A Some elementary facts

We first list some useful inequalities for ,, and ¢, 1. Note that the estimates may not be the sharpest,
but they suffice for our needs.

Proposition A.2. Forp > 1and x > 0, let () = exp(aP) — 1 and let ¢, *(x) = (log(x +1))"/P
be its inverse. Then we have the following:

(i) p(x/2/7) < p(a).

(ii) xip,(z/4L/P) < 2Y/Pap (2/21/P).
(iii) forx > 0and ¢ > 1,1, ' (29) < ¢"/Py (2).
(iv) Forxz > 1, ¢, (z) < (log(z))Y/? + 1.

Proof.

(1) Forany z > 0,
Yp(z) = exp(a?) — 1 = (exp(a?/2) — 1)(exp(zF/2) + 1) > (exp(zP/2) — 1)?
= wi(x/Zl/p).

(ii) We only need to consider the case > 1 since otherwise the inequality is obvious. Since
y < 2(exp(y/4) + 1) forall y > 1, we have

x < 2Y/P(exp(xP /4) + 1)V/P < 2Y/P(exp(aP /4p) 4+ 1) < 2Y/P(exp(zP /4) + 1).
Then

xwp(a:/lll/p) = z(exp(zP/4) — 1)
< 2V/P(exp(aP /4) + 1)(exp(zP /4) — 1)
= 2P (exp(a? /2) — 1)
- 21/Pwp(x/21/10).
(iii) Sincex > 0andg > 1,
gy (29) = (log(1 + 29)"/? < (log(1 + 2)")"/? = ¢/Py ! (x).
(iv) Whenx > 1,

ez >r+1 = logz+1>logz+1) = logl/p(x)—&-lZz/)p_l(x).

The following simple result is for converting between sums and integrals:

Proposition A.3. Forany r > 2, K € N, and a continuous nonincreasing f : (0,4+00) — (0, +00),
we have

K

Zr_kf(r_k) < r/l fe)de < TQir_kf(r_k) (A1)
0 k=0

k=1

Proof. Using the monotonicity of f, we have

K ok
S <t < ey [ s
k=1 k=1 p—qJr kTt
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B Omitted proofs

B.1 Proofs for Section 2

Proof of Proposition 1. It follows from the inequality z log(xz + 1) < zlogx + 1, z > 0, that

du dp du du
Y oe (S 11 Jog SH 4 1.
av Og(d *) av Ogd +

Using this and Jensen’s inequality, we get

(v (@) = <M’ (10g (*+1))”p>

B.2 Proofs for Section 3

Proof of Lemma 1. To prove (4), we start with the Young-type inequality
zy <¢p(x) +p(y), 2,y >0

where
P (x) := sup (zy — ¥p(y))
y>0

is the (one-sided) Legendre-Fenchel conjugate of ¢»,. While a closed-form expression for ¢ is not
available, we claim that we can bound it from above as 95 () < 21/ Pxyp ! (x), resulting in

zy < 2YPa (@) + (). (B.1)

To establish the claim, we write
sup (my - wp(y)) = sup (563/ - (eyp/2 - 1)(eyp/2 + 1))

y=>0 y=>0

and consider two cases:
o ify < 21/1’1#;1(36), then
ay— (V2 - 1) ?2+1) < 21/7%1/);1(@.
o if y > 21/Py 1 (z), then
zy— (V72 —1)(e?" /2 +1) < (V2 1) (y— (¥ /2 + 1)) <0.

Applying (B.1) with x = 3—‘; and y = g gives

di 91/ dp du
gdl/ - dew (du) +n(9),

so that
(0. 19) = (v, Fo 3 )
< (o (275 L () + Funl0)) )
= 21/P<u, fo,t (5» + (v, fp(9))-
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To prove (5), define the event

S (I TE

dv = (v,exp(gP))

d 1/p
Ev,expgm) +1)) " du
. | (&7 1/pd
P+ )+ og (v, exp(g )>) M
dp 1P 1/p )"
L+ 1)) du+4 /fdu' (1og<v,e><p(g )>)

du !

G ) 0] 1 1t o)
v

On the other hand,

exp(g¥/4) — 1
fgdu = /fg (v,exp(gP))

<o [ o)

(v, exp(gP))

dv

< 2Y2| £l 2wy

where the first inequality is by the definition of E, the second inequality follows from Proposi-
tion A.2(ii), and the third inequality is by Cauchy—Schwarz. Putting everything together, we get
(5).

B.3 Proofs for Section 4

Proof of Theorem 1. It follows from the independence of Z1, ..., Z,, that gen(w, S) is (¢/+/n)-
subgaussian, so

|gen(w, S)|
Bl | B2 o vpew. B.2)
1/&( o /6/n (
Using Lemma 1 with 1 = Pyy|s, v = Qw, f(w) = 01/6/n, and g(w) = %, we have

(Pw|s. |gen(-, S)|) < \/?<<PW|S,1/12_1 (ddPgVWS>> + <QW7¢2<|gen(6/i|> >)

Taking expectations of both sides w.r.t. Pg and using Fubini’s theorem and (B.2), we get (6).

Proof of Corollary 1. Applying Proposition 1 conditionally on S gives

(Pvis 3" (Ga2)) < \/D(BwislQw) +1

where the divergence D(Pyy|5||Qw ), being a function of S, is a random variable. Substituting

this into (6) and using Jensen’s inequality, the definition of conditional divergence, and va + b <

Va+ Vb < \/2(a+b), we get

Ef|gen(W, 9)[] < \/247102 <D(PW\S||QW\PS) + 4>~

Taking the infimum of both sides w.r.t. Qy and using (2), we get (7).
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Proof of Theorem 2. For each fixed (w, §), the random variable 6(w, $,¢) := | Y i &;({(w, 2}) —
U(w, 2;))| is o(w, §)-subgaussian, where o (w, §) := (31 (((w, 2}) — L(w, 2;))? )1/2. Thus,

§(w, 8, ¢) -
o (\W)} <1, Y(w, §). (B.3)

Applying Lemma 1 conditionally on (S, &) with y = pW|S€’ V= Qs f(w) =0c(w,S), g(w) =
C(w, S, &), we obtain

(Py 1500 8)C(, 8,€))

dPy 5. . .
< f< W\Ss7 ( )¢51 <(1QV[;|S';‘>> + <QW\§’U('>S>w2(C('7575>)>

. _ dPy g .
< V2IAG) e <PWg5,w;1< dej;) > +(Quisr 2005 5,)))

Taking expectations of both sides w.r.t. S and ¢, then using Fubini’s theorem, (B.3), and the inequality
Ep[lgen(W,5)[] < LEp[§(W, S, €)], we obtain (8).

E.[¢(w,$,¢)] := E.

Proof of Corollary 2. For any QWI §» using Proposition 1, Cauchy—Schwarz, and the independence

of (Z],Z;), we have
. dPy 5
— |S,e
IA(S) ez !
2 dQW|§

< VEAIIAG) D (P 5. 1Quy51Ps.) + 1)

Substituting this estimate into (8), taking the infimum of both sides w.r.t. QWI 5» and using (3), we
get (9).

Ep

B.4 Proofs for Section 5

Proof of Theorem 3. Let
S(u,v,2,2") = (E(u 2') = l(v,2")) = (L(u,z) — (v, 2)),

0(u,v, 8) géuvz,,Z

.o, 18w0.8)
u, v, §
o ) = V6 6o (u, v, 3)
For each fixed (u,v) € W2, §(u,v,Z;, Z!), 1 < i < n, are i.i.d. symmetric random variables.
Therefore, introducing a tuple ¢ = (e1,...,&,) of i.i.d. Rademacher random variables indepen-

dent of everything else and using the fact that the joint distributions of (6 (u, v, Z;, Z{))jzl and
(sié(u v, Z;, Z! )) are the same, we see that

~ |Z?:1 6i5(u7U’ZiaZz{)|>
= (s

where the inequality follows from the fact that, conditionally on S and .S !, the random variables
S eid(u,v, Z;, Z!) are o(u, v, S)-subgaussian.

Now, given Qw € P(WV) and a family of couplings Py |s—, € II(Py|s=s, Qw ). it follows from
the above definitions and from (10) that

E["/’2(C<u’ v, S'))] =

<1,

Elgen(W. $)] < S50V, 5)] = LBlo(U. V. $)G(U.V. )] B.4)

n
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Picking any pyy € P(W x W) such that Py g—s < pyv forall s € 2™ and applying Lemma 1,
we get

<PUV|S70('7S)C('a§)>

< 2<PUV|S,0('7 Syt (dcﬁ]UVVS>> + \/§<va’ o ) (C(\;g))>

Using the inequality 12 (z/v/2) < 12(z) (see Proposition A.2(i)), Cauchy—Schwarz, and (B.4), we
have

- S =
E [a(u, v, S)hy (C(u\,};))} </ E[o2(u,v,5)], V(u,v) € W x W.
Putting everything together and taking expectations w.r.t. S and S/, we obtain (12).
Proof of Corollary 3. For ¢ defined in Theorem 3, we have

(u,,8) < QZ( w, Z}) = 60, 20)" + (0w, Z) - 00, Z:))").

Taking conditional expectations given U, V, S and using Jensen’s inequality gives

Elo (U, V, $)[U,V, 8] < \/E[02(U, V, $)|U, V, 5]
<V2n(de(U, V) + ds (U, V)).

An analogous argument gives

VEI2(0,V,9)|0,V] < 2v/ndy(T, V).

Substituting these estimates into (12) gives the desired result.
B.5 Proofs for Section 6

Proof of Theorem 5. Using the definition of /, we have

E[gen(W, S)] ZE

Z (Wi, Zi) = E(Wi—1, Z)) |-
Applyng Lemma 1 conditionally on S with f(u,v) = d(u,v), g(u,v) = ‘ELI(E\(//I%&Z(;);)Z(U’Z””,

= Py, w,_,|s and v = pw,w,_,, taking expectations w.r.t. Ps, and using (13) gives the desired
result.

Proof of Corollary 4. Foreach k > 1, let py, w,_, = Pw,w,_,. Then

dPw,w,._.|5 _ dPw,w,_.s _ dPsw,wi_, _ dPs|w,
(21]31/1119{/[@71 d(PWka71 [ Ps) dPS dPS ’

where we have made use of Bayes’ rule and the fact that S 1l W, _1|W}. Using this in (14) together
with Proposition 1 gives (15). An application of Cauchy—Schwarz and Jensen gives (16).

Proof of Corollary 5. Foreach k > 1, let pw,w,._, = Pw,w,_,. Notice that, by disintegration
and the choice of couplings,

E[d(Wka,ﬂ] = E{/d(u,v)PWkwk_ﬂs(du, dv) S E[W2(PWk|S7PWk_1|S)]7

where we have used the fact that W5 (-, -) dominates W (-, ) [23]. Since Pyy, |5 are points on the
geodesic connecting Pyy|s and Py, we have

K

K
> Wa(Pw, s, Pw,_yjs) = 3 (te — ti1)Wa(Piys, Pw) = Wa(Piyys, Pw).
k=1 k=1

Using this together with Cauchy-Schwarz and Proposition 1, we obtain (17).
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B.6 Proofs for Section 7

Proof of Theorem 6. Applying (5) conditionally on S with f(w) = 04/6/n, g(w) = W,
n

u = Pys,and v = Qw, we have
<PW|Sa |gen(W7 S)|>

1/2
2 dP 2.5
<22 (1 (s’ W'S> (1o (@ (526} ) ).

Since £(w, S) is (o //n)- subgaussmn for all w, Markov’s inequality gives, for any 0 < § < 1,

gen?(

P |(ow.exn (S52852)) > 3] < 5 (s ouom ()) <5

which concludes the proof.

Proof of Theorem 7. The argument is almost identical to the proof of Theorem 3, with the
difference that (5) is used for decorrelation.

To lighten the notation, let 73 := Py, Wi_1|s and px = pw,w,_,- Use the same definitions of
8,0, ¢ as in the proof of Theorem 3. Then, applying (5) with f(-) = o(-, ), g(-) = ¢(-, 5), p = 73,
v = pi, we have

dmy

(720, 80 8)) < VRl S)llza(uy +2(t o )i (T F))

+ 200, 8) 11 (r) 1o or, exp (C2(-, 5))).

By Markov’s inequality and the union bound, for any 0 < § < 1,

P{Hk s.t. <pk,exp ((2(,§))> > p—a} Zpk5<P ® Pk, €xXp (C (-, ))> <.

Using this together with the estimate o (-, S) < 2\/nd 5.¢(+) yields the result in the statement.

B.7 Proofs for Section 8

Proof of Theorem 8. Without loss of generality, we assume dlam(T = 1 Let Q be the Markov
kernel from €2 to T defined by Q(-|w) = d,(.(+); in particular, v(-) = [, P( |w).

Fix some r > 2. Foreach k > O and each t € T, let By (t) := B(t, r~k). Since T is finite, there
exists some K € N, such that Bi(t) = {t} forallt € T. Let u € P(T) be given. Define the
following sequence of Markov kernels from € to 7T":

Qr(-|w) = pl 1 Bi(r(w))) k=0,...,.K.

u(Br(r(w))) '
Observe that Qo = p and Qx = Q. Then, since

PonX)= [ Plau(dn ) = | (LX) =0

we can write

= <]P’®QK,X>— <P®Q07X>
K

Z(P@)Qk -P®Qr-1,X)

/ ([ oo - [ X)) ) 2w

[ () = X0l Quldul)Qunr (ol P(as)
QJTXT

IN Il
M= T Mw T

1
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Applying (4) conditionally on w with

f(u,v) = 1, (7)) (W) 1B, (r(w)) (v)d(u,v),
p(du, dv) = Q(dulw) ® Qr—1(dv|w),
v(du,dv) = p(du) @ p(dv),

and using the fact that Q (-|w) is supported on By (7(w)) and B (7(w)) C Bg—1(7(w)), we have

/T 1K) ~ X,@)|Qu(duf) Q1 (dole)

1/pp—k+1,-1 1 Pkl [ Xu(w) — Xo(w)] u v
<2 (o) e () e
< 92/pp—htly—1

(o) o (P s,

where the first term in the last step is due to Proposition A.2(iii). Then, using the increment condition
and Proposition A.3, we have

2/p - ’I“_k+1 —1 1 v a T_k+1
B <2037 [ o7 (e ) o0 +

k=1

1
1
<1+ 22/Pr2/ / ;! < ) de v(dt).
rJo 7 \u(B(te))
Since 1/u(B(t,e)) > 1, we can apply Proposition A.2(iv) to obtain the inequality

E[X,] < 2%/Pp? (2 +/T/01 <log M)Up deu(dt)) .

We can now take r = 2 to get the desired result when diam(7T") = 1; the general finite-diameter case
follows by straightforward rescaling.
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