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ABSTRACT

Temporal Difference (TD) algorithms are the most widely employed methods in
Reinforcement Learning. Notably, previous theoretical analysis on these algo-
rithms consider the sampling time as fixed a priori, while it has been shown that the
temporal resolution can impact data efficiency (Burns et al., 2023). In this work,
we provide an analysis of the performance of mean-path semi-gradient TD(0) for
offline value estimation, emphasizing the dependence on the temporal resolution,
a factor that indeed proves to be of crucial importance. In particular, by consider-
ing the continuous-time stochastic linear quadratic dynamical systems with a fixed
data-budget, the behaviour of the Mean Squared Error on value estimation shows
an optimal non-trivial value for the time discretization, and that the latter impacts
the reliability of the algorithm. We also show that this behavior differs from that
of the Monte Carlo algorithm (Zhang et al., 2023). We verify the theoretical char-
acterization in numerical experiments in linear quadratic system instances.

1 INTRODUCTION

Temporal Difference (TD) is a fundamental idea in Reinforcement Learning (RL) based on boot-
strapping value estimates from sampled rewards and current predictions, and it has nowadays be-
come the core method for model-free reinforcement learning algorithms. In RL, samples typically
come from a sampling procedure which follows discrete time intervals, where the temporal resolu-
tion is fixed a-priori for each application. Previous studies have shown that temporal resolution is an
important factor in data efficiency (Burns et al., 2023; Zhang et al., 2023) but is often overlooked in
RL research. While the convergence and statistical properties of TD have been studied extensively
in the literature (Sutton, 1988; Jaakkola et al., 1993; Tsitsiklis & Van Roy, 1997; Bhandari et al.,
2018; Lakshminarayanan & Szepesvari, 2018; Asadi et al., 2024), little is known about the effect of
temporal discretization on the TD algorithm from both theoretical and applied perspectives.

In this paper, we study the impact of temporal resolution in value estimation using TD. In particular,
we look into a specific class of systems, a continuous-time linear stochastic dynamical system with
quadratic instantaneous reward (see e.g. Zhang et al. (2023)):{

dx(t) = ax(t)dt+ σdw(t)

V (x(τ)) = −E[
∫∞
τ

γt−τqx2(t)dt]
(1)

where w(t) is a Wiener process. The drift coefficient a is unknown, while the diffusion coefficient σ,
the reward weight q and the discount factor γ ∈ (0, 1) are assumed to be known. The value function
V (·) is defined as the expected cumulative discounted reward. Estimating the infinite-horizon value
V (x(τ)) corresponds to policy evaluation for a fixed linear policy in the continuous-time Linear
Quadratic Regulator (LQR) (Lindquist, 1990; Zhang et al., 2023). Note that the optimal policy
for this problem is indeed linear in the state. We analyze the Mean-Squared Error (MSE) of the
value estimate from a widely used TD algorithm, semi-gradient TD(0) (Sutton & Barto, 2018), in
the offline setting, in order to understand how finite-sample properties change with respect to the
temporal resolution. By leveraging the fact that for this specific type of system, we can compute
the n-th moment of the state in closed form, for any n, we provide a characterization of the MSE
and identify a trade-off modulated by temporal resolution. Fig. 1 illustrates the trade-off through
a numerical experiment, where we plot the learning curve of an offline mean-path semi-gradient
TD(0) algorithm (Bhandari et al., 2018), under two different initializations (see Appendix A.1). The
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Figure 1: Learning curves of TD(0) show different behavior with respect to temporal resolution h.

result shows that the best MSE is achieved at an intermediate temporal resolution h, highlighting the
existence of a non-trivial optimal discretization.

The contributions of our work are as follows. First, we develop a framework for analyzing and
understanding the impact of temporal resolution in the offline value estimation accuracy of TD
learning. Second, we derive an approximate expression of MSE for the Offline Mean-Path Semi-
gradient TD(0), which shows a trade-off with respect to the length of the sampling intervals. We
then obtain the expression of the optimal temporal resolution h∗ that shows how it scales with the
data budget B. These theoretical results allow us to better understand the behavior of TD algorithms
with respect to temporal resolution h and data budget B. Lastly, we contrast the trade-off with that
of Monte Carlo methods and offer suggestions for choosing temporal resolution in practice. We also
conduct numerical experiments to validate the theoretical findings. To our best knowledge, this work
represents a first step toward understanding the impact of the temporal resolution in TD methods.

2 RELATED WORKS

Temporal discretization It is well known that the choice of temporal discretization can affect the
performance of various RL algorithms. This literature fall into two main categories. The first one
studies temporal abstraction, built on top of a base discretization. Sutton et al. (1999) formalized
this in the options framework. Numerous variants have shown improved performance, particularly
in video games (Sharma et al., 2017; Lakshminarayanan et al., 2017; Machado et al., 2018; Metelli
et al., 2020; Dabney et al., 2021). The other line of work is concerned with the base-level discretiza-
tion rather than building abstractions (Huang et al., 2019; Huang & Zhu, 2020; Park et al., 2021;
Lutter et al., 2022; Farrahi & Mahmood, 2023).

The work with the most relevant problem setting to ours is a recent study by Zhang et al. (2023)
which analyzed the impact of temporal discretization on the value estimation performance of Monte
Carlo methods. Similar to our setting, their work focused on linear quadratic systems and provided
analytical results for both finite horizon and infinite horizon settings. However, Monte Carlo meth-
ods operate in a fundamentally different way from temporal difference. It remains an open question
whether the trade-off observed in their setting extends to TD learning for continuous-time systems.

Continuous-time RL Our work focuses on continuous-time dynamical systems. Although RL
typically assumes a discrete-time framework, several works have applied RL to continuous-time
systems (Baird, 1994; Bradtke & Duff, 1994; Doya, 2000; Wang et al., 2020; Basei et al., 2022;
Jia & Zhou, 2022b). Jia & Zhou (2022a) provides a unified continuous-time formulation of vari-
ous TD methods, and proved that the time-discretized version of these algorithms converge to the
continuous-time counterpart in the limit of the discretization. However, the behavior and estima-
tion error of the discretized TD algorithms with a non-zero discretization h, over a continuous state
space, have yet to be characterized.
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Theoretical analysis of TD Theoretical properties of TD methods have been extensively studied
in the literature, as mentioned in Section 1. However, we do not revisit them here, since our focus
is on understanding how TD value estimation is affected by temporal resolution. Readers interested
in a recent overview of TD theory are referred to the related work sections in Tu & Recht (2018) for
Least-squares based methods and in Patil et al. (2024) for stochastic-gradient based methods.

In this work, we focus on a specific algorithm of TD known as the mean-path semi-gradient TD(0), in
the offline setting. Semi-gradient TD(0), a standard member of the TD family, updates parameters by
following the semi-gradient of the squared TD-error with respect to the parameter (Sutton & Barto,
2018). The mean-path version, introduced by Bhandari et al. (2018), instead follows the mean
negative semi-gradient under the stationary distribution. Their finite-sample analysis for mean-path
TD did not account for time discretization, nor provided closed-form expressions for estimation
quality — both of which are crucial for trade-off analysis. However, this algorithm serves as a
good starting point for our analysis. Relatedly, Xiao et al. (2021) analyzed the fixed-point of offline
semi-gradient TD(0), under finite state space and overparameterized function approximation, which
differs from our setting. And they did not consider time discretization.

3 PROBLEM SETTING

In this section, we describe the setting where the analysis will be performed, namely, the system, the
data, the algorithm, and the objective.

3.1 CONTINUOUS-TIME STOCHASTIC LINEAR QUADRATIC SYSTEM

As discussed in Section 1, the dynamics and the return of the system are given by Eq.1. Without loss
of generality, we set the weight of the reward q = 1 and assume that the process starts at x(0) = 0
(Abbasi-Yadkori et al., 2011; Dean et al., 2020; Zhang et al., 2023). To ensure the value V ∈ R is
finite, we assume a < 0. Using Lemma A.1 from (Zhang et al., 2023), we can derive the closed-form
expression for the value V at x(0):

V := V (x(0)) =

∫ ∞

0

γtσ2

2a

(
1− e2at

)
dt =

−σ2

(ln γ)(ln γ + 2a)
(2)

We consider a linear function approximation of the value function parameterized by θ: Vθ (x) =
ϕ (x) θ, where the value is linear in the feature ϕ (x). We follow Tu & Recht (2018) and choose
the feature as ϕ(x) := x2 − σ2

ln γ . Since the value function of a linear quadratic system is quadratic
in the state x, it lies exactly in the span of the features. In particular, at the initial state, we have
Vθ(0) = ϕ(0)θ = − σ2

ln γ θ. Equating with Equation 2 gives the true parameter: θ∗ = 1
ln γ+2a .

3.2 OFFLINE DATASET SAMPLED AT TIME INTERVAL h

We work with offline data sampled from the continuous-time dynamics described by Equation 1
at discrete time. The dynamics are sampled N times per trajectory, under a finite data budget B.
The data collection procedure is identical to the one in Zhang et al. (2023), where data are sampled
through a uniform discretization of the interval [0, T ], with T < ∞ being the estimation horizon,
with time increment h. This results in the collection of N = T/h points (which for simplicity is
assumed to be an integer) over a single trajectory, at times tk := kh, for k = 0, . . . , N − 1. Given
the data budget B, it is therefore possible to sample from M = B/N different trajectories. At each
time instant tk of each trajectory i, the state xi(tk) is observed and the approximate reward incurred
in the interval [tk, tk + h] is computed as ri(tk) = −hx2

i (tk). The offline dataset is gathered as
D = {(xi(tk), ri(tk), xi(tk+1)) | i = 1, 2, . . . ,M and k = 0, 1, . . . , N − 2}.

3.3 MEAN-PATH SEMI-GRADIENT TD(0) ON OFFLINE DATA

The semi-gradient TD(0) algorithm starts with an initial parameter estimate θ0, which gets up-
dated iteratively toward the true parameter θ∗. At iteration t, it updates the current estimate
θt according to the sampled triplet containing current state, reward and next state (x, r, x′), by
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θt+1 = θt + αgt(θt) where α is the learning rate, and gt(θt) is the negative semi-gradient at it-
eration t: gt(θt) =

(
r +

(
γhϕ(x′)− ϕ(x)

)
θt
)
ϕ(x), where γh is the effective discount factor in

the discretized system. In this work, we consider instead an offline version of the mean-path TD
introduced by Bhandari et al. (2018), whose update rule involves the mean negative semi-gradient
over some distribution rather than the stochastic gradient. In the offline setting, the mean negative
semi-gradient is computed over the empirical distribution induced by the whole dataset D, collected
according to the procedure described in Section 3.2. The update rule is hence

θt+1 = θt + αḡ(θt), (3)

where the mean of the negative semi-gradient is

ḡ(θt) = ϕr + ϕ(γhϕ′ − ϕ)θt

=
1

M(N − 1)

M∑
i=1

N−2∑
k=0

ϕ (xi(tk))
(
ri(tk) +

(
γhϕ (xi(tk+1))− ϕ (xi(tk))

)
θt

)
, (4)

where ϕr and ϕ(γhϕ′ − ϕ)θt are shorthands denoting taking the mean over the triplet (ϕ, r, ϕ′) in
the dataset.

3.4 OBJECTIVE: MEAN-SQUARED ERROR OF VALUE ESTIMATION

We characterize the Mean-Squared Error of the value estimate from the offline mean-path semi-
gradient TD(0) algorithm described above. It is a function of the parameter estimate θt after t
updates: MSEt = E

[
(Vθt − V )2

]
where Vθt and V are the infinite-horizon value estimate after t-

step updates and the true value, respectively. Vθt is determined by the parameters h,B, T, σ, α, θ0, t.

4 THEORETICAL RESULTS ON OFFLINE MEAN-PATH TD

The main goal of this section is to gather insights on the behaviour of the MSE with respect to the
temporal resolution parameter h, through the analysis of the evolution of the parameter θt. Recall
that the ground truth value is V = − σ2

(ln γ)(ln γ+2a) . With t step update with the semi-gradient, we
have the value estimate Vθt = − 1

ln γσ
2θt. The corresponding MSE can be expressed as follows:

MSEt = E
[
(Vθt − V )2

]
=

σ4

(ln γ)2

(
E[θ2t ]−

2E[θt]
ln γ + 2a

+

(
1

ln γ + 2a

)2
)
, (5)

where the expectation is taken w.r.t. the distribution of the data generated by the process x(·).

4.1 MSE FOR OFFLINE MEAN-PATH SEMI-GRADIENT TD(0)

The following theorem provides the characterization of the MSE for Offline Mean-Path Semi-
gradient TD(0) after t updates, provided the discretization step-size is small: h ∈ (0, 1).

Theorem 4.1 (Mean Squared Error). After t updates, the mean squared error is

MSEt =
σ4

(ln γ)2

{[
t2α2I3 + 2tαθ0 (I1 + (2t− 1)αI5) + θ20

(
1 + 2tαI2 + t(3t− 2)α2I4

)]
− 2

ln γ + 2a

[
θ0 + tα(I1 + I2θ0) +

t(t− 1)

2
α2 (I5 + I4θ0)

]
+

(
1

ln γ + 2a

)2
}

+O(h3) (6)

where I1, · · · , I5 are auxiliary terms dependent on h but not t, α, introduced in Appendix A.2.
Importantly, the MSE can be expressed as:

MSEt = C0 + C1h+ C2h
2 +O(h3) (7)

4
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where C0 ≥ 0, C1 ≤ 0, C2 ≥ 0 are constants with respect to h, given by:

C0 =
σ4

(ln γ)2

(
θ0 −

1

ln γ + 2a

)2

,

C1 =
tασ4

(ln γ)2

(
θ0 −

1

ln γ + 2a

)2
[
−2 (2a+ ln γ)C11 +

α(2t− 1) (2a+ ln γ)
2
C31

B

]
,

C2 =
tασ4

(ln γ)2

(
θ0 −

1

ln γ + 2a

)2 [
2C23 − 2(2a+ ln γ)C12+

(C2
11 +

C320

B
)(2a+ ln γ)2(2t− 1)α

]
.

The constants C11 < 0, C12 > 0, C23 > 0, C31 < 0, C320 > 0 depend only on a, T, ln γ, σ4, and
their precise forms are given in Appendix A.2.

The theorem presents the expression for the t-step MSE in Equation 6. In order to clearly exhibit the
order of h in the MSE, we derive another approximate form of t-step MSE in Equation 7, offering
more interpretable insights. For small h, the MSE approximately follows a quadratic relation in h,
and the minimum is attained when h is strictly positive, i.e., h∗ > 0. It confirms the existence of a
trade-off in the temporal resolution parameter for the offline mean-path semi-gradient TD(0).

4.2 OPTIMAL TEMPORAL RESOLUTION h∗

The optimal discretization step-size h∗ represents the time interval at which we would ideally sample
our dynamical system in order to have the best estimation of the value in term of the MSE. A precise
form for this optimal parameter can be found by exploiting the approximate expression of the MSE
in Equation 7, as shown in the next corollary.

Corollary 4.2 (Optimal Discretization). The optimal h∗ based on the approximation Equation 7
after t updates is

h∗ ≈ − C1

2C2
= −

−2 (2a+ ln γ)C11 +
α(2t−1)(2a+ln γ)2C31

B

2
[
2C23 − 2(2a+ ln γ)C12 + (C2

11 +
C320

B )(2a+ ln γ)2(2t− 1)α
] , (8)

and the minimum MSE is

MSE∗
t ≈

σ4
(
θ0 − 1

ln γ+2a

)2
(ln γ)21− 4taα

(
−2 (2a+ ln γ)C11 +

α(2t−1)(2a+ln γ)2C31

B

)2
2C23 − 2(2a+ ln γ)C12 + (C2

11 +
C320

B )(2a+ ln γ)2(2t− 1)α

 . (9)

The expression in Equation 8 is clearly dependent on the specific dynamical system or environment
at hand. Therefore setting the time discretization to the optimal value would be impossible without
full knowledge of the dynamics. Although it is possible to empirically find the optimal temporal
resolution by sweeping over different discretization intervals, it would be impractical to sample the
dataset at different frequencies just to maintain the one that has proved the most effective in terms
of the MSE for the value estimation. On the other hand, if the 1/B terms are relatively small, the
resulting optimal h would be insensitive to the change in B. We will show empirically in Section 5
that it is indeed the case.

For large enough data budgets B, we can show that the optimal time discretization h∗ is independent
from the data budget, and further simplify the expressions, shown in the next corollary.

5
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Corollary 4.3 (Asymptotic Optimal Discretization). (i) If the budget B is large while the horizon T
is fixed and finite, one can obtain

MSEt =
{
1 + tα

[
−2 (2a+ ln γ) (C11h+ C12h

2) + 2C23h
2 + C2

11h
2(2a+ ln γ)2(2t− 1)α

]}
∗ σ4

(ln γ)2

(
θ0 −

1

ln γ + 2a

)2

+O(
1

B
) +O(h3).

h∗ ≈ − −2 (2a+ ln γ)C11

2 [2C23 − 2(2a+ ln γ)C12 + C2
11(2a+ ln γ)2(2t− 1)α]

.

(ii) If the horizon T is large (and thus B is also large, since B = TM
h ), we have

MSEt =
σ4

(ln γ)2

(
θ0 −

1

ln γ + 2a

)2{
1 + tα

[
σ4(2a+ ln γ)(2a+ 3 ln γ)

2a2 ln γ
h

+ (2a+ ln γ)2
(
3σ4

4a2
+

σ8(2a+ 3 ln γ)2(2t− 1)α

16a4(ln γ)2

)
h2

]}
+O(

1

T
) +O(h3).

h∗ ≈ − 4a2 ln γ(2a+ 3 ln γ)

(2a+ ln γ) (12a2(ln γ)2 + σ4(2a+ 3 ln γ)2(2t− 1)α)

Remark 4.4. The two cases in Corollary 4.3 are consistent: letting T be large in (i) recovers the
expression in (ii).

How to choose temporal resolution for TD The fact that h∗ is insensitive to the data budget B
has important practical implications. An optimal h∗ can be efficiently determined by performing a
grid search on h using a baseline data budget B0. Concretely, we can consider an initial “burn-in”
phase: collect a dataset of size B0, estimate the value V via Monte Carlo as in Zhang et al. (2023),
and perform a grid search over h based on the empirical MSE, by sub-sampling this dataset. Then
increasing B can verify if h∗ remains stable. If so, the same h can be reused for larger data budgets,
thereby reducing hyperparameter search costs while maintaining accurate value estimation.

4.3 COMPARISON WITH MONTE CARLO

Recent work by Zhang et al. (2023) established that Monte Carlo (MC) estimation exhibits a trade-
off in MSE w.r.t. h, under the same problem setting as ours. They derived the exact MSE expression
(Theorem 3.6 in Zhang et al. (2023)) and showed that MSEMC = O( 1

hB + h). They further demon-
strated that the optimal h scales polynomially with B, namely: h∗

MC ≈ B−1/2. In contrast, our
analysis indicates that for TD learning, the optimal step-size h∗ behaves differently – it remains
largely constant w.r.t. B.

To build intuition, consider how variance reacts to the changes in the data budget B. TD implicitly
performs a maximum-likelihood fit of the value-function parameters within its chosen model (Sutton
& Barto, 2018). Once sufficient data are available to obtain a stable parameter estimate, additional
samples yield little further variance reduction. This explains why the trade-off and hence h∗ is
largely insensitive to B. In contrast, the Monte-Carlo estimator in Zhang et al. (2023) directly
averages returns. Increasing B continues to reduce trajectory variance, hence affecting the trade-off.

In the next section, we present numerical experiments that illustrate and confirm these theoretical
differences between TD and MC estimation.

5 NUMERICAL EXPERIMENTS

To empirically validate our theoretical analysis in the previous section, we conduct simulations on
continuous-time stochastic linear quadratic systems. While our theoretical framework characterizes
the trade-off in Langevin dynamics, we investigate whether these insights hold for TD in practice,
especially for multi-step updates. By systematically varying temporal resolution, data budget, and
system parameters, we quantify how the discretization choices impact the MSE of the value estima-
tion of TD. We also perform a comparison between TD and Monte Carlo methods.

6
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Figure 2: Trajectory of the parameter θt as it converges to the fixed point θLSTD

5.1 OFFLINE TD ON LINEAR QUADRATIC SYSTEMS

In our experiments, we perform 50 independent runs to approximate the expectation in the MSE
computation. In each run, we generate a new dataset by simulating the Langevin process of Sec-
tion 3.1 with a unique random seed, following the procedure outlined in Section 3.2. We then apply
the offline mean-path semi-gradient TD(0) algorithm, as described in Section 3.3, to obtain an es-
timate and compute the squared error relative to the true value. The lines in the plots represent the
mean squared error averaged over the 50 runs, while the shaded regions indicate the standard error.
We fix the parameter σ = 1 throughout the experiments. The values of h is chosen from this grid:
h ∈

(
{2−15, 2−14, · · · , 2−2}

)
T .

Trajectory and convergence of the iterates: In order to understand the evolution over updates of
the parameter θt, when following the gradient dynamics in equation 3, we can start by looking at
the fixed points of the latter. If θ̄ is a fixed point of the gradient dynamics, then from equation 3 we
have that θ̄ must satisfy ḡ(θ̄) = 0. From equation 4 we then derive:

θ̄ = −
(
ϕ(γhϕ′ − ϕ)

)−1

ϕr

= −

(
M∑
i=1

N−2∑
k=0

ϕ (xi(tk))
[
γhϕ (xi(tk+1))− ϕ (xi(tk))

])−1 M∑
i=1

N−2∑
k=0

ϕ (xi(tk)) ri(tk), (10)

which represents the unique fixed point, and it coincide with the LSTD estimate θLSTD.
Convergence to the LSTD estimate is empirically shown in Figure 2, where the evolution of the
parameter θt converges to the unique fixed point, and indeed the average gradient converges to 0.
From Figure 2 one can note that θt converges to the LSTD estimate even if it starts closer to the true
parameter θ∗, as is the case in top right plot, while convergence to the optimal parameter is achieved
only if the latter coincide with θLSTD, as shown in bottom right plot.
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Figure 4: MSE under varying B and a, respectively
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Figure 5: Empirical MSE as a function of h as number of steps increase
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Figure 3: Asymptotic MSE

Asymptotic MSE vs h: In Figure 3, we illustrate how
the asymptotic MSE varies with h, under the parameters
a = −8, T = 8, γ = 0.9. For each h, the learning rate
is optimized from {0.1,1.0,10.0} and TD is run until con-
vergence. The plot shows the MSE for three different ini-
tializations of θ0. In all cases, the iterates converge to the
LSTD estimate, consistent with the earlier discussion on
convergence.

Dependence of MSE and h∗ on the data budget B:
We plot the asymptotic MSE of TD as a function of B
while keeping other parameters fixed to a = −8, T =
8, γ = 0.9, θ0 = 0. As shown in Figure 4 (left), increas-
ing B generally reduces the MSE, since more data yields
more accurate estimates. However, varying B has negligible effect on the optimal step size h∗.
It aligns with the trend in Figure 10 for one-step TD (Appendix), where h∗ remain stable across
different B.

MSE under varying dynamics parameter a: Figure 4 (right) illustrates the asymptotic MSE
when we vary system dynamics parameter a over {−1,−2,−4,−6,−8,−16}. The other parame-
ters are fixed to T = 8, B = 4096, γ = 0.9, θ0 = 0. As |a| increases, the MSE across all step sizes
h decreases as the system decays faster.

MSE at various number of updates t: Figure 5 illustrates how the MSE evolves w.r.t h over
update steps, under two different algorithm parameter settings while keeping the system parameters
fixed at a = −8, T = 8, B = 16384, γ = 0.9. In both plots, the algorithm is run for 100 update
steps for each fixed h, with learning rate α = 0.1. The left plot starts from θ0 = 0, while the

8
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Figure 6: MSE of TD compared with MC

right plot starts from θ0 = 0.4. In both cases, the MSE decreases with the number of updates and
converges quickly. However, the trade-off in MSE w.r.t h persists as the updates progress. Notably,
the optimal step size h∗ appears to remain stable once the number of updates t is sufficiently large.

5.2 COMPARING THE VALUE ESTIMATION ACCURACY OF TD AND MONTE-CARLO

To gain more insights into the value estimation accuracy of TD and MC, we evaluate the MSE of
TD with multi-step updates, and compare it against both MC with the same T and the theoretically
optimal MSE∗ that MC could achieve, in Figure 6. The optimal MC performance is obtained by
optimizing the expression of its MSE w.r.t both T and h, which occurs at T ≈ 52. The results show
TD outperforms the optimal MC performance. This demonstrates that, when appropriately tuned,
TD is a highly effective method for value estimation.

6 LIMITATIONS AND FUTURE WORK

While our work provides a framework for understanding the impact of temporal resolution in TD,
it has a limited scope. Our analysis is confined to a specific class of systems and algorithms. In
particular, we focus on one-dimensional Langevin systems and study the offline mean-path semi-
gradient TD(0) algorithm. As a result, the extent to which our findings generalize to more complex
dynamical systems and alternative TD algorithms remains an open question. Exploring how value
estimation responds to temporal resolution in broader settings, including higher-dimensional, non-
linear environments and different learning paradigms, is an important direction for future work.

7 CONCLUSION

In this work, we provided a theoretical and empirical investigation into the impact of temporal
resolution on offline Temporal Difference value estimation. By analyzing the Mean-Squared Er-
ror of the mean-path semi-gradient TD(0) algorithm in continuous-time stochastic linear quadratic
systems, we demonstrated the existence of a non-trivial trade-off in step size h where an optimal
discretization improves estimation accuracy. Our analysis further revealed that unlike Monte Carlo
estimation, where the optimal h scales polynomially with the data budget B (Zhang et al., 2023), the
optimal h for TD remains largely invariant to B. This provides practical guidance: one can select
an appropriate temporal resolution under small data budgets without re-tuning for larger data.

Through extensive numerical experiments, we verified our theoretical predictions and explored the
behavior of TD estimation across different system parameters. Additionally, we compared TD with
MC and showed that TD can outperform MC under the same data budget.

This work establishes a framework for analyzing the role of temporal resolution in TD methods,
contributing to a deeper understanding of how step size influences learning dynamics. Future direc-
tions include extending this analysis to more complex environments, higher-dimensional systems,
and alternative TD formulations.

9
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REPRODUCIBILITY STATEMENT

The assumptions underlying our theoretical results are stated in the main text, and complete proofs
are provided in the Appendix. The supplementary materials contain the Mathematica scripts and
data used for symbolic computations supporting our analysis of one-step and multi-step MSE. To
illustrate the complexity of the expressions, we also provide the exact formula for the one-step MSE.
In addition, we include the Python code used to conduct the offline TD numerical experiments.
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A APPENDIX

A.1 PARAMETERS USED FOR THE EXAMPLE IN FIG. 1

The parameters that we use in the example are: a = −8, T = 8, B = 16384, σ = 1, γ = 0.9, α =
0.1. The two plots differ in their initialization of θ: θ0 = 0 for the left and θ0 = 0.4 for the right.
We run the offline mean-path semi-gradient TD(0) algorithm described in Section 3.3 under each h
for 10 updates. The result is averaged across 50 runs and shaded area is the standard error.

A.2 PROOF OF THEOREM 4.1

In this section, we provide the technical derivations that support the theoretical results in Section 4.
We begin by stating key lemmas related to the moments of the stochastic process, which form the
basis of the MSE derivation. We then derive the exact MSE after one-step update, followed by an
approximate form for multi-step updates, to highlight the dependence on the step-size h.

The analysis of the MSE needs a clear understanding of E[θ2t ] and E[θt]. We shall first state the
following lemma that is used in the computation.

Lemma A.1. (Even moments) Let x(t) = σ
∫ t

0
ea(t−s)dw(s) be the solution of the Langevin equa-

tion, the moments of x(t) is given by

E
[
x2n(t)

]
=

(2n− 1)!!σ2n

(2a)n
(e2at − 1)n, (11)

The joint moments, e.g. E
[
x2n(t)x2m(s)

]
for s ≤ t and all nonegative integers m,n can be derived

from Equation 11.

Proof. Equation 11 can be derived using induction and Itô’s formula as follows.

Let f(x) = x2n, by Itô’s formula, we have

df(x(t)) = f ′(x(t))dx(t) +
1

2
f ′′(x(t))d[x, x]t.

Substituting f ′(x) = 2nx2n−1, f ′′(x) = 2n(2n − 1)x2n−2 and dx(t) = ax(t)dt + σdw(t), one
has

df(x(t)) = 2nx2n−1(t) (ax(t)dt+ σdw(t)) +
1

2
2n(2n− 1)x2n−2(t)σ2dt.

Noticing the stochastic integral has zero expectation (E[x2n−1(t)dw(t)] = 0), the expectation of the
above equation gives

d

dt
E[x2n(t)] = 2naE[x2n(t)] + n(2n− 1)σ2E[x2n−2(t)] . (12)

Taking Mn(t) = E[x2n(t)], the above equation gives

dMn(t)

dt
= 2naMn(t) + n(2n− 1)σ2Mn−1(t) . (13)

Now, we show Mn(t) =
(2n−1)!!σ2n

(2a)n (e2at − 1)n by induction using the above recurrence form.

It is trivial when n = 1. Assume for some n ≥ 1, Mn(t) = (2n−1)!!σ2n

(2a)n (e2at − 1)n holds. By
Equation 13

dMn+1(t)

dt
= 2(n+ 1)aMn+1(t) + (n+ 1)(2n+ 1)σ2Mn(t)

= 2(n+ 1)aMn+1(t) + (n+ 1)(2n+ 1)σ2 (2n− 1)!!σ2n

(2a)n
(e2at − 1)n . (14)

We solve this linear ODE with integrating factor e−2(n+1)at and obtain

d

dt

(
e−2(n+1)atMn+1(t)

)
= (n+ 1)(2n+ 1)σ2(n+1) (2n− 1)!!

(2a)n
e−2(n+1)at(e2at − 1)n .

12
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Integrating both sides from 0 to t,

(
e−2(n+1)atMn+1(t)

)
= (n+ 1)(2n+ 1)σ2(n+1) (2n− 1)!!

(2a)n

∫ t

0

e−2(n+1)as(e2as − 1)nds ,

which can be solved directly using change of variables (e.g., z = e2as − 1), and therefore we obtain

Mn+1(t) = E
[
x2(n+1)(t)

]
=

(2n+ 1)!!σ2(n+1)

(2a)n+1
(e2at − 1)n+1 ,

which complete the proof of Equation 11.

To derive the joint moments E
[
x2n(t)x2m(s)

]
for s ≤ t and all nonegative integers m,n, we simply

decompose x(t) = x(s) + σ
∫ t

s
ea(t−u)dw(u). Then

E
[
x2n(t)x2m(s)

]
= E

[(
x(s) + σ

∫ t

s

ea(t−u)dw(u)

)2n

x2m(s)

]

=

n∑
k=0

(
2n

2k

)
E
[
x2(m+k)(s)

]
E

[(
σ

∫ t

s

ea(t−u)dw(u)

)2(n−k)
]
.

Both the terms E
[
x2(m+k)(s)

]
and E

[(
σ
∫ t

s
ea(t−u)dw(u)

)2(n−k)
]

can be computed in exactly

the same way as the computation of Equation 11.

Similarly, the general form E
[
x2n1
1 (t1)x

2n2
2 (t2) · · ·x2nk

k (tk)
]

can be computed in the same manner
by first sorting t1, · · · , tk.

To characterize the MSE in Equation 5, let’s start by analyzing one update, i.e., when t = 1. The
result is in the following lemma:

Lemma A.2. (One-step MSE) The MSE after one-step update (t = 1) is:

MSE1 =
σ4

(ln γ)2

(
(1 + 2αI2 + α2I4)θ20 +

(
1

ln γ + 2a

)2

+ 2α(I1 + αI5)θ0 + α2I3 − 2
θ0 + α(I1 + I2θ0)

ln γ + 2a

)
.

where the quantities I1, · · · , I5 are auxiliary expectation terms introduced in the proof.

Proof. Since θ1 = θ0 + αḡ(θ0), we have E[θ̂] = E[θ1] = θ0 + αE[ḡ(θ0)].

We can rewrite Equation 4 as

E[ḡ(θ0)] = E
[
ϕr + ϕ(γhϕ′ − ϕ)θ0

]
(15)

= E
[
ϕr
]︸ ︷︷ ︸

I1

+E
[
ϕ(γhϕ′ − ϕ)

]
︸ ︷︷ ︸

I2

θ0 (16)

13
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We can write out the two terms in Equation (16). For the first term,

I1 = E
[
ϕr
]
= E

[
1

M

M∑
i=1

1

N − 1

N−2∑
k=0

ϕ(xi(kh))ri(kh)

]

=
1

M

M∑
i=1

1

N − 1

N−2∑
k=0

E [ϕ(xi(kh))ri(kh)]

=
1

N − 1

N−2∑
k=0

E [ϕ(x(kh))r(kh)] (17)

= − h

N − 1

N−2∑
k=0

{
E
[
x4(kh)

]
− σ2

ln γ
E
[
x2(kh)

]}

= − hσ4

2a(N − 1)

N−2∑
k=0

{[
3

2a
(e2akh − 1)2

]
−
[

1

ln γ
(e2akh − 1)

]}
By taking the summation, I1 can be written as

I1 = − hσ4

2a(N − 1)

[
(N − 1)

(
3

2a
+

1

ln γ

)
−
(
3

a
+

1

ln γ

)
1− e2a(T−h)

1− e2ah
+

3

2a

1− e4a(T−h)

1− e4ah

]
(18)

For the second term I2,

I2 = E
[
ϕ(γhϕ′ − ϕ)

]
= E

[
1

M

M∑
i=1

1

N − 1

N−2∑
k=0

ϕ(xi(kh))(γ
hϕ(xi(kh+ h))− ϕ(xi(kh)))

]
(19)

=
1

M

M∑
i=1

1

N − 1

N−2∑
k=0

E
[
ϕ(xi(kh))(γ

hϕ(xi(kh+ h))− ϕ(xi(kh)))
]

(20)

=
1

N − 1

N−2∑
k=0

E
[
ϕ(x(kh))(γhϕ(x(kh+ h))− ϕ(x(kh)))

]
(21)

=
1

N − 1

N−2∑
k=0

{
γhE

[
x2(kh)x2(kh+ h)

]
+

σ4

(ln γ)2
(γh − 1)− E

[
x4(kh)

]
+

σ2

ln γ

(
(2− γh)E

[
x2(kh)

]
− γhE

[
x2(kh+ h)

])}
(22)

Substituting the moments from Lemma A.1, we have

I2 =
1

N − 1

N−2∑
k=0

{
γh σ4

4a2
(e2akh − 1)e2ah

[
(1− e−2ah) + 3(e2akh − 1)

]
+

σ4

(ln γ)2
(γh − 1)− 3σ4

4a2
(e2akh − 1)2

+
σ4

2a ln γ

(
(2− γh)(e2akh − 1)− γh(e2a(k+1)h − 1)

)}
, (23)

which can be computed and simplified symbolically using Mathematica.

On the other hand, E
[
θ21
]
= θ20 + 2θ0αE [ḡ(θ0)] + α2E

[
ḡ2(θ0)

]
, we need to compute E

[
ḡ2(θ0)

]
to find the MSE. By definition,

E
[
ḡ2(θ0)

]
= E

[
(ϕr)2

]︸ ︷︷ ︸
I3

+θ20 E
[
(ϕ(γhϕ′ − ϕ))2

]
︸ ︷︷ ︸

I4

+2θ0 E
[
(ϕr)(ϕ(γhϕ′ − ϕ))

]
︸ ︷︷ ︸

I5

, (24)

14



756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809

Under review as a conference paper at ICLR 2026

where each term can be computed as follows.

I3 = E
[
(ϕr)2

]
= E

 1

(B −M)2

(
M∑
i=1

N−2∑
k=0

[ϕ(xi(kh))ri(kh)]

)2


= E

 h2

(B −M)2

(
M∑
i=1

N−2∑
k=0

[(
x2
i (kh)−

σ2

ln γ

)
x2
i (kh)

])2


=
h2N

B(N − 1)2

[N−2∑
k=0

N−2∑
ℓ=0

E
[(

x2(kh)− σ2

ln γ

)
x2(kh)

(
x2(ℓh)− σ2

ln γ

)
x2(ℓh)

]

+ (M − 1)

(
N−2∑
k=0

E
[(

x2(kh)− σ2

ln γ

)
x2(kh)

])2 ]
(25)

where each expectation can be computed from Lemma A.1 and summation can be computed sym-
bolically from Mathematica.

Similarly,

I4 = E

( 1

M

M∑
i=1

1

N − 1

N−2∑
k=0

ϕ(xi(kh))(γ
hϕ(xi(kh+ h))− ϕ(xi(kh)))

)2


=
N

B(N − 1)2

[N−2∑
k=0

N−2∑
ℓ=0

E[ϕ(x(kh))(γhϕ(x(kh+ h))− ϕ(x(kh)))

ϕ(x(ℓh))(γhϕ(x(ℓh+ h))− ϕ(x(ℓh)))]

]
+

(M − 1)

(N − 1)2

[N−2∑
k=0

N−2∑
ℓ=0

E
[
ϕ(x(kh))(γhϕ(x(kh+ h))− ϕ(x(kh)))

]
E
[
ϕ(x(ℓh))(γhϕ(x(ℓh+ h))− ϕ(x(ℓh)))

] ]
, (26)

and

I5 = E
[(

1

M

M∑
i=1

1

N − 1

N−2∑
k=0

[ϕ(xi(kh))ri(kh)]

)
(

1

M

M∑
i=1

1

N − 1

N−2∑
k=0

ϕ(xi(kh))(γ
hϕ(xi(kh+ h))− ϕ(xi(kh)))

)]

=
N

B(N − 1)2

[N−2∑
k=0

N−2∑
ℓ=0

E[ϕ(x(kh))r(kh)ϕ(x(ℓh))(γhϕ(x(ℓh+ h))− ϕ(x(ℓh)))]

]
+

(M − 1)

(N − 1)2

[N−2∑
k=0

N−2∑
ℓ=0

E [ϕ(x(kh))r(kh)]E
[
ϕ(x(ℓh))(γhϕ(x(ℓh+ h))− ϕ(x(ℓh)))

] ]
.

(27)

15



810
811
812
813
814
815
816
817
818
819
820
821
822
823
824
825
826
827
828
829
830
831
832
833
834
835
836
837
838
839
840
841
842
843
844
845
846
847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863

Under review as a conference paper at ICLR 2026

By employing Lemma A.1 and the computation from Mathematica, one can derive the MSE after
one-step update as

MSE1 =
σ4

(ln γ)2

(
(2α+ 1)θ20 + 2θ0α

2(I1 + I2θ0) + α2(I3 + I4θ20 + 2θ0I5)

− 2
θ0 + α(I1 + I2θ0)

ln γ + 2a
+

(
1

ln γ + 2a

)2)
.

=
σ4

(ln γ)2

(
(1 + 2αI2 + α2I4)θ20 + 2α(I1 + αI5)θ0 + α2I3

− 2
θ0 + α(I1 + I2θ0)

ln γ + 2a
+

(
1

ln γ + 2a

)2)
.

We now generalize the one-step update to the case of t-step updates. Recall that the update rule
(Equation 3) is θt+1 = θt + αḡ(θt). To derive the MSE after t-steps update, we first express θt in
terms of the initial parameter θ0 by repeated substitution. This recursive expansion is provided by
the following lemma.

Lemma A.3 (Expansion of θt). The parameter θt after t updates satisfies:

θt = θ0 +

t∑
ℓ=1

(
t

ℓ

)
αℓ
[
ϕ(γhϕ′ − ϕ)

]ℓ−1 [
ϕr + ϕ(γhϕ′ − ϕ)θ0

]
. (28)

Proof. By induction, if Equation 28 is true, then

θt+1 = θt + α
(
ϕr + ϕ(γhϕ′ − ϕ)θt

)
= θ0 +

t∑
ℓ=1

(
t

ℓ

)
αℓ
[
ϕ(γhϕ′ − ϕ)

]ℓ−1 [
ϕr + ϕ(γhϕ′ − ϕ)θ0

]
+ α

[
ϕr + ϕ(γhϕ′ − ϕ)θ0

]
+

t∑
ℓ=1

(
t

ℓ

)
αℓ+1

[
ϕ(γhϕ′ − ϕ)

]ℓ [
ϕr + ϕ(γhϕ′ − ϕ)θ0

]
.

Rearrange the indices for the two summations,

θt+1 = θ0 + (t+ 1)α
[
ϕr + ϕ(γhϕ′ − ϕ)θ0

]
+

t∑
ℓ=2

(
t

ℓ

)
αℓ
[
ϕ(γhϕ′ − ϕ)

]ℓ−1 [
ϕr + ϕ(γhϕ′ − ϕ)θ0

]
+

t∑
ℓ=2

(
t

ℓ− 1

)
αℓ
[
ϕ(γhϕ′ − ϕ)

]ℓ−1 [
ϕr + ϕ(γhϕ′ − ϕ)θ0

]
= θ0 +

t+1∑
ℓ=1

(
t+ 1

ℓ

)
αℓ
[
ϕ(γhϕ′ − ϕ)

]ℓ−1 [
ϕr + ϕ(γhϕ′ − ϕ)θ0

]
.

where the last equation is a direct application of Pascal’s formula. This completes the proof.

By straightforward manipulation, the formula can be rewritten as

θt = [1 + α(ϕ(γhϕ′ − ϕ))]tθ0 + αϕr

t−1∑
j=0

[1 + α(ϕ(γhϕ′ − ϕ))] .
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Recall from Equation 5 that the MSE after t-step update is

MSEt =
σ4

(ln γ)2

(
E[θ2t ]− 2

1

ln γ + 2a
E[θt] +

(
1

ln γ + 2a

)2
)
, (29)

where

θt = θ0 +

t∑
ℓ=1

(
t

ℓ

)
αℓ
[
ϕ(γhϕ′ − ϕ)

]ℓ−1 [
ϕr + ϕ(γhϕ′ − ϕ)θ0

]
. (30)

by Lemma A.3. The exact computation in this case cannot be obtained as we did in the one-step
case, since E

[
θ2t
]

and E [θt] cannot be easily derived. We shall consider these quantities using
approximation in order to give a clear insight of MSEt.
Lemma A.4 (Order of Higher Moments in Gradient Terms). For small h ∈ (0, 1), the following
hold for all integers n ≥ 3:

E
[(

ϕ(γhϕ′ − ϕ)
)n]

= O(hn),

E
[(

ϕ(γhϕ′ − ϕ)
)n−1

ϕr

]
= O(hn),

E
[(

ϕ(γhϕ′ − ϕ)
)n−2 (

ϕr
)2]

= O(hn),

Proof. We begin with the following expansion from applying Taylor expansion on γh:

γhϕ(x(kh+ h))− ϕ(x(kh))

= [ϕ(x(kh+ h))− ϕ(x(kh))] + h ln γϕ(x(kh+ h)) + h2(ln γ)2ϕ(x(kh+ h)) +O(h3)

A direct expansion of
(
γhϕ(x(kh+ h))− ϕ(x(kh))

)n
will be the summation of

[ϕ(x(kh+ h))− ϕ(x(kh))]
n1 (h ln γϕ(x(kh+ h)))

n2
(
h2(ln γ)2ϕ(x(kh+ h))

)n3
+O(h3),

with n1 + n2 + n3 = n. Noticing that [ϕ(x(kh+ h))− ϕ(x(kh))] will contribute one factor h,

therefore the leading order of E
[(

ϕ(γhϕ′ − ϕ)
)n]

= O(hn) will have the power of h at least

n1 + n2 + n3 = n. The second and the third equations can be shown similarly by noticing ϕr has a
factor h.

This lemma shows that the high-order moments of the TD update components vanish rapidly with
small h. As a result, when analyzing the MSE, truncating at O(h3) suffices for a valid approxima-
tion.

Based on Lemma A.4, we immediately have

E [θt] = θ0 + tα(I1 + I2θ0) +
t(t− 1)

2
α2 (I5 + I4θ0) +O(h3), (31)

E
[
θ2t
]
= t2α2I3 + tαθ0 (2I1 + (3t− 1)αI5) + θ20

(
1 + 2tαI2 + t(2t− 1)α2I4

)
+O(h3).

(32)

Therefore, we can write the MSE after t-step update as

MSEt =
σ4

(ln γ)2

[ (
t2α2I3 + tαθ0 (2I1 + (3t− 1)αI5) + θ20

(
1 + 2tαI2 + t(2t− 1)α2I4

))
− 2

1

ln γ + 2a

(
θ0 + tα(I1 + I2θ0) +

t(t− 1)

2
α2 (I5 + I4θ0)

)
+

(
1

ln γ + 2a

)2
]
+O(h3) (33)
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which can be solved by the computation of I1, · · · , I5.

Although the exact forms of I1, · · · , I5 can be obtained by symbolic computation in Mathematica,
it is too complex to parse. To interpret the relationship between the MSE and h clearly, we shall
approximate I1, · · · , I5 in terms of h.

Lemma A.5 (Approximation of Ii terms). For small h ∈ (0, 1), the quantities Ii can be expanded
as follows:

I1 = C11h+ C12h
2 +O(h3), (34)

I2 = C21h+ C22h
2 +O(h3), (35)

I3 =
C31

B
h+

(
C320

B
+ C321

)
h2 +O(h3), (36)

I4 =
C41

B
h+

(
C420

B
+ C421

)
h2 +O(h3), (37)

I5 =
C51

B
h+

(
C520

B
+ C521

)
h2 +O(h3), (38)

where coefficients Cij and Cijk depends on a, γ, σ and T , but are independent of h and the data
budget B. The expressions for each coefficient are listed below.

(i)

C11 = −
σ4
(
4a− 4ae2aT + 8a2T + 3 ln γ

(
3− 4e2aT + e4aT + 4aT

))
16a3T ln γ

, (39)

C21 = −(2a+ ln γ)C11, (40)

C321 = C2
11, (41)

C421 = (2a+ ln γ)2C2
11, (42)

C521 = −(2a+ ln γ)C2
11 (43)

(ii)

C31 =
σ8
(
5− e4aT + 4aT − 4e2aT + 8aTe2aT

)
8a4T (ln γ)2

+

3σ8
(
11 + e6aT + 8aT − 9e2aT + 20aTe2aT − 3e4aT − 4aTe4aT

)
8a5T ln γ

+

σ8
(
61 + 29e6aT − 3e8aT + 42aT − 18e4aT − 90aTe4aT − 69e2aT + 108aTe2aT

)
8a6T

,

(44)

C41 = (ln γ + 2a)2C31, (45)
C51 = −(ln γ + 2a)C31. (46)

18



972
973
974
975
976
977
978
979
980
981
982
983
984
985
986
987
988
989
990
991
992
993
994
995
996
997
998
999
1000
1001
1002
1003
1004
1005
1006
1007
1008
1009
1010
1011
1012
1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025

Under review as a conference paper at ICLR 2026

(iii)

C320 =
σ8
(
4e2aT (1− 2aT + 3a2T 2) + e4aT (3aT − 1)− aT − 5

)
4a4T 2(ln γ)2

+
3σ8

(
e6aT (9aT − 2) + 2e4aT (3− 8aT − 12a2T 2)

)
8a5T 2 ln γ

+
3σ8

(
e2aT (18− 37aT + 60a2T 2)− 4aT − 22

)
8a5T 2 ln γ

+
σ8
(
6e8aT (1− 6aT ) + 29e6aT (−2 + 9aT ) + 9e4aT (4− 7aT − 60a2T 2)

)
8a6T 2

+
σ8
(
3e2aT (46− 87aT + 108a2T 2)− 21aT − 122

)
8a6T 2

, (47)

C420 = (2a+ ln γ)2C2
320, (48)

C520 = −(2a+ ln γ)C2
320. (49)

(iv)

C12 = −
σ4
(
1− e2aT − aT + 3aTe2aT

)
4a2T 2 ln γ

−
3σ4

(
3− 4e2aT + e4aT − 2aT + 12aTe2aT − 6aTe4aT

)
16a3T 2

, (50)

C22 = −(2a+ ln γ)C12 + C23, (51)

C23 =
3σ4(2a+ ln γ)2(3− 4e2aT + e4aT + 4aT )

32a3T
. (52)

Proof. By relying on the previous computations of I1, · · · , I5, we can derive the approximations
using Taylor expansion at h.

For I1, we take the expansion of Equation 18 with the relationship that T = Nh to obtain the
following directly.

C11 = −σ4

2a

{(
3

2a
+

1

ln γ

)
+

(
3

a
+

1

ln γ

)
(1− e2aT )

2aT
+

3(e4aT − 1)

8a2T

}
(53)

= −
σ4
(
4a− 4ae2aT + 8a2T + 3 ln γ

(
3− 4e2aT + e4aT + 4aT

))
16a3T ln γ

, (54)

C12 = −σ4

2a

{(
3

a
+

1

ln γ

) (
1− e2aT − aT + 3ae2aTT

)
2aT 2

−
3
(
1− e4aT − 2aT + 6ae4aT

)
8a2T 2

}
(55)

= −
σ4
(
1− e2aT − aT + 3aTe2aT

)
4a2T 2 ln γ

−
3σ4

(
3− 4e2aT + e4aT − 2aT + 12aTe2aT − 6aTe4aT

)
16a3T 2

. (56)

For I2, we first use the expansion that γh = 1 + h ln γ + h2(ln γ)2 +O(h3) to rewrite I2 as

I2 = E
[
ϕ(γhϕ′ − ϕ)

]
= E

[
ϕ(ϕ′ − ϕ)

]
+ E

[
ϕϕ′
]
(h ln γ + h2(ln γ)2 +O(h3)), (57)
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the terms of each can be derived as follows.

E
[
ϕ(ϕ′ − ϕ)

]
=

1

N − 1

N−1∑
k=0

(
E
[
x2(kh)x2(kh+ h)− x4(kh)

]
− σ2

ln γ
E
[
x2(kh+ h)− x2(kh)

])

=
1

N − 1

N−1∑
k=0

σ4(e2ah − 1)

4a2
(
3(e2akh − 1)2 + (e2akh − 1)

)
− 1

N − 1

N−1∑
k=0

σ4

2a ln γ
e2akh(e2ah − 1)

=
σ4

4a2

{
7− 10e2aT + 3e4aT + 8aT

2T
h+

7− 10e2aT + 3e4aT + 3aT + 20aTe2aT − 15ae4aTT + 8a2T 2

2T 2
h2

}
− σ4

2a ln γ

(
e2aT − 1

T
h+

e2aT − 1− 2aTe2aT

T 2
h2

)
+O(h3).

E
[
ϕϕ′
]
= σ4

{
1

(ln γ)2
+

1− e2aT + 2aT

2a2T ln γ
+

3
(
3− 4e2aT + e4aT + 4aT

)
16a3T

+
1− e2aT + 2aT

2a2T 2 ln γ
h

}

+ σ4 9− 12e2aT + 3e4aT + 8aT + 16aTe2aT − 12aTe4aT + 16a2T 2

16a3T 2
h+O(h2).

We therefore have the result for I2 relying on previous computation through coefficients

C21 =
σ4(2a+ ln γ)

(
4a− 4ae2aT + 8a2T + 3 ln γ

(
3− 4e2aT + e4aT + 4aT

))
16a3T ln γ

,

C22 =
σ4

4a2

(
7− 10e2aT + 3e4aT + 3aT + 20aTe2aT − 15ae4aTT + 8a2T 2

2T 2

)
− σ4

2a ln γ

(
e2aT − 1− 2aTe2aT

T 2

)
+ σ4 1− e2aT + 2aT

2a2T 2

+ σ4 ln γ
9− 12e2aT + 3e4aT + 8aT + 16aTe2aT − 12aTe4aT + 16a2T 2

16a3T 2

+ σ4

{
1 + ln γ

1− e2aT + 2aT

2a2T
+

3(ln γ)2
(
3− 4e2aT + e4aT + 4aT

)
16a3T

}
= −(2a+ ln γ)C12 + C23.

For I3, the expectations in Equation 25 can be computed from Lemma A.1. Based on earlier similar
computation, we can derive I3 as follows:

I3 =
h2N

B(N − 1)2

[N−2∑
k=0

N−2∑
ℓ=0

E
[(

x2(kh)− σ2

ln γ

)
x2(kh)

(
x2(ℓh)− σ2

ln γ

)
x2(ℓh)

]

+ (M − 1)

(
N−2∑
k=0

E
[(

x2(kh)− σ2

ln γ

)
x2(kh)

])2 ]
=

C31

B
h+

(
C320

B
+ C321

)
h2 +O(h3),
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where

C31 =
σ8
(
5− e4aT + 4aT − 4e2aT + 8aTe2aT

)
8a4T (ln γ)2

+

3σ8
(
11 + e6aT + 8aT − 9e2aT + 20aTe2aT − 3e4aT − 4aTe4aT

)
8a5T ln γ

+

σ8
(
61 + 29e6aT − 3e8aT + 42aT − 18e4aT − 90aTe4aT − 69e2aT + 108aTe2aT

)
8a6T

.

and

C320 =
σ8
(
4e2aT (1− 2aT + 3a2T 2) + e4aT (3aT − 1)− aT − 5

)
4a4T 2(ln γ)2

+
3σ8

(
e6aT (9aT − 2) + 2e4aT (3− 8aT − 12a2T 2) + e2aT (18− 37aT + 60a2T 2)− 4aT − 22

)
8a5T 2 ln γ

+
σ8
(
6e8aT (1− 6aT ) + 29e6aT (−2 + 9aT ) + 9e4aT (4− 7aT − 60a2T 2)

)
8a6T 2

+
σ8
(
3e2aT (46− 87aT + 108a2T 2)− 21aT − 122

)
8a6T 2

.

C321 =
σ8
(
1 + 2aT − e2aT

)2
16a4T 2(ln γ)2

+
9σ8

(
3− 4e2aT + e4aT + 4aT

)2
256a6T 2

+
3σ8

(
3− e6aT + 10aT + 8a2T 2 + e4aT (5 + 2aT )− e2aT (7 + 12aT )

)
32a5T 2 ln γ

=
σ8
(
4a
(
1 + 2aT − e2aT

)
+ 3 ln γ

(
3− 4e2aT + e4aT + 4aT

))2
256a6T 2(ln γ)2

.

For I4 (Equation 26) and I5 (Equation 27), we use the same expansion we exploited for I2 to
rewrite the form γhϕ(x(kh + h)) − ϕ(x(kh)) as [ϕ(x(kh+ h))− ϕ(x(kh))] + h ln γϕ(x(kh +
h)) + h2(ln γ)2ϕ(x(kh + h)) + O(h3). Then, both the two terms can be computed similarly to
what we did for I3. The leading term of h in I5 will be h since r(kh) has a factor h, e.g., C420 =
(2a+ ln γ)2C320, C520 = −(2a+ ln γ)C320 and

C421 =
σ8(2a+ ln γ)2

(
4a
(
1 + 2aT − e2aT

)
+ 3 ln γ

(
3− 4e2aT + e4aT + 4aT

))2
256a6T 2(ln γ)2

,

C521 = −
σ8(2a+ ln γ)

(
4a
(
1 + 2aT − e2aT

)
+ 3 ln γ

(
3− 4e2aT + e4aT + 4aT

))2
256a6T 2(ln γ)2

.

We then directly obtain C421 = (2a+ ln γ)2C2
11 and C521 = −(2a+ ln γ)C2

11.

Corollary A.6 (Sign Structure of Expansion Coefficients). Let a < 0, 0 < γ < 1, σ > 0, T > 0,
the coefficients defined in Lemma A.5 satisfy the following sign conditions,

C11 < 0, C12 > 0,

C21 < 0, C22 > 0,

C31 < 0, C320 > 0, C321 > 0,

C41 < 0, C420 > 0, C421 > 0,

C51 < 0, C520 > 0, C521 > 0.

Proof. We begin with C11. Recall from Lemma A.5 that

C11 = −
σ4
(
4a− 4ae2aT + 8a2T + 3 ln γ

(
3− 4e2aT + e4aT + 4aT

))
16a3T ln γ

Since a < 0, 0 < γ < 1, the denominator is positive. In the numerator, the term 4a − 4ae2aT +
8a2T = 4a(1 + 2aT − e2aT ) > 0. Then let’s define

f(y) = 3 − 4e2y + e4y + 4y, y ≤ 0.
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The derivative with respect y is:

f ′(y) = −8e2y + 4e4y + 4 = 4
(
e4y − 2e2y + 1

)
= 4
(
e2y − 1

)2 ≥ 0,

and the equality holds only when e2y = 1 (i.e. y = 0). It follows that f ′(y) > 0 for all y < 0.
Thus, f is strictly increasing on (−∞, 0) and f(y) < f(0) = 0. Substituting y = aT , we have
3− 4e2aT + e4aT + 4aT < 0.

Combining these facts shows that the numerator and the denominator of C11 are both positive, hence
C11 < 0. Following a similar argument, we can show that C12 > 0.

C31 < 0 follows from that each term in the summation of C31 is negative, e.g., the nominator of the
first term in the summation of C31 is 5− e4aT +4aT − 4e2aT +8aTe2aT , which is strictly negative
when aT < 0. Similarly, one can check the sign of each term in the summations of C320 to show
that C320 > 0. C41 < 0 and C51 < 0 follows immediately from the sign of C31.

A straightforward term-by-term check yields the sign of the remaining coefficients: C321 >
0, C420 > 0, C421 > 0, C520 > 0, C521 > 0. This completes the proof.

Now we turn to the proof of our main result, Theorem 4.1.

Proof. We shall show

MSEt = C0 + C1h+ C2h
2 +O(h3) (58)

where C0 ≥ 0, C1 ≤ 0, C2 ≥ 0 are constants as follows. First, we take C0 to be the constants with
respect to h, that is

C0 =
σ4

(ln γ)2

(
θ0 −

1

ln γ + 2a

)2

.

It is trivial that C0 ≥ 0 and C0 = 0 if and only if when θ0 = θ∗ = 1
ln γ+2a . Furthermore, C0 is

quadratic in terms of θ0.

Then, we collect all the coefficients of h and obtain

C1 =
2tασ4C11

(ln γ)2

(
θ0 −

1

ln γ + 2a

)
+

2tαθ0σ
4C21

(ln γ)2

(
θ0 −

1

ln γ + 2a

)
+

tασ4

B(ln γ)2

(
tα(C31 + 2C51θ0 + θ20C41) + (t− 1)α(C51 + θ0C41)

(
θ0 −

1

ln γ + 2a

))
.

By applying the analysis in Lemma A.5, we rewrite C1 as follows.

C1 =
2tασ8 (2a+ ln γ)

(ln γ)2

(
θ0 −

1

ln γ + 2a

)2

(
4a(1− e2aT + 2aT ) + 3 ln γ

(
3− 4e2aT + e4aT + 4aT

))
16a3T ln γ

+
tασ4

B(ln γ)2
α(2t− 1) (2a+ ln γ)

2

(
θ0 −

1

ln γ + 2a

)2

C31

= −2tασ4 (2a+ ln γ)

(ln γ)2

(
θ0 −

1

ln γ + 2a

)2

C11

+
tασ4

B(ln γ)2
α(2t− 1) (2a+ ln γ)

2

(
θ0 −

1

ln γ + 2a

)2

C31

=
tασ4

(ln γ)2

(
θ0 −

1

ln γ + 2a

)2
[
−2 (2a+ ln γ)C11 +

α(2t− 1) (2a+ ln γ)
2
C31

B

]
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Since C11 < 0 and C31 < 0, we directly have C1 ≤ 0. Particularly, C1 = 0 if and only if when
θ0 = θ∗ = 1

ln γ+2a .

For C2, we compute it similarly to what we did for C1 as follows.

C2 =
tασ4

(ln γ)2

[
2

(
θ0 −

1

ln γ + 2a

)
C12 + 2θ0

(
θ0 −

1

ln γ + 2a

)
C22 + tαC321

+ αθ0

(
θ0(2t− 1)− t− 1

ln γ + 2a

)
C421 + α

(
θ0(3t− 1)− t− 1

ln γ + 2a

)
C521

]

+
tασ4

B(ln γ)2

{
tαC320 + αθ0

(
θ0(2t− 1)− t− 1

ln γ + 2a

)
C420 + α

(
θ0(3t− 1)− t− 1

ln γ + 2a

)
C520

}
.

Hence

C2 =
tασ4

(ln γ)2

(
θ0 −

1

ln γ + 2a

)2

[
2C23 − 2(2a+ ln γ)C12 + (C2

11 +
C320

B
)(2a+ ln γ)2(tα+ (t− 1)α)

]
,

where C23, C12, C11, C320 are given in Lemma A.5. It is straighforward to verify that C2 ≥ 0 since
C23 > 0, C12 > 0, C2

11 > 0, C320 > 0. Furthermore, C2 = 0 if and only if θ0 = θ∗ = 1
ln γ+2a .

For ease of reference, we restate the following quantities.

C11 = −
σ4
(
4a− 4ae2aT + 8a2T + 3 ln γ

(
3− 4e2aT + e4aT + 4aT

))
16a3T ln γ

,

C12 = −
σ4
(
1− e2aT − aT + 3aTe2aT

)
4a2T 2 ln γ

−
3σ4

(
3− 4e2aT + e4aT − 2aT + 12aTe2aT − 6aTe4aT

)
16a3T 2

,

C23 =
3σ4(2a+ ln γ)2(3− 4e2aT + e4aT + 4aT )

32a3T
,

C31 =
σ8
(
5− e4aT + 4aT − 4e2aT + 8aTe2aT

)
8a4T (ln γ)2

+
3σ8

(
11 + e6aT + 8aT − 9e2aT + 20aTe2aT − 3e4aT − 4aTe4aT

)
8a5T ln γ

+
σ8
(
61 + 29e6aT − 3e8aT + 42aT − 18e4aT − 90aTe4aT − 69e2aT + 108aTe2aT

)
8a6T

,

C320 =
σ8
(
4e2aT (1− 2aT + 3a2T 2) + e4aT (3aT − 1)− aT − 5

)
4a4T 2(ln γ)2

+
3σ8

(
e6aT (9aT − 2) + 2e4aT (3− 8aT − 12a2T 2) + e2aT (18− 37aT + 60a2T 2)− 4aT − 22

)
8a5T 2 ln γ

+
σ8
(
6e8aT (1− 6aT ) + 29e6aT (−2 + 9aT ) + 9e4aT (4− 7aT − 60a2T 2)

)
8a6T 2

+
σ8
(
3e2aT (46− 87aT + 108a2T 2)− 21aT − 122

)
8a6T 2
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A.3 PROOF OF COROLLARY 4.2 AND COROLLARY 4.3

Proof of Corollary 4.2. Based on Theorem 4.1, we can further find h∗ as follows.

h∗ = argmin
h

MSEt

= −
−2 (2a+ ln γ)C11 +

α(2t−1)(2a+ln γ)2C31

B

2
[
2C23 − 2(2a+ ln γ)C12 + (C2

11 +
C320

B )(2a+ ln γ)2(2t− 1)α
] ,

which is not affected by the initial value θ0. The corresponding minimal t-step MSE follows by
substituting h = h∗,

MSE∗
t ≈

σ4
(
θ0 − 1

ln γ+2a

)2
(ln γ)21− 4taα

(
−2 (2a+ ln γ)C11 +

α(2t−1)(2a+ln γ)2C31

B

)2
2C23 − 2(2a+ ln γ)C12 + (C2

11 +
C320

B )(2a+ ln γ)2(2t− 1)α

 . (59)

Proof of Corollary 4.3. Let’s rewrite the t-step MSE MSEt as follows:

MSEt =

{
1 + tα

[
−2 (2a+ ln γ) (C11h+ C12h

2) + 2C23h
2 + C2

11h
2(2a+ ln γ)2(2t− 1)α

]
+

t(2t− 1)α2 (2a+ ln γ)
2
(C31h+ C320h

2)

B

}
σ4

(ln γ)2

(
θ0 −

1

ln γ + 2a

)2

+O(h3) .

If the budge B is large, the approximation becomes

MSEt =
{
1 + tα

[
−2 (2a+ ln γ) (C11h+ C12h

2) + 2C23h
2 + C2

11h
2(2a+ ln γ)2(2t− 1)α

]}
σ4

(ln γ)2

(
θ0 −

1

ln γ + 2a

)2

+O(
1

B
) +O(h3).

Therefore, we obtain the optimal h from the above approximation.

h∗ ≈ − −2 (2a+ ln γ)C11

2 [2C23 − 2(2a+ ln γ)C12 + C2
11(2a+ ln γ)2(2t− 1)α]

.

If the horizon T is large (therefore, B is large), we have

C11 → −σ4(2a+ 3 ln γ)

4a2 ln γ
,

C23 → 3σ4(2a+ ln γ)2

8a2
,

C12 → 0

C31/B → 0,

C320 → 0.

The MSE becomes

MSEt =
σ4

(ln γ)2

(
θ0 −

1

ln γ + 2a

)2{
1 + tα

[
σ4(2a+ ln γ)(2a+ 3 ln γ)

2a2 ln γ
h

+ (2a+ ln γ)2
(
3σ4

4a2
+

σ8(2a+ 3 ln γ)2(2t− 1)α

16a4(ln γ)2

)
h2

]}
+O(

1

T
) +O(h3).

In this case, we can obtain the optimal h as

h∗ = − 8a2 ln γ(2a+ 3 ln γ)

(2a+ ln γ) (12a2(ln γ)2 + σ4(2a+ 3 ln γ)2(2t− 1)α)
.
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A.4 NUMERICAL EVALUATION OF THE ANALYTICAL ONE-STEP MSE

In Lemma A.2, we derived an exact, closed-form expression for the MSE after one-step update.
The full expression, along with the Mathematica code for symbolic computation, are included in the
supplementary material. Although this expression does not capture the behavior of the asymptotic
MSE, analysis of one-step MSE offers valuable insights, as it is an exact form free from any approx-
imation error. However, the expression is too complex to parse and difficult to interpret. Instead, we
gain intuition by numerically evaluating the MSE over a range of key parameter values and exam-
ining its characteristics in this section. We fix the parameters σ = 1, α = 1 throughout this section
unless otherwise specified.
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Figure 7: MSE1 as a function of h

Behaviour of MSE1(h). To begin, we
visualize the MSE as a function of the
discretization h in Figure 7, for two dif-
ferent parameter settings, both starting
from θ0 = −1. The figure show that
for small h, MSE behaves quadratically
in h. Moreover, each curve exhibits a
clear trade-off in h, highlighting the im-
portance of choosing an appropriate dis-
cretization step for accurate value esti-
mation in TD learning.

Figure 8: h∗ and MSE∗ of one-step TD over B and T

Dependence of h∗ and MSE∗ on B
and T . Next, we examine how the
optimal step-size h∗ and the corre-
sponding minimal MSE, MSE∗ :=
MSE1(h

∗), vary with the horizon T ,
data budget B. Fixing a = −1, γ =
0.99, α = 1.0, θ0 = 0, we sweep
T and B over a range of values.
The minimizer h∗ is computed by
optimizing the exact MSE in Math-
ematica over the interval of h in
[T/B, T/2]. Figure 8 shows h∗ and
MSE∗ over T ∈ [0.5, 50] and B ∈
[1e3, 1e6], with θ0 = 0, where the color represents the value of h∗ and MSE∗, respectively. Both
h∗ and MSE∗ exhibit some variation across different regions of the parameter space, with MSE∗

spanning a much wider range than h∗. They remain relatively consistent for the majority of values
in T and B. However, for small B, the changes are more pronounced: h∗ increases rapidly with
T , and a similar trend is observed in MSE∗. This behavior arises because the lower bound of h is
determined by T/B where we assign the entire data budget to a single trajectory. When B is small,
this lower bound would be larger and dominates h∗, and MSE∗ is driven up accordingly. In contrast,
as B increases, h∗ seems to stabilize and shows little sensitivity to T , as it is no longer constrained
by the lower bound T/B.
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Figure 9: h∗ as a function of T for different values of B

The phenomenon is further illustrated
in Figure 9 which plots h∗ as a func-
tion of T at B = 1e3 (left) and
B = 1e6 (right). For B = 1e3,
there is a transition point at T =
9.5, h∗ = 0.01, exhibiting a notice-
able shift in the behavior of the curve.
At this point, h∗ coincides with the
lower bound of T/B and thereafter
increases linearly with T . In contrast,
for B = 1e6, h∗ is mostly constant
except when T < 5. This suggests that for short estimation horizon T , a slightly larger h (fewer
samples per trajectory) can be optimal.
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Figure 10: h∗ as a function of B for different values of T

Similarly, we plot h∗ as a function of B while fixing T to different values, shown in Figure 10. The
results illustrates that the optimal step size h remains largely constant for large B. In contrast, in
the small data regime (B ≈ 1000), h∗ is constrained by the lower bound T/B at some value of T .
Once B increases enough to free h∗ from that constraint, h∗ decreases rapidly to the unconstrained
optimum and then stabilizes around a certain value.

A.5 COMPUTATIONAL RESOURCES

The Mathematica scripts were executed on a laptop with Intel i5 CPU and 8 GB of RAM. All
numerical experiments in Section 5 can be run on a standard desktop equipped with 64 GB of RAM
(sufficient to load the full dataset into memory). For computing MSE for various parameters, we
leveraged a compute cluster to parallelize and accelerate the workload. The desktop-version code
are provided in the supplementary materials; cluster-specific code is omitted to preserve anonymity.
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