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A Proofs

A.1 Proofs of Section[3

Proposition A.1. Let h : X — R such that E[|h(X)|] < oo. Then, {y € Y | E[|h(X)|]Y =y] <

oo} is a full measure set with respect to Py

Proof. Since X is a Borel space and ) is measurable, the existence of a Py -a.e. regular conditional
probability distribution is guaranteed by [43] Theorem 6.3]. Now suppose E[|h(X)|] < oo and let
Yo ={y € Y| E[JrX)||]Y = y] < oo}. Since E[|h(X)]|] = E[E[|h(X)]| | Y]], the conditional
expectation E[|2(X)| | Y] must have finite expectation almost everywhere, i.e. Py (J°) =1. O

Proposition 3.2. Suppose E[|m(X)|] < oo and E[||kx||x] < oo and let (X', Y') ~ Pxy. Then g
is a Gaussian process g ~ GP(v, q) a.s. , specified by

v(y) = Em(X)|Y =y q(y,y') =Ek(X, XY =4,Y' =y (13)

Yy,y' € Y. Furthermore, q(y,y') = (X |y =y, LX|y =y )k G-5.

Proof of Proposition[3.2] We will assume for the sake of simplicity that m = 0 in the following
derivations and will return to the case of an uncentered GP at the end of the proof.

Show that g(y) is in a space of Gaussian random variables Let (2, 7, P) denote a probability
space and L?((2, P) the space of square integrable random variables endowed with standard inner
product. Vo € X, since f(x) is Gaussian, then f(x) € L?(£2,P). We can hence define S(f) as the

closure in L?(Q, P) of the vector space spanned by f, i.e. S(f) := Span {f(x) : x € X}.

Elements of S(f) write as limits of centered Gaussian random variables, hence when their covariance
sequence converge, they are normally distributed. Let 7' € S(f)™, then we have E[T f(z)] = 0. Let
y € Y, we also have

E[Tg(y)] = E [ / Tf(x)dpm_y} (14)

In order to switch orders of integration, we need to show that the double integral satisfies absolute
convergence.

/X E[|Tf(2)]) dPx |y, () < /X VETZEF (@)% Py, () (1)
— VE[] /X allk APy —y (@) (16)
— VETZE(|kx|s]Y = 4] am

Since T' € L*(Q,P), E[T?] < oco. Plus, as we assume that E[||kx||x] < oo, Proposition gives
that E[||kx||x]Y = y] < oo a.s. We can thus apply Fubini’s theorem and obtain

E[Tg(y)] = /X E[Tf(2)] dBxjy—y(z) = 0 as. (s)

As this holds for any T € S(f)*, we conclude that g(y) € (S(f)L)L as. = g(y) € S(f) as..
We cannot claim yet though that ¢(y) is Gaussian since we do not know whether it results from a
sequence of Gaussian variables with converging variance sequence. We now have to prove that g(y)
has a finite variance.

Show that g(y) has finite variance We proceed by computing the expression of the covariance
between g(y) and g(y’) which is more general and yields the variance.
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Lety,y’ € Y, the covariance of g(y) and ¢(y’) is given by
a(y,y') = —Elg(y)Eg(y)] (19)

=E [/ / f(@)f(2") dPx |y —y(z )d]PXY_y’(x,):| (20)

E[/f ) dPx |y =y (x } Uf ) AP x|y =y (@ )] 21)

Choosing T as a constant random variable in the above, we can show that
J+E N dPx|y—y(z) < oo as. We can hence apply Fubini’s theorem to switch inte-
gratlon order in the mean terms (21) and obtain that E[g(y)] = 0 since f is centered.

To apply Fubini’s theorem to (@) we need to show that the triple integration absolutely converges.
Let z,2’ € X, we know that E[| f(z ] < VE[f( (2")2] = ||k ||k ||ke || k- Using similar
arguments as above, we obtain

/ / 1£(@) £ @) dPxpy—y (2) dPx vy (2') < Elllkx [le]Y = yEllkx [5]¥ = '] < o0 as.
(22)

We can thus apply Fubini’s theorem which yields

q(y,y") // NP x|y —y(z) dPx|y—y (2) (23)
//Cov (z")) dPx|y—y (@ )dIP’X‘y:y/(x/) (24)
k(a2
=Ek(X, XY =y, Y’ =] (25)
< E[l[kx|lx]Y = ylE[lkx [x]Y = y'] < oo as. (26)

where (X', Y”) denote random variables with same joint distribution than (X, Y") as defined in the
proposition.

g(y) € S(f) and has finite variance ¢(y,y) a.s., it is thus a centered Gaussian random variable
a.s. Furthermore, as this holds for any y € ), then any finite subset of {g(y) : y € YV} follows
a multivariate normal distribution which shows that g is a centered Gaussian process on Y and its
covariance function is specified by q.

Uncentered case m # 0 We now return to an uncentered GP prior on f with assumption that
E[lm(X)|] < co. By Proposition[A.1] we get that E[|m(X)||Y = y] < oo a.s. fory € V.

Letv : y — E[m(X)|Y = y]. We can clearly rewrite g as the sum of v and a centered GP on )

oy) = v() + /X (f(z) — m(2)) dPxy_y(z),  Vyed @

which is well-defined almost surely.

It hence comes E[g(y)] = E[v(y)] + 0 = v(y). Plus since v(y) is a constant shift, the covariance is
not affected and has the same expression than for the centered GP. Since this holds for any y € ), we
conclude that g ~ GP(v, q) a.s.

Show that q(y,y') = (tx|y=y, x|y=y )k First, we know by Propositionthat Elllkx]|x]Y =
y] < oo Py-ae. By triangular inequality, we obtain |ux;y—yllx = [Elkx|Y = y]llx <
Ell[kx|lx]Y = y] < oo Py-ae. and hence px|y—, is well-defined up to a set of measure zero
with respect to Py-.
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With notations from Proposition we can proceed for any y,y’ € ) as

q(y,y") =Ek(X, XY =y, V' =] (28)
:/ /<k’x,k‘w/>kdpx‘yzy(l‘>dP)qyzy/(.fL'/) (30)
X Jx
= </ ,ZCT dpx‘yzy(ﬂf),/ kz/ d]P)XY_y/(SC/)> a.s. (31)
X X k
= <:uX\Y:y7MX\Y:y’>k a.s. (32)
O

Proposition 3.3. Given aggregate observations z with homoscedastic noise o2, the deconditional
posterior of | is defined as the Gaussian process f|z ~ GP(maq, kq) where

mq(z) = m(z) + k, Cx|y ¥g(Qgy + 0’Ly) 'z — v(F)), (33)
ka(z, ') = k(z,2") — k] Cx|y O3(Qgy + 0°Ia) " ¥y Cyjy . (34)

Proof of Proposition[3.3] Recall that

e () [5 aunen]) o

where Y = Cov(f(x),2z) = ®, Cx |y Py.
Applying Gaussian conditioning, we obtain that
F() | i,y,yNN( (%) + Y (Qgy +0”Iar) ' (z — v(¥)), (36)
Y(Qyy +0°Ly) 'Y T) (37)
Since the latter holds for any input x € XV, by Kolmogorov extension theorem this implies that f

conditioned on the data z, y is a draw from a GP. We denote it f|z ~ GP(mq, kq) and it is specified
by

ma(x) = m(z) + k; Cxy ¥3(Qgy + 0°In) ™ (2 — v(3)), (38)
ka(z,2") = k(z,2") — k; Cx)y ¥g(Qgy + 0”Tn) " W Cypykar. (39)

Note that we abuse notation

K k;CX\Y‘IISI” = [<k96’ CX\Y6371>7€ s <k£a OX\Y€Z7M>7€] (40)
= [(ka, ixiy=g )k -+ Koy x|y =ga k) (41)

= [Cov(f(2),9(51)) ... Cov(f(x),9(Irr))]. (42)

O

A.2 Proofs of Section ]

Proposition 4.1 (Empirical DMO as vector-valued regressor). The minimiser of the empirical
reconstruction risk is the empirical DMO, i.e. Dx|y = argminpey,. E4(D)

Proof of Proposition Let D € Hr, we recall the form of the regularised empirical objective

1 .
i Z 165, = DCx 1y L, 12 + €l DI (43)
J:
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By [46, Theorem 4.1], if De arg min éd(D), then it is unique and has form
DeHr

M
D=3 Tey e 6 (44)
i=1 '

where Féxw 0, H, — Hr is the vector-valued kernel I"’s feature map indexed by C' x|y {3, such

that for any h € Hr and g € H,, we have <h’Féx‘y€gj g)r = <h(éx‘y€gj),g>g. (see [33]] for a

detailed review of vector-valued RKHS). Furthermore, coefficients ci, ..., cyr € Hy are the unique
solutions to

M
> (T(Coxiyty, Cxiyls,) + Mesiy) e = 45)
i=1
Since . ) ) )
L(Cx v ly,, Cxyly;) = (Cx vy, Cx v ly; )k 1y, = §(9:, 35) Idy, (46)
where Idy,, denotes the identity operator on H,. The above simplifies as
M
S (@i G5) + Medij)ei = bz, Y1<j<M (47)
i=1
& (Quy + Mely ) " = w] (48)
. -1
& =Wy (Quy + Mely ) (49)

wherec=[c1 ... cuml

Since for any f € My and g € H,, our choice of kernel gives I'yg = g ® f, plugging (@#7) into
we obtain

M

D=3"T¢ 0 (50)
=1 ’
M
= ¢ @ Cxyly, (51)
j=1
N T
=c |:CX|Y\II§:| (52)
~ —1 RN T
= [‘I'y (Qoy +Mely) } [ (53)
A L TAT
=¥y (ny + M€IM) ¥y Cxpy (54)
. -1 ~
= Wy (Qgg + Mely ) WJWy (Lyy + NALy) ™" @, 55)
N —1
e (ny + MeIM) AD, (56)
= Dx)y (57)
which concludes the proof. O

Theorem 4.2 (Empirical DMO Convergence Rate). Denote Dp,, = arg minpeyy. E4(D). Assume
assumptions stated in Appendix@are satisfied. In particular, let (b, ¢) and (0, c’) be the parameters
of the restricted class of distribution for Py and Pxy respectively and let v €]0, 1] be the Holder

a(c’+1)

1
continuity exponent in Hr. Then, if we choose A = N~ <+1, N = M (<=0 where a > 0, we have
the following result,

o Ifa < %t then E9(Dxpy) — Ea(Dpy ) = O(M 1) with ¢ = M1
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o Ifa> béiii), then gd([)x‘y) —&4(Dpy ) = @(M%ﬂ’ﬁ) with € = Mo+t

Proof of Theorem In Appendix [D] we present Theorem [D.4] which is a detailed version of this
result with all assumptions explicitly stated. The proof of Theorem [D.4]constitutes the proof of this
result. J
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B Variational formulation of the deconditional posterior

Inference computational complexity is O(M?) for the posterior mean and O(N?3 + M?3) for the
posterior covariance. To scale to large datasets, we introduce in the following a variational formulation
as a scalable approximation to the deconditional posterior f(x)|z. Without loss of generality, we
assume in the following that f is centered, i.e. m = 0.

B.1 Variational formulation

We consider a set of d inducing locations w = [wy ... wd]—r € X% and define inducing points
as the gaussian vector u := f(w) ~ N (0, Kyw), where Ky := k(w, w). We set d-dimensional
variational distribution ¢(u) = N '(u|n, X) over inducing points and define ¢(f) := [ p(fju)q(u) du
as an approximation of the deconditional posterior p(f|z). The estimation of the deconditional
posterior can thus be approximated by optimising the variational distribution parameters 7, X to
maximise the evidence lower bound (ELBO) objective given by

ELBO(q) = Eq()[log p(z[f)] + KL(g(u)||p(w)). (58)

As both ¢ and p are Gaussians, the Kullback-Leibler divergence admits closed-form. The expected
log likelihood term decomposes as

M 1 = - _
Eq(r)log p(a]f)] = — 5 log(270?) + 5 (b (ATSA) + [z —4Ta;) (9

where 7) and X are the parameters of the posterior variational distribution ¢(f) = N (f|7, £) given
by
71 =KywK, 3 = Kux — Kaw [Kgw — Ko ZK L] Kux (60)

Given this objective, we can optimise this lower bound with respect to variational parameters 1, 3,
noise o2 and parameters of kernels & and ¢, with an option to parametrize these kernels using feature
maps given by deep neural network [47]], using a stochastic gradient approach for example. We might
also want to learn the inducing locations w.

ww77

B.2 Details on evidence lower bound derivation

For completeness, we provide here the derivation of the evidence lower bound objective. Let us
remind its expression as stated in (38)

ELBO(q) = Eq(s)[log p(z|f)] — KL(g(u)[[p(u)) (61)

The second term here is the Kullback-Leibler divergence of two gaussian densities which has a known
and tractable closed-form expression.

det Kyww

det = (62)

1 _ _
KL(a() () = 5 [or (K4 %) + " K - d 4 log

The first term is the expected log likelihood and needs to be derived. Using properties of integrals of
gaussian densities, we can start by showing that ¢(f) also corresponds to a gaussian density which
comes

) = [ pltlu)g(w) du (©3)
= / N Kew KL, Koy — Ky KL Kwy) X NV (un, £) du (64)
=N(f|n, %) (65)
where
7 =K KL n (66)
5 = Kux — Kaw [Kgw — Kot ZK L] Kux (67)
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Let’s try now to obtain a closed-form expression of Ey ¢ [log p(z|f)] on which we will be able to
perform a gradient-based optimization routine. Using Gaussian conditioning on (3], we obtain

p(E[f) = NEIY KL, Qg +0°Ty — T Ky ') (68)

We notice that ¥ 'K} = £(§,¥)(Lyy + ANIN) 'K Kl = 6(F,y)(Lyy + ANIy) ! = A,
Hence we also have Y TK 1T = ATK, A = Qyy.
We can thus simplify (68) as

p(Z|f) = N(z|ATf,0°T,) (69)
Then,
- M 9 1 . Tel2
log p(z|f) = —Elog(Qﬂ'a ) — 357 |z —A fH2 (70)
- M 1 - 2
= Eqn[log p(2]f)] = —=- log(270%) — By [[2 - ATE[3] D

Using the trace trick to express the expectation with respect to the posterior variational parameters
7, 3, we have

Eyr) |2 ATE]] = Eqr) [0 (- ATE) (2 ATH))] )
=By [r ((E-ATE) (3-ATF))] (73)

—tr (Bye) [~ ATE) G- ATF)]) (74)

(75)

And
Eq) [ (5~ ATE) (3 ATE) | = Cov(z — ATE) + Eyqe) [~ ATH] By [7- ATE] (76)

—ATSA+(E-ATR) (F-ATR) (77)

Hence, it comes that
Eqe) [||I2~ ATE[}] = tr (ATSA) +tr (2 ATh) (2 AT#) ") (78)
—tr (ATSA) + |z— ATql; (79)

which can be efficiently computed as it only requires diagonal terms.

Wrapping up, we obtain that

ELBO(q) = —% log(2r0?) (r(ATSA) + |2 - ATall;) - KL(g()lp(w)  (80)

202

21



C Details on Conditional Mean Shrinkage Operator

C.1 Deconditional posterior with Conditional Mean Shrinkage Operator

We recall from Proposition that the deconditional posterior is a GP specifed by mean and
covariance functions

ma(z) = m(z) + k, Cx)y ¥y (Qyy + 0*In) " (Z — v(¥)), (81)
ka(z,2') = k(z,2") — k; Cx)y ¥g(Qgy + 0”Tn) " W3 Cypykar (82)
for any x, 2’ € X, where we abuse notation for the cross-covariance term

"ky Cx iy W5 = [(ka, Ox iyl )k - (ko Ox iy Ly k] - (83)

The CMO appears in the cross-covariance term k, C x|y Py and in the CMP covariance matrix
Qyy = ¥3 Cx)y Cxjy ¥y. To derive empirical versions using the Conditional Mean Shrinkage

Operator we replace it by “Cx |y = My (Lyy + ANTy) 1.

The empirical cross-covariance operator with shrinkage CMO estimate is given by

kg Cx iy Wy = k] My (Lyy + ANTy) ™ 0 Wy (84)
=k} My (Lyy + ANTIy) 'Ly (85)
=k MyA (86)
where we abuse notation
kg My = [(kas fixy =y )b -+ Koy fix|y—yn k] (87)
=[RS ko) o AT kR, ). (88)

The empirical shrinkage CMP covariance matrix is given by

Qyy = W) 0%y Cx )y Ty (89)
= W Wy (Lyy + ANLy) "My My (Lyy + ANIy) ' 0 ¥y (90)
= ATM;MyA Q1)
where with similar notation abuse
"N T » ~ ~ 1 o l r)
NI M = [y =y, iy, )i ey = | 90 0 kel 2" (92)
P =1 r=1 1<4,j<N

Substituting the latters into (81)) and (82), we obtain empirical estimates of the deconditional posterior
with shrinkage CMO estimator defined as

Sina(e) = m(e) + kT NLAATNINGA +0%L) 2 — i(®). (93)
Ska(w,2’) = k(z,2') — k] My A(ATNy MyA + 0?In7) ' ATM kyr (94)
for any z, 2’ € X.

Note that as the number of bags increases, it is possible to derive a variational formulation similar to
the one proposed in Section [B] that leverages the shrinkage estimator to further speed up the overall
computation.
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C.2 Ablation Study

In this section we will present an ablation study on the shrinkage CMO estimator. The key is to
illustrate that the Shrinkage CMO performs on par with the standard CMO estimator but is much
faster to compute.

In the following, we will sample bag data of the form "D = {’z;, y; };\le and bz; = {xg-i)}?zl, ie

there are IV bags with n elements inside each. We first sample IV bag labels y; ~ N(0,2) and for
each bag y;, we sample n observations wé’) ly; ~ N (yjsin(y;), 0.52).

Recall in standard CME one would need to repeat the number of bag labels to match the cardinality
N,n

@ : (@)
of z;, i.e estimating CME using data {z;", y;},27 ;-

Denote C’X|y as the standard CMO estimator and ° C’X|y as the shrinkage CMO estimator.
We will compare the RMSE between the two estimator when tested on a grid of test points
{xF,y: Y|, i.e comparing the RMSE of the values between fix|y=y: (¥7) == (Cxylys, ks )k
and SﬂX|y:yi* (xF) == (SC’X|y€y; , kox )i for each i. We also report the time in seconds needed to

compute the estimator. The following results are ran on a CPU. Kernel hyperparameters are chosen
using the median heuristic. The regularisation for both estimator is set to 0.1.

Data, N: 3, M: 50 Standard CME estimate_ Time: 0.00 Shrinkage CME: RMSE 0.00, Time: 0.01

commeammc

DU - B0 5 1 1 o o8B 1 1 1 L i

Figure 4: 3 bags with 50 samples each. (left) Data, (middle) fix|y—,: (z¥) Standard CME.

(right) i X|y =y (z}) Shrinkage CME. We see both algorithms require very little time to train,
(~ 0.01second) with a negligible difference in values as shown by the RMSE.

Data, N: 50, M: 3 Standard CME estimate. Time: 0.03 Shrinkage CME: RMSE 0.10, Time: 0.03
- 0

7
4

-

Figure 5: 50 bags with 3 samples each. (left) Data, (middle) /i X|Y=y? (xF) Standard CME. (right)
S X|Y=y: (xF) Shrinkage CME. Again, we see both algorithms require very little time to train,
(~ 0.03 second). However, there is an increase in RMSE for the shrinkage estimator because there
are much less samples for each bag, thus the empirical CME estimate /i x|y —,, might not be accurate.
Nonetheless, it is still a small difference.

Figures ] and [5| show how shrinkage CMO performed compared to the standard CMO in a small data

regime. Now when we increase the data size, we will start to see the major computational differences.
(See Figures[6|and[7)
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Data, N: 50, M: 500 Standard CME estimate. Time: 43 66 shrinkage CME: RMSE 0.03, Time: 0.07

_
=
| 4K

bbb

Figure 6: 50 bags with 500 samples each. (left) Data, (middle) X|Y=y? («) Standard CME. (right)

Sh X[y =y (zF) Shrinkage CME. With a small RMSE of 0.03, the Shrinkage CME is approximately
600 times quicker than the standard version.

Data, N: 500, M: 50 Standard CME estimate. Time: 62.53 Shrinkage CME: RMSE 0.02, Time: 0.27

1 . M

Figure 7: 500 bags with 50 samples each. (left) Data, (middle) fix|y—y: (xF) Standard CME.
(right) SﬂXlY:yf* (xF) Shrinkage CME. Again, with a small RMSE of 0.02, Shrinakge CME is
approximately 200 times quicker than the standard CME.
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D Details on Convergence Result

In this section, we provide insights about the convergence results stated in Section[d] These results
are largely based on the impactful work of Caponnetto and De Vito [36], Szabé et al. [24]] and Singh
et al. [25] which we modify to fit our problem setup. Each assumption that we make is adapted from
a similar assumption made in those works, for which we provide intuition and a detailed justification.
We start by redefining the mathematical tools introduced in these works that are necessary to state
our result.

D.1 Definitions and Py (b, c) spaces
We start by providing a general definition of covariance operators over vector-valued RKHS, which
will allow us to specify a class of probability distributions for our convergence result.

Definition D.1 (Covariance operator). Let W a Polish space endowed with measure p, G a real
separable Hilbert space and K : W? — £(G) an operator-valued kernel spanning a G-valued RKHS
Hrk.

The covariance operator of K is defined as the positive trace class operator given by
T = / KoK dp(w) € L(Hx) (95)
Z

where L(H k) denotes the space of bounded linear operators over .

Definition D.2 (Power of self-adjoint Hilbert operator). Let 7" a compact self-adjoint Hilbert space
operator with spectral decomposition T = Y | Ane,, ® €5, on (e, ),en basis of Ker(T)*. The r
power of T'is defined as 7" = > 7 | Al e, @ €.

Using the covariance operator, we now introduce a general class of priors that does not assume
parametric distributions, by adapting to our setup a definition originally introduced by Caponnetto
and De Vito [36]. This class captures the difficulty of a regression problem in terms of two simple
parameters, b and c [24].

Definition D.3 (Px (b, c) class). Let £, : G — [0,00[ an expected risk function over p and
E, = argmin &,. Then given b > 1 and ¢ €]1,2], we say that p is a P (b, ¢) class probability
measure w.r.t. £, if

c—1
1. Range assumption: 3G € Hy such that E, = T}> o G with ||G||% < R for some R > 0

2. Spectral assumption: the eigenvalues (A, )nen of Tk satisfy o < nbx, < B8,¥n € N for
some 5> a >0
The range assumption controls the functional smoothness of F, as larger ¢ corresponds to increased
ce—1
smoothness. Specifically, elements of Range(T},? ) admit Fourier coefficients (v, )nen such that

S 7,21)\;(6“) < oo. In the limit ¢ — 1, we obtain Range(7T%) = Range(Idy,. ) = Hx. Since

n=1
ranked eigenvalues are positive and \,, — 0, greater power of the covariance operator T give rise to

faster decay of the Fourier coefficients and hence smoother operators.
The spectral assumptions can be read as a polynomial decay over the eigenvalues of T . Thus, larger
b leads to enhanced decay \,, = ©(n~") and concretely in a smaller effective input dimension.

D.2 Complete statement of the convergence result

The following result corresponds to a detailed version of Theorem 4.2 where all the assumptions are
explicitly stated. As such, its proof also constitutes the proof for Theorem |4.2

Theorem D.4 (Empirical DMO Convergence Rate). Assume that

1. X and )Y are Polish spaces, i.e. separable and completely metrizable topoligical spaces

2. k and { are continuous, bounded, their canonical feature maps k, and £, are measurable
and k is characteristic
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3. Hy is finite dimensional

4. argmin &, € Hr and argmin &y € Hr

5. The operator family {L;, |, _ tyey is Holder continuous with exponent . €]0, 1]
6.

. Pxvy isa Pr(0,c) class probability measure w.r.t. E. and Py is a Pr(b, ¢) class probability
measure w.r.t. £q

7. Ng € Hy, ||glle < oo almost surely

1 a(e’+1)

Let Dp, = argmin &q(D). Then, if we choose A = N~ 7+1 and N = M =D where a > 0, we
DeHr

have

o Ifa < %MD then E4(Dxjy) — Ea(Depy ) = O(M 1) with € = M1

o Ifa> "D then Ey(Dx)y) — E4(Dpy) = O(MT1) with ¢ = M

Proof of Theorem The main objective here will be to rigorously verify that within our setup, the
conditions in Theorem 4 from [25] are met. We reformulate from our problem perspective each of
the assumptions stated by Singh et al. [25] and verify they are satisfied.

Assumption 1 Assume observation model Z = f(X) + & with E[|Y] = 0 and suppose P X|Y=y
is not constant in .

In this work, the observation model considered is Z = E[f(X)|Y] + € and the objective is to recover
the underlying random variable f(X') which noisy conditional expectation is observed. The latter
presumes that we could bring Z to X’s resolution. We can model it by introducing “pre-aggregation”
observation model Z = f(X) + € such that Z = E[Z|Y] and € is a noise term at individual level
satisfying E[£]Y] = 0.

Assumption 2 X and Y are Polish spaces.

We also make this assumption.

Assumption 3 &k and { are continuous and bounded, their canonical feature maps are measurable
and k is characteristic.

We make the same assumptions. The separability of X and ) along with continuity assumptions on
kernels allow to propagate separability to their associated RKHS #, and H, and to the vector-valued
RKHS Hr. Boundedness and continuity on kernels ensure the measurability of the CMO and hence
that measures on X and cY can be extended to H, and H,. The assumption on k being characteristic
ensures that conditional mean embeddings p x|y —, uniquely embed conditional distributions IP x|y —,,
and henceforth operators over H, are identified.

Assumption 4 argmin &, € Hr.

This property stronger is than what the actual conditional mean operator needs to satisfy, but it is
necessary to make sure the problem is well-defined. We also make this assumption.

Assumption 5 Pxvy is a Pr(0, ) class probability measure, with ¢’ €]1,2]

As explained by Singh et al. [25]], this is further required to bound the approximation error which we
also make. Through the definition of the Pr(0, ¢’) class, this hypothesis assumes the existence of
a probability measure over H;, we denote Py, . Since H;, is Polish (proof below), the latter can be
constructed as an extension of Px over the Borel o-algebra associated to Hj, [48, Lemma A.3.16].

Assumption 6 Hy, is a Polish space

Since k is continuous and &’ is separable, #, is a separable Hilbert space which makes it Polish.

26



Assumption 7 The {T',,,._, },ey operator family is

e Uniformly bounded in Hilbert-Schmidt norm, i.e. 3B > 0 such that Vy € ),
||FHX\Y:1,||%{S(H“’HF) < B

e Holder continuous in operator norm, i.e. 3L > 0, ¢ €]0, 1] such that Vy, 3’ € ),

F#xw:y -
F,ux|y:y/ Hl:(’Hngr) S LH#X‘Y:/U - ,U’X‘Y:U/ ||?€
where L(H,, Hr) denotes the space of bounded linear operator between H, and Hr.

Since we assume finite dimensionality of H,, we make a stronger assumption than the boundedness
in Hilbert-Schmidt norm which we obtain as

Ty —, %IS(’HZ,HF) = tr (T(kx|y =y, x|y =y)) 96)
=tr (<,LLX‘Y=y7,U/X‘Y=y>kId’H1) ©7)
= q(y,y) tr (Idy,) < oo ©8)

Holder continuity is a mild assumption commonly satisfied as stated in [24]].

Assumption 8 argmin & € Hr and H, is a space of bounded functions almost surely

We assume that the true minimiser of &y is in Hp to have a well-defined problem. The second
assumption here is expressed in terms of probability measure P4, over H,. We do also assume that
there exists B > 0 such that Vg € Hy, ||g]|¢ < B Py, — almost surely.

Assumption 9 Py is a Pr(b, ) class probability measure, with b > 1 and c €]1, 2]

This last hypothesis is not required per se to obtain a bound on the excess error of regularized estimate

Dx|y. However, it allows to simplify the bounds and state them in terms of parameters b and ¢ which
characterize efficient input size and functional smoothness respectively.

Furthermore, a premise to this assumption is the existence of a probability measure over H, that we
denote [Py,,. Since £ is continuous and ) separable, it makes #, a separable and thus Polish. We can
then construct Py, by extension of Py [48| Lemma A.3.16] O

This theorem underlines a trade-off between the computational and statistical efficiency w.r.t. the
datasets cardinalities N = |D;| and M = |D5| and the problem difficulty (b, ¢, ¢').

For a < béiﬂ) , smaller a means less samples from D; at fixed M and thus computational savings.
But it also hampers convergence, resulting in reduced statistical efficiency. At a = béiﬁ) < 2,
convergence rate is a minimax computational-statistical efficiency optimal, i.e. convergence rate is

optimal with smallest possible /M. We note that at this optimal, N > M and hence we require less
samples from Dy. a > béiii) does not improve the convergence rate but increases the size of D; and

hence the computational cost it bears.

We also note that larger Holder exponents ¢, which translates in smoother kernels, leads to reduced
N. Similarly, since ¢’ — % and c — bIEZE) are strictly decreasing functions over |1, 2], stronger
range assumptions regularity which means smoother operators reduces the number of sample needed
from D; to achieve minimax optimality. Smoother problems do hence require fewer samples.

Larger spectral decay exponent b translate here in requiring more samples to reach minimax optimality
and undermines optimal convergence rate. Hence problems with smaller effective input dimension
are harder to solve and require more samples and iterations.
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E Additional Experimental Results

E.1 Swiss Roll Experiment

E.1.1 Statistical significance table

Table 3: p-values from a two-tailed Wilcoxon signed-rank test between all pairs of methods for the
test RMSE of the swiss-roll experiment with a direct and indirect matching setup. The null hypothesis
is that scores samples come from the same distribution. We only present the lower triangular matrix
of the table for clarity of reading.

Matching CMP BAGG-GP VARCMP VBAGG GPR S-CMP
Direct CMP - - - - - -
BAGG-GP  0.00006 - - - - -
VARCMP  0.00008 0.00006 - - - -
VBAGG  0.00006 0.00006  0.005723 - - -
GPR  0.00006 0.00006 0.00006 0.00006 - -
s-cMP  0.00006 0.00006  0.000477 0.014269  0.00006 -
Indirect CMP - - - - - -
BAGG-GP 0.011129 - - - - -
VARCMP 0.001944  0.015240 - - - -
VBAGG 0.000089 0.047858 0.000089 - - -
GPR 0.025094 0.047858 0.047858 0.851925 - -
s-cMP  0.000089 0.002821 0.000089 0.000140 0.052222 -

E.1.2 Compute and Resources Specifications

Computations for all experiments were carried out on an internal cluster. We used a single GeForce
GTX 1080 Ti GPU to speed up computations and conduct each experiment with multiple initialisation
seeds. We underline however that the experiment does not require GPU acceleration and can be
performed on CPU in a timely manner.
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E.2 CMP with high-resolution noise observation model
E.2.1 Deconditional posterior with high-resolution noise

Beyond observation noise on the aggregate observations z as introduced in Section ??, it is natural
to also consider observing noise at the high-resolution level, i.e. noises placed on f level directly
in addition to the one g at aggregate level. Let £ ~ GP(0, d) the zero-mean Gaussian process with

covariance function
AXxX — R

S , life =2 . (99)
(@,a) — {Oelse

By incorporating this gaussian noise process in the integrand, we can replace the definition of the
CMP by

o(y) = /X (f(z) +<€(@)) dPxjy_, . Yy €, (100)

where ¢ > 0 is the high-resolution noise standard deviation parameter. Essentially, this amounts to
consider a contaminated covariance for the HR observation process. This covariance is defined as

Xxx¥ — R

(z,2") > k(z,2") +¢*5(z, 2") (101)

kS ’
Provided the same regularity assumptions as in Proposition [3.2] the covariance of the CMP becomes
q(y,y’) = E[k*(X, X')|Y = y,Y’ = ¢/] — the mean and cross-covariance terms are not affected.
Similarly be written in terms of conditional mean embeddings, but using as an integrand for the
CME:s the canonical feature maps induced by &<, i.e. M}\y:y =E[k(X,)|Y =y| forany y € ).
Critically, this is reflected in the expression of the empirical CMP covariance which writes

4(y,y") = Ly, y)(Lyy + NAIN) " (Kux + ?In) (Lyy + NAXIN) " e(y,v) (102)
thus, yielding matrix form
Qyy = d(¥,9) (103)
= Lyy(Lyy + NAIN) H(Kux + ?In) (Lyy + NAIy) 'Ly (104)
= AT (Kyux +’In)A. (105)

which can readily be used in (§) and (9) to compute the deconditional posterior.

This high-resolution noise term introduces an additional regularization to the model that helps
preventing degeneracy of the deconditional posterior covariance. Indeed, we have

ka(x, %) = Kux — K A(Qgy + 0°T) AT Ko (106)
= Kyx — Kix A(AT (Kyx + 2 In)A 4+ 02Tp) A TK (107)
= Kyx — Kux (AAT (Kyy + 2Ix) 4+ 0213) HAA TK ). (108)

where on the last line we have used the Woodburry identity. We can see that when o = ¢ =0,
degenerates to 0. The aggregate observation model noise o provides a first layer of regularization
at low-resolution. The high-resolution noise ¢ supplements it, making for a more stable numerical
compuation for the empirical covariance matrix.

E.2.2 Variational deconditional posterior with high-resolution noise

The high-resolution noise observation process can also be incorporated into the variational derivation
to obtain a slightly different ELBO objective. We have

p(Ef) = NEIT K, Qpy + 0Ty — T Ky ') (109)
= N(Z|Af, AT (Kyx + <2 In)A 4 021y — ATK A) (110)
= N(Z|Af, CATA +0°1y) (111)
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The expected loglikelihood with respect to the variational posterior hence writes
M 1
Eq)lp(Z[f)] = — - log(27) — 5 log det(c*ATA + 0?1yy) (112)

— %Eq(f) [(Z—ATE) (CPATA +0°Ty) H(z— ATS)] (113)

With a derivation similar to the one proposed in Appendix [B] the expected loglikelihood can be
expressed in terms of the posterior variational parameters as

M 1
E i [p(Z|f)] = — - log(2n) — 3 log det(c2AT A + 021y) (114)
1,. _ N _
—5@E- AT (CATA+ oLy (z - AT (115)
1 _
~5 tr ((?ATA +0°Iy) 'ATEA) (116)

In particular, the last term can be rearranged into tr (EI/QA(@ATA + UQIM)‘lATfll/2> which
can efficiently be computed as an inverse quadratic form [38]].
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E.3 Mediated downscaling of atmospheric temperature

E.3.1 Map visualization of atmospheric fields dataset
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Figure 8: Map visualization of the dataset used in the mediated downscaling experiment (for one
random seed); Top: Bags of high-resolution albedo oF'R and total cloud cover TCCHR pixels which
are observed in D; — each “coarse pixel” delineates a bag of HR pixels; Middle: Low-resolution
pressure field PR which is observed everywhere and plays the role of mediating variable; Bottom:
Low-resolution temperature field T-® pixels which are observed in D5 and that we want to downscale;
grey pixels are unobserved; the grey layer on HR covariates maps (top) is the exact complementary
of the grey layer on the observed TR map (bottom).
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E.3.2 Downscaling prediction maps
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Figure 9: Predicted downscaled atmospheric temperature field with VARGPR; Top-Left: Posterior
mean; Top-Right: 95% confidence region size, i.e. 2 standard deviation of the posterior; Bottom-
Left: Squared difference with unobserved groundtruth THR; Bottom-Right: Difference between
unobserved groundtruth THR and the posterior mean.
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Figure 10: Predicted downscaled atmospheric temperature field with VBAGG; Top-Left: Posterior
mean; Top-Right: 95% confidence region size, i.e. 2 standard deviation of the posterior; Bottom-
Left: Squared difference with unobserved groundtruth THR; Bottom-Right: Difference between
unobserved groundtruth THR and the posterior mean.
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Figure 11: Predicted downscaled atmospheric temperature field with VARCMP; Top-Left: Posterior
mean; Top-Right: 95% confidence region size, i.e. 2 standard deviation of the posterior; Bottom-
Left: Squared difference with unobserved groundtruth THR; Bottom-Right: Difference between

unobserved groundtruth THR

E.3.3 Statistical significance table

and the posterior mean.

Table 4: p-values from a two-tailed Wilcoxon signed-rank test between all pairs of methods for the
evaluation scores on the mediated statistical downscaling experiment. The null hypothesis is that
scores samples come from the same distribution. As before, we only present the lower-traingular

table for clarity of reading.

Metric VARCMP VBAGG VARGPR
VARCMP - - -
RMSE VBAGG  0.005062 - -
VARGPR 0.006910 0.046853 -
VARCMP - - -
MAE VBAGG  0.005062 - -
VARGPR 0.059336 0.006910 -
VARCMP - - _
CORR VBAGG 0.005062 - -
VARGPR 0.016605 0.028417 -
VARCMP - - -
SSIM VBAGG  0.005062 - -
VARGPR 0.959354 0.005062 -

E.3.4 Compute and Resources Specifications

Computations for all experiments were carried out on an internal cluster. We used a single GeForce
GTX 1080 Ti GPU to speed up computations and conduct each experiment with multiple initialisation

seeds.
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