A Proofs

A.1 Technical Results

We state a technical result about the product of i.i.d. random variables with Beta distribution.
Lemma 6. Let Vi, ..., V,, i.i.d. with distribution V; ~ Beta(c, 1). Then for all A € [0, 1]:

P(f{l%>1—A> < mc(y:;!) {m(l_lA)r.

Proof. Taking logarithms:

> 1 — = <
P(Hm_l A) P(;lnvi _111(1_A)>

Now if V; ~ Beta(c, 1) then In + ~ Exp(c) and since V; are i.i.d. we have

1
Z In v Erlang (m, «) .

i=1 v

Therefore:
P il ! <1 ( 1 ) a™ /ln(l_lA) m—1 —az g
n—<Iln(-—— = x e T
m ln(l%)
m. 0
a™ | 1 m
= n
(m)hm 1-A
which concludes the proof. O

‘We state another technical result about the Beta distribution near 1.

Lemma 7. Consider V ~ Beta(ao+ 1,8+ 1) with «, 8 > 0. Define T = o+ S and M = aaTB

For all ¢ €]0,1]

]P;(V 7TD(M\

JW/

with D the Kullback-Leibler divergence between Bernoulli distributions:
1-M

_x.

M
DM |z)=MIn—+(1—M)In
x
We also have the simpler bound for c < M :

1
P(V <c¢) < ﬂe—T(M—C)Q_
V2T

Remark 1. This proves that for any v € (0, 1]

1/12
PlV<M- ;ln<e ﬁ) <.

v\ 21

Remark 2. Consider V; ~ Beta(o; + 1,8; + 1) with Vi, ..., V,, independent, by negation and
union bound we have for all c € [0,1] :



so that the above bound easily extends to the multidimensional case:

m 2 1/1200/T
HDZ%<ZM_7;mCWF><V
i=1 i

vV 21

Proof. The density of V is given by:
(a+ B)!

a!p!
The Stirling approximation yields for all n (see [19])
V2rn 2 < \ompnt1/2e TZR T <nl < V2t 2¢5x < 2annt1/2¢1z

Therefore:

flx) = (1 —z)P.

(a+B)! _ Vor(at B)tiH /2t
Bl = (2m)(a) I 2(B)FHI2

TT+1/261—12

V2 (TM)TM+1/2(T(1 — M))T(=M)+1/2

w""

el

V20 TM (1 — M) [MM (1 — M)=M]"

Furthermore:
2%(1 — 2)f = e I@+BIn(1-2)
_ eT[M In(z)+(1—M)In(1—x)]
= MTM(l _ M)(l—M)Te—TD(MLz).
Replacing:
& —TD(M|z)
@) < —me .
2rTM (1 — M)
Therefore:

L
12

_ ¢ € ¢ —TD(M|z)
P(V <¢) /Of(x)dxg\/m/o e dz.

The simpler bound comes from TM (1 — M) = % > 1 and using Pinsker’s inequality D(x | M) >
2(x — M)? forc < M

3

L
e12

V2r

IE”(V < c) < —2T(M—c)2'

‘We recall a result on the Irwin-Hall distribution.

Remark 3. Consider Uy, ..., Uy, i.i.d. uniformly distributed in [0,1]. Then their sum follows the
Irwin-Hall distribution and for any A < 1 we have that:

m m Am
P(;Ui szA) ]P’(;Ui gA) ==

We present a technical result on the tail behaviour of the sum of beta random variables.
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Lemma 8. Consider V1, ..., V,, independent random variables following beta laws of parameters
(a1,81), ey (i, Brn)- For € < 1 we have that :

i S B
P(;Vi =m- 6) = m! H?;B(Oéi,ﬁi).

where B(a, 8) = T'(a)T'(B) /T (« + B) is the beta function.

Proof. We define Ac £ {(uy,...,un) € [0,1]™,m —e < >0" u; < m}. Itis noted that if
(u1,...,um) € A, we have that u; > 1 — e for all i. We recall that the probability density of a
Beta(oy, 3;) law is p;(u) = u® 1 (1 — u)%~1/B(ay, B;).

We have

P(i% >m — e) = / T2 ps (ug)duy ...duy,
i=1

€

a;—1 L—
O 1— ’ Bi—1
:/ ;’Llul ( ui) duy...du,,
A, B(ay, B;)

</ " 6ﬁiiﬁdu du
N = B(a, Bi) b

€

€2 izy (Bi—1) / 1
= =m = 5 UL U, -
Hi:l B(ai, Bi) A, "

But we know that the integral | A, 1du; ...u,, corresponds to the cumulative distribution function of
the sum of m uniform random variables in [0, 1]. This is known as the Irving Hall distribution. So we
have that fA, 1duy... Uy, =

m!

Which proves the announced result

m ity Bi
€E4~i=1
P( V> _)< " .
; =TT =l [T, Blew, Bi)

O

Finally we make an important remark about the link between regret and the first time the optimal
decision is selected.

Remark 4. Define T the first time the optimal decision is selected. Then we have that:

T T T

t=1 t=1 t=1

A.2 Proof of Theorem 1

Proof. Defineb = 1 — %. Consider € > 0 such that b — ¢ > % and denote the two decisions as

xt=(1,...,1,0,...,0) and 2% = (0, ...,0,1,...,1). Consider the event where the empirical mean of

decision 22 does not deviate too much from its expectation when it is selected:

d
Az{EItZO:x(t):a:Q, Z j\l;g; §(b—e)m}.
i=m+1" "



We decompose A as Uy, >1.A,, where
d
) , 1
A, = {Ht >0:xz(t) =2, N;(t) =n,i=m+ 1""’d’ﬁ Z A;(t) < (b—e)m} .

Using Hoeffding’s inequality we have that:

(4) < ST E(A) < 3 exp(—2mne?) = —SPLE2E)

— 2y
= = 1 exp(—2me?)

where we have used the fact that if N;(t) = nfori =m +1,...,d then Zl a1 Ai(t) is a sum of

mn 1.i.d. Bernoulli variables with parameter b. Let us control the probablllty that decision 2! is never
selected between time 0 and time ¢, which is the probability of event:

B, ={x(s)=2%:5=1,..,t}.

Let us assume that 53; occurs and .4 does not occur. Since decisions ' and z2 have been selected 0
and ¢ times respectively, the probability of selecting 22 is lower bounded by:

m d
P(BiilB A) = P Vi) < Y Vilt)|Byy A)
=1

1=m-+1

where Vi (t), ..., Vg(t) are independent, distributed in [0,1]. For i = 1,...,m,
distributed in [0, 1] and has mean 1/2. For i = m + 1, ..., d, V;(t) has Beta(A;(¢t) +
Ai(t)+1

3(t) is uniformly
t—

Vi(
1,6 —A;(t) +1)

distribution with mean so that expectations verify:

t+2
d S _ LA+ &1
Z E(V;(t)|B, A) — ZE(%(tHBt,A) = Z iy Z 5
1=m+1 =1 1=m+1 =1
tmb—e)+m m
- t+2 2
~_ mt(b—e—1/2)
B t+2
N m(b—;—1/2)’

since 30,1 Ai(t) > tm(b — e).

Using Hoeffding’s inequality once again we have:

P(fjv;( Z Vi(t)|B:, A )=P(fjw<t>— Edj Vi(t) = 0|B;, A)

i=m+1 i=1 i=m+1
< exp{—2m(b—e—1/2)?/9}
= PA-
We have proven that for all £ > 1:
P(Bi11|Bi, A) > 1= pa,
and since P(B;|A) = 1/2:
A _ a_PA
P(B) = P(Bi, A) = P(A)P(B,|A) = PAPBA) (1 —pa) ™ = ——(1—pa) ™"

Denote by 7 the first time that 2! is selected. If B; occurs then 7 > t and using Remark 4 yields the
lower bound:

=i
~

R(T,6) >AZ]P>T>t

t=1 t:l

pA
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: 1
Setting € = T We get that

and we get the announced result:

T
%Z (1-pa)*

A.3 Proof of Theorem 2

Proof. Consider m > 5. We denote by N'(¢) and N?(t) the number of times that decisions x!
and 2 have been respectively selected, and it is noted that N;(t) = N'(¢) fori = 1,...,m and
N;(t) = N2(t) fori = m + 1,...,d. Consider the event where the empirical mean of decision x>
deviates significantly from its expectation when it is selected:

d
. {Ht 20170 =% gy 3 A <m-a- W}

We decompose A as U, >1.A,, where

n

d
1 mIn(2n)
n=13t>0:z(t)=2% N*t)=n, - Aty <m—A— | —L 1%
A { >0:a(t) = a® N2 () =n, - Y A <m }
Using Hoeffding’s inequality we have that :

A <Y PA) <Y (27102 =5 < %

n>1 n>1

where we have used the fact that if N2( ) = n then Zl a1 Ai(t) is a sum of mn i.i.d. Bernoulli
1

random variables with parameter 1 — E' Let us control the probability that decision 2" is never
selected between time 0 and time ¢, which is the probability of event:

By ={x(s)=a?:5=1,...,t}

We have that:
m d
P(BryalB A) 2 P(D Vi) < D0 Vi)IBLA) = (1= pua)(l - pr2),
i=1 i=m+1
with

P(ZVZ ) >m— A — h(m,t)|B, ),

d
ptg—P<Z ‘/z <m—A—h(m,t)|Bt,A>7

2T

mln(2t) m2 <el/12m\/>

It is noted that there exists a universal constant C'; > 0 such that
2
h(m,t) < \/Clm (lntt +1Inm),

Let us define Ty = Cym?Inm with Cy > 0 a universal constant such that the five following
inequalities are true:

15



.T02m7

e h(m,t) < § forall t > Ty,
. %MglforalltZTo7
3
C18e*Int 1
Zt % (M) Sg
1 1
Zt Toﬁgi'

Consider p; 2, and recall that fori =1, ...,d

is the mode of V;(t). If event A occurs then

d
mIn(2N2(t))
M;(t)>m—A— | ———
1=m-+1
So using lemma 7 and remark 2 we have that:
1
P2 < 2
Consider p; ;. Since A < é and h(m, t) < % we have
1
m— A — h(m,t) 2m—§ >m—1.

If event B; occurs, then A;(t) = B;(t) = 0 forall ¢ = 1,...,m therefore > .~ V;(t) follows the
Irwin-Hall distribution of size m, so from remark 3, for ¢ > T, we have:

pea = o (A hm )™ < = ((A)™ + (2h(m, )™,

where we used the convexity inequality ( ym < 2 ;’y
We have, for T > Ty :

B \A T-1 T—1
SRl | USRS | (IR
+1|Pt, pfl)(l pfz)
P(Br,|A) -7, =T

Using the union bound and the definition of Tj:

T-1 T-1 T-1 +oo

1 1 1
H(l_pt,l)Zl—Zpt,lzl—th_ 2325-
t=To t=To t=To t=To
Now:
2A)™ 2h t))™
|1 2™ (2hm.1)
’ m! m!
- (2A)™ 1 — (22)!"1 _ (2h(ﬂn%1,!t))m
T TEE
(2A)™ 3 (2h(m,t))™
> A S/ I S St A
> (1 m! )1 2 m! ),
where we used the fact that A < % g SO that (an?m < %
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Using the union bound once more:

e i m m m
I | (e
t=T, =T ! 1
T-1 m
> (1 (QTAR? -y (2h(:;,!t)) )
t=To
(2A)™ 1, 3 & (2h(m, )™
== m! )T T(l §t;r0 m! )

We turn to the last sum in the right hand side of the equation above. Since t > Ty > m we have

2 2
him, t) < \/C’lm (Int 4+ Inm) < \/Cl2m lnt.

t 4

Using Stirling’s approximation we have m! > (m/e)™ so that

m 3
= (2h(m, t))™ = (C18e2Int) 2 = [(C18e2Int\2 1
o =2 ) =X\ ) =3
=T, =T, t=T,

where we used twice the definition of 7Ty and m > 5 > 3.

Putting things together we have proven that :

P(Br|A) > i <1 B (QA)WL)T—TO.

P(Br,|A)

We showed previously with Theorem 1 that :

1 B
P(Br, | A) 2 5(1 - pa)™!
Let us lower bound the r.h.s. of this inequality. Since m > 5 and A < 1/6 we have, by definition

TGy

9 m+\/m)}2}<exp{_£m}’

-3t -

Using the definition of 7§ this yields

with

1 To—1 1 —&m\Com? Inm—1 . 1 —&m\Com?Inm—1
— — > _ m\Com~ Inm > - _ m\Com~ Inm =
2(1 PA) > 2(1 e ) > fnnéré 2(1 e ) Cs,

where Cs is a universal constant and Cy > 0 since

1 2 1
jim d L — ememyCom?mm—1| _ 1 _
im {2( € ) 2

m—o0
We have proven that:

P(Br,|A) > = (1 —pa)o~t > C,.

DN =

which gives

P(Br) > Cs (1 B (2A)m>T_TO7

m!

and applying Remark 4 concludes the proof.
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A4 Proof of Corollary 3

Proof. Using the same notation as above, we recall that

P(Br) > Cs (1 B (2A)m>T

m)!

If By occurs, decision ! is never played, resulting in a regret of AT, therefore:

1%19)2ATP@%)2(@AT<1—(mmm)

m!
1 /m! "
A==
:(7)"

so that we have A < % and, using Stirling’s approximation m! > (m/e)™ we get

1) If T > 3™m! let us set

max R(T,0) > G (m')m T (11— 1 '
0ef0,1]4 3 T
Csm —1\ypl—Lt
> ——(1- T " m.
I (1—e™)
this yields

max R(T,0) > (Q(mT1 m ).
oelo,1]4

(i) If T < 3™m/! let us set A = 1/6, which yields

R(T,0) > O(T).
By (T,9) (T)

and completes the proof.

A.5 Proof of Theorem 4
Proof. To simplify notation, we assume that the ¢ rounds of exploration are done before the algorithm
starts, so that at time ¢ = 0 each decision has been explored ¢/2 times and the TS algorithm starts.

We consider the following event :

C{WEMJM@i}

We know that A;(0), ¢ = 1, ..., d are independent with a Binomial(¢/2, ;) distribution so that

A\
PEC)=(1-2) ",

©=0-=
Define € = ﬁ We consider again the event where the empirical mean of decision z? deviates

significantly from its expectation when it is selected, accounting for the rounds of forced exploration:

A 14 14
> E y)<(1l—=— 2(¢) — = e .
A= {Ht 0:x(t P erlA <(1 - €)(N=(t) 2)m+2m}
We decompose A as U,,>1.A,, where
A ¢
= > =22 N2(t) = - <(1-2=_ hd
A, {Et 0:2(t) =2, N*(t) =n+ 2,1_7§m+1A1(t) < (1 e)nm + Qm}

Since € = f using Hoeffding’s inequality we have that :

2
P(A|C) < ZIP’ A,|C) < Zexp —2mne?) exp(=2me’)

1
T T exn(—9me2) = o
n>1 n>1 1- eXp( 2me ) 2

AN
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where we have used the fact that if N%(t) = n + £/2, then Z?:m 1 A;(t) equals £m plus the sum
of mn i.i.d Bernoulli random variables with parameter 1 — %. Let us control the probability that
decision z? is never selected between time 0 and time ¢, which is the probability of event:

={z(s)=a2?:5=1,..,t}.
Let us assume that 13, and C occurs but .4 does not occur. Since decisions ' and z2 have been
selected £/2 and ¢/2 + t times respectively, the probability of selecting -2 is lower bounded by:

m d
P(BialBi A,C) 2 P(D Vi) < D Vi)IBiLAC),
=1

i=m-+1
where Vi(t), ..., V4(t) are independent distributed in [0,1]. For ¢ = 1,...,m, V;(t) follows a

Beta(%, 1) law and has mean Fori=m+1,..,d, V;(t) follows a Beta(A;(t) + 1,¢t + & —

£+2

A;(t) + 1) distribution with mean % so that the expectations verify:
2
d m A )4
=S -0+ 5+1 Ly
Y E(Vi(t)|Bi, A C) — Z]E OB, AC)>m =9 T3t
i=m-+1 t+§+2 §+2
1-2 - ti t
Zm( mze)+2+ —m?Jr
3 +3 3 +2
- Gro)
(5+3)
since 20 Ai(t) > tm(1 — & — ) + ™ Recall that ¢ = ﬁ so that §i2 — (& +¢ >0.
Using Hoeffding’s inequality:
m d m d
P(Y Vi) = > ViIBLAC) =P(Y Vi)~ Y Vit) =0)
i=1 i=m+1 i=1 i=m+1
2
< 9 (%*1*2_(%+6)) 0
exp ] —2m = paA-
(£ +3)2 4
We have proven that for all ¢t > 1:
P(Bi11|By, A) > 1 — pl.
so that:
( ) > ]P)(Btw/zla )
= P(AIC)P(C)P(B:|A, C)
A m
> P(AIC)P(B1| A, C)(1 —pl)' (1 = =)
_P AlC Al m
L0 - phy1- 294

Denote by 7 the first time that 2! is selected. If B; occurs then 7 > ¢ and using Remark 4 yields the
lower bound:

T - T
IP’(.A|C) Al
R(T,0)>AY P(r>t)>A =)= (1—
(T,0) Z; (r>1) 5 m Z; Pa)’

From above, P(A|C) < %, nd we get the announced result
A A e

R(T,0) > 7 (1——)% 3 (1-p})’
=1



A.6 Proof of Theorem 5

Proof. To simplify notation, we assume that the ¢ rounds of exploration are done before the algorithm
starts, so that at time ¢ = 0 each decision has been explored £/2 times and the TS algorithm starts.
We consider the following event :

C= {Vi € [d], A;(0) = 5}

We know that A;(0), 7 = 1, ..., d are independent with a Binomial(¢/2, ;) distribution so that

P(C) = (1 - é)

m

2m
2

We consider the event where the empirical mean of decision 22 deviates significantly from its
expectation when it is selected, accounting for the rounds of forced exploration:

A= {3t>0 x(t Z Ai( (m — A)(NQ(t) +—\/m1n (N2(t 5))}

1=m-+1

We decompose A as Uy, >1.A,, where

L
An:{EltzO:x()—x N2(t —n—i—f ZA (m—A)n +7m— mln(?n)}.
i=m-+1
Using Hoeffding’s inequality we have that :
PAIC) < 3 P(ACo) <Z -l
‘ n>1 £ a n>1 24 27

where we have used the fact that if N2(t) = n + £/2, then Z?:m—&-l A, (t) equals £m plus the sum
of mn i.i.d Bernoulli random variables with parameter 1 — %. Let us control the probability that
decision x! is never selected between time 0 and time ¢, which is the probability of event:

={z(s)=2?:5=1,..,t},

‘We have that:
m d
P(Bi41|Bi, A) > P ZVi(t) < Z ‘/;(t)Bt,A> > (1 —pe1)(1 —pe2),
i=1 i=m+1

with

s
S

Vi(t) >m — A — h(m, 0, t)|B:, A, C@> ,

pro =P

Pt,1 =P<

=1
d
D> Vit) <m — A= h(m, L,t)|By, A, cg> ,

i=m-+1

h(m,£,t) = —

4 In(2¢ 2 el/12my/t
mé_  [m n(2t) Lo myt+ ¢
2t t t+4 27

It is noted that there exists a constant C; > 0 such that

2
h(m, 0,t) < \/Clm (In m: In(t +6)

Let us define Ty(m, £) = Com?(Inm)€ i~ = with Cj a universal constant such that the following
inequalities are true
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o Ty > max(m,£,7),
h(m,{,t) < &, forall t > Ty,

First consider p; 2, and recall that Vi € [d], Vt, M;(t) = T (Sig @ = 1}\178 is the mode of V;(¢). If

event A occurs then

d mIn(2N2(t))  ml
2 MO > m = A= TG vy

So using lemma 7 and remark 2 we have that: p; o < t%

Consider p, ;. Since A < é and for ¢ > Ty we have h(m, ¢,t) < 61[, hence

1

—A—h(m,l,t) >m— —

m— A= R, 41) > m - o

If event 3; and C; occurs then A;(t) = £ and B;(t) = 0 forall i = 1, ..., m therefore we may control
the tail behaviour of Zz mo1 Vi(t) thanks to lemma 8. So we have for t > Tp:

o 1
Ptl,Qm (A + h(m,€,t))"

y ((EA)™ + (Ch(m, £,1))™).

where we used the convexity inequality (%5%)™ < £

We have, for T > Tj :

P(Br|4,C) ii =
P(Be1|Bi, A,C) > ] (1 = pea)(1 = pra).
(BTO‘A C T t= TO

Using the union bound and the definition of Tj:

T-1 T-1 T-1 4 +oo 4 1
[[O-p2)z1-3 paz1-3 521-3 5>2.
t=To t=To t=To t=To
Now:
LA™ th £,t))m™
l_ptlzl_( ) _( (m”))
’ m! m!
N (KA)’" (Ch(m,L,t))™
— (1 ( ) ) _ m!
m! 1 a)m
m!
(LA™ 3 (Lh(m, £,t))™
> (1= m! )(1_5 m! ):
where we used the fact that A < 1 G SO that Mﬁ)!m < %
Using the union bound once more:
= 3 (Ch(m, £,1))™
o - FEm SO,
2 m!

t=Tp t= TO

m T-1 m
(éA) )T*To(l _ § Z (Eh(m,é, t)) )

m! 2 m/!
t=Top

21



We turn to the last sum in the right hand side of the equation above. It is noted that log(2t) < v/ for
all t > 7. Since t > Ty > max(m, ¢, 7) we have

2 2
h(m’“)g\/cm (1n(t4tre)+1nm) S\/012mtln(2t)

< m+/2C; tii.

We now upper bound the sum as follows:

2 (Ch(m, )™ ) (Im/2C)™" = m (D) N
Z( (m,t)) S(mm' 1) Zt T < (Len/20) Zt 1

m!

t=Ty : t=Top t=Top
(i44) /9 M (jv) /9 1
§4<€ecl(11) §4(£ecl(11)§7
(To — )<= m (To— D)= m 3

where we used (i) the bound above, (ii) Stirling’s approximation m! > (m/e)™, (iii) the following
sum-integral comparison, for any m > 5:

00 +00 1—m

m m T _]. m
Zt*T g/ t*Tdtzi( Om )T §4(T071)1*77
t=To To—1 71

and (iv) the definition of 1.
Putting things together we have proven that

]P)(BTVI,C) 1 (EA)’” T—To
T 210 )

m/!

We showed previously that

P(Br,|A) > (1 —pa)™ ™" 2 Ca(t,m),

N =

with

1 _
Coftym) = 5(1—pa) ",

and it is noted that lim,, o, C2(¢,m) = 1 for any fixed £ > 0.

P(Br|A,C) > Ca(t,m) (1 B (fA)m)TTO.

4 m!

Therefore

Since P(C) = (1 — %)% we get

m\ IT'—To
P(Br|A) > L2 _ By (1 N ) |

4 m m!

and applying Remark 4 concludes the first part of the proof.

1 ((m\7 1
Aﬁmm<<T) ’6)’

R(T,0) > ATP(Br).
g, (T,60) > (Br)

Now choose:

and lower bound the regret by

1

IfA=1 (m%) ™ then replacing

£m

max R(T,0) > ar 2L (1 _ A) B (1 B <m)m>T

6€]0,1]¢ 4 m m!

(m!)$€T1‘$ Cg(i,m) (1 A)‘?’ (1 1>T.
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Using the facts that (i) (1 — %)T > e, that (ii) (m!) > * which follows from Stirling’s approxi-
mation ! > ()" and that (iii) since A < é:

Lm £m

1 é'T> 1 L4T’>—%
m - 6me SRS

which yields the minimax regret bound

m 1
T,0) > —T' ).
eg[l(i‘i{]d R( ) ) jtl @ (OQ(K,TTL) )

Otherwise A = é and we simply have

T
T.0) > — .
aén[oaﬁ{]d R(T,0) > O (Cg(é, m) E)

which completes the proof. O

B Linear Bandits: Regret Upper Bound for ESCB

We first recall a regret upper bound for ESCB found in [8], based on the more general analysis of [9].

Theorem 9. Consider a linear combinatorial bandit problem.

Then the regret of ESCB is upper bounded by:

R(T,0) < C(m) +

2dm?  24d(InT + 4mInlnT) [Inm]>
A? Anmin 161’

min

with C(m) a positive number that depends solely on m.

C Non linear Combinatorial bandits

C.1 Non-Linear Combinatorial Bandits without Forced Exploration

We here provide a non-linear combinatorial bandits example. The example is inspired by [21]: there
are two decisions, the optimal decision has an expected reward of 1 and the other one an expected
reward of 1 — A. Theorem 10 shows that the regret of TS for this problem scales super-exponentially
with the dimension d which is an improvement over [21][Theorem 3]. By corollary, we prove that TS
does not outperform random choice (i.e. a trivial algorithm which chooses one of the two decisions
uniformly at random at each time) until ¢ > T;(m), where Ty(m) grows super-exponentially with
m, As an illustration of how large this number might be, for A = 1, the value of T5(9) is greater
than a million, and the value of 7;,(20) is greater than the estimated age of the universe in seconds.
Therefore, in practice as well as in theory, TS does not outperform random choice in high dimensions
which is perhaps even more surprising.

The proof of Theorem 10 is based on the fact that there exists a non zero probability that the optimal
decision will never be selected for an exponentially large amount of time. Indeed, if the optimal
decision has never been selected, it is chosen with a probability equal to P([]}", U; > 1 — A) where
Ui, ..., Uy, are 1.i.d. uniformly distributed on [0, 1], and since this probability is exponentially small
in d, one must wait for an exponentially large time before selecting the optimal decision and the
regret must scale accordingly. It is noted that this proof technique of lower bounding the expected
value of the first time the optimal decision is ever selected is very powerful and will be used many
times to prove our results.

Theorem 10. Consider a non-linear combinatorial bandit problem over combinatorial set X =
{30 €isemy1} where (€;);c(m-+1) is the canonical base of R™ 1 with parameter 6 = (1,...,1)
and reward function f(x,0) = [[;~, 0; ift = > ", e; and f(x,0) = 1 — A otherwise.

Then the regret of TS is lower bounded by

R(T,0) > 3(1 — (1= pa)T) withpa = m}n! [m ( 1A)]m.

PA 1-
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Corollary 11. For any T < Ty(m) = Z%A TS performs strictly worse than random choice in the
sense that

R(T,0) > TA (1 - 1) > %.
&

It is noted that Theorem 10 is a parameter-dependent lower bound, where we consider a fixed
parameter 6 and we let the time horizon 7" grow. From Theorem 10 we deduce Corollary 12 which is

a lower bound on the minimax regret of TS. The minimax regret of TS scales at least as Q(Tl_%),
so that it is almost linear in high dimensions when d is large. This also proves that, as long as the
dimension d is strictly greater than 2, TS is not minimax optimal, since there exists algorithms such
as CUCB whose minimax regret scales at most as O(poly(d)vT InT'). This demonstrates that TS
has a tendency to be too "greedy" which prevents it from exploring enough, and while this is not a
problem in low dimensions, in high dimensions this matters a great deal, and causes it to perform

much worse than optimistic algorithms. Corollary 12 is proven simply by letting A = T—4 in
Theorem 10 and the regret upper bound for CUCB follows directly from [14].

Corollary 12. Consider F the class of 1-Lipschitz functions.

The minimax regret of TS is lower bounded by:

R(T,0,f) > C T 1,
seiiyer N0 1) 2 G

with C1 > 0 a universal constant, the minimax regret of CUCB is upper bounded by

max R(T,0,f) < CidvVTInT,

0e€l0,1]4, feF

where C1 is a universal constant. Hence TS is not minimax optimal.

C.2 Proof of Theorem 10

Proof. At round ¢t > 1, if the optimal decision has never been played then A;(t) = B;(t) = 0
fori = 1,...,m. In turn the samples V;(¢) are independent and uniformly distributed in [0, 1] for
t=1,....m

Lemma 6 shows that at time ¢ the optimal decision is played with probability

([T =1-a) <m= b (i 5)] "

So the distribution of the first time the optimal decision is played

T =min{t > 1: z(t) = 2},

is lower bounded by a geometric law
P(r>t) > (1—pa)t
Combining this with Remark 4 yields the announced regret bound

T
A
R(T,0)>AY Pr>t)>) (1— L= —1-01-p)0).
R( > P(r _E pa)’ pA( (1—pa)’)

t=1 t=1

C.3 Non-Linear Combinatorial Bandits with Forced Exploration

Our results above show that the regret of TS scales exponentially in the dimension since the expecta-
tion of the first time at which the optimal decision is selected can grow exponentially in the dimension.
Therefore it is natural to assume that forcing some exploration initially would alleviate the problem.
Theorem 13 considers the same non linear bandit problem as that considered in Theorem 10, and
shows that, while forced exploration does bring some improvement, for any fixed value of ¢ > 0, the
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regret of TS with ¢ forced exploration rounds still scales exponentially in the dimension. The reason
for this is that once again the first time at which the optimal decision is selected can be exponentially
large, even with forced exploration. Upon closer inspection of Theorem 13, one can see that, in order
for the regret lower bound not to scale exponentially in the dimension one would require 1/ p£A to

grow at most polynomially in d, which in turn would require 3 L1n ( ) > 1. This indicates that,

unless the gap A is known in advance (and in general A is of course unknown), it is not possible to
select a value of /¢ that prevents the regret from scaling exponentially in the dimension. This suggests
that some more complex modifications need to be made to TS in order to "fix" this exponential
dependency on the dimension.

Theorem 13. Consider a non-linear combinatorial bandit problem with over combinatorial set
X = {Z;’;l €i, em+1} with parameter 0 = (1,...,1) and reward function f(x,0) = H:’;l 0; if
z=>Y 1" e and f(x,0) =1 — A otherwise.

Then the regret of TS with ¢ forced exploration rounds is lower bounded by

R(T,0) > %(1 — (1= p%)T) with p' = % Kl + 5) In (1_1A)]m

PA
C.4 Proof of Theorem 13

Proof. At round t > 1, if the optimal decision has been played times then A;(t) = % and

¢

2
B;(t) = 1fori =1,...,m. In turn the samples V;(¢) are independent W1th distribution Beta(1 + £, 1)
fori=1,...,m.

Lemma 6 shows that at time ¢ the optimal decision is played with probability

m

P([vw21-a)<ph = [(145)n (1_1A)]m

i=1
So the distribution of the first time the optimal decision is played
7=min{t > 1: z(t) = 2™},
is lower bounded by a geometric law
P(r > 1) > (1-pa)" "
Combining this with remark 4 yields the announced regret bound

A
R(T,0) >AZ]P’T>t 221—]9A -1 107(1—(1—%) )
t=1 t=1 A
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