a4 Appendix

415 In order to prove Lemma[2] we need to introduce some auxiliary useful lemmas.
s16 Lemma 5. It holds P[E1] > 1 — 0.

417 Proof. Let s > H be an integer, and let & € KC. By the Chernoff bound and the fact that the variables
418 are all i.i.d., we have:

® SPLB2py]

P Y I{Bri>pi} < gP[B > pk-]] <e T E

i=1

SP[BZpk]log(KT2/(5)

Slog(KTQ/é)

=€

sP[B>py ]

B 1) 810g(KT2/(5)
-\ KT?

T1/3p[B>p; ]

6 810g(KT2/6) 6
< < .
—\KT? ~— KT?

s19 Ift > HK, then T, > H according to the definition of 7 ; and how our algorithm works. It
420 follows that

IP’[ U U {ou < T’;’tHD[szk]}]

t=HK kek

MUPIB > i)

—

N {Tkt = 3}1

{
oy _i P {0 = trin 2 p b 7 = )]

I{Bg, > pr} < ;P[B > pk]} NA{Tr,t = 3}]

T T [ s
<> > P> Bk >pi} < glP’[B > pk]]

s=Ht=HK k€K Li=1

<
421 Hence,
IP’[ (T] N {th>mp[3>pk]}] >1-0
t=HK kek ’ 2 ’
422 which concludes the proof. O

Lemma 6. It holds

A Pr 2log(2/6) 1
— < < —+ = >1- .
P ‘Gk /0 IE”[S_/\]d)\‘_ KN, TR (| 2L

ke

Proof. Under the event &, for all i € [K] such that P[B > p;] > 875 log(KT*/5), we have:

1 1
QiHk > 572,HKP[B > pi] = §HP[B > pil,

12



423
424

since T; yx = H for every i € [K], according how our algorithm works. This implies that, under
the event &1, the following holds:

1 1
= > —mi >nil == >
N Izngll? Qi HK > 5 Iingll?H]P[B > il HP[B > py]
425
426

As a first step, we prove that, conditioned to the event { N}, = £} N &7, the estimates G, concentrate
around their expectation. Specifically, whenever ¢ > ny, the following holds

P ‘ék —E[Gk}‘ <2 log(Z/(S

]{N _E}ﬁgll >1-4.
Indeed, by Azuma—Hoeffding inequality, we have

427

“

koL
ZZH{Si,j <pi}— ZZP[S <pi

< +/2K{llog(2/0)| >1-9.
=1 j=1 i=1 j=1
428 Furthermore, noticing that
G BIGl| = 2 3 Y8 <) = 33 Bis <]
=1 j=1 =1 j=1
a2 and that { N}, = £} N & is P-independent from Sy, Sa, . .., we have:
R . 21log(2/9)
P ‘Gk—E[Gk}‘ < L/

Kl ’{N —3}051‘|_

43

o

G~ EIG]| < ”g@/‘”]

K/
>1-4,
showing that Equation 4] holds. Therefore, we can prove that

R A 21og(2/0)
- <[220 5

‘G‘k—IE[G‘k]‘ < \/%y{z\f _6}081] [Ny = 0] &]
>
4

> (1=OP[Ny=1(]&)]

H
>ZIP
o

T

=0
ZZYL)C

=1-4,

)

431

where the first inequality holds because of the law of total probability, noticing that P[N = ¢ | &]
432 0 for all ¢ < ny, while the second inequality by eq. (4). Thanks to the i.i.d. hypothesis we have

R k Nk Pk
E[Gk}—/o P[S < \d\=E KN ZZH{S”_ it —/ P[S < Al
k Pk
222“"[5%‘]‘/0 PIS < A
k

:;/: (P{ngi{}—ﬁ"[sﬁ)\}) dA = (%),

= (%
Now, due to the fact that A — P[S < )] is a non-decreasing function, we have that

ey [ ) e

(pls=7-¢
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Zi:( [ SI.{]—P[Sgif—{l}):P[Sépk]I;]P’[Sgo] oL

43¢ Thus, the following holds:

A P 2log(2/0) 1
P | |Gy — PSS < AdA| </ ———"—+ =|&| >1-04.
435 Thus, thanks to Lemmal5} we have:
A Pk 2log(2/0) 1
P |Gk — P[S < AN dA| </ —F—+ —
‘ - Es< ’ SV TENS K
A P 21og(2/9)
>P |Gk — PS < AdX\| </ ——+ = |& | PE
>p || /0 S <A ‘ < |20 ) 2 e | e
>1-24.
436 Finally, taking a union bound over all possible sets of arms X, we prove the lemma. O

Lemma 7. It holds

Ind

437 Proof. Thanks to the i.i.d. hypothesis and the fact that A — P[B > A] is a non-increasing function,
438 with an argument analogous to that provided in the proof of Lemmal6] we have that

. ! 2log(2/6) 1
— > < —_— + — >1- .
F, /kaP’[B)\}d)\' i T2 KS

’E[Fk] - /:IP’[B > Al d)\‘ <=

439 By Azuma-Hoeffding inequality, we have:

k k H
3 Z {Bi;>pi}— Y. Y P[B>pl| <+/2kHlog(2/5) < \/2K H1log(2/)

i=1 j=1 i=1 j=1

440 with probability 1 — . Hence, to conclude, it is enough to notice that

Fi- Fk‘ ZZH{Bu > pi} - ZZPBN%

=1 j=1 =1 j=1
441 and take a union bound over all possible sets of arms [K]. O

442 Lemma 8. It holds P[Es] > 1 — 2K T.

443 Proof. Fix k € K and t > H K. Recall that, by definition,

ng CI{Sk,- < Pk}
Ot

444 Employing a union bound and the Hoeffding inequality, we have that:

ﬂk,t =

log(2T'/6
oy flemCT/e)

P[S < pi] < figs +
205, = [S < pi) < fue

445 with probability at least 1 — §. Thus, taking a union bound, we have:

PN ﬂ {ﬂk,t_ MSP[SSMSMW WW} = 1-KTo.

ke[K] t=HK 2Qk 2Qk+

log(2T'/6)
205+
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452
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454

455

456

457

With an analogous argument, it is possible to show that:

P ﬂ ﬁ{ﬁm— M<P[B>pk]<ﬁkt+ W} >1— KTS.

ke[K]t=HK 2Tee — I 2Tk
Thus, taking a union bound, we have that the lemma holds. O
Lemma9. It holds P[E,) > 1 -6

Proof. Lete =8T"/2 log(KT?/s) and 7, := Ui ku. If k & IC, then P[B > py] < e. Therefore, we
can employ the multiplicative Chernoff inequality as follows:

c2HP[B>py]

Plop > (1+c)P[B > py]] <e”— =+

with ¢ = B

m. Thus, we get:

(sss) HELB > pi]

2+ BBl

< exp __PB2pe] eH
B 2+ WES

< (20 8/3< 0
—\KT? - KT?’

since z/(x 4+ 2) > 1/3, for every x > 1. As a result, we have:

P[0y, > P[B > pi] +¢] <exp | —

)

P[Qx i < 2He| = P[0y < 2] > P[0 <P[B >pi] +¢] 21— o,

recalling that Uy, i = Ok, nx /H. Furthermore, we notice that:

T
2He < 16HT~*log(KT?/s5) = 16( 1 log(KT%/s) < 32log(KT?/s).

T3
Thus, by taking a union bound, we have:
P 0 < 32log(KT? >1 5>1 1)
() {Qk.rx < 32log(KT*/s)} | > —gz 210
kgK
concluding the proof. O

Lemma 2. Let £ .= & NEy N E3 N Ey. Then, we have:
P[E] > 1 — O(KTS).
Proof. Thanks to Lemmas 5 [6} [7 [8] and [0} by taking a union bound we have:
Pl€] > 1— (5KT +2)0 = 1 — O(KTS),
concluding the proof. O

Lemma 3. Let k € K. Then, for eacht > HK, conditional on the event £, we have:

. log(2T/4) - 2log(2/0) 1) /1

where 1 = C'log (%) (Tll/g + \/71_7> and C > 0 is an absolute constant.
k,t
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460 Proof. We first prove that:

. log(27'/4) - 2log(2/0) 1
(Nk‘,t + QQk,t> (Fk + THK + K>

461 is the (optimistic) estimator of

P[S < pi] / 1 P[B > A dA.

Pk
462 To do so, we observe that under the event £, we have:

s + log(2T/9) Fk+ 2log 2/6 . 1
20K+

? =
1
< (P[Sépk}ﬂ/moggf/é ) (/ P[B > A d 78%(]2(/6) +IQ{>
Pk

1

— ]P)[S < pk] B > )\
2log 2T/5 810g(2/5) 4log(27'/6)
PB>ANdA+PS<p
Ot +Fl d VHKQy ¢
2 2log(27/9)
21og(27/0) 201og(27/0)
o P[B > pi] s

()

463 Now, notice that, since k € K by assumption, we have Oy ; > %’7}7&’ [B > pg] forallt > HEK,
464 under the event £. Therefore, the following holds:

210g(2T/5)
Ot

465 Putting all together, we have:

(0.0 220 (s P )i < [ o1

4log(27/9)

log(2T'/6)
Te,iP [B > py] .

(*) = P[B > py] < P[B > pi] < 2

466  Finally, we notice that:

! R log(27/6) \ { - 2log(2/6) 1
P[S<pk]LkP[B>A}dA<<Nk,t+ TM Fk+ T“r‘? 3

467 as a direct consequence of being under the clean event £. This concludes the proof. O

48 Lemmad. Let k € K. Then, for eacht > HK, conditional on the event £, we have:

. log(27'/6) A 2log(2/0) 1 /p’“
0< (kat + T Gy + KN, + % P[B > py] ; P[S < AJdA <,

469  wheren = C'log (%) (Tll/3 + > and C > 0 is an absolute constant.

VTt
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471
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480
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482
483

Proof. Notice that the first inequality is trivially given by the fact that, under the event &, the quantity

<%+ log(2T/5)> Gy 4 [2loB2/9) | 1

2Tr1 KNy K

is an (optimistic) estimator of
Pk
PBzp) [ PIS <A
0
For the second inequality, we notice that, under the event &:

. log(2T/6) A 2log(2/6) 1 /p"
_ _— —_ — > <
(I/k’t + T G+ KN, t % P[B > py] ; P[S < AJdA

£cesnes 210g(27/5) /P 8log(2/8) 2
< > _— < _ —
2 (IP’[B > o] + T RIS SN [T

Pk

_P[B Zpk]/ PS < A dA

cce, Pk
< w/ P[S < AJdA + 4P[B > py]
Kt 0

44/210g(2T/6) 2 21og(27/6)
+ — (PB >pi] + | ——
KHPB = puly/Ts | K\ D2 Tht

T 1
ML og () .0 (MTM + ) ,
1) T3

concluding the proof. O

log(2/0)
KHP[B > py]

Theorem 1. Algorithm@guamntees regret Rp = @(T2/ 3).

Proof. We first notice that, by defining

we have that R = E[R] and
Ry = E[RTHE'} + E[RT]Igc]

< E[Rrle] + E[TIge]

< E[Rrlg] + 6KT?%6 = E[Rrle] + O(TY3).
It is then sufficient to control the magnitude of R under the clean event £. Hence, from this point
on, we assume we are under the clean event €.
Let k* € arg maxe(k) 8(Pk)-
First, notice that, if P[py- < B] < 64T~ /31og(KT?/6), then the decomposition in eq. (1) leads to

g(pr+) <P[S <pi]- (1 —p)-P[B = pi] + P[B > pi] - p- PLS < py]
< P[B > py] < 64T /2 log(KT?/5) = O(T /%) .

Thus, when P[py- < B] < 64T~ /310og(KT?/6), we have, due to Lemma |I, that if we pay an

additional term whose instantaneous regret is upper bounded by L/K, we can control R by
comparing our performance against the performance of the best point in the grid pg~. This leads to:

Ry =T-O(T7'3) + % = O(T?/3) .

17



484

485
486

487
488

490

491

492

493

494

495

496

497

Hence, we are left to analyze what happens when P[py- < B] > 647 ~'/2log(KT?/5), which we

assume being the case from this point on. First, since P[p- < B] > 64T ~'/%log(KT?/$), given
that £ C &, it follows that k* € K°.

We now notice that for each k € K° we have that Qi grx > 327~ /3log(KT?/§) by definition.
In the clean event £, we have that £ holds, and hence for each & ¢ K we have that Qj, yx <

327 1/310g(KT?/6). 1t follows that, in the clean event £, k € K*° implies k € K, i.e., K® C K.
Now, we recall that Lemmal|3|and Lemma4|imply that, under the event &, forall ¢ > HK and k € K:

g(pr) < UCByy < g(pr) + Mkt (5)

where 7, ; == C'log (%) (T}B + 1) and C' > 0 is a universal constant.

Vv Tkt
If, for ebery p € [0, 1], we define the quantity

Ap = g(pr-) — 9(p) ,
given that, for each t > HK, if k; € K° is the index of p, = P;, we have
g(pr+) = max g(py) < max UCBy; = UCBy, 0 < g(F1) + 1kt

we also have
Ap, <Mkt -

In addition, by Lemma|[I]and the fact that the instantaneous regret is upper bounded by 1, we have:

LT d
Rr < HEK + 7= + > Ap.
t=HK+1

Now, we have

T T
Z Ap, = Z Z Ap,I{P; = pr}

t=HK+1 keK®t=HK+1

<> Y ma{P=pi}

keK°t=HK+1

<3 > (e (§) (s =) n-m

keKet=HK+1

- T L 1 1

keK®t=HK+1

(D) (5 3 Mol )

keK°t=HK+1

C'log (?) ( 3 2T + T2/3>

keK®

IN

IA

IN

< Clog (?) (2\/KT n T2/3) = 4Clog (?) T2/3

where the last inequality is Jensen’s inequality. Hence
~ T ~ T -
E[Rrlg] < E [401og (5> T2/3115} < 4C'log (5) T?/3 = O(T%3) ,

concluding the proof. O
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