A Pseudocode of Algorithms

The pseudocode of our algorithms for learning and testing spherical Gaussian mixtures follow
immediately from the proofs of Theorem [2.1]and Theorem 2.3] In the following, P is a uniform
mixture of k spherical Gaussians in R¢ with unknown A-separated means.

Algorithm 1: Learning Gaussian Mixtures via Testing

Input: Sample access to mixture P. Accuracy parameter € > 0.
Output: Mean estimates i1, i2, - - . , fik-
2

D+ W(d/%-l) - MAX)<r<e/2 rde="/2,
N+ (2lnk)/p; C «+ 0;
fori=1,2,...,Ndo

Draw X; from P;

Run Algorithmwith w* = X, for O(log N) times;

if Algorithm accepts more than half of the times then

end

Partition C into C7, Cy, . .., C such that x,y € C are in the same cluster if ||z — yl||2 < 2e¢;
Arbitrarily pick iy € C1, i € Co, ..., € Ci;

return fiq, ..., jig;

Algorithm 2: Testing Gaussian Mixtures using Fourier Transform

Input: Sample access to mixture P. Parameters €, o, M > 0 and candidate mean p* € R
Output: “Accept” or “Reject”.
v+ (0%/2 + 1)€?/64;
N O((k/v)?) - O+,
Avg + 0;
fori=1,2,...,Ndo

Draw X ~ P and £ ~ N(0,0%1,);

if [|£]l2 < M then

‘ Avg «— Avg + 2”% Cellél3/A L o= IX =T 13/2 . ig T (X—p),

end
0+ 1 {67(02/2“)62/16 +67(02/2+1)e2/4}

)

return “Accept” if Re Avg > 6 and “Reject” otherwise;

B Auxiliary Lemmas

Lemma B.1. Forintegers n,k > 0, k! > e *k* and (2) < (%)k

Proof. By the Taylor expansion of e®, e¥ = ;;08 ’;—J, > ’;—J, o= %I: Rearranging gives the first
inequality. The second inequality then follows from (}) = n(”fl)'ﬁ"*kﬂ) < e]‘kkkk = (%)k O

We will need the following standard facts about the volume of an ¢5-ball in high dimensions.
Lemma B.2. The volume of a d-ball of radius r is
d/2

Voly(r) = T T

CEESTRAE

Furthermore, T'(d/2 + 1) = d°).

Proof. We refer the reader to|Smith and Vamanamurthy [1989] for a proof of the identity. The in-
equality Vol (r) < (27)? holds since the /5 ball is contained in the ¢, ball of radius 7, which trivially
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has volume (27)?. Finally, the bound I'(d/2 + 1) = d°(%) follows from Stirling’s approximation

D(2) = (1 + O(1/2))\/27/z(z/e)*. O

We need the following tail bound of x-distributions proved by [Laurent and Massart, [2000, Equation
(4.3)], to control the probability that a Gaussian random variable has a large norm.

Lemma B.3. Let random variable X be sampled from the x>-distribution with d degrees of freedom.
Then, for any t > 0,

E’(r[de+2\/£+2t <et

Furthermore, for any t > 5d,
PriX > < e /o,

The following classic theorem in topology is used in our lower bound proof. See, e.g., Matousek et al.
[2003] for a proof of the Borsuk—Ulam theorem. We remark that Borsuk—Ulam has been applied in a
similar fashion in the literature of mixture learning [Hardt and Price|[2015}|Chen et al., 2020].

Theorem B.4 (The Borsuk—Ulam Theorem). Suppose that n > m and f : S — R™ is continuous.
Then, there exists © € S™ such that f(x) = f(—zx).

C Deferred Proofs from Section [2

Proof of Theorem[2.1} The proof proceeds by first generating many candidates for the means
1, - - ., tu, and then verifying them using the tester from Theorem [2.3]

Finding candidates. We first show that if we draw sufficiently many samples from P, for every
mean vector y; there is a sample that is O(e)-close to it. Indeed, for any j € [k], the probability that
a sample from P is (e/2)-close to 1 is at least

Pro [IX =l < ¢/2) >

1 2
— . Vol L= T2
F XA 1) max [ olg(r) - e ]

0<r<e/2

=

7d/2pd e /2
_ : Lemma[B2)
osraes2 |T(d/2+ 1) (21)d2 (Lemma
1

2
rde T/2::p.

T 242k T(d/2+ 1) o0srees

Our algorithm first draws N = (21lnk)/p points X7, Xs,..., X from P. The probability that
none of them is (e/2)-close to 41; is at most (1 — p)™ < 1/k2. By a union bound, w.h.p. it holds for
every j € [k] that some X is (e/2)-close to ;.

Running the tester. Then, we run the testing algorithm from Theorem [2.3|with p* set to each of
the N candidates X7, X5, ..., X . For each point X;, we repeat the tester ©(log N) times (with
new samples each time) and take the majority vote of the decisions. By a Chernoff bound, w.h.p. the
decisions are simultaneously correct for all the IV points, i.e., for each X; the majority vote “accepts”
if minjepy (|15 — Xill2 < €/2 and “rejects” if this minimum distance is at least e.

Clustering. We focus on C' := {7 € [N] : majority vote accepts X;} and define C; = {i € C :
[IX: — pjlle < €} for j € [k]. The correctness of the tester implies that for every ¢ € C, X; must
be e-close to some mean vector fi;, SO Uje[k} C; = C. Furthermore, we claim that {C}} ;) are
pairwise disjoint and thus constitute a partition of C. Suppose towards a contradiction that some
i € C;NCy. Then, since e < A/100, we get |[11; — pjell2 < [lpj — Xill2 + || — Xill2 < 2e < A,
a contradiction. We also claim that every C'; is non-empty. This is because we proved earlier that at
least one of the X;’s is €/2-close to 1, and the majority vote must accept such an X;.

It remains to show that we can easily identify such a partition {C; } without knowing si1, ..., 1. We
note that for any i € C; and i’ € Cjs. If j = j', we have

X — Xirllz < (| Xi — pjlle + [| X — p]l2 < 2e
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If j # 4/, the condition that e < A /100 gives
X5 = Xirlla = [y — pjr | = 1K = sl = [ Xer — pyrll2 = A — 2 > 2e.

Therefore, if we cluster C' such that ¢, 7" € C belong to the same cluster if and only if || X; — X,/ |2 <
2¢, we obtain the exact partition {C;}. We can then recover p1, ...,y up to an error of € by
outputting an arbitrary element in each of the k clusters.

Runtime. To upper bound the runtime, we note that

N = (2Ink)/p = O(klogk) - 2/°T(d/2+1) - min e /21
0<r<e/2

= O(klogk) - d° - {EZ;);;;/S7 E i ;g’ (Lemma[B.2)
= O(klogk) - max{(d/e)°®, do®},
Therefore, the runtime of the algorithm is upper bounded by
O(Nlog N) = O(klog? k) - max {(d/e)0<d>, 4O }
times that of the tester from Theorem [2.3] This finishes the proof. O

D Deferred Proofs from Section 3|

We start with the proof of Lemma 3.1} which we restate below.

Lemma For P = % Z?Zl N (pj,14) and any & € R,

e—lglz/4 k e—l€ll3/4

_ 2 i(eT w112 il
E {e I1X113/2 . i€ X)} _ Ze luillz/4 . giln; €/2) — T - AL,
j=1

X~P 2d/2F £

where we define A, (§) = Z?:l e—lluillz/4 . giln) €/2)

Proof of Lemma[3.1]  For any v,§ € R?, we have

d
E {e—uxn%/z . ei(ETX)} - E 11 e X312, (i€ X))
X~N(v,14) X~N(v,14) jaie

d
-II. E {efxf/z.ez‘(ijn.
j:1Xj~N(Uj71)

(X1,...,X 4 are independent)

The j-th term in the product above is given by

1 +oo 2 2 ) 1 2 2 )
f/ e-(@=v)?/2=a2 giggm gy L —2/a —vi/a e/
27 J o

so we have

d
. . 1 2 2 .
E {fuxné/z. z(@o} e I (A AT
X~N(v,14) ¢ ¢ Jale ﬂ ¢ ¢ ‘

—€l2 /4
— % cemlwlIz/a, givTE/2),
2

Finally, the lemma follows from the above identity and averaging over v € {1, ..., fig}- O
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Lemma For any M, o > 0 that satisfy M? /o > 5d,

=

T, = Ze—(02/2+1)lluﬂ|§/4 L0 (e—M2/<502>) . Ze—llw\li/‘*,
j=1 j=1

where the O(x) notation hides a complex number with modulus < x.

Proof of Lemma[3.2] Recall that A,,(§) = E;‘?Zl e~llnall3/4. ¢i1] £/2) The contribution of the j-th
term of A, () to T), is

E [ —llugli3/4  yiu]€/2) . 1 - M]
E~N(0,0214) € € [1Ell2 < M]

_ o lsliz/a { B [ete)] +0(
E~N(0,0214)

el > 1),

— o—llusll3/4 . {e—UQH/LjH%/S L0 (€—M2/<502))} (M?/0? > 5d and Lemma|B.3)

Pr
E~N(0,0214)

— =@ /24D)il3/4 4 ~llusl3/e . o (e—M2/<5cr2>> .
The lemma then follows from a summation over j € [k]. O

To prove Claims [3.3]and [3.4] we need the following lower bound on the norms of the mean vectors.

Lemma D.1. Suppose that jiy, pia, . . ., jix € R are A-separated, and |p12 < [|pall2 < -+ <
| kll2- For any j =2,

A Ajl/d
27 4 }

ll2ll2 > max{

Proof of Lemma[D.1]  Fix j > 2. The first lower bound follows from

A < lpr = pgll2 < lpallz + lgllz < 2wl

Now we turn to the second bound. Since p,...,u; are A-separated, the j balls B(ui, A/2),
B(u2,A/2), ..., B(u;, A/2) are disjoint and all contained in B(0, ||x2;|2 + A/2). Thus, we have
5 (/27 < (Jugla + A/2)%, which implies [z > 2 - (/4 — 1),

For j > 2¢, we have j'/¢/2 > 1 and the lower bound can be relaxed to

A ) jl/d Ajl/d
Il > 5 - (344 - 55-) = 22—

2 4

. . L 1/d
For 2 < j < 24, we have j'/¢ < 2, so the first lower bound implies lleeille > % > A]41 . O

With the lower bounds on ||z |2, we are ready to bound S; = 2522 e~ (@ /24D n3ll3/4 and ) =
Z§:1 e~ I1il3/4, We first restate and prove Claim

Claim Assuming (02 /2 + 1)A?% > 100 min{In k, d},

Sy < 2e~(07/24)A%/64, min{k, 2¢}.

Proof of Claim[3.3)  If k < 2¢, we apply the bound ||p1;[2 > A/2to all j > 2 and get S; < (k —
1) - e~(o*/2+D)A%/16 'which is stronger than what we need. Otherwise, we apply ;|2 > Aj'/4/4
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and get

k .
op (0724 DA%
S1 S; p( 64 )

k 2 2 1/d

SZeXp< (o /2+1Q4AL J) G4 > 1))
= 2/9 4 A2\ &

=) e (PR ) S [l =
t=1 Jj=2
too 2 2,2

<D exp (—(" 2 24% t ) (t+ 1% () =t = j<(t+1)9

In the last summation, the ratio between the (¢ + 1)-th term and the ¢-th term is given by

o (PSS (1 1 o (B (3

which is smaller than 1/2 under the assumption that (02 /2 + 1)A% > 100 min{In k, d}. Thus, the
summation is at most twice the first term, i.e., S; < 2 - e~ (02/241)A% /64 od O

Now we restate and prove Claim [3.4}

Claim[34 We have
2, A2 > 100d,
52 < + 2 { 4/2 1} A2 < 100d.

L
Az
Furthermore, So < 10 - min {k 1 _|_ 32d d/2+ }

ProofofClaim Using ||1]l2 > Aj'/?/4 for j > 2, we can upper bound S5 as follows:

2:2/d
Ze 11113 /4<1+Zexp< A% >
2/dJ 2/d 2/d
<1+Zexp G2/ > (%))
Lkz/dj &
=1+ Y exp(—A%/64) - Zn[ 152/4] }
t=1 Jj=2
(K]
<1+ Y exp(—=A%/64) - (t+ D)Y2 (|jY] =t = j < (t+1)¥?)
t=1

In the last summation, the ratio between the (¢ + 1)-th term and the ¢-th term is given by

exp(-A(t+1)/64) - (t+ DY pren ([, 1\
exp(—A2t/64) - (t + 1)/2 ’

R =
i t+1

The first case. When A2 > 100d, for every t > 1 we have

100d 3\ %2 3\
R; <exp ( ol ) <2> < <625/16 . \/;> <1/2.

This implies that the summation Zt | exp( A?t/64) - (t +1)%? is dominated by twice its first
term, i.e.,

d
Sp <142 D64 9d/2 <1 9. <e*25/16 : \@) <2
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The second case. By a straightforward calculation,

1 A? 1 A? 64d
< —AZ%/128 < J— > —.
R, <e —= 1+ +17 (64d><=e+1 exp(64d><:>t+lA2

/d
In other words, the terms in Zttizl ! exp(—A?t/64) - (t + 1)%? start to decay at a rate of at least
¢2°/128 after the first O(d/A?) terms. Therefore, we have

64d 1

2 d/2

Using the inequality 1 — e~ ‘:1 -min{x, 1} for z > 0, we have

1 < -max{128 1}
1_ A1z = g ] AZ
e 128d 100d 203d
=e—1 ™ {A2’A2} A2

g

(1 < dand A2 < 100d)

On the other hand, elementary calculus shows that the function ¢ — e=27t/64 . (¢ + 1)%/2 defined

over [0, +00) is maximized at t* = ‘2251 1if ‘fg > 1, and at t* = 0 otherwise. In either case, the

maximum value is upper bounded by max{ ( 32d ) 4/2 , 1}. Therefore, we conclude that in the second
case,
/2
267d 32d
SQ A2 - max { (N) 5 1} .
The “furthermore” part. If Ai < 100 the first case implies that
394\ /21

If 2% € (155, 35)» the bound for the second case reduces to

S <2<10-

d/2+1
267d 267 32d
Sgﬁl—&-A 1+§<10 1+<A2> ]
If % 32, the bound for the second case implies

267 /324 Y2t 32d d/2+1

Finally, the “furthermore” part follows from the above and the observation that k is a trivial upper
bound on S5.

E Proof of Lower Bound

We first state the formal version of Theorem [T.2}
Theorem E.1. Suppose that k > 3, d < 22k C > 100, and In(8eC) < (1-— 1/6)%. Then, there

Inln Kk’
. i - . . . d _ d .
are two mixtures P and Q) of k spherical Gaussians in R?, such that for some A = © <7m)

* Both P and Q are A-separated.
« The means of P and Q are not (A/2)-close.

« The total variation distance between P and Q satisfies dry(P, Q) < 2k~C.
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Setting w(1) = C = k°/9 in Theorem shows that with a separation of A = o(d/+/log k),
k~() samples are needed to recover the means up to an O(A) error.

The proof of Theorem applies standard moment matching techniques in the literature [Hardt and
Pricel 2015} [Regev and Vijayaraghavan, 2017]. The proof proceeds by first constructing two sets of
< k points in R? that have the same lower order moments, and then showing that these matching
moments imply that their convolutions with a standard Gaussian are close in TV-distance.

The following lemma states that we can choose the centers of two mixtures P and Q such that their
low-degree mean moments are identical, whereas their parameters are A-apart from each other.

d
Lemma E.2. Suppose that R > A > 0 and {e(%d)} < N < (%)d. There exist 2N points
M(IP), e ,ug\l,)), ,qu), . ,pg\)@ in B(0,2R) such that:

7 =P = Aand |[o@ = 1@ = Agori

3

P
Nz(' ) _ Q)

* For any permutation 7 over [N], max;e[n ’
2

P ®t/ ®t/
* Foranyt' € [t], % Zfil |:/1,£ )] =+ Zfil [MEQ)} .

Proof of Lemma[E2] Let S be an arbitrary maximal (3A)-separated subset of B(0, R). Then, the
collection { B(p, 3A) : p € S} must cover the ball B(0, R); otherwise, we could add to S the point

Volg(R)

that is not covered. This implies | S| > Vol GA] = (%)d > N, so we can choose NN arbitrary points

M1y f2y - pov from S,

In the following, we construct the point sets {MEP)} and {,uEQ)} by slightly perturbing {11, ..., un}-

d+t'— 1)

Let M = (). For any ¢’ > 1, the degree-t’ moment tensor in d dimensions has exactly (1

distinct entries. So, among the first £ moment tensors, the total number of distinct entries is

d d+1 d+t—-1 d+t
() (e () () e

We define a function f : SN4=1 — RM~1 a5 follows. Given x € SN~! we group the Nd
coordinates of x into N groups, and view them as N points 21, x2,...,zxy € R Let c(z) =
()

and p1;" = pu; +c(z)2;. (c() is well-defined, since z € SV9~! guarantees that some

A
max;e[n] ||z ]l2
x; is non-zero.) Finally, f(x) € RM~! is defined as the concatenation of the M — 1 entries in the

first ¢ moment tensors of the uniform distribution over { ugz) bien)-

d
It can be easily verified that f is continuous. Furthermore, our assumption that [e(%d)] <N
together with Lemma|B.1 implies

d
Nd—1>N-1> {e(t;rd)] —12<ti;d>—1:]\/[—1.

Thus, by the Borsuk—Ulam theorem (Theorem|B.4), there exists 2 € SV¥~! such that f(z) = f(—=x).

We prove the lemma by setting ,uZ(.P) = ugw) and ,MEQ) = uz(._w). By definition of ¢(z), we have

1 = plly = 1149 = pille = e(@)|lill2 < A for every i € [N]. Thus, [z < [luill2 +
HMEP) — pill2 € R+ A < 2R and similarly MZ(-Q) € B(0,2R) for every i € [N]. Furthermore, for
any i # j,
P P P P
168 = 1§ > Nl — mglle = 1l = palle = 1687 — w2 > 38 = A = A=A,

and similarly || ,ul(.Q) - ;L§Q> ll2 > A. This proves the first condition.
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2 = A. Thus, Hugf) -

Moreover, we note that for i* € argmax; ¢y [|z:[|2, it holds that c(z) ||z
uz(-*Q)Hg = 2¢(z) ||z ||2 = 2A. On the other hand, for any j # i*,

P P
118 = 1Pl > (i — gl — 11 = piell2 = 11$P = 2 = 30 = A — A = A,

SO ul(-f) cannot be matched to any M;Q) without incurring an error of A. This proves the second
condition.
Finally, the third condition follows from f(x) = f(—x) and our definition of f. O

The following lemma allows us to relate the total variation distance between P and Q to their ¢,
distance, which is more Fourier-friendly.

Lemma E.3. Ler P and Q be two mixtures of spherical Gaussians with all means contained in
B(0,2R). Then, for any € € (0,1) and R' = 2R + v/d + \/2In(1/e),

an(P.Q) < e+ YY)y 5 g,
where Voly(r) denotes the volume of a d-ball with radius r.
Proof of Lemma By definition of the TV-distance,
an(P,Q) = ;5 [ [P@) - Q)] do
1

(2)
=2 /I:r|2>R/ [P(z) - Q(:C)} dz+ % /|x|2<R' P(z) — Qx)| da.

To bound the first term above, we note that meH2>R’ P(x) dx is exactly P(Rd \ B(0, R)), the

probability that a sample from P has norm greater than R’. Since the mean of every cluster of Pis
contained in B(0, 2R), this probability is upper bounded by the probability that a standard Gaussian
random variable has norm > R’ — 2R:

PR\ BO,R)) < Pr [|X|s =R -2R)|

X~N(0,I4)
- Pr [X > (Vd + \/21n(1/e))2}
Xrox?(d)
< P [X > d+2+/dIn(1]e) + 21n(1/e)}
NXQ
<e. (Lemma[B.3)

Similarly, we have Q (R?\ B(0, R')) < e, so the first term of Equation (2) is upper bounded by e.

The second term of Equation (2) can be bounded in terms of the /5 distance between Pand Q using

Cauchy-Schwarz:
- N - N 2
— d — dx - d
/|$|2<R’ P Q(z)‘ "= \//|$|2<R/ [P(z) Q(x)} ’ \//|5L’|2<R’ b
<|IP = Q|2 v/Vola(R).

. . . =X v/ Volg(R/ ~ ~
Plugging the above into Equation (2) proves drv (P, Q) < € + % [P = Q2. O

The following lemma upper bounds the ¢/5-distance between P and Q under the assumption that their
low-degree moments are equal.

Lemma E.4. Suppose that t/(AR) > /5d, the supports of P and Q are contained in B(0, 2R), and
the first t moment tensors of P and Q are equal. Let P = P x N'(0, 1) and Q = Q * N'(0,I). We

have J
~ ~ t2 t (QR)Zf
P-Q|?<4 — 21— - .
1P =l < eXp( 80R2> " (43) f
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Proof of Lemma By the Plancherel theorem,

(FP)(

~ ~ 2
1P - QI3 = - (FQ©)|

where (FP)(¢) = [ P(z)e’ * dz and (FQ)(€) == [ Q(z)ei€' = dx

Since P is the convolution of P and NV (0, I;), we have

(FP)(E) = (FN(O.L))(©) - (FP)() = 1182 B _[ef€70].

pu~P

Similarly, (FQ)(¢) = e I€I3/2E,, {e"g“} and thus,

2
~ ~ 1 2 T T
P—0|? = —li€lz E{ti#}_ﬂ;{léu} de. 3
|| Q||2 (27T)d/e u~P e ~Q e f ()
Since the first ¢ moments tensors of P and () are equal, for any £ € R4,
E {eifTu} . o) [eiﬁTu]
pu~P u~Q
00 i
= Tyl Taylor expansion
;)j! L~P (€T )] - E LT ]} (Taylor expansion)
+oo 1
SZF H@}) ¢y - ]EQ (€ p)] (triangle inequality)

(identical first ¢ moments)

Jj=t+1 MNP
+oo 92 ,

< Y SR|¢l). (Cauchy-Schwarz)
j=t+17"

M Otherwise,

If ||€]l2 < t/(4R), the last summation above can be upper bounded by 2 -
we can use the trivial upper bound ‘]EH~P [ 3 “} E o [ i€ “” <2 Pluggmg these back to
Equation (3) gives

_ 1 1 > (2R 2
I ali < @n)? /|§|2Zt/(4R) =T (2m)? /|E|2§t/(4R) el ((Jﬁ'g);) 4
Using Lemma and the assumption that ¢/(4R) > /5d, the first term above is upper bounded by
o | 11872 g = 4 112 2 /(4] < dexp (12 ).
(2m)2 J\z)o>t/aR) X~ N(O Ia) 80R?2

To bound the second term, we note that the function x — e~ %zt is maximized at z = t. Thus, the
second term is upper bounded by

1 _,(2R)?¢t t\* (2R)*
@) Voly(t/(4R)) - 4e G 2 ) i
Here we use 2~ 9Voly(r) < r¢ (Lemma|B.2), 4/ < 2, and e~ ‘t* < t! (Lemma|B.1). O

Now we are ready to prove Theorem [E.I| by combining Lemmas through [E-4] with carefully
chosen parameters.

SHere the @ )d factor comes from that our definition of the Fourier transform differs from the standard one

by a factor of 27 on the exponent.
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Proof of Theorem Let R > A > 0 and integers [V, ¢ be parameters to be chosen later. Assuming

d
that ["(%d)} <N< (%)d, by Lemma there exist two distributions P and @ such that: (1)
P (resp. @) is the uniform distribution over N points p(lp), e ,MS\I,D) (resp. ,qu), e ,ug\;Q)) that are

A-separated and contained in B(0,2R); (2) P and @ have the same first ¢ moments; (3) the two
mixtures P = P« N (0, 1) and Q = Q x N(0, I4) are A-far from each other in their parameters.

Then, applying Lemmas and to Pand Q gives

dTv(P,Q)§e+7ﬂdm- 4exp<— e >+2<4;>d'(23)2t.

t!

We will set € = £~ and ensure the following:

2 t\" (2R)%
Vol (R') < 1/e, exp (_SORQ) <€t)/2, <4R) . <€t

These together imply dTV(]s, Q) < 2e = 2k~ as desired.

Choice of parameters. With some calculation, we can show that the above conditions can be

d
satisfied by setting t = 4C'Ink and R = ¥ Cul)“k. Now we set the separation A so that [e(%d)} <

N < ()7 could hold. Since d < Ink < ¢, it is sufficient to guarantee 2¢¢ < & which holds for

3A°
_ Rd _ d _ d
A 6et © 240ev/Clnk @< Clogk)'

It remains to verify a few additional assumptions that are required for applying the lemmas. First, our
. . . d NCAS
choice of N must be at most k. This is equivalent to & > (%) = (%) . Since for any d > 0,

1 d
(I;k) =exp(dinlnk —dInd) < exp (dInlnk —dInd)|,_ -1, x = ke,

it is then sufficient to have (8¢C')% < k'~1/¢, but this is guaranteed by the assumption that In(8eC') <
(1 —1/e)!2k. Second, we need to verify that R > A. This is equivalent to 24eC Ink > d, which

clearly holds given C > 100 and d < hllr{ f +- Finally, we need t/(4R) > +/5d to apply Lemma
This inequality is equivalent to 20C'In k£ > d, which also clearly holds.

Detailed calculation. We first show that /Volg(R’) < 1/e. Recall that R’ = 2R + V/d +
V2In(1/€) = 2R 4+ Vd + v2C In k. We have

d
In+/Voly(R') < 3 In(4R + 2Vd + 2v2C In k) (Lemma|B.2)
d
§§ln(16R\/2dClnk) (z,y,2>2 = x+y+z<2zYy2)
Ink 16v/2 Cln®k , Ink
< 21n1nkhln 10 VClnk- ik (choice of R and d < Ting
Ink Ink 3
Clnk 3CInk
< _ . >
S + 200 <Clnk (C > 100)
This proves /Voly(R') < k¢ = 1/e.
2 . . .
Then, we ensure that exp (_SST) < €*/2 = k=4Y /2. This is equivalent to R < m,

t

40vV/Clnk’

which holds given our choice of R =
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Finally, we deal with the constraint that ( in ) < ¢ = k~4C, After taking a logarithm on

both sides, the above inequality reduces to
dlnt +2tIn(2R) +4CInk < dIn(4R) + In(t!).
Since In(#!) > tInt¢ — ¢ (Lemma[B.1) and ¢ = 4C In k, it is sufficient to have
2tIn(2R) + dlnt + 2t < tlnt.

We will show that in the left-hand side above, the first term is at most ¢ In ¢ — 3¢, while the second
terms is bounded by ¢. This would finish the proof. Indeed, we have

]
Clok gtln% — tInt — 3t.
e

2tIn(2R) = tIn(2R)* = tIn

For the second term, we have

Ink
dint < — - (dCIk) < Ink-I(4C) + Ink < 40k = ¢,
nln
so dInt <t holds. This completes the proof of the theorem. O

F Extension to Non-Gaussian Mixtures

Given a probability distribution D over R?, the location family defined by D is
{D, : p e R,

where each D, is the distribution of X + p when X is drawn from D. In other words, D, is obtained
by translating the distribution D by p.

We focus on the following testing problem: Given a mixture P = % 2521 D,,; of k distributions
from a known location family with A-separated locations 1, . . ., ux, we need to determine whether
the parameter of some component is close to a given u* € R?. We prove the following theorem:

Theorem F.1. Let P = % Z?Zl D,, be a uniform mixture of k > 2 distributions from the location
family defined by D with A-separated locations in R%. Let e < min{A/32, A/(32\/min{d,Ink})}
and p1* € RY. There is an algorithm that, given distribution D and samples from P, either “accepts”
or “rejects”, such that it:

* Accepts with probability > 2/3 if mincpy |15 — "2 < €/2.
* Rejects with probability > 2/3 if mincy ||p; — p*|l2 > €

The runtime (and thus the sample complexity) of the algorithm is upper bounded by

( k2(A/e)4 >
¢ i T 2 )
mine, < [Ex~p [ X]]

where M S A (VdTogk + /(d + log k) log 2 + log 2).

We remark that Theorem [F.1] together with our proof strategy of Theorem easily gives the

following guarantee for learning the parameters p1, o, - . ., fk-
Corollary F.2. Under the setting of Theorem[F1| there is an algorithm that, given distribution D
and samples from P, outputs [i1, . .., [i; that are w.h.p. e-close to the actual parameters pi1, . . ., [ij.

The runtime of the algorithm is upper bounded by

o ( (A/)* - (k*/5) log(k/5) )

min”&”zﬁ]\i ’EXND [eifTX] ‘2

where § = Prx.p ||| X||2 < €/2] and M < % (\/dlogk +4/(d +log k) log 2 + log %)

We will generalize the techniques that underlie Theorem [2.3, which focuses on the special case where
D is a spherical Gaussian.
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F.1 Proof of Theorem [F.1]

As in the proof of Theorem [2.3] we first examine the Fourier transform of the mixture P. For any
¢ € RY, we have

E [eigx] =
X~P

k
;XIED [eifT(ij)} _ (]:72)(5) A4(9),

=
<

where we define A,,(¢) == Zle e’ € and shorthand (FD)(¢) = Exp [eifTX]

The above identity allows us to estimate A, () accurately, as long as the magnitude of the Fourier
transform is not too small at frequency £. Note that, here, the definition of A,,(¢) is slightly different

from that in Lemma which has an extra factor of e~ 1#:13/4, This is because we directly look at
the Fourier transform of P without the extra “Gaussian truncation”.

As in the Gaussian case, we focus on the expectation of A,,(£) when ¢ is drawn from a truncated
Gaussian distribution. We have the following analogue of Lemma 3.2}

Lemma F.3. For any M, o > 0 that satisfy M?/o? > 5d,

T,:

(406 - 11ells < M)) = 3 e IlB/2 4 0 (WD),

= E
E~N(0,0%14) =

where the O(x) notation hides a complex number with modulus < .

Now we are ready to prove Theorem [F.1.

Proof of Theorem|F.1. The identity Ex..p [eigTX] = (ka)(OA# (&)gives

keiETX

T, -11[§||2§M]] :

o

[Au (&) - 1INz < M]] =

E~N(0,0214) E~N(0,0214)
X~P

(FD)(E)

Let 05 = minyg,<ar [(FD)(§)]. The above together with a Chernoff bound shows that we can
estimate T}, up to any error y > 0 using O(k?y~25;) samples.

By Lemma[F3]

k
2 2 2 2 A2 2
‘Tu e nmuz/z‘ <3 eIl MG,
j=2

assuming that M?2/o? > 5d. We will pick o and M carefully, so that both terms above are at most
v = 0%€?/32. Let T}, be an estimate of 7}, with error < . In the case that |11 |2 < €/2, we get

Re’j’; >ReT, —y > e lnall3/2 _ 3y > e /8 _ 3.

Similarly, we have Re’j’; < e=7°¢/2 4 3y when |l1ll2 > €. If we pick o such that 0%¢% < 1, we
have

670‘262/8 _ 670‘262/2 > 1 2.2
This means that the range of Reﬁ when [|1]]2 < €/2 is disjoint from that when ||u1]]2 > €, which

allows the tester to correctly distinguish the two cases.

Finally, it follows from Claim[3.3]and elementary algebra that all the conditions that we need can be
satisfied by picking

512 A A
o2 = A <min{d, Ink} +In ) and M? = 1002 <d+ Ink +1In ) :
€ €
The time complexity of the testing algorithm is then upper bounded by

o K2 (A/e)
O (Ky7%637) <
( v M) ~ minye,<ar [(FD)(E)?
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where

M = 5;20\/<min{d7lnk}+ln A) (d—an—HnA)
€ €

< 1( dlogk+\/(d+logk)logA+logA>.
A € €

F.2 Examples

We give a few concrete applications of Theorem [F.I]and Corollary [F.2 For simplicity, we focus on
the parameter regime that d = 1, A = O(1) and A/e = O(1), where the runtime of the learning
algorithm (from Corollary [F2) can be simplified into

o (ot )

minmSM |EX~D [eiﬁX} |2

for 6 = Prx.p [|X| <¢/2] and some M = O (Lfk). We note that for all of the following

applications, it holds that § = Q(¢) = Q(A). Also recall that the Ex.p [¢“*] term is simply the
characteristic function of D at &.

* Unit-Variance Gaussian. For D = N(0, 1), the characteristic function of D is given by
e~€/2. This implies
, 2
min ‘ E [e’fx} ’ =M’
|E|<M I X~D

)

and the runtime reduces to (/2% Note that Theorem gives a runtime of O(k?) -

eO(min{logk,log(1/A)}/A%) for the one-dimensional unit-variance Gaussian case, which is
2

strictly better than k“(*/2%) when 1/A is sub-polynomial.

* Cauchy distribution. The Cauchy distribution with location parameter O and scale parame-

ter 1 has probability density function f(z) = m and characteristic function & — e~ 1€l

Thus, we can learn a mixture of & Cauchy distributions (with unit scale) in time
O((k* /) log(b/A)) - OWRER/A) = O(12) . cOMVIOEE/A),

which is polynomial in & for A = Q(1/+/log k), and almost cubic in k for A = Q(1).
* Logistic distribution. The logistic distribution with location 0 and scale 1 has PDF f(z) =

% and CF £ — sinT;f-rrE' Then, using the inequality %(m)

learning algorithm with the same runtime as in the Cauchy case: O (k%) - (VI8 k/A)

’ < e'“", we obtain a

» Laplace distribution. The Laplace distribution with fixed scale 1 and location 0 has a
characteristic function of £ — Applying Corollary gives a learning algorithm with

runtime

1
T+

O ((K*/A)(1+ M?)*log(k/A)) = O (k*/A%),
which is polynomial in both k and 1/A.

F.3 Application #1: Mixture of Exponential Distributions

An important family of distributions over R that is not included in the location family is the family of
exponential distributions, {Exp()) : A > 0}. Nevertheless, we can learning mixtures of exponential
distributions using Corollary é and a simple reduction: When X ~ Exp()), the random variable
Y := —1In X has a density of f(z) = Ae=®-e~*¢ ", which is exactly the Gumbel distribution with
location In A and scale 1. The problem is then reduced to learning a mixture of unit-scale Gumbel
distributions.
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The characteristic function of a Gumbel distribution with location 0 and scale 1 is given by

where the Gamma function has modulus

S
T(1 =48 =, —2> > (/2]
T =)l sinh(7¢) — ‘
Applying Corollary [F.2|then shows that, assuming that In Ay, ..., In \;, are A-separated, we can
recover these k parameters up to error O(A) in time O(k?) - e?(VIes k/2) " Equivalently, we can
recover the parameters \p, . .., A, up to a multiplicative factor of e©(4) and a permutation.

F.4 Application #2: Mixture of Linear Regressions in One Dimension

In one dimension, a mixture of k linear regressions is specified by k weights wq,...,w € R. A
labeled data point (X,Y") from the model is sampled by drawing X ~ A(0, 1), j ~ Uniform([k])
and drawing Y ~ N (w;z, 1).

There is a simple reduction from this setting to learning mixtures of unit-variance Gaussians. Note
that conditioning on the realization of X and j, Y/X is distributed as A'(w;,1/X?). Thus, if
|X| > 1 and we draw § ~ N(0,1—1/X?),Y/X + ¢ follows a Gaussian distribution with mean w
and variance 1. Since |X| > 1 happens with probability 2(1), we reduce the problem of learning
w1, - . ., Wi to learning the means of a mixture of £ unit-variance Gaussians, with a constant factor
blowup in the time and sample complexities. Therefore, applying Theorem [I.I]shows that if the

weights wy, . . ., wy, are A-separated for A = ) (, /%), we can recover the weights up to an
O(A) error in poly(k) time.
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