QHM USING INCREASING BATCH SIZE

Appendix A. Appendix

A.1. Definition of Mini-batch Normalized Stochastic Heavy Ball and
Stochastic Heavy Ball

Algorithm 2 Mini-batch Stochastic Heavy Ball (SHB)

Require: xo € R (initial point), dx € [0,400) (learning rate), B € [0, +0c) (momentum
parameter), by, € N (batch size), K € N (steps)
Ensure: Ty
1: for k=0,1,..., K —1do
22 Vg, (zx) = i Zie[bk} vf&k,i(mk’)
3 my = Vfp(Tr) + Brme—1
4: Tpy] = T — Qpmy,
5: end for

Algorithm 3 Mini-batch Normalized Stochastic Heavy Ball (NSHB)

Require: xy € R? (initial point), d; € [0,+00) (learning rate), S € [0,1] (momentum
parameter), by, € N (batch size), K € N (steps)
Ensure: xx
1: for k=0,1,..., K —1do
2 V) = g Sy Ve, ()
32 my = (1 - Bp)Vp,(xr) + Brmp_1
4: Ty 1= Tl — QM
5: end for

A.2. Relationship between Mini-batch SHB and NSHB

Proposition 6 (i) When we use mini-batch SHB, mini-batch SHB becomes mini-batch
NSHB by setting

Br
1 — B
(ii) When we use mini-batch NSHB, mini-batch NSHB becomes mini-batch SHB by setting

ar = ax(1—Br), Br=

~

_ b
1+ B

G = (1 + Br),  Br

Proof Mini-batch SHB and NSHB can be expressed as follows from their update rules:

mini-batch SHB: Ty := o) — deka (:Bk) — OAszkmk_l,
mini-batch NSHB: xy 1 := o) — &k(l — Bk)Vka (iL'k) - d;ﬁkmk_l.
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Therefore, the fact that mini-batch SHB is equal to mini-batch NSHB, it is sufficient that
Q :Adk(l — Br) and agPr = Py hold. These equations can be solved separately for dy,
and B, and for & and 8. These proofs have thus been completed. |

A.3. Lemma

Next, we will prove the following lemma.

Lemma 7 for all k € Ny,
VI (®e)| <G, dell <G, |lmyl| < G.
Proof First, we will prove that, for all k£ € Ny,
IV fB, (k)| < G- (13)

From Condition (C3) and the triangle inequality, we find that, for all £ € Ny,

by
IVsm (@0l < 5 3 IV e @l (1)
i=1

Since &, ; is a random variable sampled from the index set [n], we find that, for all £ € Ny
and i € [n], there exists j € [n] such that

IV fe.i (@) = IV fi(z) || < G- (15)

Substituting (15) for (14) implies that (13) holds.
Second, we will prove that, for all £ € Ng,

dil| <G. (16)

In the case of k = 0, the update rule of mini-batch QHM and the triangle inequality together
yield

ldoll < (1 = Bo) IV fBo (o) | + Bolld—1l] < (1 — Bo)G < G, (17)
where d_1 = 0. In the case of k € N, we assume (16). Then, as above, we obtain

[dirall < (1 = BRIV B, (@) || + Blldil]
< (1=B)G+BG = G.

Therefore, (16) holds by mathematical induction. ||[myg|| < G can also be proved by math-
ematical induction. These proofs have thus been completed. |

Next, we will prove the following lemma using the proof of Theorem 4.
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Lemma 8 The sequence {xy}ren, generated by Algorithm 1 under (C1) - (C3) satisfies

2
B [Ids - VA @e) P o] < G ldis = V@l + 200 - G5+ ot (24 1o ) B [lmalPlan]
b 1 — B
where E[ - | @] is the expectation conditioned on xy,.
Proof The update rule of mini-batch QHM ensures that, for all k£ € Ny,
dy — Vf(@r1) = (1 = Be)V g, (k) + Brdr—1 — V f(xrt1) + V (k) — Vf(xk)
= B (dr—1 = V (k) + (1 = Bi) (VI (k) = V(2K) + (V) = V f(®R11)) -
Therefore, for all k € Ny,
ldi = V f (@i )|* = B} I di—1 — V(@) |> + 11 = Bi) (V 5, (xk) — VI (xx) + (Vf (k) = V(zp))]
+ 2Bk (di—1 = Vf(2r), (1 = Be) (VB (2k) = V (k) + (V@) = V(@ht1)))
< B7 ldr—r — V(@) |? + 21 = B)? IV f5, (zr) — V()|
+ 2| f () = Vf(ra)lI” + 285 (die1 — Vf(x), (1= Br) (V5 (xk) — Vf(2k)))
+ 2By (dr—1 — Vf(xr), f(2) — Vf(2RA1))

< BE||dp—1 — Vf(@p)|” +2(1 = Be)? |V £, (m4) — V.f (k)|
2| () = Vi (@ra)|® + 28k (di1 — Vf (@), (1= Br) (V5 (xk) — V()

0 (5 s = T r@0) I + o[V ) - V)P
(18)

where € > 0, and in the first and second inequality, we used Young’s inequality. From the
condition (C1)(f is L-smooth), we have

IV f (@) = V(@pr)|” < L2y — @il = R L2 m] > (19)
Combining (19) with (18) ensures that

dy, — V f(zr1)|* < <5k + ﬁk) Idi—1 — Vf(zp)|> +2(1 = Br)? |V, (®k) — V (k)|

+ 20 L2(|m||? + 2Bk (di—1 — V f(xx), (1 = Br) (V B, (®k) — V f(zk)))

5k042L2
2

(ﬂk + ﬁ’“) i1 — Vf @)l +2(1 — B2 IV f, (i) — Vf ()]

+ 26k (di—1 — Vf(xk), (1 = Br) (VB (zr) — V(1))
radz? (24 5 ) Il

+
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where, in the last inequality, we used f; < 1. Since S < 1, we can choose € = 2(1— ;) > 0.
So, we have

dy, — V(@) 1? < Br lldi—1 — V()| +2(1 = Be)? IV £, (1) — V f (i) ||
+ 26k (di—1 — Vf(xr), (1 = Br) (VB (xk) — V(1))

(20)
1
+ o2 L2 <2 + ) my|2.
e (24 =)
Condition (C2) guarantees that

2

o
B¢, [V /B (@r)lwe] = V(xr), Ve, Vb, (@r)|ek] < o—. (21)

by,

Taking the expectation conditioned on «j on both sides of (20) together with (21), guar-
antees that, for all £ € Ny,

2
E [lldi ~ V@il e < B lldis =V f (i)l +200 - 57

+ 28,E [(dr—1 — Vf(zr), (1 = Br) (Vg (zk) — Vf(zK))) [2K]

1
rat (24 12 ) B llmil e

2
< By ldi—r — V(i) + 201 — By)* 2

)E [Hmku?rwdk-

1

+aiL? (2 +
’ 1 — B
(22)

A.4. Proof of Theorem 2

Proof Condition (C1)(f is L-smooth) implies that the descent lemma holds (see e.g.
Lemma 5.7 in (Beck, 2017)); i.e. for all k£ € Ny,

L
F@p1) < fl@p) + V@), @her — ) + S llen - %, (23)
which, together with the update rule of mini-batch QHM, implies that
2

Flai) < Fl@) — oo (VT (r) mi) + %5 2 29

Furthermore, the update rule of mini-batch QHM also ensures that
my, = (1 — )V [ (2k) + Yedy

= (1 = w)Vip(xk) + 7 (1 = Be)V B, (Tk) + Brdr-1) (25)
= (1 = wBk)V B, (k) + Ve Brdi—1-
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f(@pg1) < flr) — o (L — wbBe) (Vf(2k), Vi, (k) — Bk (Vf(2r), dr—1)
+ v
oziL
2

Substituting (25) for (24) yields
O%L (1 = 3B4)V f . (x) + WBrdi 1|
= f(@r) — (L = wB) (V[ (@r), VI, (@k)) — cxyicBe (V f (k) dip—1)
+—5 (=B IV fB, (@) 1”4+ 2(1 = WBe)Br (V B, (@), dr—1) + Vi Billdr—1]?)
< f(®k) — an(l = wBe) (Vf(xr), Vp,(®k)) + arymBellV.f (@) [ die- |
+ % (U =BV fr (@o)lI” + 200 = BBV fo (@) N di-r || + 1282l de—1]1%)

where, in the last inequality, we used the Cauchy-Schwarz inequality. Using Lemma 7, we
have

f(@res1) < flmr) — ar(l —wB) (Vf (), Vi, (2r) + arBiG?

+ 9L (138029 @0l + 200 - B AG? +4F5EC)
= Flan) - (1~ w8) (V1 (@), Vi, (@) + 04 G 2
+ L (1= B9 fi @)+ 2 = 0BG
From (21), we have
Ee, (1975, (o) el = [9F(@0)I? + Ve, [V s, (@0l .

2 o’
< IV f(x) || T
k

Taking the expectation conditioned on xj on both sides of (26), together with (21) and
(27), guarantees that, for all k € Ny,

E[f (@i1)l@r] < f(@r) — ar(1 = vBe) [V f (@)l + arveBrG?

2 2
L ok ((1 B (" ; \IVf(wk)!!2> L2 wkﬁkmﬁkcﬂ)

2 b
2 201 _ 2
< flzx) — %%(1 = B2 — R L(L = ) IV f () I + Lg — b:kﬁk)

1
- §0<k7kﬁk(2 + ax L(2 — v Bs)) G2

Therefore, taking the total expectation on both sides of the above inequality ensures that,
for all k£ € Ny,

Lo? aj (1 — fr)°
2 by

S0kl = B2 — ax L0~ B)E [V F(a)|?) < () — flaeen)] +
2

+ %Oék’mﬁk@ + o L(2 — Y B))-
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Let K € N. Summing the above inequality from k£ = 0 to k = K — 1 ensures that

K-

H

~1 a2 B 9
k(L = Br) (2 = ar L(L = B))E [V f (@) ] < E[f(2o) — flzx)] + Lo > £~ wb)

k=0 2 = i

N

9 K—1

+ D B2+ arL(2 — W Br))-
k=0

From (C1) on the lower bound f, of f, ax € [min, Qmax), and 0 < vxBx < 7B < 1, we have
that

K—-1 L 2 K- a2
(1 - ’Yﬁ — Qmax L Z ailE ||vf xk)” ] < f(wl) T Z b7k
k=0 k=0
K-1
+ amax(l + amaxL)G2 Z ’Ykﬁk-
k=0
Since, amax < %, we obtain
. 2(f(xg) — f« 1
min B |V ()] < 20 = L)
ke[0:K—1] (1 —~vB)(2 — aumaxL) Zk o Ok
——
AK
(1 - 76)(2 - amaxL) Ek 0 Ok
B
K

2amax(1 + Qimax )G2 Zk 0 7k
(1 - 7B)(2 - amaxL) Zk 0o Ok
— —

Ck

This proves Theorem 2(i). Second, We assume the condition of Theorem 2(ii). > /% ay =

+00, Y320 Bk < +oo, and ;2 O(Z < +o0 imply that

lim A = hm By = hm Cg =0.
K—oo

This proves Theorem 2(ii). [ |

A.5. Proof of Corollary 3
Proof [Constant LR]: We have that
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In the case of using [Constant BS (1)], we obtain

K-1 2
By = k=0 ¥k _ Omax

bZkOak_ b

Also, in the case of using [Exponential BS (2)], since b/, is monotone increasing, T, = L},ﬂ}

is monotone decreasing. Hence, we have that

Kl MlTil L. MLy TE i 1 _ TyES
b b, =0 Ly T 7 == 1)
pua—l ' L = b b0 A= 0™ T bo(0 - 1)

Therefore,

Zf:_(]l O‘z/bk OmaxToEd
Bk = T < :
k:B oy 60(5 — 1)K

In the case of [Exponential BS (2)], when using [Step Decay Beta (9)] and [Step Decay
Gamma (12)], we find that

M—-1Tp,—-1

Z WBE= D D VB < YmaxBmaxTo E Z (AO)™ W
m=0 t=0

This result shows that, by setting T,,, = Ty = [%L we can obtain the same outcome even
when using [Constant BS (1)].
[Sqrt-Decaying LR]: We have that

Therefore,
K-1 K gk
e oy 2 amax/o \/Tﬁ = 204max(\/ﬁ - 1)
Hence,
1 1
Are = zf—ol o 2amax(m— 1)’
Cre — Yheo % YmaxBmax T0E

SE T 2omal - AWK FI-1)

We also have

e M dam
Yoai<ala(1+ | =) =k (L +1log(M +1)) < ol (1+log(K +1)),
m—0 0 m—i—l
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which implies that

K-1 M-1
af =T o'f <al, T (1+log(K +1)).
k=0 m=0

Therefore, in the case of [Constant BS (1)],

B Zk 0 ak < amaXT(l +10g(K+ 1))
K = >
by o T W(VE+I-1)

Similarly, in the case of [Exponential BS (2)],

Zk 0 ak/bk < OmaxTo 0

O T o S oG- DR T 1)

[Cosine LR]: If M = 1, [Cosine LR] corresponds to [Constant LR]. So, let M > 2 and let
Thnin satisfy 0 < Tiin < T},. Consequently, we have

K-1 M-1
(6 — Qi [0 — mm
Z ay = aminK + max 5 man + max 5 min Z Tm COS M —
(6 — Omi o — M-l
2 aminK + max 5 mmK + max min Tmln cos M
m=0

Here, Z%:_ol cos 3727 = 0 holds. Actually, in the case of M = 2F(F € N), we have that

Zcos —cosO+cos T + +cosF_17T+cos r T+ +cosM_27r+cos7r
M—-1 M—-1 M—-1 M—-1 '
(29)
From cos(m — z) = —cosz, (29) satisfies
0+ B T M-2 k-1 n k _0
cos cos7r—cos]w_1 cosM_lw— —cosM_lw cosM_17r_ .
Therefore,
M-1
cos 0.
m=0

Next, in the case of M = 2F + 1, we have

mm T F-1 F F+1
ZCOS = cos 0 + cos + -+ cos

M—1 M—1 M—1 M—1 M1 T teosT
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Since cos MG T = cos 2kk7r = 0 and cos(m — x) = —cosz, the same holds as in the case

above. Hence, Zm o cos 1777 = 0 holds. So, (28) satisfies

K-1
ap > Qmax + Qmin K
k=0
Therefore,

1 2

AK = > )
]I::iol (a2 (amax + amin)K

CK _1 ’Ykﬂk < 2’7maxﬁmaxTOE

Zk 0 %k B (1 - )‘C)(O‘max + amin)K‘

In the case of using [Constant BS (1)], we have

K-1 M-1
O‘% = O‘ilinK + amin(amax - amin)K + amin(amax - amin)TO Z COS M —
k=0 m=0
M-1 M-1
(amax - amin)Z (amax - amin)2 mm (amax - amin)z 2 mm
+ 1 K+ 5 TOZCOSM_1+ 1 ToZCOb U1
m=0 m=0
Here,
M-1 M—1
5 mm 5 mm
<1 d
cos 1= —l—/o cos M—lm
m=0
1 M-1
:1+2/0 1+C082Mmj1dm
M1
2
From this and Zm o cos 377 = 0, we obtain
= 2 a2 Omax®min 052 i (M + 1)(amax - amin)Q
oy < aminamaxK + K — K+ SR K 4 TO
4 2 4 4
k=0
_ (O[max + am1n>2 K + (M + 1)(amax - Oémin)2T0
4
amax ‘|' Olmin 2 (amax - amin)Q (amax - amin)z
- + K 4 max — Gmin)
4 4
_ O‘max + aman + (amax am1n)2T0

2 4
< (amax + amin)2K + (amax - amin)2
2 4

TOa
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which implies that

By = i{ 01 ak; Omax + Qmin TO(amax - amin>2
bZk 0 Ok - b 2b(04max + amin)K‘

On the other hand, in the case of using [Exponential BS (2)], we obtain

By = > O‘k/bk < 02 S 0 ' 1/by < 202, ToES .
Zk 0 %k o Zk 0o Ok o b0(5_ 1)(amax+amin)K

[Polynomial LR]: Since f(x) = (1 — )P is monotone decreasing for x € [0, 1], we have that

1 1 e m\P
1— 2)Pde < — <1 - 7) :
/0 (1 -efde < 3 M
m=0
which implies that
1 M-1 m \?
M [ (1—2x)Pdx < <1 — ) (30)
0 = M—-1

Since fol(l —x)Pdx = 30) satisfies

> (1-m) =
M—-1 p+1

m=0

1 (

Therefore, in the case of using [Constant BS (1)],

K-1 M-—1 mAP
Z ap = aminK + (amax - amin)TO Z (1 - M)
k=0 m=0
ToM
> oaminK + (amax - amin)m
_ Qmax T PQmin
p+1 ’
which implies that
1 1
AK =~ P )
Zk 0 ay (amax +pamin)K
CK Zk 0 ’Yk < ’Ymaxﬁmax(p + 1)T0E

Zk 0k (Qmax + Pomin) (1 — AQ) K

On the other hand, since f(z) = (1 — )P and g(z) = (1 — x)? are monotone decreasing for
x € [0,1), we have
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which implies that

M—-1 M-1

Since fol(l — x)Pd p+1 and fo (1 —2)%dr = 2p+1, (31) satisfies
M-1 M-1
M m\ 2P
(1—7) <1+ Y (1-1) <1+ .
— pr1 = M 2+ 1

Hence,

- M-—1
m\P m
k= mmK + 2amm(amax - amin)TO Z (1 - M) + (amax - O4111111)2770 Z <1 -

M7

m=0 m=0 M
M M
< OéfninK + 2amin(amax - O4min)TO 1+ p+1> + (amax - amin)2T0 <1 + 2p T 1>
(p + 1) Omax T 2pamaxam1n + 2p mln
= K + - TO;
(p + 1)(2p + 1) ( max mln)
which implies that
K—
BK _ k= O1 Oé% < (p + 1) Omax T 2pamaxam1n + 2p mln (p + )( Qnax — aIQnin)TO'
bZk 0 Ok o b(2p + 1)(amax + pamln) (amax +pamin)K

In the case of using [Exponential BS (2)], the following inequality holds for all m € [0 : M —1]
and k€ [0: K —1]:

Tk
Lf\f < f( (32)

Here, let S, = S0, _ T)r. Since |/~ | = m for all k € [S,,
0:

vum : Smt1 — 1], showing that the
following inequality holds for all m € [

M — 1] is sufficient to establish (32):
m < Sﬂ
M~ K

From the definition of S, and K,

MZT/—mZT/_M m ZT/—m Z Ty

m/=m+1
> ((M—m)(m+1)—m(M—1—(m+1)+1))Tm

where the first inequality holds because T}, is monotone decreasing. Since f(x) is monotone
decreasing, from (32), we obtain

Q= Omin + (Omax — Omin) 1—7L%J ’
k — O'min max min M

%(1—Z)p§1+M/01(1—x)de, n;(l_M)Q <1+M/ 2)Pdz. (31)

>2p
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k p
> Qupin + (amax - Oémin) (1 - K) s

which implies that

K—1 K-1 p
o > ammK"‘ amax Qmin Z <1 - )
k=0 k=0
— aman + amax aman
p+1
. Omax — POmin
- p+1
As a result, we find that
1 1
AK S P i )
Zk O g (amax +pamin)K
By = Zk 0 ak/bk < a?nax k 0 1/bk O‘?nax(p7L 1)T0E6
?:01 o kK 01 Qg a bO(amax "‘pamin)((s - 1)K
[ |
A.6. Proof of Theorem 4
Proof From (24), we have that, for all £ € Ny,
O‘%L 2
Flanr) < fl@r) = ax (V (@), me) + == [lma] 33)
33
2L
= fzr) — ol |V f(z)||* — an (Vf(zx), muy, — V f (k) + % [ )?
Here, from (25), we find that
my, — V f(xr) = (1 — wBe)V B, (xr) + Vbrdr—1 — V f(xk) (34)

= (1= vBk) (VB (@) = V f(xr)) + 1Bk (di—1 — V f (k) .
Substituting (34) for (33) yields

@) < flzr) — ar ||V (@)l — anmB (Vf(@r), de—1 — Vf(zp))
2

—ap(l = b)) (VI (1), Vg () — Vf(xr) + % |
< flan) = an [V 5 @Ol + i (V5@ + s = VF @l = Glldual?)
2

— (1= ) (VT (@), Vi, () — V f () +

< Flwr) — 5ou |V F@) P+ gorebe 1 — V()
2
—ap( = b)) (VS (1), Vg () — Vf(xr) + % [E
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where, in the second inequality, we used 2(x, y) = ||& — y||* — ||=||®> — ||y||® for all x,y € RY,
and in the last inequality, we used 0 < 78, < 1. Taking the expectation conditioned on
xj on both sides of (35) together with (21), guarantees that, for all k € Ny,

E[f (@)l < fl@n) — yor IV @R+ Jornbi i — V)

a2
— (L BBV (), ¥ i () — Y f () ] + “EVE [[m ]

2
= ) — gou VT @I + gormebe ks — VS (@)l> + “EVE [l ]
(36)

Adding both sides of (36) and Lemma 8, we obtain, from L < L2, that

E £ @k41) + lldk = VF(@ain)| [@x] < fl@n) + il ’”’“+1) s~V f(@) |~ Son |V F ()

) 1
2 2
w20 - 50T+t (3 + 1) B [l
(37)
Additionally, from Lemma (7) and £ (% + 1) < 1 for all k& € Ny, we obtain
1
By, [f (1) + lde = VI (@rp)l*] < fme) + ||d1c—1 — Vf(@)|* - Pl IV f ()|
5 1 ) (38)
(1—,3k) +OékL <2+1_5k>G

Therefore, taking the total expectation on both sides of the above inequality ensures that,
for all k£ € Ny,

SOk [IV (@) 2] < B () + Idis — Vi@l ~ Flopn) + di — V(@)

5 1
(1—ﬁk) +akL2< +1—Bk> G?

Moreover, summing from k = 0 to k = K — 1 ensures that

K-1
5 > ok [V @] <E [f(mo) + a1 — V(o) ~ flax) + ldx 1~ Vf(@x)l?]
k=0 . 2
22 22
kz £+ L G Z + LG Z .

By setting d_1 = ||V f(x0)||?, from the condition (C1)(the lower bound f, of f), we find
that

S v 22K_11—5k
52wk | [V < ) v 20t 3

k=0

,_n
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2

5 K-1 K-1 a
+ S L2G? ai + L?G? kE_

Therefore,
min E || Vf(x)]?] <2 +do”
cmin | E [V 7)) < 2(f (o) - )zk T kZO i zk o
—_——
Ag B,
2
1
+ 512G =0 0k Z Ok o2 Z .
k: 0 893 _/Bk Zk 0 Y
T Di¢

This proves Theorem 4(i). Second, we assume the condition of Theorem 4(ii). From
P8 o = 400, Yt f’“ < +oo, and Y18 1a5 < 400, we find that

lim Ax = lim Bj% = lim C) = lim D)% =0.
K—oo K—oo K K—o00 K K—oo K

This proves Theorem 4(ii). [ |

A.7. Proof of Corollary 5

Proof [Sqrt-Decaying LR] A [Constant Beta]: The upper bounds of A% and C% are pro-
vided in Corollary 3. So, here, we will only provide upper bounds of B} and D}. In
particular, we have that

K-

Z 1 - ﬁk (1 - Bmax)-

k=0

,_.

Therefore, in the case of using [Constant BS (1)],

B K*u—m): K(1 — Bunax)
By K Tlar  bWE+1-1)

On the other hand, in the case of using [Exponential BS (2)], we have that

K—
B/ = Zl 1- Bk 1 < (1 - BmaX)TOE(S
* S Klag T 2bpomax(6 — 1) (VK +1-1)
We also have
K-1 9

a; 1 Ch < omaxT (1 +log(K + 1))

Dl = _ |
" z;) 1= B S K oy 1= Buax — 2(1 = Bua) VE +1— 1)
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[Decaying LR| A [Increasing Beta]: We have that

Qmax Qmax

|5 +1 7 k+1

A —

Therefore,

K—

—_

K dk
Qf 2 Omax ﬁ = Omax lOg(K + 1)
k=0 o R+

Hence,

1 1
< .
Zk o i Omaxlog(K +1)

Ak =

We also have

M-1 M
/2 dm 1

E <1 — =1 — 11 <2
Gk = +/0 (m+1)2 +< M+1+>_’

m=0

which implies that

K—1 M~
/2
&7 S E : o S maxTO
k=0 m=0
Therefore,
K—-1 2
' k—O % 20maxTo

Ck =

On the other hand, we obtain

K—

5m1n M 1_5111111
Z(l_ﬁk TOZ 3/4_T<1+/0 de>:T0<l—l—

k=0

,_.
Lo W~

<Tp (1 +4(1 = Bunin) (K + 1)1/4) :
Therefore, in the case of using [Constant BS (1)],

By = Th (L= T (14 401 = ) (K + 1))
K bYhso betmas log (K + 1)

On the other hand, in the case of using [Exponential BS (2)], we have that

B Kz‘l 1-B 1 _ (1= Bun)TES
K b K Tap ~ boomax(6 — 1) log(K + 1)

(1 o) (01 + 1)1 - 1))
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We also have

o 1 -0k~ 1— Buin m—0 (m + 1)2 1 — Bumin o (m + ]_)5/4 = 1 — Bumin 0 (m T 1)5/4
= 1- +1) < )
1 = Bmin (M +1)1/4 1 — Buin
Hence,
D. = Kz:l 04% 1 < 2amaxTo
K= - < .
= 1= B S T (1= Brin) log(K + 1)

A.8. Discussion on the boundedness of the gradient
In this section, we present the condition for the boundedness of the gradient (Assumption

1) and demonstrate that it is satisfied in our experiments.

Proposition 9 Let the loss function f; be L;—smooth, and let it satisfy that there exist f}
and fi, such that, for any x € RY, fi < fi(x) < fF. Then, for anyi € [n] and any = € RY,

IVfi(@)|| < \/2Li(ff — fix) = Gi < maxG; = G.

i€[n]

Proof Let & := x — L%HVfZ(a:)H From the descent lemma, we have

f(@) < f(@) + (Vi) @ — ) + L@ o

— f(@) - LIVE@I + 5 Vi)
~ f(@) - 5 V@)

Therefore, we also have

1 = *
S IVI@)IP < f(2) ~ (@) < f7 ~ fun
The proof follows from a straightforward algebraic manipulation of the above. |

In the context of machine learning, we have f;, = 0 and that the maximum training loss
typically occurs around the initial point and it rarely grows without bound after that. For
example, when training on CIFAR-100 with the cross-entropy loss as the objective function,
suppose that, at the initial point, each class is equally likely to be output. In this case,

1
fi(xo) = —logp; = —logm ~ 4.40517 ...
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Therefore, the assumption that the loss has both upper and lower bounds appears to be
a natural one. Figure 5 presents the empirical loss values at each epoch using various
learning rate schedulers, obtained under the setup described in this paper. Figure 5 shows
flxo) = f* = 4.07... and f(x) decreasing for epochs. Accordingly, the above discussion,
together with (C1)(f is L-smooth), leads to the finding that, for all k,

IVf (@)l < V2L(f* = fv) = V2L [ (20).

Since f is defined by the sum of loss functions f;, there exists G; > 0 such that, for all k,
IV fi(xr)|| < Gji. That is, Assumption 1 holds.

constant

ng

Empirical Loss Value for Training
s
Empirical Loss Value for Traini

50 100 150 200 250 300 50 100 150 200 250 300
Epoch Epoch

(a) ResNet-18 (b) ViT-Tiny

Figure 5: Empirical loss using mini-batch QHM with Step Decay Beta and Gamma to train
(a) ResNet-18 and (b) ViT-Tiny on the CIFAR-100 dataset.

A.9. Performance comparison across different batch sizes using stochastic
first-order oracle (SFO)

In this section, for a fair comparison of different batch size schedulers, we use a stochastic
first-order oracle (SFO). SFO represents the total number of data samples fed into the
model during K training steps, and it is defined as follows:

M-1
SFO := Y b, Tpn.
m=0

Since M1y T, = Z%:_ol - {i—‘ ~ nM, SFO plays a role similar to that of the number

m=0 “m
of epochs.

Figures 6 and 7 illustrate the relationship between the performance of mini-batch QHM
(test accuracy and the minimum of the full gradient norm) and SFO. Note that, as discussed
above, the overall shapes of these graphs do not differ from those of Figures 1 and 2. Figures
6 and 7 plot the minimum SFO required to achieve at least 70% test accuracy and less than
0.5 in the full gradient norm, respectively. From this, we can see that, in most cases, the
sharp performance improvement brought by increasing the batch size successfully reduces
the SFO needed to reach the thresholds. However, it should be emphasized that depending
on the choice of threshold values, one could make exactly the opposite claim.
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Comparison of QHM Schedulers with Constant LR Comparison of QHM Schedulers with Decaying LR
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Figure 6: Test accuracy score versus SFO for comparison of increasing and constant batch
sizes in using mini-batch QHM with various Ir-schedulers and step-decay momentum weights
to train ResNet-18 on the CIFAR-100 dataset.

A.10. Impact of Hyperparameters on Performance Robustness

In this section, we discuss how robust the performance is to changes in the hyperparame-
ters, learning rate, momentum weights, and batch size from both theoretical and empirical
perspectives. In the numerical experiments, we trained ResNet-18 on CIFAR-100 using
mini-batch QHM with a cosine learning rate and step-decay momentum weights schedulers.
We will denote the hyperparameters explicitly as ag := @max, 8o = Bmax, and Yo := Ymax-

From a theoretical perspective, Theorems 2 and 4 impose the condition of agy < % Lis
determined by the model and dataset, and in these analyses, which guarantee convergence
for general non-convex smooth objective functions. Hence, the initial value of the learning
rate ag lacks robustness. On the other hand, for the batch size and momentum weight, the
only required condition is whether the corresponding infinite series diverges or converges,
and thus no assumptions are made regarding the initial values (bg, v0, and Sy). Therefore,
we believe that robustness is ensured in this aspect.

From an empirical perspective, Figures 8 and 9 present heatmaps that show the best per-
formance (test accuracy and minimum of the full gradient norm of empirical loss) achieved
during training, plotted in the Byp—yp plane using various values of ag. Here, the batch size
was increased every 30 epochs from 2° to 2%, in a training lasting a total of 150 epochs.
Figures 8 and 9 indicate that changing the value of g results in up to about a 5% difference
in test accuracy and about a 0.04 difference in the minimum full gradient norm. However,
even when the values of 5y or 7y are changed, there is no significant change in performance,
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Figure 7: Minimum of full gradient norm of empirical loss versus SFO for comparison of
increasing and constant batch sizes in using mini-batch QHM with various Ir-schedulers and
step-decay momentum weights to train ResNet-18 on the CIFAR-100 dataset.
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indicating robustness. When ag = 0.5 is set to a large value, the test accuracy becomes
sensitive to the values of By and 79. However, it should be noted that this is also due to
the learning rate being set to a relatively large value.
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Figure 8: Test accuracy heatmaps comparing various values of «g in using mini-batch
QHM with a cosine Ir-scheduler and step-decay momentum weights to train ResNet-18 on
the CIFAR-100 dataset.

A.11. Comparison with adaptive batch size methods

In this section, we compare the exponentially increasing batch size scheduler, as in (De et al.,
2017), with the linearly increasing batch size scheduler. The linearly increasing scheduler
increases the batch size by § > 0 at each epoch, i.e., for all m € [0 : M — 1], we have

bng1 = by + 0.
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Figure 9: Minimum of full gradient norm of empirical loss heatmaps comparing various
values of a in using mini-batch QHM with a cosine Ir-scheduler and step-decay momentum
weights to train ResNet-18 on the CIFAR-100 dataset.
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Regardless of which learning rate scheduler is used, the exponentially increasing sched-
uler consistently outperforms the linear one. This result accords with Theorem 2 in our
paper. For mini-batch QHM using step-decay momentum weights to achieve asymptotic
convergence, the following condition must be satisfied:

K_loli
Zg<

In the case of using the linear scheduler, by using the following inequality:

M-—1 M
1 1 dr
T = Tmax PN S Tmax b 7, <
b mz::oboeré (“/0 bo+m5>
Tmax(bO + log(bo + (M — )(5) — log bo)
< Tax(bo + log(bo + (K — 1)d) — log by),

K-1

k=0

we obtain
KlOé2 M—
k< o a2 Trax(bo + log(by + (K — 1)8) — log by).
> 5 mzzbwmé @ T (b + g (bo + (K — 1)5) ~ log bo)

2
This implies that Ei{:_ol ?—: < +00 is not satisfied. In this case, only Bk in Corollary 3 is

replaced by the expression proven above. As the result, the convergence rate when using
log K

a constant LR enjoys O ( > but is worse than O (%) in the case of an exponentially

increasing scheduler.

A.12. Training Vision Transformer-Tiny on the CIFAR-100 dataset
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Figure 10: Test accuracy score versus number of epochs for comparison of increasing and
constant batch sizes in using mini-batch QHM with various Ir-schedulers and step-decay
momentum weights to train ViT-Tiny on the CIFAR-100 dataset.
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Figure 11: Minimum of full gradient norm of empirical loss versus number of epochs for
comparison of increasing and constant batch sizes in using mini-batch QHM with various Ir-
schedulers and step-decay momentum weights to train ViT-Tiny on the CIFAR-100 dataset.
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Figure 12: Comparison of Ir—scheduler using mini-batch QHM with Step Decay Beta and
Gamma to train ViT-Tiny on the CIFAR-100 dataset.
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