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A APPENDIX

A.1 NOTATION

We use bold small letters to denote vectors, and capital bold letters for matrices. We denote the
expected value of a random variable X by E [X|. We denote lo-norm by ||. ||, and the Frobenius norm
by ||.|| z- Also (., .) denotes the inner product space. The cardinality of a any set 13 is represented by
|B|]. We use the standard notation O(n) to denote the order of n. For a vector valued function ®(w),
the gradient is denoted by V®(w), and the Hessian is denoted by V2®(w). We use 1 to represent
a column vector with all ones.

A.2 CONCLUSION

In this work, we performed a theoretical analysis of the well known FedAvg algorithm for the class
of smooth non-convex overparameterized systems in the interpolation regime. We considered two
settings, namely (i) Server setting where the central server coordinates the exchange of informa-
tion, and (ii) Decentralized setting where nodes communicate over an undirected graph. In this
regime, it is well know that neural networks with non-convex loss functions typically satisfy an
inequality called Polyak-Lojasiewicz (PL) condition. Assuming PL condition, we showed that in
both the settings, the FedAvg algorithm achieves linear convergence rates of O(7°/?1log(1/¢)) and
O(T?log(1/¢)), respectively, where e is the desired solution accuracy, and T is the number of local
SGD updates at each node. As opposed to standard analysis of FedAvg algorithm, we showed that
our approach does not require bounded heterogeneity, variance, and gradient assumptions. We cap-
tured the heterogeneity in FL training through sample-wise and local smoothness of loss functions.
Finally, we carried out experiments on multiple real datasets to confirm our theoretical observations.

A.3 RELATED WORK

After the introduction of the FedAvg (McMahan et al.| 2017), multiple works have analyzed the
convergence of FedAvg in the server setting and with homogeneous data, i.e., when the data is i.i.d
across clients (see |Stich| (2018); [Wang & Joshi|(2018)); |[Khaled et al.|(2019);|Yu et al.[(2019b); |[Wang
et al.| (2019); [Yang et al.| (2021))). The authors in (Stichl 2018) were the first to obtain a rate of
O(1/Ne) for strongly convex and smooth problems. Later (Haddadpour et al., 2019; Haddadpour
& Mahdavi, [2019) proved a similar result but for non-convex functions satisfying PL inequality.
The analysis of FedAvg for the general non-convex settings was first performed in|Yu et al.| (2019b)
where the authors establish a rate of O(1/Ne?). In (Woodworth et al., 2020a)), the authors ana-
lyzed the trade-off between Minibatch and Local SGD in the homogeneous settings and established
O(1/N¢€?) convergence rates for minimizing smooth non-convex objectives. Recently, many works
have adapted the analyses of FedAvg for minimizing the non-convex losses in the heterogeneous data
settings. For example, |Yu et al.| (2019a) extended the results of |Yu et al.| (2019b) for the heteroge-
neous data setting. Specifically, the authors in (Yu et al.;|2019a)) utilized a Momentum SGD updates
and established the convergence rate of O(1/N¢?) under bounded heterogeneity setting. Similarly,
the authors in (Woodworth et al.,2020b) extended their analyses of (Woodworth et al., [2020al)) to the
heterogeneous data settings. The work (Karimireddy et al., 2020b) also provided a tight analysis for
FedAvg and established linear speed-up with the number of clients. Recently, (Yang et al., [2021)
analyzed the linear speed-up effect of FedAvg while (Khanduri et al., 2021)) analyzed the trade-off
between the batch sizes and the local updates. We note that all these works establish a convergence
rate of O(1/Ne?) for minimizing non-convex smooth losses in the bounded heterogeneity setting.
It is also worth noting that numerous works have proposed variants of FedAvg with different lo-
cal update rules (e.g., variance reduction, momentum SGD, adaptive updates, etc.) with the goal
of improving the performance of FedAvg (Karimireddy et al., |2020b; Sharma et al., 2019; |Liang
et al.} 2019; |Khanduri et al.|, [202 1} Karimireddy et al.,|2020a; |Das et al., [2022)). However, in practice
FedAvg remains the algorithm of choice for training large FL systems.

There are a few works that have analyzed the performance of Fedvg in the decentralized settings
as well. One of the initial works, (Lian et al.l [2017) considered a decentralized parallel SGD (D-
PSGD) and provided convergence rate of O(1/Ne*) for minimizing smooth non-convex functions.
Later, (Haddadpour & Mahdavil 2019)) analyzed the convergence of FedAvg under both server and
decentralized setting with bounded gradient dissimilarity assumption. The authors showed a conver-
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gence rate of O(1/Ne?) for minimizing non-convex functions in both the server and decentralized
settings. The authors in|Yu et al.[(2019a)) also extended the analysis of Momentum SGD to decentral-
ized networks and established a convergence of O(1/Ne?) for minimizing non-convex functions.
All the above works provide a sublinear rate of convergence for FedAvg, however, as illustrated in
Fig. (1} FedAvg converges at a much faster rate in practice. To understand this behavior of FedAvg,
in this work we analyze the performance of FedAvg under both server and decentralized settings for
minimizing a special class of non-convex functions satisfying PL inequality under the interpolation
regime. We note that overparameterized neural networks/systems usually operate in the interpolation
regime while their loss functions have been shown to satisfy the PL inequality.

The linear convergence of centralized SGD in the interpolation regime for minimizing PL objectives
was first established in Bassily et al.| (2018). Recently, (Qu et al., 2020) showed linear convergence
rate of FedAvg in the server setting for minimizing strongly-convex objectives in the overparame-
terized regime. Similarly, the authors in (Koloskova et al., [2020) have also established the linear
convergence of FedAvg in the decentralized setting for minimizing strongly-convex losses in an
overparameterized setting. The above works only focus on analysis of FedAvg for the strongly-
convex objectives in the overparameterized regime while we focus on the more general class of
non-convex functions satisfying the PL inequality.

Moreover, compared to other works that assume restrictive bounded gradient, heterogeneity, and
variance assumptions, we show that such assumptions can be avoided by using a sample-wise
smoothness assumption.

Table[T] presents a summary of the above discussion.

In a separate line of work, the linear convergence of SGD (and GD) for optimizing overparameter-
ized neural networks/systems with specific activation functions, network widths, and assumptions
on data and loss functions has been established (Zou et al., 20205 |Li & Liang, 2018} /Allen-Zhu et al.,
2019; Jacot et al., 2018 Du et al.| 2018} |Chizat et al., 2019; Nguyen & Mondelli, 2020). Recently,
the works in (Huang et al.|[2021; Deng et al.l[2022) have extended some of these specific neural net-
work architectures to FL settings. However, we note that these works are orthogonal to our setting
as we consider a general setting without assuming a specific model to be learned.

A.4 USEFUL LEMMAS

In this section, we state two Lemmas that will be used in proving our main results.
Lemma 1. For any matrices A € CN*Y and B € CN*4, we have ||AB||% <N ||A||ip HB||2F

Lemma 2. (See Lemma 1 in |Sun et al.|(2021)) For any m € N, the mixing matrix P satisfies
[P = Qll,, < A5, where Xz is the second largest eigenvalue of the mixing matrix P, and Q :=

1 T
LT
A.5 PROOF OF THEOREM[I]

In this section, we present the proofs for the convergence of Algorithm

A.5.1 USEFUL LEMMAS TO PROVE[]]

To start with, we briefly discuss some Lemmas to prove the main result. Using the following Lem-
mas, theorem [T will be proved in Sec.[A.5.2] The local model drift is bounded in terms of local loss.
The local model drifts away from the global averaged model during the local updates which is the
essence of the following lemma.

Lemma 1. The local drift % Zszl E ||w£’t —w"t ||2 is bounded in terms of local weight i.e.,
Dy, (w,") as follows

1Y . 2t [ 200w 26(b— 1) Lonas | o o o
S Bt w P | P 2O D s | S8 g ().
k=1 k=171=0
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where lqp = maxy, j l j and Liyqqz = maxy Ly,

Proof: Using the step 7 of Algorithm[I]| we have

’U)Zt— rit—1 Z v(pk,J( rt— 1).

]EBrt
Performing the telescopic sum over w, we get
t—1
wpt =wp®— Y % S vy, (w)7). @

=0 jeBZ*"'
Averaging over k € [N] results in

N t—1

wh = ZZ > VO (w)T). ©)

k 17=0 ]GBT"

. . . . 2 .
Using equatlonand equatlonln % Z,iv_l Hw,:’t —w"t H and noting the fact that w™? = = w, 0

we get

N N t—1
o2 e w0 < ZHnZ PRLFIHES DIDID LI
k-1 k=1 7=0 jeB k'=17=0 /Bl

For a sequence X}, for k € [IN], we have Zk:l X, — X|° < Zf::l | X&|”. Applying this in the
above results in

N
3 gt Nznnz SV (w)) | ©
k—1

— =0 ]GBZ’T

2, N t—1
77t 1 T (12 1 T
§sz 2 Z [V@r,; (w, ") +b727k
k=171=0 JEB;T J#3’
where F"7 = (V®y, ; (w,"), VP j» (w)")). Taking expectation, we get
N N t-1
1 T rt]|2 TN (12 b(b_l) Ty |2
3 LB - w < BSOS [LEiven i+ e ve i
k=1 k=1 t=0

Further, using smoothness assumption (see assumption [), we have

N N
1 12 n?t 2l .y 2Lpb(b—1) o
LY w2 TS [P )+ 20 )
N N b b
k=1 k=17=0
24 N2 romaxy, U o 2maxy, Lpb(b—1 ”
< 2% [ME[@MW )N+ k ’;( )y (!
N b b
k,7=1,0
(a) 172t [QZmam b(b - 1 max S
2 S5l
N b k=171=0
where (a) follows from the fact that [,;,qq := maxy j lg j and Ly,qp := maxy Ly. O

Next, we show that the local loss is bounded in terms of global average weight. This is necessary to
obtain linear convergence of Algorithm T}

Lemma 2. The local average loss E [P, (w'")] is bounded in terms of global average weight
i.e., Dy (w") as follows

E (@ (w;7)] < (1= 25) @ (w). ®)
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|

Proof: Applying the smoothness assumption (see for &y, (u), we have

@k( — 1) <Vd>k( rr— 1)7w£, Wl 1> ’ Wl 1H2
(I)k( - 1) <V(I)k( - 1) ZV%J( - 1)> n%sz HG,«T 1H2_

J€B7 ,T—1

IN

Py (wy")

where Gy =3 _prr 1 VO (w; T 1) The last equality follows from step 7 of Algorithm

JEB
e, w,” —w; =1 t 2 jeppmt Vo (w ( v 1) Taking expectation on both sides in the
above, we get
T r,T— T — Lkn2 T — 2
elo i) < B [oe (ui) oo (w7 ) [ G o]
1 1 max772 1 2
< Bl () nfve (wp ) B e o
where L.;,q, := maxy Li. The last term on the right side in equation |§|can be bounded as
2
1 r,r—1 1 r,7—1 r,7—1
| X e ()| < Bl 3 ven (i) v p DA
jeBpT ! jeBr™ !
2 [P o ()] + o= (w7

where F,'7 7! = <V(I>k7j ('w,:’T_l) V& i ( T 1>>, and (a) follows from smoothness as-

sumption and the fact that l,,4, := maxy, j Iy ; and Ly, := maxy, L. Now, plugging the above in
equation 9] we get

L2,..b(b—1) _
T r—1 r,m—1 maa: max max r,7—1
E @), (w]7)] < E [cbk ( ) — HV(I)k ( )H ( + mes Lo
2
where L7™! = @, ('wZT 1). Using the local PL inequality i.e., ‘V(I)k ( o 1) H
P (wz'r 1) where fiyin = minge| N]{Mk}~ (see definition |2} , the above can be further
bounded as
T lmameaa: L"%'Laajb b -1 T —
B (0] < |1 = i +o7 (222f2r 4 Lnast0 =) | [ ()],
Choosing n < ; (zm“ Lmaibzm,mw“b 1)) results in the following
T Nimin rr—1
E[® (w] )]§(1 : )E[@k(Q’ )]

It is easy to see that the above implies

B [ (wp7) < (1 22) oy ().

In the next subsection, we provide the proof of [T[jusing Lemmas proved above.

A.5.2 COMPLETING THE PROOF OF THEOREM [I]

From the Assumption|l} ® (w) can be written as

By (wr,t—i-l) <® (wr,t) + <V(I)(Mr,t)7wr,t+1 _ wr,t> + % ||wr,t+1 i QT’tHQ'
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r,t+1 r,t

Now, using the stochastic gradient descent update w - w =

— (fozl > jenrt VO (wzt)) in the above and using Assumption we get

N
Tt r,t r,t 1 T, TIQL T, 2
@ (w"' ) <@ (w"') - n<v<1>(w DN 2 Z Vo, (wy) > +5- g™
k=1jeBrt
where ™! = L SV > jenrt VO (w), *"). Taking the expectation conditioning on w}’, we

gef]
N

E[® (w""*)] <E[® (w"™)] -7 <V‘I>(w“t)7 % 3 vy (w)') > n
k=1

)

A
2
L Li > Vo (wyt L Ve Vo,
5 | N2 kg (W) + bZN2 Z Z ki ( Z v (W)
k=1 ||jeBmt k#£k’ \ jeBnt ieBmt
.Az AS

(10)

The term A5 in equation[I0]can be bounded as

1 < N , ;
Az = b2 N2 Z Z HV(I)’M (wk’t)H + b2 N2 Z Z <V(I)k7j (wk’t) s V& 5o (wk’t) >

k=1jeBrt k=1 j#£j'

Now taking the expectation conditioning on w;’t, we get

N

, b(b— 1 .
Bl Al - NQZHV% (w17 + P ST (w1 )

k=1

Taking the expectation of A3 in equation [I0} we get

E[.Ag] % Z <V(I)k (’U)]:’t) , VO, (w,:’,t) >

k#k!

1 i,
< s 2 |1V ()P + [V (wp) 2]
k#k!

= ZHV@ P
< levcbk 1%, (12)

where (a) follows from the fact that (a,b) < 3 llall® + i ||b]|>. Next, the inner product term A; in
equation [I0]can be written as

1
A= 5V (@) + 4|va<1> I+ ZV% - Ve (w)

1 T
> SIVe (W) + Zw SIS an — P, (13)

2The conditional term is not explicitly written. However, it be clear from the context.
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where (a) follows from smoothness assumption (see [T). Substituting equation[I1] equation[12]and

equation[I3]in equation[I0} we get the following

1 & ’
t

¥ Z Vo (w))

E[® ")) < E|®(w")-J[|ve @)’

N
77 -
7]\]2 7w7tH +2[ﬁ\]22”v(pkﬂ
=Ay
2R IAR o
* <2sz2 + m) ’; [V, (wy )| |- (14)
=As

The term A4 in equation [T4]can be upper bounded as follows

INE

Ay 2Z}|v<1>,” — Vo (w™) || +2Z}|v<1>,m )H

s 2 Z g lwi” — QMH2 + 42 I, @r.j (w™)
k=1

k=1

N N
T | R S )
k=1

where (a) follows by adding and subtracting V®;, ; (w"") and using the fact that, ||a + b|)* <
2|al®> + 2]|*, (b) follows from Assumption [3| and (c) follows from the fact that lye, =
maxy, ; I, ;. Taking the expectation of 44, we get the following bound
) N
E[A4] < 2ZEWZE [ =" "+ dlinas Y B (w™) . (15)
k=1
Now, let us upper bound the term Aj in equation[T4]as
@ X . y
As < QZ [V (w)) — Vo, (w™)||* + 22 |V, (w
® 2 |2 Tt
< ZL ‘w —w"|| +4Zqu>k(w’>
k=1 k=1
© 2 it t)12 - t
< 2%, Z Jwi" = w"||” + 4Lmaz Y Pk (w"). (16)
=1 k=1

In the above, (a) follows by adding and subtracting V®;, (w"*) and using the fact that, [|a + b||*> <

2 |lal|* + 2]b||?, and (b) follows from Assumption [3|and (c) follows from the fact that Ly,qz :
maxy, L. Substituting upper bounds from equation[I3]and equation[T6]in equation [T4] we get

2

E[® (™)) < B|@ (™) - 7]V (@)

1 N
N Z Vo, (wkt)
k=1

N2 PLe | PLLRae | PLLRwn N Nm o rt )2
+@N+bm 4 Phlnas | WLE )wa_ww

anleaz 2n2LLmam 9 ”
+< N N +20°LLypas | @ (w™*) |. (17)
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Now, using PL inequality, i.e., [|[V® (w)||* > u® (w), Yw € R* and rearranging the terms, we get

2 2leam 2 2LLm(mc r
<1 n2u+< S A +2"2LLm“$)>q)(w Y

E[‘ID (wr,t+1)] < E

+(2+ N + N + QLL?naac> N;Hwkt_ﬂr,tu .

2
Choosin < min B L the above can be
g 77 - 4(721127\7}@% +72LLNM,@1: +2LL’"L(L1}) ’ 2(Llfrjlva1 + LWLGT +LL2 ) ’

max

further bounded as
E[e )] < E(1-2)e ™)+ nk? §N [wpt - w" || (18)
- - 4 - N & ke = ’

In order to prove linear convergence, it suffices to show that the second term above, i.e.,

~ Ly N el Hw —w" H2 is exponential in ¢ (w). From Lemma it follows that the second term
on the rlght hand side in equation [I8] becomes
Z Z E[®4 (w)")]. (19)

1 r )2 n*t
NZEme’tH < Tt

Substituting equatlonlof Lemmal ie. E[®y (w,")] < (1 - W”%)T E [®f (w")], in the above
results in

21mam b(b_]- max Al

b

N t—1
1 r,t Tt 2 772t 2lmabL b(b_l max nﬂrnm r
NZEH% —wt < T >3 (1) By )
k=1 k=171=0
@ 022 [2maz  26(b— 1) Linas | o .
e | X )
e 26(b— 1) Lonax
2 nztz[ e 201 }@(wr), (20)

where (a) follows by choosing n < and (b) follows from the fact that +- 25:1 Dy (w") =
® (w"). Using recursion on equatlon . we get

s )] < (1) ewn) B (- ) ZH i e

2
r,T—1—1 r.T— T
7w’T 1

It follows from the update step that N Z kel H =0for7 =T —1. Using

+ Zk:l E ||'wk —w"|| < n*t? [Zl"b““ + 2= ;gL"’“”} ® (w") in the above results in

Blo ) <(1-2%) @)

T-2
2 CNENT o v [2lmas | 26(b — 1) Linag -
+nL 2(1 =) -1 { L = o (w').

Setting ) < 7 gives

r+1 ny T 312 3 2lmax 2b(bfl)mer r
E[® (w )]§{<1—4> FPL (T — 1) < e > o (w"). Q1)
results in

4

. T
Using the fact (1 — 2%)" < (1 — %), and choosing 7 < [8L2T3(2“*g”i2b(b?2“"”)]

the following exponential bound

E[e ()] < (1-Z)E[e@)). O
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A.6 PROOF OF THEOREM[2]

In this section, we first present the overview of the proof. Then, we will state and prove Lem-
mas required to prove the Theorem. The proof mainly consists of three intermediate steps, namely
bounding i) the local loss, ii) the loss in terms of future iterates, and iii) the global drift. In the
Lemma[6} we bound the local loss. We use L, smoothness (see definition[I)) and local PL inequality
to show loss at local weight is bounded in terms loss at global average weight and the drift.

A.6.1 PROOF OF THEOREM[2]

We simplify the presentation of the proof by using the following matrix notations. Let the local

average weights be denoted by W, := [w],w},... ,QMT € RN*4  where wj, € RY. The
Aggregation step of Algorithm[2]can be compactly written in matrix form as
witt =Y prawyt = Wi =PW (22)
1EN
where N := {i : py; > 0}. Further, we define the global average as
| X
w'i= =y wi = W= QW (23)
k=1

where the average matrix @) := %11? Now, let us represent the gradients compactly in the matrix
form as

. 1 oo 1 . 1 .
o (W) = |5 3 G e 3T Al Y AR (24)
jeByt jeBy? jeBR!

where Gl(rj?t) =V ; (wl”) The mixing matrix P also preserves the average, and hence QP =
P.

We start by proving an upper bound on the average loss E [® (w" )] in terms of the loss ® (w")
in the r-th communication round, and the drift D, o, as shown in the following Lemma.

Lemma 3. The average loss is bounded in terms of the drift as follows

2
B (e (w )] < (1- ) o @)+ OF

Dr ) 25
< 3 0 (25)

2
where the drift D, o := leﬂ) — ET’O , and 1 is chosen according to equationH
F

Proof: The proof is provided in Appendix O

It is easy to see from Lemma [3| that we can obtain the convergence result provided in theorem
provided the drift term on the right hand side of equation [25]is bounded in terms of loss. More
specifically, if D,y < constant x ® (w"), then the linear convergence stated in Theorem can
be easily proved by substitution. Before proving this, in the following lemma, we provide a recursion
of the drift in terms of the average loss and the past drift.

Lemma 4. The drift is bounded in terms of (QT’O) as follows

r—1 r—1
Dyo <7*BT*NLy, (Z XD+ Y MR [0 (wmm) : (26)
=0 7=0

where Ly, = max { L0 2Lmas N}, 1= sct®™ 32 (14 1) 53

mazx’ 1+9) min

Proof: The proof is provided in Appendix O

Next, our task is to show that the recursion in equation @] satisfies a bound of the form D, o, <
constant” x ® (QO), which is the desired result. Here, the constant is less than one. We use
induction along with carefully choosing 7 to achieve this goal. The following lemma provides the
desired result.

20
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Lemma 5. Using equation[26|and equation 25| and by induction on D, o we get

Dri1,0 < (2r + 3)?*BT? Ly NN2A™H1 & (w”) (27)
where L, := max {Lfmm, 2LmamN} and 8 = %
Proof: The proof is provided in Appendix O

First, note that if the network is fully connected or centralized, i.e., Ay = 0, then the drift term
becomes zero, as expected. Further, the drift increases with the number of clients N and the number
of local rounds 7'. Nevertheless, it goes down with A exponentially provided A < 1. This ensures
that the exponential bound in our main result holds good. Finally, the proof of Theorem2]is complete
by using equation[26|and equation[27]in equation[23] In the next subsection, we state and prove some
useful Lemmas that are required to prove the main result.

A.6.2 USEFUL LEMMAS TO PROVE THEOREM[2]

Lemma 6. The function @, (w,’") satisfies local PL inequality and can be bounded in terms
of global average weight i.e., @y (w") as follows

T QLETLO/(E i i 2 T
E[®) (w,")] < TEHQIC—Q I + . B Vo, (w")]?, (28)

where Hmin = minkE[N] {,uk}

Proof: From assumption the function ®y, (w, ") is written as
T rr—1 r7—1 T r,7—1 Lk T r,7—1 2
Dy (w) < @ (™) + (Vo (w7 ) s - wf >+7 i~ wy H2 (29)

We know from step 7 of Algorithm W —wp T = =Y e Vs (w]T ). Using
this in equation [29] we get

Dy (wy") < Py (wZ’Tﬁl) -7 <V<I>;€ (wZ,’T*l) ,% Z Vo ; (wZ’T1)> + 7722Lk G (r,7).

r,T— T 1 o
< (o) (o fu ). LS e (u )
jeByT !
2L o 2 2L, rT— ™T—
DY 7o, (i 1)H2+772b2k (V0 (wi7™") Vs (w177))-
jebpr 375

VAN
KA
o~
/N
g
3
)
N
|
3
T
<
KA
o~
/N
g
3
)
|
N
S =
<
KA
o~
&
/N
g
&3
3
N
\/

+

2 2
n Lmaa: r,7—1 2 n Lmaw r,7—1 r,7—1
g 2 [V (i) [, g 3 (s (k) VO (wi)).

. r—1 Y
JjeBYT J#J

2
where G (r, 7) := ,and Ly, 4, := maxy Lj. Taking expectation
2

1 rT—1
‘z 2jenprt Vo, (wk )’

with respect to w,?’Tfl in the above, gives us

E [®y (wZT)] < E [@k (wzﬁ—l) _q <V<I>k (wZ,T—l) Vo, (ng_l)> n M 2

2b
¢ Pheng0=D om, (7).

vou (wi )],

2b?
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2
Applying smoothness assumption of each sample, i.e. HV(I)’”( o 1)” <
2

2lk,]¢)k]< 2T 1) we have
T rT— rT— 2 2Lmawl j T —
Bion ] £ [ () <o (o) - Pl ()

b
N 0? Linagb(b — 1)Ly, [‘I)k: (wz,f_l)H_

B2
) 2 2L l
< r,7—1 _ H r,7—1 H n maximax . r,7—1
< o (wp7) = v (wpr )| - Fpmee [ (w7
Lmazb b - 1 Lmam r,T—
+ 1 (b2 ) [cbk ( 1)} . (30)
where [0z = max;€ Ly. From the local PL inequality (see definition , it follows that

HV(I)k ( T 1) H > fmin @ (w;T 1) for k = {1,2,..., N}, where fimn := mingeni{f}-
Using this in equation [30|results in

E [®), (w}7)] < [1 — Nftmin +17° <lm”Lmaz L 1)” E o (w7

b b2

By setting n < Powin , the above can be further bounded as
2 |:l7na1:maz + L7na1}‘7’7(b D) :|

Blon w1 25 o )]
7,0

Since w,’" = wj,, the above can be written as

E @) (wf")] < (1 - 2240) B0 (w))]- G1)

Using the local PL inequality, i.e., ®j (w},) < (w}) H; in equation , we have

E (@ (wp) < (1- 20) Ve, (w))], (32)

Now, adding and subtracting the term V®;, (w") in the above, and using the fact that ||a + b||>
2|lall* + 2 [[b||, we get

. T 2
E [0 (w})] < (1 - 25

E (| V@5 (w]) — VO ()3 + [V (w")]3) -

Using Lj, smoothness assumption (see Assumption [3), we have

min

T Nimin \ 7 2Lz 2
E[®), (w! <<1—7>E P
0 (w7 < (1 22 8 (225 g -+ 2 ()
Choosing n < #m% and using the fact that L,,,,, = maxy Ly, we get
T 2L$na:t w” 2 r\|12
E[®) (w,")] < —2E[w; —w'[; + —E|[V® (w")|”. O (33)

Corollary 3. The function ®j, (w)’") satisfies local PL inequality and can be bounded in terms
of global average weight i.e., ®j (w") as follows

T 2L3naz g 4Lma1 g
E[® (w,7)] < —0E|lwp —w'|; + . E @ (w")], (34)

where [iyin = mingen{pr} and Liyaq := maxy Ly,

Proof: The proof directly follows from Lemma [6] by using the smoothness assumption, i.e.,
|V (QT)H2 < 2L14:Pr (w"). This completes the proof. O

Next, we show that the loss can be bounded in terms of the future iterates as follows.
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Lemma 7. The function ® (QT*I’O) is bounded in terms of the future value of the function as
given below

E[®(w )] <2E |® (w

N
)+ 3 gt —w“Hi] |
k=1

Proof: 1t follows from the smoothness assumption that

P ( ) > & ( r—1, 0) <V<I> (Mr—l,O) ’Qr,o . wr—1,0> . % er,o _QT—I,OHQ . (35)

Telescoping the update in step 7 of Algorithm 2, we get
A T Z Z]Esr 1r VO, ; ( P 1’T). Averaging over all neighboring nodes
1 € Ny, we get

_ Zpk,iw:_LT Zp Ll 1,0 7]2 Zp’“ Z Vo, J( - 1,7).

1EN} €N 7=0 €N, jeBy "

Averaging over k € [N] leads to

Using the above update in equation [35] we get

o (MT7O) > @ (wrfl,O) - <V<I> (wrfl,O) ’bi Z

N T-1

FlRsE X ven (e ¢8)

=17= OJEBT 1,7

The term A; in equation [36|can be bounded as

2

N
A @ %HVCI)( [ 1 ZZ > Vo (wp )

k?zl JEB
2
11 -1, 1,0
BRI 9 oib it I (" BT
k=17=0 jep;=1"
® 1 r— 10 ]- Y= r—1,7 ’
< 5lve +3 ZZ 3 vq>,”< ) NG
k=17=0 jep;=17
where (a) follows from the inequality {(a, b) < %||a||2 + 3 (|| - 3lla— b||®, and (b )follows from

the fact that the term H s DOPED Dl Z epr—tr Ve (w ( b T) -V (w ) H > 0. Next,
using equation [37]in equation [36] we get

N T-1
o) 20w - g Ve ) - Far i p 3 Y 3 v (ul )

JGBT 1,7
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Using the smoothness assumption in the above, we get

2
N T-1
0 r—1,0 r—1,0 n 1 r—1,7
® (w) > @ (w) =9l (w') = o (14 L) || 7= > > V<I>k,g( )
k=17=0 jepr—17
=As
(38)
A part of the third term in the above can be bounded as follows
@ Al 1 r—1,7 2
A < *ZZ > |[vees (i)
=0 jeBT 1,7
N T-1
b T ]- r—1,7
< ¥ F > kg% (wi 7).
k=1 7=0 jEB;il’T
N T-1
© Tlmax r—1,7
S TNELY X 2 (w),
k=1 T:OjEBTilT
2
where (a) follows from the fact that for any vector z = (z1,22,...,2N), (vazl zi> <

N Z?Ll(zi)Q , (b) follows from smoothness assumption, and (¢) follows from the fact that
lmaz = maxy, ; li, ;. Next, taking the expectation

N T-1

[ mam ZZE{(I)k( rl'r):|'
k=1 7=0
Using E [®;, (w;")] < %E w) —w" |7 + 45;";;1[3 [@r (w"?)] from Corollary the above
can be further bounded as
) < BT 3 (b s e, (00
k 1 man mn

Using the above result in equation [38]and rearranging, we obtain

T r— n (1 + nL) 2lma:}c maz r— 2
E [q) (M )0)] > E e ( b 0) N,M"”n E || —w 1||2
2
- ((1 + 77[/) ilm(“T Lnuu, + L) ) ( r—1, 0):| .

Choosing n < % and rearranging the terms, we get

E[®(w )] < L E

1

8lmazr T2 Linax +L
Hmin

T n4 mawL?naxTQ r—
o (ur) o Ml S g

Further, choosing n < ( ) the above can be bounded as

2
mwwmum¢@%ﬂ“wmjzw 1w%} >

N,U/mzn

The following bound can be obtained by using n < 4N“7””'”Tz in equation

l”’“’rﬂ""/ Lgnam

ol 2
)+ [l
k=1

Now, it suffices to bound the drift term in terms of the loss to obtain the linear convergence.

E[® (w ")) <2E | (w’ O
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2
Lemma 8. The consensus term, i.e., D, o := HEIT’O — ET’O ‘F satisfies the following bound
r—1 r—1
Dyo < 1*BL,T*N (Z XD+ > N TR [0 (wT’O)]> . (40)
7=0 7=0
_ 4N o 1 1
where 8 := Grso— A= (1 + E) A3, Ly := max {L2 .., 2Lmaz z

Here, A3 is the second largest eigenvalue of the mixing matrix P.

2
Proof: Let, D, o = E HWT 0o ’ Zk L E Hw —w"™? ‘ . Using equation [22|and equa-

tion[23} the consensus term can be written as
Do = E|QPW™ — PwO|%
E|[(@-P)yW™|3. (41)

Recall that ) = %llT is the average matrix, P is the mixing matrix and QP = @. Using w;«,o =
PWT=LT (see equation , substituting for the update in W"~17T and taking the telescopic sum,
we get

T-1
WT,O — w;‘,o _p <WT1’O - Z a(i) (er,r)> )
7=0
Plugging the above in equation 41| and using the generalized Cauchy’s inequality, i.e., ||a + b]|*
(1 + i) llal|* + (1 4 ) ||b]|* for any ¢ > 0, the consensus term can be upper bounded as

2

T-1
IE||(Q—P)WT’O||§ < (1+;>E+(1+¢)n2ﬂi (Q-P?) ) 0% (W)
7=0 F ,
%) (1+1> + (1 +¥)°N ||(Q — P?) 8<I> (wr=tm)
,(/) F
® I\ - 24 X -1 |2
< (1+w>:+(1+w)n AQNT;)EH&D (Wr=1m) ’F, 42)

where 2 :=E||(Q — P?) W10 || 7> and (a) follows from Lemmaand (b) follows from Lemma
[2] Next, consider bounding the following

Poen |l Y ve ()

E|od (wr17)

k=1 jeBT 1,7 2
(a) N 1
< par Y E [0 (w7 43)
k=1
where (a) follows from the smoothness assumption and lpq. = maxy,; I ;. Substituting
2
the bound in equation [28| of Lemma ie, E [(I)k ( i T)} < ZL”ME |w ™t - w’”‘le +
umm HV@k ( - 1) H in the above, and writing it in the matrix form, we get
A 2 4lmaxL r— r— 2 4lmaw r—
E[od (wrin)| = Smetmesg yroro — ool S g ag (w0
I3 Mmin F Hmin
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Using the above in equation [42]
E|[(Q-PW|} < (1 + ;) E[(Q - P?) W07 + P MaNT?L2,,,Dr 14

+PMaNT?E ||0® (W 0)||2,, (44)

where o 1= Hmez(+Y) Firgr et us consider bounding E (@ —P?) WT’LOH? Using the update

Hmin
step W10 = Wi~ Lo — (W’ 20— p Zf;ol P (W’"*Q*T)) and following a similar approach
as used in steps equation [42]to equation 44} we get the following bound

Bl@-P) W < (14 S E@ P W R 4 AL NTD, g

+°ASaNT?E ||0®@ (W"20)||.
Using the above result in equation [44]

2
Do < (1 + ;) E|(Q - P?) WT—ZOHTV + <1 + ;) ?Aal2,  NT?D, 50+

(1 + ;) P ASaNTE ||0® (W) || + n*A\3aNT?L},,, Dr_10 +

PAQNTE [[0® (W —10)||2..

Proceeding further in a similar manner as above, we get

r—1 (r—1-—7)
Do < (143) BI@- P WO +rart,, N1 30 (14 1) T

(3 (G

7=0

r—1 (r—1-—7)

- 1 .

+ pPaNT2 Y AT <1+ ¢> E 0@ (W)
7=0

We initialize W%° = 0. Further, multiplying and dividing by (1 + i) to the second and the third

term in the above, we get

2,2, 72 27 2,12 2 r—1
DT,O S n 7/1 aLmamNT Z )\(rJrl T) ¢ aNZ Z )\(r+177)6r70. (45)
1+v)° = (1+9)
where 00 := E || 0® (W™°) HF and \ := (1 + E) A2. Using @ = 2meeUE%) 41 equation , we

Hmin
have

Was$® Loy e NT? A PAlnac P NT?

Dr < )\(7"+1—T)DT + )\(7‘-‘1—1—7’)67‘,0. 46
0= (1 D 2 O T ) i & (o)
The term, E H(?(I) (KT’O) ||f, in the above, is bounded as follows
P
Elo® (W[ = EZHV% ),

(2)

IN

2Lmax NE [@ (w™?)], 47)
where (a) follows from smoothness assumption and using the fact that @ ( ™ 0) =
% Zgﬂ D, ( ), and L4, = maxy Lg. Using equatlonln equatlon@ we get

n 4lma1w NL T2 ( +1— ) n 4lmaz¢ T N2Lmaz ( +1— )
Dr 0 S max AT T DT o+ A T E
(1 +9) pmin _,_Z?) (1 +9) timin Z
Let L, := max {L?,,,,2Lyqe N} and B := #ﬂ Therefore, the drift term results in
r—1 r—1
Dro < u*BLnT*N (Z NHTTD Y NTITE [@ (wTvO)]> :
7=0 7=0
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A.7 COMPLETING THE PROOF OF THEOREM 2]

From L-smoothness assumption (see of ® (w), we have
: - : : L :
(W) < @ (W) + (VR w T - w) + ot w48

Using step 7 of Algorithm 2 we have, w]'t" = w]"' — 2 e prt Vi (wzf) Multiplying both
sides by py. ; and summing over i € N, we get

wgt—&-l = wzt n Zp’” Z vV, J . 49)
zeNk jeBr?

Averaging on both sides over k € [N], we get

MT,HJ _ wr,t _ biN Z Z Vq)k,j (’wlz’t) .

rit+1

Using the above update, i.e., w —w™tin equation L we get

2L
o (wtt) < @ (w"t) — <vq> Z Z Ve ; (w > 222]\;2 HgntHQ'

k 1J€Brt

where G"? 1= Zszl e gt VO (w)"). Taking expectation conditioning on w}* and past, we
get

IE[@ (wr,t+1)} < E

o (w™) - < Zw’k > 77];42

=A

KK\ jeprt zeBif

=As
2
where Ay := 5k Zivﬂ szeB;,t Vo ('w;t) H . This term can be bounded as follows

1 al T T, T,
A = szzz Z [V (wk7t)H szzzZ (Vs (wy"), Vo (wy) ).

k=1jeB;"* k=1j#j'

Taking expectation, we get

_ 1 - AP b(b — 1) al rt\ (12
k=1 k=1

Similarly the term A3 in equation[50|can be bounded by taking expectation as follows

1 T, T,
b2 N2 Z <V<I>k (wk't) VO (wk’t) >

kK

E[A;3)

1 T, T
< g 2 IV @) 1P+ Ve (wp)1?]
k#k!

N
AN —1 .
= 2D S i )
k=1

IN

N
1 .
v Ve (w1, (52)
k=1
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where (a) follows from (a, b) < 3 ||a||” + 1 ||b]|*. Next, we lower bound the term .A; in equation
as
1 . ,
A= SlVe (w)|*+ ||—Zv<1>k H2~Hf§jv<1>k ~ Ve (w™)|?
1 &
7t 2 Tt 2 r,t b2
2 §||V<I’( M? -+ ||*ZV‘I’I€ ) —ﬁkz_lek —w" % (53)

Substituting equation [5T} equat10n|3_7| and equation[53]in equation @ we get the following
nL? N 2
7t 7t
ZV‘Dk +W;HA/€ |

Z [V, (wp) ||+ ("Lb(b_l) + QL) Ag,l, (54)

B0 (@) < E @(wmwguw -2

2bN2 2b2N? 2N

=Ay
where A" = wp’ — w™ and A5 = Y, [|[VOx (w)) ||2 The term A4 in equation [54{is
bounded as follows

@ X

A< 32|V (wh) - Vg (w)| +Z2HV<I>;”( oIk
k=1 b1
(b) N , o o N t
< 2) Rl - @ (w)
k=1 k=1
()
<

N N
22 Z it — w4 dlae > By (w)
=1

k=1
where (a) follows by adding and subtracting the term V®y ; (w™") and using the fact that,

lla+b|> < 2]lal® + 2||b]|>, (b) follows from Assumption 3| and (c) follows from the fact that
lmaz = maxy,_; Iy ;. Taking expectation we get

N
E (A4 < 22, Z E [’ = w" || + 4lmar 3 E [B (w")]. (55)
k=1
The term A5 in equation [54]is bounded as

@ X
A < 23 ||V (w)!) - VO (w™) +2Z||vq>k

N
Y 23 07 - w3 L )
k=1 k=1
© N 2 al
< 202, Z Jwy® — w"||” + 4Lmaa Y Bk (w""), (56)
k=1

where (a) follows by adding and subtracting V®;, (w™?), and (b) follows from assumption [3| and
( ) follows from L., := maxy L. Substituting upper bounds from equation [55| E and equation

in equation[68] we get
2

Bfe )] < E|e @) -7 |ve @) -]

Zwm

+<2NJr Nz N2 N )ZHwkt—w’tH

anleaz 2n2LLmam 9 ”
+< N TN P2 Ll P (w") |. (57)
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Now, using PL inequality (see deﬁnition, ie., || Ve (w)|* > u® (w), Yw € R? and rearranging,
we get

2 bN N

nL? | Ly | PLL2 | PLLZ,\ LS i g2
+< + - +— )N;||wkt—w7fu.

2 2
fne] s n| (1= % (ke 2 e s o )

2N bN?2 N2
Choosing 7 < min { gz +2LL’]2YM Ty -l 2(L I L’i“ — ) } the above can be
further bounded as
el 2
Efew™ )] < (1-2)E[® @)+~ D[ - (58)

%) (1—@)E[@(wr,t)] 277L ZE<’AMH +HAMH)’ (59)

4
k=1
where A} == w)t — wk and A}' := w)’ — w"*. In the above, (a) follows by adding and
subtracting the term w}"* and usmg the fact that, [|a + bH < 2||a]|® + 2||b||>. First, let us consider
the local drift term i.e., Z k1 Hw —wy H in equation Telescoping the update from step 7 of
Algorithm 2] we have,
n it
wpt = wl’ - 5 SN Vo, (wpT). (60)
=0 jeBZ*T

Further, consider the local average at node k, i.e., w}"

wi' = 3 praw]t = wp” - Z S ki > VO (w]T). 61)

€N 7=01EN} jeB;"

Now noting the fact that wZ’O = QZ’O and using equation and equation , we can bound the drift
term as

N N t—1
Syt —wpff = SENTS ST Ve (wy” Zzp,“ Y Ve,
k=1

k=1 7=0jeB" T=01EN} JEB]T
@ N n 1 0 2
2 o3 |18 | 4 15 5wt
k=1 L 7=0 7=03EN
N t—1 t—1 2
(b) n’t 2 Nt
< 2) E|5 D Gy I+ 47 > G| |
k=1 =0 7=0 [[:EN},

where Gi;(r,7) == 3_; e VPij (w;’"). In the above, (a) follows from the fact that, ||a + b))
2
llal|* + ||b]|%, and (b) follows from the fact that for any vector z;, (21111 zi> < NZivzl(zi)Q.
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The second term in (b) can be further bounded using Jensen’s inequality as follows

N N2l
S Efuwpt —wi!|T < 2)E %Znakj(m)n ZZPmHGu ()1
k=1 k=1 L = 7=04ieN}
N
< 221@ Z 3 ] o Zsz“ S eI
k=1 7=0jeB;" 7=041€N} JEB]T
v T
%) QZE Z 2y, ;LT + Z SN pra2li L
k=1 L T= OJGBT" T= O]eB’TzeNk
®) 27]2t N t—1 2’[72t N t—1
= ZZ Z leaz]LT,T ZZ Z Zpk z2lmawL';‘T 5
k=17=0 jeB]"" k=17=0 jeBI" ieN;
where g;77 = V& ; (w,7), L] := @y ; (w,7) and (a) follows from smoothness assumption

and (b) follows from the fact that mixing matrix P preserves the average and l,;,qq 1= maxy, ; li ;.
Simplifying the above results in

N t—1

al SR
;Ellwi — |’ =0 D Be(w
=1

k=171=0 768“ T
Taking expectation, we get

N N t—1
T T, 2 T
S E|wpf —wit T < 80%thnae | Y E[@k (w) )] (62)
k=1 k=17=0
. . T 212 r 2
According to equation 34) of Corollary 3| we have, E [®), (w;")] < Z7=eE [w) —w"|; +
4}5:"‘” E [®) (w")]. Using this in equation , we get
N t—1
T T 2 QLEYL(ZZL’ 7' 2 4LN I
SEfop - uf < S 3 (L g - wf s 50 w).
k=1 k—17=0 Hmin
Simplifying the above results in
N N & N
A" E[®
Z E ||w£)t H t2 maIL%@aa: Z + 3277 t2 maz max Z k
k=1 k=1 Hmin —q Hmin

(63)
where A" := E ||Jw} — w"||Z. Next, let us consider the global drift term i.e., > n_, |wy* — w"t H;

in equatlon which can be rewritten in matrix notation as D, ; := HE;t - W - This term is
bounded as

D,. 2 E|QPWt - PWY

= Ell@-pw;
t—1 2
2 E|Q-P) (W“O—nzacﬁ(vvr”)) :
7=0 F

where (a) follows since QPW™ = W™ and PW"* = W7, (b) follows from QP = Q, and
(¢) follows from the update W™t = Wm0 —p Z:;IO &% (W™T). Using the fact that ||a + b||*
2 |lal|> + 2 [|b]|? in the above, we get

9 t—1 . 9
Do < 2E|@Q-PIW[ +2% > E|(@— Pyod (W)
=0
t—1 )
< 2R[[(Q - PYW™O|| + 20t > NAE[0D (W"7) |3, (64)
7=0
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. 2
The term E H@fb (W™T)|| in the above can be bounded as
F

N
R 2
E|o® (W™ =
0@ (W) 321G Y vy ()
k= jGBT t 5
N1
7N (12
< EY LS Iven, i)
k=1 " jeB*
(a) al T,T
< e Y B[Pk (w]7)], (65)
where (a) follows from the smoothness assumption and the fact that [,,,q, := maxy ; li ;. Using

N 2
equation8|of Lemmalg] i.c.. E [ (w} )] < ZaasE avf, — |2 + ;2K | Vs (w") | in the
above, we get

oy T 2 4L3naz max w” 2 4lmax al 12
E|od wr)| - < ZEnwk w3+ = B[V (w)]
F /szn min k=1
The result above can be written in matrix form as,
A 2 4L2 lmar 4lma'p
E Hacb (W), = et o e 00 )5

Substituting the above result in equation [64] we get

Dye < 2E[(Q— PYW % + 40’ L2, Ayt D o + 4P A3 7E |00 (W) ||7., (66)

max

where v := 2maxN

Hmin

E[®w™)] < (1 - %)TJE @ (w")] + 2yL” Ti (1 _ %)T XN:E <HA2T—1—T 2. HAZ,T_H 2)
! N =0 4 k=1
2 (17’77“)1@[@( LZ(l)TZN:E<HNT“ +HA7~T17 &7)
! N = St
where (a) follows from the fact that (1 — %)T < (1-m HATT 1-r||* _ 0 and

4

HATT =T % and substituting equation 63f and

equation [66]in equation [67} we get

= 0 for 7 = T — 1. Now choosing n <

43 2 22712
E [q) (wr—&-l)] SE |:<1 _ % + M) o (QT) + 27] TL |:<16lmaa:77 T Lm(m + 4A2n27LmawT2> DT',O
+2]@= PWOI[S + 4n*9723 0@ (w0)]17]] (68)

The term E ||0® (W) 2" can be bounded as

I

N N
EH%(MO)H?=ZE\|V¢>k(wT>\|2 sz macE [®5 ()] = 2Luas NE[® (w")],
k=1 k=1
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where (a) follows from smoothness assumption and (b) follows from the fact that ® (w") =
+ Z}ng=1 @y, (w"). Using the above result in equation @ we get

L 640 T las Ll 2m2TL
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Choosing n < ¢ ( ST T L s 4 10779 AR L ) in the above result in
Hmin ma®z

E[®(w™)] < E[@?)@WH”“ [16T2L2

lm.ar
~ maz + 4/\§7L2T2} Dy

Hmin

4n*L 0112
+E @ Pl
Again choosing n < [( mT‘Zz:::;”L?le AT L2 )1 , the above results in
20°TL 4n*TL
Efew™)] < (1-%)E[@ @)+ =D+ —=E[(@Q-PIW||}.

2
Itis easy to see that E ||(Q — P)W7'70H2F =E HEZT’O - w0 ‘ = Dy 0. Using this above, gives us
F

6m°TL
Elew™)] < (1-")E[@ @)+ Do (69)

From Lemmal[8] we have

r—1 r—1
Do < 0*BLmT*N <Z XD+ Y AR [0 (wTvO))] : (70)
7=0 7=0

From Lemma([7] we know that
N
E[®(w™)] <2E [‘I’ (w™0) + Y g _WTH%} :
k=1

Using the above result on ® (w™°) in equation|70| we get

r—1 r—1
Do < 30°BL,T?N Z NHTD o+ 202 8L, TN Z ANTTE [@ (w™H0)] .
=0 7=0

Let L,, = max {2L,,,3L,,}. The above can be further bounded as

r—1 r—1
DT,O < nQBTQNLm (Z )\’I‘—TDT’O + Z TR [‘I) (w7'+1,0)]> ) (71)
7=0 7=0
This completes the proof. O
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A.7.1 PROOF OF PROPOSITION

Note that we need to prove the following set of inequalities hold good for all
Dyo < (2r+3)°BT Ly NN’A"® (w”) (72)

o (w') < Ar‘l(A+4n4LLmﬁT3/\2r2><I>(@0),r:{1,2,...,R} (73)

where A = (1 + i) A3, @ (w’) = @ (w”%) and A = max ((1—24),)). We use induction

method to prove that the above set of inequalities hold good for all r. Since Dy = O, the in-
equalities hold good for » = 0. Next, assuming that the above inequalities hold good for every
communication rounds in {1,2,...,r}, we need to prove that the respective inequalities hold for
Dy41,0 and (QTH). Towards this, consider the following

2
2) < (1-") o)+ D,

A [A+ 49 LLy BT NP2 A1 (w") + 49" BT° Ly L(2r + 1)AA”® (w)
[A+4n*LLyn BT N1 ] A™® (w°) 4 4n* BT° Ly L(2r + 1)A*A7® (w”)
[A™ 4 4 L, BT N2A" (r? + 2r + 1)] @ (w")

= A A+ LLa BTN (1)) @ ('),

INE

where (a) follows by substituting equation equationand using A := (1 — %) Let us recall
from equation 0] of Lemma [g] that

Dii1o < W2 BT2NL,, ( i: )\T+2—TDT,O n zr: A2 R (QTH,O) ) (74)
Substituting for D, o from equation@ inTtTli first term of eq;:t(i)on |’7_Z|, we get
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where (a) follows from the fact that A < A. Now picking n? < results in

SIATD, o < (4 )N (wf) 7
7=0
Next, substituting for ® (w™ ) from equationin the second term of equation(74] we get
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The last inequality follows from the fact that 7 < r, and A < A. By choosing 774 <

1
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we get
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Figure 5: Training loss for server FedAvg (see (a) FMNIST and (b) MNIST) and decentralized
FedAvg (see (c) MNIST) versus communication rounds.
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Figure 6: Testing accuracy on different datasets versus the communication rounds for FedAvg in the
Server setting.

Using equation [75] and equation [76]in equation [74] and after some algebraic manipulations, we get
the following desired result

Drj1o < (2r+3)°BT Ly NXAT® (w) .

Using the above result in the upper bound for ¢ (QT'H), we get the desired bound on . O

A.8 ADDITIONAL EXPERIMENTS

In this section, we provide the details of the experimental setup and some additional results for
experiments carried on different datasets for both Server and Decentralized setting. We have used
NVIDIA DGX A100 to implement all our experiments. The experimental setup consists of the
following model and data set:

Overparameterized regression: We consider a model with 3 linear layers and no activation func-
tion with 231490 trainable parameters. Note that this formulation models a simple regression prob-
lem. We condsider a image classification task on MNIST dataset and evaluate the performance of
FedAvg under different settings.

Deep neural network: In this case, we consider an image classification task on CIFAR-10 dataset.
Each edge device implements a three hidden layer convolutional neural network (CNN) followed by
two linear layers with 1046426 trainable model parameters. In the overparameterized setting, for the
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Figure 7: Testing accuracy on different datasets versus the communication rounds for FedAvg in the
Decentralized setting.
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Figure 8: Training loss and Testing accuracy for centralized (A2 = 0) and decentralized FedAvg
algorithm with ring topology (A2 = 0.33) on CIFAR-10 dataset versus communication rounds.

CIFAR-10, MNIST and FMNIST, each edge device implements a three hidden layer convolutional
neural network (CNN) with 256, 128 and 64 filters followed by three linear layers having 1642849
trainable parameters for CIFAR-10 and two linear layers for MNIST and FMNIST with 1046426
trainable parameters. For Shakespeare dataset, LSTM models are used at each edge device. We
consider an embedding layer with embedding size of 10 followed by 2 LSTM layers with 256 hidden
neurons and one linear layer. On the other hand, in the underparameterized setting, we consider a
comparatively smaller neural network. For the CIFAR-10, MNIST, FMNIST datasets each device
implements two hidden layer CNN network with 25 and 52 filters followed by two linear layers for
CIFAR-10 and one linear layer for MNIST and FMNIST datasets. For the Shakespeare dataset each
device has embedding layer followed by one LSTM layer with 56 hidden neurons and a linear layer.
For the experiments, we chose 7" = 10 and tune for the learning rate in the range n € [0.001 : 0.01]
for CIFAR-10, MNIST, FMNIST datasets whereas we choose 7 = 0.8 for the Shakespeare dataset.
Each device has access to 490 training samples and 90 test samples for CIFAR-10 whereas for
MNIST and FMNIST datasets, 540 samples are used for training and 80 samples are used for testing.

Figure [6] show the testing accuracy for FedAvg in the server setting for four different datasets. As
expected the convergence speed of underparameterized case is slower than the overparameterized
case. Similarly, figure[7]show plots for testing accuracy for FedAvg in the decentralized setting.

Finally, in Figure [8] we compare the training loss and testing accuracy for centralized and decen-
tralized FedAvg algorithm against the communications rounds for classification task on CIFAR-10
dataset. It is clear from the figures that the centralized case achieves a very good performance at a
faster rate as opposed to the decentralized case, i.e., the ring topology.
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