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Abstract

We prove that, for finite-arm bandits with linear function approximation, the global
convergence of policy gradient (PG) methods depends on inter-related properties
between the policy update and the representation. First, we establish a few key
observations that frame the study: (i) Global convergence can be achieved under
linear function approximation without policy or reward realizability, both for the
standard Softmax PG and natural policy gradient (NPG). (ii) Approximation error
is not a key quantity for characterizing global convergence in either algorithm.
(iii) The conditions on the representation that imply global convergence are differ-
ent between these two algorithms. Overall, these observations call into question
approximation error as an appropriate quantity for characterizing the global conver-
gence of PG methods under linear function approximation. Second, motivated by
these observations, we establish new general results: (i) NPG with linear function
approximation achieves global convergence if and only if the projection of the
reward onto the representable space preserves the optimal action’s rank, a quantity
that is not strongly related to approximation error. (ii) The global convergence
of Softmax PG occurs if the representation satisfies a non-domination condition
and can preserve the ranking of rewards, which goes well beyond policy or reward
realizability. We provide experimental results to support these theoretical findings.

1 Introduction

Policy gradient (PG) is a foundational concept in reinforcement learning (RL), centrally used in both
policy-based and actor-critic methods [25]]. Despite the non-convexity of the policy optimization
objective [4], global convergence of PG methods has been recently established in the tabular case
for standard configurations such as the softmax parameterization [4} 22] and stochastic on-policy
sampling [20]. In practice, when an RL agent is faced with a problem with large state and/or action
spaces, function approximation is needed to generalize across related states and actions. The behavior
of PG methods in these settings is relatively under-explored. In this paper, we study this question for
the case of linear function approximation, and establish a surprising result that

the classical Softmax PG method converges whenever there exists an adequate linear function that
ranks actions in the same order as the ground-truth reward function.

*The work was done prior to joining Amazon, while the author was at Google Research.
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Understanding the behavior of PG methods under function approximation is crucial for describing the
behavior of RL in practice, since one rarely faces domains small enough to explicitly enumerate over
states and actions in parameterizing the policy. It is well known that, standard Softmax PG converges
to stationary points if a “compatible” function approximation is used [25]; i.e., one that is able to
exactly represent policy value functions. However, when exact policy values are non-realizable,
“approximation error” is typically considered to be the key quantity for characterizing how well a
function approximation captures relevant problem quantities, including transition dynamics, rewards
and policy values. This paper shows that such an approximation error perspective is overly demanding
when attempting to characterize the conditions that lead to global convergence of PG methods.

Using the concept of approximation error, global convergence results for PG methods have been
recently established in an additive form,

sub-optimality gap < optimization error + approximation error, (1)
implying that if the approximation error is small, a diminishing optimization error implies a small
sub-optimality gap. A representative result is the global convergence of natural policy gradient
(NPG) [4, Table 2], where the optimization error will diminish as the algorithm updates. There have
also been global convergence results for other PG variants under linear function approximation that
follow a similar approximation error analysis [3} |8} [10} 28] |5, [1} 2]]. However, an additive bound like
Eq. (I) has the inherent weakness that the approximation error will never be zero if the function
approximation is not able to perfectly represent the desired quantities. This prevents such a strategy
from establishing global convergence in cases where the approximation error is non-zero but a PG
method still reaches the best representable solution.

Therefore, in spite of this recent progress, using approximation error in PG global convergence with
function approximations has left two major gaps in the literature. First, it has not been investigated
whether small approximation error is necessary to achieve convergence to an optimal representable
policy [4], diverting attention from feature designs that achieve useful properties beyond small
approximation error. Second, it is not clear if standard Softmax PG (other than NPG) converges
globally under small approximation errors. In particular, NPG contains a least squares regression
step [4, Eq. (17)] that can be naturally characterized with an approximation error quantity. However,
standard Softmax PG does not have such a projection step [25], and the results in [4] do not apply
to this update. Whether standard Softmax PG can achieve global convergence with even linearly
realizable rewards (zero approximation error) is still an open problem.

In this paper, we address the above questions and contribute the following results. First, we provide
negative answers to questions on the role of approximation error in determining global convergence
of PG methods:

(i) Global convergence can be achieved under linear function approximation with non-zero approxi-
mation error, for both the standard Softmax PG and natural policy gradient (NPG) updates.
(ii) Approximation error is not a key quantity for characterizing global convergence in either case.
(iii) The conditions that imply global convergence are different between these two algorithms.

Second, these results lead us to question whether approximation error is an appropriate quantity to
consider the global convergence of PG methods under linear function approximation. We establish
new general results that characterize the conditions for global convergence of PG methods:

(i) NPG with log-linear function approximation achieves global convergence if and only if the
projection of the reward onto the representable space preserves the optimal action’s rank. This
result significantly extends previous results that use approximation error in the analysis [4] 3],
since preserving the rank of the optimal action is not strongly related to approximation error
(except in the realizable limit).

(i) We show that the global convergence of Softmax PG follows if the representation satisfies a
non-domination condition and can preserve the ranking of rewards, which goes well beyond
policy or reward realizability. As a byproduct, we resolve an open question by showing that even
for linearly realizable reward function, Softmax PG cannot always converge to globally optimal
policies when the non-domination condition for representation is violated.



2 Settings

We study the policy optimization problem under one state with K actions. Given a reward vector
r € RE the problem is to find a parametric policy 7y to maximize the expected reward,
sup 7, 7, (2)
R
where § € R? with d < K is the parameter, and 7y = softmax(X#) is called a “log-linear policy”
(4] 28] such that for all action a € [K] == {1,2,..., K},

o) = o{LXO@)
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where X € R¥*4 s the feature matrix with full column rank d < K. There are two major difficulties
with the policy optimization problem. First, Eq. (2) is a non-concave maximization w.r.t. 4, due to
the softmax transform [22, Proposition 1]. Second, the policy and reward can be unrealizable, in the
sense that the parametric log-linear policy mg = softmax(X#) cannot well approximate every policy
7 in the K -dimensional probability simplex, and the score X6 € R¥ cannot well approximate the
true mean reward » € R, Such limitations arise in the linear function approximation case because
7o and X 6 are restricted to low-dimensional manifolds via @ € R? for d < K.

To solve Eq. @), we consider the standard Softmax PG [25] and NPG [13| 4] methods, shown in
Algorithms[T|and 2] Softmax PG is an instance of gradient ascent, obtained by the chain rule,
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On the other hand, NPG conducts updates using least squares regression (i.e., projection),
(XTX) ™' XTr = argmin | Xw — r|2. 5)
weR?

As representative policy-based methods, in their general forms, Softmax PG and NPG lay the
foundation for widely used RL methods, including REINFORCE [26], actor-critic [16} (7, [12]], TRPO
and PPO [23| [24]. The above Eqs. () and (5)) are their updates applied to the one-state setting.

Algorithm 1 Softmax policy gradient (PG) Algorithm 2 Natural policy gradient (NPG)
Input: Learning rate 7 > 0. Input: Learning rate 7 > 0.
Output: Policies mg, = softmax(X0;). Output: Policies mg, = softmax(X0;).
Initialize parameter 6; € R Initialize parameter §; € R
while ¢ > 1 do while ¢ > 1 do
9t+1 — Ht -’-’I’],XV—r (diag(wet) — T, 71";'; )’l". 9t+1 — Ht + n- (XTX)_IXT’I".
end while end while

To understand the difficulty of the optimization problem in Eq. (2), it is helpful to consider previous
work that has analyzed the convergence of PG methods.

In the tabular setting, where d = K, X = Id, and 7y = softmax(f) with § € R¥, both the
rewards and optimal policy can be arbitrarily well approximated. In this case it is known that NPG
enjoys a O(1/t) global convergence rate [4, Table 1], which has been recently improved to O(e™¢*)
(1411201117, 127]]. For the case of function approximation, such results have subsequently been extended
to log-linear policies, where approximation error is used to characterize the projection step of Eq. (5)
[4) 28]]. In particular, NPG achieves the following sub-optimality gap for all ¢ > 1 [4} Table 2],

(% — 7r9t)—r r< cl/\/i—i— €2 * €approx; (c1 >0, ca >0) (6)
where ¢y and ¢y are problem specific constants, 7 is the globally optimal policy, 7y, is produced by
NPG, and €pprox 18 the approximation error, i.e., the minimum error with which the policy values
can be approximated using the features [4}, Table 2]. The “optimization error” term c; //t in Eq. (o)
has since been improved to O(e~ ") with ¢ > 0 in [28] 5]. Note that if expprox > 0 then Eq. (6)

is insufficient for establishing w;: r — r(a*) = max,e[k] r(a) as t — oo even when such global
convergence is achieved.

The understanding for the standard Softmax PG is even less clear. In the tabular case, it is known that
Softmax PG achieves global convergence asymptotically, i.e., W;)Z r — r(a*) as t — oo [4], with an
O(1/t) rate of convergence that exhibits undesirable problem and initialization dependent constants



[21, [18]]. Directly extending this global convergence result to the case of function approximation,
i.e., log-linear policies, is impossible without any additional assumptions on the features, since
there can be exponentially many sub-optimal local maxima in the worst case [9]. In fact, even with
linearly realizable rewards (zero approximation error), whether standard Softmax PG achieves global
convergence still remains unsolved [4]. One intuitive reason why this is a difficult result to establish
is that standard Softmax PG uses the gradient Eq. (4) rather than projection (regression) to perform
updates, which is less directly connected to the concept of approximation error.

3 The Limitations of Approximation Error in Characterizing Convergence

It is known that there exist representations X € RX*? with d < K and r € R¥ that create expo-
nentially many sub-optimal local maxima in Eq. (Z)) [9, Theorem 1], which makes it impossible to
ensure global convergence of PG methods without imposing any structure on the function approxi-
mation. Before identifying specific conditions that ensure global convergence, we first explain how
approximation error cannot be a useful structural measure for this purpose, by demonstrating that
Zero approximation error is not a necessary condition for global convergence, and illustrating problem
instances with comparable approximation error that render starkly different convergence behaviors
across different PG methods. Specifically, we illustrate these points with a set of concrete scenarios,
each with 4 actions and 2-dimensional feature vectors describing each action. Since d < K, not
every policy can be expressed in these representations, hence the problem instances are unrealizable.

3.1 Global Convergence is Achievable with Non-zero Approximation Error

The results of [9, Theorem 1] do not imply that sub-optimal local maxima always appear, as shown in
the following.
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error is qprox = min || Xw — v, = X (XTX) "' XTr — ||, = v202.6 ~ 14.2338.
we

Example 1. K =4,d=2 X = { } andr = (9,8,7, 6)T. The approximation

Note that the approximation error is larger than any sub-optimality gap, i.e., for any policy 7,
(77* - 7T)T r<3< €approx » (N
hence the bound in Eq. (6) does not imply global convergence for NPG in this example. Yet, despite

the non-zero approximation error and the inability of existing results including Eq. () to establish
global convergence on Example[T] both Algorithms[T]and2]can be shown to reach a global maximum.

Proposition 1. Denote a* ‘= argmax, ¢k r(a). With constant n > 0 and any initialization
6, € RY, both Algorithmsandguarantee 779Tt7’ —r(a*)ast — coon Example

All proofs can be found in the appendix due to space limits. The fact that Softmax PG achieves global
convergence in Example[T]is much harder to establish than for NPG, since Eq. (@) involves a complex
non-linearity given the presence of the softmax, unlike the linear least squares Eq. (3) used in NPG.
To illustrate the intuition behind Proposition[T] we use a visualization of the optimization landscape.

Visualization. A visualization of the optimization landscape of Example[I]is shown in Figure [I[a).
The bottom two-dimensional plane is the parameter space R? where d = 2. For each § € RY, we
calculate 7y using Eq. (3) and F;— r using Eq. , and use wg r as the vertical axis value of 6.

—PG —PG —PG
—NPG —NPG —NPG

(a) Example 1. (b) Example 2. (c) Example 3.

Figure 1: Visualizing the landscapes in the example problem instances.

To verify Proposition we run Softmax PG and NPG on Examplewith the same 0; = (6,8) T € R2,
In Figure a), the optimization trajectories show 85 iterations of NPG and 8.5 x 106 iterations of



Softmax PG, both with learning rate = 0.2. It can be clearly seen that both Softmax PG and
NPG eventually achieve expected reward ﬂ(,t r — 9 = r(a*), demonstrating global convergence

(Figure c) later shows that the sub-optimality gap (7* — 7, ) T approaches 0).

In summary, Example[T]shows that both Softmax PG and NPG are able to achieve global convergence
on unrealizable problem instances with non-zero approximation error. This raises the question:

Is non-zero approximation error useful for characterizing global convergence?

3.2 Global Convergence is Irrelevant to Non-zero Approximation Error

We answer the above question negatively. By comparing alternative problem instances with similar
approximation errors but different convergence behaviors, we illustrate how approximation error is
not able to distinguish between scenarios where global versus local convergence is obtained.

0o 0 -1 2
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approximation error is HX (XTX)_1 XTr— 7““2 = /205 =~ 14.3178.

Example2. K =4, d=2 X' = { ] € R>™K andr = (9,8,7,6) € RE. The

The only difference between Examples and is that the second and third columns of X " have been
exchanged. The approximation error remains similar to that of Example[I] Using the upper bound of

Eq. (6)), one might therefore expect similar sub-optimality gaps (7* — Wgt)T r to be demonstrated
by the algorithms, since the r.h.s. contains similar approximation errors. However, as shown in
Figure b), using the same initialization and learning rate, Softmax PG obtains Wé: r—8=r(2)<
r(a*) as it converges to a sub-optimal deterministic policy, while NPG continues to succeed.

Lest one believe that NPG is globally convergent, the following example, where the first and second

columns of X " are swapped, illustrate an analogous failure for NPG but not Softmax PG.

-1 0 0 2
0 -2 1 0

approximation error is HX (XTX)_1 XTr— rH2 = /212 ~ 14.5602.

Example3. K =4, d=2 X' = { ] € R>™K andr = (9,8,7,6) € RE. The

Here again the approximation error is close to that of Example[I] Yet, Figure[T[c) shows that NPG
achieves Tr(,Tt r — 8 < r(a*) as it converges to a sub-optimal solution, while Softmax PG succeeds.

In summary, the Examples 1, 2 and 3 all have similar approximation errors, yet Softmax PG achieves
global convergence on Example[I|but reaches a bad local maxima on Example[2] while NPG succeeds
on Example [T]and fails on Example 3] Note that these examples can be re-scaled to have exactly the
same approximation errors while demonstrating the same convergence behavior of the algorithms.
From these findings we conclude that, if there is any quantity that can predict whether global versus
local convergence is obtained by Softmax PG or NPG, that the quantity cannot be approximation
error alone. This motivates to investigate the question: what is the right quantity to characterize
global convergence for unrealizable problems?

3.3 Global Convergence Characterization is Algorithm Dependent

We make one more key point. From Figure[I(b) and Figure[T|c), NPG achieves global convergence
on Example 2]but fails on Example[3] while, conversely, Softmax PG succeeds on Example [3]and fails
on Example 2] This difference indicates that whatever condition characterizes global convergence,
it must be algorithm dependent, even for the closely related algorithms Softmax PG and NPG.
Therefore, one has to study the conditions for Softmax PG and NPG respectively (rather than one
condition for both algorithms), which motivates the refined question:

What conditions characterize global convergence of Softmax PG and NPG in unrealizable problems?

4 New Characterizations of Global Convergence for PG Methods

From these observations, it is clear that whatever quantity characterizes the global convergence of
PG methods, it cannot be based solely on approximation error and it must be algorithm dependent.
Therefore, we study distinct global convergence conditions for Softmax PG and NPG respectively.



4.1 Reward Order Preservation with Adequate Features is Sufficient for PG Convergence

We now investigate a global convergence condition for Softmax PG under log-linear policies.

Intuition. Consider Example[I] where Softmax PG achieves global convergence. From the land-
scape shown in Figure[I|a), there appears to be a monotonic path from any initialization point that
allows gradient ascent to reach the optimal plateau with reward r(a*) = 9. Intuitively, this arises be-
cause the actions’ rewards seem to be nicely “ordered”. For example, starting from §; = (6,8)T € R?
such that 7r9T1 r = 6, Softmax PG is able to improve its expected reward eventually to w;; r & 7, since
there exists a sub-optimal plateau with a higher reward 7 right beside the lowest plateau with reward
6. Next, Softmax PG continues to improve its expected reward eventually to 7T';; r ~ 8 by “climbing”
toward another neighboring plateau with a higher reward. Finally, this process ends with Softmax PG
successfully arriving at the optimal plateau with reward r(a*) = 9.

By contrast, in Example [2] as shown in Figure[T[b), Softmax PG gets stuck on a bad plateau with
a local maximum reward of 8. Visually, Softmax PG stops improving its expected reward on this
sub-optimal plateau, because it is “surrounded” by two lower plateaus with rewards 6 and 7, which
breaks the nice “ordering” of the expected reward landscape and traps the gradient ascent trajectory
on a sub-optimal plateau from which there is no monotonic ascent to global optimality.

Verifying reward order preservation. Based on the above intuition and observations, we conjec-
ture that the ordering structure between the different rewards is a key property behind the global
convergence of Softmax PG. We can verify this conjecture in each of the Examples|I]to[3] by deter-
mining whether the feature matrix X € R*>? allows the same action ordering as the reward vector
r € RX to be realized. For Example 1] note that with w = (—1,-1)T € R?, we have

P = Xw=(2,1,-1,-2) € R¥, (8)
which preserves the ordering of 7 € R, such that for all i, j € [K], r(i) > r(j) if and only if
(i) > r'(j). Similarly, for Example [3| if we let w = (=3, —1)T then we have 7’ = Xw =

(3,2,-1, —6)T, which also preserves the order of r over actions. Softmax PG converges to a globally
optimal reward in both of these examples.

By contrast, for Examp]e it is impossible to find any w € R such that Xw preserves the order of
the rewards . To see why, consider any w = (w(1),w(2)) " and note that

= Xw = (=2 w(2),w(2), —w(1),2 - w(1))" . 9)
To preserve the reward order, we require both —2 - w(2) > w(2) (which would imply w(2) < 0)
and —w(1) > 2 - w(1) (which would imply w(1) < 0), but these two conditions imply w(2) < 0 <
—w(1), which must reverse the order of the second and third actions. This is an example where PG
can fail to reach a global optimum.

Main Softmax PG result. We formalize the above intuition by proving the following main result,
which establishes that reward order preservation with adequate representations is a sufficient condition
for the global convergence of Softmax PG under log-linear function approximation.

Theorem 1 (Reward order preservation, non-domination features). Given any reward r € R¥ and
feature matrix X € RE*4, Denote x; € R? as the i-th row vector of X. If (i) x; z; > a:iij for all
j # i, and (ii) there exists at least one w € R?, s.t., 7' := Xw preserves the order of 1, i.e., for all
i,j € [K], (i) > r(j) if and only if r' (i) > 1'(j), then for any initialization 6, € R¢, Algorithm
with a constant learning rate n > 0 achieves global convergence of w;; r —r(a*)ast — oo.

A few remarks about this theorem are in order.

Examples [I] to [3] all satisfy the non-domination condition (i) on X, and their differences lie in
satisfying reward order preservation or not. However, the following example shows that if the
condition (i) on X is removed, then global convergence is not always achievable for even linearly
realizable rewards (with zero approximation error).

0 —-10 O
-2 4 1
where w = (—1,—2) " € R%. With initialization 6; = (—In2,In2) T, Algorithmdoes not achieve
global convergence, i.e., 1y, (1) / 1 ast — oc.

Proposition 2. Let K =3, d =2, X' = [ } e R™E andr = Xw = (4,2,-2)",



Generalization of tabular and linear realizability. When d = K and X = Id, i.e., the softmax
tabular parameterization 9 = softmax(0), it is always true that Xr = r preserves the order of r.
Consequently, Theorem|[I|recovers the global convergence result for PG in the softmax tabular setting
[4)122] as a special case. More generally, for non-domination features, when the reward is linearly
realizable, such that Xw = r for some w € R?, the global convergence of Softmax PG also follows
from Theorem I] since r preserves its own order when the approximation error is zero.

Corollary 1 (Linearly realizable rewards, non-domination features). Given any reward r € R¥ and
feature matrix X € RE*4, Denote z; € R? as i-th row vector of X. If (i) v} z; > x;rmj for all
j # i, and (ii) there exists w € R?, s.t., Xw = 7, then for any initialization 6, € R?, Algorithm
with a constant learning rate n > 0 achieves global convergence ofﬂir = r(a*)ast — oco.

It is worth mentioning that Proposition[2]and Corollary | together answer a question which still remain
unsolved in PG literature [4]]: with linearly realizable rewards (zero approximation error), whether
standard Softmax PG achieves global convergence? Proposition [2] shows that linearly realizable
reward on its own is not enough to guarantee global convergence, while Corollary [I| shows that with
adequate features, linearly realizable reward implies global convergence. Note that the NPG global
convergence result in [4], such as Eq. (6), does not apply to standard Softmax PG.

Ordering does not determine approximation. As already illustrated in Section [3| approximation
error is not adequate for capturing the global convergence of Softmax PG. It is important to emphasize
that the existence of an order preserving reward r’ is very different from having a small approximation
error. When the approximation error is zero, then an order preserving reward (equal to r) always
exists. However, in general, 7’ can take very different values than r, and hence have a very large
approximation error, yet still enable global convergence as shown in Examples [T]and 3]

Proof idea. The idea behind the proof of the main theorem consists of three parts. We provide a
sketch of the proof here; the full proof is given in Appendix |A] First, starting from any initialization

6, € R4, Algorithm guarantees that 7y, will approach a (generalized) one-hot policy as t — co. To

see why, first note that 7{ r is 3-smooth over § € R? with some 8 > 0 (Lemmain Appendi,
since the softmax transform is smooth [4, 22]] and the feature matrix X has bounded values. This
implies that using a sufficiently small constant learning rate 0 < n < 2//3 we obtain,

2

> 0. (10)

T
T T > 1 dﬂ'@t’f'

7Tgt+17‘—7T97‘ .
2

=98 || db,

Note that ﬂ;)r r is upper bounded by r(a*). According to the monotone convergence, ﬂ;)r r—c<
t

r(a*) ast — oo. This fact combined with Eq.

! ’ — 0ast — co. Next, a special
2

d 7r9Ttr
dOy

Hi shows that H

and g, approaches a (generalized) one-hot policy as t — oco.

co-variance structure of softmax PG (Lemma ‘ — 0 implies that ||0;||2 — oo
2

Lemma 1. Under the same conditions as Theorem[l} and r (i) # r(j) for all i # j (unique action
reward), Algorithm|l|assures ||6;||2 — oo and mg, (i) — 1 for an action i € [K| as t — oo.

Remark 1. Removing the unique action reward condition in Lemma (I| makes mg, approach a
generalized one-hot policy (rather than a strict one-hot in Lemmall)) as t — oo as a result.
According to Lemmal[I] 6; grows unboundedly. Intuitively, this can be seen in Figure [If(a), where
there are no stationary points in a finite region.

Second, for any vector 7’ that preserves the order of r, we establish the following key lemma.

Lemma 2 (Non-negative covariance of order preservation). If ' € RX preserves the order of
r e RE, ie, foralli,j € [K), r(i) > r(j) iff r'(i) > r'(j), then for any policy m € A(K),

P (diag(m) — wm ") r = Cov, (', 7) > 0. (11)
Now consider the direction w € R< such that ' = Xw preserves the order of . We have,
w0y =w' O +n-w XT (diag(ﬂ'gt) — 7r9t7r9Tt) r (by Algorithm I)) (12)
=w'0; +1n- T (diag(ﬂ'gt) — 7T'9t7T9Tt) r (r' = Xw) (13)
>w'b,. (by Lemma2)) (14)



Third, take a sub-optimal action ¢ € [K] with r(i) < r(a*), and we show that the assumption
7o, (1) — 1 as t — oo leads to a contradiction.

To that end, first observe that this assumption implies that for all large enough time ¢ > 1,

[t 0= s [ 5

which means that the sub-optimal action ¢ € [K| always has the largest score (since its probability
mo, (1) — 1 is always the largest). Moreover, differences between actions’ scores are unbounded, due

0 ::f((;; = exp {[X6,](i) — [X0,](j)} — oo for all other actions j # i.

Consider Example I] for illustration. The top ~ %
view of Figure[T|(a) is shown in Figure[2(a).
Take i = 2 and (i) = 8, and assume A
stays in the green (sub-optimal) region of Fig-
ure |Zka) excluding its boundaries. This green ~ ©
region is partmoned in F1gure|2kb) where the
dark sub- reg10n contains vy € R? such that
[Xvs](a*) is the second largest component
among all a # 2, and the light sub-region is
the remaining.

-30
-30 -20 -10 0 10 20 30
(a) Top view of Example 1. (b) Tlustration for the third part.

The argument is completed by addressing the ) ) .
two cases: (i) If A 99:H2 stays in the dark sub- Figure 2: Idea illustration.

region where v; € R? belongs to, then 770Tt r > r(i) = 8 must occur in finite ¢ < oo, implying
7, (1) # 1, contradicting the assumption. Intuitively, the contradiction occurs because the dark
sub-region is closer to a higher plateau with reward 9, and scaling up 6;’s magnitude in this sub-region
eventually ensures ﬂ'éz r>r(i) = 8. (i) If H:rﬁ stays in the light sub-region which contains vy € R,
then w'6; > u'6; must occur in finite time t < oo, implying that \|96 B will enter the dark sub-

reglon reducing to the first case. ThlS argument depends on Eq. (T2)) and a key observation showing
that u' 6y41 < u' 6y, where u is a “worse” direction such that [Xu](a™) = max,e(x) [Xu](a) for

some a~ € [K]withr(a™) < r(i).
To summarize, ﬁ cannot always stay in the green sub-optimal region in Figure|2 a) which implies
that ”9 i must eventually enter the 0pt1mal region that contains w and stay in that region. By

Lemma|l|we then obtain 7y, (a*) — 1 and watr — r(a*) as t — oo (see appendix).

4.2 Optimal Action Preservation is Necessary and Sufficient for NPG Convergence

Next, we investigate the global convergence conditions for NPG under log-linear policies. Unlike
Softmax PG, the key property for determining global convergence of NPG is whether the projection
of the rewards r onto the feature representation X preserves the top ranking of the optimal action.

Intuition and demonstration. First consider Example [T| where NPG successfully converges to a
global maximum. From Algorithm 2} a simple calculation shows,

_ 1
X041 =X0,+n- X(X"X)'XTr=X0,+7- == (22,-4,-11,8)", (16)

which implies that the optimal action a* = 1 always receives the largest update to its score [ X 6;](a*)
in each iteration. Next, take a sub-optimal action a = 2, as an example, and observe that,

0,1 (a%) _ 7, (a”) Ak _ mo,(a”)
(@~ (@) exp{n- (f(a") — #(a))} = m)t( {77 5} 17)

by Eq. (3), where 7 := X (X T X)~'X 7. Using a constant learning rate 17 > 0 and applying Eq. (17),
we have that 7y, (a™) grows exponentially with ¢, indicating that 7y, (a*) — 1 as t — oo since the
same argument works for any sup-optimal action a # a*. Moreover, the rate is O(e™“?), since

(7" —79,) 7 < 2+ ||7]loo - (1 — g, (a*)). The O(e~“") rate matches the results in softmax tabular
settings [[14} 20, [17,127].



Second, consider Example [2] where NPG fails to converge to a global maximum. Using similar
calculations to Eq. (I6) we obtain,

1
XOp1 = X0, 407 = X0, 47 2 - (3,18, -9, —6)" (18)

which implies that a sub-optimal action a = 2 always receives the largest update on its score [ X 6,](2)
in each iteration. The failure in Figure[T[b) is then verified by similar arguments around Eq. (I7).

Main NPG result. Based on these observations, it is evident that for NPG to converge globally, it
is important for the optimal action to eventually always receive the largest update to its score, which
makes it critical that the least square projection X (X " X) ™1 X 7 preserves the top ranking of the
optimal action. We formalize this intuition by establishing the following main result.

Theorem 2 (Optimal action preservation condition). For a constant learning rate n > 0, a necessary

and sufficient condition for Algorithmto achieve global convergence 7rg; r — r(a*) ast — oo from

any initialization 6, € R% is that 7(a*) > #(a) for all a # a*, such that a* = arg maX,e () (@),
. -1 . .

andt =X (XTX) X Tr is the least squares projection of 1 onto the column space of X. If the

condition is satisfied, then the rate of convergence is (1* — 7T9t)T r € O(e ) for some ¢ > 0.

Proof idea. When the optimal action preservation is satisfied, similar arguments to Egs. (16) and (I7)
guarantee that 7y, (a*) grows exponentially with ¢, indicating that 7y, (a*) — 1 as t — oo.

The constant ¢ > 0 in Theorem [2| depends on the gap of 7, i.e., #(a*) — maxqx.- 7(a), which
finds similarities to NPG results in tabular settings [[14, [15)]. The main difference is that the gap
of true reward r in tabular cases is replaced with the gap of least square projection 7 in function
approximation settings in Theorem This similarity is an evidence for improving the rate to
super-linear by using geometrically increasing step sizes, as in tabular settings [[17} 27,19, 28l |6].

One-sided Approximation Error. For NPG, [4, Lemma 6.2] introduces a “one-sided approxima-
tion error” quantity, which aims to overestimate the advantage of the optimal action a*,

€ =r(a*) — w;;r —w' (2o — XT7T9t) =r(a*) — wg;r — (F(a*) — m—,';f) . (19)
This quantity relaxes the notion of approximation error and still guarantees the global convergence
of NPG, since if }°,_, & € o(T), then NPG with € O(1/V/T) achieves global convergence [4]
Lemma 6.2]. We note however that Eq. has two limitations: (i) Eq. depends on the entire
update trajectory {6; };>1, which is hard to verify. By contrast, the optimal action preservation
condition in Theorem [2 only involves problem quantities X and r. (ii) It is not clear whether Eq.
is a necessary condition for global convergence, while optimal action preservation is proved above to
be both necessary and sufficient.

5 Simulation Study

‘We conducted additional simulations to check the theoretical results. First, we check whether the
strict inequality of #(a*) > #(a) for all a # a* in Theorem [2]is required for NPG global convergence.

0 -1 0 1
1 0 1 0
best fit forris? = X (XTX) "' XTr=(1,1,—1,-1) .

Exampled. K =4,d=2 X' = { ] € R>™K andr = (9,8,7,6) € RE. The

Example[d| has 7(a*) = #(1) = #(2), which violates the strict inequality condition of #(a*) > #(a)

for all @ # a*. The consequence is that NPG guarantees - ((“;)) = T ((a;)) for all ¢ > 1, which
t 1

makes it impossible for 7y, (a*) — 1 as t — co. This is observed in Figure a), supporting that the

strictly inequality condition in Theorem is indeed necessary. The initialization is 6; = (4,10) T,

and = 0.2. We run 150 iterations for NPG and 1.5 x 107 iterations for Softmax PG.

Second, we run 150 iterations of NPG on Example [l As shown in Figure 3[b), the quantity
log (7* — mp,) "7 is a linear function of time ¢, implying that (7* — 7,) "7 € O(e~¢*) with ¢ > 0.
This supports the convergence rate results in Theorem 2] Here 6, and 7 are the same as in Figure[I{a).

Third, we check whether the condition in Theorem|I]is required for Softmax PG global convergence.
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Figure 3: Simulations for verifying theoretical results.
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Example5. K =6,d=2 X = {

Similar to Eq. @) it is impossible to find any w € RY, such that 7' :== Xw preserves the order of r in
Example However, as shown in F1gure d), Softmax PG achleves 779 — r(a*) =9, indicating
that the reward order preservation condition in Theorem I]is sufficient but not necessary for PG to
achieve global convergence. The initialization is #; = (10, —2) ", and = 0.2. We run 100 iterations
for NPG and 2 x 10° iterations for Softmax PG. Note that NPG behaves erratically on Example 5
(which does not satisfy its global convergence conditions), by first entering then leaving the optimal
plateau, eventually approaching a sub-optimal solution.

Finally, we run 108 iterations of Softmax PG on Example using the same 7 and 6, as in Figure a).
Figure c) shows that the slope of log (7* — mg,) " r over log t approaches —1, indicating that the
global convergence rate is (7* —mp,) ' 7 € O(1/t), matching the softmax tabular setting results [22]].

6 Discussions

Checking ordering-based conditions. Checking the existence of w € R? in Theoremis known
as linear feasibility in literature [[11], i.e., determining whether a set of inequalities has a non-empty
intersection. In particular, suppose X € R4 and r € R¥ is sorted, i.e., 7(1) > r(2) > --- >
7(K). Denote z; € R? as the i-th row vector of X . The linear feasibility problem in this case is to
check if there exists w € R%, such that for all 7 € [K — 1], x;'—w > m;:_lw. Linear feasibility can
be cast as linear programming (LP) using a dummy objective and keeping the constraints, hence
any LP technique, such as the ellipsoid method, can be used to solve it [11]. On the other hand,
checking the optimal action preservation in Theorem 2]requires the same information as in calculating
approximation error || — 7|, = Irélﬂgi | Xw — 7|y, since argmax, (k) 7(a) = argmax, ¢k r(a)
w

can be immediately verified after calculating the projection 7 :== X " (X T X)~1 X Tr,

Generalization to Markov decision processes (MDPs). Our work provides some new and useful
insights for understanding more complex settings, but it requires further investigation to resolve this
highly non-trivial problem for general MDPs. See Appendix[C|for detailed discussions.

7 Conclusions and Future Work

We believe this work opens new directions for understanding PG-based methods under function
approximation, going well beyond the conventional approximation error based analysis. The major
technical findings involve ordering-based conditions and relevant techniques (covariance and global
convergence). Identifying exact necessary and sufficient conditions for the global convergence of
Softmax PG remains future work. Extending the results and techniques to general MDPs is another
important and challenging next step. Combining function approximation with recent results on
stochastic on-policy sampling [20] is another interesting direction for agnostic learning. Investigating
whether these new global convergence conditions might be used to achieve better representation
learning is of great interest for algorithm design. Generalizing the proof techniques to other scenarios
where non-linear transforms (activation functions) interact with low-dimensional features through
gradient descent, such as in neural networks, is another lofty ambition.
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A Proofs for Main Results

Proposition IL Denote a* := argmax,c(x7(a). With constant 7 > 0 and any initialization
6; € R?, both Algorithmsand guarantee 7y r — 7(a*) as t — oo on Example

Proof. First part. Algorithm guarantees 7T0Tt r — r(a*)ast — ooon Example

Letw = (—1,—1)T € R We have
P = Xw=(2,1,-1,-2) ", (20)
which preserves the ordering of » € R¥, such that for all i, j € [K], r(i) > r(j) if and only if

r’() > r'(j), which means Example 1| satisfies the conditions in Theorem[1} The results then follow
by using Theorem I}

Second part. Algorithm guarantees w; r — r(a*)ast — oo on Example
First, note that r = (9,8,7,6) ", and a* = arg max,¢ g 7(a) = 1. Next, by calculation, we have,

1
Po= X(XTX) X Tr = (22 —4,-11,8)" . (21)

Therefore, we have, #(a*) = #(1) > #(a) for all @ # a*, which means Example [1| satisfies the
conditions in Theorem 2} The results then follow by using Theorem 2]

Lemma [T] (No stationary points in finite region). Under the same conditions as Theorem [T} and
r(i) # r(j) for all i # j (unique action reward), Algorithm T|assures ||6;||> — oo and g, (i) — 1
for an action i € [K] as t — oc.

Proof. According to Lemma|§|, we have, forall ¢t > 1,
dn)r
(7T9t+1 - Wet)Tr - <T09:; 9t+1 - 0t>

which implies that,

9
< Il Amax(XTX) - 1041 — 013, (22)

dnjr 9
O = 0) = 5 Il - AKX TX) - 00 — 613 23)

T T
Mo~ Mo, T 2 < do,

9 dr)rl|?
2 T 0
= (n=1 3 Irloo - A (XT20)) - | =2 24
(115 Il A0 - S5 24)
Using a constant learning rate,
4
0<n< : (25)
179 e A (XTX)
we have,
9 17l - A (X TX dr) rl|?
t A2

Note that W.;l; r < r(a*) < oo. According to the monotone convergence, wgt r — c < r(a*)as
t — o0. According to Eq. (26), we have,
2

Ao, =0. Q7
do; ||,

Next, we prove that there is no stationary points in finite region by contradiction. Suppose there exists
0" € R4 (||0'||2 < o0), such that,

dmp,
;99,7" = X7 (diag(re') — mormg) 7 = 0. (28)

Taking inner product with w € R¥ on both sides of Eq. , we have,
w' X7 (diag(mg/) — mormg) 7= T (diag(mo ) — mormg) T (r" = Xw) (29)
=w'0=0. (30)

lim
t—o00
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Since ||’ |2 < oo and X is bounded (max;¢ k], jeq) |Xi,5] < C for some C' < 00), we have, for all
i€ K],
: exp{[X0'](i)}
mo (1) = — > 0. (€29)
Zje[K] exp{[X¢](j)}

Next, according to LemmaEL we have,

K-—1 K
o (diag(mo) —memg) r=> we (i) Y. (i) (@) —r'() - (r(@) — (7). (3
i=1 j=i+1

Given any non-trivial reward vector, i.e., r # ¢ - 1 for any ¢ € R, since ' € R¥ preserves the order
of r € R¥ ie., foralli,j € [K],r(i) > r(j)iff /(i) > r'(5), we have, for all 4, j € [K],

(r' (@) =r'(4)) - (r(d) — r(5)) = 0. (33)
On the other hand, since 7 # ¢ - 1, there exists at least one pair of ¢ # 7, such that,
(r' (i) = (7)) - (r(@) = r(j)) > 0. (34)
Combining Egs. (28), (29) and (3T) to (34), we have,
dmgr
T — o T 6
0=wTo=wT(=500) (35)
=w' X" (diag(me') — mormg,) 7 (36)
— T (diag(mo:) — mormg) T 37
> 0, (38)

which is a contradiction. Thus we have, for any ' € R? (||¢’|2 < 00), & is not a stationary point.

Next, we show that ||6;||2 — oo as t — oo also by contradiction. Suppose there exists C' < 0, such
that forall £ > 1,

0, € So={0 R |9 < C}. (39)
From the above arguments, we have, for all § € S¢, d ZgT “|l > 0. Since S¢ is compact, we have,
2
d 77(; r

>e>0 40
vesc || a0 [,=°7 " 40

for some € > 0, which implies that, for all ¢ > 1,
dm,r - 0 @)

t > ,
o, ||, = °

contradicting Eq. (27). Therefore, we have, ||6; |2 — 0o as ¢t — occ.

Next, we show that 7y, (i) — 1 for an action ¢ € [K] as ¢ — co. Suppose 7y, (i) /4 1 for any action
i € [K], then there exists at least two different actions j # k such that 7y, (§) / 0 and 7y, (k) / O.

-«

Using similar calculations in Eq. (32)), we have, d;;:r + 0 as t — oo, contradicting Eq. (27).
-2

Therefore, 7y, (i) — 1 for an action 7 € [K] as t — oo, i.e. Ty, approaches a one-hot policy. O

Lemm (Non-negative co-variance of order preservation). If r’ € R preserves the order of
r € R%, ie, forall 4,j € [K], r(i) > r(j) if and only if #'(¢) > »'(j), then for any policy
T € A(K),

'’ (diag(m) — 7 ") r = Covr (', 7) > 0 (42)

Proof. According to Lemmad] we have, for all policy 7 € A(K),

K-1 K
v (diag(m) —mr ) r =Y w(@)- > w(G)- (76 = G) - (r@) — (7). @3)
i=1 j=it1

Since r’ € R¥ preserves the order of 7 € R¥ i, forall i,j € [K], (i) > r(j) if and only if
(1) > r'(j), we have, for all 7 # j,

(r' (1) = (7)) - (r(@) = r(j)) = 0. (44)
Combining Eqs. (#3) and (#4), we have Eq. (#2). O
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Theorem |1 (Reward order preservation, non-domination features). Given any reward r € R¥ and
feature matrix X € RX*? Denote x; € R? as the i-th row vector of X. If (i) IE;FCCZ > xjxj for all
j # 1, and (ii) there exists at least one w € R sit., ' == Xw preserves the order of r, i.e., for all
i,7 € [K], r(i) > 7(4) if and only if 7' (i) > '(§), then for any initialization 6, € R, Algorithm
with a constant learning rate 77 > 0 achieves global convergence of 7r9Tt r — r(a*) ast — oo.

Proof. First part. According to Lemmal[I] using any constant learning rate,
4

9 [|7floo - Amax(XTX)’
Algorithm [T] guarantees that [|6;]|> — oo as t — oo, and 7y, (i) — 1 for an action i € [K] as t — oco.

0<n< 45)

Second part. For the direction w € R such that 7’ :== Xw preserves the order of . We have,

w0y =w O +n-w XT (diag(ﬂ'gt) — 7r9t7r9Tt) r (by Algorithm [T)) (46)
=w'6;+n- " (diag(mg,) — 7T9t7T9Tt) T (r' == Xw) 47)
>w' 6. (by Lemma2) (48)

Third part. Suppose there exists a sub-optimal action ¢ € [K] with (i) < r(a*), and 7p, (i) — 1 as
t — oo. Then we have, for all large enough t > 1,

7o, (i) > 7o, (J), (49)
for all j # 4, which implies that,

X6, ] ) [ X6, ]
i) = max |—— |(a). (50)
)= s [ | @

Now we prove by contradiction that the assumption of 7y, (i) — 1 as t — oo cannot be true for any
sub-optimal action i € [K] with (i) < r(a*).

Using the sub-optimal action’s reward (), the action set [K] can be partitioned as follows,

Ai) ={j € [K]:r(j) = (D)}, D
AT (i) = {aT € [K] :r(a™) >r(i)}, (52)
A (i) ={a” € [K]:r(a™) <r(i)}. (53)

According to Eq. (50), for all large enough ¢ > 1, i = argmax,¢x)[X0:](a). Take the second
largest component of X 6;, and denote the corresponding action index as j.

Casel. j € AT (i). This means j = a™ for a “good” action with r(a™*) > 7(3).

We have, for all large enough ¢ > 1, for all “bad” action a~ € A~ (i),

xed(at) - [xoa) = Dol - (|t | @) = [ @) (54)
> ¢ |04l (55)
for some ¢ > 0 according to 5 = a™. Next, we have,
7. (a™
M = oxp {[X0;)(a™) — [X0:)(a)} > exp {c - [|6:]|2}, (56)
which implies that, '
r(i) = mg,r =Y _mo, (k) - (r(i) — r(k)) (57)
ki
== Y m@@")-(r@)—r@)+ > w,a) (r(i)—r@)) (58)
ateA+(i) a— €A~ (i)
< —mp, (@) (r(a®) —r(@) + Y. mela7) (r(i) —r(a")) (59)
a” €A (i)
— () - | r(a®) — (i) - 0l ) (i) — r(a”)) (60)
0 [T ag:(i) Wgt(aJr)
—0
<0, (61)
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where 7(at) — r(i) > 0 is from Eq. , o 223 — 0ast — oo is by Eq. and Lemma
Eq. means that 71';)2 r > r(i) happens at a finite time ¢ < oo. According to Eq. , we have,
for all large enough ¢ > 1, ) r > r(i), which is a contradiction with 7/ 7 — r(i) implied by the
assumption of 7y, (i) — 1 ast — oo.

Case2. j € A (7). This means j = a~ for a “bad” action r(a™) < ().
Using similar arguments around Eq. , we have, for all ¢ € [K] such thata #iand a # a~,

T, (A
;;((a)) = exp {[XGt](af) - [Xﬂt](a)} > exp {c~ HGtHQ}, (62)
for some ¢ > 0. Consider a direction u € R?, |lu||2 = 1, such that,
[Xu](a™) = max[Xu](a). (63)
a€[K]
According to Algorithm [I] we have,
uTﬂH_l =u'f, + K uw' XT (diag(ﬂ'gt) — Wgtﬂ‘;z) r (64)
=u'G4+n-u'XT (diag(ﬂgt) — ﬁgtﬂ‘;z) (r—r@)-1), (65)
where the last equation is because of,
(diag(mg, ) — m)tw;:) 1=my, —mp, - (7r;; 1) =mp, —mp, = 0. (66)
Denote y := Xu. We have,
7o, (1) - (y(1) — 74,y)
76, (2) - (y(2) — 74,y)
(diag(mg,) — 7o, g, ) Xu = _ € RX. (67)
W@t(K) : (y(K) - W;y)
Therefore, from Egs. (64) and (67), we have,
ul X7 (diag(mgt) — 7T9t7T9Tt) r= Zﬂ'@t (a) - (y(a) — W;:y) < (r(a) — (7)) (68)
a#i
= > m(a) (yla) = m4y) - (rla) = r(i) + m,(a”) - (yla™) — mg,y) - (r(a™) — (i)
a#i, a#a~
(69)
_ - - T . - o, (@) T .
= —mg, () |(y(a™) —mgy) - (r()) —r(a7)) = 7o () (y(a) = mo,y) - (r(a) — r(9))
azi, 0 \D —
>0 >0 ) N—— bounded
a#a —0
(70
<0, 71)

where y(a™) —7, y > 0is by Eq. li r(i)—r(a”) > 0is from Eq. , o (0 (hast — oois

e, (@7)
according to Eq. and Lemma , and y(a) — wé'; y is bounded is because of X and u are bounded
(max;e(x], je[q | Xi,;| < C,and max;e(q) |[u(j)| < C for some C' < 00).
Combining Egs. (64) and (68)), we have, for all large enough ¢ > 1,
uTOt_H =u'f; + n- ul X7 (diag(mgt) — ﬂgtﬂ';) r (72)
<u'by, (73)

which implies that u " 6; — —o0 as t — oo according to Lemma On the other hand, according to
Eq. (#6), we have, for all large enough ¢ > 1,

w01 >w' 6y, (74)

which implies that w6, — oo as t — oo according to Lemma According to the non-domination
feature condition, i.e., #] x; > x] x; for all i # j, we have, for any “bad” action a~ € A~ (4),

[an*](ai) = fel%[an*](a)a (75)
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which implies that,

[X9t+1](a_) = JT;E 9t+1 < J?If 9,5 = [Xet](a_), (76)
by taking ©u = z,- in Eq. . This means the score of a “bad” action a~ € A~ (%) is monotonically
decreasing, and it approaches —co due to Lemmal[T] On the other hand, take w = x4~ in Eq. (74) (or
take u = —x,- in Eq. (72)), we have,

[X9t+1](a*) = .I‘;r* 0t+1 > J?I* 0; = [X@t}(a*), 77
which means the optimal action’s score is monotonically increasing, it approaches oo due to Lemmal[T]
Therefore, we have, for all large enough ¢ > 1,

[(X0:)(a”) > [X0](a”), (78)
for any “bad” action a~ € A~ (%), contradicting the assumption of j = a~ € A~ (). O

0 —-10 0
-2 4 1
where w = (—1,-2)T € R%. With initialization 6; = (—In2,1n2)T, Algorithm|[1]does not achieve
global convergence, i.e., mg, (1) /4 1 ast — oo.

Proposition Let K =3,d=2, X" = { € R>*K andr = Xw = (4,2,-2)",

Proof. Define the following region,
R = {9 ere; T 1 qme@) 3}. (79)
mo(3) 2 mo(3)
We show that, (i) #; = (—In2,In2)" € R, and (ii) if ; € R, then 6, € R, and,
7r0t+1(]‘) Wgt(l)

; (80)
¢ 11 (3) o, (3)
which means that, for all ¢ > 1, we have, :Z’ég < 1/2, implying that 7, (1) /4 1 as t — oo.
First part. (i) 0, = (—In2,In2)" € R.
For the initialization #; = (—In2,In2) ", we have,
exp{X6;} = (272,214, 2)7T. (81)
By calculation, we have,
mo,(3)  exp{[X0:1](3)} 8 4 r(1)—-r(2) 2
m0,(2) _ e[ XO12) _ iy 1) =r() _, @)
mo,(3)  exp{[X6:1](3)} r(1) —r(2)
which verifies that §; = (—In2,In2)" € R.
Second part. (ii) If 0; € R, then 6; ;1 € R, and 011 (1) < T ()
oy, (3) o, (3)
Suppose 6; € R, we have,
mo, (1) 1 o, (2)
< —, and > 3. (34)
T, (3) 2 7o, (3)
Next, we have,
r(2) — mg,r = m, (1) - (r(2) — r(1)) + 7,(3) - (r(2) — 7(3)) (85)
=—2-my,(1)+4-m,(3) (86)
7o, (1) )
=2-m,3) |- +2) >0, 87)
- (7t (



and

r(1) =7 r  m,(2) - (r(1) = r(2)) +76,(3) - (r(1) — r(3) -
g, —71(3) 7o, (1) (r(1) = 7(3)) +m,(2) - (r(2) = (3))
- 2-mp,(2) +6 -7, (3)
B 6.7r9t51§—|—4 MEQ% (59)
2-79,(2) +6-mp,(3
4-mp,(2) ©0)
According to Algorithm[I] we have,
Ori1 —0p =n- X (diag(mg,) — 7o, 7g,) T (92)
0 10 0 7, (1) - (7’(1) - ﬂéi?")
=[S Y] @ e - ©3)
m0,(3) - (r(3) — m4,7)

0
—10 -7y, (2) - (7”(2) - W; )

e [—2~7r9t(1)~(r(1)—7r6t ) +4-70,(2) - (r(2) — 74 7) +70,(3) - (r(3) — w47
(%94)

Next, we have,
—2-m,(1) - (r(1) = mq,7) +4-m4,(2) - (r(2) — mq,7) +70,(3) - (r(3) — 7, 7) ©3)
= =679, (1) - (r(1) = 7},7) = 3 70,(3)  (r(3) — 74,7 96)
1

T
=3 m,(3) (mg,r —7(3)) - {— 2. :zg?); : Zgi _:E’g: + 1} 97)
>3~779t(3)-(7r(1r—r(3))~<—2~;-1+1>:0, (98)

which implies that,

0:41(2) > 0:(2). (99)

Therefore, we have,

T () _ ep{[X0n](D} _ exp{=2-01 ()} _ exp{=2-6,2} _ ma() _ 100
o, (3)  exp{[X0:11](3)} exp{f:41(2)} exp{6:(2)} mo,(3) 2

On the other hand, we have,

—10-7,(2) - (r(2) — my,r) <O, (101)
which implies that,
Or41(1) < 0,(1). (102)

Therefore, we have,

9,1 (2) _ exp{[X0:41](2)} _ exp{—10- 01 (1) +4-0:41(2)} (103)
Tor1 (3)  exp{[X0:41](3)} exp{f:41(2)}
S exp{[X0:11](2)} _ exp{—10-60:(1) +4-0:(2)} (104)
exp{[X0;41](3)} exp{0:(2)}
-
which proves that §; ; € R and 9”1 (1) _ mo, (1) O

O¢t1 (3) Ty (3) :

Theorem 2] (Optimal action preservation condition). For a constant learmng rate 7 > 0, a necessary
and sufficient condition for Algorlthmto achieve global convergence 779 r — r(a*) ast — oo from

any initialization ; € R? is that #(a*) > #(a) for all @ # a*, such that a* = arg max, ek 7(a),
and 7 := X (XTX) ~! X T is the least squares projection of  onto the column space of X. If the

condition is satisfied, then the rate of convergence is (7* — my, )T r € O(e “*) for some ¢ > 0.
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Proof. First part. Sufficiency. Suppose that 7(a*) > 7(a) for all a # a*. Denote
A =#(a*) - rr;ax 7(a).
According to Algorithm[2] we have, for all ¢ > 1,
X001 = X0, +n-X (XTX) X r=X0+n- 7
Next, we have, for all a # a*,

M — exp {[Xbp1](@") — [XB)(@)}  (by Eq. @)
— exp {[X0,)(a”) — [X0,)(a) + 1~ (F(a ) f(a))} (by Eq. (T07)
= exp {[X61](a") — [X0:](a) + 1+ ((a” )}
> exp {[X01](a*) — [X61)(a) +7- At } byEq.@»
_ T, (a*) At
7o, (a) ’

which implies that,

1 7o, (a)
- 1= t
7o, (a*) a;:* 7o, (a*)
76, (a’) —n-A-(t—1)
<) e’ (by Eq. (T08))
a;* 7o, (a*)
<e(X,0) K -e A0,

where

Therefore, we have,

(7" —mq) 7= mo,(a) (r(a”) — r(a))

a#a*
% . K
<2 rlloc- (1= mo(a")  (usingr € [ [Irllocs 7] ©)

1
=2 |rfloc- (1 - —F———=
—1 141

71'9((1)

<2 oo - (1_ L > (by Eq. (TT3))

e(X,01) - K -e-nA(t=1) 41
B s - (X, 00) - K
c(X,91)~K—|—exp{77-A~(t—l)}’

[\)

(106)

(107)

(108)

(109)
(110)
(111)

(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

which proves the sufficiency and the convergence rate (1* — mp,) | r € O(e~¢*) for some ¢ > 0.

Second part. Necessity. Suppose the condition is not satisfied, i.e., there exists one sub-optimal

action a # a*, such that #(a*) < 7(a). We have, for all ¢ > 1,
T0s41 a* *
P01 () _ o {[XOuia)(0) — [XOi1)(@} (by Bo. @)

7T91,+1(a)
= exp {[X0](a") — [XO:](a) +n- (7(a") = 7(a)) }  (byEq. ([07))
< exp {[X01](a”) — [X01](a) + 1 - (7(a”) — #(a)) -t}

T (@) (sing #(a”) < #(a))

<
T T, (a) ’
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(123)
(124)
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which implies that,

1 o, (a)
_1= t 126
@) LT A @) (120
7o, (a> ' /
> —= mo,(a’) > O0foralla’ € [K (127)
Tl ) K]
o, (a)
> . by Eq. 128
> T (yEe (@) (128)
Therefore, we have,
(n* —70,) 7= > mo,(a) - (r(a*) —r(a)) (129)
aFa*
>A-(1—mg,(a")) (A =r(a") — maxr(a)) (130)
aFa*
1
—A. (1 S - ) (131)
1141
e, (a*)
A (1o —2 (by Eq. (126)) (132)
o (a) + 1
mo, (a*)
A .
_ (@) (133)
o, ((l) + 7o, (a’*)
ie., 7r9Tt r /4 r(a*) as t — oo, which proves the necessity of the condition. O

B Miscellaneous Extra Supporting Results

Lemma 3 (Smoothness). Given any reward vector r € RX and feature matrix X € RE*?. The
expected reward function 0 — 7T;— r with g = softmax(X0) is S-smooth with

9
B =5 llrlloe - Amax (X7 X), (134)
ie., forall§, 8 € RY,
(mor —mg) 1 — <d7T0TT o' - 9> <2 [7]1o0 = Amax(X T X) - (16" — 6]]3. (135)
do ~ 4 2

Proof. Let S := S(X,r,0) € R¥*? be the second-order derivative of the value map 6 ~— 7, r. By
Taylor’s theorem, it suffices to show that the spectral radius of S (regardless of ) is bounded by S.
Now, by its definition we have

}

-5 {5)
d

= -5 (X (diag(mg) —momg ) r}.  (by Eq. @) (137)

Continuing with our calculation fix i, j € [d]. Then,

{0 X mo(a) - (@) = 7 7))
T 465) 139

X dmg(a) X
= Z;Xa,i . dﬂe(j) - (r(a) - Wgr) - z_:le -mp(a) - Z

a’'=1

-r(a’). (139)
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We have, for all ¢ € [K] and j € [d],

drg(a) _ d exp{[X0](a)}
a00) b '>{za e (X (@ 7 (140
_ d expja[ée (a)} S et exp{[X@]( )Y — exp{[X6](a)} - d Za/e[xliz)(c;){[xe](a )}
(Surep exp{[X6)(a)})’
(141)

exp{[X0](a)} - Xaj - D 0epr) XPLXO(a')} — exp{[XO)(a)} - Do cip) exp{[X0](a")} - Xav

(Swery exp{[X0)(a")})?

(142)
_ ep{[XO(@)} - Xoy — ep{[XO0)(@)} Teppq To(0)) - Xary
: Zaem exp{[XeK ) (143)
ol (X“’J ' ) (144)
aG[K]

Combining Egs. (I38) and (T40), we have,
K

K
Sij = Z;Xa,i -mg(a) - (r(a) —mg r) - Xaj — Y Xai-mo(a)- (r(a) =g r)- Z mo(a') - Xar j

(145)
K K K
- ZXa,i -mo(a) - Z mg(a’) - (Xa/,j - Z mo(a’) -Xauyj) -r(a). (146)
a=1 a’=1 a’=1
To show the bound on the spectral radius of .S, pick y € RY. Then,
d d
ly Syl =D S, u) -y(j)' (147)
i=1 j=1
d d ’ K
=D y) - Xai - mo(a) - (r(a) = 75 r) - Xaj - y(d) (148)
i=1 j=1a=1
d K
- ZZZy Xoi-mo(a)- (r(a) —mg ) - Z mo(a’) - Xaor 5 - y(4) (149)
i=1 _] 1la=1 a’=1
d K K
—zzzy Xai - mola) - Y wola) - (Xarg = Y mola”) - Xars) - 7(@) - y(5)|,
i=1 j=1a=1 a’'=1 a’=1
(150)
which is equal to,
K
ly" Syl = | > _[Xyl(a) - me(a) - (r(a) = mg ) - [Xy](a) (151)
! K K
= [Xyl(a) - m(a) - (r(a) =g r) - > wola’) - [Xy](a') (152)
alz(l P a’=1 X
— Y Xl mola) - D mola) (@) - ([Xul(a) = 3 mola”) - [Xy(a”))
a=1 a’'= a'' =
' 1 (153)
Denote
H(ng) := diag(mg) — memry € REXK, (154)
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‘We have,
lyTSy| = '(H(We) r) ' (Xy® Xy) — (H(re) ) (Xy) - (g Xy) — (mg Xy) - (H(me)Xy) r
(155)

= ’(H(m;) ) (Xyo Xy)—2- (H(mg) r) | (Xy) - (rg Xy)|, (156)

where © is Hadamard (component-wise) product. According to the triangle inequality and Holder’s
inequality, we have,

T T
[y Sy] < | (Hmo) )T (Xy© Xy) |+ 2+ | (Hmo) 1) T (X)) - |75 X (157)
< H(mo)rlloo - 1 Xy © Xylly +2- [|H (mo)rly - [ Xyl - Imolly - 1 Xyl (158)
2 2
= |H(mo)rllo - I Xyl +2- [|H(mo)rll, - IXyl  (I1Xy© Xyl = IXyll3, 7ol = 1)
(159)
<[ H (mo)rllo - IXylls + 2 | H (mo)rlly - [ Xulls - (1Xulloo < [ Xyll2) (160)
For a € [K], denote by H, .(mp) the a-th row of H(my) as a row vector. Then,
1Ha,:(m0)|ly = ma(a) — ma(a)® +mg(a) - Y ma(d') (161)
a’'#a
:7rg(a)—779(a)2+7rg(a)-(1—7rg(a)) (162)
=2-mp(a) - (1 —mp(a)) (163)
1
< 3 (usingz - (1 —z) <1/4forallz € [0,1]) (164)
On the other hand,
[H(mo)rlly = Y mo(a) - |r(a) —my 7| (165)
a€[K]
< — Ty 166
< 5161?%] |r(a) Ty r| (166)
. K
<2 (usingr € [ frllocs lrlloc] ) (167)
Therefore, we have,
ly"S(X,7,0) y| < ||H(mo)rll - [ Xyll5 +2- | H(mo)rll, - [ Xyl (168)
— e | (o) 1013 + 2+ [ (ro)r] - X (169)
< max ([ Ha:(mo)lly - 7l - 1Xyl5 +4- [l - 1Xyll5 (170)
1 2
< (= . .
< SQ +4) 7l - 1 Xyll3 a7
< 5 Irllso - 115, - 1yl (172)
9 2
9 I7lloo - )‘maX(XTX) yll3 (173)
where | X[, is the operator norm of X € RE*d (squared root of largest eigenvalue of X T X),
1 X1op = sup {[| Xvll2: v]2 <1, v e Rd}. (174)

According to Taylor’s theorem, for all 6, ' € R, there exists 6 == -0+ (1 — ¢)-0' with ¢ € [0, 1],

such that,
dr]r
(mor — ﬁe)TT B < dz 0= 9>‘

B O N =

. ’(9' —0)" S(X,r,60:) (0 —0) (175)

IN

: ||r||00')‘maX(XTX)' ”9/_9”%- O
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Lemma 4 (Alternative expression of co-variance). Given any vectors x € RK, Yy € RE, we have,
for all policy m € A(K),

K-1 K
Cove (2,y) = S w(i) - 3 7() - (i) — 2(3)) - (W) — y(5). (176)
=1

j=i+1

Proof. Note that, Cov, (z,y) =z ' (diag(r) — 7w ") y. Next, we have,

K K
T (diag(m) =7 ")y = 3 w(@) @) - y(@) = 3 w) - y(@) - Y w() -2 () (177)
. =1 =1 . Jj=1
=2 _ni)-2(@) - y(i) = D) 2() - () = D_w(0) -yG) - D7) -2() (T8
zl:(l i=1 p =1 VE)
= w(@) @) y(i) - (L=m(i) = > 7(0) - y(4) _ m(5) - z(j) (179)
zI:<1 I(z:l j#i
=2 7@ @) - y@) - Do) = Y owli) y(@) - Yo7 () - 2() (180)
jr(:j1 K 7 - #;(71 K
= > w)- Y w(G) - (@@) - y) + 2() - y(G) = Y 7@ > w(G) - (@) - yli) + 2 (i) - y(5))
1= J=1+ 1= J=i+ (181)
K-1 K
=Y (i) Y w() - (@) — 2(7)) - (w(i) — y(H)), (182)
i=1 j=i+1
finishing the proofs. O

C Generalization to MDPs

We discuss some research plans for generalizing the results to MDPs, considering Softmax PG for
illustration. The discussion provides some new ideas, but resolving this problem is highly non-trivial
and requires further investigation. We omit the introduction of notations for general finite MDPs.

According to the policy gradient theorem [25, Theorem 1], we have, for all § € R?,

b =00 Y () Y O Wgéaﬁ) -Q (s, a) (183)
s€S acA
- at +n- Zdﬂst XT d1ag(7r9,( | )) - ﬂ-et("‘s)ﬂ-et("s)—r) Qﬂ-et (57 ')a (184)
seS

where X, € RIAIX4 is the feature matrix under state s € S and can be shared across multiple states.
Comparing with Eq. (E]), for all s € S, the reward vector 7 € R¥ is replaced with Q™ (s, -)RIAI,
which provides some new ideas as well as difficulties.

The idea is that preserving the order of Q*(s,-) (value of the optimal policy 7* under state s €
S) might be enough to achieve global convergence. Here we show a local convergence when
softmax(X,0;) is close enough to 7*(+|s). Suppose that there exists w € R?, such that for all s € S,
X,w € Rl preserves the order of Q* (s, -). For any 6, such that Q™ (s, -) preserves the order of
Q*(s,-), we have,
9;_1111 =0 w+n- Z d e (s) - w' X, (diag(mo, (-]s)) — 7r9t(-|s)7r9t(-|s)T) Q% (s,-) (185)
sES
>0, w, (186)
which is similar to and generalizes Eq. (12). If one can show that §; approaches w in direction, then
mg, (a*(s)|s) = softmax(X0;)(a*(s)|s) — 7*(a*(s)|s) = 1. This means that preserving the order
of Q*(s,-) could be enough for 7* to be a local attractor for Softmax PG updates. One challenge
is to generalize the arguments for arbitrary initialization §; € R? rather than #; being close enough
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to optimal solution, and the difficulty is that Q™ (s, -) does not necessarily preserve the order of
Q* (s, -), and the above inequality does not necessarily hold.
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