A Improved lower bound for regret minimization

Theorem 10. In the MAB setting, fix the number of arms n and the time horizon T. For any
single-pass streaming MAB algorithm, if we are allowed to store at most m < n arms, then there

exists a problem instance such that E[R(T)] > Q(%)

Proof. We consider 0-1 rewards and the following family of problem instances {Z; : j € {0,...,n—
1}} each containing n arms, with parameter ¢ > 0 (where € = ,,117;7?1/3)3

7w o= 1/2, for i # n;
0 i =1, for i =n.

wi  =1/2, for i # j.

In the above instances, p; denotes the expected reward of arm;, the ¢-th arm to arrive in the stream.
We choose the problem instance Zy with probability 1/2 and choose the rest of the problem instances
with probability 1/(2(n — 1)).

We now fix a deterministic algorithm .A. First, note that any randomized algorithm is a distribution
over deterministic algorithms and hence a lower bound for deterministic algorithms also implies a
lower bound for randomized algorithms. Further, we assume that at its termination after 7" rounds,
algorithm A has read every arm into the arm-memory at some time step less than or equal to 7". Note
that the arm may be discarded immediately without being pulled. Also, all arms are discarded from
the memory after 7" rounds. We note that this assumption does not restrict the class of algorithms
for which our lower bound holds, since any algorithm that processes the arms differently can be
replicated by an algorithm with the above assumption.

Let the regret incurred by .A be denoted by R(T'). Then, we can write R(7") as:

n—1
R(T) =) X,
=0

where X7, denotes the regret incurred due to the problem instance Z;. If the problem instance Z; is
not an input to .4, then Xz, = 0. Now, we can represent Xz, as the following:

n—1
X7, =Y X;
i=1

where X; denotes the regret incurred by .4 due to sampling arm; of the problem instance Z,. Note
that, X; = 0 if arm; was never sampled.

Foreachk € {0,..., [t — 1}, let Vi = 30 (Xpmti + Xzpys)- Let £ = [2=1] — 1. Note
that,

)4
E[R(T)] > > E[Vi].
k=0

We now prove a lower bound on E[Y}] which will give us a lower bound on the regret as desired.

Intuitively, E[Y%] denotes the expected regret an algorithm would incur by sampling the arms in the
instances Zgm41, - - - ; Lkm+m and the arms armg,, 41, . . ., arMg, 4., in the instance Zy. The reason
for clubbing these arms together is that if the arms armg,, 1, - . ., arMg,, ., are sampled a large
number of times, then we incur a huge regret in expectation in the instance Z; and otherwise if the
arms armg.,+1, . - ., arNgm,+m, are sampled only for a few times, then we risk sampling the best
arm very few times in one of the instances Zyy,+1, - - - , Zgm+m Which will eventually lead to a huge
regret.

Let R = {0, 1}*™*T be the set of all possible reward realizations of the first km arms. Let us fix a
reward realization R’ € R of the first kmn arms. We next set up the sample space. Let L = 1/(4m?e?).
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Let (r5(7) : ¢ € [m], s € [L]) be a table of mutually independent Bernoulli random variables where
rs(i) has expectation 4. We interpret r5(i) as the reward obtained when armg,,; is pulled
for the s-th time and the table is called the rewards table. The sample space is then expressed as
Q= {0,1}™*L. Then, any w € Q can be interpreted as a realization of the rewards table.

For a fixed R/, each instance Zy,,,+;, where j € [m], defines a distribution P; g/ on Q as follows:
Pj p/(A) =P[A | Tim+j, R'], foreach ACQ

Similarly, the instance Z, defines a distribution Py on Q as follows:
Por(A)=P[A|Zy, R, foreach ACQ

Given an instance Zj,,,1; where j € [m], let Pz 1‘;, be the distribution of 7,(z) under this instance.
Then we have that Pj rr = [];c),,

distribution of 7,(¢) under this instance. Then we have that Py p = []

LselL] P}’ Similarly given the instance Zo, let Pg:;, be the
) Pi,s

i€[m],s€[L] ~ O,R’*

Let Z; be a running counter for the number of arm pulls of army,,; that gets incremented by one

everytime the arm is pulled. Let Z, = >, Z}. Let Sy C {armpm41, arMppm42, - . @Mt }

denote the subset of arms which are dlscarded from memory by the algorithm A before Zj, becomes

t+1. As time horizon 7' is fixed and we will eventually discard all arms at the end of time horizon, we

can assume that there exists a t’ € [T U {0} such that Sy = {armpm41, aTMkm12, - - -, ATMkrr 1 }-

Forallw € Q, let T/, = argming<;<7{t : Sy # 0}, i.e., T/, is the minimum value of Z;, when

some arm in {armg,, 41, arMgm 42, . . . , aLMgm 4 + 18 discarded from memory for the first time. Let

Ay ={w € Q: T/ < L} be the set of reward realizations for which 7}, < L. Now fix some arm in

{armpm 11, aTMgp 42, - -+, ATMpy4m | SAY @XMy, 4. Define AS = {w € Q : army,+; € St } to be

the event that the army,,,1; belongs to St . Now, let At = Ay N A} be the set of reward realizations

such that YVw € A7, T/ < L and arm,; is discarded from memory before Z}, becomes T, + 1. Also,

forany event A C Q,let A = 0\ A.

Now we have the following observation for instance Zj.

Observation 3. If w € A; and Iy is an input instance to the algorithm A, then Zil Xemti =

m2e2

Let i’ = arg max;e[,n Po,r/(A"). We obtain the next observation due to the fact that the best arm
armg,+ is sampled for at most L = o(T") times.

Observation 4. [fw € A and Lim+i Is an input instance to the algorithm A, then Xty =
T-T!
L) — Q(eT).

Now we will prove the following inequality which will be useful in our analysis:

m-PilyR/(A )+POR’(A1)Z (2)

|

The above inequality is trivially true if Py g/ (Ay) > 1/4. Therefore, let us assume Py r/ (A1) < 1/4,
ie., Py /(A1) > 3/4. Then Py r/(A”) > 3/(4m), by averaging argument and the definition of i'.
Using Theoremfor distributions Py g/ and P/ g/, we obtain:

2(Py,r/(A”) — Py g (AT))?

< KL(Po,r', Py r) (by Pinsker’s inequality)
=> ZKL (P Pi'r) (by chain rule)
i€[m] t=1

Z ZKL R/v 1’R’ +ZKL R” P} )

i€[m]\{i'} t=1
<0+ L-2e%
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In the last inequality, the first term of the summation is zero because all arms armg,,;, where
i € [m] \ {¢'}, have identical reward distributions under instances Zy and Zj,+i. To bound the

second term in the summation, we use the last property from Theorem Thus we have, Py g/ (Ai/) —
Py g(A") < ev/L. Hence, Py g/ (A") > Py pi(A") — eI > (3/(4m)) — (1/(2m)) = 1/(4m).
Here, we use Py r/(A”) > 3/(4m) and L = 1/(4m?c). Hence, if Py r (A1) < 1 then m -

Py g (Ai/) > %. This proves Inequality (Z). Let Z’ be the input instance. Now we have the
following:

E[Yy|R']
>PIT = Tpmss|R'] - Po g (A7) - Q(eT)
_ 1
+P[Z' = LH|R'] - Po,rr (A1) - Q(m)

PIRIT = Tymsir] - PIT' = Loy ir ’
_ [R| k /-‘r’L] [ k /-‘r’L] 'Pi/7R/(AZ)'Q(€T)

P[R/]
PRI =TIy - P[Z' = Iy) — 1
PR P (A1) 7z5)

(Due to Bayes’ Theorem )
PRI = Timssr 1 i

PRI = To] — 1 1

P[R'] Por (A 2 Q(m252>
PR\ = Tkmi'] T2/3
- P[R] ’ <m4/3n2/3)

“(m - Py (A") + Py p (A7)
(Due to the fact that P[R'|Z" = Ty ] = P[R'|T = To]

1 eT T2/3
andQ(m%z) - Q(%) - Q<m4/3n2/3)

PR = Tkmi'] T2/3
= P[R/] ’ <m4/3n2/3>
(Due to Inequality ().

Therefore we now have the following:

E[Y] > Y P[R]-E[Yi|R]

R'eER
T2/3
/ ! — . . —
> RZG:RIP[R |I - Ikm+l’] Q(m4/3n2/3)
T2/3
ZQ(m4/3’.nz/3)'
Let £ = | %=1 | — 1. Then we have the following. :
¢
E[R(T)] > E[Vi]
k=0
¢
T2/3
= = Q<m4/3n2/3)
nl/372/3
2Q( m7/3 )



B Regret Minimization under Random Order Arrival

Theorem 11. In the MAB setting, fix the number of arms n and the time horizon T . For any
one-pass streaming MAB algorithm, if we are allowed to store at most m < n arms, then in the

. . : . . 1/372/3
setting of random order arrival there exists an input instance such that E[R(T)] > Q(%)

Proof. We consider 0-1 rewards and the 2 input instances Z;,Z, each containing n arms, with
1/3
parameter € > 0 (where € = —zr77):

Il{ pi =(1+¢)/2 fori=1

i =1/2, for i #£ 1
7w = 1/2 for i #n
2 i = 1. for i=n

In the above instances, 1; denotes the expected reward of the 7*" arm in the input instance.

We now fix a deterministic algorithm .A. First, note that any randomized algorithm is a distribution
over deterministic algorithms and hence a lower bound for deterministic algorithms also implies a
lower bound for randomized algorithms. Further, we assume that at its termination after 7" rounds,
algorithm A has read every arm into the arm-memory at some time step less than or equal to 7". Note
that the arm may be discarded immediately without being pulled. Also, all arms are discarded from
the memory after 7" rounds. We note that this assumption does not restrict the class of algorithms
for which our lower bound holds, since any algorithm that processes the arms differently can be
replicated by an algorithm with the above assumption.

We choose an input instance uniformly at random from Z; and Z,. Let this input instance be Z'.
Then under random-order arrival setting one of the n permutations of Z’ is chosen uniformly at
random and is sent as the input stream to the Algorithm .A. Note that this is equivalent to choosing a
permutation P from 2n total distinct permutations of 7; and Zy uniformly at random and sending it
to the algorithm A. Let Z; be the collection of distinct permutations of Z; such that the arm with
expected reward of (1 + €)/2 is in the first n/2 positions of the permutation. Similarly, let Z be the
collection of distinct permutations of Z, such that the arm with expected reward of 1 is not in the

first n/2 positions of the permutation. Clearly, |Z;| = n/2 and |Z}| = n/2. Let Z! denote a input
permutation in 77 such that the arm; has p; = (1 +¢)/2.

Let the regret incurred by A be denoted by R(T"). Using arguments similar to the previous section,
we will show that E[R(T))] > Q212

#5— ). First, note that we have the following:
m
n/2
R(T) =) Xp + Xz
i=1
where X, denotes the regret incurred due to the permutation I{ and X7; denotes the total regret
1

incurred due to set of permutations Zj. If the permutation I{ is not an input to A, then X i = 0.
Similarly if none of the permutations from ZJ is an input to to A, then X7, = 0. Now we can
represent X7; as the following:
n
Xg, =) X;
i=1

where X; denotes the regret incurred by A due to sampling arm; of the set of permutations Z5. Note
that X; = 0 if arm; of the set of permutations Z/, were never sampled.

Foreach k € {0,..., 5% | — 1} let Vi = 31" | (Xkms + Xgem+:). We now show a lower bound
1
on E[Yy].

Intuitively, E[Y}] denotes the expected regret an algorithm would incur by the sampling the arms in the

permutations Ifm+17 e f””m and the arms armg;, 11, - - - , @rMgm 1+, iN the set of permutations
T!. The reason for clubbing these arms together is that if the arms armg,, 11, . . ., arMgy, 4, are
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sampled for a large number of times, then we incur a huge regret in expectation in the set of
permutations 7} and otherwise if the arms armg, 41, . . . , arMgy, 1, are sampled only a few times,
then we risk sampling the best arm very few times in one of the permutations Ifm+17 e ,Ifm“”
which will eventually lead to a huge regret.

Let R = {0, 1}*™*T be the set of all possible reward realizations of the first kmn arms. Let us fix a
reward realization R’ € R of the first kmn arms. We next set up the sample space. Let L = 1/(4m?e?).
Let (r5(7) : i € [m], s € [L]) be a table of mutually independent Bernoulli random variables where
rs(7) has expectation fixm,1,. We interpret r4(i) as the reward obtained when armg,,; is pulled
for the s-th time and the table is called the rewards table. The sample space is then expressed as
Q= {0,1}*L. Then any w € Q can be interpreted as a realization of the rewards table.

pmt

Each permuation , where j € [m], defines a distribution P; g on Q as follows:

Pj p/(A) =P[A|ZF™ R'], foreach A C Q

Let P be an input permutation. Then we define a distribution P on Q as follows:

Por(A)=P[A|P e} R]|, foreachACQ

Given a permutation Zj,,+; where j € [m], let PJZ 7 be the distribution of r,(¢) under this
icm),se(r) Fj - Similarly given an input permutation

P c 1), let Poi’;, be the distribution of r4(¢) under this permutation. Then we have that

permutation. Then we have that P; pr =[]

Por = Hie[m],SG[L] P(;:;"

Let Z} be a running counter for the number of arm pulls of armg,,+, that gets incremented by one
everytime the arm is pulled. Let Z, = > ", Z,i. Let S; C {armgm41, armem42, - - -, @Mk 4m b
denote the subset of arms which are discarded from memory by the algorithm A before Z; becomes
t+ 1. As time horizon T is fixed and we will eventually discard all arms at the end of time horizon, we
can assume that there exists a t’ € [T U {0} such that Sy = {armpm 1, arMem12, - - -, ATMkrrm }-
Forall w € Q, let T, = argming<i<p{t : Sy # 0}, i.e., T/, is the minimum value of Zj, when
some arm in {army;,+1, aTMgm+2, - - - , @Mk + 18 discarded from memory for the first time. Let
A; ={weqQ: T/ < L} be the set of reward realizations for which 7, < L. Now fix some arm in
{armpmq1, armem g2, - - . Mgy £ } SAY armyy, ;. Define Ay = {w € Q : army,,4; € St/ } to be
the event that the armg,,, 1, belongs to St/ . Now, let A = Ay N A} be the set of reward realizations
such that Vw € A%, T! < L and arm; is discarded from memory before Z; becomes 7, + 1. Also,
for any event A C Q,let A = Q\ A.

Now we have the following observation for permutation Z5.

Observation 5. If w € Ay and P € T} is an input permutation to the algorithm A, then
Z?il Xim+i = Q(ﬁ)

Let i’ = arg max;e[,n Po,r/(A"). We obtain the next observation due to the fact that the best arm
army,,+; is sampled for at most L = o(T") times.

Observation 6. Ifw € A" and Ifm“/ is an input permutation to the algorithm A, then X Thmi!
1
T-T!
L) — Q(eT).

Now we will prove the following inequality which will be useful in our analysis:

m - Py g (A”) + Po (A7) > ~. 3)

|

The above inequality is trivially true if Py g/(A;1) > 1/4. Therefore, let us assume Py r (A1) < 1/4,
ie., Py r/(Ay) > 3/4. Then Py r/(A") > 3/(4m), by averaging argument. Using Theoremfor
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distributions Py r/ and Pj/ g/, we obtain:

2(Po,r/(A”) — Py (A7))?

<KL(Py,r', Pir. 1) (by Pinsker’s inequality)

L
> KL(PY R PR

i€[m] t=1
L L
= Z ZKL(PS ;{’7Pii”,tR’) + ZKL(Pé 7 Po )
i€[m]\{i'} t=1 t=1
<04 L-22%

(by chain rule)

In the last inequality, the first term of the summation is zero because all arms armg,,;, where
i € [m] \ {¢'}, have identical reward distributions under instances P € 7} and Ifm“'/. To bound the
second term in the summation, we use the last property from Theorem Thus we have, Py g/ (Ai/) —
Py pi(A") < ev/L. Hence, Py g/ (A") > Py pi(A") —ev/L > (3/(4m)) — (1/(2m)) = 1/(4m).

Here, we use Py r/(A”) > 3/(4m) and L = 1/(4m3e?). Hence, if Py r/(4;) < 1 then m -
Py g (Ai/) > i. This proves Inequality (Z). Let P be an input permutation. Now we have the

following:

E[Yy|R']
>PIP = I |R] - Pu (A”) - Q(eT)
+ P[P € TR - Po.r/(A7) - Q(m%gz)
_P[RP = I{“m;[ 1 ;]H"W’ =Ty (A7) 0ET)
U BEP ) of L)

(Due to Bayes’ Theorem )

/ _ rkm+i’ ,
_PRP =17 P (A7) - QET/m)

P[R] 2n
P[R'|P € T3] 1 1
P[R/] For(Ar)- 4 Q(m2€2)
JPIRIP =77 7%/3
= P[R'] ' <m4/3n2/3)

(m- Py r/(A”) + Py pr (A7)
(Due to the fact that P[R'|P = I+ = P[R'|P € T}

mao( o) =o(Z) <o)

BRI =T
= ]P;[R/] ’ <m4/3n2/3)
(Due to Inequality (3)).
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Therefore we now have the following:

E[Y:] > Y P[R]-E[Yi|R]
R'e€ER

> Y BRI =70
R'€R

T2/3
m4/3n2/3)

T2/3
m4/3n2/3)'

>0(

Let £ = | 5% | — 1. Then we have the following. :

4
ER(1)] > Y E[¥:]
k=0
4

T2/3
)
23

Q(n1/3T2/3)'
mi/3

Y

v

C Important Inequalities

Lemma 12. (Hoeffding’s inequality). Let Z,...,Z, be independent bounded variables with
Z; €10,1] forall i € [n]. Then

IP’(% i(zi ~E[Z]) >t) < e—Q"tz), and
=1

n

P(% Y (Zi-ElZi) < —t) < 6*2’”2), forallt > 0.

i=1
Theorem 13 (Berry-Esseen Theorem). There exists a positive constant C' < 1 such that if
X1, Xo, ..., X, are i.i.d. random variables with E[X;] = 0, E[X?] = 02 > 0, and E[| X;|?] = p <
oo, and if we define
X1+ X+ .+ X,

n

Y,

to be the sample mean, with F,, being the cumulative distribution function of YT‘/E and ® be the
cumulative distribution function of the standard normal distribution N'(0, 1), then for all x and n,
Cp

IFu(w) = 0(a)| < 5

D Omitted Proofs from Section 4

Lemma 7. The worst case sample complexity of the algorithm is O( Z - (ilog™(n) 4+ In(}))) and
it does not depend on the arms’ rewards or gap parameter or the order in which the arms arrive.

Proof. If r = 1, then the total number of samples is - s; = O(% - (ilog("(n) + log(%))). Let
co := 1. So for the rest of the analysis we assume that » > 2 and define ¢; := 2%-* Vi > r. Note
that since 2 < r < log*(n), co > 2 and ¢; = 2%, Vi > 3. For any level £ — 1, we send one arm
from level £ — 1 to level £ for every c,_; arms seen (this is excluding the arms sampled in Step[19).
Hence, during the Modified Selective Promotion, the number of arms that can reach any level / is

at most n/ (Hf;é ¢;). Each arm arriving at level ¢ is pulled exactly s, times. Also note that we can

20



sample up to (r — 1) - s, times in the Step Since, we have r levels, the total number of samples
can be bounded as:

T

Z cse+(r—1)-s,
= 1Hz 0 G
2) 1 (r+1-2¢) +1 2f+2
<Z nf(ilog 41() og(%5— ))—H“sr
[Lizoci

Sn-51+r~sr

20~ i1 (ilogU T O(n)  20-log(3)
+5 D a4t ( +

Co—1 " Co— Co—1 - Co—
s (-1 Co—2 -1 Co—2
-1

(Since, H C; > o1 Co_a, By = 4”1/52, and
i=0

log(2+2/6) < log(2%/6%) < 2010g(2/6))

<n-sy+r-s,

+(2-4° -n/e?) Z 454 /ey_y)
=2

+ (2245 . n/e?) -1log(2/6) Z (4573 /co 1)
=2

(Since, co—1 = 1log" ™= (n), and (¢/c,—2) < 4)
<n-si+r-s.+0(n/e?)(1+log(2/6))

5 402 o gl-2 X 02
(Since, Z =0(1), Z < Z - < 1)
=0 =6 =8

<O(n/e?) - (ilog"(n) + log(1/4))
(Since, 7 - 5, = O(n/e*)(1 +log(1/6)) and
51 = O/e%) - (11087 () + log(1/3)).

Hence, we have that the sample complexity is O(Zz - (ilog™(n) 4 log(3))). O

Lemma 8. Let arm; and arm, be two different arms with means 11 and ps. Suppose j11 — o > 0
and we sample each arm 952 times to obtain empirical means [y and [iy. Then,

P(fi1 < fip) < 2-e7K/?
Proof.

~ - 0 N 0
P(p1 > i2) > ]P’(,lh — g <Hiandjiz <pz+ 5)

2

P(M1—§<ﬁ1) ']P’(ﬁ2 <M2+g)
)

. —2. K .(9)2 L .
>(1—e” G D7) (1 - e e (Due to Hoeffding’s Inequality)
>(1-2- ‘m)
Hence, P(fi; < fig) < 2-e /2, O

E Adversarial Example for [4]

In this section, we show an adversarial example to show that the algorithm of [4] is not (&, §)-PAC.
First, we state the algorithm of [4]] (Algorithm [2) here for completeness. The algorithm takes as input
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n € N arms arriving in a stream in an arbitrary order, an approximation parameter ¢ € [0,1/2), and
the confidence parameter 6 € (0, 1). We first define some notation that is used throughout this work,
which is consistent with the notation used in [4]].

{re}i2y: m=4; rep1=2"%4 (intermediate parameters used to define s, below)
g0 =¢/(10-2¢71y; (intermediate estimate of gap parameter)
Be =1/ef;

{8¢}721: se= 4ﬂg(ln(1/5) + 31"4); (number of samples per arm in level £)

P P
(the number of arms processed in level ¢ before
sending armj to level £ 4 1)

For Algorithm to be (e, 5)-PAC, it has to find an e-best arm with probability at least 1 — §. We
next provide a formal argument for why Algorithm is not an (e, §)-PAC algorithm by providing a
counterexample.

Algorithm 2
Lo A{rg}92, i =4, repq =277
2 g = 710;2,1;
3 B =
£
4: sy = 4ﬂg(ln(%) + 37"@);
5: ¢ =2, ¢ = 22[,[1 (£ >2);
6: Counters: Cy, Co, ..., C; initialized to 0 where ¢ = [log"(n)] + 1.
7. Stored arms: armj, armj, . ..,arm; the most biased arm of ¢-th level.
8: while A new arm arm; arrives in the stream do

9:  Read arm; to memory
10:  Aggressive Selective Promotion: Starting from level ¢ = 1:
11:  Sample both arm; and arm; for s, times.
12 Drop arm; if Parm, < ﬁarmz , otherwise replace armj; with arm;.
13:  Increase Cy by 1.
14:  If Cy = c¢, make Cy equal to 0, send armj to the next level by calling Linewith (L=10+1).
15: end while
16: Return arm; as the selected most bias arm.

Let the arms arrive in the stream be arm,, ..., arm,, where n > (c; - co). Let arm; be the i** arm
to arrive in the stream and has a mean p;, where ¢ € [n]. For all i > ¢; - ¢g, let p; = 0. For all
i<cpoepletp =3 — ((é —1]) - ;=5 Letarmy,, army,, ..., army,, be the first c; arms which
arrive at level 2 (note that all the arms which arrive at level 2 after arm;,__ will have a mean of
0). Let arm} be the most biased arm (based on the sampling) at the end of Aggressive Selection
Promotion step for level £ = 2 for army,, . Now Uy = c3 after the arrival of army,, . Thus arm} will
be sent to level 3. As all the following remaining arms have lesser means, at the end, the algorithm
finally returns an arm with mean less than or equal to the mean of arm}. Note that Vi € [¢s], all
the arms in the set {arm(;_1).c, +1,...,arm;., } have the same mean and one among them is sent
as army, to level 2. Therefore py, = pr, — (i — 1), where b = 215 — 2 and py, = % So for any
i € [c2 — 1], pr; — Pk, , = §- We will show that with probability > 6, we send army,, to level 3,

and % — Dk, > €.

For i € [cz], let Y;! denote the reward when we sample the arm army, for the ¢-th time. We assume
that Y;' ~ Bern(py,) and Var[Y}'] = py, (1 — px,) (Note that this is a reasonable assumption as
the Algorithm [2|should work for any distribution). For i € [co — 1], let Z! = V! — Y} ;. Clearly,
pi :=E[Z!] = $. Leto? := Var[Z!]. Let us assume that ¢ < & (Later we will choose  in such a way
so that this condition is satisfied). In this case, o7 = Var[V}] + Var[Y}, ] > 2(pk,, ) (1 — px,,) > 2.

Let Z; = Z} + Z} + ...+ Z;. Note that, if every arm from the set army,, , army,, ..., arms,_

22



when it arrives in the level 2 beats armj in the challenge, then army,, will be sent to level 3. Thus,
{Zi <0,Vi € [co — 1]} C {army,, is sent to level 3}.

Assuming that § and € are very small (which we will choose appropriately to bound the error), we
approximate (using the central limit theorem) the distribution of Z; using the normal distribution
N (sap14, s202). Hence,

1 Sal;
()
2( \/2820'i2

Hence, we have

erfc( pei 2)
P[Z; < 0] = V;%

erfc (SQMVL‘ . %)
> 5 (Since, 02 > % and erfc(x) is decreasing in x)

erfc(wl;/g In (6372))

e 1
= 5 (Substituting so = 458 (In(3) + 3r2))
SAISEe SIE S
- 2
(Since, erfc(z) > (v — 1)1/26’”2,Va§ >0, v:=+/2e/m)
TSI 5 R

= 2 (631"2

Thus, we can lower bound the probability that army, is sent to level 3 as follows:

Plarmy,, is sent to level 3]
Z P[Zl < O,VZ € [CQ - 1H
= H P[Z; < 0] (Since, the arm pulls are independent)

iE[CQ—l]
(VAT 6 R
= () )
2000-7-(cg—1) 375-2000-~
— 2.e 52 yca—l
=———  where K = (7> )
K v—1

( 2000-v:(cg—1)

p(1-2EE0 20

. . b2 . . . . .
Consider that function f(x) = “——————. Since, f(z) is an increasing and convex function,

there is a constant ¢ such that f(c) > 2. This implies that for § = e~¢ we have the following:

2000-7-(cg—1)
b2
Plarmy,, is sent to level 3] > e

= fle)e™®
> 20.

Now, we bound the error in calculation of the above probability. Using the Berry-Esseen theorem,
the error ¢; of calculating P[Z; < 0] is upper bounded by o < = where C < 1, p =

E[|Z! — wil?] < 8(as |Z! — pi| < 2) and 02 = Var[Z! — p;] = Var[Z!]. Also we assumed
Var[Z!] > % (we will choose € in such a way that this is satisfied). If we choose € such that
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6+/In(L .
< % ande < 1/5, then g; < %. Hence, we can conclude that Plarmy,, is sent to level 3] >

20— 32 e >20 -5 =0,
As % — Dk, = (2;’:; - g, we can conclude that with probability > §, the Algorithmreturns an
arm with reward gap > ¢ from the best arm.
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