Supplementary Materials

A Proof of Nested SA Formulation and its Properties

Derivation of the r;-recursion: We let

Ga(s, a) = By, for synchronous version,
t = .
’ ayP¢7e(s,a), for asynchronous version.

Then for both (2) and (3), we can write the error dynamics as
rii(s,0) = (1= (s, )re(s,0) + @n(s,0) (Ri(s,0,8) +9QP (s',a7) = Q*(s,0))
= (1= Guls,a)rels,a) + Guls,a) (Ruls.a,8) +9Q (s, a") = Q' (5.0)
+71Q" (5.0) = Q"(5,) +71QF (s',a") = 1Q{(5',a"))
= (1= Gu(s.a)ri(s.a) + Guls.a) (T.Q7 (s.0) = ToQ" (5.a)
+71Q" (5,0) = Q"(s,0) + 1QF (s',a") = 1@ (0" )
= (1= Gu(s,0))re(s,a) + da(s,0) (TiQ{ (s,0) = TiQ" (s5,a)
teilsa) + QP (5,a") = 1Qf (' a"))
which is exactly (4).

Uniform bound of ¢;: It follows from the definition that

Q" (5,0) = TQ"(s,a)|

lee(s, a)| =

- ’Rt(s, a,s’) + VgeaﬁQ*(s’, a)—-R:, — VES/?EE&{Q*(S/’ a’)

<1—|—7< max Q*(s,a) — min Q*(s,a))

(s,a)ESXA (s,a)eSxA
4T
I—n

_ 1

=1
For brevity, we denote [|e¢[| < Vinax := 125 -
Derivation of the v;-recursion: We let

«, for synchronous version,

Gu(s,a) = {
Then, based on (2) or (3), we have Vi > 1,
vir1(s,a) = QtB+1(sva) - Qfﬂ(sa a)
= (1= du(s,a)(1 = B) QF (s,a) + du(s,a)(1 = B1) (Ruls,a,8') + Q7 (s, b))
- (1 - &t(sa a‘)ﬂt)QiA(Sa Cl) - dt(S, a)ﬁt (Rt(S,CL, S/) + fYQtB('S/7 U,*))
= (1—du(s,a))re(s,a) + (s, a) [(1 — B;) (Re(s,a, ") + YQA (s, b*) — Qi (s, a))
+Bt (QtB(Sa a) - Rt(sa a, 8/) - WQtB(S/ﬂ a’*))}
9 (1 = (s, a))ve(s,a) + (s, a)He(s,a), (18)
where (1) follows from the definition

H, = (1-5) (Rt(s, a,s’) + ’ny(s', b*) — Qf(s, a))—|—ﬂt (Qf(s, a) — Ri(s,a,s’) — ’ny(s’,a*)) .

at(s,a), for asynchronous version.
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We further define H; = E (H,|F;) and p, = Hy — H,. Then (6) readily follows from (18).

Quasi-contractive Property of 7{,(1;) (see also Xiong et al. (2020)): By direct calculation using
the definition of H; and F;, we have

1 * *
E(Hi(s,0)|F) = 5n(s,a) + B (Qﬂsc a") = Q{N(s',b). 19)
where we used the fact that E(5;) = 0.5. It follows from (19) that

|E (Hi(s, a)[F1)| < 5 [vi(s, a) + lE |QF(s,a") — QI (', b))

1 Qt (s',a*) = QiMs',b%) i QP (s a*) > Qf (s, b")
S7||Vt||—~_7, VA Y B Ik /A Al L*
2 25 (va) ( a) lth(Sa )<Qt(55b)
1 gl 2(s',0%) = QA (s',0%)  if QP (s, a%) > Q (s, b7)
< Z A
< g Ml + 215{ QA a*) — QB (s',a*) ifQP(s',a*) < QA(s, b¥)
1+
< =l
which implies that
[E (He|F2) | < L]

Boundedness of (1;: By the definition of H; in (I8) and H; in (19}, we have if 5; = 0,

|Mt(87a)| = Rt(87avsl) +7Q24(8,7b*) - Q?(Sva) - %Vt(sﬂa) + %IE (QtB(Slva*) - Qf(sl7b*))

)

* fy * k
< |Ry(s,a, s |+7’Qt s’ b") |+ (‘Qt s,a) ‘+|Qt s, a ‘)+§ (’QtB(s’,a )—Qf(s’,b )
v 1 gl
<1+ + +
l—y 1-7 2(1-9)

= 3Vmax~
The case of B; = 1 follows similarly and we omit the detailed proof here. Therefore, we conclude
that {14 (s, a)| < 3Vinax.

B Proof of Theorem 1

We first give a high-level idea about the difference between our approach and that in Xiong et al.
(2020). Our central goal here is to bound the convergence error via a pair of nested SA recursions,
where the outer SA captures the learning error dynamics between one Q-estimator and the global
optimum, and the inner SA captures the error propagation between the two Q-estimators. Xiong et al.
(2020) constructed two block-wisely decreasing bounds for the nested SAs and characterized only
a block-wise convergence. Such an approach is rather complicated, and does not appear to extend
easily to the constant learning rate case. In contrast, we take a very different yet more direct approach
here. We devise new analysis techniques to directly bound both the inner and outer error dynamics
per iteration. We then treat the output of the inner SA as a noise term in the outer SA, and combine
the two bounds to establish the finite-time error bound of the learning error.

The main proof consists of five steps. The main proof utilizes a few propositions, the proofs of which
are provided in the next a few sections.

Step I: Deriving a template finite-time bound applicable to both SAs.
Consider the following general SA algorithm with the unique fixed point 8* = 0:
Orr1 = (1 — )0 + ay (Ge(0r) + & + 1), (20)

for all ¢ > 1, where 6; € R™ and oy € [0, 1) is a general time-varying learning rate. Note that
includes both (4) and (6) as special cases.

We bound 6, in the following proposition. Note that differently from Wainwright (2019b), our analysis
below only requires the quasi-contractive property and the fact that «; € [0, 1). Moreover, we treat
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the noise terms €, and v, separately rather than combining them together into the W;-recursion. This
is because for double Q-learning, the noise term 14 has its own dynamics which is significantly more
complex than the noise ¢;. Treating them together as one noise term does not yield sharp bounds.

Proposition 1. Consider an SA given in (20). Suppose G, is quasi-contractive with a constant
parameter v € (0,1), O < v |0+l - Then for any learning rate oy € [0, 1), the iterates

{0,} satisfy

6] |<H — (L= ar) [101][+vaa (IWeall+ [l )

t—1

+VZ{H (1= V)O‘l)}o‘k(”Wk|+||Vk||)+||Wt||v 2D

]
where the sequence {W,} is given by W11 = (1 — o)Wy + ey with Wy = 0.
Proof. See Appendix O
Note that the SA recursion (6) is a special case of @]) by setting v, = 0. Therefore, Propositionﬂ]is
readily applicable to both (4) and (6).

Step II: Bounding outer SA dynamics E ||r;|| by inner SA dynamics E ||v/||.

We apply Proposition E] to the error dynamics (4) of r;. Recall that G; in (4) is quasi-contractive,
which satisfies ||G;(r¢)|| < v ||r¢||. Now construct the following recursion:

Wis1 = (1 — &)Wy + duey,  with initialization W, = 0. (22)

Further define 74 (s, a) = v4(s’, a*) and note that ||| < ||v;|| because all the elements of 7, come
from 1. Then applying Proposmonﬂ]to the SA (4) yields

lrell < H vax) [lrall + y@e—1 (Wil + |72 )
- t—1
+VZ{ [T a-a-va )}@k(IIWkIIJrIIl?k)+||Wt||-
=k+1

Further taking the expectation on both sides of the above bound, and denoting i := 1 — 177704, we
have
t—1
E [|r]| <ht il + azht FUE Wil +E [124]) + E([W4
k=1
t—1
L h )+ 2 Y BT E Wil + E vl + E[Well (23)
k=1

where (i) follows because {d;}i>1 is & sequence of independent random variables, {G}s>; is
independent of W; and 7, and Eq; = %t, and (ii) follows because ||7¢|| < ||v¢]].

The bound in (23)) captures the coupling between the nested SAs of double Q-learning, where 1 of
the inner SA enters as a tracking error term into the bound on r; of the outer SA. To further bound
the outer SA error, we need to handle both ||| and |||, which is given in the next two steps.

Step III: Bounding E ||[TV]|.

We provide the bound on the expectation of the sup-norm of W, ; in the following Proposition.
Recall D = |S||.A| denotes the dimension of the state-action space.

Proposition 2. Consider the sequence {Wy11}>1 generated by the recursion . We have
E[|Wisa| < 2DVimax v, (24)
where D = 20/In 2D + /T and Vi is defined in (5).
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Proof. See Appendix [Dffor the complete proof. Here we briefly describe the key idea of the proof,
which lies in the construction of an F;-martingale sequence {W; }1<;<¢+1 from the recursion 1|
where Wy 1 = W11 and W7 = 0. Based on the uniform bound of W; proved in Lemma we are

able to bound the difference sequence ‘Wi+1 — Wi

by a geometric series (see Lemma. Then we

apply the Azuma-Hoeffding inequality (see Lemma to {Wi}lgigt+1 and further use Lemma to
obtain the claimed bound. O

Step IV: Bounding inner SA dynamics E ||v]|.

Now our goal is to bound E ||/||. The inner SA captures the difference between two Q-estimators,
and is an error existing specifically in double Q-learning. Bounding I ||z || is one of the key steps to
handle the coupling between two nested SAs.

Recall that in the v;-recursion (6), the operator H; is quasi-contractive, which satisfies || H;(v;)|| <
H’% ||v¢]]. Then by constructing the following recursion:
Miy1 = (1 — a)M; + ap, with initialization M7 = 0, (25)
we apply Proposition[T]and take the expectations on both sides to have
t—1
E [l <50 h7FE | My || +E || M| (26)
k=1
where 7 := HT” is the quasi-contractive coefficient of H; and recall that with loss of generality we
assumed v; = 0.
We further provide the bound on E || M;|| in the following proposition.
Proposition 3. Consider the sequence { M1 }1>1 generated by the recursion (12__5]) We have

E || Myp1]| < 2DVipaxV2a,
where D := 2/In2D + /7.

Proof. See Appendix [E] O

Taking the expectation on both sides of (26) and using Proposition [3| we obtain
t—1
E il <50 S IR Mg + B |24
k=2

4 -
< ——DVpaxV2a.
1—7

The above bound indicates that the inner SA error can be controlled by the learning rate, which
thus plays an important role to guarantee the overall convergence by ensuring that such an error
asymptotically vanishes when entering into the outer SA error.

Step V: Deriving overall finite-time complexity.

Substituting the bounds on E ||W; || and E ||, || into (23)), we have Vt > 3,
t—1
E o] < Al + %azht_k_l (E Wil +E[[vell) + E W]
k=1
2D 4D
< KA + Va + -V 2
Il g Vet

6D
<A Il + g V2,
(1—=7)
where D = 2v/In2D + /7. The above expectation bound is equivalent to the high probability
bound on ||| by replacing In 2D with cIn 22 for some universal constant ¢ > 0 (see for example

Wainwright (2019b)). We readily have that (8) holds with the probability of at least 1 — §. This
completes the proof. O
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C Proof of Proposition [I]

To proceed the proof, we first construct the following useful recursions:
Wit1 = (1 — o)Wy + ey,  with initialization W3 = 0,

biy1 = (1 — (1 —~)ay) by, with initialization b; = ||641]| 1,

gr41 = (1 — (L = y)ar) g +vou (J|We|l + |loe]]) 1,  with initialization g1 = 0,
where 1 denotes all-ones vector and 0 denotes all-zeros vector with appropriate dimensions. Note
that {b;};>1 and {g; };>1 are both non-negative sequences satisfying b, = ||b;|| 1 and g; = ||g¢|| 1
forall¢t > 1.
Then we have the following sandwich bound on 6, given by

—by — gt + Wy 20 2 by + ge + Wi, (27)

where < denotes the elementwise < relationship.

We next prove by induction. For ¢ = 1, we have —b; = 61 = by, which holds easily since
by = ||61]| 1. Now suppose holds for some ¢ > 1, and we prove it holds for ¢ + 1.

We first note that
1061 1 = max {|[b + g¢ + Wi[| 1, [[—br — g: + W2|[ 1}
= b+ g + [[We| 1, (23)
since z; = ||a¢|| 1 for z € {b, g}.
For the upper bound, we have
Orr1 = (1 — )0 + ar (Ge(0:) + ¢ + 1)

(_2 (I —ae)(be+ge+ W)+ (V0| 1+ &0 4+ v [ 1)

2 (1 )bt e+ W) 1y (o g2+ (Wil 1)+ ] 1

=1 =1 =yab + (1= (1=7)ar)ge +vau ([[Well + [[1a]]) 1

big1 get1

+ (]. — at)Wt + Q4 &y,

Wit

where (i) follows from the induction assumption and the quasi-contractive property of G;, and (ii)
follows from (28).

For the lower bound, we have
Or11 = (1 — )0 + ar (Ge(6:) + € + Y1)

S

(1 —a)(=br — ge + Wi) + e (=7 [|0:]| 1+ &¢ — v ||| 1)

= (L= ag)(=bs — g¢ + Wi) + ap [=y (b + g¢ + Wil 1) + ¢ — v [[ma]| 1]
= (1= (1 =y)ap)be +—[(1 = (1 = v)ar)ge + you ([[Well + [[v]]) 1]
7bt+1 —gt+1

+ (1 — Oét)Wt + Qi E,

—
=

Wit

where (i) follows from the induction assumption and the quasi-contractive property of G;, and (ii)
follows from (28).

Thus we have proven that holds for ¢ + 1. By induction, it holds for all ¢ > 1. Finally, we have

t—1

16: < TT (1 = (1 =y)ew) 101l +ves—1 (IWea ]| + |- ])
k=1

t—2 t—1
+VZ{ZH <1—<1—v)az>}ak<||wk||+||uk||>+th,

k=1 =k+1
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where the first term on the right hand side is ||b;]| and the sum of the next two terms correspond to
llge]l- O

D Proof of Proposition 2]

We first prove some useful lemmas.

Lemma 1. Consider the sequence {Wy1}1>1 generated by the recursion . Then we have
|Wt+1| S Vmax~

Proof. We prove it by induction. For t = 1, we have
[Wa| = |aie1] < aVimax < Vinax-
Suppose |W¢| < Vinax for some ¢ > 2. Then it follows that,
(Wig1] < (1 —ay) Wil + |asee] < (1 — &) Vinax + @ Vinax = Vinax-
Thus by induction |Wyy 1| < Vipax forall ¢ > 1. O

Lemma 2. Consider the martingale sequence {Wi}]gig’]‘+17 defined in where T' > 1. We have
the corresponding difference sequence bounded by

an (T—i) .
) Viax, 1<i<T, (29)

gWinWi:m(kf

‘Wi+1 — Wi 9

where Viyax is the uniform bound of the noise sequence {e;},>1 defined in (5).

Proof. By the definition of {Wi}lgiSTHv we have

Wigr — W, = (1— %)(T_i)aif‘i, 1<i<T, (30)

where I'; := (% — Bi)W; + Biei, forall 1 < i < T. Since W7 = 0, we easily have |T'1| < Vipax. For
i > 2, we have

1 : i
—=W; +€,’| if 3, =1 1 M 3
Il = ‘ 2 . < —|W; ¢<*Vmax<2vmam
= T Ty gl 2

where (i) follows from Lemma Substituting the above bound into (30) completes the proof. [J

Lemma 3. (Azuma-Hoeffding Inequality) Suppose { Sy, }n>1 is a martingale such that Sy = 0 and
|S; — Si—1| < d; almost surely for some constants d;, 1 < i < n. Then, forall t > 0,

2
p
> < —_——
P20 <20 (55 g ).

The following lemma slightly extends Wainwright (2019a, Exercise 2.8 (a)) to handle the case where
b = 0. The proof is similar and we include it here for completeness.

Lemma 4. Suppose Z is a non-negative random variable satisfying the concentration inequal-
ity P(Z > p) < Cexp(—p*/0?),Vp > 0, for some C > 1,6 > 0. Then we have E (Z) <

U(\/RJr @)
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Proof. By the expectation formula of non-negative random variables, we have

e} o] 2
IE(Z):/O P(Zz,o)dpg/o 1/\C’exp(—§2>dp

ovVInC oo 2
= / 1dp+/ Cexp (—2) dp
0 ovInC g

00 2 _ 2
:avlnC+/ exp (_palnC) dp

oVInC o?
2

@) o (p —ovIn C’)
< lenC’—i—/ exp | ————— | dp

oVinC o?

00 2:2

=ovVinC +/ exp (—2) dz

0 o
=0 <vlnC + \/27?> )

where (i) follows because p? — a2 > (p — a)® for p > a > 0. O

Proof of Proposition [2;
Recall the definition of F; in (7), and we have

E (Wt+1 ‘ft) =K ((1 — dt)Wt + &tgt |]:t)
i o (0%
i (1- E)Wt+§E(5t |Ft)

i o o
@ (1- g)Wt + §]E(€t)
——
=0

«
=(1-=)W,
( 2) ty
where (i) follows because (3, Wy, e, are independent, o(W;) C F; (because W; is a measurable
& (i)

)
function of {f_1, sk }o<k<¢), and E(&;) = aE(B;) = %; (ii) follows because o(e;) = o(s¢11)
which is independent of F;. We then readily have E (W, 1) = E (W41 |F1) = 0.

Therefore, if we define
«

~7‘Z: 17
Weim (13

VI, 1<i<t+1, 31)

then {Wi}lgigt.}rl is a martingale sequence with Wt—H = W41 and Wl =0, forany t > 1.

Now using Lemma 2] we have

d; = ’Wi+1 - V~V¢ >

and thus
i i 2(t-i)  16a V2
d? < 402V? (1—9) < ———max,
; ? <da m; 5 <=

Then using the Azuma-Hoeffding Inequality (see Lemma[3) and the union bound for the maximum
norm, we have,

P (||W >p) =P W, >
(Wesrl 2 ) =P (| max Wia| = )

< DP (|Wiga| > p)
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p?
=ed| mosrp
1= 3

4 —a)p?

max

Then it follows that

o0
E Wi || = / B(|Wiia|l = p)dp,

= (4-a)
<2D LY
= /0 eXp( 32072

max

o)
< AV / 420‘ (\/m 5D + Vj)
—

W opy ]2
4—«

(€
< 2D‘/vmax \/aa

where (i) follows from Lemma EI, (ii) follows from the definition D := 2v/In2D + /7, and (iii)
follows because o < 1.

O

E Proof of Proposition 3]

Since { . }+>11s a martingale difference sequence, we have

E(MtJrl |]:t) :E((l —Oé)Mt +Ol,ut |]:t)
= (1 —a)M; + aE (e | F¢)

Therefore, if we define
M;:=(1—a) M, 1<i<t+1,
then {Mi}lgigt+1 is a martingale sequence with Mt+1 =M1 and E <M1> =0, forany t > 1.
By the construction of {Mi}lgigt.}rl, it can be derived that
Mi+1 - M, = (1- a)t_ia,ui, 1<i<t.
Further using the bound |p¢| < 3Vinax := Vinax, We have

d; = ‘Mi+1 — M| <(1—a)"aVia, 1<i<t,

and thus
t

t
B =3 (10 0a22, < 2
izzl K3 ’LZZI( ) max — 2 —« max

Now using the Azuma-Hoeffding Inequality (see Lemma 3], we have for ¢ > 1,

2 2

P (2—a)p )
P (| M, > <2e —— | < 2e —_ . 32
([Mia| = p) < Xp< 22:_1d5>_ Xp< "7 (32)

max
It then follows from the union bound of the max operator that

POl 2 ) = P (e Mol 2 p) < DE (] 2 ).
(s,a)eSx.A
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Furthermore, we have
BIMell = [ BUIMeal > p)dp
o0 2 _ 2
<2D exp (_(oz)p) d

0 20“71121ax
i) - 2
Vet =22 (VimaD + VT
22—« 2
(1—1) 2DVmax 20
2—«
Gii) .
S 2DVmax\/a7

where (i) follows from Lemma@ (ii) follows from the definition D := 2/In2D + /x, and (iii)
follows from the assumption that o < 1. O

F Proof of Theorem 2

We first prove some useful lemmas. The following lemma captures how often an (s, a)-pair is updated.
Recall that p; is the stationary distribution of the underlying Markov decision process under the
behavior policy 7. Specifically, the lemma gives an probabilistic characterization of the number of
updates for an arbitrary (s, a)-pair of either Q-table after a sufficient number of iterations.

Lemma 5. Let 3¢, 74(s, a) be defined in Section 2. Suppose Assumption 1 holds. Fix any ¢ € (0,1)
andT >t > % In (%) := tframe. Then

: 1
v(slaal)a P(S1,a1) (3(57a) : ;6157}(5’&) < 2t:u’7r(570’)> < J. (33)

Proof. The main idea of the proof lies in the construction of an auxiliary Markov chain which
has the same mixing time as the original MDP under the behavior policy but only has half of its
Imin- The construction is inspired by the following intuition. Since {;} is a Bernoulli random
variable with expectation %, intuitively, double-Q learning should take two times of the iterations
needed by vanilla Q-learning to visit all the states of Q“* with the same high probability. To show
this formally, we construct an auxiliary Markov chain by augmenting the states with 3;, namely,
M = {X:}i>1 = {5¢, ar, B }ye>1 with state space X := S x A x B, where B = {0, 1}. It is easy
to see that such an auxiliary Markov chain is aperiodic and irreducible (and thus uniformly ergodic)
given that the original Markov chain M, = {X;};>1 = {s¢, a¢}+>1 is aperiodic and irreducible.
The transition probability can be calculated by

P (Xt+1|Xt) 2 ]P)(Bt) P (St+1, at+1|3t7 at) = %W(at+1|3t+1)P (5t+1|3t7 at) , (34
where (i) follows from the fact that { 3, } ;> are i.i.d Bernoulli random variables which are independent
of {s;,a;}1>1, and in (ii) we denote by 7 the underlying behavior policy of the Markov chain
following which we take samples. Let P denote the transition probability matrix of M where the
((s,a,B),(s',a’, 8"))thentry of Pis $m(a’|s')P (s'|s,a). For the ease of discussion, assume that the
top left | S||A| x |S||A| submatrix of P corresponds to the transitions between (s, a, 1)’s. Furthermore,
let i € A(S x A x B) denote the stationary distribution of M.

—
=

Let P, denote the transition probability matrix of M, where the ((s, a), (s',a’))-th entry of P, is
w(d'|s)P(s'|s,a). Let u € A(S x A) be the stationary distribution of M,, and thus we have
P, = p, assuming that y is a row vector. Let P?(-|x) denote the distribution of X, (assuming a row
vector). Then conditioned on X; = z € X, we have P!(:|z) P, = P**!(-|z). By (34), we have for
M that

5 11 1
P:|:1 1:|®2Poa (35)
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where ® denotes the Kronecker product Similarly, we call Pt( |Z) the distribution of X, conditioned
on X = Z. Itis easy to verify (using (35 ) ) that P! (-|z) = [3P'(-|z), + P! (-|z)] with either Z = (z,0)

or T = (x,1). Lett — oo, and we have the stationary distribution of M as i = [$p, $4]. It follows
that ﬂmin = %,Umirp

We claim that the mixing times for M and M, are the same. To see this, we calculate the variation
distances Vo € X,

dry(P'(-|2), Z ’Pt ylx) — p(y)|,
yeX
drv(P'([2)., ) = dwqépt(-m, %P’f(-\xﬂ, (5o 5) = 5 O 1P le) — o)
yeX

which are the same. Therefore we conclude that by the definition of the mixing time, the Markov
chain related parameter fi,i, is only half of that in the Q-learning case.

Finally, applying Lemma 5 of Li et al. (2020) to the auxiliary Markov chain, which has fi,,i, = % Lmin
and the same ¢yix as double Q-learning, we obtain (33). O

The next lemma provides a property to analyze the learning rates and the corresponding randomness.
Lemma 6. Let & (s,a) = afi7i(s, a) be defined in Section 3.1. Then,

Z H (1—@&,(s,a))a;(s,a) <1.

i=1 j=i+1

Proof. Based on the definition of 7;(s, a), we have

t ot
ZH (1—a;(s,a))d;(s,a) Z H (1—aBj)ap;

i=1 j=i+1 1€TY (s,a) jETY, | (s,a)
174 (5,0)
Z H (1 - aﬁj)aﬁtw
JET, +1( a)

where t; denotes the time stamp when (s, a) is visited for the i** time in the window [1,¢].

Suppose there are m € [0,|T}(s,a)|] non-zero f3;’s in the set {5t1""’ﬂtmf( )‘}, ie.,
Hsa
ZlT 159l g — 1. Then we have
t ot Ty (s,a)
Z H (1— &, (s,a))a;(s,a) Z H (1 —apj)apB,
i=1 j=i+1 JETY, 11 (s,a)

3

1

1—-a)" o

™

1

I
=

Since the above bound holds for any [T} (s, a)| and any m € [0, |T{ (s, a)|], we conclude the proof.
O

Proof of Theorem 2:

Differently from the proof of Theorem 1 that does per iteration analysis, the central idea to analyze
the asynchronous case is to capture the learning error in terms of the key noise and error terms over all
the preceding iterations. Another novel development lies in the new method for analyzing the noise
and error terms that involve the Bernoulli switching parameters specifically in double Q-learning.

22



Such a new analysis approach plays a critical role in improving the complexity bound in terms of its
dependence on the sampling related parameters such as L in (15) or ¢y« in (16).

For the ease of presentation, we define the following notation, which denotes the index set of the
iterations at which the state-action pair (s, a) is updated.

Definition 1. We denote by T'(s, a) the set of all the iteration indices at which the state-action pair
(s, a) is updated for either Q-estimator Q* or QB. In addition, we denote by Tttf (s,a) CT(s,a)
the set of indices that are between time t1 and to, that is,

TP (s,a) ={t:t € [ti,t2) and t € T(s,a)}.
The number of iterations updating (s, a) between time t, and ts is thus given by |T}*(s,a)|, i.e., the
cardinally of T}* (s, a).
Based on Definition 1} it is easy to observe that 7:(s, a) in (3) can be rewritten as

71(8,a) = Lier(s,0)-

In addition, we keep the notations r; = Qi — Q*,v; = QF — Q4.
Our proof proceeds with five steps as follows.
Step I: Deriving a template bound.

We first continue with the dynamics of (s, a) derived in Appendix|A|to characterize the error over
all the preceding iterations, and obtain

rer1(s,a) = (1 — @(s, a))r(s, a) + a(s, a) (ﬁQf(s, a) — ﬁQ*(s, a))

+ ay(s,a)e(s, a) + a(s,a)yr(s’,a*)
H 1—@&;(s,a))ri(s,a) +Z H (1 —a;(s,a))ai(s,a)ei(s,a)
1=1 1=1 j=1i+1
+3° IT (- dsts,aats,a) (T8 (s,0) - T (s,0))
i=1 j=it+1
—|—Z H (1 —a;(s,a))a;(s,a)yvi(s’,a*).
1=1 j=1+1

Then we have
t

H (1 —ai(s,a))ri(s,a) + Z H (1—a,(s,a))ai(s,a)ei(s, a)

i=1 j=i+1

|ris1(s, a)

~

t

+3° II (= a(s.a)aits,a) (T8 (s,0) - TiQ* (5.0))

i=1 j=it+1
tt
+3 I] (- a e amts.a)
=1 j=i+1
t t ot
H 1—a(s,a)) || + Z H (1—a;(s,a))a;(s,a)ei(s, a)
i=1 i=1 j=i+1
Py ¢(s,a) P 1 (s,a)
t ot
+> 0 [ (1 =aj(s,a)als, a)ylIni|
i=1 j=i+1
tt
+> - T (0 —ay(s,a)ai(s, a)y vl - (36)
i=1 j=i+1
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The next three steps will analyze the first two terms as well as ||v;]| in eq. , respectively.
Step II: Bounding || P; ;||

In this step, we prove a high probability bound for the term Py t(s a) in eq. . Note that
Gy(s,a) = afymi(s,a) is either O or av. Thus the key to bound || P ; H is to capture how many times
(s, a) is sampled to update Q“ between [1,¢]. To this end, we construct an auxiliary Markov chain
with augmented states {s;, as, 0 }, and use it to derive a concentration inequality for the sequence
Bi7i(s,a) (see Lemma. Then the following high probability bound readily follows from Lemma

Proposition 4. Fix any 6 € (0,1) and T > 0 satsifying T > %ln (4DTT) = tfame Where
D = |S||Al|. Suppose Assumption 1 holds. Then with probability at least 1 — 6, we have

3 tfmin

[Prell < (1 —

a)? 74, (37)
holds simultaneously for all t satisfying tgame <t < T.

Step III: Bounding || P; ||

In this step, we carefully analyze the coefficient of P, ; consisting of the learning rates, which is the
key to keep the dependence order on the sampling related parameters tight. The following proposition
provides the bound for term Ps (s, a).

Proposition 5. Fix any ¢ € (0, 1). Then with probability at least 1 — 6, we have

2DT
[Pt < 4/2aIn (5)Vmax, (38)

holds simultaneously for all t € [1,T), where D = |S||Al.
Proof. See Appendix |G| O

Step IV: Bounding |||
The following proposition provides the bound on ||v]|.
Proposition 6. Fix any ¢ € (0, 1). Then with probability at least 1 — 0, we have

2DT max
ol < 320 (255 ) {2, (39)

holds simultaneously for all t € [1,T), where D = |S||Al.
Proof. See Appendix [H] O

Step V: Overall convergence.

In this final step, we apply the above propositions to (36) and obtain that, with probability at least
1 — 30, the following holds simultaneously for all (s, a)-pair and all ¢ satisfying tgame < t < T,

[rev1(s,a)l S (1 —a;(s,a))||m] + Z H (1—a;(s,a))a;(s,a)ei(s, a)

s
Il o~
-

>

=17

t
+Z (1 —a,(s,a))a;(s,a)y||lvll
i=1 j=i+1

¢t
H (1 —a;(s,a))a;(s,a)y|r:

+1

t t

rall+ )0 TT (2= ay(s.@)dils, a)y |Iril

i=1 j=i+1

<(1- a)%tum;n
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tt
2DT Vinax
Qaln max+3 2aln ’; 2 g H (1—@&,(s,a))a;(s,a)
\/ \ v =2
1=1 j=1i+1

(i)
< (1= q)3tmin |1 +Z H (1 —a;(s,a))ai(s,a)y||r:l

=1 j=i+1
2DT 2DT max
+ 2(1 ln T ‘/Inax + 3 20[ hl e ’}/V 2
) § 1—7
t t
£ (1 —a)ztmn e+ [T (1= a;(s,a)di(s, a)y |Irill + C, (40)
i=1 j=i+1

where (i) follows from Lemma 6] and the last equality follows from the following definition,

2DT max
1/2041n Vmax+3,/2a1 W . (41)

We further define the following quantities for the ease of presentation:

1
Hframe = iﬂmintframea (42)
(1 — ’Y) (1 — (1 — Q{)Nframe) , (43)

p:

where tgame 1S defined in Proposition E}

The following proposition follows from a direct application of Li et al. (2020, Lemmas 3 and 4) to
the ; bound of the double Q-learning in (40). Note that the constants C, tfame here are of different
values from those in Li et al. (2020, Lemmas 3 and 4).

Proposition 7. Suppose the inequality dynamics of r; in @) holds. For any § € (0, %), € €
(0, ﬁ] then with probability at least 1 — 46, we have

¢ [l
<— +(1-p)F 44
Il € 7= + (1= ) e (44)
21n L
where C is defined in , k = max {0, L%j } and ty, := max {m, tfmme} )
Now to derive the time complexity, first, it is easy to verify that = S <€ by choosing
(1—7)%
< . 45
= 3210 207 )

Next, we have (1 — p)kll‘%lﬂ < exp(—pk) !TL‘

< cif k > In {2l /p. Recalling the definition of &
in Proposition|7, we solve for ¢ and obtain

tframe 1 ”Tl”
n-—.
(L—=7)e

t Z tth + tframe + (46)

Further, by the Bernoulli’s inequality, we have (1 — )#mme < 1 — @i jf o <
have

L Then we
JTr—

Oé,uframe(1 - ’Y)

p=(1=9) (1= (1 - a)ie) > SHme @)
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Last, we derive an upper bound on the RHS of (48],

RHS of (T6) <ty + tiame + — e 7
> rame
O‘,uframe(1 - '7) (1 — ”y)e
. 4 .
(1__1) tam + trrame + In || ! ||

Atmin(1 =) (L —y)e

(i) 4 7| 321In 22T
<t + trame + ,Ufmin(]- — ’Y) In (1 — 7)6 s max ma Hframe

4 321n 22T 4DT
In Il - max nigw 443t pix In —— > .
Pain(1 =) (1 —7)e (1—7)% J

where (i) follows from @7), (ii) follows from the definition ([@2)), and (iii) follows from the bounds @3]
and o < ——. Thus, continuing with 1) we conclude that for any 6 € (0, 1/7), with probability at

least 1 — 7ginewe have ||r|| < 3e as long as

1 1 tmix 1 )

= tih + Lrame +

T = ( In + In
Nmin€2(1 - 7)7 6(1 - ’7)2 Hmin(l - ’Y) 6(1 - 7)2

G Proof of Proposition 5|

We first provide a useful lemma, which provides a bound on the summation of a sequence of
discounted random variables (not necessarily independent).

Lemma 7. Fix k > 0 and o € (0,1). Given a sequence of random variables {X;} and a filtration
{Fi} satisfying E(X;|F;) = 0 and | X;| < ¢, then for any w > 0,

k 2
P ( E (1- a)k*iaXi > w) < 2exp ( 2w2) .
ac

i=1
Proof. Define {Mi}lgigk as
Mi+1 = (]. — CV)MZ + O[XZ', with M1 =0.

Clearly we have Mj,; = 2% | (1 — a)*~iaX;, and

E(Mi+1|fi) = E((l — Oé)Mi + OéXi‘]:i)
= (1 - Oé)ML'.

Next, we construct {1, } as
M;:=(1—-a)* "M, 1<i<k+1.
Then {Mi}lgigkﬂ is a martingale sequence with Mkﬂ = My4q and E (Ml) = 0. We refer to

{Mi}1§i§k+1 as the martingale surrogate of {M;}1<i<i+1.

Further observe that

di = ’Mi-i-l - Ml S (1 - Oé)kii i+1 — (1 - O()kiiJrlMi = (1 - O()kii()(Xi, 1 S ) S k.

Then it follows that . '
@2 < (1—a)t D2 X)? < (1— ) e’

where the last inequality follows because (1 — a)? < 1 — aand | X;| < é.
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Applying the Azuma-Hoeffding Inequality (see Lemma[3) yields

0

k
Y-«
i=1

i >w> =P (|Mg41] > w)

w?
———
Zz 1d1
2
<2exp | ——— 2 ——
230, (1 - a)i—ia2e?

w?
<2exp|— 508 )

We now proceed the proof of Proposition [3]as follows. Recall that

P y(s,a) = Z H (1—a,(s,a))a;(s,a)e;i(s,a)

i=1 j=i+1

| Y I (-aaseisa

2€T1‘(s,a) JET}, (s,a)

ES

Ty (s,a)

= Z ‘ H (1_a5j)aﬁti5ti(8’a) )

jGTt Jr1(5 a)

where t; denotes the time stamp at which (s, a) is sampled for the 7* time in the window [1, ¢].

It suffices to show that for any fixed m := |T}(s,a)| € [0,¢] and w € (0, 1), we have

P(Pyy(s,a) > w) = >w

Z H (1 - aﬁj)aﬂtzﬁti(sva)

i=1 JET‘ 11(s,0)

<er( w? )
X .
- 2a V2

max

Then letting the upper bound to be DT where § € (0, 1), solving w, and further using the union
bound will yield the desired result stated in Proposition [5]

To this end, we observe that

P(Poi(s,a) >w) =P <P27t(s,a) > w’ Zﬂti = 0) P (Z Bt, = 0)
+P (Pz,t(s,a) >w| Y By, = 1) P (Z Br, = 1)

+P (Pg,t(s, a)>w| > B, = m) P (Z B, = m> . (48)
=1

i=1

27



For any k € [0, m], we have

P (Pu(s,a) > w| Z/Bti = /4:)

i=1
Z H (1= aBj)ape(s,a)| > w| Zﬂti =k
i=1jeTs ' +1(s,0) i=1
A k
Op < Z (1-« kf"ozet;(s,a) > w)
i=1
(ii)
< Zexp( 7 Vn%dx) , (49)

where in (i) t, denotes the time stamp of the 7' non-zero f3;, in the sequential array

(Btys Btyy-- -5 Pt,,), and (ii) follows from Lemma [/| with the fact that E(e;(s,a)) = 0 and
|€¢(S,CL)| < Vinax-

Thus, substituting eq. into eq. (48), we obtain

w?
}P’(ngt(s,a)Zw)SQeXp( ) P( —k:) :2exp< ), (50)
20V2, 2 ; 20V 3 ax

which completes the proof.

H Proof of Proposition [6]

We first prove a useful lemma.
Lemma 8. Fix ¢ € (0,1). With probability at least 1 — 6, the following inequality holds simultane-

ously for all (s, a) and all t € [1,T),
Z H ( — &;(s, a)>di(s,a),ui(s,a) < 3y/2aln (2’;T)Vmax, (51)

=1 j=i+1
where D = |S|| Al

Proof. Observe that

S (1229 aamis

i=1 j=i+1
T (s,a)|—i
Y (-9 e
€T} (s,a)
|T1t(5:a)| ITl(S a)l i
= Z (1—5) o (s, a),
=1

where t; denotes the time stamp when (s, a) is sampled for the i‘" time in the window [1,].

It suffices to show that for any m = |T¥(s,a)| € [0,t], we have

gjzljl < )> Gi(s, a)pi(s, a)

W )

Z (1 — —) auti(s, a)
=1

9
<1w%n>’DT

P >w

?
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where the last inequality follows from Lemma [7| by observing that |u;(s,a)] < 3Vijax and
E(pt, (s,a)|F]) = E(ue, (s,a)|F:;) = 0 as derived in Appendix [A| Thus, letting the probabil-
ity be bounded by % and using the union bound over all (s, a)-pair and all ¢ € [1, T, we complete
the proof.

O

We now proceed the proof of Proposition [6]by starting with the dynamics of v derived in Appendix [A]
and have

viy1(s,a) = Q?H(S»a) - Q;‘+1(Sva)
= (1 — du(s,a))v(s,a) + au(s,a)Hi(s,a) + du(s, a) (s, a)

= (1 — &4(s,a))ve(s, a) + du(s,a) %Vt(s,a) + %Ig (QP (s, a*) — Q{5 b"))

Ji(s,a)
+a )ut(s a)
(1 > vi(s,a) + w(]t(s,a) + du(s,a)pe(s, a)
_ H (1 B oz(;a)) nsa+ 3 ] <1 B aj(;,a)> mi(;,a)Ji(S’a)
i=1 i=1 j=i+1
# I (- 25 ) aants.o
1=1 j=1+1
0y L (1 ) 20
i=1 j=i+1
#3211 (1-25) atame.o
where (i) follows because ||v1]| = 0.
Next, we have
lves1(s,a)| < ;jzlll (1 B ozj(;,a)> ai(;’a)in(S,a)

_ﬁl (1- 2y sy,
11 (1 - (‘29“)> (s, a)pi(s, a)l,

where (i) follows from the property | J;(s, a)| < ||v;]| derived in Appendix

(52)

Next, following from Lemma|8] we have with probability at least 1 — ¢ that the following inequality
holds simultaneously for all t € [1, 7] and all (s, a)-pair,

o)l <Y f[ (1— (; C‘)) O"(; D) ] +3 zaln(ﬂ;T)vm

t
=1 :J,-
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We finally complete the proof by induction. For the ease of presentation, denote b :=

3y/2aln (QDT)Y‘%"‘;. The base case holds trivially since ||v1]] = 0. Suppose that |v] < b
for any ¢ > 2. Then for the case of t + 1, we have

Ve < Z H ( )) di(j’“)vnwn + (1= )b
<y (1— dj(;“”) di(;’a)vbJr(l—v)b
i=1 j=i+1
27b+ (1—)b

:b7

where (i) follows from Lemma@by replacing 3; = % which does not affect the upper bound.
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