Appendix

A The Loss Function Leads to the Linear Combined Estimator

In Section 3, we have introduced a linear combined estimator
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We say that the estimator (1)) is obtained from a widely-used loss function. First note that we can
define the loss of different dependency structures as
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where Q) x, x,v represents the distribution estimation, IE’Xl X,y and 15)((%)(2}, are defined in Section 3.
As a result, minimizing the linear combination of Lg and L, can give us the optimal estimator:
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where Dy, (+||-) is the K-L divergence and the second equation is obtained from the fact that the
empirical distribution (1 — oz)f’X1 X,y + af))((]\l@(zy is determined by training samples and does not
change with Q x, x,v-

B Detailed Statement and Proof of Theorem 3

For the following sections, we abuse our notations by removing all the subscripts for simplicity. We
first give the detailed version of Theorem 3.

The testing loss of the two modality case can be expressed as
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and the optimal coefficient a* to minimize the testing loss (3] can be given as
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17 B.1 Proof of Theorem 3

18 To compute the testing loss, we first introduce the following lemma.

19 Lemma 1. Suppose that random variables X1, X, and Y follow a joint distribution Px, x,y.

20 With n samples, we have the empirical distribution PXI x,v (%1, T2,y), and the Markov estimation
21 ]5)((1\1/[;(23,(3:1, To,y) = pX1|y($1|y)PX2|y($2|y)Py (y). Along with the assumption that the label

22 distribution has been learned well ,i.e. P(y) = P(y), we have
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24 where to obtain @), we have used a fact that for random variables Z; and Z5, with joint distribution
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29 To obtain the testing loss Etcst, we need to derive the expressions after the coefficient « in terms
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32 where to obtain (I7), we have used (I0).



33 As for (T3), we have that
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3¢ where to obtain (I9), we have used (9) and (TT).
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38 where to obtain (2I)), we have used (I0)-(I2); to obtain (22)), we have used the fact that for a random

30 variable Z and its distributions Pz, @)z, we have that ) W =x?(Pz,Qz) + 1.

40 From (I8), (20), and (23, we obtain the expressions of the Theorem 3.

41 C Detailed Statement and Proof of Theorem 5

42 C.1 Detailed Statement of Theorem 5

43 We first give the statement and proof of Theorem 5 when & = 2. In Theorem 5, we adopt the
44 factorization form to give the calculation of the optimal coefficient a* using features. Now, we give
45 the detailed form of the optimal o*. The numerator of it consists of 5 different terms, while the
46 denominator consists of 13 different terms. All these terms can be calculated by different empirical
47 means of training features f and g.
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a2 (2 Py )X X A )Pl Pl )
Yy

" 1"
z,xl x,xl

+zy:<alz n2p ) Z £ (@h, @) A7 f (@, w) Plai, asly)

n — 1
@@y oy zy

ZZ ST T, ah) A (e, ) P, ably) P(ah]y)

Ty Ty

x17I2 A .f(xlazQ) (zllaxé‘y)P(xlll‘y)

zy @,z

be (”‘”(”‘2 n-3 Z 7 X X 7t A F a0 Plat ) Pl Pla ) Pl )

i
11 12 Ty Ty

+Z[ (n—1)( n—2) _2(n—1)(n—2)P(y)}

n2

Z Z .fT 1‘1,1‘2)1\ f( /1/7332) (x/17x/2‘y)P(xll/‘y)P($/2/‘y)

1" 1"
x,xl x ,xl

NGED R ZZ ST FT (@ ab) A £ (w0 Pl ly) Pehly) Plaby)

A

2 —1
+("—ZZ ST (@, ) A F (@ 2l P, o ly) P(al|y) Pxhly)

ey
Yy ml $2 Il $2

n — 1 (n—2)
Loz bn=2) ZZ 3 £k w7 a2 Pt ) Patln) P )

n _ 1 1 / / / l !
2 2 Z £ a7 @l ) P(ahly) Plat whly)
n—1 1 ,
e ZP@ ) Z 57 ) A (a2 Plably) P, 24y)

-1 1 —1
M i ”nz NS S 76 a5 flat o) P ) Plat 1)

) P i
Yy x5 o,y

L | DID AR R T Tty

y @y whwy
n—1 1 2(n—1) n-1
_ P ]
+ zy: [ n3 P(y) n? + n )

! Z Z fT('rllvx2 f('rlaxQ) (wi,x'ﬂy)P(m%xé’\y}
n—l
Z P y Z Z .f 1'171'2 l.f( /1/",1:2) (x&,x%\y)P(x’{,x’ﬂy)

”_12 57 2 A7 a2 Pk ) Plagly

$1,$2

+zy: [%P;( ) nQFZ’( } Z fT $17x2)A f('r17x2) (@, 25]y)-

',z

6



49 C.2 Proof of Theorem 5

50 We first give the expressions of the optimal weight g*. We rewrite the expression of the training loss
51 function as the following.
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58 Set the gradient to zero, we obtain the optimal weights g*(y’).
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Ty Tp,Ty

ZZ Z FT (@), ah) A f () Py, whly) P |y) (40)

zy @,z

nfl

77 Next, we derive the denominator

Z R(ajla Z2, y)]E[dg(xh L2, y)]

1,22,y
- Z P(x1,72)P(y)E [Wf (z1,22) A" Z( (z,, b,y —P(M)(xﬁ,x’g,y))f(m’l,x;)
Ty 15T
1 _ R R
" P(y) Franaagt 3 (P(f”lll’xg’y) *P(M)(“fﬁ'vfc'zlay))f(w’{?x’z’)}
xl/ xIQI
1
DD IERC R CAEH
Yy 'y ,xh x 2l
E[(P(x T — PM) (! ! Pz 2! _ pM)
. 1 27y) ($1,$2,y) (xl,x27y) ($1’x2’y) (41)
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78

—Z DI IEACEALYE (R Pt ah ) Pt ot )|

I/ I/ I// I//

Z Z Z fT .%'1,{)32 f( 11/75(}2) [p(xll’x/27y)p(M)(xll/’(Eg7y):|
:L’l,x2 x/

1 .
* 2 p) 2 3 F A e s [POD (@, ) POD (], 24, )|
z @y ooy

=)= —3) 1
- n? Ey: P(y)
YD @ ah) A F @ @) P |y) P(ably) Pl |y) P(af]y)

1" 1"
z,xy o,z

+Z{ (n—1)( n—2) _2(n—1)(n—2)P(y)}

n2

: Z Z .fT .Z‘ll,an f($1,$2) (wllaxé‘y)P(xll/‘y)P(xg‘y)

1" 1"
z,xy o,z
(n— 1

plo-n-2) ZZZ;‘ (2, ay)A 7" F (2}, 24) P y) P y) P ]y)

2 —1
yAo-lin-2) Z ST F )N (2 2 P, ly) P y) P(xhy)

1" 1
Yy ozl ,xl x xl

n— 1
{n-Vn-2) ZZ S 704 a5)A7" . a3) Pt ) Patln) Pla )
n -1 1

pr SN T ab)AF @ 2h) Pl y) P, b ly)

Y xh o,z

-1 1
Y Py o 2 £ A G )Pl Pla )
Y

Ty wh,Ty

m—1 1 2(n—1)
+ Y [~ ] S g ) Pl ) Pl )
Yy xh xh
m—1 1 (n — 1) T/ I \A—1 /i " ro
T By T e 2 X £ A ) P ) Pt 2hly)
Y xy xh,xl)
m—-—1 1 2(n-1) n-1
+; L n3 P(y) n? * n P(y)]

: Z Z fT(x/lu‘r2 f(x/lla‘%.Q) (x/lu‘r/Z‘y) (.%‘/1/,.’13'2|y>

1" 1"
z @y oY,z

1 2
+;[;PQ() o ]Zf (. #4)A S £ (o ) Pt 2hly) @2)

$1,$2

70 where we obtain (@2) from (29).
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go The cases of k > 3 can be given likewise.

st D Details of Experiments

g2 D.1 Training Loss

83 In this section, we demonstrate the approach to computing the training loss from sample features.

g+ To compute the training loss ﬁtrain( f,9), we first introduce the following lemma, which links the X2
85 divergence to H-Score which can then be expressed through the loss that we have given.

ss Lemma 5. Let (f*,g*) be the features that minimize the x>-divergence loss
7 Xk (Pxovys Proc PR, ). where PR (eaay) & Pr(u)(1 + f7 (e m2)g()
88 forall (x1,22,y), and the reference distribution is PX1 X, Py. Then, we have

Epy o [F (X0, X2)] = Ep [g7(Y)] = 0, (43)

8o and (f*,g*) are also the optimal features that maximize the H-score of target samples:
H(f.9) 2 Ep,  [FT (X1, X0)g(¥)] - 5 tr(AsAy), (44)

0 where f(X1,X2) & F(X) ~Ep [f(X1X2)l, §(Y) £ g(¥) —Ep, [g(¥)} Ay and Ag are the
91 covariance matrices of features on the training samples, defined as:

A 2E,  [f(X1, X0) T (X1, X)), (45)

Pxix,

Ag2Ep [g(V)g" (V). (46)

o3 We can derive the H-score for Markov structure H™) (f,g) similarly. Then, the training loss can be
94 implemented by

(f*,9") « argmax(1 — a)H(f,g) + aH™M)(£,g). (47)
f.g

95 Unfold the loss functions in (7)), we have our training loss function,

L) (f.9) = <1 - amdep(f g9)+ azgﬁ (f.9),

Laey(f.9) = ~ o)gy ) - 5 tcov(£) covlg)),
Loey (F9) £ Zﬁyo) njl_ : Z PR 2 )g () — 5 trleov(f;) cov(a))

96 As for loss Laep(f,g), the calculation is straightforward. =~ With n training samples

97 (asgl), .. x2 ,y(z)),i = 1,...,n, and two branches of parameterized neural networks with out-
98 put umts f and g, we can compute the loss in the following
j"(x(l),...7 )(—f(:l:l,...,xg))—%ifzgt),.. (t))z—l
9(y™) < g(y"") Zg Myi=1,.
cov( (t))fT(;zc1 ,...7955;))

cov(g % — Zg g™ (y®).
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100

101

102

103

104

105
106

107

108
109

110

111

112
113

114

115

Table 1: The optimal coefficients a* derived by auto-CODES and grid search method on different
training sample sizes on the IEMOCAP dataset.

Sample size n

(dialogue size) grid search (gs) auto-CODES (auto)

‘ Qs accuracy ‘ Qauto accuracy ‘ N+ Qauto

446 (10) 0.01 42784 +£1.465 | 0.0151 +£0.0010 43.023 £ 1.706 6.73
565 (12) 0.01 44754 £1.220 | 0.0129 £ 0.0009 45.478 £ 1.236 7.29
647 (14) 0.01 45.730+1.420 | 0.0111 +£0.0005 46.239 +1.128 7.18

As for loss E;ﬁ?( f,9g), it needs a permutation on samples’ modalities within the subset of the

same label. We denote the subset of training samples with label j € {1,...,k} as D; =

{(xgm), . ,x,(f’]))}?il, where d; is the number of samples whose label is j in the overall

dataset D. gﬁ”’ is chosen from {xiq”j)}fil,t =1,...,k and n; = Hle di. cov(f;) <
; t,j t,j t,j t,j

LY fE eI e,

D.2 Optimal Coefficient in Testing Loss

There are 18 terms in the expression of the optimal a*. Here we illustrate an example that they can
be computed by the mean of features, and the other terms can be computed similarly.

1 1
Asfortem S, 5., Ty £ Fad o) PGt ) Pt ) (3~ 2700 ).

n
it can be computed by three parts.

First, we compute the covariance matrix A ¢ using features of data, i.e.,

n

S Fa 0 ),

i=1

Zz 1f(l"1 ,x2 )]l{y )*y}
Zz 11{91)_9} '

Then, we computed Zzg,z; Pz, 24 |y) f(x], z5) by

At last, we sum them up over y € ).

In summary,
1 Py
S (4 - ZUY S S # T a)AG F ) Plat ) Pl )
Y z xl ol xl)

n D im 1{y®) =y}

n 4
by £ )1y =y}
28:1 1{y®) = Y}

D.3 Results on IEMOCAP

1 PN, f@, a1y =y} 1SN, ) et () G)
:§<712_ ) I - ﬁ;f(xl ,1’2 )f ([171 7$2 )

The further results on IEMOCAP are shown in Table 1.
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