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A PROOF OF PROPOSITION

Let F denote the function class {f, : f-(1°,7!) = P.(0 = 1|7% 71),r € G,.}. Let Zx(¢) denote
the e-bracket number with respect to {~o-norm, i.e., the minimum integer M such that there exist
M functions {f*}}, such that for each f,. € F, we have sup,o 1 |f(7°,7") — fi(7°,7!)| < e for

some i € [M]. Then we know there exists a set of function F with |F| = Zr(¢/4) such that for each
fr € F, there exists f € F satisfying

sup |fT(T0,T1) —?(7'077'1)| <e/d.

70 T 1
Now we construct a bracket (g%, g%) defined as follows:

o =110 71) = (0. 7") — ¢/d,gh0 = 00, 7") = 1~ F(+°,7%) — e/4,
o =117 = T 7") + ¢/4,62(0 = 00, 7") = 1~ F(=°,7%) + ¢/4.

SR

Then clearly we have g%(~|7'0,71) < P.(r% ) < g%(~|7'0771) and ||g%(-|7'0,7'1) -
g%(-|ro,rl)|\1 < e. This implies that Ng, () < Zx(e/4).

Now we only need to bound Zz(e/4). Consider 6 and 0’ with |0 — 0’||2 < €; and let » (') denote
the reward (¢, 8) ((¢, 8’)). Then we know for all 7,

Ir(1) —7'(7)| < Rey.

Fix the trajectory pair (7°,71). Without loss of generality, we assume exp(r(7°)) + exp(r(71)) <
exp(r’(79)) + exp(r’(71)). Then we have

exp(r(r%)) + exp(r(r)) < exp(r' (%)) + exp(r' (1)) < exp(Rer) (exp(r(r°)) + exp(r(r)))).

On the other hand, we have

‘fr(TOaTl) - fr’(70771)|

|exp(r(7) (exp(r' (7)) + exp(r'(71))) = exp(r’(r1)) (exp(r(7)) + exp(r(r))) )|
(exp(r(79)) + exp(r(71)) ((exp(r(r)) + exp(r(r))) '

Therefore, if exp(r(7!)) ( exp(r’(79)) —|—exp(7"'(7'1))) —exp(r'(11)) ( exp(r(19)) +exp(r(7'1))) >
0, then we have

|exp(r(r)) (exp(r' (%)) + exp(r (7)) = exp(r (1)) (exp(r(r)) + exp(r(7) )|
< exp(Rer) exp(r(r) (exp(r(r") + exp(r(r!)) ) — exp(~Rer) exp(r(r)) ( exp(r(r)) + exp(r(r")))
~(exp(Rer) — exp(—Rer)) exp(r(r)) (exp(r(r")) + exp(r(r")) ).
Otherwise, we have
[exp(r(r)) (exp(r' (7)) + exp(r (7)) = exp(r’ (1) (exp(r(r)) + exp(r(71) )|
< exp(Rer) exp(r(r)) (exp(r(r") + exp(r(r)) = exp(r(r) (exp(r(r")) + exp(r(r!)) )
~(exp(Re1) = 1) exp(r(r") ( exp(r(r)) + exp(r(r")) ).

Therefore we have

|f7“(7—0a Tl) - f?“’ (T07T1)|
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(exp(Rer) — exp(—Rer)) exp(r(r)) ( exp(r(r)) + exp(r(r)))
(exp(r/(79)) + exp(r'(r1)) ) ((exp(r(79)) + exp(r(r1) )

< exp(2Re;) — 1.

This implies that for any € < 1,
2In2

BR
log Zr(¢/4) < logTa,5 (= ¢ ) < O(dlog =),
€
where Zy p(-) is the covering number of a d-dimensional ball centered at the origin with radius B
with respect to £2-norm and the last step is from |Wainwright| (2019). This concludes our proof.

B FEASIBLE IMPLEMENTATION OF FREEHAND

In this section we show how to implement the robust optimization step (Line 4) of FREEHAND in
practice. Our idea is inspired by standard offline RL (Rigter et al.,|2022) where the authors rely on
Lagrangian formulation to make the theoretical algorithm CPPO (Uehara and Sunl [2021)) practical
enough to achieve good performance on the D4RL datasets. We believe the empirical insights
provided in (Rigter et al.,[2022) can be applied here as well.

First for the Lagrangian relaxation, the original inner minimization problem in Line 4 of FREEHAND
is
in J(mr,P*) —E ., .
Jain S, PT) = By [P (7))
Note that the only constraint is 7 € R(D). Then by introducing a Lagrangian multiplier 8, we

can convert such constrained minimization problem into an unconstrained regularized minimization
problem:

N
min J (737, P) = Ery [r(7)] = B log Pr(o = 0" |70, 7).
n=1

Consequently, Line 4 in FREEHAND can be converted to the following unconstrained regularized
max-min problem:

N
maxmin L(m,7) = J(m;r, P*) —Erop (7)) — B Z log P.(0 = o™|7™° r™1).
n=1

Since now we are facing an unregularized problem, the most common way to solve £ (7, r) in practice
is gradient ascent-descent. Suppose 7 and r are parametrized by 6 and A (usaully neural networks).
Then gradient ascent-descent requires us to compute an unbiased stochastic gradient with respect to
0 and ) respectively. Fortunately, this can be easy to achieve in practice. On the one hand, for the
gradient of §, we only need to compute Vy.J(mg; r, P*). This task has been thoroughly discussed in
the literature of policy gradient and one example is REINFORCE, which samples a trajectory 7 by
executing 7y in P* and then the estimated graidient can be expressed as

H
7'(7') Z Vgﬂ'g,h(aﬂsh),

h=1
where (sp,, ap,) is the h-step of 7.

On the other hand, for the gradient of )\, we only need to sample independent trajecotories 7’ by
executing 7y in P* and 7" from pi,f and an index ¢ € [N]. Then the unbiased estimated gradient
can be directly written as

Vara(t) = Vara(r") — BV log P, (0 = o' |7"0 751).

Therefore, with the above estimated gradients, we can then run graident ascent-descent happily to
solve max, min, £(7, ) in practice.
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C PROOF OF THEOREM

The proof of Theorem [I] consists of two steps, deriving the guarantee of MLE and analyzing the
performance of pessimistic offline RL.

Step 1: MLE guarantee. We first need to show that the confidence set R(D) contains the true
reward r* with high probability. This can be proved via the following lemma which characterizes the
guarantee of MLE:

Lemma 1 (Performance of MLE). Fix any 6 € (0, 1]. Then with probability at least 1 — 6 /2 we have
that for all reward function r € G,

n|7_ 7‘" 1)

ZIO < 0”|7'”0 p— 1)) < emre log(Ng, (1/N)/9),

where cyiLg > 0 is a universal constant.

We defer the proof to Appendix Denote the event in Lemmal[l]by &, then we know P(€;) >
1 — 6/2. Under the event £;, we have

N N
Z log P, (o™|7™0, 71) > Z log Pr(o™|7™%, 7)) — ey log(Ng, (1/N) /6),

which implies that 7* € R(D) since we know r* € G, from Assumption 2}

Nevertheless, the confidence set R(D) is constructed via loglikelihood and we indeed prefer a bound
on the total variation (TV) distance between P, and P~ where r € R(D) to facilitate our subsequent
analysis. We can obtain such a bound as shown in the following lemma from the literature (Liu et al.
(2022)[Proposition 14]/Zhan et al.[(2022b)[Lemma 9]):

Lemma 2. With probability at least 1 — §/2, we have for all reward function r € G,. that

n,l)

RO N INE CTV(ZI () +toatWo, (1/)/6) ).

where crv > 0 is a universal constant.

Eromporinm [

Denote the event in Lemma[2]by &, and then we know P(€;) > 1 — 6/2. Then from Lemma [1]and
Lemma[2] we know that under event & N &, we have for all r € R(D):

(0,78 = 21207 < NG LI

E

7O~ o, T~ p |: P N s (4)
where ¢ > 0 is a universal constant.

Then under Assumption [3] we can apply the mean value theorem between 7*(71) — 7*(79) and
r(m1) — r(70) to @) and ensure for all r € R(D) that

Bt et |07 (0) = 77 (70) — () — ()2 < T BN AND)

1

—7Tmax " max]

where x := T7(z) Measures the non-linearity of the link function ®.

infl.e[

Step 2: Pessimistic offline RL. Let 7™ denote argmin, ¢ p) J (3 7, P*) — Bz [r(7)]. Then
we can bound the suboptimality of 7 as follows:

J(mear; 7*, P*) — J(7517%, P*)
=(J (Tear; 7, P*) = Er iy W(T)]) - (J@@; P*) — By [ (7)])
S((J(ﬂ—tar; T‘*7 P*) TNP«ref ) ( Wtaﬁ ﬂ't 7P*) E"’NIJ«ref [T;Tntir (T)]))

~ (V@I P*) = By [ (1)]) = (SR 72, P*) = By 125 (7))
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(I rari 1, PY) = Ernp s 7 (0]) = (I (Trari 7, P) = B 120, (7))
Bt [ (50) = 17 (7)) = (2 (5) — 780 (1)

<Oy (G e ) By g [P (70) — (1) — 738t (70) 4 7int (+1)[2]
<\/CC72’(grv Ttars Nref)/i2 IOg(J\/'gT (1/N)/(5)

N I

where the second step is due to T = argmax, cy;,  min.erp) J(m;7, P*) — Erny, , [7(7)], the

third step is due to 7 = argmin, ¢ py J(7; 7, P*) — Ervy, [r(7)], the fifth step comes from

the definition of C,. (Qr, Ttar, fref ) (Deﬁnition and the last step leverages (5). This concludes our
proof.

C.1 PROOF OF LEMMA

The proof largely follows Zhan et al| (2022b). Suppose F is a 1/N-bracket of G, with
|F| = Ng.(1/N) and we denote the set of all right brackets in F by F, ie., F = {f :
3f’, such that [f’, f] € F}. Then fix any f € F, we have:

#[ow (S (257 ) | = oo (e (1))

n=1
N

n,r N
H |: 07|L|7-710 n,1 :| HE|:Zf 0|7_n0 Tn’l):| < (1—}—]:\[[) Se,

where the first step is due to each sample in D is i.i.d., the third step uses Tower property and the
fourth step is from the fact that  is a minimum 1/N-bracket.

Then by Markov’s inequality we have for any § € (0, 1],

(Zlog( Zn7|7n J:%) > 1og(1/5))

< E[exp (Z log ( ];:ff(’zgj;f’,;)jjjz)))] - expl—log(1/3)] < ed.

n=1

By union bound, we have for all f € F s

nl)

(Z log ( ZJLTTn oTTn 1)> > CMLE 10%(/\/9,(1/]\[)/5)) <94/2,

where ¢y, > 0 is a universal constant.

Therefore from the deﬁnition of 1/N-bracket net, we know for all r € G,., there exists f € F such
that P.(-|7%,71) < f(:|7°,71) for any trajectories (7°, 71). This implies that for all r € G,

(Zb ( (0"} T”’l)) > cMLElog(Ngr(l/N)/6)> < 5/2,

0"‘7’" ,0 ™n 1)

This concludes our proof.

D COMPARISON WITH |ZHU ET AL. (2023)

Zhu et al.|(2023)) considers the linear reward setting under BTL model and they can achieve the
following sample complexity:

Noo (Cﬁn exp(4BR)dlog(1/5)>

€2
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where R and B are the norm bounds on the feature vectors ¢ and parameter 6 (defined in Proposi-
tion .The concentrability coefficient Cy;y, is defined as

Clin = [|Bromm 1 e [(7°) — ()] 15
and Xp is the empirical covariance matrix of the dataset 3; 25:1 (p(r™0) — p(7™1)) (p(7™0) —
(;5(7‘"’1))T.

Note that all the analysis and proofs in this paper still hold when we define the concentrability

coefficient as
*( 0\ _ ox( -1\ _ 0 1
C;,(Qraﬂtar,umf) = Inax{(), sup B0 o riar, 71~ ptrer [r* (7)) — r*(r1) = r(7°) + r(71)] }
reG, \/ Z |T* Tn O) _ ’I"*(T" 1) _ T(T” 0) + 7"(7’” 1)|2

Then when specializing the result in Theorem[I]to the linear reward setting under BTL model with
this version of concentrability coefficient, the sample complexity is

N _ 6 ( (C;"(gra Ttar, Mref))z exp(2rmax)dlog(BR/5) ) .

€2

We know that BR > ryax. In addition, note that in this case, we have C;, > 0 and for any r € G,
|Erompunrt e [P (77) = 17(71) = 0 (7%) + (7]

(B0 et e [B(77) = &(71)], 0 = 0) |

< NEro e, 7t mpiees [S(70) = STl - 16% = Ol

1 N

= ”ETON'frmr,le/L,-ef [d)(TO) - ¢(7_1)} ”251 : N Z |7,.*(7-n70) - r*(,]—n,l) - T(Tn’o) + 7'(7—”’1)|27

n=1
where we suppose r*(7) = (¢(7),0*) and r(7) = (¢(7), 0). Therefore we have

C;(gm Ttar ,Uref) < C11in-
This implies that Theorem [T|can recover the sample complexity for linear reward setting under BTL
model in|Zhu et al.| (2023) with only some additional log factors.

E OMITTED DETAILS

In this section we supplement the definition of bracket number for the transition class and advantage
function class.

Definition 5 (e-bracket number of transition probability classes). Suppose f', f? is a function
with f'(:|s,a), f?(:|s,a) € RIS! for all (s,a) € S x A. Then we say (f', f?) is a e-bracket if
(s, a) < f2(-s,a) and || f1(:|s,a) — f2(-|s,a)||1 < eforall (s,a). The e-bracket number of a
transition probability class Gp, where h € [H — 1] is the minimum integer N satisfying that there
exist N e-brackets (f™!, f"ﬂ)fj:l such that for any function Py, € Gp, there is a bracket (f*!, fi?)
where i € [N] containing it, i.e., f*1(:|s,a) < Py(+|s,a) < f¥2(:|s, a) for all (s, a).

Definition 6 (e-bracket number of initial state distribution classes). Suppose f*, f> € RIS|. Then
we say (f1, f?) is a e-bracket if f* < f% and ||f' — f?||1 < e. The e-bracket number of a
initial state distribution class Gp, is the minimum integer N satisfying that there exist N e-brackets
(fmL, fo2)N_ | such that for any Py € Gp, there is a bracket (f*1, f*2) where i € [N| containing
it i.e, fil < Py < fi2,

Definition 7 (e-bracket number of advantage function classes). Suppose g*, g is a function with
g (|s,a’ a'), g*(|s,a®, a') € R? for all (s,a’,a') € S x A x A. Then we say (g*,g?) is a
e-bracket if g'(|s,a” a’) < g*(|s,a’ a') and |lg'(:|s,a’,a') — g*(:|s,a® a’)|l1 < € for all
(s,a% at) € S x A x A. The e-bracket number of a reward class G a, where h € [H| is the minimum
integer N satisfying that there exist N e-brackets (g™, g™?)N_, such that for any function Ay, € G4 N
there isa bracket (g1, g*? ) where i € [N] containing it, i.e., g1 (-|s,a® a') < Py, (|s,a% a') <

42(.1s,a%, a )forall(s a’;al) e S x A x A

We use N Gp, (€) and Ng A, (€) to denote the e-bracket number of Gp, and G4, . Similarly, when the
transition probability or the advantage function possesses a low-dimension embedding, we can also
bound the e-bracket number efficiently.
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F PROOFS OF LOWER BOUNDS

F.1 PROOF OF PROPOSITION

Given any S, A, H consider a MDP with horizon H, state space S = {s!,s2,--- s} and action
space A = {a a?,--- ,a”}. In the following discussion we consider the case C’ > 2 and 1<C<2
respectively.

Case 1: C > 2. Consider the case where the state is fixed throughout an episode. We suppose
the initial state distribution Py is Pj(s') = 1 and Pg(s’) = ﬁ forall 2 < i < S. Let

Tar.n(al|s) = 1 forall h € [H] and s € S. Then we can set the dataset distribution 1 as

if the state is s' and all actions in 7 are a' except afy_; = a2,

2C"
(1) 3 — 36, if the state is s* and all actions in 7 are a' except ay = a?,
T) = . . . .
Ho T 31_1) ,  if the state is not s* and all actions in 7 are a’,
0, otherwise,

where ay, is the action at step h in 7. Then we know

1
ton(s,a') = T Vh € [H],s € S\ {s'},
1 1 1 1
HO,h(Slaal) bR Ho,H— 1(s, al) SR Tk uoH(s al) CYeh

It is obvious we have Cy, < C'in this setting. On the other hand, since the trajectory whose state is
s! and all actions are a' is covered by 7., but not by jg, we have Cy, = oo.

Case2: 1 < C' < 2. Consider the case Where the state is fixed throughout an episode. We suppose
the initial state distribution of Py is Py (s') = <51, Py(s?) = 25€ and Pg(s') = ST - 5y for all
3 < i < S. Note that here we require S > 3. When S = 2, we can let Pf(s!) = C — 1 and
P§(s?) = 2 — C and the following analysis will still hold. Therefore here we assume S > 3 without
loss of generality. Let myay (a'ls) = 1forall h € [H] and s € S. Then we can set the dataset
distribution pq as

<L, if the state of 7 is s' and all actions in 7 are a' except a1 = a2,
ot if the state of 7 is s' and all actions in 7 are a! except ay = a?,
po(t) = { £, if the state of 7 is s2 and the actions are all a',
2(51—2) , if the state of 7 is not s' or s? and the actions are all a',
0, otherwise.
Then we know
po.n(s,at) = ;, Vh € [H],s € S\ {s',5%},
7 2(5—2)
2-C
2 1
) = o~ Vh € [H )
fo,n(s”, a) 20 [H]
2C -2
11
o) = . VhelH-2,
fo,n(s",a”) °C [ ]
Cc-1

11y _ 11y _
/JO,H—l(S @ )—,LLO,H(S ,a’) 20

It is obvious we have Cy; < C in this setting. On the other hand, since the trajectory whose state is s'
and all actions are a' is covered by 7., but not by po, we have Cy, = oo. This concludes our proof.

F.2 PROOF OF THEOREM

We consider the case C' > 2 and 1 < C' < 2 respectively.

18
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Case 1: C > 2. Consider the case where there is only one state s and two actions a', a?. Set the
dataset distribution py = p1 where

1 2

ok if all actions in T are a! except a1 = a?,
po(r) = 41— 2, ifall actions in 7 are a* except ay = a?,
0 otherwise,

)

where ay, is the action at step h in 7. In the following discussion we will use 7! to denote the
trajectory where all actions are a' except ay_1 = a? and 72 to denote the trajectory where all actions
are a' except ayy_1 = a®. Then we know

pon(s,a) =1, Vh e [H — 2],

1 1
NO,Hfl(Sval) =1- lok /~L0,H71(3702) = ok
1 1
/,L()’H(S,al) - 67 /,LO’H(S,G?) = ]- - 6
We consider two different reward function ! and r2:

T}L(s,al) = r,ll(s,az) = r,zl(s,al) = r%(s,aQ) =0, Vh e [H — 2],
7’}_1_1(570,1) = T?J—l(57a2) = 17 T}J—1(57a2) = T?—I—l(sval) = 07
r}{(s,al) = r%(s,aQ) =1, T}I(s,aZ) = %{(s,al) =0,

Then we have two MDPs, M; and M, whose reward functions are r! and 72 respectively. It can be
easily verified that (M, po) € O (C), (Ma, 1) € B (C).

Further, let L(7; M) denote the suboptimality of policy 7 in M, then we have for all policies T,
L(m; M) + L(m; M2) > 2.
Now we can apply Le Cam’s method, which leads to the following inequality

1
inf  sup  Ep[L(m,M)] > 5 exp(-NKL (Mo ® p1 @ Prallpo ® pa @ Pr2))~
T Me{Mi, Mz} 2

It can be observed that KL (uo ® 1 @ Ppa || pro @ 11 ® Prz) = Osince 71 (71) = r1(72) = r?(r!) =

r2(72) = 1. Therefore we have

inf  sup  Ep[L(m, M)] > 1

T Me{My Mz} 2
Case2: 1 < C < 2. Consider the case where there are two one states s', s and two actions a®, a?.
We suppose the initial state distribution of P is fixed as Pj(s') = C' — 1 and Pg(s?) = 2 — C.
In addition, the state will stay the same throughout the whole episode. Then we can set the dataset
distribution pg = pq where

%, if the state of 7 is s' and all actions in 7 are a' except ay_1 = a2,
B %, if the state of 7 is s' and all actions in 7 are a' except apy = a2,
Ho(T) = %, if the state of 7 is s2 and the actions are all a®,
0, otherwise.

In the following discussion we will use 72 to denote the trajectory where state is s and all actions
are a' except ay_, = a?; 7* to denote the trajectory where state is s' and all actions are a® except
arg_1 = a?; 7° to denote the trajectory where state is s? and all actions are a'. Then we know

2-C
/Lo,h(sz,al):T, VhG [H],

20 -2
MO,h(817a1> = CC ) Vh e [H_ 2]7
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C-1
MO,Hfl(Slyal) = MO,H71(817a2) = T7
C-1
MO,H(Slval) = MoyH(SlaaQ) = Cc
We consider two different reward function ' and r2:
7";11(817(11) = r}l(817a2) = r%(817a1) = r%(sl,az) =0, Vh e [H — 2],
T}{ l(slual) = r%fl(sl,cﬁ) =4 T}{ 1(513@2) = Tl%lfl(slval) =0,
r}l(sl,al) = r%(sl,az) =1, r}{(sl,a2) = r%(sl,al) =0,
(5% a') = 7y (s%,a%) = ri(s*,a') = ri(s®,a®) =0,  Vhe[H —1]
rp(sfa') =ri(sfa') =1, ry(s®,a®) =rj(s®,a®) =0

Then we have two MDPs, M; and M3 whose reward functions are 7' and r? respectively. It can be
easily verified that (M, po) € O (C), (Ma, o) € B4 (C).

In addition, we have for all policies ,
L(m; My) + L(m; Ms) > 2(C —1).

Therefore by Le Cam’s method, we have

(€ -1

inf sup Ep[L(mw, M)] >

exp < - N- KL(MO ® p1 ® Poa|lpo ® 1 ® PT2)>7
™ ME{Ml,Mg}

where the KL divergence is 0 since r(7) = 1 for all » € {r!,7?} and 7 € {73, 7%, 75}. Therefore,
we have
Cc—-1
inf sup Ep[L(m,M)] > ——.
T ME{Mi,Ms} 2

In conclusion, we have for any C' > 1 and H > 2,

inf sup Ep[J(m*;r*, P*) — J(7;r*, P*)] 2 min {C’ -1, 1}.
T (M,10)€Os(C)

F.3 PROOF OF THEOREM

The proof is inspired by the hard instances in |[Rashidinejad et al.| (2021b). We consider the case
C >2and1 < C < 2 respectively.

Case 1: C > 2. Consider the case where there is only one state s and two actions al, a?. Set the
dataset distribution pg = p1 where

| 1

) - 6’ 6a
where 7* is the trajecotry where the actions are all ¢' and 77 is the trajecotry where the actions are
all a?.

po(T po(r) =1—

We consider two different reward function ' and r2:

L 4 2 if all the actions in 7 are a,
A =137"

otherwise.

if all the actions in T are a!,

otherwise.

<
N
—
9
N
\

—
M=M= N
|

8

Here 0 < =z < % is a quantity we will specify later. Then we have two MDPs, M; and M,

whose reward functions are 7! and r? respectively. It can be easily verified that (M1, ug) €
etr(C)’ (MQa MO) € @tr(c)
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Further, let L(m; M) denote the suboptimality of policy 7 in M, then we have for all policies T,
L(m; My) + L(m; Mag) > x.

Now we can apply Le Cam’s method, which leads to the following inequality

. x
inf sup Ep[L(m, M)] > eXp(—N'KL<,U/0®/J/1®PT1M0®ILL1®PT2>).
T ME{Mi, Mz} 4

Now we only need to bound KL (uo Q1 ® P || @ 1 ® PT2> , which can be computed as follows:

KL (Ho ® 1 @ Prallpo ® pr @ P,.z)

=2 Z p1o(7%)p1 (1)KL (Bern(o(z)) | Bern(o(—x)))

TO=7* 7l=1%
<Qexp(1/2)x2'
- C

Then by letting £ = min {é, \ /m }, we have

. exp(—1) exp(—1) . { 1 C }
inf su Ep[L(mw, M)| > T = min{ =,/ —————— b,
T Me{M?,Mg} pl ) 4 4 27\ 2exp(1/2)N
2

Case2: 1 < C < 2. Consider the case where there are two one states s', s and two actions a', a?.
We suppose the initial state distribution of Pf is fixed as Pf(s') = C' — 1 and P§(s?) = 2 — C.
In addition, the state will stay the same throughout the whole episode. Then we can set the dataset
distribution iy = p3 where

% -1, if the state of 7 is s and the actions are all a* or all a2,
uo(7) = %, if the state of 7 is s2 and the actions are all o',
0, if the state of 7 is s% and the actions contain a?.

Let 7* be the trajectory where the state is s and the actions are all a'.
We further consider two different reward function r* and r2:

1) i+, ifthe state is s* and all the actions in 7 are a,
ri(r) = )
, otherwise.

1

2

L _ g ifthe state is s' and all the actions in 7 are a',

2= {3 .
5 otherwise.

Here 0 < z < % is a quantity we will specify later. Then we have two MDPs, M; and M,

whose reward functions are 7! and 2 respectively. It can be easily verified that (M1, ug) €
O4:(C), (Ma, o) € O4:(C).

In addition, we have for all policies ,
L(m; Mq) + L(m; Mg) > (C = 1)z.

Therefore by Le Cam’s method, we have

C—-1x
inf  sup  Ep[L(m,M)] > (G exp ( - N- KL(MO ® p1 ® Prallpo ® p1 ® Pr2)>7
T Me{Myi,Ma2} 4

where the KL divergence can be computed as follows:
KL(uo ® 1 @ Prallpo ® pn ® Prz)

=2 > po(r”)u (v )KL(Bern(o(x))|Bern(o(—x)))

TO=7* rlotr*
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< 2(C — 1) exp(1/2)x? '
- C

Then by letting £ = min {é, m }, we have

. (C —1)exp(-1) exp(-1) . [C-1 (€ -1
> = :
lngE{il/ll?MﬁED[L(ﬁ’M)] - 4 v U2\ 2ep(1/2)N

In conclusion, we have for any C > 1and H > 1,

inf sup Ep|J(7*;r*, P*) — J(7;r*, P*)] 2 min {C -1, _}.
T (M,110)€654(C)

G PROOF OF THEOREM

The proof still consists of two steps, deriving the guarantee of MLE and analyzing the performance
of pessimistic offline RL.

Step 1: MLE guarantee. Note that Lemma|[T]and Lemma2]still applies here. Let £; and &, denote
the event in Lemma [T]and Lemma 2] respectively. Following almost the same arguments, we have the
following guarantee for the estimation of the system dynamics:

Lemma 3. Under Assumption with probability at least 1 — & /2, the following event holds true:
(1) Py € Pn(D), Py € Pui(D),  Vhe[H —1],
O o | [PhC15:0) = il )} | 4 By [Pl = Pils.a) [
_ clog(HNg,, (1/N)/0)
< N )
OB [ 5) = B O)}] + B |

_ clog(HNg, (1/N)/6)
—_ N ?

Vh € [H — 1], P, € Pr(D),

()~ P60

VP € Po(D).

The proof is omitted here. Let &5 denote the event in Lemma [3]

Step 2: Pessimistic offline RL. We first introduce the following lemma which suggests that under
event &, we can evaluate the expected cumulative reward of 7¢,, with respect to any reward function
r € G, via the system dynamics Pj, € Py (D):

Lemma 4. Suppose Asusmption[3)is true. Then under E;, we have for all reward function r € G,
and P = ({P,}=}') where Py, € Py(D) that

CC}%({gPh }7 7T"calr) 1Og(HNP(1/N)/5)
N )

J(Trtar; T, P*) - J(ﬂ_tar;rv P) < HTmax\/
where Np = maxo<n<n-1{Ngp, }.

The proof is deferred to Appendix [G.1]

Let (rinf, Pinf) denote argmin, .o py pep,.. (D) x[17=! P (D) J(m;7r, P) — Erppee [7(7)]. Then un-
, PEPini he1 Ph
der the event &3, we can bound the suboptimality of 7 as follows:

I (Tpar; 7%, P*) — J (751, PY)
=(J (Trari 7, P*) = B [ (7)]) = (T3 7%, P*) = B (7))
= (I (Rtari 7™, P*) = B[ (7)]) = (T (ears 120, P7) = By [P0 () )
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(I rtaes 7528 P) = B 2 () = (T (s 70 P ) = B 2 (1))

(
((Jmar, B PR = B P20 (7)) = (Jir S, PRT) — By, [ (7)]) )
(TG PED) = Ern 2 (D)) = (JF 1, P) = Er [ (7)) )
(I (Rtars 7, P) = B [ (7)) = (J (i 725 P) = B P25, (7))
(i 20, P*) = B 52, (7)) = (I (s L PR = B [P (7))
(TG PED) = Ern 2 (D) = (JF ", P*) = Erp [ (7)) )
(a1 PY) = B (7)) = ( (aasi 2, PY) = B [P, (7))
(I ars 2L P7) = By P2 (9)]) = (I (a2 PRE) = B [, (7))

. ¢ O G s ) logWe, (/N)/3) | ¢ cC3({Gr,} Tiar) ﬁg(HNpu/N)/a) 7

where the third and fourth step are due to the definition of 7, (r%lf, P%“f) and (1) in Lemma The
last step comes from Lemmafd]and the proof of Theorem [T} This concludes our proof.

G.1 PROOF OF LEMMA

Let P" be the system dynamics (Pg, {Pr}_,, {P:};2 h+1) forall 0 < h < H — 1. Then we have

H-1
J(Tears 7, P*) = J(Tears v, P) = > (J(Fears 7, P?) = J (Tyars 7, PP7)) 4 (T (means 7, PO) = T (a7, P)).
h=1

For any h € [H — 1], we have
J(T‘—tar§ T, Ph) - J(Trtaﬁ r, Ph_l)
:]E(Slvalv"' Shoan)~(Tear,P*) [ Z Pit(sh+1|sh7 ah)E(mar,P) [’F(T)|81, a1,: - 73h+1]

Sh+1
- Z Pr(snt1l8n, an)E(mye,py [1(7) |51, a1, -+ - ,3h+1]}
Sh41
:E(517a17“‘ 1Shyan)~(Tear, P*) [ Z (Pp (sh+1lsns an) — Pr(snt1lsn, ah))E(mar,P) [7'(7)|S1, ai, - 75h+1]]
Sh41

<TmaxB(sp,an)~(mear, P*) [HP}:("Shvah) - Ph("5h7ah)”1}

< \/ cOp (Trar) log(HNG,, (1/N)/9)

N b
where E¢, . p) [ [s1,a1,- - sh+1} is the distribution of the trajectory 7 when executing policy

Ttar under the transition probability { Pt}t h +1 while fixing the history tobe s;,a;, - , sp41. Here
the first step utilizes the Tower property, the third and fourth step uses Cuachy-Schwartz inequality
and the last step comes from Lemma 3]

For J(iar; 7, P°) — J(ar; 7, P), similarly we have

C% (mear) log(HNG,, (1/N)/6
J(maf;r7po)_‘](77tar§7"7p)Srmax\/c P (e )Og(N QO(/ )/ )

Therefore we conclude that

2
J(ﬂ-tar; r P*) _ J(”tar? r P) S H,rmax\/CCP(ﬂ-tar) logg\PfINP(l/N)/(s) ]
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H PROOF OF THEOREM

We first derive the guarantee of MLE for estimating A*. Similar to Lemma [I]and Lemma[2] we have
the following lemma in the action-based comparison setting:

Lemma 5. Under Assumption[7} with probability at least 1 — 6, the following event holds true:

clog(HNg, (1/N)/6)
ESNMhﬂONMU h( ‘5)7(11’\//141 h |:HPA’ |S a ,a ) — PA;(~S,(10’(11)H1:| S ]/-{;‘ ,Vh S [H]

The proof is omitted here. Let £, denote the event in Lemma(5] Then under Assumption[§] we can
apply the mean value theorem and obtain that under £4, we have for all h € [H] that

~

Eswuh,aowuo,h(~|s),a1~u1,h(~\s) |:|A;L(Sa aO) - A;(L(s’ al) - Ah(sv aO) + A\h(s’ a1)|2
_ cK? log(HNg,, (1/N)/d)
- N

Recall that £ = — 1

Infoci—rpax, rmax]

,Vh € [H]. (6)

@' ()
On the other hand, note that we have the following performance lemma:

Lemma 6. For any deterministic Markovian policies m and 7', we have
J(m;r*, P*) — J(x's 7%, PY) ZE [Qh s,m(s)) —QZ(S,W/(S))}

The proof is deferred to Appendix [H.I]

The rest of the proof largely follows [Uehara et al.| (2023)). Under the event £4, we can bound the
suboptimality of 7 as follows:

J(w*5 1, P*) = J(@50%, P*) < Tanax Y By gre {]1(772(8) # 7n(s)) - Q7 (s, 7n(s)) < Qp(s,m4(s)))

h=1
S S [Z 1(An(s,a) > A5, 77 (5))) - 1(Qis.0) < Q,*l(s,mxs)))]
h=1 a€A

where the first step comes from Lemma|§| and the second step is due to the definition of 7. Then for
any o > 0, we have

B | 1 (Ans0) = (s, 71 (6) - 1(Qh 510 < Qi 7)) |
a€A
By | 0 1(Qh i) > Qils.0) = Qi) — )
acA
+ Eswd;:* |:Z H(Q;;(S?ﬂ-;;(s)) - Q;;(Sv 0,) - A\h(sa W;(S)) + A\h(sv a’) Z OL>:| .
acA

By Assumption[6] we have

ot | 30 1(Qh6i(0)) > Qh(5,0) = @35, (5) — )| < 1Al(a /)

acA

For the second term, we have

oy | 0 1(Qh0 7)) = @ils.0) = An(s. i (5) + Bu(sv0) 2 )|

acA
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o~

:%Eswdz* [Z a2]1(A,*L(5,7T,*l(s)) — Aj(s,a) — A\h(S,WZ(S)) + Ap(s,a) > a)}

acA

* n * 1 2
<L | XA - 4i(s0) - G mi(o) + At
acA

< c|-’4|cact%2 1Og(HNQAh (1/N)/5)
— a2N )
where the last step comes from the definition of C,.; and (]Q)

Therefore by picking appropriate «, we have with probability at least 1 — ¢ that

55 Br /2 7z
L R ) I o B e e
0

H.l PROOF OF LEMMA |§|

For any two policies 7 and 7/, we have that

J(7'sr*, P*) — J(m;r*, P)

—E. [rf(sl, ar) + v (2)] = Ens [V (51)]
Ex V57 (s2) = (W (s2) = v (s1,01))]
=En [V (s2) = V5 52>] +Exr [Q (s1,1) = Vi (s1)]
=En |V (s2) = V5 (s2)| + Ew [(QT (s1,), 74 (1) = m (1))

H
==Y B [(QF (51, ), mh(]s) — m((]5))] -

This concludes our proof.
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