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A Derivations and proofs

In this section, we provide detailed derivations and proofs for the background and the claims made in
the paper.

A.1 Optimal denoiser: derivation, equivalence of ¢ and x( parametrization

We begin by defining the optimal denoiser for the x( parameterization we use in the paper.

Definition A.1. The optimal denoiser f (x,t) for a data distribution X at a particular noise level t is
the minimizer of the loss function

min B ||f(vai + V= aiet) - ool M
E

e~N(0,I)

Recall that 02 = 1 — ay.

Proposition A.2. When X = {z}},

€[N] is a finite empirical distribution, the optimal denoiser

f(x,t) has the following analytical expression:

. , 12
f(z,t) = Zx6 softmax {— Hx - Vagx) /203} : 2)

Proof. We first write down the objective (1) in terms of the random variable x = /a,x9 + /1 — e

E, Wi+ T=ae -]

e~N(0,I)

B 1f () = oll;

I()NX
z~N(\/agxo,001)

[ B oo (= Ivaian - alP /202 17(,t) = 23] da

We then minimize the integral coordinate-wise for each x to get the optimal f(x,t):

0= E_[exp (=@ — ol /20%) (f(a.t) ~ 20)]

Flanr) = 2= [l - \/@6!2 /207)
52 exp(— || = vt /207)

exp(a;)

Using the definition of softmax; {a; }j N = T, exp(a)”

we get (2).
[

Definition A.3. The optimal denoiser é(z,t) for a data distribution X at a particular noise level t is
the minimizer of the loss function

min B £ + VI=awet) el @)

e~N(0,I)

Proposition A.4. When X = {16 }i €[N] is a finite empirical distribution, the optimal denoiser for

the e-parameterization é(x,t) can be written in terms of that of the x-parameterization f (z,t):

é(@,t) = (v — Vai f(z,1) /oy )
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Proof. We follow the same proof as Proposition A.2, with the main difference being the following
step:

N X {Hf Vogzg + 1 — age,t) e||§]
EN?V(OI)

= E_ |z t) = (@ — Vamo)/oil; .

zro~X

xz~N(y/agzo,od)
O
Remark A.5. Another way to prove Proposition A.2 and Proposition A.4 is to show that the optimal

solutions are of the form E[x | ] and E[e | x], where x ~ N (\/azxo,0+1). Then it becomes clear
that the two expressions are linearly related to each other.

A.2 Patch-based optimal denoiser: formal derivation

We now turn to the patch-based denoiser, incorporating both locality and equivariance constraints
into the optimal denoising problem as suggested in [2], repeating the derivations in the notations of
this manuscript. Let X = {z{}}¥ | be a finite empirical distribution of images, and let

M RP* — RP*P
denote the operator that extracts a p X p patch centered at pixel q.
As suggested in [2], we impose two constraints on each patch-wise function f9:
1. Locality:
[z, t) = fI(M{z,t).

2. Equivariance: For every 2D translation g € T'(2),

f(go:m 75) = gof(z,t), = fq(gox,t) = gofgilq(xyt%
i.e. denoising commutes with the action of 7'(2) and relocates patches accordingly.

Definition A.6. The patch-based optimal denoiser f (z,t) for a data distribution X at a particular
noise level t is the minimizer of the loss function

. 2
m}n ro, ENN]%O I)JNOI]Hf(\ﬁonr\/l—ate t) x0H2
st fA(x,t) = fq(ng, t), qg=1,...,Q, (locality) ®)

flgomt)y=go f(z,t), VgeT(2). (equivariance)

Proposition A.7 (Patch-based optimal denoiser). Under the empirical distribution X = {z}}Y ,,
the minimizer { f1} of eq. (5) is given, for each patch location q, by

=3 > (g 0 wb)” softmax(—yk || Mz — VoM [g o wi]|[*), ©)

i geT(2)

and the full-image denoiser is obtained by reconstructing the final image from the pixels above.

Proof of Patch-based optimal denoiser. We prove this result in three steps: (1) decomposition into
per-pixel optimization, (2) equivalence of equivariance constraint and data augmentation, and (3)
derivation of the local form.

Step 1: Decomposition into per-pixel optimization. Let P, : R?*? — R denote the operator that
extracts pixel ¢ from an image, and define H = ZqQ: 1 PqPqT where PqT places a scalar value at pixel
q and zeros elsewhere. Since pixels are disjoint, P; P]-T = 0 for ¢ # j, making {P, PqT } orthogonal

projections with ZQ P, PT =1



74 By orthogonality of pixel projections:

1 (@) = oll3 =

2

75 Therefore, the original minimization problem decomposes as:

mfinEmONX,eNN(O,I) | f(v/owwo + V1 — aze) — w03

Q
. 2
= Zn}inEwwx,mN(o,I) [f1(Vaxzo + V1 — ae) — x(]
q=1

76 Bach pixel can be optimized independently.

77 Step 2: Equivariance constraint equals data augmentation. For the ¢-th pixel problem with
78 equivariance constraint:

. 2
Hflyl EponX,e~nN(0,1) [fq(\/ativo + V1 —ae) — ;vg]

st fi(gox) = (go f(a)" VgeT(2)

79 The equivariance constraint implies that for any translation ¢: f9(goz) = f9 '9(z
q p y g g

so Now consider the data-augmented problem:

. 2
H}}IH ExONX,e/vN(O,I)EgNT(Q) [fq(g o (varxzo + V1 —aqe)) —(go ﬂﬂo)q]

-1
st Since translation commutes with the noise addition and (g o 2¢)? = z§ , this becomes:

112
mf%n Eyon x,ennN (0,1 Egrr(2) [fq(\/at(g oxp) + V1 —ai(goe)) —xf q}

s2 If f9 satisfies the equivariance constraint, then f%(g o x) = f9 _1q(x), so:

1

—1 _ 112
Eyr| (o) — 28 " = Byrgy) [17719() ~ 28 ]

=E,re [f"(z) — zj]?

83 By uniform distribution over translations, this equals | f7(z) — z{|?. Thus, the constrained problem
84 1s equivalent to the unconstrained data-augmented problem.

85 Step 3: Local form derivation. From the data augmentation equivalence, the optimal denoiser for
g6 pixel ¢ minimizes:

2
Eoom X e (0, Egrr(2) [f1(Var (g 0 20) + V1 — age) — (g 0 o))
87 With the locality constraint f9(z) = f¢(M{x), we have:

fUVai(g e mo) + V1 — are) = f1(M{[y/au(g 0 wo) + V1 — aue])
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Let x = \/az(g o 29) + /1 — aie. The optimal fq satisfies:
Mz — @M (g o o)

0= E exp<' ) (F1(M{) — (g0 20)7)

IONX 2Ut2
g~T(2)
e~N(0,I)
Rearranging:
Zz 1 deT(z)(Q o zf)? exp (_Hqu — oM (go h)| /QUt)
f(Miz) =

S0 Cher oo (—IMfz — @M (hoah)|2/20})

Using the softmax notation:

1 .
Z Z g o)) softmax; , {—MHM[II — Vo M{(go 176)||2}
t

=1 geT(2)
This completes the proof. O

A.3 Ours: why do we binarize the sensitivity field
In this section, we provide justification for our algorithm provided in the main paper. In particular,
formally justify why it makes sense to binarize the sensitivity fields into a mask of zeros and ones.

At first, we generalize the patch-based optimal denoiser by relaxing the locality constraint. Instead of
restricting to patch extraction operators M,!, we consider arbitrary linear operators A7 : R4*4 —
R¥*¢ that can capture more complex spatial relationships.

Definition A.8 (Generalized masked optimal denoiser). The generalized masked optimal denoiser
f(x,t) for a data distribution X at noise level t is the minimizer of:

min Hf(\ﬁmo—k\/l—ate t) x0||§ @)

o zo~X, ENN(O I
s.t. fA(z,t) = f9 (Agx, t), q=1,...,Q, (generalized locality)
flgowmt)=go flz,t), VYgeT(2). (equivariance)

, where Al is an arbitrary linear operator.

Proposition A.9 (Generalized masked optimal denoiser). Following the decomposition and data
augmentation equivalence from the previous section, the optimal denoiser for pixel q under the
generalized locality constraint is:

Z Z (goxh)?- softmax; {—|Atx—\/07tAf(gox6)§]q1} 8)
=1 geT(2)

where ¥y = 07 A} (A])T is the covariance matrix of the noise in the transformed space, and || - ||%_,
denotes the Mahalanobis distance.

Proof. Following Steps 1 and 2 from the previous section, we arrive at the per-pixel data-augmented
problem:

. 2
min Eoom X e (0, Egr(2) [f1(Var(g 0 20) + V1 — aze) — (g 0 o))

With the generalized locality constraint f9(z) = f9(Alx), letz = \/a;(g o o) + v/1 — aye. The
transformed variable Az follows:

Alx = \Jay Al (g o xo) + V1 — aAfe
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Since € ~ N(0, I), we have Afe ~ N (0, AY(A])T). Therefore:
Afz ~ N (VarAi(g o z0), o7 A} (A])")

The optimal f 9 satisfies the first-order condition:

0= B [patslgon) (F1(at0) - (goa0)?) d(ate)
9~T(2)

where the conditional density is:

1
falg o an) x exp (5 4% — VAL g0 o)l )

Solving for f 9 yields equation (8). O

Proposition A.10 (Diagonal operators and mask binarization). When A} = diag(a}) is a diagonal
matrix with entries a, the optimal denoiser simplifies to:

N
fan=3" Z)(goxz‘»q -sofrmax@g{;gan@(z@(goxa»n?} ©)

=1 geT(2

where B is the binary mask with B} = 1 if a! > 0 and B} = 0 otherwise, and ® denotes
element-wise multiplication.

Proof. We begin with the generalized optimal denoiser from equation (8) and substitute the diagonal
operator Af = diag(a{,ad,... al).

For a diagonal matrix A} = diag(a), the covariance matrix becomes:
8, = of AL(A])" = ojdiag((a]]")
The Mahalanobis distance in equation (8) can then be written as:
1At — VarAf (g o 2p)[31 = (Afz — Vo Al(g 0 ) TS (Afx — VarAf (g o xp))
Since A‘tl is diagonal, we have:

Al — o Al(g o xp) = diag(af) - (z — Vou(g o 2p)) = (af(z; — V(g 0 7§);))5=

For any coordinates where a; = 0 we can apply the same reasoning as in eq. (6) and just exclude
them, by effectively projecting out. In the projected subspace of a] # 0, the covariance matrix is

now invertible: 33, = diag([aZo] 72) for af # 0. Therefore:

. aq. 2 €T — o Oxi 2
|Afe — VaAlgo )l = 3 (a9)* (x5 — V(g © 7))

2(,4\2
jeaT#0 0% (aj)
1 )
== > (7= Vai(goxp);)?
i “~
J:ajyéO

Key observation: The coefficients a? cancel out completely when a? # 0. The actual values of
non-zero a do not affect the optimal denoiser—only whether af = 0 or af # 0 matters.

We can now define the binary mask B? with entries:

1 ifa? #0
B(] = J
J {O ifag-:()
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This allows us to rewrite the distance as:

; 1 )
|47 = Vaidl(g ozl = 11870 (@ = Vai(g o wp)|*
t

where ® denotes element-wise multiplication.

Connection to patch-based denoiser: When a? = 0, the corresponding pixel j is effectively
removed from the optimization, as it contributes zero to the distance metric. This is precisely the
locality constraint from the patch-based denoiser: pixels outside the patch (where a? = 0) do not
influence the denoising of pixel q.

Substituting back into equation (8), we obtain:

N
Fite ) =3 3 (g0 wh)? - softmax;, {—ZithBq o (z— yar(go xa>>|2}

i=1 geT(2)

This completes the proof, showing that the optimal denoiser depends only on the binary support of
the diagonal operator, not on the specific non-zero values.

Remark A.11 (Justification for binary masks). The key insight is that when the masking operator
Al has a diagonal structure, the specific values of the non-zero entries cancel out in the softmax
computation. This means that:

1. The optimal denoiser depends only on the pixels that are included in the mask (the support),
not their relative weights.

2. Binary masks {0, 1} are as expressive as any diagonal weighting scheme for this optimization
problem.

3. This theoretical result justifies our practical choice of binary masks in the main paper, as
more complex weighting provides no additional benefit for the optimal denoiser.

A4 “Pass-through” denoisers: detailed analysis of SNR

In this section, we provide a detailed analysis of the signal-to-noise ratio in the principal components
of the data, extending section “Pass-through” denoisers in the main paper. Let’s consider the data
matrix X = [z3z2...2{'] € R¥¥. Doing singular value decomposition, and assuming N > d
we get X = Udiag(A1, Ao, ... Ad)VT, where \; are sorted in the descending order of their absolute
values. Covariance of the dataset, assuming that the mean of the dataset is zero:

1 1 .
N NXXT — NUdlag()\%’ )\g, e )\3)UT7

where U are the principal components of the data and A? /N is the variance of the data along those
components. We can now compute the signal-to-noise ratio along each of the principal components
of the data:

Eoyx [(UF yaian)’]

SNR; =
Eeno,1) [(UiTx/l - ateﬂ
oy UZTZUZ-
S (1—a)-U'U;
ay - N2/N
To1- o

156 When A?/N > (1 — a;) /oy, the intrinsic data variance is much larger than the relative noise level,

157

and the signal was not “destroyed” by noise. Note, the analysis above does not have to be performed
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on the entire dataset, but rather on the most relevant set of neighbors to the image that is currently
being denoised. In that case, the high SNR projections will be more precise and specific to each
particular image as long as SVD is well defined. Due to computation constraints and to keep the
analysis simple from now on we will assume that the covariance matrix is computed on the entire
dataset.

A.5 Manipulating the sensitivity field: variance of the perturbation

In this section, we provide the derivation for the variance of the added perturbation Ay in the section
“Manipulating the sensitivity field” of the main paper. Denote by v = cs the signal vector; then the
empirical covariance of the modified data is

Ymoa = E[Z0{ |
= E[(z¢ + yes)(x + ves)T]
=Elzoxd] + YE[zosT '] + yElesT 28] +v* E[essT ¢T)
= Yorig + 72 ElecT]ssT

1
= Zorig + 72513 by 85T7

where we used E[zo] = 0, E[c] = 0, and for ¢ ~ Uniform([—1,1]*), we have E[cc”] = $1. For the
noisy observations &; = \/a;Zo + /1 — aye, the covariance becomes:
Shod = B8] ]
= a; Elzoid] + (1 — o)l
= @t Ymod + (1 —ay)I

1
= Oétzorig + Oét72§]3 X ssT + (1 — Olt)I.

Assuming the RGB perturbation affects each color channel independently and focusing on a single
channel, the second term contributes a rank-1 perturbation with eigenvalue A, = auv?||s|?/3.

By the Wiener filter analysis of ??, the learned sensitivity along the new "W" principal component is
M
A+ (1— o)
ar?ls|2/3
ary?|[sl?/3 4 (1 — o)
ay’|s]?
ay?[ls|? +3(1 — o)’
where (1 — «) is the noise variance at timestep ¢.

su(t) =

B Additional Experiments and Ablation

B.1 Ablation of our model

The analytical model proposed in this paper has a single hyperparameter: th — the threshold of the
sensitivity field binarization. In appendix A.3 we formally justify binarization of the sensitivity fields
for our analytical model. Here we demonstrate the effect of choosing different binarization thresholds.
In particular, from fig. 1 we can see that higher threshold values (i.e., smaller patch sizes) correspond
to a sharper, but “patchier”. On the other side, small threshold values (i.e., bigger patch sizes) cause
the generated image to be over-smoothed. We report the 2 and MSE metrics of correlation with the
trained diffusion model for different threshold values in table 1.

B.2 Self-attention layers in denoising U-Nets

Across our experiments, we are using a trained DDPM model with removed self-attention (SA) layers
following [2]. In this section we demonstrate that removing the self-attention layer brings the FID
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Table 1: Comparison of 2 and MSE metrics across datasets for different binarization threshold
values. Best values are highlighted in bold.

Threshold CIFAR10 CelebA-HQ MNIST Fashion MNIST
r?4 MSE| 2+ MSE| r?1 MSE] r?1 MSE]

0.005 0.396 0.059 0.786 0.038 0.492 0.151 0.563 0.115
0.010 0.520 0.046 0.865 0.023 0441 0.165 0.517 0.122
0.020 0.672 0.031 0.897 0.017 0418 0.176 0406 0.144
0.050 0.773 0.021 0.894 0.017 0.214 0.255 0.072 0.211
0.070 0.771 0.022 0.879 0.020 0.214 0255 -0.192 0.264
0.100 0.737 0.026 0.852 0.024 0.214 0.255 -0.407 0.311
0.150 0.641 0.036 0.799 0.033 0.214 0255 -0.209 0.270

th 0.005  0.01 0.02 0.05 0.07

Figure 1: Ablation of the binarization threshold th.

score to 6.04 from 4.12 with SA. Qualitatively, the generated images look similar with and without
SA and thus our analysis in the main paper can be extended to U-Nets with SA layers.

In particular, we train a U-Net without self-attention and compare it with a baseline U-Net trained
with self-attention. Using the gradient-estimation sampler from [4], we report the FID scores for both
models, and in Figure 2, we compare sample results.

B.3 How to reproduce the reported sensitivity fields

In this section, we provide the technical details and intuition needed to measure the sensitivity fields
of diffusion models. All the results are reported for CIFAR10 dataset. Recall that the optimization
problem is invariant under the change of variables from the initial image x to the noise sample ¢;
see appendix A.1 for details. Consequently, one can measure the sensitivity field in either the noise
parameterization, Je(x, t) /O, or the image parameterization, dxo(z, t)/Ox. Although the choice is
merely a theoretical convenience, in practice the model’s behavior is highly sensitive to it.

The top row of fig. 3 shows the sensitivity fields of a DDPM model trained to predict y and then re-
parameterized with a linear transform to predict €; here we plot Je(z, t) /Ox. The middle row depicts
the same model, but the sensitivity is evaluated in the image parameterization, i.e. 9xo(x,t)/0z.
As we can see, a simple linear reparameterization applied to the model output drastically alters the
result. These observations are intuitive. From the optimal-denoiser analysis, we know that, in the
high-noise regime, the model predicts an image close to the dataset mean. Thus, predicting the
added noise sample € for each pixel ¢ is almost equivalent to outputting ¢ minus that mean, so the
noise-parameterized sensitivity field appears highly local. Because this visualization is not very
informative, we chose to plot dz¢(z, t) /Ox throughout the paper, as it captures the actual structure
of the sensitivity field.



207
208
209
210
211
212
213
214
215

216
217
218
219
220

221

222

223

224

225

226
227
228
229

230

231
232

233
234

DDPM w/o SA (FID 6.04) DDPM with SA (FID 4.12)
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Figure 2: Samples from trained DDPM U-Nets without (left) and with (right) self-attention layers.
The initial random noise is the same for both sets of images.

Figure 4 illustrates the effect of training U-Net and DiT models in the two parameterizations. Recall
that x4y = \/a; o + /1 — o €. For large ¢ where a; — 0, image x is ill-defined given € and x;
conversely, for small ¢ where a; — 1, € is ill-defined given x( and x;. Hence, while theory predicts
identical results (up to re-parameterization), numerical errors lead to different behavior at low and
high noise levels. The top two rows of fig. 4 show dz(x,t)/Ox for models trained in the noise
parameterization, revealing a pronounced shrinkage of the sensitivity fields in the high-noise regime.
We hypothesize that this is a numerical artifact and therefore plot, in the bottom two rows, the fields
obtained from models trained directly in the image parameterization. For clarity, all DDPM examples
in the main paper are trained in that setting.

Finally, the middle and bottom rows of fig. 3 compare two normalization strategies. In the middle
row, each sensitivity field is normalized independently to [—1, 1]; in the bottom row, the images are
normalized jointly, preserving relative scale. Joint normalization makes the field appear less local
while preserving its overall mass. Throughout the paper, we adopt per-image normalization, as it
more faithfully reflects the binarization assumed in our analytical model.

Summary of visualization choices

* Train the model to predict the image x( (not the noise €).
* Visualize the sensitivity of the image prediction, i.e. dxzo(z,t)/0x.

* Apply per-image normalization.

B.4 Sensitivity field of the optimal denoiser

In this section, we provide a visualization of the sensitivity fields of the optimal denoiser on the
CIFARI10 dataset. As shown in fig. 5, the sensitivity of the optimal denoiser closely resembles that of
the trained models only in the high-noise regime. At intermediate noise levels, the sensitivity field
begins to diverge, and in the low-noise regime, it ultimately “explodes”.

B.5 Generation dynamics

Here we provide additional results demonstrating the dynamics of image generation. In fig. 7 we
numerically compare xo predictions through the generation process.

In fig. 6 we demonstrate how the dynamics of image generation of our analytical model compares
with that one of a trained DDPM model. Note that the trained model produces noisy single-step

10
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Figure 3: Top: sensitivity field of the noise prediction de(x, t)/0x. Middle: sensitivity field of the
image prediction dzo(x,t)/0x with per-image normalization. Bottom: the same field with joint
normalization across images.

Figure 4: Sensitivity fields Oz (x, t)/Ox for U-Net (left) and DiT (right). Top two rows: models
trained to predict noise e. Bottom two rows: models trained to predict the image . The shrinkage
observed at high noise in the noise-parameterized models is likely due to numerical instability.

predictions for high noise levels (¢ > 850). We explain this behavior by the fact that the model was
trained to predict € and later re-parametrized to output x for the visualization. Since a; — 0 for
high noise level, xy becomes ill-defined and thus noises the outputs.

B.6 Variance of the reported metrics

In table 2 we report standard deviation values for the metrics reported in Table 1 of the main paper.
All the values are calculated across 128 samples.

11
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Figure 6: Intermediate generation results of a trained DDPM model (rows 1 and 3) and ours (rows 2
and 4). The figure displays single-step estimations of x from each z, along a sampling trajectory of
10 steps.

B.7 Quantitative measure of novelty of samples

In this work, we focus on the ability of the trained diffusion models to generate novel samples that
contrast with the behavior of the optimal denoiser. Therefore, the ability of the analytical model to
generate novel samples is paramount. In figure 5 of the main paper (as well as in appendix B.8) we
report the nearest neighbors from the training dataset for each sample generated with our analytical
model. To quantify these results, we report the average L2 distances between samples generated with
each of the baseline models and the closest image in the dataset in table 3. Additionally, we report
the dynamics of the “novelty” measure in the generation process in fig. 8.

B.8 Additional generation results

We present additional generation results similar to fig. 5 of the main paper in figs. 9 to 13.

CIFAR10 CelebA-HQ

& - Optimal Denoiser
- PO - * & Kamb & Ganguli
I G SECeh e @~ Another DDPM

900 800 700 600 500 400 300 200 100 0 900 800 700 600 500 400 300 200 100 0

Denoising step t Denoising step t

Figure 7: Mean Squared Error (MSE) between the baseline’s predictions and a trained DDPM model.
The MSE is calculated on z( prediction from each x; point along a 10-step generation trajectory. The
results are presented on the CIFAR10 and CelebA-HQ datasets. Mean and standard deviation values
were calculated across 128 samples.
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Table 2: We report standard deviations values for the metrics reported in Table 1 of the main paper.
All values are computed over 128 samples.

CIFAR10 CelebA-HQ AFHQv2 MNIST Fashion MNIST
Method r24  MSE] r24+  MSEl r?24  MSEl r24  MSEl r?24  MSEl
Optimal Denoiser 40774 £0044 £0298 £0023 £0371 £0.023 40204 =£0036 +0344 +0.077
Wiener (linear) 40092 0004 40039 £0004 £0.072 #0003 40066 =+0014 =£0.068 =0.018
Kamb & Ganguli [2] £ 0.126 +0.017 +0.081 40006 =+0081 +£0.006 +0.110 40045 =40.114 = 0.032
Niedoba et al.[3] 40137 £0004 40092 £0005 +0.092 40006 =40.077 =+0.022 +0.088 =+ 0.022
Ours +0.078 40008 =+£0.032 +£0006 +0.026 =+0004 +0.051 40015 £0042 +0.011
Another DDPM +0.113  £0.002 =£0.007 £0001 40019 =£0001 0082 40019 =£0.020 =0.005

Table 3: We numerically quantify the ability of analytical models to produce images outside of the
training dataset. In this table, we provide the average L2 distance between images generated with the
baselines and the corresponding closest image in the training dataset. Results are averaged over 128
samples.

Method CIFAR10 CelebA-HQ AFHQv2 MNIST Fashion MNIST
Optimal Denoiser 0.000 £ 0.000 0.000 £ 0.000 0.000 £ 0.000 0.000 £ 0.000  0.000 £ 0.000
Wiener (linear) 0.091 £ 0.006 0.104 +0.006 0.112 £0.005 0.177 £0.015 0.133 £0.013
Kamb & Ganguli [2] 0.094 £ 0.005 0.089 £ 0.006 0.136 + 0.007 0.355 £0.061 0.218 £ 0.032
Niedoba et al.[3] 0.113 £ 0.007 0.134 +0.009 0.145 £0.007 0.221 £0.019 0.215 £ 0.019
Ours 0.040 £ 0.005 0.063 +0.004 0.063 +0.004 0.204 £ 0.023 0.131 £+ 0.027
Another DDPM 0.079 £ 0.014 0.087 & 0.010 0.095 £0.013 0.103 £0.023 0.067 & 0.015

C Implementation details

C.1 Sampling.
In all of the generations in this paper, we are using diffusers’ [1] implementation of the DDIM [5]

sampler with 10 sampling steps. We discretize the noise time scale for ¢ € [1,1000] where ¢ = 0 is
no noise and ¢ = 1000 is full noise. The scheduler is linear with ety = 10~* and 1999 = 0.02.

C.2 Training DDPM Model

We train a Denoising Diffusion Probabilistic Model (DDPM) U-Net using a third-party pytorch
implementation [6]. We adopt the U-Net model architecture based on the input image resolution:

* MNIST/FashionMNIST (img_size =
[1, 2, 2], base channel width 64.

28): 3 downsampling levels with channel_mult =

* CIFARIO (img_size =
levels with channel _mult =

32) and CelebA-HQ/AFHQ (img_size = 64): 4 downsampling
[1, 2, 3, 4], base channel width 128.

The number of residual blocks per level is fixed to 2, with no self-attention modules included. Dropout
is set to 0.15 throughout the network. The model is trained for 200 epochs with a batch size of 32.
We use the Adam optimizer with a learning rate of 10~% over 1000 diffusion steps. Training and
evaluation use fixed random seeds for reproducibility.

C.3 Our analytical model

Below we provide a detailed description of the implementation of our analytical model. A key
component of this implementation is the weighted streaming softmax (wssm) that accumulates the
product xq softmax (. ..) over batches of training images. Additionally we attach the code of our
algorithm, the weighted streaming softmax and of all the baselines to the supplementary materials.
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Figure 8: L2 distance between z( prediction and the closest image in the training dataset reported
along a 10-step generation trajectory for 5 datasets.

Algorithm 1 Single denoising step of the proposed analytical model.

Require: Noisy image

Timestep ¢
Precomputed covariance S of the data
Mask threshold th
Dataset X
Schedule of o
Ensure: Estimated clean image %
1: UAUT =8 > SVD of the covariance matrix
2: W, = Udiag ( Bﬁ-t(i\ti/\' ) U’ > Current Wiener matrix
3: M, = Binarize(W, th) > Construct the projection matrix
4: wssm.init() > Initialize weighted streaming softmax
5: for each batch xék) from X do
2
6: Dy, = stack [(xt — /ata:ék)) ] > Distance to x; for each image in the batch
7: Dmy = Dy M, > Each row of M; serves as a mask
8: wssm.update <7Dmt/2 [1—a, xék)) > Add the distances and the value
9: end for
10: &g = wssm.value()
11: return Z,

C.4 Baseline implementation details

Wiener filter. To implement the Wiener matrix, we first center each dataset to zero mean. Then
we pre-compute the covariance matrix of the dataset. Note that this is part of “training” and these
computations were not included in the runtime report. On sampling, use the PyTorch implementation
of SVD to compute the principal components and the corresponding singular values. Finally, we are
using eq. (7) from the main paper to implement IW;. Note that we are using the Wiener filter as a
denoiser, and when generating the images, we are still using a 10-step DDIM sampling, effectively
applying the Wiener filter 10 times to the initial noise.

Kamb & Ganguli model. We implemented the analytical model suggested by Kamb & Ganguli in
our code base. Then we fit the patch sizes M; of the analytical model to our trained DDPM U-Nets,
maximizing the r2 between the scores on each step of generation. Below are the patch sizes that we
obtained:

» CIFAR10 32 x 32: [32, 32,32, 29, 25,17, 13,9, 7, 3]
CelebA-HQ 64 x 64: [ 64, 64,57, 49, 45, 25,17, 17, 9, 3]
AFHQ 64 x 64: [64, 64, 45, 33, 25,17,17,9, 9, 3]

MNIST 28 x 28: [28, 28, 23, 23,17, 17,17, 13,9, 9]

» Fashion MNIST 28 x 28 : [28, 28, 25, 23,17, 17,13, 13,9, 9]

Niedoba et al. model. We similarly re-implement the Niedoba et al. model in our code base. We
then measure and average the sensitivity field of our instance of the DDPM model. The sensitivity
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field is averaged across all output pixels and 64 different noise samples. After the averaging, we
binarize the sensitivity field with a th = 0.05 relative to the max value in the receptive field for
each timestep t. We empirically observed that the performance is worse with equivariance, so our
implementation does not contain equivariance to translations. Finally, we implemented the algorithm
similar to our model, but with the measured sensitivity fields.

C.5 Computational resources and runtime

All the experiments were performed on a server machine with Ubunutu 20.04. The machine has
1008GB RAM, 128 CPU cores and 8 x NVIDIA RTX A6000 GPUs with 49140MB VRAM. We note
that all the baselines could be run with fewer computational resources. In table 4 we provide the
average run times for each baseline.

Table 4: We demonstrate the computational efficiency of each method by displaying the total sampling
time for each of the baselines over 10 denoising steps. None of the methods are optimized for runtime,
and the comparison is provided only as a rough reference. Results show times averaged over 64
samples.

Method CIFAR10 CelebA-HQ AFHQv2 MNIST Fashion MNIST
Optimal Denoiser 7.90 18.90 10.01 0.63 0.64
Wiener (linear) 0.11 3.10 3.08 0.07 0.07
Kamb & Ganguli [2]  44.44 349.68 181.08 4.40 4.49
Niedoba et al.[3] 22.35 76.09 322.65 22.77 23.19
Ours 21.25 70.23 314.55 22.39 22.97
Another DDPM 0.57 0.65 0.65 0.61 0.63

-

=
=3
o)
[a)
IS
=
=3
o)
[a)
Z
=
o

Kamb  Wiener

Ours NN Niedoba

Figure 9: Additional generation results for all baselines and ours on the CelebA-HQ dataset.
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Figure 11: Additional generation results for all baselines and ours on the CIFAR10 dataset.
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