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A Gradient flow of the feature function

In this section we provide a closed analytical solution to (2.2) when f = f!in,

Fix x € R™° a test point. For the sake of clearness, we will use the following notation for each ¢ > 0:
Y, = fiM(z), fi" = f(X), kxx = ko(X, X) and kyx = ko(z, X). Note that k, = kg for each ¢
when f = flin,

We begin by stating a lemma that shows that our definition of I; is consistent and commutes with the
wide limit:

Lemma A.1. For any real symmetric matrix B € R"*"™ we have I,(B)B = BI,(B) = 1,, — e~ Bt;
and for real symmetric matrix sequence (By,)nen with B, — B we have lim,,_,, It(By,) = I;(B).

The proof of this result follows from properties of the matrix exponential and is left to Supplementary
Material E.

Consider the system of ODE:s in (2.2) given by:

" = —kxx(f" ), (A1)

G = —kax (" — y). (A2)
Recall that, in general, the solution to the initial value problem f’(t) = A(¢t) f(t), f(0) = fo can
be written as f(t) = exp(f(;t A(s)ds) fo, where f(t): R — R™, A(t): R — R™*™ are integrable
functions, and ¢ > 0. Therefore in our case, by letting u; = fi" — y:

t

U; = exp <— k;yxds> ug = exp(—kxat)uo. (A.3)

0

Moreover, by letting v; = ¥, — y and substituting the solution for u;, we obtain the following
expression for vy:
Up = —kzx exp(—kxxt)(fo — ),  vo = Yo,

which, by integrating and by using Definition 2.2, becomes

vt — Vo =Yy — Yo (A.4)
t

= kux / exp (—kvxs) ds(fo — ) (A5)
0

= —kya L (kxx)(fo —y). (A.6)

Note that formulae (A.3) and (A.6) agree with the formulae found by the authors of Lee et al. [2020].

When kyx is not degenerate, taking the limit when ¢ tends to infinity, we get a prediction for the
output of the linearized network at the end of the training:

f(@) = lim g, =G — kaxkyy(fo — y)-

A.1 Proof of the characterization of G,

Here we prove the formulae in (2.5).

Define B; = —kyxI:(kxx) and Cr = kyx It (kxx), so that §, — Gy, = B fo + Cry. Also recall that
ki = ko for all ¢ > 0 since f is linear on . Note that f, and ¥y, are centered Gaussian processes and
hence E[y, + B, fo] = 0. Therefore, taking the expected value of the wide limit yields:

E[ lim 7] =E[ lim Ciy] = koo(x, X) (koo ), (A7)
ny—oo

n1—00

where koo = koo (X, X). This limit is well defined thanks to Lemma A.1.

19



765

766

767

768
769
770
771

772

773
774
775

776

777

778

779
780

781
782

783

784

785

786

Now let 2/ € R™ and put y; = fi(2') and B} = —k, xI;(kxx) for each t > 0. Then,

Cov( lim ,, lim ;) =E[ lim (7, —E[5])(y; — Ely)) (A8)
=E[ lim (5o + B.fo)(yo + Befo)] (A9)

=E[ lim_%oyo] + E[ lim o foB] (A.10)

+E[ lim ygfoBi] +E[ lim _f§B,B)] (A.11)

=K(z,2") — Kz, X) I (koo ) koo (X, ') (A.12)

— koo (2, X) It (koo ) (X, 2") (A.13)

+ koo (2, X)L (koo ) (X, X) I (Koo ) koo (X, 7). (A.14)

Again, Lemma A.1 ensures the limit exists.

B Auxiliary and related results

In this Supplementary Material we state intermediate results in the proof of our main theorem and
recall some useful results. Throughout this section we will use the following notation for each ¢ > 0:
ye = fi(x), fr = fi(X), ke = k(X,X) and koy = koo(X, X). All the proofs are deferred to
Supplementary Material E.

In the next lemma we collect some well-known properties of the p-Wasserstein distance:

Lemma B.1. Letp € [1,00[ and let X, Y be random variables with values in R™ and Z be a random
variable with values in R™. Let P¢ denote the law of the random variable § for each § € {X,Y, Z}.
Then

1. If X, Y are defined on the same probability space, then W,,(X,Y) < E[|| X — Y||p]%.
2. If Z is independent from X andY then W,(X + Z,Y + Z) < W,(X,Y).
3. Convexity of W2: WE(X,Y) < [ WE(Px|2=2, Py )dPz(2).

4. Let A\ € R™ be a constant vector and consider the joint random variables X = (X,2), Y =
(Y, \). Then

~h

WE(X,Y) < WE(X,Y) + WE(Z,A) = WE(X,Y) + (/Rm |z — )\||de?’(2)> ’ ,

5. Let V be a random variable with values in R™ and consider the joint random variables

X =(X,2),Y =(Y,V). Then, forp > 2,

WX, T) <2871 (WE(X,Y) + WEH(Z, V).

Moreover, for p = 1,

W1(X,§~/) <WIH(X,Y) + Wi (Z,V).

The following result provides explicit formulae for the components of the Jacobian of f and the NTK:
Lemma B.2 (Gradients f and explicit formulae for k and k). The following hold for each x,x’ € R™:

1 I 1 0)\p(1) n,
Vo = d R™ B.1
oo f(x,80) nlnox (\/%xH JARES , (B.1)
1 1
Vo = —P(——z0©) e R™, B.2
o f(x,0) NG (\/TTOQUH )€ (B.2)

Moreover, k(z, ') is a diagonal ny X ny matrix with

1 &
kii(z,2") = - Z Ty T, (B.3)
u=1
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and k(x,x') is a real function given by:

ka,a') = — D wawy Y (hy(2))® (hy(2))(0V) + nil > (h()®(hy(a')). (B4
=1 v=1

ning ;=

v=1
B.1 Results at initialization

Throughout this subsection, we assume ¢ = ( and omit the subindex ¢ unless needed. Our results 3.7
and 3.4 aim to generalize Theorem 4.1 in Trevisan [2023] in different directions. For reference, we
reproduce the main result from Trevisan [2023] here in a simplified version:

Theorem B.3 (Trevisan). Then, for each p € N there exists a constant c;, not depending on the
network width nq such that:

Wp(fo(X), Go(X)) < cp\/%. (B.5)

Furthermore, if o: R — R is a Lipschitz function, then
Lipp +¢(0))*
14% X))®2, (G (X))®?) < (—
b (P((fo(X)))%%,0(Go(X))¥*) < ¢p N
Theorem B.3 provides a quantitative bound for the Gaussian approximation of the neural network f;.
This can be upgraded to a bound for the joint distribution of the empirical kernel and the output of
the neural network.

(B.6)

From now to the end of this subsection assume ® and ®’ are bounded and z, 2’ € R™ are fixed.
Also, we adopt the notation introduced in Supplementary Material A. We state a helpful estimation:

Proposition B.4 (L? bound for the kernel difference). Fix x,z’ in R™ and let ki = l;:u(x, x'),
kE=k(x,2"), K=K(x,2') and koo = koo(x,2"). There exists a constant C > 0 independent of nq
such that:

E(k; — K|P] =0, (B.7)
E[|k — kxo|?] < % (B.8)
ng

Remark B.5. Note that since ko, is deterministic, we have WP (k, ko) = E[||k — koo||?]. The
constant C' in B.4 depends on the constants produced by applications of Theorem B.3.

The proof of Proposition B.4 goes by triangle inequality combined with Theorem B.3, and by
exploiting the independence between the entries of #(1) and those of (°). An auxiliary result to prove
B.4 is the following:

Proposition B.6 (L? bounds for the empirical kernel). Let kij = kij(z, x'), for each 1 < i,j < n,
and k = k(x,x"). Then, the following inequalities hold.:

E[[k]] = || 2], (B.9)
E[[K["] < 2071 (2p — DI’ |32 [kua [P + 2P~ @|22. (B.10)
Now we are ready to show the following result:
Proposition B.7 (Joint distribution Basteri-Trevisan). There exist a positive constant C' such that:

C
WP ((k07 fO) 9 (kooa GO)) S \/771
with C not depending on the width n;.

The proof is by using Dudley’s lemma (also referred to as the gluing lemma from optimal transport) as
outlined in Villani [2008]. This lemma is used to decompose the Wasserstein distance into two terms.
The summand regarding the network and its Gaussian approximation is bounded with Theorem B.3,
and the other summand is bounded by Proposition B.4.

Lastly, the following lemma is used in the proof of Proposition 3.7.

Lemma B.8. The following inequalities hold:

E[llfo — yll] < Vn|®| + |yl (B.11)
E[|lfo — yll*] < 3202%||®||%, + 8]ly[|*. (B.12)
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B.2 Approximation by linearization at training time ¢ > 0

In this subsection we state two results paramount to prove Proposition 3.6, along with all their
auxiliary lemmas. The following theorem resembles Theorem 5.4 in Bartlett et al. [2021], or Theorem
2.2 in Chizat et al. [2019], but we would like to remark that those result differ from ours since the first
applies to neural networks in which the training is restricted to 6(°) while keeping #(*) frozen, and
in both of them the loss function used for training is different than the one considered in our work.
The proof is similar to the one in Bartlett et al. [2021] and is carried in full detail in Supplementary
Material E.

In this result we prove quenched estimations for the dynamics of the parameters, the linearization
error both in the parameters and in the network valued on test points, and the convergence of the
network to the labels over the training set.

Assumption 5. The smallest eigenvalue of kg is bounded from below by:

4L(X)||f0 - y“ < Amin(ko);
where L(X) the Lipschitz constant of Vy f seen as a function of 6.

Theorem B.9. Let Apin = Amin(k0), Omin = Omin(ko) and omax = Omax (ko) and let Assumption 5
hold. Then the following hold for t > 0 and for any test point x € R™°:

2
10 — 0ol < — I.fo —yll, (B.13)
_ 8 + 2002, )L(X
6, — 7)) < EFZomIL ) e e B.14)
2 2 )\min

15 =l < o = vl exp (~250) (®.15)

. — 4L(x
17200 — )] < Dy~ fol? .16

8 4 2002, )L(X

B2 B 2ol )

Proposition B.9 relies on a strong assumption involving the Lipschitz constant of the Jacobian of the
network, the norm of the network at initialization and the positive-definiteness of the limiting kernel.
The following rougher estimations depend on ¢, but they do not require Assumption 5 and will be key
to prove our main theorem.

Theorem B.10. Assume that ® and ®' are bounded. Let L(X) be the Lipschitz constant of Vg fo,
seen as a function of 0, and let 1(6y) = || fo — y||. Then, for each t > 0 there exist positive constants
Ay, ..., A5,By,...,Bg,C1,...,Cg and Cy not depending on ny,ng nor t such that, P-almost
everywhere:

A At? A, ||o8M ||2¢4
_£112 < 20190 (1) 2 1 (0))12 2 211% 4 )
e = £l < 3166766717 4+ Zo 1667 14 B0)? + =31 (60) (B.18)
At At® ) Ast*]65) )12
+ 00)8 + 21|05 ||*4h(00)% + 020 4h(6p)4, B.19
n%nolﬁ( 0) nmo” o 1*0(6o) o ¥(6o) (B.19)
. B B
lin _ =112 < 0 9(0)0(1) 2 1 0(0)9(1) 2(6 4t4 B.20
Il f 7.ll° < nanH o 0|l +7n%n%|| o 05 117 (6o) ( )
By 0 1 B3 0) (1
+ = 0512108 14 4(00) 22 + 25110505 (12 (60) 282 (B.21)
ning ning
D0 20010 1+ D00 446242 (B.22)
ning 0 0 ning 0 0 )
1+ B0 124580282 1+ D700 245(6) ¢4 (B.23)
ning' ° 0 n3ng' ° 0 '
B B
1057 171106 170(80)* + 166" |*:(60)*”, (B.24)
1740 nino
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‘ L(X)2 C 9 )4 9(1) 242 C 0,)6¢8 C 0,)446
||ft 7fhn||2 < ( 2) ( 11[]( 0) ”20 ” 4 21/)(2 02) + 3w( 0) (BZS)
ning ning ning
CulloV 4% Cow(60)?)65V 11218 | Cl65 1248
n all i3 I n 5¢(6o) ||20 I n 61106 |l (B.26)
ng ning o
Coth(00)2 9(1) 244 O (00)446
L OO0 106 P | GV g2t ) (B.27)
no nino

where §(0)9(1) € R" denotes the usual product of the matrices 6°) and §(V).

Remark B.11. The dependence on time of the right-hand side of the above formulae comes from
Lemma B.12. Indeed, by definition of the operator I;, the sharpest upper bound for the matrices
I (k) and I; (ko) when no lower bound for Apin(k¢) and Amin (ko) is available is 1,,¢.

The proof of the first two inequalities in this theorem is by exploiting an expression for the gradients
of the network, contained in Lemma B.2; together with an integral result describing the behaviour of
the parameters at time ¢ with respect to the parameters at initialization. This is the content of Lemma
B.12. The third inequality uses an integral argument together with the semipositive-definiteness of k;
to redirect the problem to studying ||k; — kol|. All the constants in Theorem B.10 are multiples of the
norms and Lipschitz constants of ® and @', and of the norms of z and X.

Now we state Lemma B.12 along with some concentration inequalities and related auxiliary results.

Lemma B.12 (Inequalities for Ht(i)). Fixuand vwithl < u < ngand 1 < v < ny and put
Xy = ((i)u)y € R™ Let Ayin and )\gﬂn be the smallest eigenvalues of ki and ko, respectively.
Then the following inequalities hold:

(059)e < (03)0 + ”q>”°°ﬁ%_ I i), (B.28)
(05)e < (6500 + ”Mw”qy”;;l”% WEIA 2 (B.29)
bl Al 1, .30
@) < (0)o + ”q)””ﬂ%_ 00, B31)
@ < oo+ IR g ®3)
n 19" || oo Il fo — Yl [ Xl OD) (AL ). (B.33)

Vv nino

Remark B.13. Recall from the definition of I; that for ¢ > 0, I;(a) > 0, even if a = 0. Moreover,
I;(0) = t by definition. Hence I;(A\%, ) < t and I;(\Y, )2 < 2.

Recall the well known concentration inequality for y2-distributed random variables (see, for example,
Laurent and Massart [2000]). For each v > 0:

P65 > 2y + 2771 + n1) < exp(—). (B.34)

The following is a concentration inequality for the sup-norm of 0(1); and as a consequence we get an
estimation of the norm and Lipschitz constant of the Jacobian of f at initialization.

Lemma B.14. For any v > 0:

165" |0 < \/rylogny, (B.35)

with probability bigger or equal than 1 — —=

2
L1

—1"
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This concentration inequality is proven using the fact that ||9((Jl) |loo is the supremum of 7y Gaussian
variables in absolute value.

Lemma B.15 (Norm and Lipschitz constant of the Jacobian at ¢t = 0). Fix r > 1. Then for each

x € R™,
x| || @’ )
V0 fol@)]| < 211 oo vy | Hoo) (B.36)
V1o AVALA
Izl (1%l +Lip®) ||’£H2L1P
L 1 B.37
ipVo fo(z) < NG Vrylogny. (B.37)
with probability greater or equal than 1—¢—exp(—’yn1), where fo(z): RY — R is understood
LY

as a function of 0.

Now we state a concentration inequality controlling the norm of the difference between the NTK and
its limit.
Lemma B.16. Let k = ko(X, X) and koo = koo (X, X) and let v € N. Put Apin = Amin(k) and
A2 = Amin(koo ). Then, for eachp € N,
)\OO
[k — kool < 2‘“‘“, (B.38)

P
with probability greater or equal than 1 — ( ) <, where C'is a positive constant not depending
n12

YA i

min

on ny.

Remark B.17. The previous lemma provides useful bounds for the smallest and largest eigenvalues
of the empirical kernel at initialization, with arbitrarily high probability when the width diverges.
Recall that the smallest eigenvalue of a matrix is a 1-Lipschitz function of the operator norm, which
is bounded by the Frobenius norm:

[Amin(A) = Amin(B)| < |4 = Bllop < [|A = B. (B.39)

In particular, the previous Lemma implies, for v = 1:

A\
Amin 2 Anin = [k = koo || 2 =55 (B.40)
Conversely, an upper bound for the largest eigenvalue of a matrix using the operator norm is given by:
)‘maX(A) < )‘maX(B) + HA - B”Op < )‘maX(B) + HA - BH (B.41)
Again, taking v = 1 in the previous lemma yields:
oo Amin

Amax < Ak + 5 - (B.42)

o)

P
Both inequalities hold with probability greater or equal than 1 — (/\%)

= ol

n

C Proof of Theorems 3.4 and 3.6
Here we prove Theorems 3.4 and 3.6, which share some auxiliary lemmas. Throughout this and the
remaining appendices we will use the following notation for each ¢t > 0: y; = fi(x), fi = fi(X),

Yy = fiN(2;0,), fin = fin(X;0,) ky = ke(X, X) and koo = koo (X, X). The gradient V and the
expectation [E will always be taken with respect to the parameters 6, unless otherwise indicated.

Let us begin by Proposition 3.6:

Proof of Proposition 3.6. Fix p,r € N. Consider the following subset of RV:
o Lol 1 Ao
S = {01 - <510 < Virlogn Ik = k]| < 222},
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ges By the inequality (B.34) and Lemmas B.14 and B.16, the probability of S is bounded from below by
ses 1 —exp(—nq) — 7 1T_2 - o \C/m)p, for a positive constant ¢ not depending on n1, ng nor ¢. Then,

W3 (v, 7,) < inf Eglllye — 71 C.1)

=/ww—@wM+/\m—mww C2)
S SC

1 ¢
+ sup |ly: — 7,/
ny~?2 (Amnv/11)? | gesc '

< sup [lye —7l1> + | exp(—n1) +
0esS

(C.3)

895 Let us begin by estimating the supremum over .S. Note that by Lemma B.16, Api, > A;:o >0in S.

sos The hypothesis for Proposition B.9 are satisfied when ny, ng are large enough. In particular, thanks
go7 to Lemma B.15, Assumption 4

)X (V512 o0 + Il

X Lip® /7 Tog
(||<1>’||oo+Lip<I>+ |¥]|Lip®"y/r Og"1> <A@

/777,1’/7,0 /fno min
ses implies Assumption 5 for any 6 in S. Indeed, by Lemmas B.2 and B.15:
AL(X) | fo — ] (C4)
4||x i X||Lip®’+/rlog ny
< L (0 + ipe  LHILREY (VBlOle+ o). (€5)
ning o

899 Moreover, Lemma B.16 implies Ay, > %7‘0‘ in S. These two inequalities together show that
900 Assumption 4, which holds for sufficiently big n4, is a sufficient condition for Proposition B.9 to
901 hold.

902 On the other hand, by Lemmas B.16 and B.15, the following inequalities are satisfied in S, for
o3 Z € {x,X}:

Z X||Lip®’/r1
1(2) < L2 (9] + Lipa 4 LEILIDY VI logm ) (C6)
ning no
X2 oo [[Plloo
\Y < C.7
|| 9f0|| = \/TTO + \/n—l ’ ( )
A
)\max S Amx + % (C8)

904 By substituting the estimations of L(x), L(X), V f(x;00), Amax and Amin above in Proposition B.9,
905 foreachf € S:

lye — 7l < 3 o T(\/i + 152 ) (C.9)

) [e )
min min

&¢wm@+wwv<wn+mW|

X||Lip®’\/r 1 X e |®]la
1/ o /o /11

rlogmn
_— C.11
< C“nmo(/\,;’ﬁn)?” (C.11)

906 where the constant c is independent of r, ¢, ng and n; and can be determined explicitly:
¢ = 384 X[ (V5[ @l oo+ ]Iyl max{ (|, V2, 15AZ,, @' [loc, Lip®, ||X | Lip®", | X[|[|2 oo, | ]loc }-

907 Hence,
[ e = 500 < B(S)sup s - 5] C12)
S 6es
<sup [lye — 7|7 (C.13)
0cs
c?rlogng
_ C.14
~ (Amn)nano (19
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Put oy = 2.

Now it only remains to estimate the second summand in (C.2). Foreachy € Nlet4 = 2v+ /2y +1
and define the subsets:

91”2

— o IS 5 100 > oy Tog (C.15)

Also, define the subset

A
Q. =1{0] |k — kool > ‘;‘“ , (C.16)
and let Q = Q. \ U,y 2

Intuitively, Q, and | +eN 2, are the events in which the lower bound for the smallest eigenvalue
of the empirical kernel and the upper bound of the Frobenius and sup-norm of the parameters at
initialization, respectively, do not hold. Notice that RN = S U QU |J, .y 2. We will use this

partition of R™ to finish the proof.
By Lemma B.14 and by (B.34) we have P(Q,) < exp(—yn1) + —4—
’I’le

—1

vEN

and P(Q2) < P(2,) <

W Moreover, the family (£2,),en is a descending filtration of S\ . Let D, = Q. \ 2441,
for each v € N. This allows us to write:

/ lys — 7126 < / e~ 720 + 3 / lye - 7l%do €17)

yeN
< (PO + D _P(D,) | sup [y -7l (C.18)
YEN 0eDy
< 3P(2) sup (lye = fell® + W1fe = 217 + 1 £ = 7017) (C.19)

+32P sup (lye = fel® + 1 fe = S0P+ 1F" = 71P)  (C.20)

~EN
< SZeXP —ynq) sup lye — fell —l—SZeXp —yny) sup £ — fim|?
~veN ~EN
(C.21)
+3) " exp(—ym) o I =P +3) —— sup lye — f2ll?
YEN ~vEN nl
(C.22)
33— s i = PP 433~ swp I =7 (€29
YEN TL1 YEN n1 ' oen
¢ 2 ¢ lin||2
—  swply— P 3 sup|fs — (C.24)
O O se 0~ S e g I I
¢ lm — 1|2
3= sup 11" =7l (C.25)
(Amln ) ¢

The 6 series in the previous expression are convergent. We compute an upper bound for each of
the 6 series in (C.21) with the aid of Theorem B.10, Lemma B.14 and the inequality (B.34). Let
A = max{A4;}, B=max{B;} and C = max{C;} the maximums among the constants in Theorem
B.10.

1. Let us estimate the first series. Observe that we can bound 'y/—i—\l < Tv. Moreover, since
A(Vy+ I+ |lyll) < 2A,/7 for v large enough, up to adding to the constant A a multiple
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926 of ||ly|| we can bound:

> " exp(—yna) sup [y — fil® (C.26)
ot 0eD,
< A exp(—ym) ((TT)ndng + 7 F VAT I+ Wl)? (€27)
~eN
YHIGAFTHYID | (A FTH D%
+ + 5 (C.28)
ning njno
(V+ D2V F T+ i)t | v+ 1A+ T+ ly)*?
+ + (C.29)
No nino
<T7A Z exp(—yn1) (773n§n0 + 4722 (C.30)
~yeN
167t 644°t°  28y%nyt? 1693t
+—2 i B (C31)
ning ming no n1Mo
927 Since the negative exponential function decraeases faster than any polynomial, for each
928 p € N there exists a positive constant N, such that 27 < exp(—%) for each z > N,,.
929 Therefore, up to a multiplicative constant not depending on ny, ng, ¢ nor -:

n
Zexp(—vnl)esulg lye — fell> < 7-64-6Ang(1 +1°) Zexp(—%) (C.32)
€D,

vEN vEN
7-64-6Ang(1+1%)e 7
< no(l+#)e = (C.33)
l—e 2
930 2. Now we estimate the second series. Using the bounds from the first series combined with
931 Theorem B.10:
> exp(—ym) sup |If" — 7, (C34)
YEN 0eDy
1129*  1967*nt?>  2873nt?
< 7Bn, Z exp(—yn1) (772711 + 7 + T + T (C.35)
ni o 1o
vEN
1673t* 28932 4v%?
TP LT LT L 16434, + 287312 + 472752) (C.36)
ning no no
< 7-196-9Bny(1+19) Y eXp(—%) (C.37)
~eN
7-196 - 9Bny (1 + t) exp(— 2t
_ i n) p(=7%) (C38)
1 —exp(—75)
932 3. Now we estimate the third series in the same fashion as we did with the preceding series.
933 For an upper bound of L(X'), recall Lemma B.15, which reads

d r(y+ 1) logn,
L(X) < NG <1 + NS > ,
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934 for # € D,, and d a constant not depending on 71, 1o, ¢ nor y. For n; large enough, we can

935 suppose 1 + \/T(A’Hn)ologm < 2\/M 135”1 . Then,
Z exp(—yn1) sup £ — fim01? (C.39)
vEN
4Cdrlogn 1129312 649318 1672%t°
71 Z'yexp ’an) < 3 55 T (C.40)
ning = ng ning ning
4992n3tt 28420 Tynt®  28+y%ngtt 1642t°
R B LR LTS LE L AL L +4’yt4> (C.41)
ng ng o L nino
4-112-9Cdrlogni (1 + %) yny
< o > exp(——5) (C.42)
vEN
4-112-9Cdr(1 +t%)e 7
- — ( sl Je = (C.43)
ning(l —e=2)
936 4. Now we estimate the fourth series. Following the reasoning from the first series:
1 1673t4
> = bUP lye = Fill? <TAY | —— ( vPning +4v°t% + nvn (C.44)
~veN Ny YEN n1 1o
64935 28v3myt? 164t
72+71+7>. (C45)
ning ng ning
937 Recall that we can choose 7 large enough so that all the summands have n; on the denomi-
938 nator. In particular, it is enough to choose r > 5 in this case. Moreover, by reasoning like in
939 the proof of the first series, up to a multiplicative constant the terms of the form v7n; 7 are
940 bounded from above by n; * . Therefore, up to a multiplicative constant not depending on
941 71,M0,t NOT 7y:
1
Zexp —ynq) sup lys — fil|> < 7-64- 6An0(1+t6)z — (C.46)
~eN ~eN n14
7-64-6Ang(1+t%)n, *
- no(1 + t)m; (C.47)
1—mny*®
942 5. Now we estimate the fifth series. Using the bounds from the first series combined with
943 Theorem B.10, up to a multiplicative constant:
1 mn —
> = up |1 =7l (C48)
’yENn12 veD
11294 196y*nit? | 28+v3nqt?
<TBn Y ( P T L0 L (C.49)
~eN n1 ™ 1o 1o
1673t 28932 4422
p 20T 2T LT 1603, + 28932 + 472152) . (C.50)
ning no ng
944 As we did for the fourth series, we can choose r large enough so that the previous series is
945 convergent. r > 5 is sufficient. Up to a multiplicative constant:
1 1
> —5— sup llye — fil> <196 -7-9Bng(1 +14) Y —= (C.51)
yenny® o 0eDy ~yen 14t
196 - 7-9Bno(1 +t*)n, *
< roll+ O, (€52)
1—n;*
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948

949
950
951

952
953
954

955
956

957

958

959
960

962
963

964

965

6. Now we estimate the sixth and last series. Following the reasoning in the third and fourth
series, up to a multiplicative constant:

1 in
> = sw |lfe— S0 (C.53)
’YEan2 feD,
4Cdr1 1129312 64935 16427
< ACdriogm ¢~ 7( v, Mt 16y (C54)
n1n0 ~en n12 no nlno ning
4992n3tt 28920 Tyngt®  28y2ngtt 1692t°
TR R L SR L LA A ML ] +47t4>. (C.55)
g g no no ning
In this case, any > 3 makes the series converge.
1 in
> ey swp [fe— S (C.56)
yenny®  0€Dy
4-112-9Cdr(1 +¢®
< DS €57
ning TLT
yEN i1

4.112-9Cdr(1 + t8)n, &
- 0Cdr(1+ ), * (C.58)
nind(l—ng )

Now we finish the proof by estimating the last 3 terms in (C.21). Recall that, by definition of €2, the
bounds for the Frobenius and the sup-norms of the parameters at initialization used in the estimation
of [4 ||yt — ;/|d6 hold also for § € ©; and recall that P(£2) < W Let Ry = z=7- Then it
suffices to choose p large enough to counterattack the biggest exponent of 71 in each of the bounds
given by Theorem B.10. In particular, as seen while choosing » when computing the six series, it is

enough to take p = r > 5. Then, up to multiplicative constants,

Ry 2 6y 1
— su - < ARing(1 +t%)——, (C.59)
nf 968 ||Z/t ft|| 1 0( )\/771
R—,}sup £/ < RiBno(1 + t4)i, (C.60)
nlj 0 V1
R, 9 gy logmng
— su - < CdrRi(1 +t8%)——— (C.61)
nlf Geg ||yt ft” 1( )nl\/,rTlng
1
< CdrRy(1 +1t%) o (C.62)
ning

Grouping the estimations for the nine summands in (C.21) and taking oy = Ry max{A, B, Cd}, up

to a multiplicative constant,
[ = ieae <
SC

This concludes the proof. O

Q2T

T
(Amin) 11

(1+1%). (C.63)

Then, our main result, Theorem 3.4, is a direct application of Propositions 3.6 and 3.7:

Proof of Theorem 3.4. By triangle inequality and the elementary inequality (a + b)? < 2a? + 2b?
for a,b > 0 decompose:

W3 (ye, Ge) < 2W5 (42, 7,) + 2W3 (T, Go). (C.64)

Then the thesis follows estimating the first summand with Proposition 3.6 and the second one with
Proposition 3.7. For large enough ny we can take the constants a; and as to be a multiple of ay
and as in Proposition 3.6; since the right-hand side in the statement in that result decreases as

loﬁ% + %, which is strictly slower than the right-hand side of the statement in Proposition 3.7 for
LY

any ni > 2. O
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D Proof of Proposition 3.7

Proof of Proposition 3.7. Fix x € R™ a test point. Let G¥ = Gy(z) and Gi¥ = G(X).

First we show the result for the training set. With the aid of Equation (2.2), we derive a closed ODE
for | f — G|?. By Cauchy-Schwarz’s inquality and Young’s inequality

2(,%Hft GEI? = (exaey = fi) = hooly = G7), (i = GT)) (D.1)
= (kxx — koo)(y — fo)(ft — G¥) — kool fr — GF|? (D.2)
S ||kXX - kooH”y - ftHHft - GZYH mmet Gf||2 (D3)

IN

1 €
?€||kXX — koolPlly = fell” + §||ft — GFIP = Agllfe = GEI2. (D4

S

Note that, by gradient flow equation we have || f; —y|| < e~

| fo — y|| for each ¢ > 0. Choosing

e = A3, and putting b, = &2 [k x — kool lly — foll? yields:
Ellft = GEIP < b= ARl fe = G, (D.5)
Gronwall’s inequality applied to (D.5) implies:
t
15~ GalP < 5 (1o = GolP + [ obaas) ®6
0
oo k — koo 2 _ Qt
=€ )\mint (” XX >\(|>|O ||f0 yH + Hf() _ G0||2> . (D7)
min

Recall the definition of 2-Wasserstein distance. Taking the expected value of the previous equation
and taking the infimum on all the couplings between f; and G; we can bound by Holder’s inequality:

W2 (£, Gr) < E[|| fe — Gi||*] (D.8)

A% t
< 8 (Sl — kol ?lfo ~ 1]+ Ell o - Gol)) 09)
min
> t iE

< e Shllhry — ke B[~ o + Bl — GolF) . .10
Now we can take the infimum on the couplings between f and G to apply Theorem B.3, Proposition
B.4 and Lemma B.8 to estimate the right-hand side of (D.10). There are positive constants c¢; and cy
not depending on n; such that:

oo cit
WA G < 5 (S22 /BT TSI + 2 ) .11
min’? nq
Apot
<G i, (D.12)
n1

with C = max{ 2oy \/8n2||(I>H4 + 2||y||4, e}
Now we show the result for an arbitrary test point z € R™. Let k%, = ko (z, X'). We can bound, by
Equation (2.2),

0

E(yt — GP)? =2kax(y — fo) — k2 (y — GF))(ye — GY).

By the formula for the derivative of the product and Cauchy-Schwarz’s inequality, the preceding
equation implies:

0 . : .
i We = GO < ke (y = fo) = ko(y = GF) = llkaae = K llly = fill = kS (fe = GF). (D.13)
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985

986

987

988

989
990

991

Put \ = ming <;<n koo (2, z;). The last summand can be further estimated with the first result in this
theorem. There exists a positive constants C' not depending on n; such that:

o XCe "Bt
e~ 2
a(@/t—Gf) < kzx — ks llly = fell +T\/t+1~ (D.14)

oy

Again, we use || f — y|| < e 2

| fo — y||. Integrating we obtain:

. . <, AC [ 2
(v = G2) < (0 = G§) + e — Klly = foll (1 = 30 + 22 [ /T Te Foas
1 0
(D.15)
<, ACD At
< (yo — G%) + || ko — k= 1 — e Amnt 2 -Vt 4 lem737),
(0 = GE) + e = K2y = fol )+ 22 )
(D.16)

for a positive constant D, Wthh explicit computation we now show separately. First we compute an
antiderivative of v/t + le~ g,

/ Vs+ le” "2“"5ds (D.17)

o r?uon 2 _)\mmu2
=2e2 [ u‘e du (D.18)
oo _ Aming,2 _ Aming,2
min 2 2
T +/“6 ——du|+cC (D.19)
)\mm )\mm
Anolfn 2 \/» 2 2
Ain ue” 2 ¢ s e v
=272 | — + dv | +C (D.20)
Amin V20553 ) v
A2
A;?n mmu f
_gpmn [ _Ue _ vmerfv (D.21)
)‘min ()\;cm)
A0 erf V mm(‘s—"_1
b vV Te— 3" (s+1) VT ( V2
—getp | _VEFE I +C (D.22)
AIT'IlI'l (Ar?'ﬁn)
Anol?n S 1)
m.,. V2re 2 erf <“““(+>
_2¢/s+le” V2
= + 3 +C. (D.23)

P (N

min) 2
. . . . . [ oo .
where in the first step we substituted v = /s + 1, in the third step we substituted v = |/ =2« and in

the fourth step we used the definition of Gauss error function erf(z); and C' denotes the integration
constant. Therefore,

¢ Ao oVi T Te
/ Vo Te By = 2 rtie (D.24)
0

Amin
2776%"' (erf (“‘\/(;m) —erf ( \;\2;0))
+ . (D.25)
(A%)?

Since erf(t) €] — 1, 1], we can bound:

t Az 2 At 2 A%
/ Vs+lem 2 fds < —— (1 —Vt+le 72 + ie‘ 2 ) (D.26)
0

)‘min Ami

min

A9 ¢
<D2—-Vt+1le %), (D.27)
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A2
with D = 1% max{1, \/£Ze~ 3" }.
Turning back to (D.16), we can finish by applying the elementary inequality (a + b + ¢)? <
3a2 + 3b% + 3¢ for a,b,c > 1 and Holder’s inequality. After that, Theorem B.3, Proposition B.4 and
Lemma B.8 can be applied in the same fashion as in the proof of the training case, yielding positive
constants dy, do and d3 such that:

W3 (e, G7) = E[lys — G7 ?] (D.28)
< 3E[lyo — G5 1] + 3E[|lkox — K212 Elly — foll ]2 (1 — ") (D.29)
oo .
+ 3ACD)] (2 - ViT Te 32 (D.30)
ni
3d 6d oo
< L 22 Bn2|[f[4 + 2[ly[[F(1 + e Pty (D.31)
ny ny
AC D)2 oo
+ MM + (t + 1)eAmnt), (D.32)
ny

By putting C' = max{3d;, 12(ACD)?} and D = max{6da/8n2[®[|%, + 2[y[|*, 3(ACD)?*} we
obtain the thesis.

Note that C, C' and D do not depend neither on 7, nor ¢. 0O

E Proofs of the auxiliary results

We present here all the remaining proofs. For clearness, we will use the following notation: X, =
h(z), and X = h(z'), for each 1 < v < nq, for any z,2’ € R™.

Proof of Lemma A.1. 1tis trivial when B is nonsingular. Let A1, ..., A, be the (possible repeated)
ordered eigenvalues of B and suppose A; = 0. Then, by using the eigenvalue decomposition of B
and elementary properties of the matrix exponential:

lfe_klt

N A1
I(B)B=U t U'u 0 U’ (ED
1—e *nt An
1—e Mt

—U 0 U’ (E.2)

1 — e At

e—Alt

=UU"-U 0 U’ (E.3)

e—Ant
=1, —e Bt (E.4)

The converse equality is proven in an analogous way.

As for the limit property, it is enough to show it for real numbers. Let (a,,),cn be a real sequence
converging to a € R. If a # 0, of if a = a,, = 0 for each n the result is trivial. Thus, assume a = 0
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and, up to taking a subsequence, that a,, # 0. Then

1— —ant
lim I(a,) = lim —— =t = [,(0).

n— 00 n—00 (075

O

Proof of Lemma B.1. For the proof of the first three points we refer to any monograph on the
Wasserstein distance such as Villani [2008]. In order to show (4), let 7XY be an optimal transport
plan between X and Y, let 7X% be the law of X and let u~X = Px be the marginal law of X.
Applying the gluing lemma of optimal transport produces a probability measure m on R” x R™ x R"
given by

Y (@, y) (2, y)n (2, 2)

_ 7r}(23(
e B & R )

x,z) T

Note that integrating with respect to y yields 7% % and integrating with respect to z yields 7XY. Note
also that there is a unique coupling between Y and A, which is given by Py x ), hence,

Wy (X, if) < / / I1X (2, 2) — ¥ (y, w)|[Pox(dw)dr(dz, dz, dy) (E.5)
R1L+m+n m
:/ | X (x, 2) — Y (y, \)||Pdr (d, dz, dy) (E.6)
Rrtm+n
< [ XY ey + [ 2P @D
Rn+n R™
= WP (X,Y) +WE(Z,\), (E.8)

where 1# is the marginal probability on Z.

On the other hand, to show (5) fix 1 € P(R™) and v € P(R™) two probability measures, and denote
1 % v the product measure on R™+™ with the tensor product o-algebra. Then

WE(X,Y) < B [|| X = Y] (E.9)
<Esol(|X - Y2+ 2 - V|?)E] (E.10)
<2571 (E,[|X - Y] +E,[|Z - V|*), (E.11)

where in the last step we applied the elementary inequality (a + b)? < 2P~ (aP? + bP), for a,b > 0
and p > 1. For the 1-Wasserstein distance instead, we apply the elementary inequality va + b <

Va+ Vb

Wi(X,Y) < Euxn[|I X = Y] (E.12)
1
<SEu|(IX =YIP+ 112 = VI*)?] (E.13)
SELIX =Y+ E[[Z - VI]]. (E.14)
Lastly, taking the infimum over (p, v) € P(R™) x P(R™) finishes the proof. O

Proof of Lemma B.2. The computation of the gradients is by chain rule and definition of f. The
claims about the kernels follow from taking the dot product on the gradients we just calculated, for
each1 <i,5 < ng:

kij(x,2") = (Vo Xi) (Voo Xj) (E.15)
1 9 O
= — (z0%;") (x'0%) (E.16)
no :12 o 0057 T00l)
Ufljjnl
1
o, 2, T ®17
v::l:u.:nl
1 & ,
=— ) T,2,0. (E.18)
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1028 Lastly,

k(z,2') = (v9<o>f(2>(x)) (ngf@) (:c’)) n (vem f<2>(z)) (vem f<2>(z’)) (E.19)

1 0 1 1o}
= — —(O(——=20)9 V) — (d(—=2'0(V)pV) E.20
o L Gt ) ) (E20)
v=1,...,nm1
1< 0 1 0 1
+ =y —(d(——==z0)pM) (——2'0)pW E.21
1 &' / (1)\2 1 S /
= Ty Ty, P (X,) P (X,) (0, + — O(X,)P(X). E.22
g 2 mn (X)) ng (X)B(X). B2
v_l:A n1
1029 O]

1030 E.1 Proof of results at initialization

1031 In this subsection we prove the useful Proposition B.4, which generalises the second part of Theorem
1032 B.3. This step is paramount for the proof of the rest of our results. From now to the end of this
1033 subsection assume ® and ®’ are bounded and x, ' € R™° are fixed.

1084  Proof of Proposition B.6. Note that, from Lemma B.2, k can be written as:
1511 Z (X (692 Z (X
v=1

105 and recall that k is deterministic, for any fixed inputs x, z’. Hence, by boundedness of ® and ®’, and
1036 independence of #(1) and #(©),

E[|k]] < (||<I>’H2 uimu+ 19]12) = 1912, E€.23)
< 2,7,1”@ ||Z£E[|kn|p1 E[(6}")] + 2”*1||<I>||Z£ (£29)
<2071 (2p — |2 kn P + 272122, (E26)

1037 where in the last inequality we used that the 2p-th moment of a standard Gaussian variable is equal to
103 (2p — DI

1039 O

1040  Proof of Proposition B.4. We will use the notation instroduced in Proposition B.6. The first claim is
1041 trivial since k coincides with K. To show the second claim, we split:

E[lk11 — koo "] = IfkuZ@ 7)(65)? i (E.27)
— KEg[® (G(w))¢’(G(w))]—Ec[¢>(G( )_<I>(G( MNIF] (E.28)

< 21)-11@[!%/%11 3 @(X,) ' (X0)(00)? - KEG[®'(G(2) @' (G
v=t (E.29)

+ 2P~ IE[— Z d(X — Eg[®(G(x)®(G(z")]P]. (E.30)
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1042 To bound the first summand in (E.29) we split again by adding and substracting an auxiliary term:

\fkn Z '( X,)(059)? — KEa[®' (G(x))®' (G(2))]"] (E31)
< 27’_1]E[|n—11511 Z (X, (X)(6))> IC Z P'( X2)(0V)%P]  (E32)
+ 2P IE]| /c Z o' X1)(05D)? — KEG[®' (G (2)) @' (G(z"))] 7] (E.33)

= 2P~ 1E] |7 (k1 — Zcp X)) (05D)2[P] (E.34)
+ 21"1(16)’”IE[|;1 Z_: O'(X,)®'(X})(65))? — Eg[®(G(2)) ¥ (Gl (E33)

1043 The first summand in (E.34) vanishes since k equals /C. We estimate the second summand in (E.34),
1044 once again by adding and substracting an auxiliary term:

|771 Z @'( X)) (65)? — Bg[®(G(2) ' (G(a")][] (E.36)
< 2P| Z P X)) ((00)2 —1)J7] (E.37)
+ 2P ]| — Z@ — Eq[®'(G(2)@"(G(2")][7). (E.38)

v=1

1045 The first summand in (E.37) vanishes, by boundedness of ®’ and independence of the parameters
(1).
1046 Oy ’:

ni

|n—124> X)((059)2 — 1)|P] < 1,1,||<1> 2] S (00)2 — 177 (E.39)

v=1

_ 1 12 (1
7771)||<I>|\0g Z H]E0 —1]  (B.40)

ar,.,op=1j=1

—0. (E41)

1047 As for the second summand in (E.37), by Theorem B.3 there exists a constant ¢; not depending on n;
1048 such that:

- Z @ 1) Eal®'(G())®' (G())) (E42)
~ B 30009 () — Bl (@)@ G (E43)
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It remains only to bound the second summand in (E.29). This is done by using again Theorem B.3.
There exists a constant ¢y not depending on n; such that:

WICE 3 08X, Eel2(G@)2(G0) (E45)
=B 8(X,)8(X) - Bo[®(G) @G )] (546
< (LipCIi/—Ln:b(O))p. (E.47)

Putting together all the preceding estimations we obtain:

1
E[[k11 — koo|?] < C—, (E.48)

ny
with C' = 2P~1 max{22P=2¢, (Lip®' + ®'(0)), c2(Lip® + ®(0))}. O

These results suffice to prove Proposition B.7.

Proof of Proposition B.7. Consider the joint random variables X = (kyx,f(X)) and ¥ =
(koo (X, X),G(X)). Then Lemma B.1.4 together with Proposition B.4 and Theorem B.3 yield

-~ C+D
Wy(X,T) € Wk b (X, X)) + Wy (£(X), G(X)) < 7 (E49)
VAL
where C' is the constant in Proposition B.4 and D the one in Theorem B.3. Both constants do not
depend on n;. O

Lastly, we prove Lemma B.8.

Proof of Lemma B.8. Let 9%)) denote the 7j-th entry of 9(()0) € R™0*™ “and let 0§1) denote the j-th

component of 96” € R™. By Jensen’s inequality and independence of the parameters and x1, . .. x,:

1 (0)y9(1)
E <A E[||—=2(X0; )6, ||? E.50
[Ilfo]_\/[llwTl (X65")6 " [1°] (E.50)
< Viy/El|o(@,09)PIE[6 2 (E1)
< V| oo (E.52)
As for the fourth moment,
o\ 2
n 1 ni 0 1
Ellfol*] =E Z n Z‘I’(l‘ﬂg))% ) (E.53)
i=1 j=1
4
el (% 051
< TT%E pr(xleﬁj )0; (E.54)
j=1
P 4 2
< 1®leen™ a4 2y (E.55)
ny
< 4n?| @4, (E.56)
Triangular inequality finishes the proof. O

36



1063

1064

1065
1066

1067

1068

1069
1070

1071
1072

1073

1074

1075

1076

1077

1078

1079

1080

E.2 Approximation of the network by linearization

In this subsection we prove the results involved in the proof of Proposition 3.6.

With a slight abuse of notation, we will denote by ||z — X|| the positive quantity sup; <; <, [z — 2;l|.

Also, given any matrix A = (a;;) 1<i<n We will denote by -2 74/ the matrix V4 f = (82 ) 1<i<n -
1<j<m 91ZZm
We will consider the linearized gradient flow, given by

0, = —Vefo(flin(/v;gt) —y).
For this subsection introduce the following notations: fi" = fi*(X;0;) and g, = f"(z;0,).

Proof of Lemma B.12. Let Amin be the smallest eigenvalue of k;. By gradient flow equations for the
parameters 6, and 6;:

I fe —yll < e it fo —yll, (E.57)

_ )0,
i — y|| < e Mt fo — gl (E.58)

On the other hand, Lemma B.2 combined with Cauchy-Schwarz’s inequality and the gradient flow
equations produces the following system of differential inequalities:

<¢>><;Fﬁ¢mmh—mw At (E.59)

t < \/ﬁgggg—

The previous is a triangular system of differential inequalities of the form

(00)) < —— |1/ |ocllfo — || Xul| (90t (E.60)

(91(11))15 < Bye it
(65) < Bo(03))ee et

with By = —=[|®]|o| fo — y]| and By = == ||®']|oc| fo — ] [|u]|-

By integration on [0, t] and substitution we get:,

(0S)e < (059)0 + B1Ii(Amin) (B.61)
D||oollfo — yll
< (oM ”— Amin E.62
< (057)o + i I (Amin) (E.62)
t
00, < (69 + ByB; / I (Amin)ds + Bol|0SV]| It (Amin) (E.63)
0

I2]loo 12" lloo Il fo — ylI[| Xull

< 9(0) + I min 2 E.64
( uv )0 27’L1 ,7”0 t()‘ ) ( )
! oo Xu

A/ M1Ng
Note that in the last inequality, we used fot I,(b)ds < ¢2b)2, for any b > 0.

Thanks to (E.57), the linearised parameters 6, also satisfy the preceding inequalities, and hence the
thesis holds. O

Proof of Lemma B.14. Let ® denote the CDF of a standard Gaussian variable. For each a > 0, since
the entries of 9(()1) are n; i.i.d. standard Gaussian variables,

P05 ]l < @) = (1 — 2(1 — ®(a)))™. (E.66)
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1081

Bernouilli’s inequality and standard estimations for Gaussian tails yield

(|05 |l < @) > 1 — 20, (1 — ®(a)) (E.67)
2
>1—nyexp (_(12> . (E.68)
1082 Letr > 1 and put a = /rvylogn;. Then:
1
PGS e < 0) 2 1 mexp (- 7HE™) (E:69)
—1—nyexp (1og n;%> (E.70)
1
=1-—==-. (E.71)
™
ny
1083 O
1084 Proof of Lemma B.15. We will write f for short of fy(x)(6). By Lemma B.2 and Cauchy-Schwarz’s
1085 inequality,
2 _ 2
1
< L P’ 0<1>2 —||®|/%. E.73
< el ||oo|| I+ e, (E73)
1086 Then the first claim follows by (B.34) and the elementary inequality v/a + b < /a+ Vb, fora,b > 0.
1087 Now we prove the second inequality. Let 6, 0 € RN, then,
0 0 0 ~
2 _ 2 _ 2
10 £(6) ~ Vo B = i 5(6) ~ sy FOI + 1555 F6) — =0 F@)% ©74
1088 Let us estimate the first summand in the previous expression. By Lemma B.2, foreach 1 < u <
1089 Nng,1 < v < nq,
0 0 ~
1 PIOMNAE Q)
< )osy — )oLH E.76
< = ij ij ) (®76)
Yo gL i 9O — gy ET7)
/7,”/1”0 /7 Lj Jvu v v
z.0," N> o0 N> G0
' (—— x;0;)) — &' (—= x;0; (E.78)
\/m (\/770]; ]jv) (\/%]; J]v))
2|00 (05 — 0) 2, Lip®0) &N o) o)
< (0: —0:). E.79
N A D L =
1000 Hence,
2
Hmf(g) O)f( )l (E.80)
- | 0) = )P ESD)
uzlz o aoSB} 695}33
v:l:“.,’nl
21112 ||loM) — o112 4(Lip® 21160 (12 110 — (0)||2
_ el 2 ol (ip®)? 10 2| [ E)
ning ning
2019112 101 — g(1)||2 4(Lin®")2(19©) _ §(0) )12
< a1 Il Lipe o s oens, E83)
ning ning
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1091 with probability greater or equal than 1 — m —, where in the last step we used Lemma B.14.

1002 Similarly, the second summand can be estlmated as follows. First compute the partial derivatives by
1003 using Lemma B.2, foreach 1 < v < ny:

d o -
‘80751) f(0) - Wf(eﬂ (E.84)
f TZ ) Z 705.) (E85)
1
0) 0)
mz; v )- (E.86)
1004 Therefore,
0 o .
15 ) = 25 f(9)|| (E.87)
o -
= - —=f(O)] (E.88)
. 12: 89(1 89(1) ( )|
sﬁ&??%lfﬂwem> O, ©.59)
170

1005 The preceding estimations, together with < 1fori=0,1, yield:

ll6—012

IVof(8) = Ve (9)I

(E.90)
16— 6]
2 @/2 41; @/2 Lip® 2 2
eIV | e (i)l Eon)
nino ning ning
1096 Taking the square root in the last inequality yields the thisis. O

1097 Proof of Lemma B.16. Fix v € N. The probability of Z = ||k — koo|| > 7’\2:‘?" can be estimated with
10s8 Markov’s inequality and Proposition B.4. There exists a constant C' > 0 not depending on 7 such
1009 that:

A% A% \P
P(Z > %) =P <Zp > (”;) ) (E.92)
2 p
<|——) E[|Z]||F (E.93)
(5=) EllZP
2 p
WE(k, koo E.94
<7Amm > P ( ’ ) ( )
2 p
< <Oo> % (E.95)
VAmm nf
1100 Note that Proposition B.4 holds for every natural p. This concludes the proof. O

1101 Now are ready to prove Proposition B.9:

1102 Proof of Proposition B.9. For the sake of clearness we introduce the following abbreviations for the
1103 remainder of the proof. Let y; = f(;0;),7, = f"(x;0,), f = f(X;6;) and fi* = fir(X;6,).
104 Also, let ky = k(X, X;0:), V = Vj and let L(X) denote the Lipschitz constant of V f, seen as a
1105 function of 6.

1106 Consider the empirical risk for the quadratic loss Rp(6;) = 3 30, (F ) (243 6;) — y)2.
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1107

1108

1109
1110

1111

1112

1113

1114

1115

1116

1117
1118

1119

1120

1121

1122

1123

From gradient flow equations we have:

fo ==k fr —y), (E.96)
D= ol = —2f — kel ). €97)

Let t,. = inf{t | ||0; — 00| > Q‘L"(“;‘()} Then for each t < t,, by 1-Lipschitzianity of the smallest

eigenvalue with respect to the operator norm, and by definition of ¢,, we obtain an upper bound for
)\min (kt ) :

P‘min(kt) - >\min| S Hkt - k()Hop S ||kt - kO

Omin
| < L) |0, — o] < 72,

which implies:

min Amin
)\min(kt) Z )\min - 7 Z .

2 4
This estimation combined with Gronwall’s inequality applied to (E.97) yield:
A
15 =0l < o = P exp (- 252¢). (E9%)
From (E.97) and Cauchy-Schwarz we deduce:
0 IV fe(fe —y)IIP
eyl = - L (E.99)
T T
Omin
< = VA=)l (E.100)
Hence,
0 Omi 0 Omin |,
(- min g, — 6 )<7 - min | g, | < 0. E.101
o (10 =yl + 23210 = 6ol ) < 216 = il + Z221de]) < 0 (E.101)
for all t < ¢,.
Thus, for all ¢ < t,:
2
10+ — 0ol < [ fo —yll- (E.102)
Omin

Let us show that this property holds for all £ > 0. By contradiction assume ¢, < oco. (E.102) with
Assumption 5 implies

16:. — 6ol < 2 i (E.103)
e PO i AL(X) '
Omin
= 20(%) (E.104)

In particular the last inequality holds for ¢, which contradicts its definition. Hence ¢, = oc.
Let us now prove the rest of the inequalities in the theorem.

The gradient flow equation for the linearised network reads:

i = —ko(fin —y). (E.105)
Define the difference r; = f; — f". Then
re = —ki(fr —y) + ko(fi" —y) (E.106)
= —kry — (ke — ko) (™ — y). (E.107)
Then, by Cauchy-Schwarz and (E.98) combined with (E.105),
10 )
5&”“”2 = —(re, kere) — (e, (ke — ko) (fi™ — v)) (E.108)
< =Amin (ko) |71 + [l |1k = kollll £ — wl (E.109)
A i A i t
< =2 2 e ol ol exp (222 E.110)
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1124

1125
1126

1127

1128

1129

1130

1131

Hence,

0

— < -
sellrel <

mm

el + ke —

koll o — vl exp (—

Amint

).

(E.111)

Now let us bound separately the different factors in the previous equation. The norm of the difference
between the kernels can be estimated as:

| <IVAVE = VoV

|kt — ko

<2V folllIVfi -

Vil + V=Vl

2

< 200 L(X) |6 — Bol] + L(X)2[6, — 6]

Omin
< 20max L(X)|0r — O] + L(X)[|0: — 0o =

5
S io—maxL(X)Hgt - 90“7

where in (E.115) we applied the definition of ¢,.

Moreover, by Gronwall and Cauchy-Schwarz inequalities we have

)\mint K
[7e]| < exp | — [ fo =yl IIks—kollds

Moreover, by taking the difference of the gradient flow equations for #; and ; we obtain:

< exp
<e
< exp
<e

(- A“Z“t) 1o = vl sup ks = ko]

( Anzlmt> gamaxL ||f0_y||sup||9 .l
(Arznf) 2 na LX) [ o -

o) st

0 _
S0 =Bl < 95, — V1ol

<L(X)||9t_90“”ft_y” +UmaX||ft_ t
Amint

N 2 ~ “\min
yll GXp< e )

2L(X
< 2,
O min

1fe =yl + IV foll1fi =

50’2,x A it
1 Do 1) o — ] exp (— min
Umm 4
2+ 505, ) L(X
< GOy -

where in (E.125) we used (E.102), (E.98) and E.121.

Integrating the previous inequality we obtain:

16

— 0] <

(2+50

min

ot 00l 7, g2 [ exp (-

4(2 + 507 ) L(X)

IN

3
min

8+ 200max)L(

1o — ull? (1 ~exp (—

I fo—ylI*.

[1'11[1

41

lm ||

al

)

Amin$
4

yll

)\mint
1 .

Ami
nrs> ds

))

(E.112)
(E.113)
(E.114)

(E.115)

(E.116)

(E.117)

(E.118)

(E.119)

(E.120)

(E.121)

(E.122)

(E.123)
(E.124)

(E.125)

(E.126)

(E.127)

(E.128)

(E.129)

(E.130)



1132

1133
1134

1135

1136

1137

1138

1139

1140
1141

1142

Now we are ready to prove the last inequality in the thesis. Decompose by triangle inequality:

lye = Fell < llye — ™ (23001 + 1 (@3 600) — Gl

(E.131)

First, let us focus on the first summand of (E.131). Denote by L(x) the Lipschitz constant of Vyg
seen as a function of 8. Then, by Lemma B.15,

lye = " (2: 00| = II/0 (V£ (2:05) = Vf(x:60))0sds|

t
sumwmmf%w/wmm
t>0 0

2
< L(z)sup [|6: — Ool| - ly — foll
t>0 Omin
4 _ 2
< 1oyl 5
min

where in the third inequality we used (E.101) and (E.102) on the last one.
As for the second summand of (E.131), by (E.130) and Lemma B.15:

£ (3 00) = Tl = 1V f a00) (61 — B2)

(8 + 2002, ) L(X)

<

3

min

Combining the two preceding estimations, we obtain the thesis.

Lastly, we prove Theorem B.10.

1fo = ylIPlIV £ (5 00)]l-

(E.132)

(E.133)

(E.134)

(E.135)

(E.136)

(E.137)

Proof of Theorem B.10. We prove the three inequalities separately. Let A\, denote the smallest

eigenvalue of k.

* By Lemma B.2 and Cauchy-Schwarz’s inequality,

llye — fell <

1

4/ T1Ng
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(E.138)



1143 Recall that I} (Apmin) < t. Then the norm ||9t(0)9,§1) ||? can be estimated with the aid of Lemma
1144 B.12:

no ni 2
6”012 =" (Z(Hﬁ?)t(@,ﬁl))t) (E.139)

no ni ( ) (1)
< oMY (p(0) a1 (0uv )o t ao(fv")o 0n) 242
_u_l@u (00 + TR0+ % )
(E.140)
2
5, @(08)3 ahar(057)o 0 oo
09)°t —————(6p)t 0o)“t
+n1§ n0¢( )7t + N Y(6o)t + o ¥(6o)

(E.141)

(1)
< T OO0 + 2002w @0 + B M( 6)'t (E.142)

ny

2.2 129(1)y4 /226.()2
T 8 gy 4 Lol 0 g2y 0 )5 g st g 43)
nino o ning
0012 4 o2/ ad106” 12 g yaya
< nillby by 1> +aflly 1*4(60)*t? Tw(%) t (E.144)
a2a2 /2a2 9(1) 2
o+ = L(00)°8 + aglI0g” 1 (00)% + 7,! By
(E.145)
1145 with ag = 3| 2|[oo | P’ [loc | Xull, af = @] || Xul| and a1 = [|@|o.
1146 Hence,
Lip®)2||z — X
oo — gl < BRI = 2y oo (E.146)
noni
A Ayt? Ay |65V 244
< 20100001 + 215 o a0y + 2Ly gaan
non1 nino
Ayt Ayt? Astt(|o{M )12
250 0y 2 g 1007 + AN I gyt (e14m)
’I’LlTZQ ning nan
1147 with Ay = (Lip®)?||z — X2, Ay = a2, Ay = a2, A3 = a2a2, Ay = o/ and A5 = d/5a?.
1148 * We follow a similar strategy to prove the second inequality in the Theorem. Put w; = 6; — 6.
1149 By the triangle inequality and Cauchy-Schwarz we decompose:
1™ =5 1* < 21l fo = woll* + 21 Ve fo = Vayol @I, (E.149)
1150 The first summand in (E.149) is bounded exactly as the first summand in (E.138) by setting
1151 t=0:
Lip®)?|lz — X|I*, 0,0 Ay 10,0
1o — vl < PRI gogmye < Ao ygogniz gaso)
nino n1no
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1152 As for the second summand in (E.149), we decompose by Lemma B.2. Factoring out

1153 max;{(¢ (1))} ||9(1)||ooperm1ts us to write:
19600 = Vowol> < |55 (fo = )2 + | rgs (fo = wo)I? (E151)
6Jo oYoll = 80(0) — Y% 89(1 0~ %o .
1
xXTo X0 — 2T (——20V))0V)12  (B.152)
_nmoH( (\/7”70 o) (\/TTO 0 )0 |l
1 (0) L 02
+— | P(—— X0y — (——2) (E.153)
n1” (wTo o) (w% o )l
1 1
< AT (——x0) — X7 (——20))0V |12 (E.154)
_nanH( (wTo o) (ﬁO 0 )0 |l
2 1 0) T Lo 0y )2
S— T (—— 20 — 2T (——20))0 (E.155)
II( (%o) (Mo))o||
e [ (E.156)
n no
2
< 5 (Lip® )2 [ Xl — X2 [165” 05" || (E.157)
ning
2 A
2 [l — 76571+ 16 (E.158)
1Mo ning
1154 Moreover we can bound the norm of w; with Lemma B.12:
0 1
@ > < 185" — 6112 + (18, — o)) (E.159)
2a2 2a’2(0(1)) a?
< 9 (Bo)ttt + M 0)2t% + L(0o) E.160
Z iz, V(60) (6 Z - v(60) (E.160)
2a3 2a/2]|0M)||2
< Y00t + OL Eoore + vy (E.161)
1155 Hence, (E.149) can be written as:
A B B
lin _ 212 « B0 19(0)g(1) 2 L 10©@ oM 2,00 )444 E.162
[FaA _nmoll o 0ol +n§ng” o 0o 71 (6o) ( )
By 0 1 B3 0) 5(1
+ s 10105714 (80)242 + —25 1165765 |20 (60)%?  (E.163)
FUN) ning
B B
+ S 05 1P (00) 1t + 11057 | *4(80) 1 (E.164)
o o
B B
+ 0|05V 124(80)242 + —5— 108" |20 (0) 1t (E.165)
No 1o
Bsg 0 1 By 0
021050 20 (00)%4 + ——— [0 1P (00)*2,  (E.166)
no ning
1156 where the constants in the last inequality are, explicitly, By = 240, B1 = 8(Lip®’||X|| ||z —
1157 X|lag)?, By = 8(Lip®'||X||[|x — X||ag)?, Bs = 4(Lip®'||X|[|x — X|[a1)?, By =
1158 8([|®'lc|lz = Xla0)?, Bs = 8([|®'[|ccllz — X[[ag)?, Bs = 4(|¥'[|cc [z — X[la1)?,
1159 B; = 4Apa?, Bs = 4A0a’3, and By = 2Apa?.
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1160 « It remains to estimate the last inequality. Consider A(t) = ||f; — fi|| Then by gradient
1161 flow equations and Cauchy-Schwarz,

0

a(A(t)z) = (ke(fe —y) — ko (" = 9), fo = ™) (B.167)
=Y (ka(ws, X)(fr —y) = ko, X) (S — ) (fi(w:) = [™(:)) (E.168)
i=1
=Y (kelwi, X) = ko, X)) (fr — ) (folws) — f" (22)) (E.169)
i=1
— ko (@i, X)(fr = [ (fi(@i) = £ (x2)) (E.170)
= [|(ke = ko) (fe = ) (fe = ™) Tl = ko (fe = S (fe = £™) T lla (BT
1162 By equivalence of the 1-norm and the euclidean norm for v € R we have ||[v|| < |jv||; <
1163 V/d||v||. Then, by Cauchy-Schwarz’s inequality,
A(t) = nllke = kollll fi — yll = Ay A(D) (E172)
< ks — kol|1(B)e™ Mt — A0 A(t) (E.173)
1164 Let us bound the norm of k; — kq:
ke = koll = Vo fe(X)Vofu(X)T = Vo fo(X)Vafo(X)"| (E.174)
< Vo fe(X) + Vo fo(X)||L(X)[0; — 6o (E.175)
(E.176)
1165 From Lemmas B.2 and B.12, we have:
Vo fi(X)* = Voo f(X)I* + Voo fo (X)) (B.177)
I 12 110M))2 |2
< RPN | el ©178)
ning ny
X 2 (I)/ 2 P 0 2 ) 2
< IAPIVE (oo, 1)) 10, g
ning \/nil ni
1166 Analogously,
V6 fo(X)1* = Vo fo(X)1* + IV g fo (X)) (E.180)
21®/112 119112 2
ni1Ng ni
1167 Moreover, again by Lemma B.12,
16: = Ooll” = 116 — 667 11> + l16;" — 65" (E.182)
2 ’2 2.1 (002
< 200y gytet 4 20 g e 4 DV e (E.183)
nino ning ni
(E.184)
1168 Inequalities (E.179),(E.181) and (E.183) allow us to estimate:
L(X 2(19(1) 343 2,2
ke — ko] < (X) [ c1yp(00)* 116"l n c2t(bo)°t N csp(0o)7t (E.185)
niy /N1Nng ning /N1Ng
call 612t | esv(60) 195711, colld 1t
+ + + (E.186)
no A/N1Ng /1o
) 2,2
crd(00) 10611t esth(80)
+ + + cop(B)t |, E.187
N o 91 (o) ( )
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1169 with ¢ = 2\/§a0||X||||@’HOO, cy = \/§a0||@||oo, c3 = 2\/§a0||<1>||00, cy =

2V2a) | X[ ocn c5 = V2ap[[®|cr c6 = 22ah|®]locn 7 = 2ar || X]|[ ]| cs =
171 a1]|?||0o and cg = 2a1||P|| 0. Let C(nq,no,t,0y) be the right hand side of (E.185). Then,
1172 the reight-hand side of (E.173) can be P-almost surely bounded from above with:
A(t) < nllky — kol|w(Bo)e™ it — X0 A(t) (E.188)
S nC’(nl,no,t,Go). (Elgg)
1173 In the previous inequality we used that the event A\, = 0 has null measure. Integrating,
1174 and using that A(0) = 0:
L(X PRVIVIC) 314 00)243
ny Vning 2n1ng V/ning
1 1 1
call 6712 csw ()65 1 eoll06 7
+ + (E.191)
2ng 3v/n1ng 2./ng
00)[168"]|£2 0o)2t3 0o )t?
L e @)llOg I | cstp(80)7t" | corp(Bo) (E.192)
21 /10 3\ /T1M0 2
1175 Taking the square, applying the elementary inequality (}_;_, a;)? <n .1, a?,fora; > 0,
1176 and adjusting the constants yields the desired result.
177 O
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