
A Missing Proofs Related to Strategic Behavior479

The following statement characterizes action x as a function of z and the prediction rule, where x is480

the observed attributes vector by the algorithm.481

Lemma 3 (Strategic Action). Consider the following utility structure for agents, where →vt→ = 1.482

Each agent receives a value of 1 if classified as positive and 0 otherwise, and pays a cost of c per483

unit of movement (manipulation). The agent’s utility is defined as the value received minus the cost484

incurred. Under the prediction rule defined above:485

1. If zt · vt < 0, the agent does not move and is classified negative.486

2. If 0 ↑ zt · vt < 1/c, the agent moves in the direction of vt to a point where xt · vt = 1/c,487

and is classified positive.488

3. If 1/c ↑ zt · vt, the agent does not move and is classified positive.489

Proof. Using the prediction rule in Algorithm 2, an agent with observed vector x is classified as490

positive iff vt ·x ↓ 1/c. We analyze the utility-maximizing behavior of agents under the given utility491

structure in Section 2. The utility of an agent is defined as:492

Utility(x) =
{
1↔ c→x↔ zt→ if vt · x ↓

1
c ,

↔c→xt ↔ zt→ otherwise.

As implied from Observation 1 in Ahmadi et al. [2021], the agent with attributes vector zt only493

manipulates iff by movement cost at most c can be classified as positive. We now analyze the three494

cases: (i) If zt · vt < 0, any movement incurs negative utility, so the agent does not move. (ii) If495

0 ↑ zt · vt < 1/c, the agent maximizes utility by moving to x · vt = 1/c in direction vt, i.e.,496

x = zt + (1/c↔ zt · vt) · vt.

This is the minimum manipulation cost to be classified as positive. (iii) Finally, if zt · vt ↓ 1/c, the497

agent already achieves maximum utility without moving.498

Corollary 4. The prediction rule [x · v ↓ 1/c] classifies all z such that z · v ↓ 0 as +1 and all z499

such that z · v < 0 as ↔1.500

In a nonstrategic setting, the difference in the error rate of two prediction rules can be related to the501

angles of their normal vectors.502

Lemma 5 (Yan and Zhang [2017]). In the nonstrategic setting, for any unit-sized vector v1 and v2503

and prediction rules [z · vi ↓ 0],504

|err(v1)↔ err(v2)| ↑ P[ [z · v1 ↓ 0] ↗= [z · v2 ↓ 0]] =
ω(v1,v2)

ε
.

We extend the above argument to the strategic setting.505

Lemma 6. Consider the prediction rule of Algorithm 2 for for unit-sized vectors v1 and v2.506

|err(hv1)↔ err(hv2)| =↑
ω(v1,v2)

ε .507

Proof. The prediction rule for vi is 1 iff vi · x↔ 1/c ↓ 0. Consider an arbitrary example z with its508

utility maximizing action x with respect to prediction rule vi. By Corollary 4, the set of z classified509

as positive or negative under the rule vi · z ↓ 0 in the non-strategic setting exactly matches the set510

classified as positive or negative under vi · x ↓ 1/c in the strategic setting, respectively. Invoking511

Lemma 5 for the nonstrategic setting gives the difference in error in the strategic setting as well as512

ω(v1,v2)/ε.513

B Proof of Theorem 2514

We provide the proof of our main result, Theorem 2, in this section.515

As shown in Corollary 4, the prediction rule identified by vi in the strategic setting using adjusted516

threshold 1/c, predicts exactly the same as vi in the nonstrategic setting. Therefore, intuitively, the517
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key remaining part to extend the guarantees is to show that the update rule in our setting (strategic518

agents and arbitrary-sized vectors z from the uniform distribution.519

The update rule of our algorithm only uses negatively classified observed examples. Using Lemma 3,520

for these examples z = x.521

Corollary 7. For any negatively classified example at time t, i.e., xt · vt < 1/c, the observed522

attributes are the same as the true attributes, i.e., xt = zt and zt · vt < 0. Furthermore, such523

examples are distributed uniformly according to D subject to zt · vt < 0 and satisfy the ϑ bounded524

separability.525

The above lemma implies that the strategic aspect does not affect the prediction step.526

Next, we show that using our update rule induces a coupling between examples inside the unit sphere527

and those on its surface.528

Lemma 8. Consider the update rule wt+1 ↘ wt + 2(wt · x̂t)x̂t, where xt is sampled from529

distribution D conditioned on ↔b ↑ wt · x̂t ↑
→b
2 . The distribution over updated vectors wt+1530

matches that of the update rule wt+1 ↘ wt + 2(wt · xt)xt, where xt is sampled uniformly from the531

→x→ = 1 conditioned on ↔b ↑ wt · xt ↑
→b
2 .532

Proof. We construct a coupling between the samples used in the two update rules. Fix a unit vector533

x̂ with →x̂→ = 1, and consider the set of points x such that x/→x→ = x̂. Under the distribution D534

(uniform over the unit ball), the density over such x induces a uniform distribution over directions x̂535

on the unit sphere.536

Since the update rule using x̂ depends only on the direction of x (and not its norm), and since every537

x whose unit-sized scaled version is x̂ yields the same update vector, the two update distributions are538

equivalent. That is, sampling from D and normalizing before updating yields the same distribution539

over wt+1 as sampling directly from the unit sphere and updating without normalization.540

By Corollary 7 and Lemma 8, we can disregard the effects of strategic behavior and the arbitrary541

norms of the examples, and directly apply the guarantees established in the non-strategic setting:542

Theorem 9 (Adapted from [Yan and Zhang, 2017], Theorem 3 ). Suppose Algorithm 1 has in-543

puts satisfying the ϑ-bounded inseparability condition with respect to halfspace u, initial halfs-544

pace v0 such that ω(v0,u) ↑ ε/2, target error ϖ, confidence ϱ, sample schedule {mk} where545

mk = !
(
d
(
ln d+ ln k

ϑ

))
, and band width {bk} where bk = !

(
2→k

↑
d ln(kmk/ϑ)

)
. Additionally,546

ϑ ↑ !
(

ϖ
ln d+ln ln 1

ω+ln 1
ε

)
. Then with probability at least 1↔ ϱ:547

1. The output halfspace v outputs a prediction different from u with probability at most ϖ.548

2. The number of label queries is O
(
d ln 1

ϖ ·
(
ln d+ ln 1

ϑ + ln ln 1
ϖ

))
.549

3. The number of unlabeled examples drawn is O
(
d ·

(
ln d+ ln 1

ϑ + ln ln 1
ϖ

)2
·
1
ϖ ln

1
ϖ

)
.550

4. The algorithm runs in time O

(
d
2
·
(
ln d+ ln 1

ϑ + ln ln 1
ϖ

)2
·
1
ϖ ln

1
ϖ

)
.551

Lemma 10 (Adapted from [Yan and Zhang, 2017], Lemma 3). Suppose Algorithm 2 has inputs552

satisfying the ϑ-bounded inseparability condition with respect to halfspace u, initial halfspace w0553

and angle upper bound ω ≃ (0,ε/2] such that ω(w0,u) ↑ ω, confidence ϱ, number of iterations554

m = !
(
d
(
ln d+ ln 1

ϑ

))
, and band width b = !

(
ω↑

d ln(m/ϑ)

)
. Additionally, ϑ = O

(
ω

ln (m/ϑ)

)
.555

Then with probability at least 1↔ ϱ:556

1. The output wm is such that ω(wm,u) ↑ ω
2 .557

2. The number of label queries is O
(
d ·

(
ln d+ ln 1

ϑ

))
.558

3. The number of unlabeled examples drawn is O
(
d ·

(
ln d+ ln 1

ϑ

)2
·
1
ω

)
.559

4. The algorithm runs in time O

(
d
2
·
(
ln d+ ln 1

ϑ

)2
·
1
ω

)
.560

The only remaining part is proving the mistake bound of the algorithm.561

Lemma 11. Suppose Algorithm 1 has inputs satisfying the ϑ-bounded inseparability condition562

with respect to halfspace u, initial halfspace v0 such that ω(v0,u) ↑ ε/2, target error ϖ,563

13



confidence ϱ, sample schedule {mk} where mk = !
(
d
(
ln d+ ln k

ϑ

))
, and band width {bk}564

where bk = !
(

2→k
↑
d ln(kmk/ϑ)

)
. Additionally, ϑ ↑ !

(
ϖ

ln d+ln ln 1
ω+ln 1

ε

)
. Then with probability565

at least 1 ↔ ϱ, The additional number of mistakes that the algorithm makes compared to u is566

O

(
d · ln 1

ϖ ·
(
ln d+ ln 1

ϑ + ln ln 1
ϖ

)2).567

Proof. Similar to the proof of Theorem 3 in [Yan and Zhang, 2017], we define, for each iteration k, a568

corresponding event with high individual success probability. Specifically, by Lemma 10, for every k,569

there exists an event Ek such that Pr(Ek) ↓ 1↔ ϑ
k(k+1) . Moreover, on event Ek, items 1 through 4570

of Lemma 10 hold for the input w0 = vk.571

The excess error of wt relative to u is ωt/ε, where ωt is the angle between wt and u. Consider572

Algorithm 2 with initial halfspace w0 and angle bound ω ≃ [0, ε
2 ] such that ω(w0,u) ↑ ω. Let573

the number of iterations be m = !
(

d
(1→2ϱ)2

(
ln d

(1→2ϱ)2 + ln k
ϑ

))
. Then, with probability at least574

1↔ ϑ
k(k+1) , the output halfspace wm satisfies ω(wm,u) ↑ ω

2 .575

By items 2 and 3 in Lemma 10, with probability at least 1↔ ϑ
k(k+1) , the total number of examples576

seen during epoch k is: O

(
d ·

(
ln d+ ln k

ϑ

)2
·

1
ωt

)
. Since each example differs in classification577

from u with probability ω
ε , the number of additional misclassified examples compared to u is578

O

(
d ·

(
ln d+ ln k

ϑ

)2). The number of total time epochs, k0 = ⇐log2(1/ϖ)⇒ and k ↑ k0. The total579

number of epochs is k0 = ⇐log2(1/ϖ)⇒, and we have k ↑ k0. Therefore, by a union bound over all580

epochs, with probability at least 1 ↔ ϱ, the total number of additional mistakes compared to u is581

O

(
d · ln 1

ϖ ·
(
ln d+ ln 1

ϑ + ln ln 1
ϖ

)2).582

583

Theorem 2. Suppose Algorithm 1 has inputs satisfying the ϑ-bounded inseparability condition with584

respect to halfspace u, initial halfspace v0 such that ω(v0,u) ↑ ε/2, target error ϖ, confidence585

ϱ, sample schedule {mk} where mk = !
(
d
(
ln d+ ln k

ϑ

))
, and band width {bk} where bk =586

!
(

2→k
↑
d ln(kmk/ϑ)

)
. Additionally, ϑ ↑ !

(
ϖ

ln d+ln ln 1
ω+ln 1

ε

)
. Then with probability at least 1↔ ϱ:587

1. The output halfspace v outputs a prediction different from u with probability at most ϖ.588

2. The number of label queries is O
(
d ln 1

ϖ ·
(
ln d+ ln 1

ϑ + ln ln 1
ϖ

))
.589

3. The number of unlabeled examples drawn is O
(
d ·

(
ln d+ ln 1

ϑ + ln ln 1
ϖ

)2
·
1
ϖ ln

1
ϖ

)
.590

4. The additional number of mistakes that the algorithm makes compared to u is591

O

(
d · ln 1

ϖ ·
(
ln d+ ln 1

ϑ + ln ln 1
ϖ

)2).592

5. The algorithm runs in time O

(
d
2
·
(
ln d+ ln 1

ϑ + ln ln 1
ϖ

)2
·
1
ϖ ln

1
ϖ

)
.593

Proof. Corollary 7, Lemma 8 and Theorem 9 imply items 1, 2, 3, and 5. Lemma 11 implies item594

4.595

C Initialization Step596

Algorithm 1 assumes that the initial vector v0 forms an angle less than ε/2 with the true separator u.597

To obtain such a vector, we adopt an approach similar to that of Yan and Zhang [2017]. Intuitively,598

Algorithm 3 begins with two opposite vectors and, after a small number of trials, selects the one with599

lower classification error. This initialization step incurs only a constant overhead in terms of label,600

time, and mistake complexities.601
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Algorithm 3: Master Algorithm in Adversarial Noise Setting, (adapted from Yan and Zhang
[2017])

Input: Labeling oracle O, confidence ϱ.
Output: A halfspace v such that ω(v̂,u) ↑ ε/4.
v0 ↘ (1, 0, . . . , 0).
v+ ↘ Active-Strategic-Perceptron(O,v0,

1
16 ,

ϑ
3 , {mk}, {bk}, {c}).

v→ ↘ Active-Strategic-Perceptron(O,↔v0,
1
16 ,

ϑ
3 , {mk}, {bk}, {c}).

Define region R := {x : sgn(v+ · x↔ 1/c) ↗= sgn(v→ · x↔ 1/c)}.
S ↘ Observe 8 ln 6

ϑ examples in R and query their labels.
if errS(hv+) ↑ errS(hv→) then

return v+.
else

return v→.

602

By Corollary 7 and Theorem 2, we can effectively disregard the strategic behavior of agents and603

apply Theorem 12 from Yan and Zhang [2017], which implies the following.604

Theorem 12. Suppose Algorithm 3 has inputs labeling oracle O that satisfies ϑ-inseparability605

condition with respect to u, confidence ϱ, and sample schedule {mk} where606

mk = !

(
d

(
ln d+ ln

k

ϱ

))
,

and band width {bk} where607

bk = !̃

(
2→k

⇑
d

)
.

Then, with probability at least 1↔ ϱ, the output v̂ is such that ω(v̂,u) ↑ ε
4 . Furthermore:608

1. the total number of label queries to oracle O is at most Õ(d);609

2. the total number of unlabeled examples drawn is Õ(d);610

3. the total number of additional mistakes compared to u is Õ(d);611

4. the algorithm runs in time Õ(d2).612
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