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Note: For Theorem H, our lower bound construction does not fully match the claim in the current
statement. See Appendix [E.2 for the correction (which is still strong enough to support the discussion
on reductions which follows the theorem). We will update this in the revised version.

A Proofs for Section

A.1 Proof of Proposition 1]

Clearly, &,(k; pu,v) = 0 if x minimizes (2). On the other hand, if &, (k, p, v) = 0, then kyp = v.
Thus, « is feasible for with optimal objective value, i.e., it is a minimizer.
Further, if 7™ is an optimal map, then Wy, (y1, v) = ||T* — Id || () and T} x = v. We thus bound
gp(T; By v) = [HT —1d ”LP(/L) - Wp(:u» V)]+ + Wp(Tﬁ/iv V)
= [IT = 1d | oguy = IT* = 1d | o (| . +Wp(Typ, Ti 1)
< 2T = Tl 1o,
as desired. O]

A2 Reverse L2 comparison (Remark[2)

Suppose that there exists a unique Brenier map of the form 7* = V¢, where ¢ : R — R? is convex
and twice differentiable such that Hp < LI, for L > 1. Fixing any map T : X — )/, we abbreviate
e = &(T; p, v). By the definition of &5, we have Wy (Typ,v) < €. Let A € K(),)) be a kernel
which achieves this bound, and take x = A o T'. By construction, we have sy = v and

(/[ o= alPastsioin)) "~ wagu) < ([ M@»ﬂ&m&ﬂé+wxmm+e

< 2e.
Consequently, we have

/ ly = |*de(yla)dp(a) — Wa(p, v)* < 26((/ ly — xzdfﬁ(ylﬂf)du(ﬂc)>

< 2e - (2Wa(p, v) + 2¢)
Thus, by Proposition 3.1 of |Li and Nochetto|[2021]], we have

/YWywam%n@zmﬂm>SL(//nyﬂﬁmwmxmu>wxmuf)
<4Le- (Wa(u,v) +¢).

1
2

+W2(IU'7V)>

Finally, we bound

1T = Tul[ 2y < <// lly — T*(Z')Ilzdff»(yﬂf)du(m)>5 +e

< V/4Le - (Wo(u,v) +¢) +¢
< VELe- (Wa(u,v) +¢),

as desired.

B Proofs for Section 2

B.1 Proof of Lemmalf2]

We simply bound
|Ep (5 1, v) = Ep(5 1, V)| < (Wi (1, ) = Wi (1, V)| 4+ (W (g, 1) — Wiy (g, 1)
< 2W, (v, V")
< 2diam(Y)||v — V'||1v,
where the final inequality uses Fact ] O
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B.2 Proof of Lemma[3l

While the key ideas of this proof are straightforward, measurability issues require some care (we
encourage the reader to skip such details on an initial read). In what follows, we equip all spaces
of distributions with the weak topology and always employ Borel measurability. By the definition
of a Markov kernel, x € X — £, (A) is a measurable function for each measurable A C ). Thus,
(z,2') € X? — (kz(A), ke (B)) is measurable for fixed, measurable A, B C Y, implying that
(x,2") € X% (K, er) € P(Y)? is measurable. Therefore, by Theorem 3.0.8 of [Toneian| [2019],
there exists a measurable map (z,2') € X2+ 7y, »» € U(ky, fi,2) such that 7y, . is an OT plan for
W, (Ky, kg ) forall z, 2’ € X.

Now, let my € II(f, 1) be an OT plan for W), (i, 1'), and define the joint law 7 by 7(A x B x C' x
) = [f 45 Ve (C x D)dmg(z,2’), which is well-defined due to the measurability argument

above. Taking (X, X', Y,Y") ~ 7, our construction ensures the following:

* X ~pand X' ~ u such that E[|| X — X'||P] = p?,
* Y ~kxandY' ~ kxs suchthat E[||]Y — Y'||P|X, X'] = W, (kx, kx)?P.

Consequently, we bound

E[lY —Y'|"] = E[E[IlY - Y"|I"|X, X"]]
= E[Wp(rx, rx)"]
< E[LP|X — X'||*P) (Holder continuity of )
< LPE[L|X — X'||P]* (Jensen’s inequality, 0 < a < 1)

= LPp°P,
Moreover, using Minkoswki’s inequality, we compute
[E[lY - X[P)* —E[lY - X|F]*| <E[IX - X'|"]¥ +E[|Y - Y'IP]> < p+ Lp™
Finally, we bound |W,, (1, v) — W, (1, v)] < Wp(p, ') < p and
W, (g1, ) — Wy (gt )] < W (g gp’) < E[|Y — YY|[7)3 < Lo,
The definition of £, and these bounds give the lemma. O
B.3 Proof of Lemmal/d]

To show this result, we prove a slightly more general lemma.

Lemma 6. Fix p,p/ € P(X), v € P(Y), and kernel £ € K(X,Y) satisfying [[ |ly —
z||Pdrg (y)du(z) < Wy, kp)? + 77 and Wy (kyp,v) < 7 for some 7 > 0. Then, setting
e = || — p'||Tv, we have E,(r; i, v) < 4diam(Y)el/P + 27.

Proof. In what follows, we encourage the reader to focus on the p = 1 case, where computations
are more direct. Write ¢ = ||u — p/[|Tv. By the TV bound, there exist o, 8,7 € M, (X) with
v(X)=1—cand a(X) = 3(X) =ecsuchthat y =y +aand p’ =+ §.

First, we note that x must perform well on 7. Specifically, we have

(/\w—ywm%@mwm

— [[ e = yPasswint) - [[ o= vPantpda@)  G=p-a)
< W, (u, kgp)? + 7P — Wp(a, Kga)P (error bound for «, def. of W)
< Wy (7, 547)" + Wp(a, kya)? + 77 = Wy (o, kgr)” =7+
= W, (7, g7 + 77
< (WP(’% ’%ﬁ’y) + T)p' (gp <)
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Now, letting ' be an optimal kernel for the W, (1, v) problem and writing D = diam(})), we have

(/ lly — mlpdm(y)du’(w)); — W, (i, v)

<[/wawﬂ Yy (@ )1 ([/yzpmz mﬂ<0 (optimality of 1)

(/ ly — @|[Pds, (y)dy(z / ly — @|[Pd#, (y)dB(x )) W =+ B)
(/ ly = 2llPdrs (y)do (= l/|wamz<mm>)l

(K//y‘xpm% d(a ) (f[ 1= elrar e ]+

(/[ 5= strasasis ) (/ m—xwmz<mm>)]p>p

+

-

< ([Wp(’% Hﬁ’Y) +7 = WP(V? KQ’Y)]Z)_

([ 1= strasiase ) (/[ o= strani mm>)] )

< ((W (kyy, k) +7)° // ly — ' IPdk. (y)dr(y')dB(x )>

< (Wp(rgy, Kiy) +7)" +eDP) ’ (Fact[))
<Wo(kyy, kyy) + 7 + De'/?. by < 1)

Sl

The first inequality uses that (AP + BP)Y/P — (aP + bP)Y/P < ([A — a]?. + [B — b]%.)1/P, which can
be obtained by rearranging the /, triangle inequality and using that A = [A — a]4 + A A a. The
second inequality uses the previous bound and the fact that £’ is feasible for the W, (~, HQV) problem.
The third uses the W, triangle inequality and Minkoswki’s inequality.

We next bound Wy, (ky7, kyy). Let m € II(kypu, v) be an optimal plan for Wy, (r4, v) and define
A€ (1—e)P(Y) by A(:) = [7(-|x)dy(x). By construction, W (kgy, A) < Wp(kgp,v) < 7.
Moreover, both A and néfy are submeasures of v with mass 1 — ¢, and so they must share common
mass at least 1 — 2. This implies that their TV distance is at most £, and so Fact[I] gives that

Wi (kyys kyy) < 74 Wp(A ki) < 7+ Dev. 7

Thus, the previous bound on the optimality gap can be tightened to

(// Iy = x”pd’“‘”(y)d“'(x)) " W, (1, v) < 7+ 2De"/?.

Similarly, we bound the feasibility gap by

Wy (kg v) = Wy (kg + k28, gy + Ky 8) W =7+ B, Ky =v)

< Wy (K, kyy) + W (K33, 43) (joint convexity of W)

<7 +2Dev. (Fact[T]and Eq.[7)

Combining, we have that £,(x; i/, v) < 27 + 4De'/P, as desired. O
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We now seek to find a suitable error bound 7 in terms of &, (k; 11, v). First, we have by definition that
W (kgp, v) < Ep(k; p, v). Further, £y (x; pt, v) < 2diam(X U Y). Thus, we can also bound

] Iy = el dsawante) < Wye) + &yl )
< (W (p, wgpe) + 2E, (5 o, v))"
< Wy (p, g p0)P 4 2pEp (K5, v) (W (1, g ) V 2E, (K5 1, v))P
< Wy (K3 0)P + 2pEp (5; 115 ) (Wi (11, 1) + 3Ep (3 p1, )P~
< W (1, g 1)P + 2pEp (K5 py V)W (, V)P~ + 3PpE, (K5 i, )P

-1

Thus, we can take
7 = Ep(; 11, 1) V [20Ep (5 1, V)W (1, V)P~ 4 3PpEp (5 1, )]
< 38 (k3 11, ) W, (11, ) 7 + 5E, (5 1, )
Plugging into Lemma [6] gives that
Ey (ks i, v) < ADeYP 4 6, (k; 1, 1/)%Wp(,u7 1/)17?‘%1 + 10&, (k; , v),

as desired. The p = 1 result is immediate. [

S

B.4 Proof of Lemmalf3

First, we note that x4 (Agp) = (ko Ay by the definition of kernel composition. This implies that the
two feasibility gaps coincide. Moreover, by Minkowski’s inequality, we have

(f[ 5= slras.waoun: ) = (/[ 1= atpatee nua <>)
<(ff1-- xnpdxz(zm(x));

Wy vt ) = W] < Woio ) < ([ 1= alPans hant >)

Combining these two error bounds gives the lemma. O

and

C Proofs for Section 3|

C.1 Proof of Theorem[Il

By the support constraint, our cost ||z — y||? is pd?~1)/2-Lipschitz over X x Y. Thus, by Theorem
1 of |Genevay et al.|[2019], we have

Sp’T('a”’ V) < W;D(ﬂn? ﬁn>p + 2Td10g(e2pdp/2—17——1).

Since 7, 5, achieves the left hand side above and KL divergence is non-negative, we have
[ 1 = ylp i wle)dn(5) < Wy, 707 + 27dlog(epa?’? 7).
Taking pth roots and noting that (K, )gfin, = Ip, this implies that
Ep(Rns fin, ) < [27d10g(62pdp/2717'71)}% < 4(7'd)% log(e?dr™1).

Now, by (6). (%), is obtained by applying softmax to v(z) = ((g-(V;) — ||z — Y;||P)/7)|_, € R™.
Since the ¢, £, Lipschitz constant of the softmax operation is < 1, we have

) A 1
1(Bn)e = (Fn)orllTv < Sllo(2) = v(@")]leo < pd(” V2l — 2|2
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for all z, 2" € [0,1]%. Thus, by Factl: Ry, is Holder continuous under W,, with exponent 1/p and
constant 2v/dr /7. Applying Lemmanow gives
Ep(fns 1, V) < Ep(Rins 1y Un) + W (D, v)
< Ep(n i D)+ 2Wo (1, i) + VAW, 1, )7 777 + Wiy (1, 5)
< A(7d)7 log(e®dr™1) + AVAW,, (1, )7 777 + 2W, (11, fin) + W,y (v, D).
Taking expectations, applying Lemmal[I] and plugging in 7 gives the theorem. O

C.2 Minimax Lower Bound under Sampling

Fix v = do, so that the constant kernel x* defined by % = v is optimal. Note that the error £, (k; i, v/)
of any kernel  is thus lower bounded by the feasibility gap W, (¢, /). Since we only observe n i.i.d.
samples from v € P ([0, 1]¢), any upper bound on an estimator for this problem instance also gives
an upper bound for n-sample distribution estimation of v under W,,. However, the minimax lower
bound of |Singh and P6czos| [2018] implies that no distribution estimator can achieve W, error less

than n—/ 2PV for all v € P([0, 1]%).

C.3 Proof of Theorem

We start with some helpful lemmas.
Lemma 7 (Rigollet|[2015], Theorem 1.14). Let i € P(R) be I-sub-Gaussian. Then, for X1, ..., X,
sampled i.i.d. from p, we have max;—1, ., X; < \/2log(n/d) with probability at least 1 — 4.

Lemma 8. Let ji € P(RY) be I-sub-Gaussian and let P denote the regular partition of R? into
cubes of side-length r > (0. Then, for any choice of rounding map rp, we have

E[ll(rp)s (A — m)llrv] = 5( 5d2_d>.

Proof. Let B denote a ball of radius R = /2 log(n) centered at the origin, so that u(B) > 1—1/n
by Lemma[7, Write Py, for the subset of partition blocks P ¢ P which intersect B, and note that
|Pr| < vol(B)r—¢ < (3R/r)?. We then bound

B[l (rp)y(jin — 1)llrv] = SE lZl P)
PeP
=SB Y M- P+ Y [~ (P
PePgr PcP\Pr
< [Prl | g > fm(P)+ u(P)

n
PeP\Pr

<y Py ey

< \/(3\/210g(n))drd N 1

n
n

as desired. ]

Lemma 9. There exists a partition P parameterized by § > 0 such that, for all ;i € P(R?) with

E,[|X ||P*1] < 1 and any rounding map rp, we have E[||(rp )y (fin, — p)|Tv] = 6(\/5—‘1/71) and
rp —1d || Le () < 6.
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Proof. Let X be a minimal (3§)-covering of the unit ball, denoted Sy. In particular, this implies
that | Xo| < 6~¢. Now, take Py to be the Voronoi partition of Sy induced by Xy, so that Py has at
most 6~ cells of diameter at most 66. Then for each integer i > 0, set S; := 215, \ 20715, and let
P; be the dilated partition {(2°P) N .S; : P € Py}. By construction, <6 %andeach P € P;
has diameter at most 2° - 6, for all ¢ > 0. Moreover, by Markov’s inequality, we have

u(S;) < Pr(||XH > 21’71) _ Pr(||X||p+1 > 2(p+1)(i71)) < 9(1=9)(p+1)
p 3

for each ¢ > 0. We thus bound

Efll(rp)s (1 = fin)llTv] = lz Z (1 — fin) (P)]
=0 PcP;
< Z Z Var,onfin(P)]

Similarly, we bound

[rp —1d || e ()

IN

IN
N~ N ~—

as desired. O

We now prove a slight strengthening of the theorem which does not explicitly trim the target points,
i.e., we take R = oo so that 7, = v/,. We do perform a trimming-type step in our analysis, noting that

for D = /4log(n), we have max;—1, _, ||Y;|| < DS with probability at least 1/n, by Lemma E
Now, for a general partition P, we bound
Ep(Rni pt,v) = Ep(Rn 0 Tpi 1, V)
Ep(Fns 1, v) +2[lrp —1d [ Lo () (Lemmal5)
< Ep(Fni 1y o) + 2 |lrp —1d || o () + Wy (v, ) (Lemmal2))

S 1p)e( = fin) IR - diam(supp() + 67 + [rp = 1d || () + Wi (v, ),
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where the last inequality follows by Lemmal6 and our choice of %,,. Applying this bound for the
regular cube partition and taking expectations, we bound

. . 1 1 N
L&, (R )] S DEII(rp)st — i) v] 7+ -+ 65 4V + Wy (v, )

~ (5dr—d % 1 ~ 1
§O< > +5?+\/gr+0p<n_m). (Lemmas|1} [7] and [8))
n

Taking r = n~1/(@+20) we obtain E[E,(An; t, v)] = Opa(n=/(@+20)) 4 §1/P The same rate is
obtained under bounded 2pth moments by using the alternative partition from Lemma[9. Thus, to
achieve the desired rate, it suffices to solve the preliminary OT problem to accuracy § = n~?/(4+2p),

Computational complexity is dominated by this OT computation. The source and target distributions
are both supported on n points, and we require accuracy 6 = n~?/(4+2P)  Computing the relevant
cost matrix requires time O(n2d). Using a state of the art OT solver based on entropic OT (e.g.,|Luo

et al., 2023) gives a running time of O(Cuun?/6) = O(Coon?tP/(4+2P)) where C., is the largest
distance between a source point and a target point.

C.4 One-Dimensional Refinements (Remark [3)

In one dimension, OT maps can be expressed concisely in terms of CDFs; in particular, if ¢ and v
have strictly increasing CDFs F), and F,,, respectively, then the map 7% (x) = F,7' (F},(z)) solves

the W), (i, v) problem for all p > 1. As a result, many OT-based inference tagks become more

analytically tractable when d = 1, including map estimation. In fact, minor adjustments to folklore
techniques imply that the optimal risk of n~!/(2P) is achievable when d = 1. We now provide a clean
derivation of this risk bound using the Kolmogorov-Smirnov (KS) distance.

The KS distance is a useful alternative to the TV metric in one dimension, defined via || — v||ks =
supe | (1 — v)((—oc,8))| = |F, — Fu]loc. We always have | — vllis < [li — vlzv, since
e — v||Tv can alternatively be expressed as Sup 4 meas. |(#¢ — ¥)(A)|. A comparison with W,
mirroring Fact[I]is direct.

Lemma 10 (W,-KS comparison). For p1, v € P([0, D]), we have Wy, (i, v) < D||pu — V”%(/Sp.

Proof. Writing F', G for the CDFs of 1 and v, with generalized inverses F'~* and G~!, we bound
1
WG = [ 1P - 67 (w)Pdu
0

1
< Dp—l/o () — G (u)|du
D

= Dpfl/ |F(z) — G(x)|dx
0
< DP[|p — vks-
Taking pth roots gives the statement. O
The KS distance admits useful empirical convergence guarantees not shared by the TV distance.

Fact 2 (KS empirical convergence, Massart, 1990). For all i € P(R), E[||x — finllks] < 1/v/n.

Moreover, for fixed p and v, there exists an optimal kernel for W, (u, /) (namely, based on CDFs as
above), which is near-optimal for all 4’ in a KS neighborhood of y, as shown next.

Lemma 11 (KS corruptions in p). For X, Y C R, fix u € P(X) and v € P(Y). There exists an
optimal kernel k* € K(X,Y) for the W, (1, v) problem such that, for all i/ € P(X), we have

Ep (k% 1, v) S diam(V) || — /||

Proof. Write F, F' G, for the CDFs of p, p/, and v, respectively, and let ¢ = ||jp — p'||lks =
|IF — F'||0o. Write D = diam()) and suppose without loss of generality that ) = [0, D]. For now,
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suppose further that 1 /e = 3M is a multiple of 3 (without loss of generality) and that F' is continuous
(which will be relaxed). We consider the kernel induced by the map 7% = G~ o F, where G~ is
the generalized inverse of G with G~1(¢) defined as as 0 for ¢ < 0 and D for ¢ > 1. In particular,
we compare 7% with the optimal kernel G~ o F for the W,,(11/, v) problem, bounding

/|G—1(F(x))—G—l(F’(x))\de'(m) S/]G_l(F’(x)ie)—G‘l(F’(x))]de’(x)
X X

= /1|G_1(u +e)— G_l(u)|pdu
0

3M—1 (i+1)e
_ Z/ G ute) - GHu)|'du
i=0 “'¢
3M—1
<e Y [GTH(i+2)e) - GTH((i - 1)e)]”
=0

Here, the first equality uses that F}/z/ = Unif([0, 1]), and the second inequality uses that G~ is

monotonic. If F is discontinuous, one should replace it with the kernel F’ which coincides with
F’ where continuous and, at any point 2 where there is a jump from p; to po, satisfies Fﬁ' Oy =

Unif ([p1, p2]). By this choice, we have Fu’ p = Unif([0, 1]), and one can do the same for F to obtain

F such that W, (Fﬁ s Fﬁ’ 1) < e. At this point, we can derive the same bound as above. Now, writing
A; = G7Y((i + 3)e) — G 1(ig), we have

/X G (F() — G (F'(@)|"dF (2)
<e i AP

i=—1

M-1 M-1 M—1
= 5(2 AL+ Z AL+ Z A§i+1>
i=0 =0 =0
M-1 M-1 M-1
Agi—1\” Agi\” Agip1)”
— cDP 231 i) 2341
(S5 5 (3 5 (%
M-—1 p M—1 p M—1 p
Azi—q Ag; Agit1
< eDP
<or((S55) (2 5) (5%
— O(DeMP)P,
Thus, we have £(G1 o F; 1/, v) S ||GTH o F — G o F'| 1oy < Del/P, as desired. O

Together, the three results stated above yield our desired risk bound.

Proposition 2. Let X1,..., X, " € P(R) and Y1,...,Y, """ v € P([0,1]). Then the estimator
R, which, given [i, and Dy, returns the optimal kernel for W, (fi,,, Ur,) given by Lemma achieves

risk B[Ey (Fin; p, v)] S n~1/(2P),
Proof. By Fact[2] we have that E[[| s — fi,||cs] < n~'/2. Consequently, we bound
5p(fin; Hy V) < gp("%m Hy ﬁn) + Wp(Va ﬁn)
~ 1 ~
< = o1+ Wi (v, 20).
Taking expectations and applying Fact[2]and Lemmal ] gives the desired rate. O
Unfortunately, we are unaware of any multivariate extension of the KS distance that obeys a useful

comparison inequality with W), (like Fact @) while maintaining strong empirical convergence
guarantees (like Fact[2), inhibiting the further development of this approach.
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D Additional Details for Section 4|

We note that the minimax lower bounds in Corollaries [I|and 2] follow by combining the reduction to
distribution estimation from Appendix with existing lower bounds for distribution estimation
under W, from [Singh and P6czos|[2018] and |Weed and Berthet [2019]], respectively.

E Proofs for Section 3

We first recall some basic facts used throughout.

Fact 3 (TV contraction under Markov kernels). For u, v € P(X) and kernel x € (X, )), we have
kg — mgvlloy < llw—vlov.

This follows by the data processing inequality.

Fact 4 (W,, contraction under convolution). For p,v,a € P(X), we have Wp(u * o, v x o) <
W, (1, V), where * denotes convolution between probability measures.

This follows by considering the couplings (X + Z,Y + Z') of % o and v * « which set Z = Z'.

Fact 5 (TV discrete empirical convergence). For a finite set S with |S| = k, any distribution
u € A(S) exhibits empirical convergence in TV at rate E[|| i, — pl|Tv] < E/n.

To simplify discussion of our corruption model, we employ the e-outlier-robust p-Wasserstein distance

Wo(u,v) == min  Wy(u,v) = min  Wy(u,v). €]
w EP(R?) v eP(RY)
' —pllry <e v —vlrv<e

The second equality follows from the observation that, if E[|| X’ — Y||?] < ¢and X = X’ with
probability at least 1 — ¢, then the random variable Y/ = Y1{X = X'} + X1{X # X'} satisfies
E[[|X — Y'||P] < c. See|Nietert et al.|[2023a] for a thorough examination of W5 in the context of
robust statistics. Under the setting of Section|[5, our corruption model can be equivalently stated as
follows: given the standard empirical measures /i, € P(X) and &, € P()), we observe corrupted
versions fi, € P(X) and fi, € P(Y) such that W (fin, fin) V W5 (T, 0) < p.

For this setting, we handle sampling error using the following lemma, which mirrors Lemma 8]

Lemma 12 (Prop. 2 of |Goldfeld et al., 2020). Fix o > 0 and 1-sub-Gaussian ji € P(Rd). Then, the
n-sample empirical measure [i,, satisfies E [||Nﬁ"(u — fn)llv] £ V/3I1Voed)/n

In order to apply our W, stability result, Lemma we use that any kernel become continuous if one
first applies Gaussian convolution.

Lemma 13. Fix k € K(X,)), 0 > 0, and let Kk = K o N°. Then, for all x,2’ € X, we have
W, ((Ka, o) < diam(Y)[[|z — 2'[|/(20)]1/7.

Proof. We simply compute

Wy (s iar) < diam(D)l|mg (N7 — N2l (Fact [
< diam(Y)||NS — N2, ||1T/\1,7 (data processing ineq.)
< diam(Y) || N (z, 0% 14) — N (2, GQId)H}F/\I;
< diam(Y) |z — 2'||'/7(20) 717,

where the final inequality follows by the closed form of KL divergence between Gaussians, combined
with Pinsker’s inequality. O

We split the proof of Theorem[]into the upper bound (Appendix[E.T) and lower bound (Appendix [E.2).
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E.1 Proof of Theorem d{(Upper Bound)

To start, we decompose N7 = N91t92 = N9 o N92 for 01,09 to be tuned later. By our
corruption model, there exists an intermediate measure p/, € P(R%) such that ||fi, — u!,|lTv <
e and W, (), fin) < p. By Facts E and E, these bounds are preserved under convolution, so
HNT;’1 (fin, — p)|lrv < € and Wp(Nﬁ tul, Nﬁ‘”/]n) < p. By the TV triangle inequality, we have
[N (0 — pp)llrv < 7= e+ [[NJ* (0 — fin)[|Tv. We conclude that Wi (N i, N 1) < p.
By the symmetric nature of Wy, there must also exist v € P(R?) such that Wy, (N i, o) < pand
o = N fin[lrv < 7.

Now set & = Ky, [Nﬁ"ﬂn — D), so that &,(R; NY fn, U,) = 0. Using this, the TV bound above,
and the fact that N i, = NJ*(N{" fin), we have £,(k; Ny*a, i,) < diam(P)r'/? < Vdr!/>.
Applying Lemma 3} this gives
Ep(F 0 N7 0. 0) S VTS +Ezonoo31nI1Z]7)7 £ Vidrs +V/d+ pon.
Consequently, by Lemma [3]and Lemma[I3] we have that
Ep(Fo N7 NJ . 0) S Ep(R o N7, 0) + p+ (Vd/o3) VP pH /P
S E(Ro N2 a,0,) + p+ (Vd/ay)/Ppl/P
<Vdrs 4 p+ (Vafo2)Pp P 4 /At pos.

Tuning o4 gives
Ep(R o N7 N 1, ) S Vdrv +Vdpr + p.
Apply Lemma 5] once more, we bound
Ep(Ro N, i) S Vdrv +VdpoT + p+ /d+ poy
S VeF + Vg 4 pt A+ poy + VAN (= fin)
Taking expectations and applying Lemma|[I2]yields
E[E,(R o N7, 7)) S Vier +VdpmT +p+ /A por + BN (1 — fin) | rv]?
1
SVt + VA o+ (TLT) T
Tuning o, then gives
E[£,( o N7; i, )] < Vdew + VdpiiT + p+ O, q(n~7%).
Finally, we note that W, (,,, 0,) < p + v/de'/? due to the support bound. Thus, Lemma gives
El&y (Ko N7 p,v)] S E[Ep(F o N5, Un) + Wy (Vn, 0n) + Wy (0, V)]
<E[Ey(R o N7; 11, 7)] + p + Vde7 + E[W, (5, )]
S Ve + VdpT 4 p+ Oy g(n” T,
as desired.

For the null estimator, let * be an optimal kernel for the W, (x, ) problem and bound

& i 1) = [( Jtatrana))” = ([[ 1o alracman) |+ Wyt
+
< [(/ ||y||pdn;(y)du(x)> ’ + W, (0o, V) (Minkowski’s inequality)
+
<2V, @< 0,19

as desired.
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E.2 Proof of Theorem [d|(Lower Bound)

Correction: Our current lower bound construction does not fully match the claim in the statement
of Theorem@ Rather, we prove the weaker bound of v/de!/? + p'/2d"/4 A \/d + n=1/(dV2P) ],
this is sufficient to establish the separation between distribution estimation and kernel estimation
discussed after the theorem.

We inherit the n~1/(?V2P) sampling error term of the lower bound from the Dirac mass construction
described in Appendix For the remaining terms, we prove lower bounds which hold even in
the infinite-sample population limit, and even when only the source measure is corrupted. Here,
an estimator can be viewed as a map £ from P(X) x P(Y) — K(X,)), mapping the corrupted
source measure /i, guaranteed to satisfy W (fi, 1) < p, and the clean target measure v to a kernel
estimate /[fi, v]. For X = B¢ (which, in particular, forces each ;1 € P(X) to be 1-sub-Gaussian) and
Y = [~1,1]%, we prove that
sup  sup &l v p.v) 2 Vder + pdi AV,

HEP(X) [EP(X)

veP(Y) W (4.1)<p
The choice of ) = [—1, 1]% rather than [0, 1]¢ is solely to simplify notation in one of our constructions
and can be reverted without loss. Finally, it suffices to lower bound the supremum by v/de'/? when
p=0and vdp A v/d when £ = 0, separately, which we do presently.

TV lower bound. Fix target measure v = (1 — €)8y + €6,, where y = (1,...,1) € R% Consider
the candidate clean measures p; = v and ua = dg. Because they are within TV distance ¢, the
observation i = v is compatible with both candidates. Abbreviating k = i[fi, V], we have

£ 5 11, ) + £l 12, v) [( - xII”de(y)m(x)); Wy (a1, v)
~([f1- xnpd@(ywm); W, (g )

1

> (=23 ([ IoiPana)) + Wit

+'va(“ﬁN2»V)
+

> (1 — &) 7 Wi (K380, 80) + (1 — £)7 W, (00, v)
> (1— ) v W, (8o, )
>(1- 6)%6%\/g

V.

Thus, we must have &, (k; 1, ) V Ep(K; pi2, v) > V/de'/P, as desired.

T =

Y

1
—€
2

W,, lower bound. For the remaining bound, we first argue that, for any kernel «, its performance
for the W), (1, v) problem cannot suffer to much if we compose it with the Euclidean projection onto
supp(v), denoted by projg,,p(,)-

Lemma 14. For p € P(X), v € P(Y), and k € K(X,Y), we have
Ep(PI0jsupp(v) 0K 11, V) < 4Ep (K3 p, ).
Proof. Write f = pProjg,,n,y and € = &E,(k; p,v). Fix a coupling X, Y, Z such that (X, Z) ~
(Id, k)4, Y ~ v, and E[|| Z — Y'||P] = W, (K, v)P < €P. Taking Z’ = f(Z), we then bound
E[lX — Z'|I"]V? <E[IX - Z|"]'/" + E[|Z - Z'|")"/*

=E[|IX — Z|")''? + E[|Z - f(2)|IP]/?

< Wy(u,v) +e +E[|Z - Y|7]'/P

S WP(M? V) + 2e.
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1027 Similarly, we have
W, (kju, v) < E[|Z" = Y||P)/P
<E[|Z - Y|]")"? +E[|Z - Z'|F]/?

<e+e=2e.
1028 Thus, the sum of these two errors is at most 4¢, as desired. L]
1020 Now, fix target measure v = 16_, + 16, where y = (1,...,1), and take ¢ € [0,1] to be tuned

1030 later. Then, for each 0 < ¢ < 1/2, define measure p1; = (1/2 — t)0_cy + (1/2 + t)d4¢y. Now,
1031 fix any kernel s € (X, {£y}), where the codomain restriction is without loss of generality due
1032 to Lemma[I4] Note that its performance on each y, is determined by the two-point distributions
1088 K4 ‘= Kiey = (1 — 0x)0_cy + @t 0¢y. In particular, for 0 < ¢t < 1/2, we compute

Wy (1, v)? = (5 — ) (1 = P[lylP + (1 + )P [lyl? + 31 = )P [ly[|P
=d5[(1—t)(1 — )P + (1 + )],
Wy (g, V)P =Wy ((5 —t) k- + (5 + 1)y, v)
=y — (=y)||” - W ((f — t) Ber(a_) + (1 —i—t) Ber(our),Ber(%))p
L

: +t)ay),Ber(3))”

= (2d)2 Wp(Ber((f - t)a + (

()% |(5 — o+ (3 + oy = 3,
Wi (B i) = (L= eyl + (1 = ) (L + )y
= (o (1= + (1= ay)(1 + ),
Wi (8- = o (L4l + (1= a-)(1 = 0P o]
= dfa_(1+ 07 + (1= ap)(1 - 7).
[ 1= el )i o) = (5 = W, Boayeri )+ (3 + )W (s
= d[(3 1) (a1 + el + (1 —a)(1 - o))

+ (G +t)(ar(1 =)+ (1 —ay)(1+)P)].
1084 Writing A = a_ — a4, we next bound
Wy (kg e, v) + Wy (g0, v)
=V2d|(5 =)o + (b +t)ay — 4|7 +v2d|La_ + Loy — 1|7
> \V2dtr loy — 04,|% (subadditivity of a — a'/P)
=2dt7 Al
1035 and we simplify

J[ o= alPasaanole) = af (UG 1 gp 4 200 o)

W, (0, v) = VA (1 - ).

1036 Thus, we further bound

l(// v = $||pdfiw(y)du0(a:)) % — Wy (o, v)

=Vd

+

S =

2

<1zA(l+ )p+1—2A(1_c)p) —1+c|.

<1+A(1Jr o +1_2A(1_C)P) 14

=

=Vd
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Algorithm 1: Randomized Rounding for Efficient OT Kernel Estimation

Input: n corrupted source points S C R< and target points 7’ C [0, 1]¢, budgets p > 0, ¢ € [0, 1]
1:m = n?, 7 n V@2 5 o 3d/CFd) (ng)=1/(d+2) 4 p1/24-1/4
2: S« {prOJS(X + Z;)}™,, where each X!~ S and Z; ~ N, are sampled independently
3: Compute kernel & € IC(S T) s.t. kg Unif(S’) = Unif(7T")

> [l = wldrtyle) < Wa(s'7) +
weS’
4: Return & € K(R?, T') defined by & = & o projg o N°

Combining, this gives

Ep (K5 e, v) + Ep(K; pro, v)

> ﬂ(le(HC)ul;A(l—c)P)p—1+c+@ti|A|ﬂ
1 A 1—A 1 1
> Va(HRa s+ 1520 -0) -1+ er vEIS AT

= w&ux U+Vﬁ}ﬂAWﬂ
J14L4A0+H@m@
dmin{c/2,t/7/2}

v

Now, supposing that p < v/d, we can safely take ¢ = t'/? = p'/2d—1/%/2 while ensuring that
¢ € [0,1] and ¢ € [0,1/2], which were the only constraints on our construction. Otherwise, we take
¢ = t'/P = 1/2. In either case, we have W,,(u, i) = t'/7 - 2¢v/d = (p A v/d)/2 < p. Thus, the
observation [i = p is compatible with both i1 = pg and p; under our corruption model. This gives
the desired minimax lower bound of Q(v/de A t1/7) = Q(d**p*/? AV/d).

E.3 Efficient Computation

We now introduce Algorithm|[T]to achieve efficient computation, focusing on p = 1 where we match
the rate of Theorem 4] Here, we identify finite sets with their uniform distributions when convenient.

Theorem 5 (Efficient implementation). Under the setting of Section |5 with p = 1, the kernel &
returned by Algorithm[I|matches the risk bound of Theorem[d| Using an entropic OT solver for Step
3, Algonthmliruns in time O((Cwo + d)n>t°a) where C, = max; ; | X; — Yj|. Moreover, &
can be evaluated (i.e., given x € X we can sample Y ~ f) in time O(nd).

The proof below employs a similar analysis to that of Theorem [, with multiple applications of
Lemma [ to account for various sampling errors along with TV contamination. We restrict to p = 1
due to the worsened scaling of Lemma|for p > 1.

Proof. Set a = N{ [in, B = projg «, and S, = Unif(S"). By construction, S’ is sampled i.i.d.
from 3, so Factgives that E[||8 — BmHTV] =E[E[||8 — BmllTv]S]] S /n/m. Moreover,

[ 1proista) —sldata) = = 3 [ Iprois(o+2) — 2+ aN7 (2

IES

I A

—E:/“x—x+AMN%) (@ € S)

zeSs

= [Ielane(z)

<Vdo.
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Now, we restate our guarantee for <; namely, we have:

/ 2 — AR (y]2)dBon (2) < Wi (Bns 7) + 7
Thus, by Lemmal6] we have

E1(R: B, 7n) S 7+ VA = Bllrv,
and, applying Lemma[5] we obtain
E1(R o projg; o, ) S 7+ VA | B — Bullrv + Vdo.
Now, write !, € P(R?) for an intermediate measure such that ||, — fin || Tv < € and W, (ul,, fi,) <
p. Noting that « = NY fi,,, we have by Factthat o = N{ iy, |lrv < €. Thus, Lemma @ gives
81(/% 0 prOjS; Nﬁo-//L;L’ f/’n) /S \/85 +7+ \/g ||ﬂ - /BmHTV + \/6?0'.

Applying Lemma 5|once more, we obtain
€1(R o projs oN"/% N iy, ) £ Vde 7+ Vi||f — Bullrv + Vo

By Lemma E, the fact that this latest kernel begins with the convolution N?/2 ensures that
it is O(v/do~")-Lipschitz w.r.t. W;. Moreover, by Fact E, we have Wl(Nf/Qu’n,NU/zﬂn) <

Wi (i, fin) < p. Thus, Lemma 3| gives

&1 0 projg oN/2 N 2 i, 5,) S Ve + 7+ VA |18 = Bllrv + Vo + p+ Q.

Next, we apply Lemma]and Lemma [5to bound
&1(K oprojg oN7; pu, )
<& (R oprojg oN"/Q;NgT/Qu,f/n) +Vdo
SE(R o projs oN/2 N 2 i i) +Vdo + VA [N/ (1 = fin) 1y

f

<Vde+14+Vdo+p+—= dp +VA||8 = BTy + VA|IN? (11— fin)||Tv-

Finally, we correct the target measure, using Lemma 2] to bound
E1(RoprojgoN7;pu,v) < & (ko projg oN7; w, o) + 2Wi, (7, v)

v

SVde+T+Vdo+p+ "+fuﬂ By + VA N2 (1 = fin) v + Wi (P, )

Taking expectations, using our early bound on the first TV distance, and applying Lemma I2]for the
second TV distance, and applying Lemma I|for the Wasserstein distance, we obtain

E[£1 (R o projgoN7; p, v )]

/d
,<V\/g€+7+\/ga+p+—+ n—l—\/del\/a )/n+cpan” Pv2d10gn

Our choice of o, m, and 7 ensure that the desired risk bound holds.

Computational complexity is dominated by the OT computation at Step 3. The source and target
distributions are both supported on n points, and we require accuracy 7 = n~*/(4+2) Computing
the relevant cost matrix requires time O(n?d). Using a state of the art OT solver based on entropic
OT (e.g., Luo et al., [2023) gives a running time of O(Cson?/7) = O(Coon?®+t1/(@42)) where C, is
the largest distance between a point in .S and a point in 7". Combining these two gives the first bound.
Evaluation complexity is dominated by the projection step, which can be computed in a brute-force
manner using O(nd) time. O

F Extended Experiment Details

We note that all code is provided in the supplement and will be made publicly available on GitHub
for the final version. Experiments were completed in less than 2 hours on the specified machine.
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