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A Optimality of SV’s Verification Length Selection

Definition A.1. Let S be a random variable representing natural divergence of P, and P,:
S= Y min(Put;), Puty)) 1)
jEvocab
where P; and P, are token probability distributions of the draft and companion model, respectively.
Definition A.2. Let A be a random variable for ¢,;’s acceptance probability in the companion model:
. Pe(ta) )
A=min (1, == 2)
( Pa(ta)
where ¢4 is the token generated by the draft model, and P; and P, are defined as in A.1.

Definition A.3. Let T; be a random variable following the probability distribution of ¢’th draft token
and P(T;) is its acceptance probability in the target model:

» P(T; =t) is the probability that a generated token ¢ is accepted by the target model and

» P(T; =t|S, A) is its conditional probability when S and A are given
Definition A.4. Let N be a random variable for the number of tokens accepted by the target model.

The probability for N given + is calculated as:

_ P #tn ) [T P(T=t) ifN <4,
P”(N)_{ T P(Ti=ty) itV = @

=1

The expected number of accepted tokens when verifying ~ tokens is calculated as:
v
E(N|y) =Y _i-Py(N =1i) “)
i=1

where P, (N = i) is the probability of accepting exactly i tokens when verifying ~ tokens.

Definition A.5. Let goodput(~y) be the goodput (i.e., the number of accepted tokens per unit time)
when verifying v number of tokens, which is calculated as:

N

Goodput(y) = Tatency(7)

&)

where NV is the number of tokens accepted when verifying -y tokens.
To estimate goodput, we use the profiled latency and expected number of accepted tokens as following:

Goodf)ut(W’ )= ﬂ ©
Latencyproﬁled(V)

Assumption A.6. The draft and companion models are reasonably aligned with the target model.
Definition A.7. We define P(T}), i.e., an estimator of P(T}), to be P(T;|S, A)
Definition A.8. We obtain P(T;|S, A) by observing sample data and grouping (i.e., binning) accep-
tance probability according to the values of S and A as following:
E(P(T”So <S< S1, ag < A< al))
P(]”S7 A) = E(P(TZ|81 <S< So, a1 < A< CLQ)) (7)

We can reduce the variance of the observed acceptance probabilities by controlling the bin sizes of S
and A. Reducing this variance subsequently decreases the uncertainty associated with the acceptance
probabilities.

Assumption A.9. The observed probability in Definition constitutes an unbiased estimator of
P(T;), as long as the observed distributions of S, A, and P coincide with those encountered at
inference time.
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Assumption A.10. Let Latency(y) be the end-to-end wall-clock latency required to process
tokens. and its finite difference is

ALatency(y) = Latency(y+1) — Latency(y), v > 1.
We assume the following properties.

1. There exists a threshold 7o such that A Latency(v) is a constant value for all v > ~,:
ALatency(y) = ALatency(yy) forall v > 7.

2. For ~y smaller than the threshold, A Latency(+y) is an increasing function:
ALatency(y+1) > ALatency(y) foralll <~ < 7.

From the above two properties, A Latency(y) is a non-decreasing function for all v > 0:
ALatency(y +1) > ALatency(vy) forally > 0.

Lemma A.11. The expected number of accepted tokens E(N|v) is increasing and concave with
respect to y:

d

%E(NW) >0 (8)
d2
WE(N\’Y) <0 9

Proof. The first and second derivatives are computed as discrete differences, represented as A:
d

@E(N\v) =A'E(N|y) = E(N|y+1) — E(N|y) (10)

d2

Eﬁﬂmwzﬂﬂmw (11)
=A'E(N|y+1) - A'E(N|y) (12)
= E(N|y+2)—2E(N|y+1) + E(N|]7) (13)

Part 1: Proof of A'E(N|y) > 0 (monotonicity).

Increasing the verification length v can only increase the number of accepted tokens, and thus
A'E(Nly) > 0.

Part 2: Proof of A2E(N|y) < 0 (concavity).

A'E(NJy) = E(N|y+1) = E(N|y) (14)
y+1 v
= k- Pya(k) =Y k- Py(k) (15)
k=1 k=1
=) k- (Pypa(k) = Py(k)] + v Pysr(v) + (v + 1) - Py (v +1) =7+ Py(v)
k=1
B
i (16)
A’E(Nly) = A'E(y +1) = A'E(N]y) (17)
=E(Nly+2)=2-E(Nly+1) + E(N|) (18)

y—1
= > k- [Pyya(k) =2 Pypa(k) + Py (k)]
k=1 (a), derived from o
+ 7 [Pya2(v) = 2 Pyya () + Py (7))
(b1), derived from 3
+ (y+1) - Pya(y+1) =2(v+1) - Pypa(v + 1) + (v +2) - Pyya(y +2) (19)

(b2), derived from 3
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A?E(N|y) is smaller than zero because the term (a) is zero and (b;) + (b2) is smaller than or equal
to zero. We provide the proof below, but we briefly discuss why (a) is zero and (b1) + (bs) is smaller
than or equal to zero.

* Term (a) = 0. The probability of accepting k tokens remains unchanged when the
verification length is increased, provided it is already greater than k.

* Terms (b1) + (b2) < 0. These terms are computed from the increases in expected accepted
token length, excluding the unaffected parts. Because the increase from v + 1 to v + 2 (i.e.,
AE(y + 1)) is smaller than the increase from 7 to v + 1 (i.e., AE(7)), these terms are
negative.

Proof of term (a) = 0: Increasing y (or v + 1) does not affect the probability of accepting k tokens if
k is already smaller than . Hence, P, 1(k) — P, (k) (or Py12(k) — Py41(k)) equals zero.

For all k that satisfies 1 < k < v,
Pyya(k) = 2Py 11 (k) 4+ Py (k) = [Py12(k) = Pyga(k)] — [Py1a(k) — Py (k)] (20)
=0-0=0 21
Proof of terms (b) + (c) < 0:

(0) + (c) = v - [Pyr2(v) = 2 Py (7) + Py (7)]
+(y+1) Pypa(y+1) —2(y+1) - Pyya(y+ 1)

+(y+2) P2y +2) (22)
We can express all other probabilities in terms of P, () by applying[A.4]
P7+1(7)—P7(7)~P( N1 F tyg) (23)
Pyiq (v+1)= (7) P(T. v+l = t7+1) (24)
Pyya(y) = Py(v) - P(Tyq1 # tyg1) (25)
Pyio(v+1) = Py(v) - P(Ty1 = ty11) - P(Tyi2 # tys2) (26)
7+2('Y +2) = P’y('Y) P(T y+1 = t'y+1) P(T. y+2 = t'y+2) (27)

then,

(bo) + (b1) = =Py (7) - [YP(Ty41 # tyg1) + P(Th1 = tys1) - P(Thq2 # Ly42)] <0 (28)
The last inequality comes from the fact that probability values are larger than or equal to zero.

Since both terms (a) = 0 and (bg) + (b1) < 0, we have:

A?E(N|y) <0 (29)
O
Lemma A.12. The Goodput function is concave with respect to :
A?Goodput(y) < 0 for all v (30)
(€29)
Proof.
Agoodput(y) = goodput(y + 1) — goodput(y) (32)
E(Ny+1)  E(N]y)
TIGED | I0) 9
_ LB EWNIy+1) = E(N]y) L(y +1) (34)
Ly +1)L()
_ L [E(N]y) + AE(N|y)] = E(N|y) [L(7) + AL(Y)] (35)
Ly +1)L()
L(y) AE(N|y) = E(N|v) AL(v) 36)

L(v+1) L(v)
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Let U(y) = L(v) AE(N|y) — E(N|v) AL(y), then (37)

AV(y) =U(y+1) - ¥(y) (38)
=L(vy+1)AE(N|y+1)— E(N|y+1)AL(v+1) 39)
— L(v) AE(N|y) + E(N|v) AL(7)
= L(y) A’E(N|y) + (= E(N|y) A’L(7)) (40)
(@)<0 (b)<0
+ AL(Y) AE(N|y+1) — AL(y + 1) AE(N|v)
(c)<0

(a) <0: A2E(N|y) <0 (from[A.11)
(b) <0: E(N|y) >0, A%L(y) > 0 (from[A.10)
(¢) <0: where AL(y) < AL(y+ 1) and AE(N |y + 1) < AE(N|v) (from[A.10} [A.1T)

Because AU () < 0, ¥(y), i.e., Agoodput(), is a decreasing function. That is, Goodput(~y) is a
concave function.

Optionally, with conditions below,

there exist 7y < 1 such that 41
AGoodput(yp) > 0 (42)
AGoodput(y1) <0 (43)

we can find optimal value «* such that g < v* < 71 and Goodput(y*) is the maximum goodput.

Our evaluations indicate that these conditions generally hold true. First, if we define Goodput(0) = 0
then AGoodput(0) is positive. Second, for draft lengths greater than or equal to 5, we consistently
observed a value of v such that AGoodput(y1) < 0. O
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