,
we let z; = Iw, b, x, W2 for £ € Ny.

Lemma 1. Let N> be the network function defined as (B) and L be the corresponding loss function
for this network. Then, we have that

or 1 or 1<
FIA =N Z(zz ® x¢)ea, b, =N Zzeezea

6W2 = Z aireay, % Z €9¢.
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Proof. Using the notations (2)) and (T)), we have rewrite function N> as
Na ({ijbj Yoot ) = W3 Iw, by, x Wi X+ Wy Iw, b, xb1 + b2
= (ZT ® XT) Wi + ZTbl + by

and
({Wj,bj}] E ) — W] a + b,
Therefore,
6'/\/2:z®x 8—'/\/'2:2 8./\/2:31 37./\/'2:1
oW, T Oby T oWy " Obg '
The lemma can be proved by using the chain’s rule of gradient. [

The hessian of £ at W is given by

3L 3L 3L 3L
oW? Ob0W; OWL0W;  0by0W;

02L 3253 8L 8L
He(W) = | %52 g Tt Ry
8W18W2 3b18b2 8W22 8b28W2

9L 9L 9L %L

OW10bsy b1 0bs OWo0bgy 62

Since the Hessian matrix H, is symmetric, we compute only the upper triangular elements.

Lemma 2. Let N be the network function defined as @B) and L be the corresponding loss function
for this network. Then, we have that

PL 1 - 2L al
== (20 @x¢) (20 @ %) Z) @ Xy)
oWE ~ N &~ ob oW, Z
ﬂ—ii(ﬂ ® x¢) e + (z¢ @ x¢) a], Zz ®x
8W26W1 _N e ‘Wi,b,xy L 2/ 14 4 145 8b28W1 14 £
P2L 1. . ok 1 & . al
a0 T ar I x )
a2~ N ;mf " OWadb Zzl Wabixe €2 281 ab (%1 Z
L - 0L
=— ey}
oWz~ N ;a”a”’ ab aW2 Z T

2 2 .
Proof. We only prove aavv% and %, as the proofs for the other terms follow in the same manner.

We first compute 9°L  From Lemmal we have that

owz"
62£ 1 N a(Zg (024) Xg)egg 1 N 8(2[ X Xg) 8622 T
N =y 2 gy et e ()

Since
a(Zg ®Xg) -0 Oeqyy

ow, oW,

= 2y @ Xy,

we have that
PL 1
= Z 7o ® X¢) (Ze @ X¢

= )T
owE N

2°L :
We now compute gy~ Again from Lemma we have that

L 1 SN 0(ze@x0)ear 1 o 9(z¢ @ %) dear\
OWR0W, N; oW, N; o, et (mex) (awg)
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As zp = Iw, b, x, W2, we have that

a(Zg X Xf)

oW, = Hthl:X({ @ Xy

The definition of eq givens that e“ = ayy. Therefore,

0L

N
1
S = o Y (I by @ Xe) €20 + (20 © x¢) .
OWL0W, — N 2=

FOUR HIDDEN LAYERS

We consider a network with four hidden layers. In this case, D = 5. The network function is

N5 (W5, b5}_y ix) = Wl o (W] o (W]o (W] (W] x+bi) +bs) + bg) +by) + bs.

)
The Hessian H. (W) is given by
r o’c 8%L o%L %L 9% 8% o%L %L 9% 8%L
aw? b 0W,  OWL0W,  0by0W, OW30W;  0b30W; OWL0W, 0bjoW; 0OW;0W;  0bs0W;
62£ 8% 8% %L 8%L 8% 8% %L 8% 8%
X ab2 W4 0b, by 0by W3 0b, Bb30by OW40b; Dby 0by OW50b1 Bb50by
%L 8%L 8% %L 8% a%L 8% %L 8% 8%L
OW10Wo b1 0Wo 6W22 Oby OWo OW30Wo ObzOWo OW,40Wo Oby OWo OWs50Wo b5 0Wo
9%L 9%L %L %L 9%L 9%L %L %L 3%L 9%L
BW, dby Bb1 Oby OWo0by b2 8W33b2 Bb30by OW,0by Bb, by W5 0by Bb50by
9L 8% o2 821: a%L 8% %L %L 8% 8%
OW,0W3  0bi0W3 0W,0W3  0by0Ws aw? Ob30W3  OW,0Ws3  0b0W3 OW50Ws  0bs0Ws
8%L 8% 8% %L 8?2 E 8% 8% %L 8% 8%
W, dbs Bb10bg OWo0bg Dby 0bg OW30bs b2 OW,0b3 b4 0b3 W5 0bs Bb50bg
%L 8% 8% %L a%L 022 8% %L 8% 8%
OW10Wy Ob10Wy OW20Wy Oba OWy OW30Wy ObzOWy 3WE ObgOWy OW50Wy Obs0Wy
9%L 9%L %L %L 9%L %L %L %L 9%L %L
BW,0by Bb1 by OWo0by Bby0by dW30by Bb30by OW,0by e OW50by Bb50by
9L 8% o2 %L 9% 8% %L a% 9%L 8%
OW,0Ws5  0b10W5  OW,0W5  0by0W;  OW30Ws5  0b3o0Ws;  OW0Ws;  0bgoWs owz b5 0W5
8%L 8% 8% %L 8% 8% 8% %L a2£ 8%L
| 5W,0bs Bb10bs OW,0bs Dby 0bs W3 0bs Bb30bs OW40bs Db, 0bs W5 0bs b2

For convenience, we let

z¢ 2= Iw,b1,x, Wallwy by a1, Walwy bs,a0, Wallw, by ,as, Ws

and

z10 = Iwy by ,x, W2, 220 :=Iw, bya,, W3, 2Z3¢:=Iw; bsa,, Wa, Zar :=Iw, by,a;, Ws

and

Z5¢ = Z30Z4¢, Zer = Z20Z30Z4e, Z7¢ = Z1¢Z2¢, Zge = Z1¢Z20Z3¢, Z9p = Z2¢Z3¢.

We first compute the gradient of L.

aﬁ—lzz R x¢)e ize oL ii(i ®aig)e
oW, N - ¢ ¢)ese, Ob 2 G B, TN 2 60 1¢)€s¢
N
8b2 Zzﬁeese, 73 = E:: Zse @ agg)ese, 6b3 Zzwese

oL *iZN:(z ® age)e oL _ Zz e — Za e
W P w®as)ess, H- = 40€5¢, 8W =N 4¢€5¢,

oc
obs

1N
= — e
N; 50




Under review as a conference paper at ICLR 2026

We then compute the Hessian of L.

= Zz@x @ (20 @ x¢) " ﬂ*ii(z@)x)@zj—
8W2_N @) ® (me @) bWy N T

oL 1</ N
W, ~ N Z (Z6Te @ Iw,,by,x, ® Xz) ese + (20 @ x¢) (Zeor @ are) |

9°L o

b0y NZ a0 © x) By
/=1

%L 1

N
6W36W1 ﬁ Z (ZSZ 02y ZIZHWQ,bz,au) ® XZ) €5 + (Ze ® X[) (254 ® aQZ)T
=

-

8L a
BbsOWs Z ot © x) By

0L Lo/ .
At Atir — AT ® I a 5
OW.OW, N ; (244 (Z7elws bs,a0,) @ Xz) ese + (20 ® x¢) (240 @ azg)

49@?f~l§f@<&an AAféf—~l§f«~ﬂ )@ xe) ese + (26 © %) al
0bsOW; N — ¢ /%4t OWs0W, N — Zgellw y,by a3, X¢) €se Z @ Xp)ayy

am,aw1 NZZZ@X“ abQ = ZZL’Z@

9°L . -
Wb, N Z (Z(—are ® HWI,bl,xz) es; + 20 (Zoe @ aie) |
=1

oL 1 T -~ -
ab28b1 N Z 28 OW30b1 =N ; (zf’e ® (Z”HW%bz,Elu)) esc + z¢ (Zse ® az)

L 1 e L N
Obsdb, N 24y, OWadb, N Z (ZI@ ® (znﬂwg,bg,aﬂ)) st + 70 (zar @ aze) |
=1

0L 1o
8b48b1 ZZ"Z% oWa0b, N Z (ZseTw 4 b as,) €50 + Zeag

=1

9L 1 & L 1 N .
= E 6 as = o (Z6r @ a1¢) (z6r @ air)
oWz~ N Zgzl

dbsdbr N £
% = % i (Zoe ® aie) Z&
=1
% = % ;]Vl (EsTe ® Iws,bo,ay, @ auz) es0 + (Zoe ® a1¢)(Zse @ age) |
0*L 1

M=

T, W 2B © 10}
3 2 P

Il
-

L 1 & N
IW.OWs ~ N Z (ZL ® (z3eIwsy,bs,ay,) @ aue) ese 4 (Zor @ arr) (zae @ azg) |
—

oL al
8b46W2 Z Zee ® A1) Z4e

9L 1 < N
WO, =N Z ((ZorIwy ba,a5,) ® a12) €50 + (Zoe @ au)az—fg
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9L 1o 92 R
Do OWs N ;ZGZ ® a1y, 87173 =N ;ZGZZGZ

N

9*L 1 T S T o°L 1 e~~~ ~T
— I[ a _
OWadby ; (Z5e ® Iw,,bs, u) esc + zoe(2s¢ @ aze) 9b30bs N 2 Z6¢Zs5¢
N N
1 - T *L 1 T
8W48b2 ; (Z4e ® Z3zﬂw3,b3,322)) es; + zoe (zar @ aze) Tt - N ; Z60Z g
L a -
Wadhy ~ N z:: (ZoeIw, by,ay, ) €50 + Z6caye, 8b58b2 Z Z60
a L 1 &
_ T - ~ ~T
aWQ = Zz:: Zse @ ag) ® (Zse ® aze) Do~ N ; (Zse ® aze) @ Zsg
oL 1 & -
W~ N Z (Zzz ® Iw,,bs,ag, @ a2z) ese + (Zse ® agy) (zar ® age) "
oL al L 1 ~
8b48W3 g Zso @ a2£ Z4£, W = N [:ZI ((ZSZ]IW4,b4,a3[) ® an) €5y + (ZSZ ® a2é) aL
8L 1 oA
= _ = ® age, o
9bs0Ws N ; “ot Azt g =N Z ZsiZs
0L 1N/ + N T L 1ALt
W03 =N g (Zu ® ng,bg,a%) ese + Z50(2a0 ® aze) 0a0bs =N ; Z50Z4¢
L 1 & g
oWedbs - N ; (z3¢Iw,,ba,ag,) €5¢ + Z50840, 8b58b3 Z Z5¢
L1 N 1 & .
(9W42 =N ; (z4¢ ® aze) (z4e ® aze) m =N ; (z4e ® a3e) Z4p
9L 1 & - L 1 & L 1
- = I N ) ) Y= 2 = =
W=, N ; ( Wy,bs,az, & au) e5,£+(Z4/z ® ase) ayy, Bba0Ws N ; Z4rR@aszy, abi N
9°L 1 &
8W58b4 N Zz:; (HW4,b3 7338) €es5¢ + Zypayy, 8b58b4 N Z Zyy
L 1= 9L 1 & L
_ — Y~ _ 1
ow2 ~ N > awad, obs0Ws N ; Al g
HESSIAN COMPUTATION OF IMAGE DENOISING PROBLEM
To compute the hessian matrix of £, we write £ in the elementwise form
1 n . 2 n 1 5
£(0u) =5 3 (No(©ixa) = fur) +A D (Jubil + Jui)+
s5,t=1 s,t=1
n Q)
2
g > (Vo(©5%01) = No(©%ui-1) — uke)” + (Vb (O5x4) = N (O3 %(s-1)0)) — uZi)”
s,t=1

where we set Np(0;x50) = Np(0;x51) and Np(O; x0t) = Np(©;x1¢) for s,t € N,,.

>

L

1

T
ZyeZyy
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ONE HIDDEN LAYER
We consider the case with one hidden layer and the network function is given by (3). Let
Zot = Iw, by o W2, a1 = (W) Xt +b1), €1 = N> ({Wj, bj}?zl ;Xst) — £
ezst = N ({Wm b}, ;Xst> - N ({ij b;}i_, ;Xs(t—l)) — ug,

€35t = N2 ({Wj7 bj}?zl ;st) - N2 ({Wj, bj}izl ;X(sfl)t) - Ugt-
We first consider the gradient of L.

oL <
oW, Z (Zst @ Xst)e1st + ((Zst ® Xst — Zs(t—1) @ Xs(t—1))€2st+
1 s5,t=1
(Zst ® Xt — Zs—1)t ® x(s—l)t)eSSt)
oL .
871)1 = Z Zsi€1st + 3 ((Zst — Zs(t—l))eQSt + (zst — z(s—l)t)e&st)
s,t=1

oL . oL .
Wy = S;I aist€1st + 5 ((alst - als(t—l))eQSt + (a1st — al(s—l)t)e&st) s 8772 = Sgl €1st-

We then consider Hessian matrix of L.

5 = (zst ® Xst)(zst & xst)
oWy s,t=1
+ 6((Zst ® Xst — Zs(tfl) ® xs(tfl))(zst ® Xst — Zs(tfl) ® xs(tfl))T
+ (Zst @ Xst — Bs—1)t @ X(5—1)1) (Zst @ Xt — Z(s—1)t & X(571)t)T)
7L - Xn:(zt‘gxt)zTﬂLﬁ((Zt@Xt Zo(i-1) © Xo(1-1)) (Bst — Zo(r-1)) |
ar atxr s S st s st T 4s(t—1 s(t—1 st T As(t—1
DidWr ~ 2,
+ (Zst ® Xst — Z(s—-1)t ® X(s—l)t)(zst - Z(s—l)t)T)
% - i (le,bl,xst ® xst) €e1st + (Zst () xst)a;rst
2 1 s, t=1
+ B((Tw, by xer ® Xt — W, by xgo_1) ® Xs(t—1))€2st
+ (2ot ® Xat — Zg(1—1) @ Xo(e—1)) (18t — Ars(t—1))
+ (lewbhxst & Xst — HWl,bhx(s_l)t @ x(sfl)t)e:’,st
+ (Zst @ Xot — Z(s—1)t ® X(s—1)¢) (ALst — A1(s—1)¢) )
L a
Goiiy ~ 2 (2t © %)
L & . . .
DL =3 il B2 — 2ate) o — ) (2ot~ 20 2) (0~ 20) )
1 s, t=1
782[1 i I €15t + Zsa, .
= ‘W1,by,xst €lst st st
W20~ 2=,

+ B((Iw, by xar — Iw, by xyooq))€2st + (Zst — Zs—1)) (Arst — a1s(t71))T

+ (Iwy by ,xer — le,bl,x<s,1)t)esst + (2ot — Z(s—1)e)(A15¢ — al(s—l)t)T)
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8b28b1 z:: Zot

o*L

Bl = Z aistaly + /5((alst —a-1)(atst — als(t—l))TJF

s5,t=1

(alst - al(sfl)t)(alst - a1(571)t)T)

)
amm 2:: et ab2 -

FOUR HIDDEN LAYERS

We consider the case with four hidden layers and the network function is given by (@).

Let
Zst = Iw, by ,xee Walw, bs,a1. Walws by a0, Walw, ba,as,. Ws

and
Z1st = Iwy by % W2,  Z2st = Iw, 05,810, W3, Z3st i= [wg bg.as,, W4,  Zast := Iwy,by,a3, W5
and

Zs5st = Z3stZ4st, Zest = Z2stZ3stZ4st, Z7st = Z1stZ2st, Z8st = Z1stZ2stZ3st, Z9st = Z2stZ3st-
ert = Ni ({Wy, by} %) - B
4 4 1
exst = Ny ({Wjﬂbj}jzl 7Xst) - Ny ({Wj’bj}jzl ,Xs(t—l)) —ug
4 2
east = Ni ({Wy, by iy xer) = Na ({Wi, b iy 5o ) — ulee

We first compute the gradient of L.

n

oL

oW Z (Zst ® Xst)e15t + /3((Zst ® Kot — Zig(t—1) ® Xg(t—1))€2st+
1 s,t=1
(Zst @ Xst — Zs—1)t @ x(s—l)t)eSSt)
8[) Z Zst€1st + ﬁ ( st — Zs(tfl))elst + (Zst - Z(sfl)t)eBSt)
1 s,t=1
oL ~ -
W z Zost @ A1st)€1st + ﬂ((zfsst ® A1st — Zgs(t—1) ® Ars(¢—1)) €25+
(Z6st ® A1st — Zg(s—1)t @ al(s—l)t)eSSt)
L <~ - -
Dby Z Z6st€1st 1 ﬁ((zﬁst — Zgs(t—1))€2st + (Zost — ZG(s—l)z)eE}st)
2 s,t=1
oL ~ ~ -
W = Z (Zsst ® azst)erse + 5((25315 ® agst — Zss(t—1) @ Azs(¢—1))€2st+
s,t=1
(Zsst @ A2st — Zs(s—1)t @ Bp(s—1)¢)€3st)
oL ~ e
87)3 Z 55t€1st T /3 (ZSSt — Z5s(t71))e2st + (Z5st — Z5(sfl)t)e3st)
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oL ~ - -
W = Z (Zast @ Azst)erst + 5((Z4st ® azst — Zas(t—1) @ Ags(¢—1))€2st+

s,t=1

(Zast ® A3st — Za(s—1)t @ 33(571)t)e3st)

oL nL ~ ~ ~ ~
87174 = Z Z4st€1st + 5((Z4st — Z45(t71))e25t + (Zast — Z4(s—1)t)e3st)
s, t=1
oL - oL .
oW = S;I agst€1st + ,3((34375 - a4s(t71))923t + (aust — a4(sfl)t)e3st), 87175 = 321 €1st

We then consider Hessian matrix of L.

2L Zn:(z ® %o0) (Zst ® X )T
2 = st st)(Zst st
an s, t=1
+ B((Zst ® Xt — Z(t—1) @ Xg(t—1))(Zst @ Xst — Zs(t—1) @ Xs(t—l))—r
+ (Zst & Xst — Z(s—1)t ® X(s—l)t)(zst ® Xst — Z(s—1)¢ ® X(s—l)t)T)
ﬂ:z’ﬂ:(z R X )ZT+5((Z R Xst — Z QX )(Z —z )T
0b10W1 Py} st st)4st st st s(t—1) s(t—1) st s(t—1)
+ (zst Q Xst — Z(s—1)t @ X(s_l)t)(zst — z(s—l)t)T)
82757271:(27 ®1I ®x )e ¥ (2ot @ Xot) (Fost @ Ar1st) |
OWL0W, — 6st Wi,b1,xst st | €1st st st )(Z6st 1st
+ ﬂ((zgst & ]IWl,beSt R Xst — ’ig—s(t,l) (24 ]le’b17xs(t—1) X xs(t—l))eZSt
+ (zSt & Xst — zs(tfl) ® xs(tfl))(,i(}st ® arst — Ees(tfl) ® als(t,l))T
+ (Figst ® HW],b1,xst ® Xst — Z;;r(s_l)t & le’bl’x(s—l)t ® x(S—l)t)eSSt
+ (zSt & Xst — Z(s—1)t X x(sfl)t)(’iﬁst ® aist — 26(5—1)t (2] a1<5,1>t)-r)
827[’ = i (Zst ® xst),if—}rst + ﬁ((Zst ® Xst — Zs(tfl) X XS(t*l))(’iGst _ 265(1&71))7'
0b20W, —
+ (Zst @ Xst — Z(s—1)t @ X(s—1)t)(Zost — Zo(s—1)t) )
L N o : N ;
IWa0W, Z (Z5st ® (z1stIwy bo,ar,) @ Xst) e1st + (Zst ® Xst)(Zost ® A2st)
s,t=1
+ ﬂ((igst [024] (letHWQ,b2,a1st) & Xst — ’i;;(tfl) ® (ZlS(tfl)sz7b2,als(t—1)) X Xs(tfl))eQSt
+ (Zst @ Xst — Zs(t—1) @ Xs(t—1)) (Zsst ® A2st — Zss(1—1) @ aZS(t—l))T
+ (E;rst ® (let]IW2,b2,a1st) ® Xst — E;(s—l)t ® (zl(s_l)tﬂwmb%al(sfl)t) ® X(S—l)t)e3st
+ (Zst ® Xst — Z(s—1)t @ X(s—1)¢)(Zsst ® A2st — Z5(s— 1)t @ a2(571)t)T)
827£ = znz (Zst @ Xt )Zasr + B((Zst ® Xst — Zs(t—1) @ Xs(t—1)) (Zsst — Ess(tﬂ))T
0b3 oWy

s,t=1

+ (Zst ® Xst — Z(sfl)t ® x(sfl)t)(,i&st - E5(sfl)t)—r)
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Z (let ® (E7stHW3,b3,a25t) & Xst) €15t + (Zst & Xst)(z4st & a3$i)T

s,t=1

0L _
OW,0Wy
+ 5((Z4Tst ® (Z7stIws by, a0s; ) @ Xst — Z4Ts(t_1) ® (E7s(z_1)ﬂw3,b3,a25(t,1)) ® Xg(t—1))€2st
+ (Zst @ Xst — Bs(e—1) ® Xg(t— 1))(Z4st ® A3st — Zas(t—1) @ Ags(1—1))
+ (245t @ (ZrstIws by a0 ) @ Xst — Zd(s_1) @ (Z7(s—1)tIws bg.an._ 1)) ® X(s—1)t)€3st
+ (

Zst ® Xst — Z(s—1)t @ X(s—1)¢)(Zast ® Azst — Za(s—1)t & a3(s—1)t)T)

n

Z (zst ® xst)zzst + ﬂ((zst & Xst — Zs(t—-1) ® Xs(t—l))(z45t — Z4s(t—1))T

s,t=1

°L
ObsOW:

+ (Zst @ Xst — Zs—1)t © X(s—1)t)(Zast — Z4(s—1)t)T)

n

= Z ((ESStHW4,b4,a3St) & Xst) e1st + (Zst ® Xst)a:lrst
s,t=1

%L
OWs0W,
/B(((ESStHW4,b4,a35t) & Xst — (ESS(tfl)]IW4,b4,a3s(t,1)) ® Xs(t71))923t

+
+ (2t @ Xt — Zo(t-1) @ Xa(e-1)) (st — Bus(e-1)) |

+ ((’ZVSStHW41b4,a3st) @ Xst — (28(5—1)t]1w47b4733(571)t) ® X(S—l)t)e35t
+ (Zst @ Xt — Z(s—1)¢ @ X(s—1)¢) (Aast — Aa(s_1)¢) )

8b58W1 Z Zst ®x9t

s,t=1

n

Z 202y + B((Zst — Bsr—1)) (Zst — Zs(e—1)) | + (Zst — B(s—1)t) (Zst — Z(s_1)¢) )

s, t=1

e _
a2

0*L

W = Z (’Z;}I—st ® HWI,bl,xst) €15t + Zst (§65t ® alst)—r
2 1

s,t=1
+ ﬁ((zgst (29 Hleblaxst - ’Zv;irs(tfl) ® HWLbhxs(t_l) )825t
+ (Zst — Zs(t—1)) (Fost @ ALst — Zos(t—1) @ A1s(t-1))
+ (zgst ® HW1,b1,xst - E&s—l)t & I[W1,b1,x(571)t)e35t

+ (Zst — Z(s—1)¢) (Zost @ A1t — Zo(s—1)t @ A1(s—1)¢) )

L
Ob0bs

n
= Y zuZge + B((Zst — Zar—1)) Fost — Zos(—1)) | + (st — B(a—1)¢) Fost — Fo(s—1yt) ")
=1

82

~ T
awsabl (Z5st & letI[WQ,bz,alst)) e1st + Zst(z5st ® aQst)

+ B((Z3st ® (2151 Iwa ba arer) — Zss(—1) @ (Z1st—1)TWa b0y, 1) ) €25t
+ (Zst — Zs(—1)) (Zost @ Azst — Zps(r—1) @ Ags(t—1))

+ (Zsst ® (Z1stIwsy,bg,aye,) — Eéﬂs,l)t ® (21(3_1)tﬂwz,b2,al<s,l)t))egst
+ (

Zst — Z(s—1)¢) (Zsst @ A2st — Zs(s—1)¢ @ Aa(s—1)t) ')
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b3 0by szzlzstz;st + B((2st — Zs(1-1)) (Zost — Z5s<t—1))T + (Zst — Z(a—1)2) (Z5st — Z5(S—1>t)T)
>’L T
m 2 (Z4st & (Z79tI[W3’b3»a2sf)) €1st + zSt(Z‘“t ® aSGt)
+ /B((Z4st ® (Z75tIws by a0 ) — z4s(t_1) & (E7s(t71)ﬂw3,b3’325(t—1)))QQSt
+ (Zst — Zs(1—1))(Zast @ A3st — Basr—1) @ aBS(t—l))T
+ (245t @ (ZrstI W bg,an.) — Z4T<571)t ® (Z7(s-1)tIWs b3 az(, 1), ))€3st
+ (Zst — Z(s—1)1) (Zast @ 35t — Za(s—1)t @ a3(s—1)t)T)

OL S gaTue 4 B((ant — 7o) (5150 — st 1) + (@t — 2o 10) (150 — 7300 10))
Dadby — o= st = Zs(e-1)) (Zase = Zas(e-1) st T Ao\ Bast T Ba(s-1e
L _ 3 Fsd €14t + Zaiay,

OWs0by s,t=1 P b T o
+ /B((ESStHW4,b4;a3st _ ESs(tfl)]IW4,b4:ass(t—1))e2St + (25t — Zs(e—1)) (Aast — a4s(t71))T
+ (ZsstIwy ba,agee — Z8(s— 1)t IWa ba,ag o1y, )€3st + (Zot — Z(s—1)¢) (Aust — a4(s—1)t)T)
L S
Bbs Dby 21 ot
82£ = i (Eﬁst ® alst)(EGSt ® alst)T
aWQQ s,t=1
+ B((Zost @ @15t — Za(t—1) ® A1a-1)) (Zost @ 1ot — Zpa(t—1) ® Ara-1))
+ (Zost @ A1st — Zo(s—1)t ® A1(s—1)¢) (Zost @ Arst — Zo(s—1)t @ al(s—l)t)T)
827‘6 = i (Z6st ® alst)zgst + 5((26315 ® Arst — Zos(t—1) @ Ars(t—1)) (Z6st — EGS(t—l))T
Obs0Ws 4~
+ (Zost @ ALst — Ze(s—1y¢ @ A1(s—1)1) (Fost — Zo(s—1)t) ')
82 T
8W38W2 (ZSSt & ]IWQ bs,ajst ® alst) €15t + (ZGSt Y alst)(ZSSt & a2st)
+ 6((252,5 ® Iw,,by,ay, @ A1st — E;s(t—l) R Iws b0y, 1) @ A1s(t-1)) €20t
+ (Zost @ A1st — Zos(r—1) @ A1s(t—1)) (Zost @ A2et — Z5s(t—1) ® a2s(t—1))'|'
+ (Zsst ® Iw,,bg,a15; @ A1st — z5(5—1)t ® Hw?’bQ’al(S*Uf @ a1(571)t)933t
+ (Zest ® arst — Zos(t—1) @ A1s(t—1)) (Z5st @ A2t — Zy(s—1)t @ a2(8—1”)"—)
oL i (Zost ® a15t)Z5sr + B((Zost ® Arst — Zgs(r—1) @ A1s(-1)) (@sst — Zss(e-1))
Obs0W> —

+ (Zost ® @15t — Zes(t—1) ® A1s(t—1)) (Z5st — Z5(571)1&)
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L

m - Z Z45t ® Z39tHW3 bd,azgt) & alst) €e1st + (Z69t ® alst)(z4st & aSst)T

st=1
+ ,3((241,5 ® (23stIws,bg,a0.;) @ A1st — ZIs(z_n ® (ZBS(t—l)HW3,b3,aQS<t,1)) ® a15(t—1))€2st
+ (Zost @ A1st — Zos(t—1) @ A1s(t—1)) (Zast @ A3st — Zas(t—1) @ aSS(t—l))T
+ (4ot @ (235tTws by 00, ) © Alst — Z4T(s 1t @ (Z3(s—1)tIwy bgag,_1),) ® A1(s—1)1)€3st
+ (2

Zost @ Alst — Zps(t—1) @ A1s(t—1)) (Zast @ A3st — Za(s—1)t @ a3(s—1)t) )

n
Z (Z6st @ alsz)ZLt + /B((Eﬁst ® arst — Zes(t—1) @ Ars(t—1)) (Zast — z4s(t71))T

s,t=1

0°L
0bs0W5

+ (Zost @ A1st — Zgs(t—1) @ Ars(r—1)) (Zast — Z4(571)t)T)

n

Z ((EQStHW4,b4,a35t) ® alst) e1st + (z6st ® alst)a:lrst
t=1

%L _
OWs0Ws
+ B(((EQSt]IWAL,bLL,aBS,) ®aist — (ZQS(tfl)]IW:;,bg,aZS(t,l)) ® als(tfl))elst
+ (Zost ® arst — Zes(t—1) @ A1s(t—1)) (Aast — a4s(t71))T
+ ((ZostIw, by.ag.:) ® A1st — (Zo(s—1)tlwa,by,ago 1)) ® A1(s—1)¢)€3st

+ (Zost ® A1st — Zos(t—1) @ Ars(e—1)) (Aast — 34(571)t)T)

aw aw Z Zest Q A1st
5 2

L K~ - I - _ . -
W = Z ZGstngt + 5((Z63t - ZGs(t—l))(Z&st - Zﬁs(t—l))T + (ZGSt - Z6(s—1)t)(zﬁst - Z6(s—1)t)T)
2 s,t=1

9*L

~T ~ ~ T
At AL z ®]I s 7as)es + Zest(Z5st @ Azs
Wadbs Zl( 55t @ Tw by,ay. ) €15t + Zest (Zost @ A2st)

+ B((Zsst @ Iwa by ,arer — Zas(e—1) @ Iwa boay. oy €25t
+ (Zost — Zos(t—1)) (Zsst @ A2st — Zss(e—1) @ a2s(t71))T

+ (Znst @ Iwa bo.aye: AZ‘;(stt @ Iwy,baay (o 1) )€3st
+ (z

Zgst — ZGS(t 1))(Z5st X azst — 25(571),5 & 32(571)t)T)

n

= > ZoarZge + B((Zost — Zos(i—1)) (Zsst — Fss(e-1))
s,t=1

o°L
Obs0b

~ ~ ~ ~ T
+ (Zost — Zos(t—1)) (Zost — Zs(sfm)

o*L

8W 8b Z (Z4st ® Z3stHW3,b3,agst)) €e1st + ZGst(z4st ® a3st)
4002 —

+ 5((Z4st ® (z3stlws . bs,a0..) — Z4s(t71) ® (Z3s(t—1)IWs,bg.az, o1, ))€2st
+ (Zost — Zos(t—1)) (Zast @ Azst — Zase—1) @ fﬂl3s(z—1))T

+ (24t ® (235tTws bg.aze;) — Z;r(kl)t ® (Z3(s—1)tIws by.ag. 1), ))€3st
+ (2

Zgst — ZGs(t 1))(Z4st ® agst — Zy(s—1)t & a3(sfl)t)T)
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oL - T T
ObsObs = Z Z6stZast T 5((Z63t - ZGs(tfl))(Zélst - Z4s(t71))
s,t=1
+ (Zost — Zos(t—1)) (Zast — Z4(sf1)z)T)
oL LN ~
m = Z (z9st]IW4,b4,agst) e1st + ZsstaLt

s,t=1
+ B((ZostIwy ba.age: — Zos(t-1)IWa bga, (1)) €25t
~ ~ T
+ (ZGSt - z6s(t71))(a4st - a4s(t71))
+ (ZostIw, by,age: — Zo(s—1)tIwy ba,ay, 1), )€3st

+ (Zost — Zos(t—1)) (Aast — Aa(s—1yt) )

9L ~
m = S;I Z6st
9L oy ~ T
WE = Z (Z5st ® A2st)(Zsst @ A2st)
3

s, t=1
+ ,3((25515 ® A2st — Zs(t—1) @ Azg(¢—1)) (Bost © A2st — Zss(t—1) @ aQs(t—l))T

+ (Zsst @ A2st — Zs(s—1)¢t @ Az(s—1)¢) (Zost ® A2st — Z5(s—1)t @ a2(371)t)—r)

0L S . _ _ . _
I = Z (Z5st @ azst)z:r,rst + 5((Z5st ® a2st — Zss(t—1) @ Azs(t—1))(Zsst — Zss(t—l))T

s,t=1

~ ~ ~ ~ T
+ (Zsst ® Azst — Zss(e—1) ® A2s(t—1)) (Zst — ZS(s—l)t) )

0L ~ T -
oW Sgl (Z4st ® Iws,bs,a0,: @ aQst) €15t + (Zsst @ Azst)(Zast @ Azst)
+ 5((21315 ® Iwy,bs,a0. ® A2st — Z4Ts(tf1) ® Iwy bs,ag, 1) ® A2s(t—1))€2st
+ (Zsst @ A2st — Zss(e—1) @ Azs(t—1)) (Zast @ Azst — Zas(t—1) @ a3s(t—1))T
+ (Z;;rst ® Iw,,bs,80,; @ A2st — zl—(s,l)t ® Iws,bs,a5s 1)t ® A(s—1)¢)€3st
+ (Zsst @ A2st — Zs(s— 1)t @ Az(s—1)¢) (Zast ® A3st — Za(s—1)¢ ® 33(571)t)T)
oL L. ~ ~
Tord W S;I(Zssz ® A2st)Z4sr + B((Zsst @ Azst — Zos(t—1) @ Azs(t—1)) (Zast — Zas(t-1))
+ (Zsst ® Azst — Zs(s—1)¢t @ Az(s—1)¢) (Zast — Z4(571)t)T)
0*L . . T
IO 521 ((z3stIw, by,ass: ) ® A2st) €15t + (Zsst @ A2st)Agsy
+ B(((z3stIwy by 55, ) @ B2t — (Z3s(t—1)IWa ba,ag. 1)) @ A2s(e—1))€2st
+ (Z5st @ A2st — Zss(t—1) @ Aos(t—1))(A4st — a4s(t—1))T
+ ((ZSStHW4,b4,agst) ® agst — (ZS(S—I)tHW4,b4,ag(S,1)t) ® a2(s—1)t)e&st
+ (Z5st @ A2st — Zss(e—1) @ As(e—1))(A4st — 34(571)t)T)
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9L -
m = Z Z5st Q A2st
s,t=1
o’L T ~ ~ ~ ~ T | ~ ~ ~ T
F o Z Z5stZsst + ﬂ((ZE)St — Zss(t—1))(Zsst — Bos(t—1)) + (Zsst — Bs(s—1)¢)(B5st — Z(s—1)t) )
3 s, t=1
8W48b3 Z (Z4st ® ]Iwg,bg,azﬁ) e1st + Zsst(Zast @ aast)T
+ ﬂ((z:{st ® Iws,bs,a0. — Z;lrs(tfl) & HWs,b37825(t_1) )e28t
+ (Zsst — Zs(t—1)) (Zast © A3st — Zag(t—1) & aBs(t—l))T
+ (Z4st ® Iwy,bs a0 Zé—lr(sfl)t ® HW37b3»32(571)t)e35f
+ (Zsst — Zs(s—1)t)(Zast © A3st — Za(s—1)t & aS(s—l)t)T)
0’L - - .
Obs0bs = Z Z5stZIst + 5((Z5st - Z5s(t—1))(z4st - Z4s(t—1))T
+ (Zsst — Zs(s—1)t) (Zast — Zags—1)¢) )
9*L - ~ T
m = Z (ZSSt]IW4,b4,a35t) e1st + ZsstAyst
s,t=1
+ B((z3stIw, bs,a5er — Z35(t—1)[Wy ba,ag. 1) )€2st
+ ( 5st — zss(t 1))(a4st - a4s(t—1))—r
+ (z3stlwy by as. Z3(5_1>tHw47b4733(571)t)e35t
+ (25515 - z5s(t 1))(a4st - a4(s 1)t )T)
9L - 5
dbsdbs =
L T
5 = Z (Zast ® A3st)(Zast @ A3st)
oWy s,t=1
+ ﬂ((z4st ® a3st — Zus(t—1) ® Azs(1—1)) (Zast ® A3st — Zus(r—1) ® ?3135(1571))T
+ (Zast @ A3st — Za(s—1)¢ @ Ag(s—1)t) (Zast ® A3st — Za(s—1)¢ @ A3(s—1)t) )
8L Z”: (G40t ® 830)2]
a1 avr 4st 3st )b4st
ObygOWy ]
+ B((Zast ® A3t — Zas(t—1) @ Azs(t—1) (Zast — Zas—1))
+ (Z4st ® A3st — Zu(s—1)¢ ® Az(s—1)¢) (Zast — Z4(sfl)t)T)
LESNS o © ) e1se + (i & 2 )a]
A At Wy ,by,a3¢ 3st) €1st 4st & A3st )Ayst
OW50Wy —

+ ﬂ((]IW4,b4,a35t ® azst — Iwy ba,ag.eq) @ Ags(t—1))€2st T (Zast ® A3st — Zas(t—1) ® A3s5(1—1)) (Aast — a4s(t—1))—r

+ (Iwy,by,azs, @ a3st — HW4,b4,a3(571)t ® ag(s—1)t)€3st + (Zast © A3st — Zas(t—1) @ Azs(t—1))(Aast — a4(571)t)T)
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9*L -
m = Z Z4st @ A3st

s,t=1

o°L ~
. > zasezas + B((Zase — Zas(e-1) (Zase — Zas(r-1)) " + (Zast — Zage-1)0) (Zase — Zags-1y0) )
4 s,t=1
o*°L -
m = Z Hw47b4v535telst + Z45ta;rst
t=1
+ ﬁ((HW4,b4,335t - HW4,b4,a3s(t—1) )e2st + (Zast — Zasr—1))(Aast — a4s(t—1))T
+ (]IW4,b4,asst - HW4,b4,33(5_1)t)e3st + (Z4st - Z4S(t71))(a4st - a4(s—1)t)T)
L "
m - Z Zyst
s,t=1
o°L ~ - i )
OW 2 = Z A4stdysr + B((azlst - a4s(t71))(a4st - a4s(t71)) + (agst — a4(871)t)(a45t B a4(371)t) )
5 s5,t=1
82,[, n 82£ )
ObsOW5 Sgl a4st, 87b§
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