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Let π̃′ be as in Section C.3. Choose any c ∈ C and v ∈ V . For all t ∈ [T ] define ξt := π̃′(c, (v, t), ◦).1

For all t ∈ [T ] let Ht := A[t] and for all e ∈ Ht let:2

Λ(e) :=
∑

s∈[t−1]

Je(s) ̸= e(s+ 1)K

We take the inductive hypothesis over t ∈ [T ] that there exists a distribution φt ∈ ∆Ht
such that for3

all s ∈ [t] and a ∈ A we have:4

ξs(a) =
∑
e∈Ht

Je(s) = aKφt(e)

and we have:5 ∑
e∈Ht

φt(e)Λ(e) =
1

2

∑
s∈[t−1]

∑
a∈A

|ξs(a)− ξs+1(a)|

The inductive hypothesis clearly holds for t = 1 as then both sides of the above equation are equal to6

zero. Now suppose it holds for t. Let S be the set of all a ∈ A with ξt+1(a) ≤ ξt(a). For all a ∈ S7

let r(a) := ξt+1(a)/ξt(a). For all a ∈ A \ S let:8

q(a) :=
ξt+1(a)− ξt(a)∑

a′∈A\S(ξt+1(a′)− ξt(a′))

For all e ∈ Ht and a ∈ A let γ(e, a) be the function e′ ∈ Ht+1 with e′(t + 1) = a and whose9

restriction onto [t] is equal to e. For all a ∈ A \ S and e ∈ Ht with e(t) = a define:10

φt+1(γ(e, a)) := φt(e)

For all a ∈ S, a′ ∈ A \ S and e ∈ Ht with e(t) = a define:11

φt+1(γ(e, a)) := r(a)φt(e)

and define:12

φt+1(γ(e, a
′)) := q(a′)(1− r(a))φt(e)

For all other e′ ∈ Ht+1 we define φt+1(e
′) := 0.13

Note that for all s ∈ [t] and a ∈ A we have:14

ξs(a) =
∑
e∈Ht

Je(s) = aKφt(e) =
∑
e∈Ht

Je(s) = aK
∑
a′∈A

φt+1(γ(e, a
′)) =

∑
e′∈Ht+1

Je′(s) = aKφt+1(e
′)

and for all a ∈ S we have:15

ξt+1(a) = r(a)ξt(a) = r(a)
∑
e∈Ht

Je(t) = aKφt(e) =
∑
e∈Ht

Je(t) = aKφt+1(γ(e, a)) =
∑

e′∈Ht+1

Je′(t+1) = aKφt+1(e
′)

Submitted to 39th Conference on Neural Information Processing Systems (NeurIPS 2025). Do not distribute.



and for all a ∈ A \ S we have:16

ξt+1(a) = ξt(a) + (ξt+1(a)− ξt(a))

= ξt(a) + q(a)
∑

a′∈A\S

(ξt+1(a
′)− ξt(a

′))

= ξt(a) + q(a)
∑
a′∈S

(ξt(a
′)− ξt+1(a

′))

= ξt(a) + q(a)
∑
a′∈S

(1− r(a′))ξt(a
′)

=
∑
e∈Ht

Je(t) = aKφt(e) + q(a)
∑
a′∈S

(1− r(a′))
∑
e∈Ht

Je(t) = a′Kφt(e)

=
∑
e∈Ht

Je(t) = aKφt(e) +
∑
a′∈S

∑
e∈Ht

Je(t) = a′Kq(a)(1− r(a′))φt(e)

=
∑

e′∈Ht+1

Je′(t+ 1) = aKφt+1(e
′)

We have now shown that for all s ∈ [t+ 1] and a ∈ A we have:17

ξs(a) =
∑

e∈Ht+1

Je(s) = aKφt+1(e)

as required.18

For all a ∈ A \ S and e ∈ Ht with e(t) = a we have:19 ∑
a′∈A

φt+1(γ(e, a
′))Λ(γ(e, a′)) = φt+1(γ(e, a))Λ(γ(e, a)) = φt(e)Λ(e)

and for all a ∈ S and e ∈ Ht with e(t) = a we have:20 ∑
a′∈A

φt+1(γ(e, a
′))Λ(γ(e, a′)) = φt+1(γ(e, a))Λ(γ(e, a)) +

∑
a′∈A\S

φt+1(γ(e, a
′))Λ(γ(e, a′))

= φt+1(γ(e, a))Λ(e) + (Λ(e) + 1)
∑

a′∈A\S

φt+1(γ(e, a
′))

= r(a)φt(e)Λ(e) + (Λ(e) + 1)(1− r(a))φt(e)

= φt(e)Λ(e) + (1− r(a))φt(e)

Hence, we have:21 ∑
e′∈Ht+1

φt+1(e
′)Λ(e′) =

∑
e∈Ht

φt(e)Λ(e) +
∑
a∈S

(1− r(a))
∑
e∈Ht

Je(t) = aKφt(e)

=
∑
e∈Ht

φt(e)Λ(e) +
∑
a∈S

(1− r(a))ξt(a)

=
∑
e∈Ht

φt(e)Λ(e) +
∑
a∈S

(ξt(a)− ξt+1(a))

=
1

2

∑
s∈[t−1]

∑
a∈A

|ξs(a)− ξs+1(a)|+
1

2

∑
a∈A

|ξt(a)− ξt+1(a)|

=
1

2

∑
s∈[t]

∑
a∈A

|ξs(a)− ξs+1(a)|

as required.22

So the inductive hypothesis holds for all t ∈ [T ]. In particular it holds for t = T which completes the23

derivation.24
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