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Abstract

Gradient descent for matrix factorization is known to exhibit an implicit bias1

toward approximately low-rank solutions. While existing theories often assume2

the boundedness of iterates, empirically the bias persists even with unbounded3

sequences. We thus hypothesize that implicit bias is driven by divergent dynamics4

markedly different from the convergent dynamics for data fitting. Using this5

perspective, we introduce a new factorization model: X ≈ UDV ⊤, where U and6

V are constrained within norm balls, while D is a diagonal factor allowing the7

model to span the entire search space. Our experiments reveal that this model8

exhibits a strong implicit bias regardless of initialization and step size, yielding truly9

(rather than approximately) low-rank solutions. Furthermore, drawing parallels10

between matrix factorization and neural networks, we propose a novel neural11

network model featuring constrained layers and diagonal components. This model12

achieves strong performance across various regression and classification tasks13

while finding low-rank solutions, resulting in efficient and lightweight networks.14

1 Introduction15

The Burer–Monteiro (BM) factorization (Burer & Monteiro, 2003) is a classical technique for16

obtaining low-rank solutions in optimization. One can view it as a simple neural network that uses a17

single layer of hidden neurons under linear activation. Indeed, given the factorization X = UV T18

where U ∈ Rd×r and V ∈ Rc×r, one can view U and V as the weights of the first and second layers,19

and r as the number of hidden neurons. But despite the similarity suggested by this view, there is a20

clear distinction between BM factorization and neural networks in how the rank r is chosen. In BM,21

r is typically chosen to be small, close to the rank of the desired solution. Neural networks, on the22

other hand, often succeed even in overparametrized settings where r is large.23

Recent findings of implicit regularization in matrix factorization narrow the gap between these two24

perspectives. For instance, Gunasekar et al. (2017) demonstrate that gradient descent (with certain25

parameter selection) on BM factorization tends to converge toward approximately low-rank solutions26

even when r = d. Based on this observation, they conjecture that “with small enough step sizes and27

initialization close enough to the origin, gradient descent on full-dimensional factorization converges28

to the minimum nuclear norm solution.”29

In a follow-up work, Razin & Cohen (2020) present a counterexample demonstrating that implicit30

regularization in BM factorization cannot be explained by minimal nuclear norm, or in fact any31

norm. Specifically, they show that there are instances where the gradient method applied to BM32

factorization yields a diverging sequence, and all norms thus grow toward infinity. Intriguingly,33

despite this divergence, they found that the rank of the estimate decreases toward its minimum.34

Although this phenomenon might seem surprising initially, it is not uncommon for diverging se-35

quences to follow a structured path. A prime example is the Power Method, the fundamental algorithm36
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for finding the largest eigenvalue and eigenvector pair of a matrix. Starting from a random initial point37

x0, the Power Method iteratively updates the estimate by multiplying it with the matrix. This process38

amplifies the component of the vector that aligns with the direction of the dominant eigenvector39

more than the other components, progressively leading xk to align with this eigenvector. In practical40

implementations, xk is scaled after each iteration to avoid numerical issues from divergence.41

This perspective underpins our approach. Specifically, our key insight is that the implicit regularization42

in BM factorization (and neural networks) is driven by divergent dynamical behavior. This is43

markedly different from the standard (convergent) optimization dynamics helping with the data44

fitting. In this context, we hypothesize that these forces do not merely coexist but actively compete,45

influencing model behavior and performance in fundamentally conflicting ways. Our main goal in46

the development of this paper is to devise an approach that unravels these competing forces.47

1.1 Overview of main contributions48

■ A novel formulation for matrix factorization. We model X = UDV ⊤, where U and V are49

constrained within Frobenius norm balls. Projection onto this ball results in a scaling step similar50

to the Power Method. The middle term D is a diagonal matrix that allows the model to explore51

the entire search space despite U and V being bounded.152

Through extensive empirics we demonstrate that the gradient method applied to the proposed53

formulation exhibits a pronounced implicit bias toward low-rank solutions. We compare our54

formulation against standard BM factorization with two unconstrained factors. Specifically, we55

investigate key factors such as step size and initialization, which prior work suggests might be56

contributing to implicit bias. We find that our factorization approach largely obviates the need57

to rely on these conditions: it consistently finds truly (rather than approximately) low-rank58

solutions across a wide range of initializations and step-sizes in our experiments. We believe59

these findings should be of broader interest to research on implicit bias.60

■ A novel architecture. Motivated by the strong bias for low-rank solutions of the proposed61

factorization, we subsequently extend it to deep neural networks. We do so by adding constrained62

layers and diagonal components. We show that this constrained model performs on par with,63

or even better than, the standard architecture across various regression and classification tasks.64

Importantly, our approach exhibits bias towards low-rank solutions, resulting in a natural pruning65

procedure that delivers compact, lightweight networks without compromising performance.66

1.2 Related Work67

Burer-Monteiro factorization. BM factorization was proposed for solving semidefinite programs68

(Burer & Monteiro, 2003, 2005) and has been recognized for its efficiency in addressing low-rank69

optimization problems (Boumal et al., 2016; Park et al., 2018). Building on the connections between70

matrix factorization and training problems for two-layer neural networks, BM models have served as71

foundational building blocks for understanding implicit bias and developing theoretical insights.72

Implicit regularization. One promising line of research that aims to explain the successful general-73

ization abilities of neural networks is that of ‘implicit regularization’ induced by the optimization74

methods and architectures (Neyshabur et al., 2014, 2017; Neyshabur, 2017). Several studies explore75

matrix factorization to investigate implicit bias (Gunasekar et al., 2017; Arora et al., 2018; Razin &76

Cohen, 2020; Belabbas, 2020; Li et al., 2021). Much of the existing work focuses on gradient flow77

dynamics in the limit of infinitesimal learning rates. Exceptionally, Gidel et al. (2019) examine dis-78

crete gradient dynamics in two-layer linear neural networks, showing that the dynamics progressively79

learn solutions of reduced-rank regression with a gradually increasing rank.80

Constrained neural networks. Regularizers are frequently used in neural network training to prevent81

overfitting and improve generalization, or to achieve structural benefits such as sparse and compact82

network architectures (Scardapane et al., 2017). However, it is conventional to apply these regularizers83

as penalty functions in the objective rather than constraints. This approach is likely favored due to84

the ease of implementation, as pre-built functions are readily available in common neural network85

packages. Regularization in the form of constraints appears to be rare in neural network training.86

One notable exception is in the context of neural network training with the Frank-Wolfe algorithm87

(Pokutta et al., 2020; Zimmer et al., 2022; Macdonald et al., 2022). Recently, Pethick et al. (2025)88

1The reader may notice a “syntactic” similarity with SVD; except using vastly simpler Frobenius norm
constraints on U and V instead of orthogonality.
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revealed parallels between Frank-Wolfe on constrained networks and algorithms that post-process89

update steps, such as Muon (Jordan et al., 2024), which achieves state-of-the-art results on nanoGPT90

by orthogonalizing the update directions before applying them.91

Pruning. Neural networks are overparameterized, which can enhance generalization and avoid poor92

local minima. But such models then suffer from excessive memory and computational demands,93

making them less efficient for deployment in real-world applications (Chang et al., 2021). Pruning94

reduces the number of parameters, resulting in more compact and efficient models that are easier to95

deploy. A comprehensive review on pruning is beyond the scope of this paper due to space limitations96

and the diversity of approaches. We refer to (Reed, 1993; Blalock et al., 2020; Cheng et al., 2024)97

and the references therein for detailed reviews. Pruning by singular value thresholding has recently98

shown promising results, particularly in natural language processing (Chen et al., 2021), and is often99

used along with various enhancements such as importance weights and data whitening for effective100

compression of large language models (Hsu et al., 2022; Yuan et al., 2023; Wang et al., 2024).101

2 Matrix Factorization with a Diagonal Component102

Consider matrix sensing, a problem where we seek to recover a positive semidefinite (PSD) matrix103

X ∈ Sd×d
+ from a set of linear measurements b = A(X) ∈ Rn. We define A : Rd×d → Rn through104

symmetric measurement matrices A1, . . . , An ∈ Sd×d, such that A(X) = [⟨A1, X⟩ · · · ⟨An, X⟩]⊤105

and A⊤y =
∑n

i=1 yiAi. We particularly focus on the data-scarce setting where n ≪ d2. A notable106

example here matrix completion, where one completes a matrix X given a subset of its entries. This107

problem is inherently under-determined; but successful recovery is possible if X is low-rank (Candes108

& Recht, 2012). We focus on recovering a PSD matrix for simplicity; this is without loss of generality,109

as the general case can be be easily reformulated as a PSD matrix sensing problem (Park et al., 2017).110

The problem described above can be cast as the following rank-constrained optimization problem:111

min
X∈Sd×d

+

f(X) := 1
2∥A(X)− b∥22 subj. to rank(X) ≤ r. (1)

Although rank-constrained matrix optimization problems are typically NP-hard, various methods have112

been developed to provide practical approximations. One prominent approach is BM factorization,113

which reparametrizes the decision variable X as UU⊤, where the factor U ∈ Rd×r, and r is a positive114

integer that controls the rank of the resulting product. Problem (1) can then be reformulated as:115

min
U∈Rd×r

1
2∥A(UU⊤)− b∥22. (2)

Despite the fact that finding the global minimum of (2) remains challenging, a local solution can be116

approximated using gradient descent (Lee et al., 2016). Initializing at U0 ∈ Rd×r, perform:117

Uk+1 = Uk − η∇Uf(UkU
⊤
k ), (3)

where η > 0 is the step-size, and the gradient is computed as ∇Uf(UU⊤) = 2∇f(UU⊤)U .118

Selecting the factorization rank r is a critical decision. A small r may lead to spurious local119

minima, resulting in inaccurate outcomes (Waldspurger & Waters, 2020). Conversely, a large r might120

weaken rank regularization, rendering the problem underdetermined. Conventional wisdom in BM121

factorization suggests finding a moderate compromise between these two extremes. However, a key122

observation in (Gunasekar et al., 2017) is that the gradient method applied to (2) exhibits a tendency123

towards approximately low-rank solutions even when r = d. Below, we restate their conjecture:124

Conjecture in (Gunasekar et al., 2017). Suppose gradient flow (i.e., gradient descent with an125

infinitesimally small step-size) is initialized at a full-rank matrix arbitrarily close to the origin. If126

the limit of the gradient flow, XGF = UU⊤, exists and is a global optimum of (1) with A(XGF) = b,127

then XGF is the minimal nuclear-norm solution to (1).128

2.1 The Proposed Factorization129

We propose reparameterizing X = UDU⊤, where U ∈ Rd×r is constrained to have a bounded norm,130

and D ∈ Rr×r is a non-negative diagonal matrix:131

min
U∈Rd×r

D∈Rr×r

1

2
∥A(UDU⊤)− b∥22 s.t. ∥U∥F ≤ α, Dii ≥ 0, Dij = 0, ∀i and ∀j ̸= i, (4)
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where α > 0 is a model parameter. When the problem is well-scaled, for instance through basic132

preprocessing with data normalization, we found that α = 1 is a reasonable choice.133

Placing in multiple factors and with constraints, we perform projected-gradient updates on U and D134

with step-size η > 0:135

Uk+1 = ΠU

(
Uk − η∇Uf(UkDkU

⊤
k )

)
Dk+1 = ΠD

(
Dk − η∇Df(UkDkU

⊤
k )

)
,

(5)

where ΠU and ΠD are projections for the constraints in (4); while the gradients are136

∇Uf(UDU⊤) = 2∇f(UDU⊤)UD and ∇Df(UDU⊤) = U⊤∇f(UDU⊤)U.

2.2 Numerical Experiments on Matrix Factorization137

We present numerical experiments comparing the empirical performance of the proposed approach138

with the classical BM factorization. Specifically, we examine the impact of initialization and139

step-size on the singular value spectrum of the resulting solution. We set up a synthetic matrix140

completion problem to recover a PSD matrix X♮ = U♮U
⊤
♮ , where the entries of U♮ ∈ R100×3 are141

drawn independently from N(0, 1). We randomly sample n = 900 entries of X♮ and store them in the142

vector b ∈ Rn. The goal is to recover X♮ from b by solving problems (2) and (4). For initialization,143

we generate U0 ∈ Rd×d with entries drawn independently from N(0, 1); we rescale U0 to have144

Frobenius norm ξ > 0 (we investigate the impact of ξ). We initialize D0 = I .145

The results are shown in Figure 1. First, we examine the impact of step-size. To this end, we fix146

ξ = 10−2 and test different values of η. In the left panel, we plot the objective residual as a function147

of iterations. As expected, we observe that a smaller step-size slows down convergence. In the right148

panel, we plot the singular value spectrum of the results attained after 106 iterations. We observe no149

direct connection between step-size and implicit bias in BM factorization.150

Impact of step-size (η), in noiseless setting, with fixed initialization.

Impact of initial distance to origin (ξ), in noiseless setting, with fixed step-size.

Figure 1: Impact of step-size and initialization on implicit bias. Solid lines represent our UDU factorization,
while dashed lines denote the classical BM factorization. [Left] Objective residual vs. iterations. [Right]
Singular value spectrum after 106 iterations. In all cases, UDU produces truly low-rank solutions, whereas the
classical approach results in approximate low-rank structures.

Next, we investigate the impact of initialization. We fix the step-size at η = 10−2 and evaluate the151

effect of varying ξ. We observe a correlation between the implicit bias of the BM factorization and ξ,152
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which determines the initial distance from the origin. Initializing closer to the origin in the classical153

BM factorization yields solutions with a faster spectral decay. Notably, the UDU factorization154

demonstrates a strong implicit bias toward truly low-rank solutions, regardless of the choice of η or ξ.155

We provide additional experiments in the Appendices. Specifically, Appendix A.1 considers the156

matrix completion problem with noisy measurements. The results remain consistent with the noiseless157

case: the UDU model exhibits an implicit bias toward truly low-rank solutions, while the classical158

BM factorization yields approximately low-rank solutions. Additionally, we present numerical159

experiments on a matrix sensing problem arising in phase retrieval image recovery in Appendix A.2.160

As before, the UDU framework consistently promotes low-rank solutions, and this structural bias161

significantly enhances the quality of the recovered image.162

2.3 Theoretical Insights into the Inner Workings and Implicit Bias163

A fixed-point analysis of the proposed method provides valuable insights into its inner workings.164

Define the update variables before projection as Ū = U−2η∇f(X)UD and D̄ = D−ηU⊤∇f(X)U ,165

with X = UDU⊤. Suppose (U,D) is a fixed point of the algorithm in (5). Then, the following hold:166

Let uj denote the jth column of U and λj the jth diagonal entry of D.167

(a) If ∥Ū∥ ≤ α, then ∇f(X)ujλj = 0 for all j,168

(b) If ∥Ū∥ > α, then there exists some β > 0 such that ∇f(X)ujλj = −βuj for all j.169

At this point, it may seem that choosing a small value of α could promote a fixed point where the170

columns of U align with the negative eigenvectors of ∇f(X). However, as we will see from the171

analysis of D, there are no valid fixed points that satisfy ∥Ū∥ > α, since172

(c) If λj = 0, then u⊤
j ∇f(X)uj ≥ 0, , while (d) If λj > 0, then u⊤

j ∇f(X)uj = 0.173

Suppose ∥Ū∥ > α. Then, (b) implies that if λj > 0, then uj must be an eigenvector of ∇f(X)174

corresponding to a negative eigenvalue; and if λj = 0, then uj must also be zero. However, the175

first statement contradicts (d), while the second statement agrees with (c) only if uj = 0. Since176

these conditions must hold for all j, it follows that U = 0. This, in turn, implies that Ū = 0, which177

contradicts the initial assumption that ∥Ū∥ > α, hence there are no fixed points satisfying ∥Ū∥ > α.178

Considering (a), observe that the fixed point characterization obtained here coincides with the fixed179

points of the BM factorization after the change of variables from U to UD1/2. Thus, incorporating180

constraints on U and adding the factor D does not introduce any new fixed points for X .181

Interestingly, this fixed point analysis also provides insight into the low-rank bias of the algorithm.182

In particular, when U tends to grow and ∥Ū∥ exceeds α, the algorithm appears to temporarily favor183

directions where the columns of U align with the negative eigenvectors of ∇f(X). To see this more184

concretely, we can express the update rules in terms of the columns of Ū and the diagonal entries of185

D̄ as ūj = uj − 2η∇f(X)ujλi and λ̄j = λj − ηu⊤
j ∇f(X)uj . These expressions show that both186

ūj and λ̄j tend to grow in the directions aligned with the negative eigenvectors of ∇f(X). However,187

from statement (d), we know that there is no fixed point with λj > 0 unless u⊤
j ∇f(X)uj = 0. This188

suggests that: (i) either the algorithm might push uj towards zero, which could happen only through189

the projection steps if another column ūj′ exhibits a faster growth; or (ii) X should evolve such that190

f(X) is minimized in the direction of uj , effectively moving towards a point where ∇f(X)uj = 0.191

The analysis presented here is a simplified perspective aimed at gaining insight. In reality, the192

alignment or shrinking of the columns of U and the minimization of f(X) along specific directions193

reflected in these columns occur simultaneously and interact in a complex manner. Nevertheless, we194

can clearly observe these effects in our numerical experiments. In Appendix A.3, we present the195

evolution of the column norms of U and the diagonal entries of D over the iterations in our matrix196

completion experiment. Our results show that initially, a few specific columns of U grow, pushing all197

other columns numerically to zero. Once f(X) is effectively minimized with respect to these initial198

columns, some other columns are identified and start to grow. Eventually, the algorithm converges to199

a low-rank solution, where the factorization UDU⊤ is rank-revealing since only a few columns of U200

are nonzero. We further observe that these nonzero columns are orthogonal, effectively demonstrating201

how the algorithm’s specific preference to align uj with the negative eigenvectors of ∇f(X) along202

the path implicitly induces a structured solution.203
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3 Feedforward Neural Networks with Diagonal Hidden Layers204

This section extends our approach to neural networks. Consider a dataset comprising n data points205

(xi,yi) ∈ Rd × Rc. We first define a three-layer neural network defined as206

ϕ(x) :=
∑m

j=1
vjwju

⊤
j x ≈ y. (6)

The first and third layers are fully connected, and the middle is a diagonal layer, as illustrated in207

Figure 2. Drawing parallels between our matrix factorization model in (4) and neural network training,208

we impose Euclidean norm constraints on the weights of the fully connected layers. Under these209

conditions, the training problem can be formulated as follows:210

min
uj ,wj ,vj

1

2n

∑n

i=1
∥
∑m

j=1
vj wj u

⊤
j xi − yi∥22

subj.to
∑m

j=1
∥uj∥22 ≤ 1,

∑m

j=1
∥vj∥22 ≤ 1, and wj ≥ 0; for all j = 1, . . . ,m.

(7)

The norm constraints in our training problem can be interpreted as a stronger form of weight decay,211

one of the most commonly used regularization techniques in neural networks, which lends further212

justification to our formulation. We refer to this neural network structure as UDV.213
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Figure 2: UDV structure. The weights in diagonal layer D are denoted as wj .

3.1 Numerical Experiments on Neural Networks214

In this section, we test the proposed UDV framework on regression and classification tasks, comparing215

it with fully connected two-layer neural networks (denoted as UV in the subsequent text) using both216

linear and ReLU activation functions. This comparison is fair in terms of computational cost, as the217

cost incurred by the diagonal layer —which can also be viewed as a parameterized linear activation218

function— is negligible. We observe a strong empirical bias toward low-rank solutions in all our219

experiments. We also present a proof-of-concept use case of this strong bias, combined with an220

SVD-based pruning strategy, to produce compact networks.221

3.1.1 Implementation Details222

Computing environment. All classification tasks were conducted on an NVIDIA A100 GPU with223

four cores of the AMD Epyc 7742 processor, while regression tasks were conducted on a single core224

of an Intel Xeon Gold 6132 processor. We used Python 3.9.5 and PyTorch 2.0.1.225

Datasets. We used two datasets for the regression tasks: House Prices - Advanced Regression226

Techniques (HPART) (Anna Montoya, 2016) and New York City Taxi Trip Duration (NYCTTD)227

(Risdal, 2017). We allocated 80% of the data for the training and reserved the remaining 20% for228

validation. Following (Huang, 2003), we set the number of hidden neurons in the diagonal layer229

m = round
(√

(c+ 2)d+ 2
√
d/(c+ 2)

)
. This results in a network structure (d-m-c) of 79-26-1230

for HPART, and 12-10-1 for NYCTTD.231

For classification tasks, we used the normalized MNIST dataset (LeCun et al., 2010). We applied232

transfer learning by replacing the classifier layers of three advanced neural networks –MaxViT-T (Tu233
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Table 1: Model performance using different models. M, E, and R represent the transferred models MaxVit-T,
EfficientNet-B0, and RegNetX-32GF, respectively.

Tasks Regression (Test Loss) Classification (Test Accuracy)

Dataset HPART NYCTTD MNIST

UDV 1.304× 10−3

Adam: 10−3
5.248× 10−6

NAdam: 10−4
M: 99.67%

MBGDM: 10−2
E: 99.63%

MBGDM: 10−1
R: 99.74%

MBGDM: 10−2

UV 1.333× 10−3

Adam: 10−3
5.251× 10−6

Adam: 10−3
M: 99.69%

MBGDM: 10−2
E: 99.60%

Adam: 10−3
R: 99.66%

MBGD: 100

UV-ReLU 1.167× 10−3

Adam: 10−3
5.323× 10−6

NAdam: 10−3
M: 99.68%

NAdam: 10−4
E: 99.68%

MBGDM: 10−1
R: 99.73%

MBGD: 100

et al., 2022), EfficientNet-B0 (Tan & Le, 2019), and RegNetX-32GF (Radosavovic et al., 2020)– with234

UDV, while using pre-trained weights from ImageNet-1K (Deng et al., 2009). Specifically, we retained235

all layers up to the first fully connected layer of the classifier and replaced the subsequent layers.236

The number of hidden neurons in the diagonal layer was set to as m = floor( 23d). This results in a237

UDV network structure (d-m-c) of 512-341-10 for MaxViT-T, 1280-853-10 for EfficientNet-B0, and238

2520-1680-10 for RegNetX-32GF.239

Loss function. We used mean squared error for regression and cross-entropy loss for classification.240

Optimization methods. We tested the results using four different optimization algorithms for241

training: Adam (Kingma & Ba, 2014), Mini-Batch Gradient Descent (MBGD) (LeCun et al., 2002),242

NAdam (Dozat, 2016), and Mini-Batch Gradient Descent with Momentum (MBGDM) (Sutskever243

et al., 2013). For classification, we used different batch sizes for different models: 128 for MaxViT-T244

and RegNetX-32GF, and 384 for EfficientNet-B0.245

We tuned the step size for all models and optimization algorithms: For regression tasks, we tested246

step sizes 10−4, 10−3, 10−2, 10−1, 1, 2, 3. Larger step sizes (1, 2, 3) were often excluded for the247

UV model due to divergence. For classification we tested LRs 10−6, 10−5, 10−4, 10−3, 10−2, 10−1,248

1 with Adam and NAdam; and we tested 10−3, 10−2, 10−1, 1, 2, 3, 5 with MBGD and MBGDM.249

Training Procedure. UV and UDV models were initialized identically, with the diagonal elements250

of D initialized using Kaiming Uniform Initialization, consistent with the default initialization for251

fully connected layers in PyTorch. The models were trained for 200 epochs on HPART, 50 epochs252

on NYCTTD, and 70 epochs on MNIST; and results were averaged over 1000 random seeds for253

HPART, 100 for NYCTTD, and 1 for MNIST to ensure robustness. The validation loss, used as a254

generalization metric in regression, was averaged over the final 20 epochs for the HPART dataset and255

the final 5 epochs for the NYCTTD dataset. Similarly, validation accuracy for classification tasks256

was averaged over the last 5 epochs to ensure stability in the reported values.257

3.1.2 Low-rank Bias in Neural Network Training258

Table 1 presents the validation loss (for regression) or validation accuracy (for classification) of the259

UDV model compared to the classical UV model with linear and ReLU activation functions. For260

each configuration (dataset and model architecture), the results are obtained by selecting the best261

algorithm and learning rate pair. Moreover, Figure 3 illustrates the singular value spectrum of the262

solutions corresponding to each entry in these tables. We focus on the singular values from the U263

and UD layers, as they generate the primary data representation, while omitting the V layer, which264

serves as the feature selection layer and is a tall matrix by definition, given that c ≪ m in most cases.265

Collectively, these results show that the UDV framework achieves competitive prediction accuracy266

while exhibiting a strong implicit bias toward low-rank solutions, as indicated by the faster decay in267

the singular value spectrum.268

3.1.3 Reducing Network Size with SVD-based Pruning269

Efficient and lightweight feed-forward layers are crucial for real-world applications. For instance, the270

Apple Intelligence Foundation Models (Gunter et al., 2024) recently reported that pruning hidden271

dimensions in feed-forward layers yields the most significant gains in their foundation models.272
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Figure 3: Singular value spectrum corresponding to the solutions reported in Table 1.
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Figure 4: Comparison of SVD-based pruning and re-training compact networks on the HPART dataset using the
NAdam algorithm with a learning rate of 10−3. Negative percentages indicate improvements over the baseline.
SVD-based pruning demonstrates that the UDV leads to a compact model without performance degradation,
while retraining shows that the UDV achieves better generalization in a compact model.

Building on this insight, we leverage the inherent low-rank bias of the UDV architecture through an273

SVD-based pruning strategy to produce compact networks without sacrificing performance.274

A low-rank solution was observed when applying SVD to UD layers:275

UD = USV⊤, U ∈ Rd×m, S ∈ Rm×m, V⊤ ∈ Rm×m. (8)

By dropping small singular values in S, these matrices can be truncated to Ū ∈ Rd×r, S̄ ∈ Rr×r and276

V̄⊤ ∈ Rr×m, where 0 < r < m. Consequently, (m − r) neurons can be pruned, and new weight277

matrices are assigned:278

Ū = Ū ∈ Rd×r, D̄ = S̄ ∈ Rr×r, V̄ = V̄TV ∈ Rr×c. (9)

We applied this pruning strategy on the models from Table 1. The left part of Figure 4 presents an279

example comparing the generalization capability of pruned models. For comparison, we created280

compact models by training from scratch with a reduced number of neurons m in the hidden layer.281

The performance change for these models is shown in the right panel of Figure 4. Although our282

pruned networks derived from UDV demonstrate that models with significantly fewer parameters283

can still achieve strong generalization, these compressed architectures are often more challenging284

to optimize directly within the reduced space, consistent with prior findings in the literature (Arora285

et al., 2018; Chang et al., 2021). We omit the results for retraining with the UV model, as they show286

similar trends to UDV in this context, though UDV generally exhibits superior generalization.287
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3.1.4 Further Details and Discussions288

Our findings in experiments on neural networks align with the results observed in matrix factorization.289

A key distinction, however, was the use of different optimization algorithms, including stochastic290

gradients and momentum steps, in neural network experiments. Despite these differences, the291

UDV architecture consistently demonstrated a strong bias toward low-rank solutions. Additional292

experiments and details can be found in the Appendices, with key results summarized below:293

• In the early stages of this research, we explored four variants of UDV, each differing slightly294

in their constraints. We selected the version presented in (7), as it generally exhibits the most295

pronounced decay in the singular value spectrum. For completeness, details of the other three296

variants are provided in Appendix B.1.297

• Appendix B.2 provides additional results for the experiment described in Section 3.1.2. Specif-298

ically, we present results analogous to those in Table 1 and Figure 3, but focusing exclusively299

on the MBGDM algorithm. These results exhibit similar trends, reinforcing consistency across300

different methods. Additionally, comprehensive performance comparisons across all algorithms301

and models are provided in Tables SM2 to SM5 in the Appendices.302

• Additional results on SVD-based pruning are provided in Appendix B.3. We demonstrate that the303

UDV framework consistently achieves low-rank solutions across various problem configurations.304

Furthermore, we analyze the effect of learning rate on the singular value spectrum, similar to the305

analysis in Figure 1, but applied to neural network experiments. This analysis confirms that the306

UDV framework produces low-rank solutions across a broad range of learning rates.307

• Appendix B.4 extends the UDV framework by incorporating ReLU activation. Preliminary308

experiments with the UDV-ReLU model indicate that it also tends to yield low-rank solutions,309

similar to those observed in the original UDV framework.310

• Prior work on implicit bias in neural networks suggests that increasing depth enhances the311

tendency toward low-rank solutions (Arora et al., 2019; Feng et al., 2022), raising the question of312

whether the pronounced bias in the UDV framework is just a consequence of adding a diagonal313

layer. To investigate this, we conducted experiments comparing the UDV model to fully connected314

three-layer networks, as detailed in Appendix B.5. Additionally, we included a UDV model315

without constraints in these comparisons. The results indicate that this bias cannot be attributed316

solely to depth, highlighting the critical role of explicit constraints.317

• Appendix B.6 compares the spectral decay of the UDV network to that induced by classical318

weight decay regularization in two- and three-layer networks. While weight decay promotes319

singular value decay, it can not reproduce the strong decay observed in the UDV model.320

• Appendix B.7 presents a toy example demonstrating the application of the UDV structure within321

the LoRA framework to fine-tune a pre-trained LLaMA-2 model on a causal language modeling322

task. The pruning results highlight the potential of the proposed UDV block to replace linear323

layers in a wide range of models, demonstrating promising performance under compression.324

4 Conclusions325

We proposed a new matrix factorization framework, inspired by the observation that implicit bias is326

driven by dynamics that are distinct from those leading to convergence of the objective function. This327

framework constrains the factors within Euclidean norm balls and introduces a middle diagonal factor328

to ensure the search space is not restricted. Numerical experiments demonstrate that this approach329

significantly strengthens the low-rank bias in the solution.330

To explore the broader applicability of our findings, we designed an analogous neural network331

architecture with three layers, constraining the fully connected layers and adding a diagonal hidden332

layer, referred to as UDV. Extensive experiments show that the proposed UDV architecture achieves333

competitive performance compared to standard fully connected networks, while inducing a structured334

solution with a strong bias toward low-rank representations. Additionally, we explored the utility335

of this low-rank structure by applying an SVD-based pruning strategy, illustrating how it can be336

leveraged to construct compact networks that are more efficient for downstream tasks.337

The proposed model exhibits reduced rank regression behavior, where the training process gradually338

increases the model rank. While this promotes a low-rank structure, it can also slow convergence.339

Although we provide some theoretical insights, developing a more complete theory and designing al-340

gorithms that fully exploit the model’s regularization capabilities, especially for large-scale problems,341

remain important directions for future work.342
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A Additional Details on Matrix Factorization Experiments581

A.1 Matrix Completion under Gaussian Noise582

We conducted similar experiments to those in Section 2.2 also using noisy measurements: Let583

b♮ = A(X♮) represent the true measurements, and assume b = b♮ + ω, where ω ∈ Rn is zero-mean584

Gaussian noise with a standard deviation of σ = 10−2∥b∥2. The results, shown in Figure SM1,585

remain consistent with the noiseless case. UDU⊤ exhibits implicit bias toward truly low-rank586

solutions, while the classical BM factorization yields approximately low-rank solutions, with the587

spectral decay influenced by initialization.588

Impact of step-size (η), under Gaussian noise, with fixed initialization.

Impact of initial distance to origin (ξ), under Gaussian noise, with fixed step-size.

Figure SM1: Impact of step-size and initialization on implicit bias. Solid lines represent our UDU factorization,
while dashed lines denote the classical BM factorization. [Left] Objective residual vs. iterations. [Right]
Singular value spectrum after 106 iterations.

A.2 Phase Retrieval Image Recovery589

We conduct a numerical experiment on the matrix sensing problem arising in phase retrieval image590

recovery (Candes et al., 2013). The objective is to recover a signal from its quadratic measurements of591

the form yi = |⟨ai, x⟩|2. Although the standard maximum likelihood estimators lead to a non-convex592

optimization problem due to the quadratic terms, the problem can be reformulated as minimizing a593

convex function under a rank constraint in a lifted space. By denoting the lifted variable as X = xx⊤,594

the measurements can be expressed as595

yi = ⟨a⊤i x, a⊤i x⟩ = ⟨aia⊤i , xx⊤⟩ := ⟨Ai, X⟩,
which allows us to reformulate the problem as596

min
X∈Sd×d

+

1

2
∥A(X)− b∥22 subj. to rank(X) ≤ 1,

representing a special case of problem (1).597

In this experiment, we use a gray-scale image of size 16 × 16 pixels, selected from the Pixel Art598

dataset (Elgazar, 2024), as the signal x ∈ Rn to recover, where n = 256. We generate a synthetic599

measurement system by sampling a1, . . . , am from the standard Gaussian distribution, with m = 2n.600

We then solve problems (2) and (4). We initialized U0 ∈ Rn×n with entries drawn iid from the601

15



standard Gaussian distribution, then rescaled to have a unit Frobenius norm. For D0 ∈ Rn×n, we602

used the identity matrix. We used step-size η = 1
L where L denotes the smoothness constant. After603

solving the problem, we recover x ∈ Rn from the lifted variable X ∈ Rn×n by selecting its dominant604

eigenvector.605

Figure SM2 demonstrates that the proposed method consistently identifies low-rank solutions, in line606

with the results of our other experiments. Figure SM3 displays the recovered image, demonstrating607

that the proposed method achieves higher quality than BM factorization within the same number of608

iterations, which can be attributed to the low-rank structure of the solution.609
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Figure SM2: Comparison of singular value spectrum in recovered image between methods based on UDUT

and UUT .

Iteration:

UDUT

100 101 102 103 104 105 106 Ground Truth

UUT

Figure SM3: Comparison of recovered image between methods based on UDUT and UUT .

A.3 UDU Factorization Produces Rank-Revealing Solutions610

The proposed factorization method naturally produces rank-revealing solutions. The columns of U611

converge to zero in certain directions, resulting in truly low-rank solutions. Specifically, U tends to612

grow along specific directions while the rescaling induced by projection onto the bounded constraint613

shrinks other coordinates. This behavior resembles the mechanism of the power method and provides614

insights into its connection with divergent forces.615

In Figure SM4, we illustrate the evolution of the column norms of U from the matrix completion616

experiment described in Section 2.2. Figure SM5 displays the corresponding entries in the diagonal617

factor D. For comparison, Figure SM6 shows the column norms of U obtained from the same618

experiment using the standard BM factorization. The results are shown for ξ = 10−1 and η = 10−1619

over 105 iterations, but the findings are similar across other parameter settings. We also repeat620

the experiment with the noisy measurements described in Appendix A.1. The results are shown in621

Figures SM7 to SM9.622
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Figure SM4: Evolution of the column norms of U during the matrix completion experiment using the UDU
factorization. The x-axis represents column indices, and the y-axis shows the Euclidean norms of the columns.
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Figure SM5: Evolution of the diagonal entries of D during the matrix completion experiment using the UDU
factorization. The x-axis represents indices.
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Figure SM6: Evolution of the column norms of U during the matrix completion experiment using the standard
BM factorization, shown for comparison. The x-axis represents column indices, and the y-axis shows the
Euclidean norms of the columns.
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Figure SM7: Evolution of the column norms of U during the matrix completion experiment using the UDU
factorization with noisy measurements. The x-axis represents column indices, and the y-axis shows the Euclidean
norms of the columns.
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Figure SM8: Evolution of the diagonal entries of D during the matrix completion experiment using the UDU
factorization with noisy measurements. The x-axis represents indices.
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Figure SM9: Evolution of the column norms of U during the matrix completion experiment using the standard
BM factorization with noisy measurements, shown for comparison. The x-axis represents column indices, and
the y-axis shows the Euclidean norms of the columns.
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A.4 Additional Details on the Fixed Point Analysis623

In Section 2.3, we provided insights into the inner workings of the UDU framework on matrix624

factorization problems based on a fixed-point analysis. Recall the algorithm steps:625

Uk+1 = ΠU (Ūk+1) where Ūk+1 = Uk − 2η∇f(UkDkU
⊤
k )UkDk

Dk+1 = ΠD(D̄k+1) where D̄k+1 = Dk − ηU⊤
k ∇f(UkDkU

⊤
k )Uk

Let (U,D) denote a fixed point of this algorithm and let X = UDU⊤. Suppose ∥Ū∥ ≤ α. In this626

case, the projection step ΠU acts as an identity:627

U = Ū = U − 2η∇f(X)UD =⇒ ∇f(X)UD = 0 (10)

Otherwise, if we assume ∥Ū∥ ≥ α, then the projection ΠU has a normalization effect:628

U =
α

∥Ū∥
Ū =

α

∥Ū∥
(
U − 2η∇f(X)UD

)
which we can reorganize as629

∇f(X)UD = −βU where β :=
∥Ū∥ − α

2αη
. (11)

Denoting the columns of U by uj and the diagonal entries of D by λj , we express the conditions (10)630

and (11) in terms of the individual components as presented in conditions (a) and (b) in Section 2.3.631

Next, we investigate the D component. Note that the projection ΠD operates in an entry-wise632

separable manner; it maps all non-diagonal entries to 0, and takes the positive part for the diagonal633

entries. It maps all off-diagonal entries to zero and applies the positive-part operator to the diagonal634

entries. Hence, it suffices to examine only the diagonal elements.635

Suppose λ̄j ≤ 0. Then λj = max(λ̄j , 0) = 0, and636

λ̄j = λj − η u⊤
j ∇f(X)uj = −η u⊤

j ∇f(X)uj =⇒ u⊤
j ∇f(X)uj ≥ 0. (12)

Otherwise, if λ̄j > 0, then λj = max(λ̄j , 0) = λ̄j , hence637

λj = λ̄j = λj − η u⊤
j ∇f(X)uj =⇒ u⊤

j ∇f(X)uj = 0. (13)

The conditions in (12) and (13) correspond to cases (c) and (d) in Section 2.3.638
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B Additional Details on Neural Network Experiments639

B.1 Design Variants of the UDV Architecture640

When designing our network architecture, we considered four variants, including the one presented641

in Section 3. The three additional models were defined by the following sets of constraints:642

m∑
j=1

∥uj∥22 ≤ 1,

m∑
j=1

∥vj∥22 ≤ 1 (UDV-s)

∥uj∥22 ≤ 1, ∥vj∥22 ≤ 1 wj ≥ 0; for all j = 1, . . . ,m (UDV-v1)

∥uj∥22 ≤ 1, ∥vj∥22 ≤ 1; for all j = 1, . . . ,m (UDV-v2)

In detail, UDV-s is identical to UDV but omits the non-negativity constraints on the diagonal layer.643

UDV-v1, on the other hand, enforces row/column-wise norm constraints instead of the Frobenius644

norm used in UDV, while retaining the non-negativity constraints on the diagonal elements. Finally,645

UDV-v2 is identical to UDV-v1 but without the non-negativity constraints on the diagonal layer.646

We only report results from UDV, as defined in equation (7), in the main text. However, we provide647

results for the other variants in the Appendices for completeness and to illustrate the impact of648

different constraint settings on model performance.649

Figure SM11 and Figure SM12 show that UDV consistently finds a low-rank solution. Generally,650

UDV exhibits the most pronounced decaying pattern in singular values. Additionally, we extended651

our experiments to include full-batch training on the HPART and NYCTTD datasets. Although652

full-batch training converges more slowly than stochastic (mini-batch) methods, it exhibits a similar653

singular value decay pattern, confirming our earlier observations.654

B.2 Comparison of Model Performance with the MBGDM Algorithm655

In Section 3.1, we presented the performance of each model (UDV, UV, and UV-ReLU) in terms656

of generalization power (measured by validation loss or validation accuracy) along with the corre-657

sponding singular value spectrum, as shown in Table 1 and Figure 3. The results were obtained by658

selecting the optimal algorithm and learning rate pair for each model. Here, we conduct the same ex-659

periment, but focus exclusively on the MBGDM algorithm. The results, presented in Table SM1 and660

Figure SM10 are similar to the ones in Section 3.1, showing similar trends, highlighting consistency661

across methods.662

Table SM1: Model performance using MBGDM. M, E, and R represent the transferred models MaxVit-T,
EfficientNet-B0, and RegNetX-32GF, respectively.

Tasks Regression (Test Loss) Classification (Test Accuracy)

Dataset HPART NYCTTD MNIST

UDV 1.345× 10−3

MBGDM: 10−1
5.248× 10−6

MBGDM: 10−1
M: 99.67%

MBGDM: 10−2
E: 99.63%

MBGDM: 10−1
R: 99.74%

MBGDM: 10−2

UV 1.337× 10−3

MBGDM: 10−2
5.259× 10−6

MBGDM: 10−1
M: 99.69%

MBGDM: 10−2
E: 99.59%

MBGDM: 10−1
R: 99.56%

MBGDM: 10−1

UV-ReLU 1.244× 10−3

MBGDM: 10−1
5.264× 10−6

MBGDM: 10−1
M: 99.63%

MBGDM: 10−2
E: 99.68%

MBGDM: 10−1
R: 99.66%

MBGDM: 10−1

B.3 Additional Details on the Pruning Experiment663

The SVD-based pruning experiments yield conclusions consistent with the singular value decay664

pattern. UDV typically exhibits the fastest decay, leading to more compact models while maintaining665

performance, as shown in Figure SM13.666

We observed that the learning rate can have some impact on the singular value decay pattern. In667

particular, a very large learning rate may cause oscillations in both training and validation loss, yet may668
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Figure SM10: Singular value spectrum corresponding to Table SM1.
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Figure SM11: Comparison of singular value pattern among all UDV variants, UV-ReLU and UV on the
regression tasks.
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Figure SM12: Comparison of singular value pattern among all UDV variants, UV-ReLU and UV on the MNIST
dataset.
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Figure SM13: The performance of SVD-based pruning. The index in x-axis represents the number of neurons in
the diagonal layer after pruning. For the HPART and NYCTTD datasets, the validation loss change indicates
how much worse the pruned model performs compared to the baseline (the model before pruning), expressed as
a percentage ( losspruned−lossbaseline

lossbaseline
× 100%). Note that the pruned model may outperform the baseline, but

negative values cannot be displayed on a logarithmic scale. The red dashed line denotes the 0.1% threshold,
indicating negligible performance sacrifice. For the MNIST dataset, the results show the validation accuracy
after pruning the model.
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Figure SM14: Differences in singular value patterns across varying learning rates.

246810
10 10

10 8

10 6

10 4

10 2

100

102

Va
lid

at
io

n 
lo

ss
 c

ha
ng

e 
(%

)

NYCTTD: Adam, UDV-v1
lr: 10 4

lr: 10 3

246810
10 10

10 8

10 6

10 4

10 2

100

102 NYCTTD: Adam, UDV-v2
lr: 10 4

lr: 10 3

246810
10 10

10 8

10 6

10 4

10 2

100

102 NYCTTD: Adam, UDV
lr: 10 4

lr: 10 3

246810
10 10

10 8

10 6

10 4

10 2

100

102 NYCTTD: Adam, UDV-s
lr: 10 4

lr: 10 3

246810
Index

10 10

10 8

10 6

10 4

10 2

100

102

Va
lid

at
io

n 
lo

ss
 c

ha
ng

e 
(%

)

NYCTTD: NAdam, UDV-v1
lr: 10 4

lr: 10 3

246810
Index

10 10

10 8

10 6

10 4

10 2

100

102 NYCTTD: NAdam, UDV-v2
lr: 10 4

lr: 10 3

246810
Index

10 10

10 8

10 6

10 4

10 2

100

102 NYCTTD: NAdam, UDV
lr: 10 4

lr: 10 3

246810
Index

10 10

10 8

10 6

10 4

10 2

100

102 NYCTTD: NAdam, UDV-s
lr: 10 4

lr: 10 3

Figure SM15: Different learning rates lead different pruning performance. the validation loss change indicates
how much worse the pruned model performs compared to the baseline (the model before pruning), expressed as
a percentage ( losspruned−lossbaseline

lossbaseline
× 100%). Note that the pruned model may outperform the baseline, but

negative values cannot be displayed on a logarithmic scale. The red dashed line denotes the 0.1% threshold,
indicating negligible performance sacrifice.

result in a rapid decay of the spectrum. Conversely, a small learning rate may lead to a less pronounced669

spectral decay but still can yield a comparable validation loss to that of the optimal learning rates. For670

example, the difference in validation losses between the Adam optimizer with learning rates of 1e-3671

and 1e-4 was negligible, yet the singular value spectra differed (see Figure SM14). This discrepancy672

also affects the performance of the pruning experiments (see Figure SM15).673

When the learning rate is close to the optimal value, a ‘stair-step’ pattern (see Figure SM16) can be674

observed on the loss or accuracy curve in the classification task. It could be attributed to the model675

continuously searching for a low-rank solution, increasing the rank gradually.676

B.4 Incorporating ReLU into UDV677

To explore whether non-linear activation functions, particularly ReLU, can be used in our UDV678

framework, we conducted an additional experiment.679

28



0 10 20 30 40 50 60 70
Epochs

20

40

60

80

100

Ac
cu

ra
cy

 (%
)

UDV validation accuracy

lr = 1e-05
lr = 1e-04
lr = 1e-03
lr = 1e-02
lr = 1e-01

0 10 20 30 40 50 60 70
Epochs

20

40

60

80

100

UV-ReLU validation accuracy

lr = 1e-05
lr = 1e-04
lr = 1e-03
lr = 1e-02
lr = 1e-01

0 250 500 750 1000 1250 1500 1750
Index

10 25

10 21

10 17

10 13

10 9

10 5

10 1

103

Si
ng

ul
ar

 V
al

ue
 in

 lo
g 

sc
al

e

UDV singular values
lr = 1e-05
lr = 1e-04
lr = 1e-03
lr = 1e-02
lr = 1e-01

0 250 500 750 1000 1250 1500 1750
Index

10 25

10 21

10 17

10 13

10 9

10 5

10 1

103 UV-ReLU singular values

lr = 1e-05
lr = 1e-04
lr = 1e-03
lr = 1e-02
lr = 1e-01

Figure SM16: The ‘stair-step’ accuracy curve in classification (RegNetX-32GF with Adam). The sub-figures
in the second row correspond to the respective singular value spectra, indicating that UDV consistently seeks
low-rank solutions regardless of the learning rate.
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Figure SM17: ReLU in UDV: Singular value pattern on HPART dataset.

Building on the standard ReLU, we first introduced norm constraints,
∑m

j=1 ∥uj∥22 ≤ 1 and680 ∑m
j=1 ∥vj∥22 ≤ 1, to the layers both before and after ReLU, denoted as ReLU(constrained). Next,681

we integrated ReLU into the diagonal layer of UDV. When the non-negativity constraints are applied682

on the diagonal layer, we refer to the model as UDV-ReLU; otherwise, it is called UDV-ReLU-s.683

We conducted a preliminary experiment to verify the feasibility of incorporating ReLU into the684

UDV, leaving a comprehensive study to future work. We derived the optimizers and learning rates685

from Tables SM2 to SM5, but only used the HPART dataset for regression and the MNIST for686

classification.687

Figure SM17 and Figure SM18 showed that UDV-ReLU and UDV-ReLU-s exhibit a similar (or688

even more pronounced) decaying pattern in singular values as observed in the proposed UDV. The689

‘stair-step’ accuracy curve was also observed in these models.690
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Figure SM18: ReLU in UDV: Validation accuracy (the first row) and the singular value pattern (the second row)
on MNIST dataset. Faster convergence can be achieved by fine-tuning the learning rate.

B.5 Comparison of UDV and Three-Layer Fully Connected Networks691

We extend the experiments to compare the UDV framework with three-layer fully connected neural692

networks. To highlight the critical role of the UDV structure and its constraints, we include the693

following models in the comparison: the proposed UDV model, a model based on the UDV structure694

but without the constraints (UDV unconstrained), a fully connected three-layer neural network (UFV),695

and the standard UV model as the baseline.696

The results, also included in Tables SM2 to SM5, are shown in Figure SM19 and Figure SM20.697

These findings demonstrate that the singular value decay in UDV unconstrained, UFV, and UV is698

significantly slower than in the proposed UDV framework. This underscores the critical role of the699

diagonal layer and constraints in facilitating low-rank solution identification within the proposed700

structure.701
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Figure SM19: Comparison of singular value spectrum among UDV, UDV (unconstrained),UFV and UV on the
regression tasks.
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Figure SM20: Comparison of singular value spectrum among UDV, UDV (unconstrained), UFV and UV on the
classification datasets (MNIST).
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B.6 Comparing the Effects of UDV and Weight Decay Regularization702

We conducted a preliminary experiment to compare the singular value decay in two-layer (UV)703

and three-layer (UFV) fully connected network blocks with weight decay regularization to that704

observed in the UDV framework. We focused on the regression task with the HPART dataset. For the705

regularization parameter (γ), we tested values 10−6, 10−5, . . . , 10−1.706

Increasing γ led to a faster decay in the singular value spectrum but at the cost of higher training707

and validation losses. Figure SM21 illustrates an example where we selected the largest γ values for708

which the validation loss remained within 10% of the UDV baseline. The resulting singular value709

decay in the UV and UFV models was less pronounced than in the UDV model. Further increasing γ710

to match or exceed the spectral decay of the UDV model resulted in significantly worse validation711

loss compared to the UDV network. The complete results are presented in Figures SM22 and SM23.712
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Figure SM21: Comparison of singular value spectrum among the proposed UDV, UFV and UV (with weight
decay) on the HPART dataset. In addition to the UDV baseline, the UFV and UV models include the regu-
larization parameter γ and the relative change in validation performance. The relative change is defined as
( lossmodel−lossbaseline

lossbaseline
× 100%), representing how much worse the model performs compared to the UDV

baseline.
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Figure SM22: Extension of Figure SM21. Comparison of singular value spectrum between the proposed UDV
and UFV (with weight decay) on the HPART dataset. Regularization parameter γ = 0 indicates that no weight
decay is applied.
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Figure SM23: Extension of Figure SM21. Comparison of singular value spectrum between the proposed UDV
and UV (with weight decay) on the HPART dataset. Regularization parameter γ = 0 indicates that no weight
decay is applied.
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B.7 A Toy Example of Causal Language Modeling Using a Pre-trained LLaMA-2 Model with713

LoRA-Based UDV Fine-Tuning714

To further broaden the application scope of the proposed method, we integrate UDV into the pre-715

trained model using the LoRA framework and evaluate its effectiveness on the causal language716

modeling task (i.e., a generative task where a model predicts the next token in a sequence based solely717

on past tokens). Experiments are conducted using the LLaMA-2-7B model (Touvron et al., 2023)718

and the WikiText-2 dataset (Merity et al., 2016), which is a common benchmark test.719

LoRA (Low-Rank Adaptation) is a parameter-efficient fine-tuning technique that inserts trainable720

low-rank matrices into pre-trained models (Hu et al., 2022). By freezing the original model weights721

and only training a small number of additional parameters, LoRA enables efficient adaptation to722

downstream tasks while significantly reducing computational and storage costs. Specifically, LoRA723

introduces trainable low-rank matrices B ∈ Rd×r and A ∈ Rr×k as a side path to the frozen pre-724

trained weight matrix W0, and expresses the forward pass as h = W0x+BAx, where x is the input.725

Here we consider d = k for simplicity.726

By inserting a diagonal matrix D between the matrices B and A, the LoRA structure naturally727

extends to the LoRA-based UDV structure, as illustrated in Figure SM24. After the weight update728

of U,D and V , constraints described in Equation (7) are applied to the LoRA-based UDV structure.729

In practice, the diagonal matrix can be efficiently implemented using a vector d ∈ R1×r, further730

reducing computational and memory overhead. Consequently, the LoRA-based UDV introduces a731

negligible increase in the number of trainable parameters compared to the original LoRA structure,732

as it adds only r parameters per LoRA layer replacement.733

Pretrained Weights

𝑊! ∈ ℝ"×"

𝐵 = 0 𝑉 = 0

𝐴 = 𝒩(0, 𝜎!) 𝑈 = 𝒩(0, 𝜎!)

𝐷 = 𝐼
Pretrained Weights

𝑊! ∈ ℝ"×"

ℎ

𝑟
𝑟

𝑥

𝑑

𝑥

𝑑

ℎ

Figure SM24: LoRA forward pass (Left) and LoRA-based UDV forward pass (Right). The inputs and pre-trained
weights are identical in both cases. Matrices with the same fill color indicate matching shapes.

We initialized both the LoRA and LoRA-based UDV structures from the same starting point: B =734

V = 0, A = U = N (0, 0.01) and D = I , where I is the identity matrix. Mini-batch gradient descent735

(MBGD) with learning rates lr = 0.001, using an effective batch size of 32, was applied to better736

observe the effects of the imposed constraints. Following the standard LoRA setup, only the linear737

layers associated with the Query (Q) and Value (V ) projections in the attention mechanism were738

replaced with LoRA and LoRA-based UDV structures. We evaluated the models using rank values739

r ∈ {4, 8, 16, 32, 64} , where the dimensionality of d depends on the shape of the original layer. Both740

structures were fine-tuned for 30 epochs, and then pruning was applied as described in Section 3.1.3.741

Instead of applying uniform pruning across all LoRA-based UDV structures, we set several thresholds742

on the retained energy—defined as the sum of the squared singular values—to dynamically prune743

each UDV block based on its individual importance. Note that the pruning can be applied to the744

LoRA structure in the same manner as the LoRA-based UDV structure by temporarily inserting an745

frozen identity matrix as a diagonal layer.746

Perplexity (i.e., the exponential of the average negative log-likelihood) is used as the primary747

evaluation metric for this experiment, and lower perplexity indicates better language modeling748
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performance. Furthermore, the pruning performance was demonstrated by the perplexity change749

in terms of the compression ratio (i.e., the ratio between the number of trainable parameters of the750

compressed structure and the original structure)751

Since the hard constraints slower the convergence, and its fine-tuning performance is slightly lower752

than that of the original LoRA structure within the same number of epochs, as shown in Figure SM25753

shown. However, the pruning results (see Figure SM26) demonstrate that the LoRA-based UDV754

is significantly more robust to high compression ratios. Even at a compression ratio of 0.1, the755

LoRA-based UDV is able to maintain performance effectively.756
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Figure SM25: Comparison of perplexity between LoRA and LoRA-based UDV during training. The perplexity
at epoch 0 reflects the performance of the pre-trained model before any fine-tuning.

0.00.20.40.60.81.0
Compression Ratio

8.6

8.8

9.0

9.2

9.4

9.6

9.8

10.0

Pe
rp

le
xi

ty
 (P

PL
)

r = 4; lr = 0.001
LoRA-based UDV (PPL)
LoRA (PPL)
LoRA-based UDV (TP)
LoRA (TP)

0.00.20.40.60.81.0
Compression Ratio

8.6

8.8

9.0

9.2

9.4

9.6

9.8

10.0
r = 8; lr = 0.001

0.00.20.40.60.81.0
Compression Ratio

8.6

8.8

9.0

9.2

9.4

9.6

9.8

10.0
r = 16; lr = 0.001

0.00.20.40.60.81.0
Compression Ratio

8.6

8.8

9.0

9.2

9.4

9.6

9.8

10.0
r = 32; lr = 0.001

0.00.20.40.60.81.0
Compression Ratio

8.6

8.8

9.0

9.2

9.4

9.6

9.8

10.0
r = 64; lr = 0.001

105

106

107

108

105

106

107

108

105

106

107

108

105

106

107

108

105

106

107

108

Tr
ai

na
bl

e 
Pa

ra
m

s (
TP

)

Figure SM26: Comparison of pruning performance between LoRA and LoRA-based UDV during training.

This toy example is not intended to present a mature pruning method, but rather to highlight the po-757

tential of the proposed UDV block, which can be applied to a wide range of models and demonstrates758

promising pruning performance.759

C Extended Discussion on the Related Work760

Burer-Monteiro factorization. BM factorization was proposed for solving semidefinite programs761

(Burer & Monteiro, 2003, 2005; Boumal et al., 2016, 2020; Cifuentes, 2021) and has been recognized762

for its efficiency in addressing low-rank optimization problems, e.g., (Sun & Luo, 2016; Bhojanapalli763

et al., 2016; Park et al., 2017, 2018; Hsieh et al., 2018; Sahin et al., 2019; Lee et al., 2022; Yalçın764

et al., 2023). Building on the connections between training problems for (non-linear) two-layer765

neural networks and convex (copositive) formulations (see (Pilanci & Ergen, 2020; Ergen & Pilanci,766

2020; Sahiner et al., 2021) and the references therein), Sahiner et al. (2023) recently introduced767

BM factorization to solve convex formulations of various architectures, including fully connected768

networks with ReLU and gated ReLU (Fiat et al., 2019) activations, two-layer convnets (LeCun et al.,769

1989a), and self-attention mechanisms based on Transformers (Vaswani et al., 2017).770

Implicit regularization. One promising line of research that aims to explain the successful gener-771

alization abilities of neural networks follows the concept of ‘implicit regularization,’ which results772

from the optimization methods and formulations used during training (Neyshabur et al., 2014, 2017;773

Neyshabur, 2017). Several studies explore matrix factorization to investigate implicit bias (Gu-774

nasekar et al., 2017; Arora et al., 2018; Razin & Cohen, 2020; Belabbas, 2020; Li et al., 2021).775

Le & Jegelka (2022) extend these results to the final linear layers of nonlinear ReLU-activated776

feedforward networks with fully connected layers and skip connections. More recently Timor et al.777

(2023) investigated implicit regularization in ReLU networks. Much of the existing work focuses on778

gradient flow dynamics in the limit of infinitesimal learning rates. In particular, Gidel et al. (2019)779

examined discrete gradient dynamics in two-layer linear neural networks, showing that the dynamics780

progressively learn solutions of reduced-rank regression with a gradually increasing rank.781
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Constrained neural networks. Regularizers are frequently used in neural network training to prevent782

overfitting and improve generalization (Goodfellow et al., 2016), or to achieve structural benefits such783

as sparse and compact network architectures (Scardapane et al., 2017). However, it is conventional784

to apply these regularizers as penalty functions in the objective rather than as hard constraints,785

addressing them within gradient-based optimization via their (sub)gradients. This approach is likely786

favored due to the ease of implementation, as pre-built functions are readily available in common787

neural network packages. Several independent studies have also applied proximal methods across788

different networks and applications, finding that proximal-based methods tend to yield solutions with789

more pronounced structures (Bai et al., 2019; Yang et al., 2020; Yun et al., 2021; Yurtsever et al.,790

2021; Yang et al., 2022). Structural regularization in the form of hard constraints, however, appears to791

be rare in neural network training. One notable exception is in the context of neural network training792

with the Frank-Wolfe algorithm (Pokutta et al., 2020; Zimmer et al., 2022; Macdonald et al., 2022).793

Recently, Pethick et al. (2025) revealed parallels between Frank-Wolfe on constrained networks794

and algorithms that post-process update steps, such as Muon (Jordan et al., 2024), which achieves795

state-of-the-art results on nanoGPT by orthogonalizing the update directions before applying them.796

There are other examples of constraints in neural networks. For instance, constraints can be applied797

to ensure adherence to real-world conditions in applications where they are necessary (Pathak et al.,798

2015; Márquez-Neila et al., 2017; Jia et al., 2017; Kervadec et al., 2019; Weber et al., 2021), or to799

incorporate physical laws in physics-informed neural networks (Raissi et al., 2019; Lu et al., 2021;800

Patel et al., 2022). In these cases, the feasible set is typically complex and difficult to project onto;801

therefore, optimization algorithms like primal-dual methods or augmented Lagrangian techniques are802

used. Constraints are also present in lifted neural networks, a framework where the training problem803

is reformulated in a higher-dimensional ‘lifted’ space. In this space, conventional activation functions804

like ReLU, used in the original formulation, are expressed as constraints (Askari et al., 2018; Sahiner805

et al., 2021; Bartan & Pilanci, 2021; Prakhya et al., 2024).806

Pruning. Neural networks are overparameterized, which can enhance generalization and avoid poor807

local minima. But such models then suffer from excessive memory and computational demands,808

making them less efficient for deployment in real-world applications (Chang et al., 2021). Sev-809

eral compression techniques have been studied in the literature, including parameter quantization810

(Krishnamoorthi, 2018), knowledge distillation (Gou et al., 2021), and pruning.811

Pruning reduces the number of parameters, resulting in more compact and efficient models that are812

easier to deploy. The literature on pruning is extensive, with diverse methods proposed with distinct813

characteristics. Various criteria are used to determine which weights to prune, including second-order814

derivative-based methods (LeCun et al., 1989b; Hassibi & Stork, 1992), magnitude-based pruning815

(Janowsky, 1989; Han et al., 2015), saliency heuristics (Mozer & Smolensky, 1988; Lee et al., 2018),816

and matrix or tensor factorization-based techniques (Xue et al., 2013; Sainath et al., 2013; Jaderberg817

et al., 2014; Lebedev et al., 2015; Swaminathan et al., 2020), among others. Pruning by singular818

value thresholding has shown promising results, particularly in natural language processing (Chen819

et al., 2021), and is often used along with various enhancements such as importance weights and data820

whitening for effective compression of large language models (Hsu et al., 2022; Yuan et al., 2023;821

Wang et al., 2024). A comprehensive review of pruning methods is beyond the scope of this paper822

due to space limitations and the diversity of approaches. For more detailed reviews, we refer to (Reed,823

1993; Blalock et al., 2020; Cheng et al., 2024), and the references therein.824
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Table SM2: Experiments using Adam optimizer. Not applicable or results with obvious oscillations or divergence
are denoted as ‘–’.

Tasks Regression (Test Loss) Classification (Test Accuracy)
Dataset

(Transferred model)
HPART

–
(×10−3)

NYCTTD
–

(×10−6)

MNIST
(MaxVit-T [M] | EfficientNet-B0 [E] | RegNetX-32GF [R])

(×100%)

LR: 10−6 – –

UDV: –
UDV-s: –
UDV-v1: 99.56
UDV-v2: 99.53
UDV-ReLU: –
UDV(unconstrained): 99.53
UFV: 99.53
UV-ReLU: 99.59
UV: 99.54
M: 99.42

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: 99.25
UV-ReLU: 99.29
UV: 99.24
E: 98.67

UDV: –
UDV-s: –
UDV-v1: 99.46
UDV-v2: 99.48
UDV-ReLU: –
UDV(unconstrained): 99.48
UFV: 99.38
UV-ReLU: 99.41
UV: 99.36
R: 99.32

LR: 10−5 – –

UDV: –
UDV-s: –
UDV-v1: 99.61
UDV-v2: 99.58
UDV-ReLU: –
UDV(unconstrained): 99.62
UFV: 99.60
UV-ReLU: 99.57
UV: 99.61
M: 99.59

UDV: –
UDV-s: –
UDV-v1: 99.49
UDV-v2: 99.53
UDV-ReLU: –
UDV(unconstrained): 99.54
UFV: 99.43
UV-ReLU: 99.52
UV: 99.52
E: 99.51

UDV: –
UDV-s: –
UDV-v1: 99.58
UDV-v2: 99.50
UDV-ReLU: –
UDV(unconstrained): 99.50
UFV: 99.58
UV-ReLU: 99.59
UV: 99.57
R: 99.59

LR: 10−4

UDV: 2.304
UDV-s: 1.912
UDV-v1: 1.823
UDV-v2: 1.738
UDV-ReLU: 2.731
UDV(unconstrained): 1.738
UFV: 1.351
UV-ReLU: 1.376
UV: 1.475

UDV: 5.248
UDV-s: 5.248
UDV-v1: 5.248
UDV-v2: 5.250
UDV-ReLU: 5.251
UDV(unconstrained): 5.250
UFV: 5.254
UV-ReLU: 5.263
UV: 5.275

UDV: 99.66
UDV-s: 99.58
UDV-v1: 99.65
UDV-v2: 99.69
UDV-ReLU: 99.63
UDV(unconstrained): 99.66
UFV: 99.69
UV-ReLU: 99.63
UV: 99.64
M: 99.65

UDV: –
UDV-s: –
UDV-v1: 99.63
UDV-v2: 99.58
UDV-ReLU: –
UDV(unconstrained): 99.63
UFV: 99.59
UV-ReLU: 99.54
UV: 99.56
E: 99.60

UDV: 99.55
UDV-s: 99.55
UDV-v1: 99.56
UDV-v2: 99.68
UDV-ReLU: 99.55
UDV(unconstrained): 99.59
UFV: 99.67
UV-ReLU: 99.64
UV:99.60
R: 99.59

LR: 10−3

UDV: 1.304
UDV-s: 1.316
UDV-v1: 1.267
UDV-v2: 1.268
UDV-ReLU: 1.320
UDV(unconstrained): 1.268
UFV: 1.318
UV-ReLU: 1.167
UV: 1.333

UDV: 5.248
UDV-s: 5.248
UDV-v1: 5.248
UDV-v2: 5.248
UDV-ReLU: 5.251
UDV(unconstrained): 5.248
UFV: 5.248
UV-ReLU: 5.306
UV: 5.251

UDV: 99.57
UDV-s: 99.59
UDV-v1: 99.57
UDV-v2: 99.58
UDV-ReLU: 99.51
UDV(unconstrained): 99.52
UFV: 99.59
UV-ReLU: 99.60
UV: 99.60
M: 99.63

UDV: 99.55
UDV-s: 99.59
UDV-v1: 99.59
UDV-v2: 99.57
UDV-ReLU: 99.54
UDV(unconstrained): 99.57
UFV: 99.54
UV-ReLU: 99.49
UV: 99.60
E: 99.61

UDV: 99.50
UDV-s: 99.49
UDV-v1: 99.47
UDV-v2: 99.47
UDV-ReLU: 99.42
UDV(unconstrained): 99.58
UFV: 99.41
UV-ReLU: 99.66
UV:99.46
R: 99.49

LR: 10−2

UDV: 1.877
UDV-s: 1.998
UDV-v1: 1.409
UDV-v2: 1.500
UDV-ReLU: 1.699
UDV(unconstrained): 1.402
UFV: 1.483
UV-ReLU: 1.467
UV: 1.430

UDV: 5.257
UDV-s:5.258
UDV-v1: 5.256
UDV-v2: 5.257
UDV-ReLU: 5.323
UDV(unconstrained): 5.263
UFV: 7.048
UV-ReLU: 5.323
UV: 7.369

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
M: –

UDV: 99.34
UDV-s: 99.56
UDV-v1: 99.48
UDV-v2: 99.44
UDV-ReLU: 96.95
UDV(unconstrained): 99.52
UFV: –
UV-ReLU: 99.37
UV: 99.32
E: 98.42

UDV: 99.53
UDV-s: 99.43
UDV-v1: 99.35
UDV-v2: 99.28
UDV-ReLU: 99.37
UDV(unconstrained): 99.10
UFV: –
UV-ReLU: 99.32
UV: 98.90
R: 99.39

LR: 10−1

UDV: 4.188
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: 18.26
UDV(unconstrained): –
UFV: 1.745
UV-ReLU: 42.01
UV: 1.614

UDV: 5.321
UDV-s: 114.6
UDV-v1: 23.12
UDV-v2: 21.22
UDV-ReLU: 5.323
UDV(unconstrained): 126.1
UFV: –
UV-ReLU: 5.323
UV: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
M: –

UDV: 99.05
UDV-s: 95.62
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: 97.69
E: 99.10

UDV: 97.54
UDV-s: 99.31
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
R: 99.22

LR: 100

UDV: 38.71
UDV-s: –
UDV-v1: 2.413
UDV-v2: 4.633
UDV-ReLU: 48.62
UDV(unconstrained): 14.05
UFV: –
UV-ReLU: 48.24
UV: –

UDV: 5.327
UDV-s: –
UDV-v1: 16.19
UDV-v2: –
UDV-ReLU: 5.323
UDV(unconstrained): –
UFV: –
UV-ReLU: 5.323
UV: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
M: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
E: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
R: 95.65

LR: 2× 100

UDV: 60.46
UDV-s: –
UDV-v1: 6.651
UDV-v2: 7.366
UDV-ReLU: 48.62
UDV(unconstrained): –
UFV: –
UV-ReLU: 49.43
UV: –

UDV: 5.322
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: 5.323
UDV(unconstrained): –
UFV: –
UV-ReLU: 5.323
UV: –

– – –

LR: 3× 100

UDV: 106.9
UDV-s: –
UDV-v1: 6.606
UDV-v2: 7.398
UDV-ReLU: 48.62
UDV(unconstrained): –
UFV: –
UV-ReLU: 48.50
UV: –

UDV: 5.335
UDV-s: –
UDV-v1: 6.380
UDV-v2: –
UDV-ReLU: 5.323
UDV(unconstrained): –
UFV: –
UV-ReLU: 5.323
UV: –

– – –

LR: 5× 100 – – – – –
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Table SM3: Experiments using NAdam optimizer. Not applicable or results with obvious oscillations or
divergence are denoted as ‘–’.

Tasks Regression (Test Loss) Classification (Test Accuracy)
Dataset

(Transferred model)
HPART

–
(×10−3)

NYCTTD
–

(×10−6)

MNIST
(MaxVit-T [M] | EfficientNet-B0 [E] | RegNetX-32GF [R])

(×100%)

LR: 10−6 – –

UDV: –
UDV-s: –
UDV-v1: 99.56
UDV-v2: 99.53
UDV-ReLU: –
UDV(unconstrained): 99.53
UFV: 99.54
UV-ReLU: 99.59
UV: 99.53
M: 99.41

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: 99.26
UV-ReLU: 99.30
UV: 99.24
E: 98.67

UDV: –
UDV-s: –
UDV-v1: 99.49
UDV-v2: 99.46
UDV-ReLU: –
UDV(unconstrained): 99.46
UFV: 99.32
UV-ReLU: 99.40
UV: 99.32
R: 99.37

LR: 10−5 – –

UDV: –
UDV-s: –
UDV-v1: 99.63
UDV-v2: 99.59
UDV-ReLU: –
UDV(unconstrained): 99.60
UFV: 99.62
UV-ReLU: 99.61
UV: 99.63
M: 99.62

UDV: –
UDV-s: –
UDV-v1: 99.50
UDV-v2: 99.52
UDV-ReLU: –
UDV(unconstrained): 99.52
UFV: 99.43
UV-ReLU: 99.51
UV: 99.52
E: 99.50

UDV: –
UDV-s: –
UDV-v1: 99.66
UDV-v2: 99.56
UDV-ReLU: –
UDV(unconstrained): 99.56
UFV: 99.54
UV-ReLU: 99.59
UV: 99.61
R: 99.67

LR: 10−4

UDV: 2.312
UDV-s: 1.916
UDV-v1: 1.837
UDV-v2: 1.752
UDV-ReLU: 2.665
UDV(unconstrained): 1.752
UFV: 1.381
UV-ReLU: 1.398
UV: 1.512

UDV: 5.248
UDV-s: 5.248
UDV-v1: 5.248
UDV-v2: 5.249
UDV-ReLU: 5.251
UDV(unconstrained): 5.249
UFV: 5.256
UV-ReLU: 5.258
UV: 5.275

UDV: 99.67
UDV-s: 99.62
UDV-v1: 99.67
UDV-v2: 99.61
UDV-ReLU: 99.63
UDV(unconstrained): 99.62
UFV: 99.68
UV-ReLU: 99.68
UV: 99.65
M: 99.59

UDV: –
UDV-s: –
UDV-v1: 99.60
UDV-v2: 99.66
UDV-ReLU: –
UDV(unconstrained): 99.60
UFV: 99.54
UV-ReLU: 99.53
UV: 99.53
E: 99.65

UDV: 99.52
UDV-s: 99.55
UDV-v1: 99.69
UDV-v2: 99.72
UDV-ReLU: 99.46
UDV(unconstrained): 99.63
UFV: 99.55
UV-ReLU: 99.63
UV: 99.64
R: 99.64

LR: 10−3

UDV: 1.638
UDV-s: 1.691
UDV-v1: 1.418
UDV-v2: 1.440
UDV-ReLU: 1.504
UDV(unconstrained): 1.437
UFV: 1.607
UV-ReLU: 1.367
UV: 1.654

UDV: 5.248
UDV-s: 5.248
UDV-v1: 5.248
UDV-v2: 5.248
UDV-ReLU: 5.251
UDV(unconstrained): 5.248
UFV: 5.248
UV-ReLU: 5.249
UV: 5.254

UDV: 99.53
UDV-s: 99.56
UDV-v1: 99.54
UDV-v2: 99.61
UDV-ReLU: 99.55
UDV(unconstrained): 99.66
UFV: 99.57
UV-ReLU: 99.63
UV: 99.59
M: 99.58

UDV: 97.56
UDV-s: 99.61
UDV-v1: 99.60
UDV-v2: 99.55
UDV-ReLU: 99.50
UDV(unconstrained): 99.55
UFV: 99.28
UV-ReLU: 99.55
UV: 99.55
E: 99.58

UDV: 99.45
UDV-s: 99.45
UDV-v1: 99.43
UDV-v2: 99.46
UDV-ReLU: 99.47
UDV(unconstrained): 99.50
UFV: 99.27
UV-ReLU: 99.53
UV:99.42
R: 99.65

LR: 10−2

UDV: 3.396
UDV-s: 3.287
UDV-v1: 2.297
UDV-v2: 2.315
UDV-ReLU: 2.403
UDV(unconstrained): 1.884
UFV: –
UV-ReLU: 1.954
UV: –

UDV: 5.258
UDV-s: 6.918
UDV-v1: 5.276
UDV-v2: 5.253
UDV-ReLU: 5.323
UDV(unconstrained): 5.253
UFV: 25.24
UV-ReLU: 5.323
UV: 6.262

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
M: –

UDV: 99.35
UDV-s: –
UDV-v1: 99.31
UDV-v2: 99.01
UDV-ReLU: 99.42
UDV(unconstrained): 98.78
UFV: –
UV-ReLU: 98.87
UV: 98.60
E: 99.26

UDV: 97.12
UDV-s: 99.28
UDV-v1: 99.37
UDV-v2: 99.38
UDV-ReLU: 99.49
UDV(unconstrained): 99.38
UFV: –
UV-ReLU: 99.28
UV: 98.91
R: 99.59

LR: 10−1

UDV: 13.69
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: 48.62
UDV(unconstrained): –
UFV: 4.918
UV-ReLU: 41.61
UV: 1.863

UDV: 5.323
UDV-s: –
UDV-v1: 6.627
UDV-v2: –
UDV-ReLU: 5.323
UDV(unconstrained): –
UFV: –
UV-ReLU: 5.323
UV: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
M: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: 97.54
E: 98.75

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
R: 99.19

LR: 100

UDV: –
UDV-s: –
UDV-v1: 5.649
UDV-v2: 2.317
UDV-ReLU: 48.62
UDV(unconstrained): –
UFV: –
UV-ReLU: 45.77
UV: –

UDV: 5.328
UDV-s: 53.70
UDV-v1: 19.52
UDV-v2: –
UDV-ReLU: 5.323
UDV(unconstrained): –
UFV: –
UV-ReLU: 5.323
UV: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
M: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
E: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
R: –

LR: 2× 100

UDV: –
UDV-s: –
UDV-v1: 3.075
UDV-v2: 2.828
UDV-ReLU: 48.62
UDV(unconstrained): –
UFV: –
UV-ReLU: 59.82
UV: –

UDV:5.377
UDV-s: –
UDV-v1: 6.011
UDV-v2: –
UDV-ReLU: 5.323
UDV(unconstrained): –
UFV: –
UV-ReLU: 5.323
UV: –

– – –

LR: 3× 100

UDV: –
UDV-s: –
UDV-v1: 3.882
UDV-v2: 3.128
UDV-ReLU: 48.62
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –

UDV: 5.401
UDV-s: –
UDV-v1: 15.27
UDV-v2: –
UDV-ReLU: 5.323
UDV(unconstrained): –
UFV: –
UV-ReLU: 5.323
UV: –

– – –

LR: 5× 100 – – – – –
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Table SM4: Experiments using MBGD optimizer. Not applicable or results with obvious oscillations or
divergence are denoted as ‘–’.

Tasks Regression (Test Loss) Classification (Test Accuracy)
Dataset

(Transferred model)
HPART

–
(×10−3)

NYCTTD
–

(×10−6)

MNIST
(MaxVit-T [M] | EfficientNet-B0 [E] | RegNetX-32GF [R])

(×100%)
LR: 10−6 – – – – –
LR: 10−5 – – – – –

LR: 10−4

UDV: 46.90
UDV-s: 45.43
UDV-v1: 46.01
UDV-v2: 44.35
UDV-ReLU: 47.88
UDV(unconstrained): 44.35
UFV: 11.77
UV-ReLU: 12.59
UV: 11.98

UDV: 26.60
UDV-s: 40.06
UDV-v1: 49.35
UDV-v2: 83.91
UDV-ReLU: 20.56
UDV(unconstrained): 83.91
UFV: 86.68
UV-ReLU: –
UV: 71.72

– – –

LR: 10−3

UDV: 30.38
UDV-s: 21.39
UDV-v1: 23.65
UDV-v2: 15.77
UDV-ReLU: 39.89
UDV(unconstrained): 15.77
UFV: 6.719
UV-ReLU: 6.478
UV: 6.345

UDV: 9.407
UDV-s: 10.29
UDV-v1: 10.83
UDV-v2: 12.56
UDV-ReLU: 7.231
UDV(unconstrained): 12.56
UFV: 8.236
UV-ReLU: 12.67
UV: 6.763

UDV: –
UDV-s: –
UDV-v1: 98.44
UDV-v2: 98.32
UDV-ReLU: –
UDV(unconstrained): 98.27
UFV: 99.34
UV-ReLU: 99.24
UV: 99.19
M: 99.29

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: 98.15
UV-ReLU: 98.48
UV: 98.55
E: 98.74

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: 99.20
UV-ReLU: 99.16
UV: 99.17
R: 99.16

LR: 10−2

UDV: 6.030
UDV-s: 6.014
UDV-v1: 6.125
UDV-v2: 5.877
UDV-ReLU: 6.234
UDV(unconstrained): 5.877
UFV: 5.575
UV-ReLU: 2.253
UV: 2.251

UDV: 5.465
UDV-s: 5.421
UDV-v1: 5.514
UDV-v2: 5.532
UDV-ReLU: 5.431
UDV(unconstrained): 5.532
UFV: 5.293
UV-ReLU: 5.521
UV: 5.296

UDV: 99.38
UDV-s: 99.32
UDV-v1: 99.47
UDV-v2: 99.50
UDV-ReLU: 99.53
UDV(unconstrained): 99.58
UFV: 99.53
UV-ReLU: 99.53
UV: 99.50
M: 99.59

UDV: –
UDV-s: –
UDV-v1: 98.62
UDV-v2: 98.97
UDV-ReLU: –
UDV(unconstrained): 98.40
UFV: 99.05
UV-ReLU: 99.31
UV: 99.24
E: 99.43

UDV: 99.40
UDV-s: 99.46
UDV-v1: 99.37
UDV-v2: 99.34
UDV-ReLU: 99.47
UDV(unconstrained): 99.34
UFV: 99.36
UV-ReLU: 99.31
UV:99.38
R: 99.44

LR: 10−1

UDV: 1.398
UDV-s: 1.407
UDV-v1: 1.556
UDV-v2: 1.565
UDV-ReLU: 1.379
UDV(unconstrained): 1.565
UFV: 1.548
UV-ReLU: 1.493
UV: 1.583

UDV: 5.253
UDV-s: 5.250
UDV-v1: 5.256
UDV-v2: 5.252
UDV-ReLU: 5.277
UDV(unconstrained): 5.252
UFV: 5.255
UV-ReLU: 5.323
UV: 5.291

UDV: 99.59
UDV-s: 99.38
UDV-v1: 99.61
UDV-v2: 99.60
UDV-ReLU: 99.65
UDV(unconstrained): 99.59
UFV: 99.61
UV-ReLU: 99.60
UV: 99.63
M: 99.62

UDV: –
UDV-s: 99.36
UDV-v1: 99.43
UDV-v2: 99.53
UDV-ReLU: 95.21
UDV(unconstrained): 95.29
UFV: 99.55
UV-ReLU: 99.52
UV: 99.55
E: 99.67

UDV: 99.51
UDV-s: 99.57
UDV-v1: 99.60
UDV-v2: 99.62
UDV-ReLU: –
UDV(unconstrained): 99.61
UFV: 99.59
UV-ReLU: 99.59
UV: 98.56
R: 99.63

LR: 100

UDV: 3.076
UDV-s: 2.870
UDV-v1: 1.935
UDV-v2: 1.830
UDV-ReLU: 4.573
UDV(unconstrained): 1.810
UFV: –
UV-ReLU: 48.62
UV: –

UDV: 5.248
UDV-s: 5.248
UDV-v1: 5.249
UDV-v2: 5.248
UDV-ReLU: 5.261
UDV(unconstrained): 5.248
UFV: 5.256
UV-ReLU: 5.271
UV: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
M: –

UDV: –
UDV-s: –
UDV-v1: 99.65
UDV-v2: 99.59
UDV-ReLU: –
UDV(unconstrained): 99.62
UFV: –
UV-ReLU: 99.64
UV: –
E: 99.55

UDV: –
UDV-s: –
UDV-v1: 99.67
UDV-v2: 99.69
UDV-ReLU: –
UDV(unconstrained): 99.57
UFV: –
UV-ReLU: 99.73
UV: 99.66
R: 99.66

LR: 2× 100

UDV: 6.244
UDV-s: 48.63
UDV-v1: 2.559
UDV-v2: –
UDV-ReLU: 47.50
UDV(unconstrained): –
UFV: –
UV-ReLU: 48.63
UV: –

UDV: 5.248
UDV-s: 5.248
UDV-v1: 5.249
UDV-v2: 5.249
UDV-ReLU: 5.259
UDV(unconstrained): 5.249
UFV: –
UV-ReLU: 5.293
UV: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
M: –

UDV: –
UDV-s: –
UDV-v1: 98.37
UDV-v2: 99.66
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
E: 98.88

UDV: –
UDV-s: –
UDV-v1: 99.66
UDV-v2: 99.55
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: 99.58
UV: 99.57
R: 99.56

LR: 3× 100

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: 48.62
UDV(unconstrained): –
UFV: –
UV-ReLU: 48.62
UV: –

UDV: 5.248
UDV-s: 5.248
UDV-v1: 5.249
UDV-v2: 5.249
UDV-ReLU: 5.257
UDV(unconstrained): 5.250
UFV: –
UV-ReLU: 5.296
UV: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
M: –

UDV: –
UDV-s: –
UDV-v1: 99.07
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
E: 99.26

UDV: –
UDV-s: –
UDV-v1: 99.48
UDV-v2: 99.65
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: 99.57
UV: –
R: 99.57

LR: 5× 100 – –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
M: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
E: 99.33

UDV: –
UDV-s: –
UDV-v1: 99.55
UDV-v2: 99.41
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: 99.42
UV: –
R: 99.55
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Table SM5: Experiments using MBGDM optimizer. Not applicable or results with obvious oscillations or
divergence are denoted as ‘–’.

Tasks Regression (Test Loss) Classification (Test Accuracy)
Dataset

(Transferred model)
HPART

–
(×10−3)

NYCTTD
–

(×10−6)

MNIST
(MaxVit-T [M] | EfficientNet-B0 [E] | RegNetX-32GF [R])

(×100%)
LR: 10−6 – – – – –
LR: 10−5 – – – – –

LR: 10−4

UDV: 30.52
UDV-s: 21.50
UDV-v1: 23.79
UDV-v2: 15.84
UDV-ReLU: 40.00
UDV(unconstrained): 15.84
UFV: 6.729
UV-ReLU: 6.488
UV: 6.348

UDV: 9.413
UDV-s: 10.29
UDV-v1: 10.85
UDV-v2: 12.59
UDV-ReLU: 7.224
UDV(unconstrained): 12.59
UFV: 8.288
UV-ReLU: 12.68
UV: 6.776

– – –

LR: 10−3

UDV: 6.105
UDV-s: 6.080
UDV-v1: 6.178
UDV-v2: 5.929
UDV-ReLU: 6.341
UDV(unconstrained): 5.929
UFV: 2.590
UV-ReLU: 2.529
UV: 2.252

UDV: 5.457
UDV-s: 5.412
UDV-v1: 5.516
UDV-v2: 5.534
UDV-ReLU: 5.431
UDV(unconstrained): 5.534
UFV: 5.294
UV-ReLU: 5.520
UV: 5.296

UDV: 99.26
UDV-s: 99.38
UDV-v1: 99.39
UDV-v2: 99.52
UDV-ReLU: –
UDV(unconstrained): 99.51
UFV: 99.56
UV-ReLU: 99.46
UV: 99.54
M: 99.58

UDV: –
UDV-s: –
UDV-v1: 99.00
UDV-v2: 99.05
UDV-ReLU: –
UDV(unconstrained): 99.08
UFV: 99.18
UV-ReLU: 99.37
UV: 99.36
E: 99.45

UDV: 99.50
UDV-s: 99.43
UDV-v1: 99.39
UDV-v2: 99.37
UDV-ReLU: –
UDV(unconstrained): 99.40
UFV: 99.38
UV-ReLU: 99.36
UV: 99.30
R: 99.41

LR: 10−2

UDV: 1.357
UDV-s: 1.388
UDV-v1: 1.554
UDV-v2: 1.569
UDV-ReLU: 1.312
UDV(unconstrained): 1.569
UFV: 1.357
UV-ReLU: 1.314
UV: 1.337

UDV: 5.253
UDV-s: 5.250
UDV-v1: 5.256
UDV-v2: 5.252
UDV-ReLU: 5.276
UDV(unconstrained): 5.252
UFV: 5.254
UV-ReLU: 5.267
UV: 5.279

UDV: 99.67
UDV-s: 99.38
UDV-v1: 99.63
UDV-v2: 99.60
UDV-ReLU: 99.62
UDV(unconstrained): 99.59
UFV: 99.65
UV-ReLU: 99.63
UV: 99.69
M: 99.64

UDV: 99.48
UDV-s: 99.60
UDV-v1: 99.54
UDV-v2: 99.59
UDV-ReLU: 99.54
UDV(unconstrained): 99.55
UFV: 99.50
UV-ReLU: 99.53
UV: 99.50
E: 99.59

UDV: 99.74
UDV-s: 99.72
UDV-v1: 99.61
UDV-v2: 99.67
UDV-ReLU: 99.65
UDV(unconstrained): 99.63
UFV: 99.66
UV-ReLU: 99.61
UV:99.53
R: 99.60

LR: 10−1

UDV: 1.345
UDV-s: 1.339
UDV-v1: 1.313
UDV-v2: 1.302
UDV-ReLU: 1.318
UDV(unconstrained): 1.302
UFV: 1.358
UV-ReLU: 1.244
UV: –

UDV: 5.248
UDV-s: 5.248
UDV-v1: 5.249
UDV-v2: 5.248
UDV-ReLU: 5.259
UDV(unconstrained): 2.248
UFV: 5.251
UV-ReLU: 5.264
UV: 5.259

UDV: 99.61
UDV-s: 99.60
UDV-v1: 99.65
UDV-v2: 99.68
UDV-ReLU: –
UDV(unconstrained): 99.70
UFV: –
UV-ReLU: 99.63
UV: –
M: –

UDV: 99.63
UDV-s: 99.63
UDV-v1: 99.64
UDV-v2: 99.66
UDV-ReLU: 99.61
UDV(unconstrained): 99.59
UFV: 99.68
UV-ReLU: 99.68
UV: 99.59
E: 99.63

UDV: 99.60
UDV-s: 99.57
UDV-v1: 99.71
UDV-v2: 99.67
UDV-ReLU: –
UDV(unconstrained): 99.67
UFV: 99.63
UV-ReLU: 99.66
UV: 99.56
R: 99.67

LR: 100

UDV: 123.6
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: 47.03
UDV(unconstrained): –
UFV: –
UV-ReLU: 48.62
UV: –

UDV: 5.248
UDV-s: 5.248
UDV-v1: 5.249
UDV-v2: 5.249
UDV-ReLU: 5.251
UDV(unconstrained): 5.249
UFV: –
UV-ReLU: 5.281
UV: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
M: –

UDV: –
UDV-s: –
UDV-v1: 99.54
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
E: 99.24

UDV: –
UDV-s: –
UDV-v1: 99.52
UDV-v2: 99.58
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: 99.53
UV: –
R: 99.34

LR: 2× 100

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: 48.62
UDV(unconstrained): –
UFV: –
UV-ReLU: 48.62
UV: –

UDV: 5.248
UDV-s: 5.248
UDV-v1: 5.249
UDV-v2: 5.248
UDV-ReLU: 5.249
UDV(unconstrained): 5.248
UFV: –
UV-ReLU: 5.289
UV: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
M: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
E: 98.95

UDV: –
UDV-s: –
UDV-v1: 99.31
UDV-v2: 99.37
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: 99.28
UV: –
R: 99.31

LR: 3× 100

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: 48.62
UDV(unconstrained): –
UFV: –
UV-ReLU: 48.62
UV: –

UDV: 5.248
UDV-s: 5.248
UDV-v1: 5.248
UDV-v2: 5.248
UDV-ReLU: 5.249
UDV(unconstrained): 5.248
UFV: –
UV-ReLU: 5.292
UV: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
M: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
E: 98.70

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
R: 99.12

LR: 5× 100 – –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
M: –

UDV: –
UDV-s: –
UDV-v1: –
UDV-v2: –
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: –
UV: –
E: –

UDV: –
UDV-s: –
UDV-v1: 99.55
UDV-v2: 99.41
UDV-ReLU: –
UDV(unconstrained): –
UFV: –
UV-ReLU: 99.42
UV: –
R: 99.55
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NeurIPS Paper Checklist825

1. Claims826

Question: Do the main claims made in the abstract and introduction accurately reflect the827

paper’s contributions and scope?828

Answer: [Yes]829

Justification: Main claims in abstract and introduction section can reflect the contributions830

which are also mentioned in the introduction section.831

Guidelines:832

• The answer NA means that the abstract and introduction do not include the claims833

made in the paper.834

• The abstract and/or introduction should clearly state the claims made, including the835

contributions made in the paper and important assumptions and limitations. A No or836

NA answer to this question will not be perceived well by the reviewers.837

• The claims made should match theoretical and experimental results, and reflect how838

much the results can be expected to generalize to other settings.839

• It is fine to include aspirational goals as motivation as long as it is clear that these goals840

are not attained by the paper.841

2. Limitations842

Question: Does the paper discuss the limitations of the work performed by the authors?843

Answer: [Yes]844

Justification: We discuss the limitations in the conclusions section, along with future845

directions.846

Guidelines:847

• The answer NA means that the paper has no limitation while the answer No means that848

the paper has limitations, but those are not discussed in the paper.849

• The authors are encouraged to create a separate "Limitations" section in their paper.850

• The paper should point out any strong assumptions and how robust the results are to851

violations of these assumptions (e.g., independence assumptions, noiseless settings,852

model well-specification, asymptotic approximations only holding locally). The authors853

should reflect on how these assumptions might be violated in practice and what the854

implications would be.855

• The authors should reflect on the scope of the claims made, e.g., if the approach was856

only tested on a few datasets or with a few runs. In general, empirical results often857

depend on implicit assumptions, which should be articulated.858

• The authors should reflect on the factors that influence the performance of the approach.859

For example, a facial recognition algorithm may perform poorly when image resolution860

is low or images are taken in low lighting. Or a speech-to-text system might not be861

used reliably to provide closed captions for online lectures because it fails to handle862

technical jargon.863

• The authors should discuss the computational efficiency of the proposed algorithms864

and how they scale with dataset size.865

• If applicable, the authors should discuss possible limitations of their approach to866

address problems of privacy and fairness.867

• While the authors might fear that complete honesty about limitations might be used by868

reviewers as grounds for rejection, a worse outcome might be that reviewers discover869

limitations that aren’t acknowledged in the paper. The authors should use their best870

judgment and recognize that individual actions in favor of transparency play an impor-871

tant role in developing norms that preserve the integrity of the community. Reviewers872

will be specifically instructed to not penalize honesty concerning limitations.873

3. Theory assumptions and proofs874

Question: For each theoretical result, does the paper provide the full set of assumptions and875

a complete (and correct) proof?876
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Answer: [Yes]877

Justification: Theory assumptions and proofs are provided in the section "Matrix Factoriza-878

tion with a Diagonal Component".879

Guidelines:880

• The answer NA means that the paper does not include theoretical results.881

• All the theorems, formulas, and proofs in the paper should be numbered and cross-882

referenced.883

• All assumptions should be clearly stated or referenced in the statement of any theorems.884

• The proofs can either appear in the main paper or the supplemental material, but if885

they appear in the supplemental material, the authors are encouraged to provide a short886

proof sketch to provide intuition.887

• Inversely, any informal proof provided in the core of the paper should be complemented888

by formal proofs provided in appendix or supplemental material.889

• Theorems and Lemmas that the proof relies upon should be properly referenced.890

4. Experimental result reproducibility891

Question: Does the paper fully disclose all the information needed to reproduce the main ex-892

perimental results of the paper to the extent that it affects the main claims and/or conclusions893

of the paper (regardless of whether the code and data are provided or not)?894

Answer: [Yes]895

Justification: The experiments are fully reproducible. The datasets we used are properly896

cited and publicly available, and the code with sufficient instructions is included in the897

supplemental material.898

Guidelines:899

• The answer NA means that the paper does not include experiments.900

• If the paper includes experiments, a No answer to this question will not be perceived901

well by the reviewers: Making the paper reproducible is important, regardless of902

whether the code and data are provided or not.903

• If the contribution is a dataset and/or model, the authors should describe the steps taken904

to make their results reproducible or verifiable.905

• Depending on the contribution, reproducibility can be accomplished in various ways.906

For example, if the contribution is a novel architecture, describing the architecture fully907

might suffice, or if the contribution is a specific model and empirical evaluation, it may908

be necessary to either make it possible for others to replicate the model with the same909

dataset, or provide access to the model. In general. releasing code and data is often910

one good way to accomplish this, but reproducibility can also be provided via detailed911

instructions for how to replicate the results, access to a hosted model (e.g., in the case912

of a large language model), releasing of a model checkpoint, or other means that are913

appropriate to the research performed.914

• While NeurIPS does not require releasing code, the conference does require all submis-915

sions to provide some reasonable avenue for reproducibility, which may depend on the916

nature of the contribution. For example917

(a) If the contribution is primarily a new algorithm, the paper should make it clear how918

to reproduce that algorithm.919

(b) If the contribution is primarily a new model architecture, the paper should describe920

the architecture clearly and fully.921

(c) If the contribution is a new model (e.g., a large language model), then there should922

either be a way to access this model for reproducing the results or a way to reproduce923

the model (e.g., with an open-source dataset or instructions for how to construct924

the dataset).925

(d) We recognize that reproducibility may be tricky in some cases, in which case926

authors are welcome to describe the particular way they provide for reproducibility.927

In the case of closed-source models, it may be that access to the model is limited in928

some way (e.g., to registered users), but it should be possible for other researchers929

to have some path to reproducing or verifying the results.930
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5. Open access to data and code931

Question: Does the paper provide open access to the data and code, with sufficient instruc-932

tions to faithfully reproduce the main experimental results, as described in supplemental933

material?934

Answer: [Yes]935

Justification: The datasets we used are properly cited and publicly available, and the936

code with sufficient instructions (including the pre-process of datasets) is included in the937

supplemental material.938

Guidelines:939

• The answer NA means that paper does not include experiments requiring code.940

• Please see the NeurIPS code and data submission guidelines (https://nips.cc/pu941

blic/guides/CodeSubmissionPolicy) for more details.942

• While we encourage the release of code and data, we understand that this might not be943

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not944

including code, unless this is central to the contribution (e.g., for a new open-source945

benchmark).946

• The instructions should contain the exact command and environment needed to run to947

reproduce the results. See the NeurIPS code and data submission guidelines (https:948

//nips.cc/public/guides/CodeSubmissionPolicy) for more details.949

• The authors should provide instructions on data access and preparation, including how950

to access the raw data, preprocessed data, intermediate data, and generated data, etc.951

• The authors should provide scripts to reproduce all experimental results for the new952

proposed method and baselines. If only a subset of experiments are reproducible, they953

should state which ones are omitted from the script and why.954

• At submission time, to preserve anonymity, the authors should release anonymized955

versions (if applicable).956

• Providing as much information as possible in supplemental material (appended to the957

paper) is recommended, but including URLs to data and code is permitted.958

6. Experimental setting/details959

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-960

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the961

results?962

Answer: [Yes]963

Justification: We have specified the above details in the main paper (see section "Numerical964

experiments on matrix factorization" and the section "Numerical experiments on neural965

networks"), and the submitted code includes full details with instructions.966

Guidelines:967

• The answer NA means that the paper does not include experiments.968

• The experimental setting should be presented in the core of the paper to a level of detail969

that is necessary to appreciate the results and make sense of them.970

• The full details can be provided either with the code, in appendix, or as supplemental971

material.972

7. Experiment statistical significance973

Question: Does the paper report error bars suitably and correctly defined or other appropriate974

information about the statistical significance of the experiments?975

Answer: [No]976

Justification: Results, especially the neural networks with UDV, were averaged sufficient977

random initialization seeds. We introduced how we get robust results in the subsection978

"Implementation details"979

Guidelines:980

• The answer NA means that the paper does not include experiments.981
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• The authors should answer "Yes" if the results are accompanied by error bars, confi-982

dence intervals, or statistical significance tests, at least for the experiments that support983

the main claims of the paper.984

• The factors of variability that the error bars are capturing should be clearly stated (for985

example, train/test split, initialization, random drawing of some parameter, or overall986

run with given experimental conditions).987

• The method for calculating the error bars should be explained (closed form formula,988

call to a library function, bootstrap, etc.)989

• The assumptions made should be given (e.g., Normally distributed errors).990

• It should be clear whether the error bar is the standard deviation or the standard error991

of the mean.992

• It is OK to report 1-sigma error bars, but one should state it. The authors should993

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis994

of Normality of errors is not verified.995

• For asymmetric distributions, the authors should be careful not to show in tables or996

figures symmetric error bars that would yield results that are out of range (e.g. negative997

error rates).998

• If error bars are reported in tables or plots, The authors should explain in the text how999

they were calculated and reference the corresponding figures or tables in the text.1000

8. Experiments compute resources1001

Question: For each experiment, does the paper provide sufficient information on the com-1002

puter resources (type of compute workers, memory, time of execution) needed to reproduce1003

the experiments?1004

Answer: [Yes]1005

Justification: We specify the computer resources in the subsection "Implementation details",1006

where there is a paragraph beginning with "Computing environment ...". Wall time is 7 days1007

for CPU works and 3 days for GPU works.1008

Guidelines:1009

• The answer NA means that the paper does not include experiments.1010

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,1011

or cloud provider, including relevant memory and storage.1012

• The paper should provide the amount of compute required for each of the individual1013

experimental runs as well as estimate the total compute.1014

• The paper should disclose whether the full research project required more compute1015

than the experiments reported in the paper (e.g., preliminary or failed experiments that1016

didn’t make it into the paper).1017

9. Code of ethics1018

Question: Does the research conducted in the paper conform, in every respect, with the1019

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?1020

Answer: [Yes]1021

Justification: The research respects the NeurIPS code of ethics.1022

Guidelines:1023

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.1024

• If the authors answer No, they should explain the special circumstances that require a1025

deviation from the Code of Ethics.1026

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-1027

eration due to laws or regulations in their jurisdiction).1028

10. Broader impacts1029

Question: Does the paper discuss both potential positive societal impacts and negative1030

societal impacts of the work performed?1031

Answer: [NA]1032
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Justification: Justification: This research is related to neural network optimization and does1033

not have direct societal impacts.1034

Guidelines:1035

• The answer NA means that there is no societal impact of the work performed.1036

• If the authors answer NA or No, they should explain why their work has no societal1037

impact or why the paper does not address societal impact.1038

• Examples of negative societal impacts include potential malicious or unintended uses1039

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations1040

(e.g., deployment of technologies that could make decisions that unfairly impact specific1041

groups), privacy considerations, and security considerations.1042

• The conference expects that many papers will be foundational research and not tied1043

to particular applications, let alone deployments. However, if there is a direct path to1044

any negative applications, the authors should point it out. For example, it is legitimate1045

to point out that an improvement in the quality of generative models could be used to1046

generate deepfakes for disinformation. On the other hand, it is not needed to point out1047

that a generic algorithm for optimizing neural networks could enable people to train1048

models that generate Deepfakes faster.1049

• The authors should consider possible harms that could arise when the technology is1050

being used as intended and functioning correctly, harms that could arise when the1051

technology is being used as intended but gives incorrect results, and harms following1052

from (intentional or unintentional) misuse of the technology.1053

• If there are negative societal impacts, the authors could also discuss possible mitigation1054

strategies (e.g., gated release of models, providing defenses in addition to attacks,1055

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from1056

feedback over time, improving the efficiency and accessibility of ML).1057

11. Safeguards1058

Question: Does the paper describe safeguards that have been put in place for responsible1059

release of data or models that have a high risk for misuse (e.g., pretrained language models,1060

image generators, or scraped datasets)?1061

Answer: [NA]1062

Justification: There is no high risk of misuse associated with this research.1063

Guidelines:1064

• The answer NA means that the paper poses no such risks.1065

• Released models that have a high risk for misuse or dual-use should be released with1066

necessary safeguards to allow for controlled use of the model, for example by requiring1067

that users adhere to usage guidelines or restrictions to access the model or implementing1068

safety filters.1069

• Datasets that have been scraped from the Internet could pose safety risks. The authors1070

should describe how they avoided releasing unsafe images.1071

• We recognize that providing effective safeguards is challenging, and many papers do1072

not require this, but we encourage authors to take this into account and make a best1073

faith effort.1074

12. Licenses for existing assets1075

Question: Are the creators or original owners of assets (e.g., code, data, models), used in1076

the paper, properly credited and are the license and terms of use explicitly mentioned and1077

properly respected?1078

Answer: [Yes]1079

Justification: All datasets and models based on transfer learning were appropriately cited in1080

this research.1081

Guidelines:1082

• The answer NA means that the paper does not use existing assets.1083

• The authors should cite the original paper that produced the code package or dataset.1084
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• The authors should state which version of the asset is used and, if possible, include a1085

URL.1086

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.1087

• For scraped data from a particular source (e.g., website), the copyright and terms of1088

service of that source should be provided.1089

• If assets are released, the license, copyright information, and terms of use in the package1090

should be provided. For popular datasets, paperswithcode.com/datasets has1091

curated licenses for some datasets. Their licensing guide can help determine the license1092

of a dataset.1093

• For existing datasets that are re-packaged, both the original license and the license of1094

the derived asset (if it has changed) should be provided.1095

• If this information is not available online, the authors are encouraged to reach out to1096

the asset’s creators.1097

13. New assets1098

Question: Are new assets introduced in the paper well documented and is the documentation1099

provided alongside the assets?1100

Answer: [NA]1101

Justification: We do not refer to the proposed methods as new assets since the datasets and1102

basic models are existing assets and are properly cited.1103

Guidelines:1104

• The answer NA means that the paper does not release new assets.1105

• Researchers should communicate the details of the dataset/code/model as part of their1106

submissions via structured templates. This includes details about training, license,1107

limitations, etc.1108

• The paper should discuss whether and how consent was obtained from people whose1109

asset is used.1110

• At submission time, remember to anonymize your assets (if applicable). You can either1111

create an anonymized URL or include an anonymized zip file.1112

14. Crowdsourcing and research with human subjects1113

Question: For crowdsourcing experiments and research with human subjects, does the paper1114

include the full text of instructions given to participants and screenshots, if applicable, as1115

well as details about compensation (if any)?1116

Answer: [NA]1117

Justification: The paper does not involve crowdsourcing nor research with human subjects.1118

Guidelines:1119

• The answer NA means that the paper does not involve crowdsourcing nor research with1120

human subjects.1121

• Including this information in the supplemental material is fine, but if the main contribu-1122

tion of the paper involves human subjects, then as much detail as possible should be1123

included in the main paper.1124

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,1125

or other labor should be paid at least the minimum wage in the country of the data1126

collector.1127

15. Institutional review board (IRB) approvals or equivalent for research with human1128

subjects1129

Question: Does the paper describe potential risks incurred by study participants, whether1130

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)1131

approvals (or an equivalent approval/review based on the requirements of your country or1132

institution) were obtained?1133

Answer: [NA]1134

Justification: The paper does not involve crowdsourcing nor research with human subjects1135

Guidelines:1136
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• The answer NA means that the paper does not involve crowdsourcing nor research with1137

human subjects.1138

• Depending on the country in which research is conducted, IRB approval (or equivalent)1139

may be required for any human subjects research. If you obtained IRB approval, you1140

should clearly state this in the paper.1141

• We recognize that the procedures for this may vary significantly between institutions1142

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the1143

guidelines for their institution.1144

• For initial submissions, do not include any information that would break anonymity (if1145

applicable), such as the institution conducting the review.1146

16. Declaration of LLM usage1147

Question: Does the paper describe the usage of LLMs if it is an important, original, or1148

non-standard component of the core methods in this research? Note that if the LLM is used1149

only for writing, editing, or formatting purposes and does not impact the core methodology,1150

scientific rigorousness, or originality of the research, declaration is not required.1151

Answer: [NA]1152

Justification: LLM is only used for polishing language.1153

Guidelines:1154

• The answer NA means that the core method development in this research does not1155

involve LLMs as any important, original, or non-standard components.1156

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)1157

for what should or should not be described.1158
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