
Part I1

Appendix2

Table of Contents
3
4

A Derivations and proofs 115

A.1 Optimal denoiser: derivation, equivalence of ϵ and x0 parametrization . . . . . . 116

A.2 Patch-based optimal denoiser: formal derivation . . . . . . . . . . . . . . . . . 127

A.3 Ours: why do we binarize the sensitivity field . . . . . . . . . . . . . . . . . . . 148

A.4 “Pass-through” denoisers: detailed analysis of SNR . . . . . . . . . . . . . . . . 169

A.5 Manipulating the sensitivity field: variance of the perturbation . . . . . . . . . . 1710

B Additional Experiments and Ablation 1711

B.1 Ablation of our model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1712

B.2 Self-attention layers in denoising U-Nets . . . . . . . . . . . . . . . . . . . . . 1813

B.3 How to reproduce the reported sensitivity fields . . . . . . . . . . . . . . . . . . 1814

B.4 Sensitivity field of the optimal denoiser . . . . . . . . . . . . . . . . . . . . . . 1915

B.5 Generation dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2016

B.6 Variance of the reported metrics . . . . . . . . . . . . . . . . . . . . . . . . . . 2117

B.7 Quantitative measure of novelty of samples . . . . . . . . . . . . . . . . . . . . 2118

B.8 Additional generation results . . . . . . . . . . . . . . . . . . . . . . . . . . . 2219

C Implementation details 2220

C.1 Sampling. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2221

C.2 Training DDPM Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2222

C.3 Our analytical model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2223

C.4 Baseline implementation details . . . . . . . . . . . . . . . . . . . . . . . . . . 2324

C.5 Computational resources and runtime . . . . . . . . . . . . . . . . . . . . . . . 2425

26
2728

1



A Derivations and proofs29

In this section, we provide detailed derivations and proofs for the background and the claims made in30

the paper.31

A.1 Optimal denoiser: derivation, equivalence of ϵ and x0 parametrization32

We begin by defining the optimal denoiser for the x0 parameterization we use in the paper.33

Definition A.1. The optimal denoiser f̂(x, t) for a data distribution X at a particular noise level t is34

the minimizer of the loss function35

min
f

E
x0∼X

ϵ∼N(0,I)

∥∥f(√αtx0 +
√
1− αtϵ, t)− x0

∥∥2
2

(1)

Recall that σ2
t = 1− αt.36

Proposition A.2. When X =
{
xi
0

}
i∈[N ]

is a finite empirical distribution, the optimal denoiser37

f̂(x, t) has the following analytical expression:38

f̂(x, t) =
∑
i

xi
0 softmax

i

{
−
∥∥∥x−

√
αtx

j
0

∥∥∥2 /2σ2
t

}
. (2)

Proof. We first write down the objective (1) in terms of the random variable x =
√
αtx0+

√
1− αtϵ:39

E
x0∼X

ϵ∼N(0,I)

[∥∥f(√αtx0 +
√
1− αtϵ, t)− x0

∥∥2
2

]
= E

x0∼X
x∼N(

√
αtx0,σtI)

∥f(x, t)− x0∥22

=

∫
E

x0∼X

[
exp

(
−∥

√
αtx0 − x∥2 /2σ2

t

)
∥f(x, t)− x0∥22

]
dx

We then minimize the integral coordinate-wise for each x to get the optimal f(x, t):40

0 = E
x0∼X

[
exp

(
−∥

√
αtx0 − x∥2 /2σ2

t

)
(f̂(x, t)− x0)

]
f̂(x, t) =

∑
i x

i
0 exp(−

∥∥x−√
αtx

i
0

∥∥2 /2σ2
t )∑

j exp(−
∥∥∥x−√

αtx
j
0

∥∥∥2 /2σ2
t )

.

Using the definition of softmaxi {aj}j∈[N ] =
exp(ai)∑N

j=1 exp(aj)
, we get (2).41

42

Definition A.3. The optimal denoiser ϵ̂(z, t) for a data distribution X at a particular noise level t is43

the minimizer of the loss function44

min
f

E
x0∼X

ϵ∼N(0,I)

∥∥f(√αtx0 +
√
1− αtϵ, t)− ϵ

∥∥2
2

(3)

Proposition A.4. When X =
{
xi
0

}
i∈[N ]

is a finite empirical distribution, the optimal denoiser for45

the ϵ-parameterization ϵ̂(x, t) can be written in terms of that of the x-parameterization f̂(x, t):46

ϵ̂(x, t) = (x−
√
αtf̂(x, t))/σt (4)
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Proof. We follow the same proof as Proposition A.2, with the main difference being the following47

step:48

E
x0∼X

ϵ∼N(0,I)

[∥∥f(√αtx0 +
√
1− αtϵ, t)− ϵ

∥∥2
2

]
= E

x0∼X
x∼N(

√
αtx0,σtI)

∥f(x, t)− (x−
√
αtx0)/σt∥22 .

49

Remark A.5. Another way to prove Proposition A.2 and Proposition A.4 is to show that the optimal50

solutions are of the form E[x0 | x] and E[ϵ | x], where x ∼ N(
√
αtx0, σtI). Then it becomes clear51

that the two expressions are linearly related to each other.52

A.2 Patch-based optimal denoiser: formal derivation53

We now turn to the patch-based denoiser, incorporating both locality and equivariance constraints54

into the optimal denoising problem as suggested in [2], repeating the derivations in the notations of55

this manuscript. Let X = {xi
0}Ni=1 be a finite empirical distribution of images, and let56

Mq
t : Rd×d → Rp×p

denote the operator that extracts a p× p patch centered at pixel q.57

As suggested in [2], we impose two constraints on each patch-wise function fq:58

1. Locality:59

fq(x, t) = fq
(
Mq

t x, t
)
.

2. Equivariance: For every 2D translation g ∈ T (2),60

f
(
g◦x, t

)
= g◦f(x, t), =⇒ fq

(
g◦x, t

)
= g◦fg−1q(x, t),

i.e. denoising commutes with the action of T (2) and relocates patches accordingly.61

Definition A.6. The patch-based optimal denoiser f̂(x, t) for a data distribution X at a particular62

noise level t is the minimizer of the loss function63

min
f

E
x0∼X, ϵ∼N(0,I), t∼[0,1]

∥∥f(√αt x0 +
√
1− αt ϵ, t

)
− x0

∥∥2
2

s.t. fq(x, t) = fq
(
Mq

t x, t
)
, q = 1, . . . , Q, (locality)

f
(
g ◦ x, t

)
= g ◦ f(x, t), ∀ g ∈ T (2). (equivariance)

(5)

Proposition A.7 (Patch-based optimal denoiser). Under the empirical distribution X = {xi
0}Ni=1,64

the minimizer {f̂q} of eq. (5) is given, for each patch location q, by65

f̂q(x, t) =
∑
i

∑
g∈T (2)

(
g ◦ xi

0

)q
softmax

i

(
− 1

2σ2
t

∥∥Mq
t x −

√
αt M

q
t

[
g ◦ xi

0

]∥∥2), (6)

and the full-image denoiser is obtained by reconstructing the final image from the pixels above.66

Proof of Patch-based optimal denoiser. We prove this result in three steps: (1) decomposition into67

per-pixel optimization, (2) equivalence of equivariance constraint and data augmentation, and (3)68

derivation of the local form.69

Step 1: Decomposition into per-pixel optimization. Let Pq : Rd×d → R denote the operator that70

extracts pixel q from an image, and define H =
∑Q

q=1 PqP
T
q where PT

q places a scalar value at pixel71

q and zeros elsewhere. Since pixels are disjoint, PiP
T
j = 0 for i ̸= j, making {PqP

T
q } orthogonal72

projections with
∑Q

q=1 PqP
T
q = I .73
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By orthogonality of pixel projections:74

∥f(x)− x0∥22 =

∥∥∥∥∥
Q∑

q=1

PqP
T
q (f(x)− x0)

∥∥∥∥∥
2

2

=

Q∑
q=1

∥Pqf(x)− Pqx0∥22

=

Q∑
q=1

|fq(x)− xq
0|2

Therefore, the original minimization problem decomposes as:75

min
f

Ex0∼X,ϵ∼N(0,I)∥f(
√
αtx0 +

√
1− αtϵ)− x0∥22

=

Q∑
q=1

min
fq

Ex0∼X,ϵ∼N(0,I)

[
fq(

√
αtx0 +

√
1− αtϵ)− xq

0

]2
Each pixel can be optimized independently.76

Step 2: Equivariance constraint equals data augmentation. For the q-th pixel problem with77

equivariance constraint:78

min
fq

Ex0∼X,ϵ∼N(0,I)

[
fq(

√
αtx0 +

√
1− αtϵ)− xq

0

]2
s.t. fq(g ◦ x) = (g ◦ f(x))q ∀g ∈ T (2)

The equivariance constraint implies that for any translation g: fq(g ◦ x) = fg−1q(x)79

Now consider the data-augmented problem:80

min
fq

Ex0∼X,ϵ∼N(0,I)Eg∼T (2)

[
fq(g ◦ (

√
αtx0 +

√
1− αtϵ))− (g ◦ x0)

q
]2

Since translation commutes with the noise addition and (g ◦ x0)
q = xg−1q

0 , this becomes:81

min
fq

Ex0∼X,ϵ∼N(0,I)Eg∼T (2)

[
fq(

√
αt(g ◦ x0) +

√
1− αt(g ◦ ϵ))− xg−1q

0

]2
If fq satisfies the equivariance constraint, then fq(g ◦ x) = fg−1q(x), so:82

Eg∼T (2)|fq(g ◦ x)− xg−1q
0 |2 = Eg∼T (2)

[
fg−1q(x)− xg−1q

0

]2
= Er∼T (2) [f

r(x)− xr
0]

2

By uniform distribution over translations, this equals |fq(x)− xq
0|2. Thus, the constrained problem83

is equivalent to the unconstrained data-augmented problem.84

Step 3: Local form derivation. From the data augmentation equivalence, the optimal denoiser for85

pixel q minimizes:86

Ex0∼X,ϵ∼N(0,I)Eg∼T (2)

[
fq(

√
αt(g ◦ x0) +

√
1− αtϵ)− (g ◦ x0)

q
]2

With the locality constraint fq(x) = fq(Mq
t x), we have:87

fq(
√
αt(g ◦ x0) +

√
1− αtϵ) = fq(Mq

t [
√
αt(g ◦ x0) +

√
1− αtϵ])

4



Let x =
√
αt(g ◦ x0) +

√
1− αtϵ. The optimal f̂q satisfies:88

0 = E
x0∼X
g∼T (2)
ϵ∼N(0,I)

exp

(
−
∥Mq

t x−√
αtM

q
t (g ◦ x0)∥2

2σ2
t

)
(fq(Mq

t x)− (g ◦ x0)
q)

Rearranging:89

f̂q(Mq
t x) =

∑N
i=1

∑
g∈T (2)(g ◦ xi

0)
q exp

(
−∥Mq

t x−√
αtM

q
t (g ◦ xi

0)∥2/2σ2
t

)
∑N

j=1

∑
h∈T (2) exp

(
−∥Mq

t x−√
αtM

q
t (h ◦ xj

0)∥2/2σ2
t

)
Using the softmax notation:90

f̂q(x, t) =

N∑
i=1

∑
g∈T (2)

(g ◦ xi
0)

q · softmaxi,g

{
− 1

2σ2
t

∥Mq
t x−

√
αtM

q
t (g ◦ xi

0)∥2
}

This completes the proof.91

A.3 Ours: why do we binarize the sensitivity field92

In this section, we provide justification for our algorithm provided in the main paper. In particular,93

formally justify why it makes sense to binarize the sensitivity fields into a mask of zeros and ones.94

At first, we generalize the patch-based optimal denoiser by relaxing the locality constraint. Instead of95

restricting to patch extraction operators Mq
t , we consider arbitrary linear operators Aq

t : Rd×d →96

Rd×d that can capture more complex spatial relationships.97

Definition A.8 (Generalized masked optimal denoiser). The generalized masked optimal denoiser98

f̂(x, t) for a data distribution X at noise level t is the minimizer of:99

min
f

E
x0∼X, ϵ∼N(0,I)

∥∥f(√αt x0 +
√
1− αt ϵ, t

)
− x0

∥∥2
2

(7)

s.t. fq(x, t) = fq
(
Aq

tx, t
)
, q = 1, . . . , Q, (generalized locality)

f
(
g ◦ x, t

)
= g ◦ f(x, t), ∀ g ∈ T (2). (equivariance)

, where Aq
t is an arbitrary linear operator.100

Proposition A.9 (Generalized masked optimal denoiser). Following the decomposition and data101

augmentation equivalence from the previous section, the optimal denoiser for pixel q under the102

generalized locality constraint is:103

f̂q(x, t) =

N∑
i=1

∑
g∈T (2)

(g ◦ xi
0)

q · softmaxi,g

{
−1

2
∥Aq

tx−
√
αtA

q
t (g ◦ xi

0)∥2Σ−1
q

}
(8)

where Σq = σ2
tA

q
t (A

q
t )

T is the covariance matrix of the noise in the transformed space, and ∥ · ∥2Σ−1104

denotes the Mahalanobis distance.105

Proof. Following Steps 1 and 2 from the previous section, we arrive at the per-pixel data-augmented106

problem:107

min
fq

Ex0∼X,ϵ∼N(0,I)Eg∼T (2)

[
fq(

√
αt(g ◦ x0) +

√
1− αtϵ)− (g ◦ x0)

q
]2

With the generalized locality constraint fq(x) = fq(Aq
tx), let x =

√
αt(g ◦ x0) +

√
1− αtϵ. The108

transformed variable Aq
tx follows:109

Aq
tx =

√
αtA

q
t (g ◦ x0) +

√
1− αtA

q
t ϵ

5



Since ϵ ∼ N(0, I), we have Aq
t ϵ ∼ N(0, Aq

t (A
q
t )

T ). Therefore:110

Aq
tx ∼ N

(√
αtA

q
t (g ◦ x0), σ

2
tA

q
t (A

q
t )

T
)

The optimal f̂q satisfies the first-order condition:111

0 = E
x0∼X
g∼T (2)

∫
p(Aq

tx|g ◦ x0)
(
f̂q(Aq

tx)− (g ◦ x0)
q
)
d(Aq

tx)

where the conditional density is:112

p(Aq
tx|g ◦ x0) ∝ exp

(
−1

2
∥Aq

tx−
√
αtA

q
t (g ◦ x0)∥2Σ−1

q

)
Solving for f̂q yields equation (8).113

Proposition A.10 (Diagonal operators and mask binarization). When Aq
t = diag(aqi ) is a diagonal114

matrix with entries aqi , the optimal denoiser simplifies to:115

f̂q(x, t) =

N∑
i=1

∑
g∈T (2)

(g ◦ xi
0)

q · softmaxi,g

{
− 1

2σ2
t

∥Bq ⊙ (x−
√
αt(g ◦ xi

0))∥2
}

(9)

where Bq is the binary mask with Bq
i = 1 if aqi > 0 and Bq

i = 0 otherwise, and ⊙ denotes116

element-wise multiplication.117

Proof. We begin with the generalized optimal denoiser from equation (8) and substitute the diagonal118

operator Aq
t = diag(aq1, a

q
2, . . . , a

q
d).119

For a diagonal matrix Aq
t = diag(aqi ), the covariance matrix becomes:120

Σq = σ2
tA

q
t (A

q
t )

T = σ2
t diag([aqi ]

2
)

The Mahalanobis distance in equation (8) can then be written as:121

∥Aq
tx−

√
αtA

q
t (g ◦ xi

0)∥2Σ−1
q

= (Aq
tx−

√
αtA

q
t (g ◦ xi

0))
TΣ−1

q (Aq
tx−

√
αtA

q
t (g ◦ xi

0))

Since Aq
t is diagonal, we have:122

Aq
tx−

√
αtA

q
t (g ◦ xi

0) = diag(aqj) · (x−
√
αt(g ◦ xi

0)) = (aqj(xj −
√
αt(g ◦ xi

0)j))
d
j=1

For any coordinates where aqi = 0 we can apply the same reasoning as in eq. (6) and just exclude123

them, by effectively projecting out. In the projected subspace of aqi ̸= 0, the covariance matrix is124

now invertible: Σ−1
q = diag(

[
aqjσt

]−2
) for aqj ̸= 0. Therefore:125

∥Aq
tx−

√
αtA

q
t (g ◦ xi

0)∥2Σ−1
q

=
∑

j:aq
j ̸=0

(aqj)
2(xj −

√
αt(g ◦ xi

0)j)
2

σ2
t (a

q
j)

2

=
1

σ2
t

∑
j:aq

j ̸=0

(xj −
√
αt(g ◦ xi

0)j)
2

Key observation: The coefficients aqj cancel out completely when aqj ̸= 0. The actual values of126

non-zero aqj do not affect the optimal denoiser—only whether aqj = 0 or aqj ̸= 0 matters.127

We can now define the binary mask Bq with entries:128

Bq
j =

{
1 if aqj ̸= 0

0 if aqj = 0

6



This allows us to rewrite the distance as:129

∥Aq
tx−

√
αtA

q
t (g ◦ xi

0)∥2Σ−1
q

=
1

σ2
t

∥Bq ⊙ (x−
√
αt(g ◦ xi

0))∥2

where ⊙ denotes element-wise multiplication.130

Connection to patch-based denoiser: When aqj = 0, the corresponding pixel j is effectively131

removed from the optimization, as it contributes zero to the distance metric. This is precisely the132

locality constraint from the patch-based denoiser: pixels outside the patch (where aqj = 0) do not133

influence the denoising of pixel q.134

Substituting back into equation (8), we obtain:135

f̂q(x, t) =

N∑
i=1

∑
g∈T (2)

(g ◦ xi
0)

q · softmaxi,g

{
− 1

2σ2
t

∥Bq ⊙ (x−
√
αt(g ◦ xi

0))∥2
}

This completes the proof, showing that the optimal denoiser depends only on the binary support of136

the diagonal operator, not on the specific non-zero values.137

Remark A.11 (Justification for binary masks). The key insight is that when the masking operator138

Aq
t has a diagonal structure, the specific values of the non-zero entries cancel out in the softmax139

computation. This means that:140

1. The optimal denoiser depends only on the pixels that are included in the mask (the support),141

not their relative weights.142

2. Binary masks {0, 1} are as expressive as any diagonal weighting scheme for this optimization143

problem.144

3. This theoretical result justifies our practical choice of binary masks in the main paper, as145

more complex weighting provides no additional benefit for the optimal denoiser.146

A.4 “Pass-through” denoisers: detailed analysis of SNR147

In this section, we provide a detailed analysis of the signal-to-noise ratio in the principal components148

of the data, extending section “Pass-through” denoisers in the main paper. Let’s consider the data149

matrix X = [x1
0x

2
0 . . . x

N
0 ] ∈ Rd×N . Doing singular value decomposition, and assuming N ≥ d150

we get X = Udiag(λ1, λ2, . . . λd)V
T , where λi are sorted in the descending order of their absolute151

values. Covariance of the dataset, assuming that the mean of the dataset is zero:152

Σ =
1

N
XXT =

1

N
Udiag(λ2

1, λ
2
2, . . . λ

2
d)U

T ,

where U are the principal components of the data and λ2
i /N is the variance of the data along those153

components. We can now compute the signal-to-noise ratio along each of the principal components154

of the data:155

SNRi =
Ex0∼X

[(
UT
i

√
αtx0

)2]
Eϵ∼N (0,I)

[(
UT
i

√
1− αtϵ

)2]
=

αt · UT
i ΣUi

(1− αt) · UT
i Ui

=
αt · λ2

i /N

1− αt

When λ2
i /N ≫ (1− αt)/αt, the intrinsic data variance is much larger than the relative noise level,156

and the signal was not “destroyed” by noise. Note, the analysis above does not have to be performed157

7



on the entire dataset, but rather on the most relevant set of neighbors to the image that is currently158

being denoised. In that case, the high SNR projections will be more precise and specific to each159

particular image as long as SVD is well defined. Due to computation constraints and to keep the160

analysis simple from now on we will assume that the covariance matrix is computed on the entire161

dataset.162

A.5 Manipulating the sensitivity field: variance of the perturbation163

In this section, we provide the derivation for the variance of the added perturbation λW in the section164

“Manipulating the sensitivity field” of the main paper. Denote by v = γcs the signal vector; then the165

empirical covariance of the modified data is166

Σmod = E[x̂0x̂
T
0 ]

= E[(x0 + γcs)(x0 + γcs)T ]

= E[x0x
T
0 ] + γ E[x0s

T cT ] + γ E[csTxT
0 ] + γ2 E[cssT cT ]

= Σorig + γ2 E[ccT ]ssT

= Σorig + γ2 1

3
I3 ⊗ ssT ,

where we used E[x0] = 0, E[c] = 0, and for c ∼ Uniform([−1, 1]3), we have E[ccT ] = 1
3I . For the167

noisy observations x̂t =
√
αtx̂0 +

√
1− αtϵ, the covariance becomes:168

Σt
mod = E[x̂tx̂

T
t ]

= αt E[x̂0x̂
T
0 ] + (1− αt)I

= αtΣmod + (1− αt)I

= αtΣorig + αtγ
2 1

3
I3 ⊗ ssT + (1− αt)I.

Assuming the RGB perturbation affects each color channel independently and focusing on a single169

channel, the second term contributes a rank-1 perturbation with eigenvalue λ2
W = αtγ

2∥s∥2/3.170

By the Wiener filter analysis of ??, the learned sensitivity along the new "W" principal component is171

sw(t) =
λ2
W

λ2
W + (1− αt)

=
αtγ

2∥s∥2/3
αtγ2∥s∥2/3 + (1− αt)

=
αtγ

2∥s∥2

αtγ2∥s∥2 + 3(1− αt)
,

where (1− αt) is the noise variance at timestep t.172

B Additional Experiments and Ablation173

B.1 Ablation of our model174

The analytical model proposed in this paper has a single hyperparameter: th – the threshold of the175

sensitivity field binarization. In appendix A.3 we formally justify binarization of the sensitivity fields176

for our analytical model. Here we demonstrate the effect of choosing different binarization thresholds.177

In particular, from fig. 1 we can see that higher threshold values (i.e., smaller patch sizes) correspond178

to a sharper, but “patchier”. On the other side, small threshold values (i.e., bigger patch sizes) cause179

the generated image to be over-smoothed. We report the r2 and MSE metrics of correlation with the180

trained diffusion model for different threshold values in table 1.181

B.2 Self-attention layers in denoising U-Nets182

Across our experiments, we are using a trained DDPM model with removed self-attention (SA) layers183

following [2]. In this section we demonstrate that removing the self-attention layer brings the FID184
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Table 1: Comparison of r2 and MSE metrics across datasets for different binarization threshold
values. Best values are highlighted in bold.

Threshold CIFAR10 CelebA-HQ MNIST Fashion MNIST

r2 ↑ MSE↓ r2 ↑ MSE↓ r2 ↑ MSE↓ r2 ↑ MSE↓
0.005 0.396 0.059 0.786 0.038 0.492 0.151 0.563 0.115
0.010 0.520 0.046 0.865 0.023 0.441 0.165 0.517 0.122
0.020 0.672 0.031 0.897 0.017 0.418 0.176 0.406 0.144
0.050 0.773 0.021 0.894 0.017 0.214 0.255 0.072 0.211
0.070 0.771 0.022 0.879 0.020 0.214 0.255 -0.192 0.264
0.100 0.737 0.026 0.852 0.024 0.214 0.255 -0.407 0.311
0.150 0.641 0.036 0.799 0.033 0.214 0.255 -0.209 0.270

0.005 0.01 0.02 0.05 0.07 0.1 0.15th

Figure 1: Ablation of the binarization threshold th.

score to 6.04 from 4.12 with SA. Qualitatively, the generated images look similar with and without185

SA and thus our analysis in the main paper can be extended to U-Nets with SA layers.186

In particular, we train a U-Net without self-attention and compare it with a baseline U-Net trained187

with self-attention. Using the gradient-estimation sampler from [4], we report the FID scores for both188

models, and in Figure 2, we compare sample results.189

B.3 How to reproduce the reported sensitivity fields190

In this section, we provide the technical details and intuition needed to measure the sensitivity fields191

of diffusion models. All the results are reported for CIFAR10 dataset. Recall that the optimization192

problem is invariant under the change of variables from the initial image x0 to the noise sample ϵ;193

see appendix A.1 for details. Consequently, one can measure the sensitivity field in either the noise194

parameterization, ∂ϵ(x, t)/∂x, or the image parameterization, ∂x0(x, t)/∂x. Although the choice is195

merely a theoretical convenience, in practice the model’s behavior is highly sensitive to it.196

The top row of fig. 3 shows the sensitivity fields of a DDPM model trained to predict x0 and then re-197

parameterized with a linear transform to predict ϵ; here we plot ∂ϵ(x, t)/∂x. The middle row depicts198

the same model, but the sensitivity is evaluated in the image parameterization, i.e. ∂x0(x, t)/∂x.199

As we can see, a simple linear reparameterization applied to the model output drastically alters the200

result. These observations are intuitive. From the optimal-denoiser analysis, we know that, in the201

high-noise regime, the model predicts an image close to the dataset mean. Thus, predicting the202

added noise sample ϵ for each pixel q is almost equivalent to outputting q minus that mean, so the203

noise-parameterized sensitivity field appears highly local. Because this visualization is not very204

informative, we chose to plot ∂x0(x, t)/∂x throughout the paper, as it captures the actual structure205

of the sensitivity field.206
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DDPM w/o SA (FID 6.04) DDPM with SA (FID 4.12)

Figure 2: Samples from trained DDPM U-Nets without (left) and with (right) self-attention layers.
The initial random noise is the same for both sets of images.

Figure 4 illustrates the effect of training U-Net and DiT models in the two parameterizations. Recall207

that xt =
√
αt x0 +

√
1− αt ϵ. For large t where αt → 0, image x0 is ill-defined given ϵ and xt;208

conversely, for small t where αt → 1, ϵ is ill-defined given x0 and xt. Hence, while theory predicts209

identical results (up to re-parameterization), numerical errors lead to different behavior at low and210

high noise levels. The top two rows of fig. 4 show ∂x0(x, t)/∂x for models trained in the noise211

parameterization, revealing a pronounced shrinkage of the sensitivity fields in the high-noise regime.212

We hypothesize that this is a numerical artifact and therefore plot, in the bottom two rows, the fields213

obtained from models trained directly in the image parameterization. For clarity, all DDPM examples214

in the main paper are trained in that setting.215

Finally, the middle and bottom rows of fig. 3 compare two normalization strategies. In the middle216

row, each sensitivity field is normalized independently to [−1, 1]; in the bottom row, the images are217

normalized jointly, preserving relative scale. Joint normalization makes the field appear less local218

while preserving its overall mass. Throughout the paper, we adopt per-image normalization, as it219

more faithfully reflects the binarization assumed in our analytical model.220

Summary of visualization choices221

• Train the model to predict the image x0 (not the noise ϵ).222

• Visualize the sensitivity of the image prediction, i.e. ∂x0(x, t)/∂x.223

• Apply per-image normalization.224

B.4 Sensitivity field of the optimal denoiser225

In this section, we provide a visualization of the sensitivity fields of the optimal denoiser on the226

CIFAR10 dataset. As shown in fig. 5, the sensitivity of the optimal denoiser closely resembles that of227

the trained models only in the high-noise regime. At intermediate noise levels, the sensitivity field228

begins to diverge, and in the low-noise regime, it ultimately “explodes”.229

B.5 Generation dynamics230

Here we provide additional results demonstrating the dynamics of image generation. In fig. 7 we231

numerically compare x0 predictions through the generation process.232

In fig. 6 we demonstrate how the dynamics of image generation of our analytical model compares233

with that one of a trained DDPM model. Note that the trained model produces noisy single-step234
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Figure 3: Top: sensitivity field of the noise prediction ∂ϵ(x, t)/∂x. Middle: sensitivity field of the
image prediction ∂x0(x, t)/∂x with per-image normalization. Bottom: the same field with joint
normalization across images.
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Figure 4: Sensitivity fields ∂x0(x, t)/∂x for U-Net (left) and DiT (right). Top two rows: models
trained to predict noise ϵ. Bottom two rows: models trained to predict the image x0. The shrinkage
observed at high noise in the noise-parameterized models is likely due to numerical instability.

predictions for high noise levels (t ≥ 850). We explain this behavior by the fact that the model was235

trained to predict ϵ and later re-parametrized to output x0 for the visualization. Since αt → 0 for236

high noise level, x0 becomes ill-defined and thus noises the outputs.237

B.6 Variance of the reported metrics238

In table 2 we report standard deviation values for the metrics reported in Table 1 of the main paper.239

All the values are calculated across 128 samples.240
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Figure 5: Sensitivity field of the optimal denoiser.
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Figure 6: Intermediate generation results of a trained DDPM model (rows 1 and 3) and ours (rows 2
and 4). The figure displays single-step estimations of x0 from each xt along a sampling trajectory of
10 steps.

B.7 Quantitative measure of novelty of samples241

In this work, we focus on the ability of the trained diffusion models to generate novel samples that242

contrast with the behavior of the optimal denoiser. Therefore, the ability of the analytical model to243

generate novel samples is paramount. In figure 5 of the main paper (as well as in appendix B.8) we244

report the nearest neighbors from the training dataset for each sample generated with our analytical245

model. To quantify these results, we report the average L2 distances between samples generated with246

each of the baseline models and the closest image in the dataset in table 3. Additionally, we report247

the dynamics of the “novelty” measure in the generation process in fig. 8.248

B.8 Additional generation results249

We present additional generation results similar to fig. 5 of the main paper in figs. 9 to 13.250

900 800 700 600 500 400 300 200 100 0
0
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0.1

0.15

0.2

900 800 700 600 500 400 300 200 100 0

0

0.05

0.1

0.15

Optimal Denoiser

Kamb & Ganguli

Another DDPM

Wiener (linear)

Niedoba et al.

Ours

Denoising step t Denoising step t

CIFAR10 CelebA-HQ

Figure 7: Mean Squared Error (MSE) between the baseline’s predictions and a trained DDPM model.
The MSE is calculated on x0 prediction from each xt point along a 10-step generation trajectory. The
results are presented on the CIFAR10 and CelebA-HQ datasets. Mean and standard deviation values
were calculated across 128 samples.
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Table 2: We report standard deviations values for the metrics reported in Table 1 of the main paper.
All values are computed over 128 samples.

CIFAR10 CelebA-HQ AFHQv2 MNIST Fashion MNIST

Method r2 ↑ MSE↓ r2 ↑ MSE↓ r2 ↑ MSE↓ r2 ↑ MSE↓ r2 ↑ MSE↓

Optimal Denoiser ± 0.774 ± 0.044 ± 0.298 ± 0.023 ± 0.371 ± 0.023 ± 0.204 ± 0.036 ± 0.344 ± 0.077

Wiener (linear) ± 0.092 ± 0.004 ± 0.039 ± 0.004 ± 0.072 ± 0.003 ± 0.066 ± 0.014 ± 0.068 ± 0.018
Kamb & Ganguli [2] ± 0.126 ± 0.017 ± 0.081 ± 0.006 ± 0.081 ± 0.006 ± 0.110 ± 0.045 ± 0.114 ± 0.032
Niedoba et al.[3] ± 0.137 ± 0.004 ± 0.092 ± 0.005 ± 0.092 ± 0.006 ± 0.077 ± 0.022 ± 0.088 ± 0.022
Ours ± 0.078 ± 0.008 ± 0.032 ± 0.006 ± 0.026 ± 0.004 ± 0.051 ± 0.015 ± 0.042 ± 0.011

Another DDPM ± 0.113 ± 0.002 ± 0.007 ± 0.001 ± 0.019 ± 0.001 ± 0.082 ± 0.019 ± 0.020 ± 0.005

Table 3: We numerically quantify the ability of analytical models to produce images outside of the
training dataset. In this table, we provide the average L2 distance between images generated with the
baselines and the corresponding closest image in the training dataset. Results are averaged over 128
samples.

Method CIFAR10 CelebA-HQ AFHQv2 MNIST Fashion MNIST

Optimal Denoiser 0.000 ± 0.000 0.000 ± 0.000 0.000 ± 0.000 0.000 ± 0.000 0.000 ± 0.000

Wiener (linear) 0.091 ± 0.006 0.104 ± 0.006 0.112 ± 0.005 0.177 ± 0.015 0.133 ± 0.013
Kamb & Ganguli [2] 0.094 ± 0.005 0.089 ± 0.006 0.136 ± 0.007 0.355 ± 0.061 0.218 ± 0.032
Niedoba et al.[3] 0.113 ± 0.007 0.134 ± 0.009 0.145 ± 0.007 0.221 ± 0.019 0.215 ± 0.019
Ours 0.040 ± 0.005 0.063 ± 0.004 0.063 ± 0.004 0.204 ± 0.023 0.131 ± 0.027

Another DDPM 0.079 ± 0.014 0.087 ± 0.010 0.095 ± 0.013 0.103 ± 0.023 0.067 ± 0.015

C Implementation details251

C.1 Sampling.252

In all of the generations in this paper, we are using diffusers’ [1] implementation of the DDIM [5]253

sampler with 10 sampling steps. We discretize the noise time scale for t ∈ [1, 1000] where t = 0 is254

no noise and t = 1000 is full noise. The scheduler is linear with α0 = 10−4 and α1000 = 0.02.255

C.2 Training DDPM Model256

We train a Denoising Diffusion Probabilistic Model (DDPM) U-Net using a third-party pytorch257

implementation [6]. We adopt the U-Net model architecture based on the input image resolution:258

• MNIST/FashionMNIST (img_size = 28): 3 downsampling levels with channel_mult =259

[1, 2, 2], base channel width 64.260

• CIFAR10 (img_size = 32) and CelebA-HQ/AFHQ (img_size = 64): 4 downsampling261

levels with channel_mult = [1, 2, 3, 4], base channel width 128.262

The number of residual blocks per level is fixed to 2, with no self-attention modules included. Dropout263

is set to 0.15 throughout the network. The model is trained for 200 epochs with a batch size of 32.264

We use the Adam optimizer with a learning rate of 10−4 over 1000 diffusion steps. Training and265

evaluation use fixed random seeds for reproducibility.266

C.3 Our analytical model267

Below we provide a detailed description of the implementation of our analytical model. A key268

component of this implementation is the weighted streaming softmax (wssm) that accumulates the269

product x0 softmax (. . .) over batches of training images. Additionally we attach the code of our270

algorithm, the weighted streaming softmax and of all the baselines to the supplementary materials.271
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Figure 8: L2 distance between x0 prediction and the closest image in the training dataset reported
along a 10-step generation trajectory for 5 datasets.

Algorithm 1 Single denoising step of the proposed analytical model.

Require: Noisy image xt

Timestep t
Precomputed covariance S of the data
Mask threshold th
Dataset X
Schedule of αt

Ensure: Estimated clean image x̂0

1: UΛU⊤ = S ▷ SVD of the covariance matrix
2: Wt = Udiag

(
αtλi

βt+αtλi

)
U⊤ ▷ Current Wiener matrix

3: Mt = Binarize(Wt, th) ▷ Construct the projection matrix
4: wssm.init() ▷ Initialize weighted streaming softmax
5: for each batch x

(k)
0 from X do

6: Dk = stack

[(
xt −

√
αtx

(k)
0

)2
]

▷ Distance to xt for each image in the batch

7: Dmt = DkMt ▷ Each row of Mt serves as a mask
8: wssm.update

(
−Dmt/2 [1− αt] , x

(k)
0

)
▷ Add the distances and the value

9: end for
10: x̂0 = wssm.value()
11: return x̂0

C.4 Baseline implementation details272

Wiener filter. To implement the Wiener matrix, we first center each dataset to zero mean. Then273

we pre-compute the covariance matrix of the dataset. Note that this is part of “training” and these274

computations were not included in the runtime report. On sampling, use the PyTorch implementation275

of SVD to compute the principal components and the corresponding singular values. Finally, we are276

using eq. (7) from the main paper to implement Wt. Note that we are using the Wiener filter as a277

denoiser, and when generating the images, we are still using a 10-step DDIM sampling, effectively278

applying the Wiener filter 10 times to the initial noise.279

Kamb & Ganguli model. We implemented the analytical model suggested by Kamb & Ganguli in280

our code base. Then we fit the patch sizes Mt of the analytical model to our trained DDPM U-Nets,281

maximizing the r2 between the scores on each step of generation. Below are the patch sizes that we282

obtained:283

• CIFAR10 32× 32: [32, 32, 32, 29, 25, 17, 13, 9, 7, 3]284

• CelebA-HQ 64× 64: [ 64, 64, 57, 49, 45, 25, 17, 17, 9, 3]285

• AFHQ 64× 64: [64, 64, 45, 33, 25, 17, 17, 9, 9, 3]286

• MNIST 28× 28: [28, 28, 23, 23, 17, 17, 17, 13, 9, 9]287

• Fashion MNIST 28× 28 : [28, 28, 25, 23, 17, 17, 13, 13, 9, 9]288

Niedoba et al. model. We similarly re-implement the Niedoba et al. model in our code base. We289

then measure and average the sensitivity field of our instance of the DDPM model. The sensitivity290
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field is averaged across all output pixels and 64 different noise samples. After the averaging, we291

binarize the sensitivity field with a th = 0.05 relative to the max value in the receptive field for292

each timestep t. We empirically observed that the performance is worse with equivariance, so our293

implementation does not contain equivariance to translations. Finally, we implemented the algorithm294

similar to our model, but with the measured sensitivity fields.295

C.5 Computational resources and runtime296

All the experiments were performed on a server machine with Ubunutu 20.04. The machine has297

1008GB RAM, 128 CPU cores and 8× NVIDIA RTX A6000 GPUs with 49140MB VRAM. We note298

that all the baselines could be run with fewer computational resources. In table 4 we provide the299

average run times for each baseline.

Table 4: We demonstrate the computational efficiency of each method by displaying the total sampling
time for each of the baselines over 10 denoising steps. None of the methods are optimized for runtime,
and the comparison is provided only as a rough reference. Results show times averaged over 64
samples.

Method CIFAR10 CelebA-HQ AFHQv2 MNIST Fashion MNIST

Optimal Denoiser 7.90 18.90 10.01 0.63 0.64

Wiener (linear) 0.11 3.10 3.08 0.07 0.07
Kamb & Ganguli [2] 44.44 349.68 181.08 4.40 4.49
Niedoba et al.[3] 22.35 76.09 322.65 22.77 23.19
Ours 21.25 70.23 314.55 22.39 22.97

Another DDPM 0.57 0.65 0.65 0.61 0.63
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Figure 9: Additional generation results for all baselines and ours on the CelebA-HQ dataset.
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Figure 10: Additional generation results for all baselines and ours on the AFHQ dataset.
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Figure 11: Additional generation results for all baselines and ours on the CIFAR10 dataset.
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Figure 12: Additional generation results for all baselines and ours on the MNIST dataset.
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Figure 13: Additional generation results for all baselines and ours on the Fashion MNIST dataset.
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