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Abstract

We study the inverse reinforcement learning (IRL) problem under a transition
dynamics mismatch between the expert and the learner. Specifically, we consider
the Maximum Causal Entropy (MCE) IRL learner model and provide a tight
upper bound on the learner’s performance degradation based on the ¢;-distance
between the transition dynamics of the expert and the learner. Leveraging insights
from the Robust RL literature, we propose a robust MCE IRL algorithm, which
is a principled approach to help with this mismatch. Finally, we empirically
demonstrate the stable performance of our algorithm compared to the standard
MCE IRL algorithm under transition dynamics mismatches in both finite and
continuous MDP problems.

1 Introduction

Recent advances in Reinforcement Learning (RL) [} 2} 3 4] have demonstrated impressive perfor-
mance in games [} 6], continuous control [7]], and robotics [8]]. Despite these successes, a broader
application of RL in real-world domains is hindered by the difficulty of designing a proper reward
function. Inverse Reinforcement Learning (IRL) addresses this issue by inferring a reward function
from a given set of demonstrations of the desired behavior [9}[10]. IRL has been extensively studied,
and many algorithms have already been proposed [11} 12} 13} |14, 15 [16].

Almost all IRL algorithms assume that the expert demonstrations are collected from the same
environment as the one in which the IRL agent is trained. However, this assumption rarely holds in
real world because of many possible factors identified by [[17]. For example, consider an autonomous
car that should learn by observing expert demonstrations performed on another car with possibly
different technical characteristics. There is often a mismatch between the learner and the expert’s
transition dynamics, resulting in poor performance that are critical in healthcare [[18] or autonomous
driving [[19]. Indeed, the performance degradation of an IRL agent due to transition dynamics
mismatch has been noted empirically [20} 21} 22| [23]], but without theoretical guidance.

To this end, our work first provides a theoretical study on the effect of such mismatch in the context
of the infinite horizon Maximum Causal Entropy (MCE) IRL framework [24, 25| 26]]. Specifically,
we bound the potential decrease in the IRL learner’s performance as a function of the ¢;-distance
between the expert and the learner’s transition dynamics. We then propose a robust variant of the
MCE IRL algorithm to effectively recover a reward function under transition dynamics mismatch,
mitigating degradation. There is precedence to our robust IRL approach, such as [27] that employs
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an adversarial training method to learn a robust policy against adversarial changes in the learner’s
environment. The novel idea of our work is to incorporate this method within our IRL context, by
viewing the expert’s transition dynamics as a perturbed version of the learner’s one.

Our robust MCE IRL algorithm leverages techniques from the robust RL literature [28 29,130, 27]. A
few recent works [20} 21} 31] attempt to infer the expert’s transition dynamics from the demonstration
set or via additional information, and then apply the standard IRL method to recover the reward
function based on the learned dynamics. Still, the transition dynamics can be estimated only up to
a certain accuracy, i.e., a mismatch between the learner’s belief and the dynamics of the expert’s
environment remains. Our robust IRL approach can be incorporated into this research vein to further
improve the IRL agent’s performance.

To our knowledge, this is the first work that rigorously reconciles model-mismatch in IRL with only
one shot access to the expert environment. We highlight the following contributions:

1. We provide a tight upper bound for the suboptimality of an IRL learner that receives expert
demonstrations from an MDP with different transition dynamics compared to a learner that
receives demonstrations from an MDP with the same transition dynamics (Section [3.1)).

2. We find suitable conditions under which a solution exists to the MCE IRL optimization
problem with model mismatch (Section [3.2).

3. We propose a robust variant of the MCE IRL algorithm to learn a policy from expert
demonstrations under transition dynamics mismatch (Section ).

4. We demonstrate our method’s robust performance compared to the standard MCE IRL in a
broad set of experiments under both linear and non-linear reward settings (Section [5).

5. We extend our robust IRL method to the high dimensional continuous MDP setting with
appropriate practical relaxations, and empirically demonstrate its effectiveness (Section|[6)).

2 Problem Setup

This section formalizes the IRL problem with an emphasis on the learner and expert environments.
We use bold notation to represent vectors. A glossary of notation is given in Appendix [C|

2.1 Environment and Reward

We formally represent the environment by a Markov decision process (MDP) My :=
{S, A, T,~, Py, Rg}, parameterized by & € R?. The state and action spaces are denoted as S
and A, respectively. We assume that |S|,|A| < oco. T : S xS x A — [0, 1] represents the transition
dynamics, i.e., T'(s'|s, a) is the probability of transitioning to state s’ by taking action a from state s.
The discount factor is given by v € (0, 1), and P is the initial state distribution. We consider a linear
reward function Ry : S — R of the form Rg(s) = (0, ¢(s)), where @ € R is the reward parameter,

and ¢ : S — R? is a feature map. We use a one-hot feature map ¢ : S — {0, 1}'8‘, where the s
element of ¢ (s) is 1 and 0 elsewhere. Our results can be extended to any general feature map (see
empirical evidence in Fig. [6), but we use this particular choice as a running example for concreteness.

We focus on the state-only reward function since the state-action reward function is not that useful
in the robustness context. Indeed, as [22] pointed out, the actions to achieve a specific goal under
different transition dynamics will not necessarily be the same and, consequently, should not be
imitated. Analogously, in the IRL context, the reward for taking a particular action should not be
recovered since the quality of that action depends on the transition dynamics. We denote an MDP
without a reward function by M = Mg\Rg = {S, A, T,~, Po}.

2.2 Policy and Performance

A policy @ : & — A4 is a mapping from a state to a probability distribu-
tion over actions. The set of all valid stochastic policies is denoted by II :=
{m:>,m(a|ls) =1,Vs € S;m(als) > 0,V(s,a) € S x A}. We are interested in two different
performance measures of any policy m acting in the MDP Mpyp: (i) the expected discounted

return Vi = E[}2,2 7" Re (s¢) | 7, M], and (ii) its entropy regularized variant VJC];;SOft

E[> 2o {Re (s¢) —logm (at|s¢)} | w, M]. The state occupancy measure of a policy 7 in the



MDP M is defined as p7;(s) := (1 — ) Yoo V' P [s: = s | m, M], where P [s; = s | 7, M| denotes
the probability of visiting the state s after ¢ steps by following the policy 7 in M. Note that p7,(s)
does not depend on the reward function. Let p7, € RIS! be a vector whose s™ element is p7,(s). For
the one-hot feature map ¢, we have that V= 1/_% > Phi(s)Ro(s) = 12 (6, p7)- A policy 7
is optimal for the MDP Mp if m € arg max,, V., in which case we denote it by 7}, . Similarly,
the soft-optimal policy (always unique [32]) in M is defined as 73" := arg max,, V]C[;jso“ (see
Appendix [D|for a parametric form of this policy).

2.3 Learner and Expert

Our setting has two entities: a learner Expert Learner
implementing the MCE IRL algorithm, ML
and an expert. We consider two MDPs, | /L ..+ P =Py L

I I 0" ML, Mg \Ro~ | | 9, soft
MG = {S,A,T ,’Y,PQ,RQ} and 1 LTk,
MGE = {S,A, TE,’)/7.P(),R9}, that differ ME p:p;;‘j; 4 <0E77T§C}f£ >
only in the transition dynamics. The true reward 0% " T Mg o8
parameter @ = 6* is known only to the expert.

The expert provides demonstrations to the

. . . . Fi 1: Anill ion of the IRL 1
learner: (i) by following policy 7, in M p Figure n illustration of the problem under
o

transition dynamics mismatch: See Section 2.
when there is a transition dynamics mismatch

between the learner and the expert, or (ii) by following policy 7%

ME,
o
learner always operates in the MDP M’ and is not aware of the true reward parameter and of the
expert dynamics T i.e., it only has access to MGL* \Rg~. It learns a reward parameter 6 and the

corresponding soft-optimal policy W?‘fo, based on the state occupancy measure p received from the
2]

in ML otherwise. The

o TME Tk, ,
expert. Here, p is either p, £~ or p, > depending on the case. Our results can be extended to the
stochastic estimate of p using concentration inequalities [11].

Our learner model builds on the MCE IRL [24} 25} 26] framework that matches the expert’s state
occupancy measure p. In particular, the learner policy is obtained by maximizing its causal entropy
while matching the expert’s state occupancy:

max E
well

> =7 log m(ay|s:)

t=0

’/T,ML‘| subjectto pfy, . = p. (1)

Note that this optimization problem only requires access to M2\ Rg. The constraint in (T) follows

from our choice of the one-hot feature map. We denote the optimal solution of the above problem by

o . . . AIE* .o
soft with a corresponding reward parameter: (i) @ = @, when we use p wE. aspor(i) 0 =0r,

™
ME

"ML, . . .
when we use p,,;°" as p. Here, the parameters O g and 6, are obtained by solving the corresponding

dual problems of (I). Finally, we are interested in the performance of the learner policy wﬁfﬁ in the
e
MDP M .. Our problem setup is illustrated in Figure

3 MCE IRL under Transition Dynamics Mismatch

This section analyses the MCE IRL learner’s suboptimality when there is a transition dynamics
mismatch between the expert and the learner, as opposed to an ideal learner without this mismatch.
The proofs of the theoretical statements of this section can be found in Appendix [E|

3.1 Upper bound on the Performance Gap

First, we introduce an auxiliary lemma to be used later in our analysis. We define the dis-
tance between the two transition dynamics 7T and 7", and the distance between the two poli-

The setting with 7% known to the learner has been studied under the name of imitation learning across
embodiments [33|].



cies m and 7’ as follows, respectively: dayn (7,7T") = max,, ||T (- | s,a) —T" (- | s,a)]|;, and
dpot (m, ") 1= max, ||7(-|s) — 7'(:|s)||;. Consider the two MDPs My = {S,A,T,v, Py, Re}
and My = {S,A,T',v,Py,Re}. We assume that the reward function is bounded, i.e.,
Ro(s) € [Rg™™ Rg*>],VseS. Also, we define the following two constants: kg :=

\/7 -max { RP®* + log | A| , —log |A| — RZ™} and |Re|™™" := max{’Rgli“ | RG> |}

Lemma 1. Let 7 := ﬂ}i}fj and ' = 71'?\22 be the soft optimal policies for the MDPs Mg and

My respectively. Then, the distance between T and ©' is bounded as follows: dyo (n',m) <

. kor/dayn(T",T) r2dayn (T, T
me{m/m ) Fpdayn(1°.7) |

(1—v) ’ (1—7)2

The above result is obtained by bounding the KL divergence between the two soft optimal policies, and
involves a non-standard derivation compared to the well-established performance difference theorems
in the literature (see Appendix [E.I). The lemma above bounds the maximum total variation distance
between two soft optimal policies obtained by optimizing the same reward under different transition
dynamics. It serves as a prerequisite result for our later theorems (Theorem |I] for soft optimal experts
and Theorem[6). In addition, it may be a result of independent interest for entropy regularized MDP.

Now, we turn to our objective. Let m; := 7%°% be the policy returned by the MCE IRL algorithm

Mg
when there is no transition dynamics mismatch. Similarly, let 7o := w?v‘}ff be the policy returned
o
by the MCE IRL algorithm when there is a mismatch. Note that 7; and 7, are the corresponding
T L ﬂ';[ B

solutions to the optimization problem (I, when p < p ]V;MLB* and p < p,, 2", respectively. The
following theorem bounds the performance degradation of the policy o compared to the policy 71 in
the MDP M GJL*, where the learner operates on:

Theorem 1. The performance gap between the policies 1 and w9 on the MDP M GL* is bounded as

o . R [
follows: ’VMQL* — VMBL* < % - dayn (TL,TE)-

The above result is obtained from the optimality conditions of the problem (I, and using Theorem 7
from [34]]. In Section 4.4l we show that the above bound is indeed tight. When the expert policy
is soft-optimal, we can use Lemmaﬂ] and Simulation Lemma [35}36]] to obtain an upper bound on
the performance gap (see Appendix [E.2). For an application of Theorem [T} consider an IRL learner
that first learns a simulator of the expert environment, and then matches the expert behavior in the
simulator. In this case, our upper bound provides an estimate (sufficient condition) of the accuracy
required for the simulator.

3.2 Existence of Solution under Mismatch

The proof of the existence of a unique solution to the optimization problem (), presented in [37],
relies on the fact that both expert and learner environments are the same. This assumption implies
that the expert policy is in the feasible set that is consequently non-empty. Theorem [2| presented in
this section poses a condition under which we can ensure that the feasible set is non-empty when the
expert and learner environments are not the same.

Given M' and p, we define the following quantities useful for stating our theorem. We define, for

each state s € S, the probability flow matrix F(s) € RISI*IAl as follows: [F(s)]; j = p(s)Tsth,aj,
where T . i= T"(si|s,a;) fori = 1,...,|S|and j = 1,...,|A|. Let B(s) € RISIxI4

be a row matrix that contains only ones in row s and zero elsewhere. Then, we define the
matrix T € R2ISIXISIIAI by stacking the probability flow and the row matrices as follows:
T F(s1) F(s2) ... F(ss))

B(Sl) B(Sg) B(8‘3|)
lows: v; = p(s;) — (1 — ) Py(s;) ifi < |S
Theorem 2. The feasible set of the optimization problem (1)) is non-empty iff the rank of the matrix
T is equal to the rank of the augmented matrix (T |v).

. In addition, we define the vector v € R2IS! as fol-

, and 1 otherwise.

The proof of the above theorem leverages the fact that the Bellman flow constraints [[15]] must hold for
any policy in an MDP. This requirement leads to the formulation of a linear system whose solutions



set corresponds to the feasible set of (I). The Rouché-Capelli theorem [38]][Theorem 2.38] states
that the solutions set is non-empty if and only if the condition in Theorem 2] holds. We note that the
construction of the matrix 7" does not assume any restriction on the MDP structure since it leverages
only on the Bellman flow constraints. Theorem [2]allows us to develop a robust MCE IRL scheme
in Section 4] by ensuring the absence of duality gap. To this end, the following corollary provides a
simple sufficient condition for the existence of a solution under transition dynamics mismatch.

Corollary 1. Let | A| > 1. Then, a sufficient condition for the non-emptiness of the feasible set of the
optimization problem (1) is given by T being full rank.

3.3 Reward Transfer under Mismatch

Consider a class M of MDPs such that it contains both the learner and the expert environments

M E

ie, ML M EeM (see Figure | We are given the expert’s state occupancy measure p = p ME
but the expert’s policy 7% ME, and the MDP M ¥ are unknown. Further, we assume that every MDP

M € M satisfies the condltlon in Theorem 2]

We aim to find a policy 7 that performs well in the MDP M, GL* ,1e., V](/T[LL is high. To this end, we
. 9*

can choose any MDP M € M, and solve the MCE IRL problem (T)) with the constraint given

soft

7‘—thx ain

by p = P} uain- Then, we always obtain a reward parameter 0 st p=p Ao, since Mtrain

satlsﬁes the condition in Theoreml We can use this reward parameter 8™ to learn a good policy
L'in the MDP My, ... ie, 7" =7t . orml:= w}}ft . Using Lemmal 1}, we obtain a bound

gtrain gtrain

on the performance gap between 7 and 7, := 7rwft (see Theoremﬁm Appendix i

However, there are two problems with this ap- —
proach: (i) it requires access to multiple envi- / Mrain — matching MDP
ronments M®#1 and (i) unless M 3" hap- . \ (for training)

pened to be closer to the expert’s MDP M ¥, we [ \

o w MP - Expert MDP
cannot recover the true intention of the expert. “ ° [ EXP

\ ’
Since the MDP M ¥ is unknown, one cannot Learner.MDP ¢ Jy
compare the different reward parameters §'7">s  (for testing) \ /
obtained with different MDPs Mtrain’g  Thus, ~——— M « Class of MDPs
with 87, it is 1r£1p.0551.b1e .to ensure that t}Lle Figure 2: Illustrative example of learning a pol-
performance of 7 is high in the MDPLM " oicy 7L to act in one MDP ML, given the expert
Instead, we try to learn a robust policy OVET  occupancy measure p.

the class M, while aligning with the expert’s

occupancy measure p, and acting only in M. By doing this, we ensure that 7~ performs reasonably
well on any MDP My« € M including M, GL*. We further build upon this idea in the next section.

4 Robust MCE IRL via Two-Player Markov Game

4.1 Robust MCE IRL Formulation

This section focuses on recovering a learner policy via MCE IRL framework in a robust manner, under

msoft
transition dynamics mismatch, i.e., p = p A;ME"* in Eq. (I). In particular, our learner policy matches
the expert state occupancy measure p under the most adversarial transition dynamics belonging to
a set described as follows for a given a > 0: 7X@ := {aT? + (1 — a)T,VT € Ags, 4}, where
Ag|s, A is the set of all the possible transition dynamics 7' : S x § x A — [0,1]. Note that

the set 71+ is equivalent to the (s, a)-rectangular uncertainty set [28] centered around T, i.e.,
Tho = {T : dayn (T, T*) < 2(1 — a)}. We need this set 7= for establishing the equivalence
between robust MDP and action-robust MDP formulations. The action-robust MDP formulation
allows us to learn a robust policy while accessing only the MDP M”.



We define a class of MDPs as follows: ML = {{S, A, T v, Py} ,VT5* € T5*}. Then,
based on the discussions in Section[3.3] we propose the following robust MCE IRL problem:

max min E —~tlog wP(ay|sy) | 7P, M| subject to T 2
max  min ; 7 log ! (asst) jectto pi; = p )

The corresponding dual problem is given by:

o0
S logn (alse) | 7P, M

t=0

min max min E
0 qrlcll MeMLe

+6' (pﬁl - p) 3)

In the dual problem, for any @, we attempt to learn a robust policy over the class M+ with respect
to the entropy regularized reward function. The parameter 0 plays the role of aligning the learner’s
policy with the expert’s occupancy measure via constraint satisfaction.

4.2 Existence of Solution

We start by formulating the IRL problem for any MDP ML € M%<, with transition dynamics
TEhe = aTt + (1 — a)T € T2, as follows:

max E Z—fyt log P! (ay|s,) | 7P1, ME| subject to pﬁlL =p 4
wPlell =0

By introducing the Lagrangian vector 8 € R!S|, we get:

(o ]
max E Z —~tlog Pl (ay|sy) | 7P, M| 4+ 0" (pﬁla — p) 5)
wPlell =0

For any fixed 0, the problem () is feasible since II is a closed and bounded set. We define U(0) as
the value of the program (3)) for a given 8. By weak duality, U () provides an upper bound on the
optimization problem (@). Consequently, we introduce the dual problem aiming to find the value of 6
corresponding to the lowest upper bound, which can be written as

Z —7" log ! (ar|sy) | 7, M

t=0

mginU(O) = max E

wPlell

+07 (p;{;‘L‘a - p) .6

Given 0, we define 7P%* ;= wi}fja. Due to [32][Theorem 1], for any fixed M, the policy 7"
6

exists and it is unique. We can compute the gradien VoU = p’](;lLa — p, and update the parameter
via gradient descent: 8 <+— 8 — VoU. Note that, if the condition in Theoremholds, the feasible
set of (@) is non-empty. Then, according to [37][Lemma 2], there is no duality gap between the
programs (@) and (6). Based on these observations, we argue that the program (2)) is well-posed and
admits a unique solution.

4.3 Solution via Markov Game

In the following, we outline a method (see Algorithm(I)) to solve the robust MCE IRL dual problem (3)).
To this end, for any given 0, we need to solve the inner max-min problem of (3). First, we express
the entropy term E [>°,° ) —v" log 7P (a;|s;)|7P!, M| as follows:

S0 ()Y {- P als) g wale)} = 3o ()BT (A5 =5) = (H) o

sES acA SES

1
where H™ € RIS| a vector whose s element is the entropy of the player policy given the state s.

Since the quantity H ! + 6 depends only on the states, to solve the dual problem, we can utilize the
equivalence between the robust MDP [28, |29] formulation and the action-robust MDP |30, 27, 40]]
formulation shown in [27]. We can interpret the minimization over the environment class as the

3In Appendix we proved that this is indeed the gradient update under the transition dynamics mismatch.



Algorithm 1 Robust MCE IRL via Markov Game

Input: opponent strength 1 — «
Initialize: player policy 7P', opponent policy 7°P, and parameter 6
while not converged do

anPl4+(1—a)7r°P

compute p, . by dynamic programming [37][Section V.C].
update 6 with Adam [39] using the gradient (p‘;\‘}f e p).

use Algorithmwith R = Ry to update 7P! and 7°P s.t. they solve the problem (D).
end while
Output: player policy 77!

minimization over a set of opponent policies that with probability 1 — « take control of the agent and

1
perform the worst possible move from the current agent state. Indeed, interpreting (H ™ 4 0) p}\r;]

as an entropy regularized value function, i.e., 8 as a reward parameter, we can write:

1 T pl —
in (H™ 0) ™ inE [G | 7P, Py, aTL + (1 — )T 7
max,min (H”+6) Al = mumnB[G|s" RoTt+(1-a)T] @)

< max min E |G ’ arP 4 (1 — a)WOP,ML] , (8
mPlell moPell
where G := Y70 7 {Rg(st) + g™ (A]S= st)} The above inequality holds due to the deriva-
tion in section 3.1 of [27]]. Further details are in Appendix [F.1]

Finally, we can formulate the problem (8] as a two-player zero-sum Markov game [41]] with transition
dynamics given by T*V:Le (5|5, aP!, a°P) = oT*(s'|s,aP") + (1 — )T (s'|s, a®P), where aP! is
an action chosen according to the player policy and a°P according to the opponent policy. Note that
the opponent is restricted to take the worst possible action from the state of the player, i.e., there is no
additional state variable for the opponent. As a result, we reach a two-player Markov game with a
regularization term for the player as follows:

argmax min E [G | Wpl,WOP,MtWO’L’D‘] , 9)
mPlell mopPell

where Mol = {§, A, A, T™oL 1~ Py, Rg} is the two-player MDP associated with the above
game. The repetition of the action space .4 denotes the fact that player and adversary share the same
action space. Inspired from [42], we propose a dynamic programming approach to find the player
and opponent policies (see Algorithm [2]in Appendix [F.3).

4.4 Performance Gap of Robust MCE IRL

Let 7P! be the policy returned by our Algorithm when there is a transition dynamics mismatch.

Recall that 7; := Tl'?&th is the policy recovered without this mismatch. Then, we obtain the following
or

upper—boun(ﬂ for the performance gap of our algorithm via the triangle inequality:

Theorem 3. The performance gap between the policies w1 and 7" on the MDP M QL* is bounded as

follows: ‘VA’}Z* ~Vin | < L {y day (TH,TF) +2- (1= ).

= (1-)?

However, we now provide a constructive ex- a1, p=¢€ ]
ample, in which, by choosing the appropriate A g \
value for «, the performance gap of our Algo- | S 2 “Q S 0O ———— 51 ?
rithm ] vanishes. In contrast, the performance /oemp=1 1\ " Ja,p=1l-e "/
gap of the standard MCE IRL is proportional to

the mismatch. Note that our Algorithm[I|with Figure 3: Constructive example to study the per-
«a = 1 corresponds to the standard MCE-IRL. formance gap of Algorithmmand the MCE IRL.
algorithm.

“This bound is worst than the one given in Theorem When the condition in Theoremdoes not hold, the
robust MCE IRL achieves a tighter bound than the MCE IRL for a proper choice of « (see Appendix E])



Consider a reference MDP M (¢) = {S JATE PO} with variable e (see Figure . The state space
is § = {so, 81, $1}, where s1 and s, are absorbing states. The action space is A = {a1,az} and the
initial state distribution is P, (s¢) = 1. The transition dynamics is defined as: () (sy|sq, a;) = 1 —¢,
T (sq]s0,a1) = €, T (s1|s0,as) = 0, and T (s5|s0, az) = 1. The true reward function is given
by: Re~ (s0) = 0, Rg~ (s1) = 1, and Ry~ (s2) = —1. We define the learner and the expert
environment as: ML := M(©) and ML := M(¢®)_ Note that the distance between the two transition
dynamics is dayn (7%, T?) = 2ep. Let P! and 75 := 71'3&2 be the policies returned by Algorithm
and the MCE IRL algorithm, under the above mismatch. Regall that 7y is the policy recovered by the
MCE IRL algorithm without this mismatch. Then, the following holds:

Theorem 4. For this example, the performance gap of Algorithm [I| vanishes by choosing o =

L E
1-— M, ie., V]C;L — VAZPLI = 0. Whereas, the performance gap of the standard MCE IRL
o* o*

is given by: ‘V”

1 T2 . L TE
M _VMQL*‘ = 175 da (T, T7).

5 Experiments

This section demonstrates the superior performance of our Algorithm I compared to the standard
MCE IRL algorithm, when there is a transition dynamics mismatch between the expert and the learner.
All the missing figures and hyper-parameter details are reported in Appendix [G]

Setup. Let Mé‘?f = (S, A, T ~, Py, Rg*) be a reference MDP. Given a learner noise €1, € [0, 1],
we introduce a learner MDP without reward function as Mt = (S JA TRy, PO), where
Ther € Agjs 4 is defined as 5t := (1 — e )T™" + ¢, T with T € Ag|s,a- Similarly, given
an expert noise eg € [0, 1], we define an expert MDP M(ffE = (S, A, TF< ~, Py, Rg~), where
TEee ¢ Ags|s, A is defined as TEee .= (1 —ep)T™ + epgT with T € As|s,a- Note that a pair
(e, €1,) corresponds to an IRL problem under dynamics mismatch, where the expert acts in the MDP

M, f*’EE and the learner in M%-¢L . In our experiments, we set T*<f to be deterministic, and T to be

uniform. Then, one can easily show that day,, (75, TF<2) =2 (1 - ﬁ) lez, — eg|. The learned
policies are evaluated in the MDP M, BL*’EL, i.e., ML endowed with the true reward function Rog~.

Baselines. We are not aware of any comparable prior IRL work that exactly matches our setting: (i)
only one shot access to the expert environment, and (ii) do not explicitly model the expert environment.
Note that Algorithm 2 in [33] requires online access to T'F (or the expert environment) to empirically
estimate the gradient for every (time step) adversarial expert policy 7*, whereas we do not access the
expert environment after obtaining a batch of demonstrations, i.e., p. Thus, for each pair (eg, €1,), we
compare the performance of the following: (i) our robust MCE IRL algorithm with different values
of a € {0.8,0.85,0.9,0.95}, (ii) the standard MCE IRL algorithm, and (iii) the ideal baseline that
utilizes the knowledge of the true reward function, i.e, 7'(';[ Leg -
o

Environments. We consider four GRIDWORLD environments and an OBJECTWORLD [43] en-
vironment. All of them are N x N grid, where a cell represents a state. There are four actions
per state, corresponding to steps in one of the four cardinal directions; 7" is defined accordingly.
GRIDWORLD environments are endowed with a linear reward function Ry~ (s) = (0*, ¢(s)), where
¢ is a one-hot feature map. The entries 87 of the parameter 8* for each state s € S are shown
in Figures ] [I01} and [I[0m] OBJECTWORLD is endowed with a non-linear reward function,
determined by the distance of the agent to the objects that are randomly placed in the environment.
Each object has an outer and an inner color; however, only the former plays a role in determining the
reward while the latter serves as a distractor. The reward is —2 in positions within three cells to an
outer blue object (black areas of Figure ), 0 if they are also within two cells from an outer green
object (white areas), and —1 otherwise (gray areas). We shift the rewards originally proposed by [43]
to non-positive values, and we randomly placed the goal state in a white area. We also modify the
reward features by augmenting them with binary features indicating whether the goal state has been
reached. These changes simplify the application of the MCE IRL algorithm in the infinite horizon
setting. For this non-linear reward setting, we used the deep MCE IRL algorithm from [44]], where
the reward function is parameterized by a neural network.
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Figure 4: Comparison of the performance our Al gorithmmagainst the baselines, under different levels
of mismatch: (eg,er) € {0.0,0.05,0.1,0.15,0.2} x {0.0,0.05,0.1}. Each plot corresponds to a
fixed leaner environment M2 with 7, € {0.0,0.05,0.1}. The values of o used for Algorithm
are reported in the legend. The vertical line indicates the position of the learner environment in the
x-axis. We abbreviated the environment names as GRW, and OBW. Note that our Robust MCE IRL
outperforms standard MCE IRL when the expert noise increases along the x-axis. At the same time,
Robust MCE IRL might perform slightly worse in the low expert noise regime. This observation
aligns with the overly conservative nature of robust training methods.

Results. In Figure ] we have presented the results for two of the environments, and the complete
results can be found in Figure[I0] Also, in Figure[d we have reported the results of our algorithm
with the best performing Value of «; and the performance of our algorithm with different values of
« are presented in Figure In all the plots, every point in the x-axis corresponds to a pair (g, €r,).
For example, consider Figure [4b} for a fixed learner environment M %L with €7, = 0, and different
expert environments M Z& by varying e along the x-axis. Note that, in this figure, the distance
ddyn (TL’EL TE’SE) ler, — €g| increases along the x-axis. For each pair (eg, €1,), in the y-axis, we

present the performance of the learned polices in the MDP M 2 Lt de., VA’;L,EL . In alignment with our
o

theory, the performance of the standard MCE IRL algorithm degrades along the x-axis. Whereas, our
Algorithm(I|resulted in robust performance (even closer to the ideal baseline) across different levels of
mismatch. These results confirm the efficacy of our method under mismatch. However, one has to care-
fully choose the value of 1 —« (s.t. TF2 ¢ T Loy () underestimating it would lead to a linear decay
in the performance, similar to the MCE IRL, (ii) overestimating it would also slightly hinder the per-

dayn (TE,TE
formance, and (iii) given a rough estimate TE of the expert dynamics, choosing 1 —« & L)

would lead to better performance in practice The potential drop in the performance of our Robust
MCE IRL method under the low expert noise regime (see Figures[dc] [4d] and[#h) can be related to the
overly conservative nature of robust training. See Appendix [G.3|for more discussion on the choice
of 1 — «.. In addition, we have tested our method on a setting with low-dimensional feature mapping
¢, where we observed significant improvement over the standard MCE IRL (see Appendix [G.2).

6 Extension to Continuous MDP Setting

In this section, we extend our ideas to the continuous MDP setting, i.e., the environments with
continuous state and action spaces. In particular, we implement a robust variant of the Relative
Entropy IRL (RE IRL) [13] algorithm (see Algorithm [3]in Appendix [H). We cannot use the dynamic
programming approach to find the player and opponent policies in the continuous MDP setting.
Therefore, we solve the two-player Markov game in a model-free manner using the policy gradient
methods (see Algorithm[4]in Appendix [H).
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Figure 5: Comparison of the performance our Robust RE IRL (Algorithm against the standard
RE IRL, under different levels of mismatch: (eg,€r) € {LO.O, 0.05,0.1,0.15,0.2} x {0.0,0.05,0.1}.
Each plot corresponds to a fixed leaner environment M~ with 7, € {0.0,0.05,0.1}. The values
of a used for Algorithm [3|are reported in the legend. The vertical line indicates the position of the
learner environment in the x-axis. The results are averaged across 5 seeds.

We evaluate the performance of our Robust RE IRL method on a continuous gridworld environment
that we called GAUSSIANGRID. The details of the environment and the experimental setup are given
in Appendix [H] The results are reported in Figure[5] where we notice that our Robust RE IRL method
outperforms standard RE IRL.

7 Related Work

In the context of forward RL, there are works that build on the robust MDP framework [28, 29, 45],
for example, [46, 47, 48]]. However, our work is closer to the line of work that leverages on the
equivalence between action-robust and robust MDPs [49 50} 130, 27, 140]]. To our knowledge, this is
the first work to adapt the robust RL methods in the IRL context. Other works study the IRL problem
under a mismatch between the learner and the expert’s worldviews [51} 52]. However, these works
do not consider the dynamics mismatch.

Generative Adversarial Imitation Learning (GAIL) [53]] and its variants are IRL methods that use a
GAN-based reward to align the distribution of the state-action pairs between the expert and the learner.
When there is a transition dynamics mismatch, the expert’s actions are not quite useful for imitation.
[54,155] have considered state only distribution matching when the expert actions are not observable.
Building on these works, [22} 23] have studied the imitation learning problem under transition
dynamics mismatch. These works propose model-alignment based imitation learning algorithms in
the high dimensional settings to address the dynamics mismatch. Finally, our work has the following
important differences with AIRL [56]. In AIRL, the learner has access to the expert environment
during the training phase, i.e., there is no transition dynamics mismatch during the training phase
but only at test time. In contrast, we consider a different setting where the learner can not access
the expert environment during the training phase. In addition, AIRL requires input demonstrations
containing both states and actions, while our algorithm requires state-only demonstrations.

8 Conclusions

In this work, we theoretically analyze the MCE IRL algorithm under the transition dynamics mismatch:
(i) we derive necessary and sufficient conditions for the existence of solution, and (ii) we provide a
tight upper bound on the performance degradation. We propose a robust MCE IRL algorithm and
empirically demonstrate its significant improvement over the standard MCE IRL under dynamics
mismatch. Even though our Algorithm [I]is not essentially different from the standard robust RL
methods, it poses additional theoretical challenges in the IRL context compared to the RL setup. In
particular, we have proved: (i) the existence of solution for the robust MCE IRL formulation, and
(ii) the performance gap improvement of our algorithm compared to the non-robust MCE IRL in a
constructive example. We present empirical results for the settings not covered by our theory: MDPs
with non-linear reward function and continuous state and action spaces.

Code Repository

https://github.com/lviano/RobustMCE_IRL/tree/master/robustIRLcode
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Checklist

1. For all authors...

(a) Do the main claims made in the abstract and introduction accurately reflect the pa-
per’s contributions and scope? [Yes] The paper is organized exactly according to the
contributions listed at the end of the introduction section.

(b) Did you describe the limitations of your work? [Yes] Yes, we highlight the fact that
the worst case guarantees of the robust MCE IRL can be worst than the standard MCE
IRL, and describe how a good choice for « is crucial for better performance.

(c) Did you discuss any potential negative societal impacts of your work? [Yes] This work
presents a theoretical investigation of the imitation learning under transition dynamics
mismatch (see Section[8). As such in the present form there are no direct negative
societal impacts of our work. However, in future, when the proposed methods are
applied on real-world systems, the practitioner has to be careful with the choice of a.

(d) Have you read the ethics review guidelines and ensured that your paper conforms to
them? [Yes] We confirm that our paper conforms with the ethics review guidelines.

2. If you are including theoretical results...
(a) Did you state the full set of assumptions of all theoretical results? [Yes] For example,
see Theorem
(b) Did you include complete proofs of all theoretical results? [Yes] Complete proofs of
all the theoretical results can be found in the Appendix.
3. If you ran experiments...

(a) Did you include the code, data, and instructions needed to reproduce the main experi-
mental results (either in the supplemental material or as a URL)? [Yes] The code and
instructions are included in the supplementary material.

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [Yes] We have provided all the training and hyperparameters details in
the Experiments section, and in the Appendix.

(c) Did you report error bars (e.g., with respect to the random seed after running experi-
ments multiple times)? [Yes] This can be seen in all the Figures.

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUs, internal cluster, or cloud provider)? [Yes] We used an internal cluster with
CPU nodes for the experiments; but we do not have an estimate of the total amount of
compute.

4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...
(a) If your work uses existing assets, did you cite the creators? [N/A]
(b) Did you mention the license of the assets? [IN/A]
(c) Did you include any new assets either in the supplemental material or as a URL? [N/A]

(d) Did you discuss whether and how consent was obtained from people whose data you’re
using/curating? [N/A]

(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? [N/A]

5. If you used crowdsourcing or conducted research with human subjects...

(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]

(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [N/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A ]
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A Appendix structure

Here, we provide an overview on the organization of the appendix:

* Appendix [B| summarizes the scope and contributions of the paper.

* Appendix [C]provides a glossary of notation.

* Appendix [D|provides further details of Section[2] In particular, we show that the expected
feature count with one-hot feature map is proportional to the state occupancy measure.

* Appendix [E] provides further details of Section[3] In particular:

1.

2.

In Appendix [E.T| we provide the proof of Lemmal ] (performance difference between
two soft optimal policies).

In Appendix [E.2] we provide the proof of Theorem [I] (performance gap of MCE IRL
under model mismatch).

In Appendix [E.3.1] we explain why state-action reward function is not useful under
model mismatch.

In Appendix we provide the proof of Theorem [2| (existence of solution for MCE
IRL under model mismatch).

. In Appendix[E.4] we study the performance gap of the reward transfer strategy explained

in Section

* Appendix [F provides further details of Section[d] In particular:

1.
2.

In Appendix [F2] we derive the gradient update for MCE IRL under model mismatch.
In Appendix [F.3] we present Algorithm 2] with theoretical support, to solve the Markov
Game in Section

In Appendix [F4] we provide the proof of Theorem [3] (performance gap of Algorithm|I]
under model mismatch).

In Appendix [F.5] we study the performance gap of Algorithm [[junder model mismatch
in the infeasible case (when exact occupancy measure matching is not possible).

In Appendix we provide the proof of Theorem 4] (constructive example comparing
MCE IRL and Algorithm T).

* Appendix [G| provides further details of Section[5] In particular:

1.

2.

In Appendix [G.T} we report all the hyperparameter details, and present the figures
mentioned in the main text.

In Appendix [G.2] we demonstrate superior performance of Algorithm [T]on a low-
dimensional feature setting.

In Appendix we study the impact of the opponent strength parameter 1 — « on
Robust MCE IRL.

* Appendix [H| provides further details of Section [l In particular, we present a high-
dimensional continuous control extension of our robust IRL method, and demonstrates
its efficacy on a domain with continuous state and spaces under dynamics mismatch.
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B Scope and Contributions

Our work is intended to:

1. provide a theoretical investigation of the transition dynamics mismatch issue in the standard
MCE IRL formulation, including:

(a) an upper bound on the performance gap due to dynamics mismatch (Theorem|[T)) + the
tightness of the bound (Theorem [4)
(b) existence of solution under dynamics mismatch (Theorem [2)

2. illustrate the issues with the reward transfer scheme under transition dynamics mismatch
(Theorem [6]+ Lemmal I} see Section [3.3] and Appendix [E.4)

3. understand the role of robust RL methods in mitigating the mismatch issue
(a) validity (existence of solution using Theorem 2)) of the robust MCE IRL formulation
(see Section[d.2))

(b) an upper bound on the performance gap of robust MCE IRL (Theorem 3] + improve-
ment over standard MCE IRL (Theorem 2)

(c) an upper bound on the performance gap of robust MCE IRL when exact occupancy
measure matching is not possible (Theorem [J))

(d) different effect of over and underestimating the robustness parameter alpha (see Ap-
pendix [G.3))
4. empirically validate our claims in a setting (finite MDP) without theory-practice gap (see
Section [5] and Appendix [G)

5. extend our robust IRL method to the high dimensional continuous MDP setting with appro-
priate practical relaxations, and empirically demonstrate its effectiveness (see Appendix [H).

C Glossary of Notation

We have carefully developed the notation based on the best practices prescribed by the RL theory
community [57], and do not want to compromise its rigorous nature. To help the reader, we provide a
glossary of notation.

WX/IOL* optimal policy in the MDP MJ. = {S, A, T*,~, Py, Rg~ }

WX{;* optimal policy in the MDP M} = {S, A, T¥,~, Py, Ro~ }

p:/ljvig* state occupancy measure of 7, L in the MDP M % = {S JATE PO}

p J?‘ state occupancy measure of 7% M, in the MDP M ¥ = {S, A, T¥ ~, P}
oL reward parameter recovered when there is no transition dynamics mismatch
Ok reward parameter recovered under transition dynamics mismatch

T = W?&ZEL soft optimal policy in the MDP Mg, = {S, A, T*,~, Py, Rg, }

Ty = ﬁ?\‘}ZLtE soft optimal policy in the MDP MGL = {S A, TE ~, Py, Ry E}

Vi X total expected return of 7 in the MDP M, * = {S A, T, ~, Py, Ry~ }
VAZ%* total expected return of 75 in the MDP M}, = {S, A, T*, v, Py, Rg~ }
pﬁi’a state occupancy measure of 7! in the MDP M1 = {S, A, T™> v, Py}
pg‘/}flJr(l_o‘)”op state occupancy measure of arP' + (1 — )7°P in the MDP M™ = {S, A, TL, v, Py}

Table 1: A glossary of notation.
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D Further Details of Section 2]

An optimal policy 7}, in the MDP Mpy satisfies the following Bellman optimality equations for all
the state-action pairs (s,a) € S x A:

T, (8) = argmax Q}y, (s, a)
a

Qire(5,0) = Re(s)+7 D T(s'|s,a)Vi, (s))

S

Vit (5) = max Qi (s.0)

The soft-optimal policy wj‘}? in the MDP My satisfies the following soft Bellman optimality equations
for all the state-action pairs (s,a) € S x A:

mi(als) = exp (@K (s,a) — ViRl (s))

Qi(s,a) = Re(s) +VZT(S'|57Q)VJ$?3(S/)

Vi) = log Y e Qi s.0)

The expected feature count of a policy 7 in the MDP M is defined as ¢y, := ]EM > rso v d(se)].
Fact 1. IfVs € S, ¢(s) € RISl is a one-hot vector with only the element in position s being 1, then

the expected feature count of a policy 7 in the MDP M is proportional to its state occupancy measure
vector in the MDP M.

Proof. For any M, m, we have:

T

b

I
&=

> A é(s)
t=0

w,M

8

= > Phr(s)8(s)

1_7865

For the one-hot feature map, ignoring the normalizing factor, the above sum of vectors can be written
as follows:

T T
I = P

[phr(s1), PRs(s2), -
O

Leveraging on this fact, we formulate the MCE IRL problem (T]) with the state occupancy measure p
match rather than the usual expected feature count match. Note that if the occupancy measure match
is attained, then the match of any expected feature count is also attained.
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E Further Details of Section

E.1 Proof of Lemmall

Proof. The soft-optimal policy of the MDP M} satisfies the following soft Bellman optimality
equations:

Z/
7' (als) = Za;‘ (10)
r ’
logZ, = logZZulS
log Z;), = —i—'yZT (8'|a, s)log Z, (11)

Analogously, the soft-optimal policy of the MDP Mg satisfies the following soft Bellman optimality
equations:

Za\s
= 7 12
7(als) Z. (12)
log Z, = logZZa‘s
log Zys = R0(5)+’YZT(S/|CL,S) log Z (13)

s/

For any s € S, we have:

Dxy, (7' (+|s), 7 (]s))

/ ' (als)
; 7' (a|s) log (als)

7 7 7.
o Z als als

a

!/ /

_ Za|sl ZI +1 Zs (14)
Tz %7, OgZ’

By using the log-sum inequality on the term depending on the states only:
Zs _ Z, als Z

log Z = Z. log Z

IN

7 Zza‘ log “'5 (15)

a|s

Consequently, replacing (I3)) in (T4)), and using the definitions (I2)) and (10), we have:

ZCIIS Z(IS Z(/lS
Dyr, (7r’(|s),7r(\s)) < Z < le _ Z‘ >logZ|

“ als

/

Zas
= Z( '(als) — m(als ”logZ:s
Zm (als) — 7(als)|
Z |7’ (a'|s) — m(a’]s)| - max

IN

/
log |

Za)s

IN

1
g~

als

19



Then, by taking max over s, we have:

!
max D, (7'(-[s), w(-]s)) < max |7 ([s) = 7(|s)ll, - max log - (16)
s s s,a als
Further, we exploit the following fact:
] Z¢/1|s ] Zz/z|s 1 Za|s 17
H;ZZX og " = max ogZ - Z(I1|5 , an
where we adopted the following notation:
Zl
(5,a) = :’;urgrnauxlogilS (18)
s,a als
Z/
(s,a) = argmlnlogZ als (19)
als

At this point, we can bound separately the two arguments of the max in (T7). Starting from (T8):

/

als /
log = log Z;; — log Zz5
Za|s ! |
= Rg(5) — +’V{ZT "Is,a)log ZL, (3’|§,d)10gZS/}
\—,_/
0
Z/

= ZT’ d logZ +(T'(s'|5,a) — T(s'|5,a)) log Z
< {ZT/ (s'|5,a) <Z7r (als’) log Zas/> +(T/(5/|5,a)—T(sls,a))long/}
< 710g Z a)—T(s'|5,a))log Zg

By rearranging the terms, we get:

/

log ZGE < %'Z(T’(S’ 5,a) — T(s'[5,a))log Zy
y o -
< 1 LIS - T80 s Zud
< li -max|logZ5/| 'Z|T’(S/‘§,a) —T(5/|§7(_1)| (20)
_’y Sl S/

Then, with analogous calculations for the second argument of the max operator in (I7)), we have

Za|s
Z"

log log Z,|s — log Zy

= Rg(s) — Ro(s) +7{ZT |s,a)log Zs — ’(8'|s,a)10gZ§f}
—_——

0

Zy
v {Z T(s'|s, a) log = + (T(s'|s, a) = T'(s'|,a)) log Zéf}

20



< 7ylog 42 +VZ (s'ls,a) = T"(s'|s, a)) log Zy,

It follows that:

ZaS
log Z:;:s = &';(T(S’S,a) —T'(s'|s,a))log Z,
< 105 T 6lse) - T sl log 2]
< ﬁ~msax|logZ;/|~Z;|T<s’|§,g)fT’(s’|§,g>| Q1)
We can plug in the bounds obtained in (2T) and 20) in (T7):
max [log =2 < -7 max {max|logZ5/| , max |log Z’/|}-maxz T (s|s,a) — T(s'|s,a)|
s,a Za|s -1 - s’ s’/ s s,a v

(22)
It still remains to bound the term max {max, |log Z/|, max, |log Z/,|}. It can be done by a
splitting procedure similar to the one in (T7). Indeed:

1
max|[log Zy| = max {log Zs,log Z} (23)
where, changing the previous definitions of 5 and s, we set:
5 = argmaxlog Z, (24)
s = argminlog Z; 25)

Starting from the first term in (23) and applying (T3):

log Z5s = log Z Za|s

IN

log (|A\ max Za‘g)

log | A| 4 log max Z,5
= log|A| + maxlog Z,|5 (26)
a

where the last equality follows from the fact that log is a monotonically increasing function. Further-
more, (24) implies that log Zy < log Z5, Vs € S:

max log Z,s < max <Rg(s) +W10gZ§ZT(s’|§7 a))

< R§™ +vlog Zs @7

In the last inequality we have used the quantity Rj'** that satisfies Rg(s) < Ry™*, Vse S.Ina
similar fashion, we will use R§"™ such that Rg(s) > Rg"", Vs € S. Finally, plugging (27) into

[26), we get:
Ry + log |Al

1—
We can proceed bounding the second argument of the max operator in (23). To this scope, we observe
that ) TA] AI = 1, and, then, we apply the log-sum inequality as follows:

1 1 > T
log — = — log ———
gZ§ ; "A| gz Za\§

1 |A\
lo
Z Al 57

log Z5 < (28)

IN
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= log +Z|A|

a|s

< log

1 1
+ max log — (29)
|“4| Za|

Similarly to (27), we can apply one step of the soft Bellman equation to bound the term log ﬁ

1
log Zurs = —logZ,,

— Rg(s ’yZT 'Is,a)log Zg

— Ro(s +’YZT

— Rp™ 4y log — Z T(s'|s,a) (30)
L\S_,_/
1

IN

where in the last inequality we used (23), Rg(s) > Rg'", Vs € S. Since the upper bound in (30)
does not depend on a, we have:

: 1
max log < — Rg™M+vlog A (31)
@ als s
Replacing (3T) into (29), we have:
1 1 : 1
1 _ < 1 - min 1 .
g7 < log g Ry +vlog 7
and, consequently:
1 —log|A| — Ry
log— < ——————~7— 32
%7z, = 1—v G2
Finally, using (28) and (32)) in (23):
1 .
max |log Zy| < . max { Rg™ + log | A, —log |A| — Rg"™} (33)

In addition, one can notice that the bound (33) holds also for max, |log Z/,|:
1 ,
max llog Z.,| < T - max {R§™ +log|Al|,—log|A| — Rg™}
-

Thus, we can finally replace (33) in (22) that gives:

!
als

v
(1-7)°

max <

s,a

log ‘max { Rg"™ + log |A|, — log |A| — Rg™}- maxz T (s'|s,a) — T(s|s,a)|

als

(34)
We can now go back through the inequality chain to eventually state the bound in the Theorem. First,
plugging in (34) into (T6) gives:

max; ||’ (-|s) — 7(:|s)ll; - <5
2 ~da
(1—=7)
First, by using Pinsker’s inequality and the fact that max, ||7'(-|s) — 7 (-|s)||; < 2, we get:
2K

max Dy, (' (Js), 7(]s)) < W(TT) (3

max [|7’([s) = 7([s)], < \/ngxDKL (' (-[s),w(-[s)) < dayn (T",T)

e .
(1-7)

Similarly, by using Pinsker’s inequality, we get:

ma [ (13) ~w(1s)ll < \2max Dic, (7 (1), 7C18) < sy frmax [ (1s) — 7 (1s)]y dagn (77)
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Thus, we have:

/ 2'“5 /
max || (-|s) = 7 (-[s)[l, < 5 dayn (T',7)

- (1-9)

Finally, we get:

m 2 daon (T', T
dpor (7', ) < 2min{ﬁe dyn ( ) K« dayn (T7, )}

(1-9) o (1-9)?

E.2 Proof of Theorem[l

Proof. Consider the following:

L B R I R I
M, ME| = |"ME ME, ME, ME, ME, ME,
1 * m 77;\49* ﬂ'z*we* ﬂ;/IGE* * TFMéE*
= 177 <0 yPpre — PpL + VMHL* _VM;E* +177 0 yPyre
|y e
ME, ME,
max
7 - |Re~| L TE
(1—~)2 * dayn (T T )
The first and third terms vanish, since:
. . . , o . ark
1. my is the optimal (thus feasible) solution to the optimization problem () with p < p ML

and
Trj\/IE*
2. my is the optimal (thus feasible) solution to the optimization problem (I)) with p + p ME -

The last inequality is obtained from the Bellman optimality condition (see Theorem 7 in [34]). [

For completeness, we restate Theorem 7 in [34] adapting the notation to our framework and consider-
ing bounded rewards instead of normalized rewards as in [34].

Theorem 5 (Theorem 7 in [34])). Consider two MDPs M, = {S, A, T1,v, Py, R} and My =
{8, A, Tz, v, Py, R} with bounded reward function |R| < |R|™** and policies 75 optimal in M, and
w5 optimal in Mo. Then, we have that:

. R max
7(1_'7)2 dayn (T1, Ty) (36)

When the expert policy is soft-optimal, we use Lemma I and Simulation Lemma [35} 36]] to obtain
the following bound on the performance gap:

Vip — Vi | <

ﬂ_soft s e T

T T T I Vot R Al R R e U |
ML T TML| = ME, ML + ML T TME + ME T ML

_ o* o* o* o*

= 0%, Prir — Py T \WVar! = Viye” |+ (07 pyE — Phe

o* o*
soft soft
— VﬂMg* VﬂMeE*
| Mg Mg
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soft 71,_soﬂ:

< v MHL* v Mé'* v M, v ME,
= |"MEL T TME + ME T TME

soft soft ‘

2 g - |Rgr ™™
=

max
< | Ro~|

L E
e ()

dayn (TT,TF)

E.3 Proof of Theorem2]
E.3.1 Impossibility to match the State-action Occupancy Measure

We overload the notation p7, to denote the state-action occupancy measure as well, which is defined
as follows:

phi(s,a) = w(als)pir(s).
Before proving the theorem, we show that finding the policy 7 whose state-action occupancy

measure matches the state-action visitation frequency p of the expert policyﬁ] 7 is impossible in
case of model mismatch. Consider:

TFL
p(87a) = Ppmr (370‘)

p(s)7E(als) = i (s)m(als)
x(als) = 7P (als) £
e ()
Notice that the policy w! is normalized only if we require that % = 1. This implies that
7k (sla) = 7 (s|a). However, the same policy can not induce the same state occupancy measure

under different transition dynamics, it follows that —5 (sz ) # 1. We reached a contradiction that
ML

allows us to conclude that 77 can match the state-action occupancy measure only in absence of
model mismatch. Therefore, when there is a model mismatch, the feasible set of (1)) would be empty
if state-action occupancy measures were used in posing the constraint. In addition, even if the two
environments were the same, only the expert policy would have been in the feasible set because
there exists an injective mapping from state-action visitation frequencies to policies as already noted
in [37,158].

E.3.2 Theorem Proof

Proof. If there exists a policy 7 that matches the expert state occupancy measure p in the environ-
ment ML, the Bellman flow constraints [538]] lead to the following equation for each state s € S:

p(s) = (1 —7)Fo(s ’YZ Ha's) T (s]s', a') (37)

This can be seen by writing the Bellman flow constraints for the expert policy 7F with transition
dynamics T, and for the policy 7% with transition dynamics 7'

p(s) = (1= 7)Po(s) = vZ (a'|s)T"(ss',a") (38)
Phrn(s) — (1= 7)Po(s) = wszL (') T (s]s", a') (39)

By definition of %, the two occupancy measures are equal, so we can equate the LHS of (38)) to the
RHS of (39), obtaining:

p(8) = (L= Pols) = 73 i () (| T (sl )

s’,a’

>In this proof, the expert policy is denoted by 7. In the specific case of our paper, it stands for either L
6

or my,z. However, the result holds for every valid expert policy.

My
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Finally, replacing p in the RHS, one obtains the equation in (37). In addition, for each state we have
the condition on the normalization of the policy:

1= n'als), Vses

All these conditions can be seen as an underdetermined system with 2 |S| equations (|S| for normal-
ization, and |S| for the Bellman flow constraints). The unknown is the policy 7* represented by the
|S]|A] entries of the vector w*, formally defined in (@3).

We introduce the matrix T'. In the first |S| rows, the entry in the s row and (s’ |A| + /)™ column
is the element p(s')TL (s|s’, ). In the last | S| rows, the entries are instead given by 1 from position
s' | A| to position s’ |.A| + |.A|. These rows of the matrix serves to impose the normalization condition
for each possible state. A clearer block structure representation is given in Section[3.2]

We can thus write the underdetermined system as:

{P— (11;’7)130] _ Txl (40)

where the left hand side is a vector whose first |S| positions are the element-wise difference between
the state occupancy measure and the initial probability distribution for each state, and the second half
are all ones. Recognising that this matches the vector v described in Section[3.2] we can rewrite the
system as:

v = Tw" (4D

The right hand side is instead written using the matrix 7', and the unknown matching policy vector
7l A direct application of the Rouché-Capelli theorem gives that a linear system admits solutions if
and only if the rank of the coeffient matrix is equal to the rank of the coefficient matrix augmented
with the known vector. In our case it is:

rank (T') = rank (T'|v) 42)

This fact limits the class of perturbation in the dynamics that can be considered still achieving perfect
matching. Corollary [I]follows because in the case of determined or underdetermined system, i.e.
when |A| > 1, the matrix T has rank no larger than min(2|S|,|S||.A|) = 2|S] that is the number of
rows of the matrix. It follows that under this assumption, 7" is full rank when its rank is equal to 2 |S|.
The augmented matrix (T'|v) will also have a rank upper bounded by min(2 |S|, |S| |A| +1) = 2]|S|
since it has constructed adding one column. This implies that, when T is full rank, equation (42)
holds.

Block Representation of the Matching Policy Vector w”. For each state s € S, we can define a

local matching policy vector 7% (s) € Rl as:

7T(a\;4||8)

Then, the matching policy vector 7w~ € RIS is given by the vertical stacking of the local matching
vectors:

T = . 43)
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E.4 Upper bound for the Reward Transfer Strategy

Let 7% be the policy obtained from the reward transfer strategy explained in Section and
T = W?&fﬁ .

oL
Theorem 6. The performance gap between the policies 7, and ©" on the MDP M % is bounded as
follows:

‘Vﬂ‘l _ ‘n'
|R9* |maLX L E 2- Kgtrain train L train L L
(1_7)2 ’ ’)/'ddyn(T 7T )+ 1_,}/ ’ ddyn(T aT )+7ddyn(T ,T )+dp01(7T4,’/T )
Proof. We define 73 := W?@f}mm and 4 1= w;Zth . First, consider the following:
gtrain gtrain
Vit = Vitteon| = — DT (5)} Roe (s)

1
? ’ Z ’pﬁtrain(s) - p?\-}train (S)’ : |R0* (S)|

S

IN

< \RG* ik Z 10 (5) — P (3)]
- Rl_w P = P

% (er_*:;( ~dpoi (73, 4)

; 2- /fgtzzrn_' |7})2§*|max dayn (T2 TL),

where a is due to Lemma A.1 in [59], and b is due to Lemmam Then, consider the following:

. dpol (7(47 7TL)

L
Vi = Vi
e
- ﬂ';\{a* ﬂ;v[é‘* WX/IE* Méf* 73
S VJ\/[L VML + VML _V]\/[E + VME _Vthm
e* e* e*
L
Vi = vﬂg‘tm Vit = Vit | + [Vine, — Vi,
2 VMLG* —V | Vit = Vit |+ | Vit = Vil | + | Vi, = Vil
o*
;\4 R . max
< Vit —V | Vit = Vit |+ | Vit = Vi, |(1"|7)2-dp01 (4, 77)
b . max max
Y |R6*‘ L E |Re*| L
S T dan (TR T )+ Vit = Vitbeon| + [Virban = Vit g oo (mamt)
c - |Rg- "™ L B ‘ 71' - v - [Rg~ ™™ P L
< L0 (T2 T2) 4 [V = V| + Ty, (10, ) 4 O
= (1—7)2 ayn (T%,T%) + M M T (1—7)2 ayn ( ) + (1—7)?
R * max 2 * RKgtrain . .
< |(10_|7)2 . {v.ddyn (1%, 75) 4 S0 g (T80, TE) - dagn (T, T%) 4 dpo (7r4,7TL)},
T L B

o*

where a is due to the fact that p7;, = p ,VI,ML
and c is due to Simulation Lemma [35} 136].

M
and p,

26
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When M2t = M¥ and 7 = 7y, the above bound simplifies to:

L 2 . ‘RG* ‘III&X

VMéu Mg | = " (1—~)2 {’Y dayn (T, )+1—’Y dayn (T*,TF)
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F Further Details of Section 4|

F.1 Relation between Robust MDP and Markov Games

This section gives a proof for the inequality in equation (8):

Proof. We first introduce the set:

The = {T | T(s'|s,a) = aT"(s[s,a) + (1 — a)T(s']s), T(s'|s) = Zw(a\s)T(s’|s,a),V7r € AAS}

a

Clearly, it holds that: 72 < T that implies:
max min [E [G ‘ ﬂpl,PO,T] < max min E [G | ﬂ'pl,Po,T]

7Plell TeT Lo mPlell TeT Lo
Finally, from [27, Section 3.1] we have:

max min E[G ’ Wpl,Po,T] = max min E[G | arP + (1 - a)WOP,ML]
rPlell TeT Lo 7Pl eIl 7P €T

‘We conclude that:

max min [E [G ’ wpl,Po,T] < max min E [G | an® + (1- Oé)ﬂ'OP,ML]
mPlell TeT Lo mplell mePell

Therefore the inequality in () holds. O

A natural question is whether the tightness of the bound can be controlled. An affirmative answer
come from the following theorem relying on Lemma T}

Theorem 7. Let T* be a saddle point when the min acts over the set T and T* be a saddle point
when the min acts over the set TX%. Then, the following holds:

max min E [G ‘ arP 4+ (1 - a)WOP,ML] — max min E [G ’ ﬂpl,Po,T]

wPleI] woP eIl mPlell TeT Lo
max * * 2 * *
< 2|Rj z‘min Ko/ d(T*, T ), kgd(T ,IQ )
(1-1) (1-17) (1-7)
Proof.

max min E [G | am® + (1 - a)r°?, M*] — max min E[G | ! Py, T
mPlell woPell mPlell TeT Le

L,.a
= Sl?ﬁ:ﬁ?ﬁgaﬂi [G ’ ﬂpl,Po,T] — ,gll%}l%jr“nelgl’E [G ‘ Wpl,PO,T]

= max E [G | ﬂpl,PO,z*] — max E [G ‘ WPI,PO,T*]
wPlell wPlell

|R0‘max
L dye
a2

(ﬂ.%)*ft 71_gg*ft) < 2|Rglax| min Ko d(T*,I*) ’%gd(T*vI*)
= T (1=9)? (=) 7 (1-79)?

Where the second last inequality holds with similar steps of the proof of Theorem [6] and the last
inequality applies thanks to Lemmal ] O

F.2 Deriving Gradient-based Method from Worst-case Predictive Log-loss

We consider again in this section the optimization problem given in (I)) with model mismatch, i.e.,
ﬁ;sz*

using p,, 7 as p. The aim of this section is to give an alternative point of view on this program

based on a proper adaptation of the worst-case predictive log-loss [24][Corollary 6.3] to the model

mismatch case.

[24]] proved that the maximum causal entropy policy satisfying the optimization constraints is also
the distribution that minimizes the worst-case predictive log-loss. However, the proof leverages on
the fact that learner and expert MDPs coincide, an assumption that fails in the scenario of our work.
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This section extends the result to the general case, where expert and learner MDP do not coincide,
thanks to the two following contributions: (i) we show that the MCE constrained maximization given
in (@) in the main text can be recast as a worst-case predictive log-loss constrained minimization and
(ii) that this alternative problem leads to the same reward weights update found in the main text for
the dual of the program (@). We start reporting again the optimization problem of interest:

o0

argmax |E Z —~'log 7(ay|s¢) 7, M* (44)
well =0
WLE*

subjectto p, 2 = pir (45)

An alternative interpretation of the entropy is given by the following property:

E Z—vtlogw(at\st) W,ML‘| = ir%fIE Z—’ytlogﬁ(at\st) W,MLl, v
t=0 t=0

Thus, it holds also for 759%  solution of the primal optimization problem @4)- @3), that exists if
°E
Theorem [2]is satisfied. In addition, to maintain the equivalence with the program @4)-@3), we

restrict the inf search space to the feasible set of [@4)-(@3) that we denote II.

o0 o)
E Z —7'log W?Vc}f;ﬁ (at|st) 77?\(4’25 , ML] = infE lz —~'log 7 (ay|s;) W?&Zﬁ , ML]
t=0 E E mell |12 E
Notice that since 71';\2% is solution of the maximization problem, we can indicate the the previous
°F
equality as:
o0 o
sup E Z —~tlog7(asls;) | 7, ML | = sup inf E Z —~tlogT(agls,) | 7, ML | (46)
el [1=0 renl 7€l |50
o
= inf supE Z —~tlog T(ag|s,) | 7, MF
TEell zeT1 =0

The last equality follows by min-max equality that holds since the objective is convex in 7 and
concave in 7. It is thus natural to interpret the quantity:

o
c(nr)=E Z —~'log 7 (ays¢) W?\Z?E , ML‘| 47)
t=0

as the cost function associated to the policy 7 because, according to (#6)), this quantity is equivalent
to the worst-case predictive log-loss among the policies of the feasible set II. It can be seen that the
loss inherits the feasible set of the original MCE maximization problem as search space for the inf
and sup operations. It follows that in case of model mismatch, the loss studied in [24]][Corollary 6.3]
is modified because a different set must be used as search space for the inf and sup.

In the following, we develop a gradient based method to minimize this cost and, thus, the worst case
predictive log-loss.

Furthermore, we can already consider that 7w belongs to the family of soft Bellman policies
parametrized by the parameter 0 in the environment M/ because they are the family of distri-
butions attaining maximum discounted causal entropy (see [37][ Lemma 3]). The cost is, in this case,
expressed for the parameter 6:

oo
_ t soft soft L

c(@)=E E — logﬂMeL(at|st) 7rMeLE’M 1 (48)

t=0

WSO%
ML, .
8If we used P, as p, we would have obtained the cost ¢(m) = E [Zfio —7'log m(as|s:) | 0% ML} .
o

In this case, the gradient is known see [60].
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Theorem 8. If WE(}% exists, the gradient of the cost function given in @) is equal to:

soft
71'ML ME
Voc(0) = Z (PML (s) — Py (s )) VoRg(s)
S
In addition, this result generalizes when the expectation in the cost function is taken with respect to
any of the policies in the feasible set of the primal problem ({@4)-{@53).
mo ME

Note that choosing one-hot features, we have Vgc(0) = p Mﬂi" - Py " asused in Section

Uniqueness of the Solution. The cost in equation @) is strictly convex in the soft max policy
“Oft because — log(-) is a strictly convex function and the cost consists in a linear composition of

these strictly convex functions. Thus the gradient descent converges to a unique soft optimal policy.

In addition, the fact that for each possible 8, the quantity log W?V‘}f{ = Qi‘}f;( a)— VSOft( ) is convex

in @ since the soft value functions (QSO&( a) and VSOft( )) are given by a sum of rewards that

are linear in @ and LogSumExp funtions that are convex. It follows that log W“‘}fﬁ is a composition

of linear and convex functions for each state actions pairs. Consequently the cost given in (48) is
convex in 6. It follows that alternating an update of the parameter € using a gradient descent scheme
based on the gradient given by Theorem g with a derivation of the corresponding soft-optimal policy
by Soft-Value-Iteration, one can converge to 8 g whose corresponding soft optimal policy is w;z‘;f .
E
However, considering that the function LogSumEXxp is convex but not strictly convex there is no

unique @ corresponding to the soft optimal policy w;‘} Lt .

F.2.1 Proof of Theorem
Proof. We will make use of the following quantities:

ﬂ_soft

s P, e ¢ (s) defined as the probability of visiting state s at time ¢ by the policy 7T5°ft

acting in

e P, K (s, a) defined as the probability of visiting state s and taking action a from state s at

time ¢ by the policy w?&i} acting in M}
WSO%

s P, Moe (s) defined as the probability of visiting state s at time ¢ by the policy =
in M}

soft

actin
Mg g

_n,soft

M
s P, °E (s, a) defined as the probability of visiting state s and taking action a from state s at
time ¢ by the policy W?\ng acting in M, OL
oF

The cost can be rewritten as:

<oft

c(0) = —Zv ZZP leL (s,a) logw”ft(a| )

= seSacA
SOfIt,
_ _ZZP eE (s,a) < ?Vc}fz( a) — Vsoft( )>
sES acA
soth
_ZZP 1o sav( ?@fz( a) — Vsoft())
se€eSacA
SOfIt,
=33 R (s 0 (@ (s,0) — ViSE ()
sES acA
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soft

,ZZP Mgy sa,YB( ?Vo[fz( a) — Vsoft())

sES acA

ZP 77?\3% (als )VSOft( ) (49)
aofltl
—ZPO wj‘}fﬁ (als)Q37% (s, +72P Yo (5) wi;;fﬁ (als)VEoE (s) (50)

soft boft
Ml ML
—72P1 °E (5) ﬁ?\‘ﬁ (als) jc/’[ff (s,a +722P 9’5 (s) w?@ff (a |s)V]\S/}’e£t(s) (51)

soft soft

Mk solt
_72ZP2 95(57‘-?\3%(|) ?\c}ffsa—l-’y ZP BESW?\Z%(‘)VSO&()

°E

The gradient of the term in (@9) has already been derived in [60] and it is given by:

soft

VQZPO Wi‘}ff (als) Jt})it V(;ZP SO& ZpM s,a)VeRe(s,a)

Now, we compute the gradient of the following terms starting from (50). We notice that this term can
be simplified as follows:

ﬂ_soft

5O ML S S
- LRI Q5 (o) +9 R (I (Vi o)

soft

= = 2 Pols)mizg (als ><Re<sa )+ T s )V >+vZP1 CE (s)m (als)V,

iOff

soft
Mg L

ML
= = Ro(s)mgs (als)Ro(s,a) =7 D> TH(s'|s,a) Po(s)mas (als)VirE( +vZP1 s (
s,a

s’ s,a

iOff sott

Mp ML
= — ZPO( )W;fof ( ‘ Rg S a WZPI BE Jt;)it _'_,yzpl eE boft(s)
= =D _P(s)mit (als)Ro(s,a)

With similar steps, all the terms except the first one are given by

suft 7_l_soft

ML ML
_ZZP Yor 5 CL th(S,Cl) = —ZpMLeE(s,a)Rg(s,a)

t=0 s,a

If the reward is state only, then and we can marginalize the sum over the action and then exploiting
the fact that 755 is in the feasible set of the primal problem ([@4)-(#3):
°E

SR a Ras) = — Y o () Rals) = — Y onel ()Rl

t=0 s,a s s

It follows that the gradient of all the terms but the first term (@9) is given by:
71';/[ )
=D P (s)Re(s)
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Finally, the proof is concluded by summing the latest result to the gradient of @9) that gives:
ﬂ_sofi a* 5
Voc(6) = Y (pM () = oo <s>) VoRo(s)

soft
Mg,
feasible set and not the fact that it maximizes the discounted causal entropy. It follows that all the
policies in the primal feasible set share this gradient. This means that this gradients aim to move
the learner policy towards the primal feasible set while the causal entropy is then maximized by

Soft-Value-Iteration. ]

It can be noticed that the computation of this gradient exploits only the fact that 7 is in the primal

F.3 Solving the Two-Player Markov Game

Algorithm 2 Value Iteration for Two-Player Markov Game

Initialize: Q(s, aP', a®?) « 0, V(s) < 0
while not converged do
for s € S do
for (a*!,a°?) € A x Ado
update joint Q-function as follows:

Q(s,a”,a%®) = R(s) +7 Y TP (s/|s,a”,a”P)V (s) (52)
end for
update joint V-function as follows:
— i pl ,op
V(s) = log Z exp (I[Illullp Q(s,a?a )) (53)
ap!
end for
end while
compute the marginal Q values for player and opponent, for all (s, aP!, a°?) € S x A x A:
QP(s,aP) = min Q(s, aP', a°?) and
Q(s,a%) = log ¥ exp Q(s, a”, aP)
ap!

compute the player (soft-max) and opponent (greedy) policies, for all (s, aP',a?) € S x A x A:

pl pl
7Pl (aPl|s) = exp QP (5,0%) and

Do QP (s, 0")

7P (aPls) = 1 {aOP € arg min QOp(s,a’)]

Output: player policy 7P!, opponent policy 7°P

Here, we prove that the optimization problem in (9) can be solved by the Algorithm 2] First of all,
one can rewrite (9) as:

e[St a1}

The quantity inside the expectation over Fy is usually known as free energy, and for each state s € S,
it is equal to:

F(mP, 7P, s) = E lz os {Re(st) +H™ (A]S = st)}

7T_pl’ 7_‘_op7 ]\4two,L,oz7 S0 = 3‘|‘|

t=0
Separating the first term of the sum over temporal steps, one can observe a recursive relation that is
useful for the development of the algorithm:

F(mP!, 7P 5)

,ﬂ_pl,,/,rop’ ]\4two,L,o¢7 sp = S]
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= Re(s) + H™ (A|S = s)

o -
t P! _ pl . op two,L,a o
LN TUN IR - S [E ;7 {Ro(so) + H™ (418 = s0) } | w7, 7P, Mo s, _5]
= Ro(s)+H™ (A|S = s)
o . T
t P _ pl _op two,L,a o
+ aPl~ 7Pl qoP ~urop [S/NTCWO,L,Q(_S’aplyaop) E tz_;’}/ {RO(St) + H (A ‘ S = St)} ™, T 7M , 80 = S

= Ro(s)+ H™ (A|S = s) +7 E

aPl~rPl gop ~rop |:S/NTtwo,L,a(,s7apl7aop)

(P, 7o, sl)ﬂ

= E l:Rg (5) — log P (aP[s) + v

aPl~ 7Pl qoP ~ropP

-

s/ ~TEwo, Ly (.| g qPl qop)

Then, our aim is to find the saddle point:

V(s) = maxmin F(7P!, 7P, s)

ﬂ-pl mToP

and the policies attaining it. Define the joint quality function for a triplet (s, a?!, a°P) as:

Q(s.a".a™) = Ro(s)+7 | E V(<)
s'~T(-|s,aPl,a°P
In a dynamic programming context, the previous equation gives the quality function based on the
observed reward and the current estimate of the saddle point V. This is done by step (52) in the
Algorithm 2] It remains now to motivate the update of the saddle point estimate V" in (53). Consider:
max min F(7P!, 7°P, s)

Pl 7wOoP

— i E pl jopy _ pl(,pl
IEEIIXI7ITI°1}I’1aP1~7rP1(~|s),a°1’~7‘r0p(~|s) I:Q(S7a 4 ) o8 (a |8)]

_ : pl jopy _ pl¢ pl pl
H;g’lXI}'rlolglaDIN‘}E’l(~|s) aOPw}Ep('ls) [Q(S7a ¢ ) logﬂ- (a |S)|a }:|

_ : pl opy _ pl/,pl pl
II;giXaplrv}rEm(»ls) _I}Tl(}gl a0P~7]:TE°p('|5) [Q(S’a ¢ ) logﬂ- (a |S)|a }:|

= max E min Q(s, a?', a°?) —log 7P (aP!|s)
Pl @PlnPl(.|s) | a®P
—_—
| QPi(s,aPh)
= log Z exp Qpl(sv apl)’
aPr!

where the second last equality follows choosing a greedy policy 7°P that selects the opponent action
that minimizes the joint quality function Q(s, aP', a°P).

The last equality is more involved and it is explained in the following lines:

Q' (s,a®") —logm!(aP']s)] = Y wP(a®]s) (Q7'(s,a™) —lognP'(a®]s))

aPlrmPl(4]s) =
a

The latter expression is a strictly concave with respect to each decision variable 7(a|s). So if the
derivative with respect to each decision variable 7P!(aP!|s) is zero, we have found the desired global
maximum. The normalization is imposed once the maximum has been found. Taking the derivative
for a particular decision variable, and equating to zero, we have:

(Q"(s,aP") —log 7' (aP'[s)) — 1 = 0

It follows that:
7 (als) o exp Q¥ (s, a™)
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and imposing the proper normalization, we obtain the maximizing policy 7P"* with the form:

ﬂpl**(apl|s) _ exp Qpl(s, apl)

> o €XP QP(s, aP!)

Finally, computing the expectation with respect to the maximizing policy:
[@"!(s,a™) — log 7P (a”'])]
aPlomPlix(4|s)

= S (@)s) (QF' (s, 0™) — log 7 (aP']s))

ap!

_ exp QP!(s, aP!) | | exp QP!(s, aP!)
= Z Zapl exp QPI(S apl) (Qp (37 ap ) - lOg Zapl exp Qpl(S, apl))

1 1
= Z Z::jpefi)prlZ: ()Ipl) <QP1(3, apl) _ Qpl(& apl) + log Z exp C‘?pl(s7 ap1)>

ar!

- Z Zexp Q"(s, a"") <logZexp QP (s apl)>

aPp! €xXp Qpl(s apl ap!

ap!

= log» _expQ®'(s,a™) (54)

aP!

Basically, we have shown that the optimization problem is solved when the player follows a soft-
max policy with respect to the quality function QP!(aP!|s) = minger Q(s, aP!, a°?). This explains
the steps for the player policy in Algorithm [2] In addition, replacing the definition QP!(aP!|s) =
minger Q(s,aP!, a°P) in (54)), one gets the saddle point update (53) in Algorithm

We still need to proceed similarly to motivate the opponent policy derivation from the quality function

(52). To this end, we maximize with respect to the player before minimizing for the opponent, we
have:

min max F(7P!, 7°P, s)
moP  1pl

= minmax E [Q(s, a?, a”) — log Wpl(apl|5)]
mOP el gPlugPl(.|s),aoP~moP(-|s)

= minmax E [Q(s, aP!, a°P) — log ﬂ'pl(apl|s)|a°p]
wOP Pl qOP~uOP (-]s) |aPl~mPl(-|s)

= min max [Q(s, aP!, a°P) — log ﬂ'pl(apl|s)|a°p]

TP qOP ~OP (-|s) Pl aPl~mPl(-|s)

The innermost maximization is solved again by observing that it is a concave function in the decision

variables, normalizing one obtains the maximizer policy, and plugging that in the expectation gives

the soft-max function with respect to the player action aP!. We define this function as the quality

function of the opponent, because it is the amount of information that can be used by the opponent to

decide its move.

QP (s,0) = log Y expQ(s,a, )
aP!

It remains to face the external minimization with respect to the opponent policy. This is trivial, the
opponent can simply act greedly since it is not regularized :

mip E @7 = minQ™(s,a™)

This second part clarifies the updates relative to the opponent in Algorithm [2]

Notice that the algorithm iterates in order to obtain a more and more precise estimate of the joint
quality function Q(s,aP',a®?). When it converges, the quality functions for the player and the

agent respectively are obtained, thanks to the transformations illustrated here and in the body of
Algorithm 2}
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F.4 Proof of Theorem[3

Proof. Consider the following:

R I A Al N B e [
(v v | g v
2 W “daygn (T",T") + ‘Vﬁzlﬂl—a)ﬂw _ AZQL
< W “dayn (T*,TF) + |1“319*_|mj( : ‘ X?Lp“r(l—a)rr”*’ o 1
< mﬂ dagn (T5,T%) + '(}f_'j) max Jar? 4 (1= )P (s) — 7' (Js),
- W - dagn (TE, TE) + E(if;( (1~ a) - max [P (-Js) P (1s)],
W ~dayn (T*,T7) + E":':l;( ‘(1-a)-2

. "ML, TME, Pl (1—a)moP
where a is due to the fact that p};, = p,,,°" and p,, " = pi}L Hl=e)r

in [34]; and c is due to Lemma A.1 in [59].

: b is due to Theorem 7

O

F.5 Suboptimality gap for the Robust MCE-IRL in the infeasible case

In the main text, we always assume that the condition of Theorem[2]holds. In that case, the problem ()
is feasible, and the performance gap guarantee of Robust MCE IRL provided by Theorem 3]is weaker
than that of the standard MCE IRL. Here, instead we consider the case where the condition of
Theorem 2] does not hold’]

Theorem 9. When the condition in Theorem [2] does not hold, the performance gap between the
policies 7, and 7P in the MDP MGL* is bounded as follows:

‘max

m P! 7 - |Re~ L mE
Vit = Vi | < T “dayn (TH,T) +
VIR g B )
T el 9 - el 4, 7
e A (e e
2. k2. - |[Roe ™™ .
0T o (17,77) 41~ )i (1 17)]

where T minimizes (IZI)

Proof.
T L T L ™ B ™ B
™o Pl ™o Mpy Mge ME My Pl Pl
Vit = Vi | < Vit = Vae?™ |4 Vas = Vi |+ Vi = Vel s sumayre |+ Vit ars s 1mayr
T L ™ B ™ B
a Mpu ME, P! P! ME, P!
= VMBL* - VM(;E* + ‘V * aTL+(1—a)T* VMQL* + VM;; — Vo art+(1—a)1
Transfer difference
Demonstration difference infeasibility error

Tt follows that the policy output by Algorithm is not in the feasible set of the problem
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The Demonstration difference is bounded using Theorem 7 in [34], i.e.

WLL* TrLE* - |R9* |max . .
Vg ~Vagl | S Ty da (T, 17%) (55)
The transfer error can be bound as:
Pl Pl a - ‘Rg* ‘max L * L
V& ars 1~ Vi | < Az daw (0T (1 a)TTY)
v ‘RG* ‘max * L
= W(l—a) 'ddyn (T 71—1 )
_ | Ro~ ‘max 2
= o -
where in a, we used the Simulation Lemma [35/ 36]].
Finally, for the infeasibility error
* * soft soft
TME, pl T"ME, "ME, "ME, pl
VMgf — Vo arir-ayre| < VMBEf - VMeE*e + Vﬂfff — Vo arti(1—a)T
|R0*|max 2 . K/g* ) |R9*|max

|R9* |maX d * soft +
(L2 et Mg Tt

2. ,{3* . |R0*|max
(=)
where in a we used follow from [59, Lemma A.1] for the first term and Lemmal([T] on the second term.

@ dayn (TP, T%) + (1= ) - dayn (77, 7°)]

It can be seen that in case of MCE IRL « = 1, the infeasibility term can be bounded adding an
additional term scaling linearly with the mismatch dgyn (TE , TL), however when « < 1, the bound

dependent on the linear combination of the mismatches - dayn (T, T) + (1 — ) - dayn (TE, T*)
where T* is a minimizer of (7). Therefore the bound is tighter for problems such that dqy, (T, T*) <
ddyn(TE , TL). However, our bounds also explains that for « < 1, we have nonzero bound on the
transfer error that arises from the fact that the matching policy amP' 4 (1 — a)7°P is not equal to the
evaluated policy 7P'. O

The following corollary provides a value of « for which we can attain better bound on the performance
gap of Robust MCE IRL.

Corollary 2. When the condition in Theorem|2]does not hold, the upper bound on the performance
gap between the policies w1 and 7' in the MDP MBL* given in Theorem |§I is minimized for the
following choice of a:

a=min(1,1— - dayn (T7,TF) _ dayn (T*, TF)
A=)y 2 2 :

where T* minimizes (7).

The suggested choice of « follows the intuition of having a decreasing « as the distance dayn (T, T%)

increases. However, it should be closer to 1 as the distance ddyn(TE ,T*) increases, i.e., a less
powerful opponent should work better if the expert transition dynamics are not close to the worst
ones (the ones that minimize (7).

F.6 Proof of Theorem ]

Proof. For any policy 7 acting in the expert environment M ¥, we can compute the state occupancy
measures, as follows:

phe(s0) = 1—7 (56)
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pye(s1) = (1 —eg) v -m(ailso) (57)

phe(s2) = eg -y -m(also) + 7 - w(az[so) (58)
Then, for the MDP M (f* endowed with the true reward function Rg=, we have:

u v

= 1 _f2.(1— . -1

ME, 11—~ {2-(1 —€g) - n(ai|so) — 1}, (59)

which is maximized when 7(a1|sp) = 1. Therefore, the optimal expert policy is given by:
T B

w;\‘/lf* (a1|sp) = 1 and W?Wf* (az2|sp) = 0, with the corresponding optimal value VME:’* =
ﬁ - (1 — 2¢g).

On the learner side (MF), Algorithm converges when the occupancy measure of the mixture policy
a4+ (1 — a)7°P matches the expert’s occupancy measure. First, we compute the occupancy
measures for the mixture policy:

amP! —a)m°P
PpL e (50) =1-7
amP! —a)m°P
page T (1) = - {a m M anso) + (1 — ) - 7(aa]s0)}

pl _ op
pare T (s2) = v {a 7P aa]so) 4 (1= ) - 7P(azlso) }
Here, the worst-case opponent is given by 7°P (a;|so) = 0 and 7°P(az|s¢) = 1. Note that the choice
of the opponent does not rely on the unknown reward function. Instead, we choose as opponent the

policy that takes the action leading to the state where the demonstrated occupancy measure is lower.
Then, the above expressions reduce to:

pl _ op
AT (50) = 1—
a7r‘>1+(17a)7r°p o pl
Pare (s1) = v-a-7"(ai]so)

anP! —a)m°P
dare TV (s2) = - {or P (aalso) + (1 - )}

Now, we match the above occupancy measures with the expert occupancy measures (Egs. (36)-(38)
with 7 < ﬁng* ):
1—ep = a-7(a1]so)
eg = a-71(ag|s0) + (1 — @)

Thus, we get: 7P} (ay|sp) = 1= and 7P} (as|sp) = 2=1=) Note that 7! is well-defined when
« Z 1— €R.

Given o > 1 — e, the state occupancy measure of 7P in the MDP M is given by:

pl
Phrz(so) = 1—7

1 1—e¢g
pie(s1) = v 7 (arlsg) = v- "

1 o — I,EE
PEL(52) = ’Y‘Wpl(a2|50) =7 (a !

Then, the expected return of 7! in the MDP M, BL* is given by:

yr - 220z —a
6* 1—7 o
Consider the MCE IRL learner receiving the expert occupancy measure p from the learner envi-
T
ronment M7 itself, ie., p = pJ\fL"*. Note that 77 . (a1|sg) = 1, and oL (azlso) = 0. In
o* o*
71'*/ L
this case, the learner recovers a policy 7 = ﬂ?@fﬁ such that p7;, = p N;ILQ*. Thus, we have
or
[
VAZZ* = MZKG* = ﬁ Consequently, for this example, the performance gap is given by:
v _Vﬂ'p; _ B . 1_2'(1_6E)_a _ Q'V.Q_(I_GE).
Mg Mg 1—7 a 1—+« a
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The following two cases are of particular interest:

dayn (T, T%) . L
e Fora=1—-¢eg =1— ——-—~, the performance gap vanishes. This indicates that our

Algorithm [T] can recover the optimal performance even under dynamics mismatch.
* For av = 1 (corresponding to the standard MCE IRL), the performance gap is given by:

‘n' el 2-7-€p v L mE
L VARSI — = ~dayn (T7,T7) .
'MQL* Mk, 1—~ 1—~ dy( )
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G Further Details of Section

G.1 Hyperparameter Details and Additional Results

Here, we present the Figures and[TT] mentioned in the main text. All the hyperparameter details
are reported in Tables 2] 3]and[4] We consider a uniform initial distribution P,. For the performance
evaluation of the learned policies, we compute the average reward of 1000 x |S]| trajectories; along
with this mean, we have reported the SD as well.

G.2 Low Dimensional Features

We consider a GRIDWORLD-L environment with a low dimensional (of dimension 3) binary feature

mapping ¢ : S — {0, 1}3. For any state s € S, the first two entries of the vector ¢ (s) are defined as
follows:
1 the danger is of type-i in the state s

0 otherwise

8, = {

Whereas, the last entry of the vector ¢ (s) = 1 for non-terminal states. The true reward function
is given by Ry, (s) = (w, ¢ (s)), where w = [—2, —6, —1]. In this low dimensional setting, our
Algorithm|I] significantly outperforms the standard MCE IRL algorithm (see Figures [6] and[7).

0 c c-16 c \
L L 2 2 Z-18

& & -18 &
8 8 8

5 ° —— MCE ,9_20 —— MCE ©-20 — MCE

-20 | —— Robust MCE: 0.8 —— Robust MCE : 0.85 —— Robust MCE : 0.85
— expert i — expert — expert
‘ -6 -22 P -22 I P -22 & I
0.0 0.1 0.2 0.0 0.1 0.2 0.0 0.1 0.2
Expert Noise Expert Noise Expert Noise

(a) GRIDWORLD-L
() MYL withep, =0 (c) MP°L wither = 0.05 (d) MZ L with e, = 0.1

Figure 6: Comparison of the performance our Algorithm against the baselines, under different levels
of mismatch: (eg,er) € {0.0,0.05,0.1,0.15,0.2} x {0.0,0.05,0.1}. Each plot corresponds to a
fixed leaner environment M -2 with €7, € {0.0,0.05,0.1}. The values of o used for our Algorithm
are reported in the legend. The vertical line indicates the position of the learner environment in the
X-axis.

i

[
KR o
Total Return
I 1
> =
M
oo293
(5]
Total Return
1 )
> o
Total Return
] ]
» >

— expert
i -6 o —22 -22
0.0 0.1 0.2 0.0 0.1 0.2 0.0 0.1 0.2
Expert Noise Expert Noise Expert Noise

(a) GRIDWORLD-L
() MY°L withe, =0 (¢) MPL wither, = 0.05 (d) MT°L with e, = 0.1

Figure 7: Comparison of the performance our Algorithm [1| with different values of «, under different
levels of mismatch: (eg,er) € {0.0,0.05,0.1,0.15,0.2} x {0.0,0.05,0.1}. Each plot corresponds
to a fixed leaner environment MLz with e;, € {0.0,0.05,0.1}. The values of o used for our
Algorithm [T] are reported in the legend. The vertical line indicates the position of the learner
environment in the x-axis.

39



G.3

Impact of the Opponent Strength Parameter 1 — o on Robust MCE IRL

. o ME
N p i
. , -
ME e M ML
o \ME | e ° |
2(1-a) N{ 2(1-a) 2(1-a)

\ /
\\\ // ’ A / h ,,,// ’

(a) Overestimating 1 — «

(b) Perfect estimation of 1 — «

(c) Underestimating 1 — «

Figure 8: Illustration of the three cases related to the choice of the opponent strength parameter 1 — c.

Here, we study the effect of the opponent strength parameter (1 — «) on the performance of our
Algorithm[T} Consider the uncertainty set associated with our Algorithm [T}

Tho =T s dayn (T,T) <21 - )}

Ideally, we prefer to choose the smallest set 72 s.t. T € 7L, To this end, we consider the

following three cases (see Figure [g):

N . dayn (T7,T")
1. overestimating the opponent strength, i.e., 1 —a > ———5——~=
S . dayn (TF, T
2. perfect estimation of the opponent strength, i.e., 1 — o = %
L . dayn (TF, T
3. underestimating the opponent strength, i.e., 1 — a < %

~150 |
0
[
5 -200
©
= — 10
-1 £ -250 '
2 — 10.95
— (0.9
-300 expert
- I
100 0.0 0.1 0.2
Expert Noise

(a) GRIDWORLD-1

(b) ME°L with e;, = 0.05

Figure 9: Comparison of the performance our Algorithm |l| with different values of the player

strength parameter « € {0.9,0.95,1.0}, under different levels of mismatch:

(€E7€L) S

{0.0,0.05,0.1,0.15,0.2} x {0.05}. The values of « used for our Algorithm [1] are reported in
the legend. Every point in the x-axis denotes an expert environment M F-¢# with the corresponding
ep. The vertical line indicates the position of the learner environment M £+¢% in the x-axis. Note that
moving away from the vertical line increases the mismatch between the learner and the expert, i.e.,

|€L - 6E|.

Now, consider the experimental setup described in Section [5] Recall that, in this setup, the

distance between the learner and the expert environment is given by dayy (7%, TH<5) =

2 (1 — ﬁ) ler, — €g|. Thus, a reasonable choice for the opponent strength would be 1 — o =

e, — €| We note the following behavior in Figure [0}
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* For a = 1.0 (—), we observe a linear decay in the performance when moving away from
the vertical line, i.e, with the increase of mismatch. Note that this curve corresponds to the
MCE IRL algorithm.

* For a = 0.95 (—), we observe a linear decay in the performance when moving away
from the vertical line, after ez = 0.10. Note that, for 1 — a =~ 0.05, beyond €7, + 0.05 is
underestimation region (here, €;, = 0.05).

* For a = 0.9 (—), we observe a linear decay in the performance when moving away from the
vertical line, after ez = 0.15. Note that, for 1 —a =~ 0.1, beyond €7, 0.1 is underestimation
region (here, e, = 0.05).

» Within the overestimation region, choosing the larger value of 1 — « hinders the performance.
For example, the region €7, = 0.05 is overestimation region for both 1 — o ~ 0.05 (—) and
1 — a = 0.1 (—). Within this region, the performance of (—) curve is lower than that of
(—) curve.

In addition, in Figure[TT]} we note the following:

* In general, the curves @ = 1.0 (—), & = 0.95 (—), and 1 —a ~ 0.1 demonstrated the above
discussed behavior on the right hand side of the vertical line. Note that the right hand side of
the vertical line represents the setting where the expert environment is more stochastic/noisy
than the learner environment.

* In general, the curves &« = 1.0 (—), a = 0.95 (—), and 1 — o = 0.1 demonstrated a stable
and good performance on the left hand side of the vertical line. Note that the left hand side
of the vertical line represents the setting where the expert environment is more deterministic
than the learner environment.

To choose the right value of «, that depends on dayy, (7%, T*), we need to have an estimate TF of

the expert environment 7. A few recent works [20, 21} 31]] attempt to infer the expert’s transition
dynamics from the demonstration set or via additional information. Our robust IRL approach can be
incorporated into this research vein to improve the IRL agent’s performance further.
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Table 2: Hyperparameters for the GRIDWORLD experiments

Hyperparameter Value
IRL Optimizer Adam
Learning rate 0.5
Weight decay 0.0
First moment exponential decay rate 0.9
Second moment exponential decay rate  0.99
Numerical stabilizer le—-7
Number of steps 200
Discount factor ~ 0.99

Table 3: Hyperparameters for the OBJECTWORLD experiments

Hyperparameter Value

IRL Optimizer Adam

Learning rate le -3

Weight decay 0.01

First moment exponential decay rate 0.9

Second moment exponential decay rate  0.999

Numerical stabilizer le — 8

Number of steps 200

Reward network two 2D-CNN layers; layers size = number of input features; ReLu
Discount factor ~y 0.7

Table 4: Hyperparameters for the MDP solvers

Hyperparameter Value

Two-Player soft value iteration tolerance 1le — 10
Soft value iteration tolerance le — 10
Value iteration tolerance le — 10
Policy propagation tolerance le — 10
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Figure 10: Comparison of the performance our Algorithm|l|against the baselines, under different
levels of mismatch: (eg,er) € {0.0,0.05,0.1,0.15,0.2} x {0.0,0.05,0.1}. Each plot corresponds
to a fixed leaner environment ML with e, € {0.0,0.05,0.1}. The values of o used for our
Algorithm [T] are reported in the legend. The vertical line indicates the position of the learner

environment in the x-axis.
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Figure 11: Comparison of the performance our Algorithm (1| with different values of a, under
different levels of mismatch: (eg,er) € {0.0,0.05,0.1,0.15,0.2} x {0.0,0.05,0.1}. Each plot
corresponds to a fixed leaner environment ML+ with ¢, € {0.0,0.05,0.1}. The values of o used
for our Algorithm|[T]are reported in the legend. The vertical line indicates the position of the learner

environment in the x-axis.



H Further Details of Section

Algorithm 3 Robust RE IRL via Markov Game

Input: opponent strength 1 — «, the expert’s empirical feature occupancy measure ¢
Initialize: player policy parameters wP', opponent policy parameters w°P, reward parameters
Initialize: uniform sampling policy 7
while not converged do
collect trajectories dataset D™ with the sampling policy 7.
1

estimate the features occupancy measure for each trajectory 7 € D™ as ¢7 = Bl Y oser 9(8).
fort=1,...,N%do o
update the distribution over trajectories as:

P(7]0) o exp (<9, QET>)

compute the gradient estimate for updating @ as proposed in [15] (to tackle the unknown
transition dynamics case):

Vog(0) = 3" — 3 P(r(6)- 67

TED™

update the reward parameter @ with Adam [39] using the gradient estimate Vgg(0).

end for
use Algorithm with R = Ry to update 7! and 7P s.t. they solve the following Markov Game

approximately with policy gradient:

max min E [G | WPI,WOP,MWVO’L’(X]
wPleTl woP eIl
update the sampling policy:
7= arP + (1 — a)7°P

end while
Output: player policy 7P!

Algorithm 4 Policy Gradient Method for Two-Player Markov Game

Input: reward parameters 0
Initialize: player policy parameters wP', opponent policy parameters w°P
fors=1,...,N™" do
D={} _
fori=1,..., N do
collect trajectory a with aP’ ~ P!(-|s;), as® ~ P (-] sy), seq1 ~ TOL2( |5, ab'| alP).
store the trajectory 7% := {(st, a? aP)t inD.
t

compute the return-to-go at each step of the trajectory 7% as G = 3", _, L1V R ().

end for
update the policy parameters (player and opponent) with the following gradient estimates:

N 1 ,

Vit (WP, w®) = =% % 4V log n(af [5G}
‘ | €D ¢

N 1 ,

Vaor J (0P, wP) = — 2] Z thvwop log P (a3 |s1) G}

€D t

end for
Output: player policy 7P! <— 7,01, opponent policy 7P ¢— Ty,op

GAUSSIANGRID Environment. We consider a 2D environment, where we denote the horizontal
coordinate as = € [0, 1] and vertical one as y € [0, 1]. The agent starts in the upper left corner, i.e.,
the coordinate (0, 1), and the episode ends when the agent reaches the lower right region defined
by the indicator function 1{z € [0.95,1],y € [—1,—0.95]}. The reward function is given by:
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R(s) = R(z,y) = —(z—1)2— (y+1)2— 808" +v") 1.10. 1{z € [0.95,1],y € [-1,—0.95]}.
Note that the central region of the 2D environment represents a low reward area that should be
avoided. The action space for the agent is given by A = [—0.5,0.5]2, and the transition dynamics are
given by:

se+ 95 wp. 1—e¢

St+1 = St

St = Tols,, WP €
Thus, with probability ¢, the environment does not respond to the action taken by the agent, but it takes
a step towards the low reward area centered at the origin, i.e., — ﬁ. The agent should therefore

L2

pass far enough from the origin. The parameter € can be varied to create a dynamic mismatch, e.g.,
higher e corresponds to a more difficult environment. We investigate the performance of our Robust
RE IRL method with different choices of the parameter o under various mismatches given by pairs

T
(€Ea 6L)° Let ¢(S) = ¢($, y) = |:.’132, y27 x,Y, 6—8(m2+y2)7 1 {l‘ € [095a 1]7 Y € [_15 _095]} ) 1
The parameterization for both the player and opponent policies are given by:

af’ ~ N ((wP)(s), =)

a;® ~ N ((w) T ¢(sy), 2P)

The covariance matrices ¥.P', .°P are constrained to be diagonal, and the diagonal elements are
included as part of the policy parameterization.
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Figure 12: Ablation of « in Algorithm [3| under different levels of mismatch: (eg,e;) €
{0.0,0.05,0.1,0.15,0.2} x {0.0,0.05,0.1}. Each plot corresponds to a fixed leaner environment
M&E<r with e, € {0.0,0.05,0.1}. The values of « used in our Algorithm are reported in the
legend. The vertical line indicates the position of the learner environment in the x-axis. The results
are averaged across 5 seeds.
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