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A List of Constants

In this appendix, we list all the constants used in our main results, Theorems 3 and 5. They are finite
and their expressions do not affect the understanding of the theorems. Since their expressions are
quite long and complicated, we begin with the following set of constants, based on which we will be
able to present the constants used in the theorems and the proofs of the theorems in an easier way. We
hope that this way can also help the readers to better understand and follow our results and analyses.

The first constant (; is defined as follows. Recall that € is given in (6) as

2bmax min 2L 2bmax
€= <1 + T p

)(1 + OlAmax)QL - 7(1 + aAmaX)L'

Amax 26max Amax

(7 is defined as the unique solution for which € = 1 if & = (3. The following remark shows why (;
uniquely exists.

Remark 5 From (6), it is easy to see that € is monotonically increasing for a > 0. Define the
corresponding monotonic function as

2bmax 7Tmin62L 2L 2bmax L
=11 - 1 Amax -— Amax)”
fe) ( T e 2o )T A= (L )
Note that 0 < f(0) < 1 and f(+00) = 4o00. Thus, f(«) = 1 has a unique solution (;. O
The other constants are defined as follows:
4b? 1 Apax)E — 1
CZ = A;nax [(1 + OéAmax)L - 1]2 + 2bmax( i aA : ) (1 + aAmaX)L (12)

(3 = (144 + 4A2

max

bmax 2 48bmax bm X 2 87b2 12bn1 <
+ T(Q)Ailax |:152<A + ||9*||2> —+ <a + 1) + max + a;

+9127(a) A2, + 1687(0) Amaxbmax) 0712

max

max Amax Amax Ar2nax Amax
48b2
24 2 + 410715 + —5m (13)
12b1?nax * (|2
Ci = VNbpax [ 2 + o+ 38073 (14)
Cs = 144 + 91642 + 168 Ammaxbmax (15
Co = 462, aL?*(1 + aAmax)? 72 + 2bmax L(1 + Aoy ) ?E 71 (16)
2 * |12 48b1%nax * 2
Cr = (148 4+ 916 A2+ 168 Apmaxbmax) 10712 + 2 + T 152 binax + Amax|07 |2
b max2

+ 89620y + 12 Amaxbmax + 48 Amaxbmax < Ama" - 1) (17)
(g = 144 + 916 A% | + 168 Amaxbmax + 144 A max fhmax (18)

bmax + Pmax 2 *
(AQ—HJ) + 152 (bmax + Nmax + Amax”0 ||2)2

max

Co= |2+ (4+G)]I07]3 + 48

bmax + Hmax

2
1 + 1) + 89(bmax + Hmax)?

19)

+ 12Amaxbmax + 48Amax(bmax + ,U/max) (

Here fimax = (N + 1) AmaxCo, where Cy is a finite number defined in Lemma 18 which can be
regarded as an upper bound of 2-norm of each agent i’s state 6} generated by the Push-SA algorithm

).
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A.1 Constants used in Theorem 3

K = min {gl, 73_1;"}

Ko = 144 4+ 442, +9127(a) A2, + 1687 () Amaxbmax (20)
Cr = 22 (8exp {20 AmacTi) + 4 B[ 0)o — 0°[3]
2
"Ymax * bmax
+8—— exp {2aAmax T } (|9 Iz + 1 >
2(2 Ymax 20‘C3’Ymax + 47max<4
C, = .
2 1—c¢ + Ymin 0.9
_2Ge
Cs = 1—c¢
_ ,)/max
Cy = 2GroC——
Cs = 200¢y 12
Ymin
Co = 2LT2:;meE [1(6) L, — 67113]

T, is any positive integer such that for all ¢ > T, there hold ¢ > 7(«) and 36V N DmaxMt+1Ymax +
Koaymax < 0.1,

Remark 6 We show that T\ must exist. From 0 < a < min{Ki, 1.0 g72(o¢)7 KZO')./l_ Y, it is easy to

see that the feasible set of o is nonempty and Koayyax < 0.1. Since limy_, oo 7 = 0 by Lemma 8
and (o)) < —C'log o by Assumption 3, there exists a time instant T > —C'log « such that for any
t > T, there hold t > 7(«) and ny41 < (0.1 — Kza%nax)/(SG\/meameax), which implies that
T exists. O

T, is any positive integer such that for all ¢ > LT, there hold ay < v, 27(avy) < t, ()t —7(ay) <
mln{ 1140g2 0.1 } and CSat—T(at)T(at)Vmax + 36\/meax"7t+17max S 01

max ’ §5Ymax

Remark 7 We explain why Ts must exist. Since oy = ﬁTOl is monotonically decreasing for t
and 7(ay) < —Clogay = —Clogag + Clog(t 4+ 1) from Assumption 3, there exists a positive

Sy such that for any t > S1, we have oy < a and t > 27(ay) for any constant 0 < «a <

. log 2 0.1 cls
min{ K7, T (@) T }. Moreover, it is easy to show that

lim ¢ — 7(oy) > tlim t+ Clogag — Clog(t +1) = 400,
— 00

t—o00

=0.

. . —Caglogag + Caglog(t + 1)
lim 7(o)o—r(a,) < lim
t—o0 t t—o0 t— T(at) —|— 1

Then, there exists a positive Sy such that for any t > Sy, we have T(ay)a_r(a,)
log 2 0.1

Amax’  €5Ymax
there exists a positive Ss such that for any t > Ss, we have niy1 < (0.1

VANVAY

min{
0.1
¢5Ymax’
C5C¥t—7(at)7'(at>’Ymax)/(36\/meax’Ymax)- Therefore, Ty must exist as we can simply set Ty =
O

maX{Sl, SQ, 53}

}. In addition, since lim;_, . n; = 0 from Lemma 8, when 7(a)ct—r(a,)
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A.2 Constants used in Theorem 5

16 al i Gi i
Ur="4F [H ; 0o + 0 A(Xo)0o + aob <X°)M

o 1£ Amaxcé’ + bmax
N €1 1—€
09 = 2Amax09 + 2bmax

Cio = QNCQOZOCM

“Ymin

Cs

011 = QQONM

“Ymin

Crz = TN E [|(f)7 — 0|

min

Here ¢, is a positive constant defined as €; = inf;>¢ miniev(Wt o Wol ~)%. From Corollary 2 (b)
in [1] and the fact that each Wt is column stochastic, €1 € [ﬁ, 1]. See Lemma 19 for more details.

0.1

Ymax

T is any positive integer such that for all ¢ > T, there hold 27 (o) < t, i +7(0)Qp—r(ay)C8 <

log 2 0.1 }
Amax’ C(8Vmax J°

and 7 ()t —r(q,) < min{

Remark 8 From Lemma 20, lim;_, o py = 0. Then, using the similar arguments as in Remark 7, we
can show the existence of T (]

B Analysis and Proofs

In this appendix, we provide the analysis of our two algorithms, (1) and (9), and the proofs of all the
assertions in the paper. We begin with some notation.

B.1 Notation

We use 0,, to denote the vector in IR™ whose entries all equal to 0’s. For any vector € IR", we use
diag(z) to denote the n x n diagonal matrix whose ith diagonal entry equals z*. We use || - || to
denote the Frobenius norm. For any positive diagonal matrix W € IR™*", we use || A|lw to denote
the weighted Frobenius norm for A € IR"*™, defined as || A||w = ||W 2 A||p. It is easy to see that
| - ||w is a matrix norm. We use P(-) to denote the probability of an event and E(X) to denote the
expected value of a random variable X.

B.2 Distributed Stochastic Approximation
In this subsection, we analyze the distributed stochastic approximation algorithm (1) and provide the
proofs of the results in Section 2. We begin with the asymptotic performance.

Proof of Lemma 1: Since the uniformly strongly connectedness is equivalent to B-connectedness as
discussed in Remark 2, the existence is proved in Lemma 5.8 of [2], and the uniqueness is proved in
Lemma 1 of [3]. [ |

Proof of Theorem 1: Without loss of generality, let {G;} be uniformly strongly connected by
sub-sequences of length L. Note that for any 7 € V), we have

N N
0 < 16— (B)4113 < Tonin 167 — (O3 < S wf 1167 — (B)el1. 1)
j=1 j=1
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where 7,;, is defined in Lemma 1. From Lemma 9,

hm Zﬂt”m H2

N

s g =T i i - 2 . (6 Nt
< tlggoe e ;WTIL-"-mt”GTIL-i—’mt (O 1y Lm. Iz + tliff}o 1—¢ <0¢0€ >t Qra-iyy,
1=
=0. (22)

Combining (21) and (22), it follows that for all i € V, limy—,ec Tmin[|0; — (8)¢]|3 = 0. Since
Tmin > 0 by Lemma 1, lim;_, o, ||07 — (0)¢]|]2 = O foralli € V. [ ]

Proof of Theorem 2: From Theorem 1, all ¢, i € V, will reach a consensus with (#); and the
update of (6); is given in (4), which can be treated as a single-agent linear stochastic approximation
whose corresponding ODE is (5). From [4, 5],! we know that (#); will converge to 6* w.p.1,
which implies that 6! will converge to 0* w.p.1. In addition, from Theorem 3-(2) and Lemma 8,

lim_, oo Zl | miE[||0; — 0*|3] = 0. Since 7} is uniformly bounded below by Tyin > 0, as shown in
Lemma 1, it follows that ! will converge to #* in mean square for all i € V. ]

We now analyze the finite-time performance of (1). In the sequel, we use K to denote the dimension
of each 0, i.e., 0 € RX foralli € V.

B.2.1 Fixed Step-size

We first consider the fixed step-size case and begin with validation of two “convergence rates” in
Theorem 3.

Lemma 2 Both e and (1 — 3°%) lie in the interval (0, 1).

Proof of Lemma 2: Since 0 < o < K; = min{(j, 7"‘3"} as imposed in Theorem 3, we have
0 <a<¢and0 < a < % The latter immediately implies that 1 — 22 € (0,1). From

Remark 5, € is monotonically increasing for o > 0. In addition, from the definition of (; in Section A
that if & = (3, then e = 1. Since 0 < « < (3, it follows that 0 < € < 1. [ |

To proceed, we need the following derivation and lemmas.
LetY; = O; — 1x(0)] = (I — 1x7,)O;. Forany t > s > 0, let Wy, = W, W;_1 - - - Wy. Then,

Vi1 =01 — 1n(0)
=W,0, + aW,0, AT (X;) + aB(Xy) — 1n((0); + a(0)] AT(X}) + ar, B(X,))
=Wi(I — 1n7] )0 + aWy (I — 1n7, )0, AT (X,) + a(l — 1n7) 1) B(Xy)
=W.Y; + aW, Y AT (Xy) + oI — 1ym/ 1) B(Xy). (23)

For simplicity, let Y, be the i-th column of matrix Y, . Then,

N N
Vi = > wlVy +aA(X) > w?V] +a (b'(X;) = BT (X)m41) - (24)
j=1 j=1

'On page 1289 of [4], it says that the idea in [5] can be adapted to get the w.p.1 convergence result.



672 From (23), we have
Yier = Wirr—1Yirr—1(I + aA" (Xiir-1)) + a(I — Inm ) B(Xep1-1)
= Wisr1Wigr—oYirr—o(I + 0AT (Xeyp—2))(I + aAT (Xpy1-1))
+ oW1 (I —1nm) ) B(Xipr—2)(I + aAT (Xip-1))
+all = 1nm)y ) B(Xisr-1)

= Warr1Yi(I+ AT (X)) (I + AT (Xepp1)) + ol = Iym), 1) B(Xpyr-1)
t+L—2

ta Y Witz (I = 1yml,)B(Xk) (H§+§+}(1 + ozAT(Xj))) , (25)
k=t
673 and
Vi = (NI + aA(Xy)) Zwt 1 Y? +ablip,
j=1
674 Wwhere

Ai-&-L = (0" (X¢sr-1) — B(X4qp-1) ' mesr)
t+L—2

+ Z (H?éﬁ (I +aA(X )Zwarl e p—1 (0 (Xk) = B(X3) " mien).

675 Lemma 3 Suppose that Assumption 1 holds and {G.} is uniformly strongly connected by sub-
676 sequences of length L. Then, for all t > 0,

Tmin32"
Zﬂ't-s-LZZth-L 1wtt+L 1HY] YkHQ e Z Y73,
max

Jj=1k=1
677 where 3 > 0 and wmin > 0 are given in Assumption 1 and Lemma 1, respectively.

678 Proof of Lemma 3: We first consider the case when K = 1, i.e., Yti € IR, Vi. From Lemma 1, we
679 have

N N N

) il !
ZW§+ ZZ Wl Wi Y7 =Y
i=1 j=11=1

N N

_Wminz Z tf+L 1wtt+L 1HY Y ||2

1=1 j=1 =1

=z

680 Let 7* and [* be the indices such that
Y/ == max v Y.

e81  From the definition of Y;, Y/ — Y} = 6/ — 6! for all j,1 € V, which implies that

V7 =V = max [Y{ Y= max |6/ -6 =00 —6\].
1<j,I<N 1<j,I<N
682 Since U”L '@y, is a strongly connected graph for all ¢ > 0, we can find a shortest path from

es3 agent j* t0 agent I*: (jo,j1), -+, (dp—1,Jp) With jo = j*, jp = I*, and (jm—1, jm) is the edge of
e84 graph ULTL™1Gy, for 1 < m < p, which implies that

N N N
ij il J 112
Zwt:Hqu%:HLqHYt =Yz
i=1j=1 I=1
p
Jm—1 Jm—1 Tm\2
2 Z Z [Chesm w,! o1 (Y = Ym)% (26)
i=1 m=1



685 Moreover, we have
Jm—1 Im—1Jm—1_ Jm—1Jm JmJm—1 ImIm 2L
E :wt L — 1wt L1 2 Wi W T W T W 2 B 27

686 Then, from Jensen’s inequality, (26) and (27), we have

l
ZWHLZZ%HL 1wtt+L 1||Yj Y3

j=11=1

. ijm—1 iJm Jm—1 Jm )2
ZWmmE E w1 (Y -Ym)

i=1 m=1
> WminﬁzL( 5* 2 7Tmin52L
B p ¢

Yy -v")
687 For the case when K > 1, let Yt”“ be the k-th entry of vector Y. Then,

ZW“‘LZZthL 1wtt+L 1||Y] Y3

Jj=11=1

K N N
_ i ij il ik 1k\2
= E E TetL E E wt;t+L—1wt:t+L—1(Yt - Y5

k=1 i=1 j=11=1

0] — 0. (28)

688 For each entry k, we have

7rminﬁzL ik
Zﬂ't-s-LZZwt 4+ L— 1wt 4+ L— 1(Y Ylk) ———— max (¢} *eik)za (29)

6max 1<j5,I<N
j=11=1

s80 where 0iF is the k-th entry of vector 0. Moreover, let ©;F be the k-th column of matrix ©.

690 Since 2z172 < 27 + 23, we have forany entry k = 1,..., K,
N N
ik — *
PIEACAS RN A A AR T
i=1 i=1
2 . 2
< 0k — 1Ok = T (An0* — 0F
< max | i) = max [m (16" — 6;)]
2
N N N
_ J(pik _ pik _ ZZjl ik pik\(pik _ plk
121%)%] Zﬁt (0" — 6;") 11552\,' mm (077 — 6,7) (01" — 6")
j=1 Jj=11=1
N N
< J\2 02]@ ejk? 2 < Z J glk: _0]16 2
1r<nf?§\, 1(7Tt) (% ) *121%%\7_ 17Tt( t )
j= j=

< max max (07 — 67%)2,
1<i<N 1<j<N

691 Then, combining this inequality with (28) and (29), we have

Zzﬂt+LZZwtt+L 1wtt+L 1(Y]k Ylk)

k=11:=1 j=11=1

2r, K
TminB .
—_ max_(07% — 6/F)?
Omax  f—{1<5ISN

N
ﬂ-mlnﬂ ZZ Zk ﬂ-min/BQL i in2
_ (vky? = Tl Sy 2.
-~ o 2 I

k=11i=1

692 This completes the proof. ]



ses Lemma 4 Suppose that Assumptions 1 and 2 hold and {G} is uniformly strongly connected by
694 sub-sequences of length L. Then, when o € (0, (1), we have for all t > 7(a),

N N C

ipi " i i 2
S0} = O0l3 < e Y i 163, — O3+ T2
=1 =1

695 where (1 is defined in Appendix A, € and (s are defined in (6) and (12), respectively.

sss  Proof of Lemma 4: Let M, = diag(m;). Recall the update of Y}', ; ,

Yti+L = (H21%71(1+ aA(Xk)) Zwt it L— 1Y + abt+L

j=1
697 Then, we have
N
Yerolie,, = > mteclViiol3
N
— ZW;HH (A1 (T + aA(Xy)) Zwt L1 Y7 3 (30)
. =
+a Zlelb T 31
+ QQZT"AL(B%L)T (Hzl‘j:l;ﬁl(l + aA(Xy)) Zwt t+L—1Y1 (32)

i=1

sse  For (30), since 2(x1) " wg = |13 + ||22]13 — |1 — @2]|3 and 7 = 7/, | Wy4q1—1, we have
N
Zﬂ'z—m” (Hiif_l(ﬂrafl Xk)) Zwt t+L— Y7 H%

N
<1+ aAmax)QL Z Tl Z wZ:]H-L—lYtJ ||§

N N N
= (14 0w S 303wl s [V B+ IV 1Y - 1]
=1 j=11=1
N 1N N N
:(1+aAmax)2L ZWMY;:ZH%*§Z7TZ+LZZ ff+L 1wtt+L 1||Y Yl||2
i=1 i=1 j=11=1

699 From Lemma 3, we have

Tmin3>"
Zﬂ-t-&-LZZth—L 1wtt+L 1HY] YkHQ e Z Y73,
max

Jj=1k=1

700 which implies that

N
Yol (G + aA(Xy) Zwt A ol
; =

N

< (1 + adpmay)?P(1 - M)Zwiuyiu% (33)
~ X 26max g t t 12



701 As for (31), since for any agent i we have ||b*(X;)

— BT (X{)Tt41]l2 < 2bmax for all 4, then
Hl;i+L||2 <V (Xpgr-1) — B(Xpgr— 1)T7ft+L)||2

t+L—2
+ 2 (W U+ aA(x,)) ||22w,m cen 2 (0 (Xe) = BOXR) T 2
L—-1 L-1 1
< 2bmax 1 Amax J < 2bmax 1 Amax L=t 71 A N4
< Z( + « )y < 1+« ) Z(1+aAmax)J
j=0 7=0
L _
S 2bmax (1 i aAmax) !

aAmax ’
702 which implies that

2

a ZMLHMLIIQ A;‘“" (1 + @dma)” —1)7.

max

In addition, since for any vector z, there holds 2||z|j2 <1+ Hac||§, then, for (32), we have
N

20 Z 7T2+L (i’iJrL)T (H?;%il(f + aA(Xy)) Z wt -1
i=1
N

<20‘Z7"t+LHbt+LH HHH_L NI+ aA(Xy) ||2Zwtt+L 1Y 2
=1

(34)

703

Jj=1
N
(14 aApax)t =1 iy
oA : (1+ aAmax) " ZﬂtHYt 2

i=1

< dabpax

1+C¥A’4maxL7]- ol i i
A atmnd Z 1 | o) (Zwtmn%l). Gs)

i=1

S Qbmax

704 From (33)—(35), we have
Vel

7TminﬂQL al i 1 4br2nax 2
< (14 0?1 = TEEE) SRR 4+ S (14 ad ) 1)

i=1 max

(1+ aApa)t —

N
1 o
+ 2rmax i (1+ aAmax)” (Z Y713 + 1)

i=1

. [32L L _
B <(1 + aAmax)QL(]' - Trmmﬁ (1 + aAmaX) !

25 ) +2bmax A (1 +OéAmax)L)}/t”%\/ft
max max
4b2

1 Amax L 1
+ ((1+ aAmax)” — 1) + 2bmax< i QA ) (14 aAmax) ™.

705 From Lemma 2, 0 < € < 1 when 0 < a < (7. With the definition of € and (5 in (6) and (12), we
706 have

gt+r—1

Yerrlin,, < elYilli, + G < ™Yo, ll3y,, +¢ D €

myg

G2
< eqt+L||me”Mmt + T

707 which implies that

N N ¢
i) gi ‘ i |pi 2
S0 — (0l < €S, 165, — O I+ 22,
i=1 i=1
708 where ¢, and m; are defined in Theorem 3. This completes the proof.



700 Lemma 5 Suppose that Assumptions 2 and 3 hold. If {G;} is uniformly strongly connected, then

710 when the step-size o and corresponding mixing time 7(«) satisfy

log 2

0
<ar(a) < A

711 we have for any t > 7(«),

||<0>t - <9>t7‘r(o¢) HQ < 20414max7-(05)||<0>t7‘r(o¢)H2 + 20[7-(0‘)bmax

10)s = {O)t—r(ll2 < 6aT(@) Amax]|(0)ll2 + 5aT()bmax
62
1O)e = (B)e—r oI5 < T20°72(@) ATl {0) o3 + 50077 ()b < 8[I{0)el3 + 5=

max

x|

712 Proof of Lemma 5: Recall the update of (0); at (4) with oy = « for all ¢t > 0:

(O)e41 = ()¢ + CA(X)(0): + aB(X;) "o
713 Then, we have
1{0) 411l < 1€O)ell2 + aAmax | (O)¢]l2 + abmax
S (1 + aAmax)||<9>t||2 + abmax~
714 By using (1 4 z) < exp(x), forall u € [t — 7(), t], we have

u—1

1B)ull2 < (1 + @Amax) T O) oy ll2 + @bmax D (14 @hmax)"
I=t—7(a)
u—1

< (1 + aAmax)T(a) || <9>t—‘r(a) ||2 + abmax Z (1 + OZAmax)u_l_t+T(a)

I=t—7()

< exp(aT (@) Amax) [[(0)t—r (o) l2 + @7 (@) bmax exp(aT(a) Amax)-
715 Since we have a7 () Amax < 10g2 < %, then exp(a7(a) Amax) < 2, which meas that

[0)ull2 < 2[1(0)t—r (o ll2 + 207 () brnax
716 Thus, we can use this to prove (36) for all t > 7(«), i.e.,

t—1

B = ) t—r@llz < D 1O ust — (O)ullz
u=t—7()

t—1

< @dmax Y HB)ullz + ar(a)bmax

u=t—7(a)
t—1

< 0Amax Y (20)i—r(ll2 + 207(0)bmax) + T () biax

u=t—7(a)
< 2a7(a)AmaXH <9>t—‘r(a) ||2 + 2&27'2 (a)Amaxbmax + aT(a)bmaX
)
< 2a7(a)AmaXH<9>t—r(a)”2 + gO‘T(a)bmax
< 2a7(a) Amax () t—r(a) |2 + 207 () bax-

717 Moreover, we can prove (37) by using the equation above for all ¢ > 7(«) as follows:

5
H<9>t - <9>t—~r(a)||2 < 2O‘T(O‘)AmaXH<9>t—T(a)”2 + gaT(O‘)bmax

2 5
< 3l0)e = (O)s—r(all2 + 2a7(0) Amax[|(O)el2 + FaT(A)bimax
< 67 () Amax || (@) t|l2 + S5aT()bmax-

(36)
(37

(38)



718

719

720
721

722

723

724
725

Next, using the inequality (x + y)? < 222 + y? for all z, y, we can show (38) with (37), i.e.,

1(0)e = (O)e—r(all5 < 720772 () AT [140) 13 + 500772 ()b

max

6b2
< 8](0)ll5 + —32=,
2t AR ax
where we use a7 (@) Apax < 3 1n the last inequality. [ ]

Lemma 6 Let F; = 0(Xy, k < t) be a o-algebra on {X:}. Suppose that Assumptions 2—4 and 6
hold. If {Gy} is uniformly strongly connected, then when

log 2

0<a< —22
“ ApmaxT ()

we have for any t > (),

[E[((0): — 0°) " (P + PT) (A(X0)(0): + B(Xy) "1 — A0 — b) | Fomr(o|
< OVmax (72 + 4567'( )A?nax + 847'(04)Am1x mWX) [||< > ||§ ‘ ft—r(a)}
482 bmax . ppep )
2+ 4073+ o r(a) A2, (152 (= 107l )

max Amax

A8bmax (bmax )" 870hax | 120max
| A8 <ba +1> Y baﬂ

+ OYmax

Amax Amax A?nax Amax
2 6b12nax * |12
+ 2maxtier1V Nomax | 1+ OE[[(0)el2 | Foore] + —57= + 107112 ) -
max

Proof of Lemma 6: Note that for all ¢ > 7(«), we have

[E[((0): — 6) T (P + PT)(A(X:){0)s + B(Xe) w1 — Af)s = ) | Fyro]l

< [E[((0). — 0") " (P+ PT)(A(Xy) — A)(O)1 | Fior(al
+ [E[((0): — 0*) T (P + PT)(B(Xy) w1 — ) | Fo ()]l

< E[((0)1—r() = 0) T (P + PT)(A(Xy) = A)0)t—r(a) | Fior(l (39)
+ E[((0)t—r(@) — 0°) (P + PT)(A(Xe) = A) ()1 — (0)i—r(a) | Feer(a]l (40)
+E[((0): = (0)1—r@) " (P+ P AX:) = A)(O)1—r(a) | Fier(l (41)
+ [E[(0) — (0)1—r(a) T (P + PT)(AX:) = A)((0) — (0)1—r(a) | Frer(o)]l (42)
+ [E[((0)t — (0)t—r(a)) (P + P ") (B(X¢) "1 = b) | Foor(a)l (43)
+E[((8)t—r(a) — 0" (P+ PT)(B(Xe) "m0 = b) | Feeria]l- (44)

First, by using the mixing time in Assumption 3, we can get the bound for (39) and (44) for all
t > 7(a) as follows:
[BL((0)—r(a) — 0)T (P + PTYAXe) = A)(B)—r(e) | Forio]l

<|(0)t—r(ay — )T (P+ PTE[A(Xy) = A | Firo)) (01— (e

< 20YmaxE[[(0)t—r(a) — O 20(0)t—r () |2 | Fier(a)]

< YmaxB0)t—r(a) = 013 + 1{0)e—r() |3 | Fior()]

< @YmaxE2]107[13 + 3[10)i—r(@) 13 | Frr(a)]

< 60YmaxB{[[(0) = (0)t—r(a) 13 | Feere)] + 60%maxBIKO)elI3 | Fror(a)] + 207max 10713

bm X *
S 54arymaXE[H<0>t”2 | ]:tf'r(oz)] + 36a7max(A . ) +2a7max||9 H% (45)

10



726 where in the last inequality, we use (36) from Lemma 5. Then, from the definition of 7, in
727 Assumption 6,

E({0)t—r(@) = 07) T (P + PT)(B(Xe) " e41 = ) | Frra)]]

N N
< B[((0)—r(a) = 07) (P + PT)Q_ mipa (0/(X0) =) + D (mipy = mo)0) | Fooral

=1 =1
N . . .
<1(O)—r() —0) (P +PT ZmlE (Xe) =6 | Foore] + Y (i1 — mho)b)]
i=1
< 2Ymas (@ + MtV Nbiax) E[||<9> r(a) — O"ll2 | Fier(a)]
§ 27max(a + nt—‘—l\/ﬁbmax (E t 7'(04)”2 ‘ Jtt T(a)] =+ ||0*H )
< 27max(a + nt+1\/ﬁbmax 1+ E H t T(Oé)”g | ‘th'r(a)] + 9*”3)
< 2ymax (@ + 141V Nbmax) (1 + E[||< Yo = (O)i—r(a) 13 + KO)ell3 | Fioria) + 167113

y
b 2 * |12
)2 1 |lg ||2), (46)

Amax

< 2+ 1V Nbi) (1 FOBIHOZ | Firay] + 6( 2

726 where we also use (36) from Lemma 5 in the last inequality.
729 Next, by using Assumption 2, (36) and (38), we have
[B[((0)s—r(a) = 0%) (P + PT)AXe) = A)((0): = (0)1-r(a) | Froro]|
< DmaxAmaxB[[(0)i—r(a) — 0" [[2[{0)e — (O)1—r (o) ll2 | Fier(a]
< Pmax AmaxBl[(0) t—r(o) 2] (0)r = (O)i—r (@) ll2 | Fier(a)]
+ 47maxAmaX||9*H2E[”< )t — <€>t*T(a)H2 | ]:t*‘f(a)}
< 8047(a)’7max maxE([[ ()¢ T(OL)H% | Fir(a)) + 807 (@) Ymax Amaxbmax|| 0|2

bmax *
+807(@) s A (22 1071 ) B O)emrio 2 | Ficro]

< 8&7((1)7qu max E[|[(0);— T(a)“g | ]:t—T(a)] + 8a7 () Ymax AmaxOmax]|07 (2

bnax | ey )
407 (@ A Bl 00 | Fic ]+ @) A (322 4107

< 1207(0) Ymax A2 ax B0 r() |13 | Fir(ay] + 87(a) Yimax (Bmax + Amax |0 [12)°

< 2407(0) Ynax A2 ax B0 — (00— ()13 | Fizr()] + 807(0) Vmax (Bmax + Amax|07]]2)°
+ 2407 () Ymax A2 o B0V l13 | Foor o]

< 21607 (0) Yanax A2 BI0) ¢ 13 | Firo)] + 14407 (@) YanaxbZan
+ 80‘7'(01)’Ymax (bmax + Amaxuo* ”2)2

< 21607 () Ymax Anax B 0) 13 | Fiorey] + 15207 () Ymax (bmax + Amax[[07]12)* . 47)
730 In additional, by using (36) and (38), we have

[B[((0)r — (0)1—r(e)) " (P + PT)A(Xe) = A)(0)i—r(a) | Feerio]l
< AYmax AmaxB[[(0): — (0)i—r () 1210 t—r(a)ll2 | Feer(a)]
< 8a7(a) Ymax AmaxE[Amax [ (0)t—r(a) 13 + bmax [(8) t—r (o) |2 | Fier ()]
< 407 (@) Ymax Amax (2Amax + Omax) E[[ (01— () I3 | Fe—r(a)] + 47 () ymax Amaxbmax
< 8a7 () Ymax Amax (2Amax + Omax)E[[[(0)¢ — (0)¢— T(a)||2 | Fier(a)]
+ 807 () Ymax Amax (2Amax + bmax) E[(0)¢[13 | Fi—r(a)] + 407 () Ymax Amaxbmax
< 7207 () Ymax Amax (2Amax + bmax) B[[(0)¢]13 | Fimr(a))]

+ 480(T(Oé)7maxAmaxbmax(Zmdx + 1) (48)
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731 Moreover, we can get the bound for (42) by using (38) as follows:
IB[((0) — (0)i—r(a)) " (P+ P AXe) = A)((0)e — (0)t—r(a) | Fier(o]l
< Wmax Amax B[ (0)t = (0)e—r (@) 13 | Frer(o)]]
< Pymax AmaxB[72077% () A2, [10)2 13 + 5007 ()70 | Fomr(a)]
S 96aT(a>A?nax7maXE[”< > ||2 ‘ ]:t ‘r(a)] + 67aT< )bmax’ymax (49)
732 Finally, using (37) we can get the bound for (43):
BI((60)c — (8)r—r(a) T (P+ PTYBX) 7wt — ) | Frrol
< AYmaxbmaxE[[[(0)e — (0)i—r(a)ll2 | Fir(a)]
< 4Ymaxbmax E [6047-( )AmaX||< > H2 +5O‘T( ) max | ‘Ft*T(Oé)]

S 12aT(a>’YmaxAmax max [||< > Hg | ]:tfr(a)] + 12aT(a)7maxAmaxbmax + QOaT(a)b?nax’Ymax-
(50)

733 Then, by using (45)—(50), we have
[E[((0)] —6%)"(P+PT)(AX)O0): + B(Xe) me1 — A0)e = b) | Fira|

bIIl ax

Amax
+ 21607 () Ymax Amax Bl (0)¢13 | Fior(a)] + 15207(0) Ymax (bmax + Amax[|07[12)*
+ 72a7(a Ymax maX(QAmdx + bmax) [||<9>t||§ | ]:tf‘r(a)]

< 540 max B[[[(0)¢]]3 | Fi—r(a)] + 3607max( )% + 20Ymax |07 13

bmax

Amax
+ 96at (o Amax’Ymax [H( > ”% | ‘Ft—T(@)] + 670[T(a)b?nax’ymax
+ 1207( 'Ymax mux max [H< > ||§ | ‘Ft—‘r(a)] + IZQT(Q)’YmaXAHIaXbmaX

+ 1)2 + 20a7(a)b12naxvmax

(a)
+48a7’(0¢)’7max max max(

(a)

(a)

bmax *
2+ 101V W) (14 SBIN OV | Fico] + 65227 4 16°13)

< OYmax (72 + 4567'( )A12nax + 84T(O‘)Amax maX) [||< > ||§ | ]:tf'r(a)]

* bmax bmax * ?
24083 4805222 4 () A (152 (22 4 167
max max

bmax bmax 2 bmax 2 bmax
48 Jmax ¢ 1)+ 87() 412 )}

Amax Amax max Amax

bmax *
+ 2Ymaxl+1V Nbimax (1 +OB[[(O): 13 | Fomro] +6(75) + 16 |§) : (51)

734 This completes the proof. u

735 Lemma 7 Suppose that Assumptions 2—4 and 6 hold. Then, when

log 2 0.1
AmaxT(a) ’ K2’Ymax ’

0<a<min{

736 we have for any t > T},

0.9« 'Ymax Ymax O‘CB'Ymax + 2’Ymax<4
E1(0), — 03] < (1- 222 g -
10— 0] < (1= 220) T e g, ey ¢ e 0t

’Ym ax

0.9c =h Ymax *112
S 1- (4 €Xp {2aAmaxT1} =+ 2) E [||<0>0 -0 ”2]

71’11 ax

090[ =T Ymax bmax ?
+4 <1 - > exp {20 AT < 0%l + >
“Ymax “Ymin { ! } | ‘ || ? Amax
+ Ymax . O‘CB’Ymax + 27max<4
Ymin 0.9 ’

737 where (3, (4 and K, are defined in(13), (14) and (20), respectively.
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738 Proof of Lemma 7: Let H({6);) = ((6); — 6*)T P({8); — 6*). From Assumption 4, we know that

Yuninl[(0)e — 0|3 < H((0)¢) < Ymaxl|(0)e — 0713

739 Moreover, from Assumption 2, for all ¢ > 0 we have

H((0)1+1)
= ((0) 41— 0) " P((0) 141 — 07)
= ((0)¢ + aA(X,) () + aB(Xy) 'migr — 0°) T P((0): + aA(Xy) () + aB(Xy) ' mig1 — 607)
= ((0)¢ — %) T P((0)s — 0%) + a®(A(X:)(0)e) T P(A(X:){0)s)
2

(4
+a?(B(Xy) "mg1) T P(B(Xy) "mign) + o (A(X)(0)) (P + PT)(B(Xy) " mes1)
+a((0), —0%)T (P +PT)(A(X)(0)¢ + B(Xy) " mig1 — A(), — b)
+ a((8); — 0%)T P(A(0); + b) + a(A(0), + b) T P((8), — 6%)
<0>t)+a( (X:){0)4) " P(A(X:)(6):)

a®(B(Xy) "'meg1) T P(B(Xe) Tmeg1) + o (A(Xe)(0)) (P + PT)(B(Xy) 'mign)
(<9>t —0) " (P+P")(A(X0)(0)r + B(Xy) "m0 — A(0), — b)
a((0), — 6") " (PA+ATP)((8), —6"), (52)

740 where we use the fact that A0* 4+ b = 0 on the last equality.

741 Next, we can take expectation on both sides of (52). From Assumption 4 and Lemma 6, for ¢ > T}
742 we have

E[H(<9>t+1)]
E[H((6),)] + ”E[(A(X,)(0):) " P(A(X,)(0):)] — aE[[[(6), — 673]
+o’E[(B(X ) Tme1) TP(B(X0) ")) + @”E[(A(X)(0)) T (P + PT)(B(Xe) " meg1)]
+aE[((0)r — %) T (P + PT)(A(X:)(0): + B(Xs) w1 — A(); — D))
E[H((0):)] — aE[||< Yo = 0% [13] + @ A% ymax Bl (6): 3] + 20 Amaxbimaxymax B[ (0): 2]
+ o bmax’Ymax +a? “Ymax (72 + 4567—( )Ar2nax + 84T(O‘)Ammx maX) [||< >t||§]

bmax bmax * 2
0 [2 4 4107+ 452 () A (152 (5 4 0712 )

Amax max

bmax bmax 2 bmax 2 bmax
M 48Amax (Amax N 1) N 87( Amax) M 12Amax )}

bmax *
+ 201V Wi 1 ST O] + 65202 + 613

< E[H((0)0)] — aB[[[(0) — 0°[13] + 20° A o ymax B[ (0)2]13] + 20707, 0 Ymax
+0427max (72+4567< )A?nax+847—( ) Amax maX) E[[[(0)+ ||2]

binax Do, e\
0 2 4071 482 4 () A (152 (522 4 )

Amax Amax
bmax bmax 2 bmax 2 bmax
bmax E3
20 manit 1V Nbma (1 OB (8] + 62252 1 g |§) .
max

13



743 Since E[||(0):]|3] < 2EI[||(0)¢ — 6*||3] + 2]|6* |3, we have

E[H((0)t+1)]
< E[H((0):)] — aE[[[(0): — 6*[|3] + 20°b% . Ymax
+ 0P ymax (T2 + 242, + 4567 () A2, + 847 () Amaxbmax) CE[|[(0)¢ — 0%(|3] + 2/16*(|3)

max

bmax bmax * 2
0% |2 41073 + 48( )2 + 7(0) A 0 (152 +116%]I2
Amax Amax

b b b b
4 max max 1 2 max \2 12 max )]
A Ty Y ST )T 125

bmax *
+ Z(X’Vmaxnt-l-l\/ﬁbmax (1 + 18E[”<9>t - 0*H§] + 6(?)2 + 19”‘9 ||§>

< E[H((0):)]
+ (_Oé + 20&2’Ymax (72 + 2A12nax + 4567’(0)Ar2nax + 84T(05)A1113xbmax)) E[” <9>t - ||§]
+ 20 Y (72 + 240 o + 4567 () A7, 1 + 847 () Ammabimax) 107113

max max

bmax bmax * 2
024 2+ 107 B+ A2 () A (152 (2 4 0712

bmax bmax 2 bmax 2 bmax
+48141113.)((f4max M 1) +87(Amax) * 12Amax)i|
* bm X *
+ 20l 11V Nbimas (1 + 18E[|(8): — 0" 3] + 6(5) + 19]]0 ||§)

< BIH((0)0] + (0 + 0% + 36071V Nbimsstoe ) B0, — 0° 3]
+ OPCS’Ymax + AYmaxMt+1 C4~

0.1

744 From Lemma 2, 1 — S‘ﬂ € (0,1). In addition, from the definition of 7} and o < 7>

, we have

E[H((0)1+1)]
[H((0)1)] — 0.9aE[|[(0)¢ — 07 [13] + &*C3Ymax + AYmaxe+ 161

E
< (1 — 0904) E[H(<9>t)] + a2c3’7max + a’Ymaxnt+1C4

Ymax
0.90\ """ : 0.9,
< 1- ) E[H(<9>T1 )] + (QQC?)’Ymax + 2a7max<4) Z (1 - )t k
Ymax h=T) Ymax
0.9« t+H1-Th max
< (1200 B0+ (@G + 2rnmsr) 53)

745 which implies that

E[[(0)1+1 — 07]3]

1
< L B(@)0)
0.9« t+1-Th Y, ol CVC3’)’ + 27 C4
< 1 _ max E 9 _ 9* 2 max max max . 54
< (12507 Ty, — g 2 . 54)
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746 Next, we consider the bound for E[||(6)7, — 0*|3]. Since 1 + = < exp{x} for any z, we have for
747 any t,

[{0)e+1 — (O)oll2
= [[{0): — (B)o + € A(Xe)((0)r — (8)0) + aB(Xy) "mep1 + ¢ A(Xe)(0)oll2
(1+aAmaX)||< )t — < >0H2+a(AmaX||<9>0”2 + bmax)

t

a (Amax[[(0)0]l2 + bmax) > (1 + 0 Amay)’
=0

IN

(14 aAmax)'™

Amax

bmax
< (|<9>o O+ 16+ )exp{aAmax@H)y

S (AmaxH<9>O||2 + bmax)

748 which implies that

* * bmax
1{0) 1, — (B)oll2 < <II<9>0 — 02+ 16712 + ) exp {aAmaxT1} -

Amax
749 Then, we have

2[(0) 1, — (O)oll3 + 2[(8)o — %13
(4exp {2aAmaxT1} + 2)E[[|[(0)0 — Q*HE]

bmax
+4exp{2aAmaxT1}(||0*H2+A )2, (55)

max

E[||(6)r, — 0"[13]

IA \/\

750 From (54) and (55), we have

E[[(0)e+1 —07]3] < (1 - (4exp {20AmaxT1} + 2)E[|(6)0 — 0°|3]

0.9a)””1 Vmax

Ymax Ymin

0.9\ T b,
+4(1- 8 exp {20 A max T 0% || + -2 )2
( ’Ymax) Ymin p{ 1} (” H2 Amax)

Ymax €3 Vmax T 2Vmax(4
Ymin 0.9
751 This completes the proof. ]

+

752 We are now in a position to prove the fixed step-size case in Theorem 3.

753 Proof of Case 1) in Theorem 3: From Lemmas 4 and 7, for any ¢t > T3, we have
N
Z mE[]6; — 0*|3]

< QZwiE 165 = ()¢ [13] + 2E[|I(0): — 67I3]

N i i 2C2 Ymax 20‘C3’7max + 4’Ymaxc4
<003 B0, - ()4 2L T 200t
i1 min .

0-9a t=h Ymax * (12
+|1- —— (Bexp {20AnaxT1} + )E[[[(0)0 — 67]]2]

“Ymax min

0.9 = max * bmax
+8<1_ a> T2 oxp {20 Amax T } (072 + 2225 )?

Ymax min Amax

Ymax

N i i 2 09& =T
< 2¢tt ZﬂmtE |:H9mt — <9>mt||2] +Ci|1— + Cs,
=1

754 where C and C are defined in Appendix A.1. This completes the proof. ]
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755  B.2.2 Time-varying Step-size

756 In this subsection, we consider the time-varying step-size case and begin with a property of 7;.
757 Lemma 8 Suppose that Assumption 6 holds. Then, lim;_, . 1, = 0 and lim;_, t_%l ZZ:O Nk = 0.

758 Proof of Lemma 8: From Assumption 6, we know that 7; will converge to 7, and thus 7; will
759 converge to 0. Next, we will prove that lim;_, t_%l ZZ:O 1 = 0. For any positive constant ¢ > 0,
760 there exists a positive integer T'(¢), depending on ¢, such that V¢ > T'(c), we have n; < ¢. Thus,

T(c T(c

f§:mv— Z)m+% }: e < < §:w+t_1_ﬂ).

k=T(c)+1
761 Lett — oo on both sides of the above inequality. Then, we have

< t—1-T
lim — an < hm an +tli>1£10 f(c)cz c.
Lz

t—oo t

762 Since the above argument holds for arbitrary positive ¢, then lim;_, o H% 22:0 e = 0. ]

763 Recall the updates corresponding to the time-varying step-size case given in (3) and (4),
Ori1 = WiO; + W0, A(Xy) T + v B(X),
(@)e41 = (0 + W A(Xe)(0)e + e B(X;) w1
764 From (25), we get the update for Y; with the time-varying step-size as follows:
Yirr = Werrr 1 Ye (I + OétAT(Xt)) (I Oét+L—1AT(Xt+L—1))

+opsr—1(I — Inm) ) B(Xeyr-1)
t4L—2

+ Z apWigriyr—1(1 — 1N7T1;r+1)B(Xk) (H§+ﬁ+11(l + OéjAT(Xj))> )
k=t
765 and
4 N
Vi = (2 + o A(X)) Zwt S G
Jj=1
766 where
biyp, = o1 (b (Xepr—1) — B(Xepr—1) misr)
t+L—2 N _
+ Y ok (H?iﬁ(ﬂ- OéjA(Xj))) D widigy o (V(Xk) = B(Xy) Tgga).
b=t j=1

767 To prove the theorem, we need the following lemmas.

768 Lemma 9 Suppose that Assumptions 1 and 2 hold and {G.} is uniformly strongly connected by
769 sub—sequences of length L. Given o and Ty defined in Theorem 3, for allt > Ts L,

ZﬂtHez 0):l3
N

< (=T i 9i 0 2 (o 21
> € ZT(—TQLJ'-th ToL+m¢ — < >T2L+mt||2 + 1—¢ € 677 + a”%;l'\L+mt
i=1

N

< (=T> i 9i P 2 Ge a1

Se€ ZWTQLertH Tor4me — D Tor+m, |2 + T—e ape T + Qra—iqyp
i—1

770 where € and (g are defined in (6) and (16), respectively.
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771 Proof of Lemma 9: Similar to the proof of Lemma 4, we have

N N
YiszlB3r,., =3 miy ol (NI + ap AXR)) D wid (Y713 (56)
i=1 j=1
N . ~.
+ ) i llbi 3 (57)
=1

N N
+2 Z 7T2+L(b;+L)T (H?:%il(f + akA(Xk))) sz:jtJrLﬂYtj' (58)
j=1

i=1

772 By using Lemma 3, the item given by (56) can be bounded as follows:

N N
S ominl (M + acA(Xe) Y w1 Y13
i=1 j=1

N N N N
- iy 1 i ij i j
SIGE N (0 andua)® | Do milYE = 5 D min DD S wih o awiyr 1Y - YV
i=1 i=1 j=11=1
t+L—1 2 Tmin 2 v 2
S IGEL (U4 e Aman) (1= —55——) iy 3. (59)
max i=1

773 Since ||b*(X¢) — B(X¢) "mi11]l2 < 2bmax holds for all 4, then

16+ 1ll2
< apppal| (V' (Xesz-1) = B(Xep-1) 'meqn) 2
t+L—2

N
+ 3l (M + g ACK)) ) 2 D it | 7 (X0) = BOXK) Tms1) 2
k=t j=1
t+L—2

<t ot 32 o0 (W2 0|
k=t

774 Then, we can bound the item given by (57) as follows:

N ) t+L—2 2
ZW2+L\|bi+L||§ < 4bfax <Qt+L—1 + Z ag (H;g;%(l + ajAmax))> . (60)
i=1 k=t

775 As for the item given by (58), we have
N . N .
2 Z Wz+L(b;+L)T (H}iif*l(f + akA(Xk))) Z wz:]t+L71Y;5j
i=1 j=1

N N
<2 by o0 Ll T T+ an AX)) 12 Y w1 17 |12
i=1 =1

t+L—2
S meax (at-i-L—l + Z (077 (Hzii;%(l + ajAmax)>> (Hiig_l(l + akAmax)) X
k=t

N
(Z Y23 + 1) : 61)
=1
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776 From (59)—(61), we have

Yeszli,,
N

<Ll A V2] — Tmin 57" iyi)2
<2 (14 e Amax) " ( 2 )§ m 1Y Iz
max 7]21

2

t+L—2

+ 42, (awl + ) o (H;;g;}(l + ajAmax))>
k=t

> (H?;f_l(l—k Ok Amax))

t+L—2
+ 2biax (at+L—1 + Z g (H?:_i;}(l + ajAmax)>
k=t
N . .
. (zwznwnaﬂ)
=1
t+L—2
= (2bmax (at+L1 + Y (Hﬁgj(l +ajAmax))> (TEEH(T + gk Amax))
k=t

2L
7Tminﬁ
25max

t+L—2 2
+ 42, (aml + ) o (H;jj(l + ajAmaX))>
k=t

L+ g Apae)2(1 — )) I,

t+L—2
+ 2bmax (at+L—1 + Z Qaf (Héiili(l + ajAmax))> (H}:L%_l(l + akAInax))
k=t

t+L—2 2
= etl[Vill3, + 46 <at+L_1+ > (Hzt’;;;iuijmax)))
k=t

t+L—2
+ 2bmax <Qt+L1 + Z (077 (H;iﬁli(l + ajAmax))> (H§€i€71([ + akAmax)) 3

k=t
777 where
t+L—2
€ = Qbmax (at-&-L—l =+ Z (6773 (Héiﬁ;ll(l =+ ajAmax))> (H’;C‘L%—l(f =+ OékAmax))
k=t
. p2L
FIEE (1 g A 21— 2P

778 Since for all t > T5 L, we have oy < «, then fort > To L. wehave 0 < ¢; < e < 1and
t+L—2 t+L—1
Qi1+ Z ay <H§iﬁ;%(l + ajAmax)) < Z (1 4 Apax) HEE1
k=t k=t
t+L—1
<1+ ozAmaX)L_1 Z .
k=t
t+L—1
k=t

779 Since we have > ;T ay < Loy < La. Then, we can get

1Yierll3s,, ,
t+L—1 2 t+L—1
geum@+4b3nax<1+aAmax>2L2( > ak) 4 (1 A ( 5 ak>
k=t k=t

< elVil2) + (402, L2 (1 + ahman) *E 2 + b L(1 + 0 Ama)2E 1) 0

max

< el Yill3s, + Coout

18



780 where € and (g are defined in (6) and (16) respectively. Then,

Yerzlla,,,

< €|l Yell3s, + Coore
qt

-7 2 —k
<Y s +C6 Y € T L gm,
k=T>

L% qt

—T 2 —k —k
< gtr+r—T2 ||YT2L+mt ||MT2L+M + (o E e apn4m, + E " gL 1m,
k=0

k=%

G

qt+1—T2 2 @
<e ||YT2L+mt||]\/[T2L+mt + 1_¢ (6 2 O, + a[%"\L—i-mt ’

781 which implies

N . .
> willo; — 0)ll3
=1

N

B ) . CG at—1
S €qt T Zﬂ-é—éL"rthe%QL"rmt - <9>T2L+’mt||§ + 1—¢ (6 2 amt + O{’—qu;l-‘Lert)
i=1
N
< qthz i 07, 9 2 46
> € Z/]TTQLJFth ToL+m; < >T2L+mt||2 + 1—¢ Qo€
i=1

782 This completes the proof.

qt—1
’ *“rq%lu»

783 Lemma 10 Suppose that Assumptions 2 and 3 hold. When the step-size oy and corresponding mixing

784 time T(oy) satisfy

log 2
Amax ’

0< O[tT(OZt) <

785 we have for any t > T, L,

t—1

10) = (0)t—r(anllz < 2Amaxl|(O)—r(anllz Dk + 2bmax

t—1 t—1

||<0>t - <9>t—7(at)”2 < 6Amax||<9>t||2 Z A + Sbmax Z

k=t—7(ay) k=t—7(a)

10)e = (O e—r(an 13 < 72071 (0, T2 (@) AR [0)2 13 + 50071 (o) T2 (00) i

6b12nax
< 8[1(0):15 + a1

max
7e6  Proof of Lemma 10: Recall the update of (6); in (4):

(0)i41 = (0)¢ + 0 A(X)(0)¢ + 0 B(Xy) Tmeps.

787 Then, we have

||<9>t+1||2 S ||<9>t||2 + OétAm'a»x||<9>t||2 + atbmax S (1 + atAmaX)H<9>t||2 + atbmax~
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788 Similar to the proof of Lemma 5, for all u € [t — 7(cv), t], we have

[[(0)ull2
u—1
< Hz;tlfr(at) (1 + akAmaX)” <9>t—7'(at) H2 + bmax Z O‘kH?:_kl—i-l(l + alAmax)
k=t—7(ay)
u—l u—1 u—1
< exp{ Z g Amax }[(0) t—7(an)ll2 + Dmax Z ay expi Z Q1 Amax
k=t—7 (o) k=t—7(ay) I=k+1
u—1
< eXp{Oét—‘r(at)T(Oét>Amax}|| <9>t_.,-(at) HQ + bmax Z Qg eXp{at—T(at)T(at)Amax}
k=t—7(c)
u—1
< 2/(0)t—r(as)ll2 + 2bmax Z oy,
k=t—7(ay)

789  where we use at_T(at)T(at)AmaX <log2 < % in the last inequality. Thus, for all ¢ > T5 L, we can
790 get (62) as follows:

1{6) = (O)e—r(an 2

t—1
< S B — Ol
k=t—7(a)
t—1 i—1
S Arnax Z (077 H <9>k ||2 + bmax Z (677
k=t—7(ay) k=t—7(c)
t—1 k—1 t—1
S Amax Z (73 2” <0>t—7(at) ||2 + 2bmax Z (67} + bmax Z (077
k=t—7(ay) I=t—7(a) k=t—7 (o)
t—1 t—1
S 2Amax||<9>t—‘r(at) H2 Z g + (2Amax7—(at)at—~r(at) + 1) bmax Z Qp
k=t—7(c) k=t—7(c)
t—1 5 t—1
< 2Amax||<9>t—-r(at) H2 Z Qg + gbmax Z (e77
k=t—7 (o) k=t—7 (o)
t—1 t—1
< 2Amax|| <9>t7-r(at) HQ Z ap + 2bmax Z QL.
k=t—7 (o) k=t—7(ay)

791 Moreover, by using the above inequality, we can get (63) for all ¢ > T5 L as follows:

1{0) = (0)t—r(an)ll2

SRV MY P DTS- S D
k=t—7(ay) k=t—7 (o)
t—1
< 2Amax7—(at)at77‘(o¢t) ||<0>t - <0>t77(at) H2 + 2Amax||<9>t”2 Z &9
k=t—7(ay)
5 t—1
+ gbmax Z Qg
k=t—7(ay)
t—1 t—1
S 6Amax||<9>t||2 Z o+ 5bmax Z Q.
k=t—7(ay) k=t—7(a)
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792 Next, by using (63) and the inequality (z + y)? < 222 + y? for all x,y, we can get (64) as follows:

t—1 t—1
1B)e = {0)t—r(an I3 < 72400100150 D an)? + 50000 Y aw)?
k=t—7(ay) k=t—7(c)

< 720‘?77(0407—2 (at)A?nax” <9>t H% + 50a?77(at)7—2(at)b12nax

bmax
< 80)el3 + 6(2)2,
max

793 where we use a1 (a,)T() Amax < 3 1n the last inequality. [

74  Lemma 11 Suppose that Assumptions 2—6 hold and {G} is uniformly strongly connected. When

log 2
Amax ’

0 < —r(anT(ar) <

795  we have for anyt > T5L,

[E[((0)e —0")T(P+PT) (AX)(0) + B(Xy) "mis1 — AB)e = b) | Fomrian)|
< at*T(at)T(at)'Ymax (72 + 456Ar2nax + 84 Amaxb maX) [11{0): Hg | ft*"'(at)]

48b32
+ Q- r(a)T(Q) Ymax [2 + 4)0%)|3 + AQmaX + 152 (bax + Amm||9*||2)2 + 124 10 bmax
max
YT
+ 48 Anaxbmax . 1) +87bax
2 6b12nax
=+ Z’Ymaxnt-‘rl\/]vbmax 1+9E [H<9>t”2 | ‘th‘r(a)] A2 + ”6 HQ .

796 Proof of Lemma 11: Note that for all ¢ > T5 L, we have

() — 0°) T (P + PT)(AX)(0)e + B(Xe) a1 — Al = b) | Fomrian)ll

< [E[((0); — 0) T (P + PT)(A(X:) = A){0)s | Fior(an)]l
+E[((0): — 0) (P + PT)(B(Xy) "mig1 = b) | Firianl

< E[((0)1—r(ar) = 0%) T (P + PTYA(Xe) = A)O)1—r(ar) | Fior(an)]] (65)
+ E[((0)1—r(a) — )T (P+ PT)AX) — A)((0) — (0)i—r(an) | Feer(an]l (66)
+ |E[((0): — (0)+— T((Xt)) (P+PT)(AXy) — ANO)t—r(ar) | Frer(an)]l (67)
+IE[((0)r = (0)1—r(ar) (P +PTAKXL) = A)((0)r = (O)1—ran) | Feranll  (68)
+E[((0)¢ — (0)t—r(ar) T(P+P")(B(Xy) g1 —b) | Firanll (69)
+E[((0)t—r(an) — 0°) T (P + PT)(B(Xe) "1 = b) | Fooran)l- (70)

797 Similar to the proof of Lemma 6, by using the mixing time in Assumption 3, we can get the bound
798 for (65) and (70) for all ¢t > T5L:

[E[((0)t—r(an) — 0°) T (P + PT)(AXs) = A)O)t—r(a) | Froran)]l
<N{O)t—r(ay) — 0" ) (P+PTE[A(X,) — A| Fir(a) {0 t—r(ap)]
< 204 YmaxE[[[(0)t—r(ar) — O7[|2[[{O)t—r(an)ll2 | Fi—r(ar)]
< YmaxB[(0) ¢ —r(ar) — 0* |15 + H<9>t77(at)H§ | Fi—r(ap)]
< @ YmaxER2(107 (13 + 3[1(0)t—r (@) I3 | Fir(an)]
< 60 maxE[(0) = (0)t—ran) 13 | Fror(an)] + 60t ymaxBl[(0)e]13 | Fior(an] + 200 max 6713

bmax *
< 540 max B[ O) 5 | Firan] + 360 max(7)? + 200 max 0713, (71
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799 where in the last inequality, we use (64) from Lemma 10.

[EL(0)t—r(ap) —0") T (P + PT)(B(Xt>T7Tt+1 —b) | Fie T<at)]|

< ‘E[(<9>t—r(m) ) P+P Zﬂwl (Xe) — bl + Z 7Tt+1 éo)bl) | ft—T(m)H
i=1
N

< ‘(<9>t77(04t) 9 P + P ZﬂtJrlE Xt - b | Fir (o) } + Z(ﬂerl - 7TZ)o)bl)l

i=1

< 2'Vmax(at +77t+1\/7bmax) [H< >t T(o) — 0 ||2 ‘ ]:t—‘r(at)]
1 *
< 2 (@t + 1es1V Nbimas) (1 4 LB o013 | Frertan] + 210 ||%>
< Vot + 741V Fbae) (1 El{0) ey — O)el13 + 10013 | Frrian] + 16°12)

bm'lX 3
14+ OBIHBIZ | Firgan] + 6(222 12 1 |6 ) )

S Q’Ymax(at + 77t+1 \/meax A

/\

goo where in the last inequality we use (64).

go1  Next, by using Assumption 2, (62) and (64), we have

[E[((0)—r(an) = ") T (P + PT)(AXz) = A)((0)t = (0)t—r(a) | Fror(an)]l
< 47maxAmaxE[“<9>t—T(at) - 9*||2H<9>t - <0>t—7'((¥t,)||2 | ‘Ft—T(Ott)]
< YmaxAmaxB[[[(0)1—r ) [1210)e = (0)i—r(anllz + 107 |211{0): = (O)i—r(an)ll2 | Fier(ar)]

t—1 =1
< S’Ymax max [H< >t T(at)”% | ‘thr(at)} Z ap + SmeaxAmaxbmaxHo*HQ Z (077
k=t—7(ay) k=t—7 (o)
b t—1
# S (22 10 ) BN ol | Fioriog] Y e
max k=t—7(ay)
b 2 t—1
< (12E[||< vt 1 Ficrton] + 8 (52 416712 ) Y
max k=t—7(cv¢)
t—1
< 247max max [||< > < >t T(a¢)||2 | Fio T(at)] Z Qg
k=t—7(ay)
t—1
+24'7max max B[] (€)1 H% | ]:tf'r(at)] Z Qk
k=t—7(ay)
b 2 t—1
+ S’YmaXA[Qnax (Amax + ||0*||2) Z O[k
max k=t—7(c¢)
t—1
< s (21642 Bl Ol | Focriao) + 152 (e + A0 2) Y- 0ne 73)
k=t—7(ay)
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go2 In additional, as for the bound of (67), by using (62) and (64), we have

()t = (0)t—r(an) T (P + PTYA(Xe) = A)(0)1—r(a) | Fimran]l
S 4’VmaXAmaxE[||<9>t - <6>t—‘r(at)H2||<9>t—7'(o¢t)||2 | ft—‘r(at)]

t—1
< 8'YmaxAmaxE[AmaxH<9>t—7—(at) H% + bmax||<0>t—T((¥t,) ”2 ‘ ]:t—‘l'(at)] Z Qk
k=t—7’((¥t)
t—1
S 47maxAmax ((QAmax + bmax)E[||<0>t—T(at) H% | ft—r(at)] + bmax) Z Qg
k=t—7(ay)
t—1
§ 8’YmaxAmax<2Amax + bmax) [||< > < >t T(ot) ||2 | ]:t 7( oct)] Z ap
k=t—7(ay)
t—1
+ 8’YmaxAmax(qumax + bmax)E[”<9>tH% | ft—T(Oéf,)] Z &7
k‘=t—7’(0lt)
t—1
+ 47maxAmaxbmax Z 75
k=t—7(a)
t—1
< 72 ’YmaxAmax(QAmax + bmax)E[H<9>t||§ | ]:tf'r(ozt)] Z Qg
k=t—7(ay)
b t—1
max 2
+ 48'7maxAmaxbmax(Amax + 1) Z Q.
k=t—7(a)

803 Moreover, by using (64), we can get the bound for (68) as follows:

[E[((0) = (0)1—r(a0) " (P + PT)AX:) = A) () = (O)t—r(a) | Fioran)]l
< 4’VmaxAmaxE[||<9> <9>t 7( at)H2 | Fi T(Oét)]l

t—1
S 4’VmaxAmaXE[72A12nax”<9>t||2 + 5Ob?nax | ]:t—T(Oét)]( Z ak)2

k=t—71(ay)
t—1 t—1
< 96T maxBlOl3 | Femrian] D 0k + 67000 max D o
k=t—7 (o) k=t—7(c)

go4 Finally, we can get the bound of (69) by using (63):

[BI((0)e = (0)t—r(ae)) (P + PT)B(Xe) o1 = b) | Fioran]l

< 4Ymaxbmax [||< > < >t ‘r(af)HQ | Fi s (o) ]
t—1

< 4’Ymax max [6AmaxH< > ”2 + 5bmax | -Ft—'r(at)] Z Ak
k=t—7(ay)
t—1
< Ymax (12Am'1x max [||< > HQ | ‘Ft (o) ] + 12Am'1xbmax + QObmax) Z Q.
k=t—7 (o)
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gos Then, by using (71)—(76), we have

E[({(0)e — 0%) T (P + PT)(AX)(0)¢ + B(Xe) a1 — Al = b) | Fiorian)l|

bmax *
S 54at7maxE[||<0>t|‘§ | ]:t—"'(at)] + 360‘t’ymax(r)2 + 2at’7max||9 ||§

t—1
+ 216’7maXAEnaxE[”<9>tH§ | 'Ft—T(Olt)] Z &7
k=t—7(a)

t—1 t—1

+ 1527max (bmax + Amaxne* ||2)2 Z Qg + 67b?naxrymax Z Ok
k=t—7 (o) k=t—7(a)
t—1
+ 12 ’YmaXAmax(QOAmax + 7bmax)EH|<9>tH§ | ]:tf'r(at)] Z Qg
k=t—7 (o)
bmax — =

+ 48'7maxAmaxbmaX(T + 1)2 Z Qg + (12Amaxbmax + 20b?nax)’7max Z Ok
max k=t—7(cv) k=t—T7 (o)

bmax *
+ 2'Ymax(at + nt+1\/ﬁbmax) (1 + 9E[||<9>t”% ‘ ]:t—q—(at)] + 6( )2 + He ||%>

Amax
< atf'r(at)T(at)'Ymax (72 + 45614;211;1;( + 84Amaxbmax) E[H <9>t||§ | ]:tf'r(ozt)]

bmax

Amax

+ Oét—T(m)T(O‘t)’Ymax {2 + 46" H% + 48( )2 + 152 (bmax + AmaX||9*H2)2 + 12Amaxbmax

bm X
+ 48 Amasbmax (5 + 1%+ 87bilax}

bmax *
+ 2’7maxnt+l\/ﬁbmax (1 + 9E[||<9>t”§ | «/T'vtf‘r(a)] + 6(?)2 + ||9 ||%> ’

o6 where we use ay < o (q,) from Assumption 5 and 7(a;) > 1 in the last inequality. This completes
go7  the proof. ]

sos Lemma 12 Under Assumptions 1-6, when the (o) 0ty —r(a,) < min{}fiz, %} we have for
gos anyt > TsL,

21
* oL “Ymax « C7OzoC'log (—) Vimax
E [[[(6)c — 67[I3] < —~ - Ell®)r.L — 6 113] + — o
t
max = n
+ gy e L=
Ymin t

810 where T; is defined in Appendix A.1, and (4, (5, (7 are defined in (14), (15), (17), respectively.

st Proof of Lemma 12: Recall the update of (6); in (4):

(O)e41 = (0 + A A(Xe)(0)r + e B(X) "y
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g1z Note that E[[[(6)¢[|3] < 2E[[[(0), — 0*[I3] + 2[16*[|3 <
813 and Lemma 11, for ¢ > 15 L we have

E[H ((0)1+1)]

< E[H((0):)] — aE[[[(0): — 07 [13] + af AL ymax B (0)¢[13] + 0707 vmax
+ 207 AmaxbmaxYmax B[] (0)¢]|2]
+B[((0) — %) T (P + PT)(A(X,)(0): + B(Xy) w1 — A(6), — b)]

< E[H((0):)] — e B[[[(0): — 0%[13] + 207 A% o ymax B (0) ¢ [13] + 20707, 0 Vmax
+ Q7 (a) (@) Ymax (72 + 456 A7, + 84 Amaxbimax) E[[[(0)¢]13]

2Z_E[H((0)¢)] + 2||0*|3, then from (52)

— Ymin

* bmax *
+ Q7 (ay) (1) Ymax {2 + 46 ||% + 48(A )2 + 152 (bmax + Amax||0 ||2)2

max

bmax
+ 12Amaxbmax + 48Amaxbmax(A + 1)2 + 87b12nax:|
max

bmax *
+ QQthax"?t-‘rl\/meax <1 + 9E[H<0>t”§] + 6(A )2 + ||0 ”%)

< E[H((0):)] + 2O‘t0‘t—7(at)7—(0‘t)7max (72 + 458A?11ax + 84 Anaxb maX) 0" H%
+ (_at + 2O‘tOétf-r(ozt)7-(0515)'}/1'1r1ax (72 + 458A12nax + 84Amax max)) [||< >t - 9*”3]

bmax *
+ 0 a) T(04) Yinax {2 +4[107 I3 + 48(-)? + 152 (bmax + Amax/|6”]2)°
max

bmax
+ 12 Amaxbimax + 48 Amaxbmax (5 +1)2 +89b$nax]

bmax *
+ ZQtPYInaXnt-‘rl\/meax <1 + 18E[||<9>t - 9*”3] + G(A )2 + 19”0 %)

< E[H(<9>t)] + (*O‘t + atat—‘r(at)’r(o‘t)’}/maxgﬁ + 36at7max77t+l\/ﬁbmaX> E[||<6>t - 0*”3]
+ atath(at)T(at)'ymaxC'? + at’)/maxnt-l—lcély

814  where (4, (5 and (7 are defined in (14), (15) and (17), respectively. Moreover, from a; =
815 > Tra* and the definition of 75, we have forall ¢t > T, L

(670)
t+1°

0.90tt

“Ymax

E[H(<9>t+1)] <1 - ) E[H<<9>t)] + at’ymaxnt+lg4 + O‘tatf'r(oztﬂ-(at)f)/maxc’?
t

2 t+1
Tt+1 aOCIOg( @0 )lymaxc7

< 7E H max

< 7 PH O] + aovmaxCay 7 + (t+1)(t — () + 1)

TL o
2 1
P 1E[H(<9>T2L)] + aO'VmaxCéL as Htu:l+1

=L I+1

! Clog(%) . w

2
max H =
oy C7Z=ZTL A+ D —7(m)+1) “=Hlyr1

u

< _
- u+1

¢ 2 t+1
1oL S M1 Cr0YmaxClog™ (%)
< E 0 max 2 0
< T B (O 7)] + aotmaxCa =2 e
t+1 .
1oL Sitr M $700YmaxClog” (55)
< E[H((0 o P o)
< T BHO)n0)] + aotmaCa =7 —

si6  where we use

Z 2aq log (1) Pas

= [+1 - (o))
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817

818

819

820

821

822

823
824

825
826
827
828
829

830

831

to get the last inequality. Then, we can get the bound of E[||(8);1 — 0*||3] as follows
N 1
E[[[(0)1+1 —07]3] < ~—BH{(0)11)]
T2L Ymax 2 C7a0010g ( ) Ymax
< —=E[||(0 -0
< S I (0) 0] 4 et T
t+1
+a C Ymax Zl:TgL m
o> Ymin t+1
This completes the proof. ]
We are now in a position to prove the time-varying step-size case in Theorem 3.

Proof of Case 2) in Theorem 3: From Lemmas 9 and 12, for any ¢ > 75 L, we have

N N
> mE[l6; — 67[13] < 2w E[[16; — (0):][3] + 2E[[[(6): — 6713]
i=1 =1

<267 by, B0 L, — (O Tazm, 3]

i=1
2T2L Ymax * 2C7a00 IOg ( ) Ymax
— E[[(6)r.L — 072 +
mell’l t len
t
Ymax Zl:TzL m 246 gt—1
200G = g (G0e T H oy,
al 2
<26 B |05z, — Oz 3]
i=1
1 t :
ag—1 2
+ C3 (aoe 2+ a1 ITL) + t<C4log (CTO) +C5 k_Z:LT Nk + C6>7
where C5 — (' are defined in Appendix A.1. This completes the proof. ]

B.3 Push-SA

In this subsection, we analyze the push-based distributed stochastic approximation algorithm (9) and
provide the proofs of the results in Section 3. We begin with the proof of asymptotic performance.

Proof of Theorem 4: From Lemma 19, since € € (0,1) and oy = 22, we have lim;_, ||0},; —
(8)4]l2 = 0, which implies that all 6}, ,, i € V, will reach a consensus with (f),. The update of
<t9> is given in (82), which can be treated as a single-agent linear stochastic approximation whose
corresponding ODE is (10). In addition, from Theorem 5 and Lemma 20, lim_, o, vazl E[|0;,, —
6*|3] = 0, it follows that #;__; will converge to 6* in mean square for all i € V. [ ]

We now analyze the finite-time performance of (9).

Let Wt be the matrix whose 7j-th entry is w;’j . Then, from (9) we have
Bi s (0] + 0 A(X)0] + b (Xy))

9t L= t+1 j=1
t i i
* Yi+1 Yir1
N ~ij 0 J i
w 0 v (X
L WyYyy yt JrafA(Xt)% o (jt)]
j=1 Ek 1wt yr yt Yz Yi
N i ;
; 67 b (X
S Al W AL LAy (77)
J J
j=1 yt yt
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832 where w,’ = % and W, = [0}’] is a row stochastic matrix, i.e.,

PO
N N ~ij
g W
S al = 721 LY i
j=1 Zk 1 wiFyy
g3 Let®, =1[A!,---,0N]T and ©, = [A},- - éN}T. Then (9) and (77) can be written as
~ . -~ ( ) /yt T
@t+1 = Wt @t + Ot A(Xf) + OttB(Xt) (78)
L L ( ) /yt i
- (0 t) /i‘/t T (bl(Xt))T/i‘/tl
@H-l = Wt @t—FOét A(Xt) + oy . (79)
i Oy ON (X)) /Y

ga4  Since each matrix 1, = [u?? ] is stochastic, from Lemma 1, there exists a unique absolute probability

835 sequence {7} for the matrix sequence {V~Vt} such that ¢ > 7y, forall i € V and t > 0, with the
836 constant 7, € (0, 1).

837 Lemma 13 Suppose that {G;} is uniformly strongly connected. Then, HgZOWS will converge to the
sss  set {vly : v e RYNY} exponentially fast as t — oc.

839 Proof of Lemma 13: The lemma is a direct consequence of Theorem 2 in [6]. [ |

ss0 Lemma 14 Suppose that {G;} is uniformly strongly connected.  Then, (Hf:SWl)ij
j N ~i . ~ .. L
841 yiﬁi(ﬂfzsﬂ/l)” and ;r—s = yi limy_y oo (I_ W))7" = & foralli,j €V and s > 0.

sa2  Proof of Lemma 14: Note that for all [ > 0, we have ﬁ)lij = % Let Ws:t = Hf:SWl for all
1+1

843t > s > (0. We claim that

- I,

(I W) = et
yt+1

844 where wg{'t is the ¢, j-th entry of the matrix W;Jt The claim will be proved by induction on ¢. When
845 t =541,

(Ws+1Ws)ij = wéﬁ-l wk]

ZWMZ

kj
_ Z ys+1w€+1 ij 7

el Yerz  Yhn
N

J

_ Y § Azk Akj_ Ys AU

- i Weq W i ss+1
Ysy2 1 Ysy2

[N

s46 Thus, in this case the claim is true. Now suppose that the claim holds for all t = 7 > s, where 7 is a
847  positive integer. For t = 7 4 1, we have

T4+1 ~ik s
(I W) Z Wriy -

‘r+1
N - ik ~kj
wTJrly‘rJrl . y‘;wsth
% k

=1 Yr+2 Yrs1

yg ~1k S kj _ yg S 1]

i Wri1 - Ws i Wert1s
y'r+2 k=1 y‘l‘+2
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g4 which establishes the claim by induction.

g49  From Lemma 13, for given s > 0, we have lim;_, Ws:t = vsymlx, with the understanding here
850 that v, o is not a constant vector. Then, since y; 1 = Wy, = HfZSleS for all t > s, we have

Yyl by yjuA]ij yd limy o0 wljt
lim (T} VVl)” = lim 222 = lim =—=° ~ AS',k
freo freo yt+1 freo Z k=1 Wbtys hmt%oo > k1 Wiliyk
ysvs,oo o %

= N : P )
Zk:l Uz;‘,ooys N

ss1  where we use the fact that 1 ys = N for all s > 0 in the last equality. This completes the proof. W

es2  To proceed, let

B (O, yn) = AQ” o
Yn  Yn

6 1 -
T — (X)) — BV (X0)| Faeran))
Yn Yn
(. ‘
7 B )| Foera] = ).

M3 = (A(X,) — E[A(X,)| Foer(an)])

. 07
G, = (E[A(X0)|Fnr(an)] — 4) ] +
853 From (77)
= Zuﬁf (609, + ch? (O, yn) + M, + ., GY]

gsa Leth=1[h',--- AN]T, M =[M' --- MN]" and G = [G',--- ,GN]T. Since

, 67
R(MIZa) = (BLAGXOIE] — BEIAX) P lI7a) 5
i
1 .
T (B[ (Xo)|Fn] = E[ED (Xe)| Foer(an)]1Fal) =0
t
8s5  and for all n > 7(ay,)
N .
E[|| M |71 Fa] = D ElIM317]
j=1
. oo, | 2
= Z E[A(Xn”}-nf‘r(an)]) - + - (bj (Xt) - E[bj (Xt)|]:n77(an)]) HQ‘]:H}
=1 Yi Yi
N 2
2Amax + « , 2bmax + 2(2A 0% + ap)? 2N
<Z( °9§|2+°) < 20 £ 00R 2 4 2N o+ 0,
— B B B
gss then {M,,} is a martingale difference sequence satisfying E[|| M, ||%|F,] < C(1 + ||©;]|r), where

g57 C = max{w‘%‘;%a”), 2[3];’<2bmax + ap)?}.

gss  Define h, : RV*F x RN — RY*K as h,(z, y) = h(cz,y)c™" with some ¢ > 1. In addition, by
sso  using Lemma 14, define ho(z) : R® — R¥ as he(2) = he(1n - 27, yn)  7n, e,

yi T oyl - i
hc G)na n) = ) h A
(©n¥n) o (2) = Z+Z;Nc
(Aﬁ—’_yi)’c) '



860
861

862
863

865
866

867

868
869
870

871

872

873

874

875

876
877

879

880
881

Then he(z) = hoo(2) = Az as ¢ — oo uniformly on compact sets. Let ¢ (z, ) and ¢oo (2, ) denote
the solutions of the ODE:

£(t) = he(2(t)), 2(0) == (80)
£(t) = hoo(2(1)) = Az(t), 2(0) =z
respectively. Furthermore, since the origin is the unique globally asymptotically stable equilibrium of

the ODE, then we have the following lemma.

Lemma 15 There exist constant co > 0 and T > 0 such that for all initial conditions z with the
sphere {z||z||l2 < §i7z} and all ¢ > co, we have || ¢c(z,t)||2 < 155 for t € [T, T + 1] for some
0<kr<L

N1/2

Proof of Lemma 15: Similar to the proof of Lemma 5 in [7]. [ |

Define tg =0, t,, = Z?:o Qn,n > 0. Define O(t),t > 0 as O(t,,) = ©,, with linear interpolation
on each interval [t,, t,41]. In addition, let Ty = 0 and T,+1 = min{t,, : t,, > T,, + T} for all
n > 0. Then, T}, 1 € [T, + T, T, + T + sup,, a,]. Let m(n) be the value such that T}, = t,,,(,,) for

any n > 0. Define the piecewise continuous trajectory O(t) = O(t) - r;; ! for t € [T},, T),; 1), where
7y = max{[|[0(T%)||F, 1}.

Lemma 16 There exists a positive constant Cy < 0o such that sup, 161)||F < Cy.

Proof of Lemma 16: First, we write the update of O () for k € [m(n), m(n + 1))

. . (0" (tx)) " /v, . (bl(th)) /(ytlkrn)
O(tks1) = Wy |O(tk) + oy | -+ A(Xy,) ' + o, N -
(O™ ()™ iy (0™ (X, )) /(yilrn)
81
Since W, is a column matrix, thus we have
19(tk+1) 1o
R b (Xey)
N R A(th)el(tk)/ytlk ytlkr"
< Wealloo | 1O llo0 + sy tay |l
AN @/ Vx,)
by, 0o
N « \/EAmax A (e \/Ebmax
< [©@k)lloo + “7||®(tk)lloo + ““T
. k—m(n) o o b
< [1Otmm)llse + VE Z st 261, ) + SO

B Bry

k—m(n) /7
T + max (&% Am X A
S@*(w%” D ey e LSO

where we use the fact that ||®(tm(n))|| r = land r,, > 1 in the last inequality. Therefore, by using
discrete-time Gronwall inequality, we have

Amax \/?
B

Since T + sup; oy < 00, We have Sup, () <k<m(n+1) 16 (tr11)]loe < oo for all n. By equivalence

sup ||(:)(t;€+1)||OO < \/E(l + (T + sup a;)bmax) €Xp {
m(n)<k<m(n+1) l

(T+81l1paz)}-

of vector norms, we further obtain that sup, ||[©(t)||r < oc. [

For n > 0, let 2™(t) denote the trajectory of Z = h.(z) with ¢ = r,, and 2"(T},) = va T O,
for [T}, Th+1)-
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sz Lemma 17 lim, sup,c(r, 1, |0 — 1® 2"(t)|| = 0.

sss  Proof of Lemma 17: From (77) and (81), for any k € [m(n), m(n + 1)), by Lemma 14, we have

Zﬂ—n+l n+1 I+177rn+1
(AX)0) /o) G )/ T\
=|Onton + e Tn
(AX,)0N)T g (B (X)) T fy

N
ﬁ-jlejz +an Z ﬁ-:l(A(Xn>9’ZL/yZ’L + bZ<Xn)/yZL)

|
\MZ

=1 =1
N a N a N

=Y o+ A > o+ ~ > b (X,)
=1 =1 1=1

gs4 Similarly, we have

N
02

tk+1 tet1

i=1 i=1 =1

AX N [ N
o, A S <ezk - ~zkozk>

i=1 =1
N N N ]
=N "7 0+, <AZ w0 ZH) a2 Z < - 76 >
i=1 i=1 i=1
+ au, (A(X0,) = BIACK0) P r(,) )Zmezk
o N . .
i (¥ (X2) = BB (X0 —r(ee, )
= i |
+ ay, ((E[ (Xe) | Fer—r (o)) — )Z”tk 0; + Z( E[b (Xe, )| Frp—r( (a,)] _bz>> )
i=1
sss Let

N
M, = (A(Xt) — E[A(th)lftk—rmtk)]) DL
1=1
1 N

T 3 (00) ~ EF (X1 P ria, )]

i=1

+

=

étk = (E[A(th”]:tka(atk)] - A) Zﬂkézk N Z ( bl th I]:tk 7( atk)] - bl)

i=1

N
th Z < Zﬁ-zkézk> :
=1
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sss It is easy to verify that {M,, } is a martingale difference sequence satisfying E[|| M, |3 F;,] <
ss7 C(1+|| Zz LT 91 .|13) for some C' < oo. In addition, we have

N
ezk - Zﬁ-gkegk
j=1
N
@thk *7% ej + Z A, Z wt Tt (A(Xt )9] /yt +V (X, /yt )

j=1 r=s+1 i=1

sss  Since {G;} is uniformly strongly connected, then for any s > 0, W.; converges to 17/ exponentially
sse fast as £ — oo and there exist a finite positive constant C' and a constant 0 < A < 1 such that

[, — 71| < OAF~*

s forallé,j € Vands > 0. Then,for any k € [m(n), m(n + 1)), we have

77,07, Il2

k N e
~1J max”ggTHZ + bmax
Loy 12 Z Qt, Z @], — 7Ttr (B

<
r=m(n)+1 =1 ﬂ

1%, 121167

t(n)ite m(n)

-

<
Il
—

k

N N
Amax 0-] + bmax
2t Y Yy OARTI( 1%, 2 )

r=m(n)+1 i=1 5
atnz(n) NC Amaxcé + bmax
1\ 3 ’

Ot tmn) ||

M=

m(n)

<.
Il
—

NCAtk*twn(n) +

IN

se1  where in the last inequality, we use the fact that for all n > 0, we have ||é(tm(n))|| F=1la, <a,
g2 and the boundedness of ||©,,|| » from Lemma 16. Since oy, — 0 as k — oo, then

Jim | 167, ngke 2=0

go3 which implies that

N N
J pi —
Jim |25 520, - A | =0
1=1 Jj=1 9
soa Then,
N N N
: - AX)
: : ~J nJ 3 .7 nJ —
Jim (|G 12 Sklggoatk(\\z;%(’mll2+l)+klggo a 2(% 1 03| =0
j= i= j=

2

o5  Therefore, by Corollary 8 and Theorem 9 in Chapter 6 of [8], we obtain that ZZI\LI e ézk — 2" (1)

896 as n — 00, namely k — oo. Furthermore, we obtain that 9Z P - ™(t)asn — oo foralli € V,
go7  which concludes the proof following Theorem 2 in Chapter 2 of [8]. ]

sss Lemma 18 The sequence {©,} generated from (19) is bounded almost surely, ie., Cy =
8% sup,, ||On||F < oo almost surely.

900 Proof of Lemma 18: In order to prove this lemma, we need to show that sup,, ||G)( e < oo
o1 first. If this does not hold, there will exist a sequence T,,,T},,, - -+ such that ||6)( To)llF — o0,
02 ie., Tn, — 00. If 7, > coand |O(T,)||r = 1, then [[2"(T)|2 = | N, 77,0 b fla < N7U2
o3  Using Lemma 15, we have ||1x - (z"(T},,1)) " | r = N¥/2||z"(T,;1)||2 < 1 — . In addition, using
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904
905

906
907

908
909

911

912

913

914

915
916

917

918
919

920

Lemma 17, there exists a constant 0 < " < & such that ||é(TT:+1)||F < 1 — &'. Hence for r,, > ¢
and n sufficiently large,

10T )llr 16T )llF ,

= Sl—/f.

10(T0) |l 10(T:)l

It shows that if [|©(T},)||z > co, ||©(T})||F for all k& > n falls back to the ball of radius ¢, at an
exponential rate.

Thus, if |©(T,)||F > co, then ||©(T,,_1)||F is either greater than ||©(T},)||  or is inside the ball of
radius co. Since we assume 7, — 0o, then we can find a time 7}, such that ||©(T},)||r < ¢y and
|©(T,,11)||r = co. However, by using discrete-time Gronwall inequality, we have

\/?Am X N bIIl X
”@( n+1)||oo < H@( n+1 — )HOO =+ O‘Tn+1—1Ta||®(Tn+l - l)Hoo + aTn“—l\/[? ﬁa
Thy1—Thn

III'(IX bmax
< H@( oo + f Z T, +s H@(T + 8)lloo + AT, 45— 3

— T, —T,
bII] X KAII] X " )
<VEKco+ VE(T + sup ) Ba 3 =Y ar, 50T + 5) s
n s=0

\/EAH’]?LX }

B

which implies that ||©(T},1)||r can be bounded if ||©(T},)||» < co. This leads to a contradiction.

<f(co+(T+supan)bB )exp{(T+supozn)

Moreover, let Cj = sup,, ||O(T;,) | r < oo, then Cp = sup,, |0, [|r < C5C; < oco. [

Recall the update of ég in (9):
0! ”J 0! + o A(X )9j+bj(X) .
t+1 = t t t)Vt t

From the definition that (§), = % SN Giand (), = £ SN | 67, we have

(011 = ()¢ +  A(X) (0)s + ~ Z b (Xy)
:w%+%M&Mm+%;¥%m+%% (2)

where p; = A(X:)(0): — A(Xt2<§>t. From Lemma 18, we have ||(0); 2 < max;ey ||0i]]2 < Cy for
all t > 0, which implies that ||{6):]|2 < NCy and

i = lodlla = || ACX0)6): — ACX) B):

where fimax = (N + 1) ApaxCo.

9 < Hmax,

Lemma 19 Suppose that Assumptions 2 and 5 hold and {G} is uniformly strongly connected by
sub-sequences of length L. Let €; = inf;>o min;ey (W --- Woly)™ Forallt > 0andi €V,

N
8 o , .
10741 — (B)ell2 < agtH >0 + an A(X0)6j + b’ (Xo) 2
=1
ﬁAmaxCQ + bmax

€1 1—¢€

(O[OEt/2 + ar%]) + apAnaxCo + atbmax7

where €1 > 0 and € € (0, 1) satisfy 1 > ﬁ and € < ( L)VE,
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921 Proof of Lemma 19: Since €; = inf;> miniev(Wt . Wol N)i and all weight matrices WS are
922 column stochastic matrices for all s > 0, from Corollary 2 (b) in [1], we know that ¢; < ﬁ If the
923 weight matrices are doubly stochastic matrices, then ¢; = 1.

924 From Assumption 2 and Lemma 18, we know that || A(X;)0! + b*(X;)|l2 < AmaxCo + bmax. Then,
925 by using Lemma 1 in [1], forall £ > 0 and ¢ € V we have

||9t+1 <9~>t — o A(Xe)(0): — — sz Xt)l|2

N
S _t| Z : + OéoA XO)eo + aOb (XO ||2 + Z e el AmaxCO + bmax))
i=1 s=0
8 ~ . )
< aftH Z 06 + a0 A(Xo)0 + b’ (Xo) ||
i=1
8 L5) t
+ :(Amaxce + bmax) Et_sas + Z Et_SO[s
1
s=0 s=T4]

N
8 — ni 8 Amaxc + bmax —
<7 36 + anA(Xo)0 + ahi (Xo) |2 + *19—_6 (aoet/Q + 04%1) :
=1

926 which implies that

16741 — (B):ll2

< 16541 = (0)s — A(X)(0): — fo Xp)ll2 + el AKX (0)e + Zb’ Xp)ll2
=1
S 8 AmaxCo + b
= ) i i max 0 max 4
<7 290 + a0 A(X0)ff + 00! (Xo) [ + - =R (@02 +ary)

+ atAmaxCO + atbmax~
927 This completes the proof. ]

Ztk:() Hi

EZ:O lloxll2 0
t+1 -

t+1

928 Lemma 20 lim;_, oo py = limy o0 ||pt|l2 = 0 and limy—, oo = limy_y o

929 Proof of Lemma 20: From Lemma 19, we have

i = lloella = [ ACX)(0): = ACX) )

8Amax — A 8Amax N K Amaxc + bmax
< Hmexeria), + VI (A Co + b) (312 4 1)
€1 €1 1—¢€

930 Since € € (0, 1), then lim;_, ||pt||2 = 0. Next, we will prove that lim;_, o, f-%l Z};:o lpxll2 = 0.

931 For any positive constant ¢ > 0, there exists a positive integer T'(c), depending on ¢, such that
932Vt > T(c), we have ||p¢]|2 < c. Thus,

1 12 = 12 1—7(c)
thpkur D S e S N
k=T(c)+1

933 Let? — oo on both sides of the above inequality. Then, we have

t—1-—
< im ——— ¢ =
Jim - ZHPkHz Jm Z lpxll2 + Jim ; c=c
bz
934 Since the above argument holds for arbitrary positive ¢, then lim;_, H-% ZZ:O lloxll2 = 0. ]
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935 Lemma 21 Suppose that Assumptions 2 and 3 hold. When the step-size o and corresponding mixing
036 time T(ay) satisfy 0 < ap7(a) < iog we have for any t > T,

t—1 t—1
||<9>t - <0>t—‘r(at)H2 < 2Amax||<0>t—-r(at) HQ Z ag + 2(bmax + Nmax) Z Ak, (83)
k=t—7 (o) k=t—7(a)
~ - B -1 t—1
||<9>t - <9>t7‘r(at)H2 < 6Amax||<9>tH2 Z ap + 5(bmax + ,U/max) Z g, (84)
k=t—7(c) k=t—7(ay)

16 = (B)t—r(an 13 < 72071 0y T2 (@) AR [(0)e 13 + 5007 () 7 () (Binax + fimmax)”

N 6 bmax + max 2
< 8|83 + e Etiman)” (85)

max

o7 Proof of Lemma 21: From the update of (#), in (82):

(0) 41 = ()1 + o A(Xe)(0): + ~ Z b (Xt) + cupr.

938 Then, we have

||< >t+1||2 (]- + CVt!4rnax)||< > H2 + atbmax + atlffmax'

939 Forallu € [t — 7(a), t], we have

1O ulle < TRy oy (1 + ok Ama) 10)e—r(a ll2
u—1

+ (bmax + ,Ufmax) Z akH;L;kl_;'_l(]- + alAmax)
k=t—7(a)

<em{ Y aAnalBi-r(all2

k=t—7(c)
u—1 u—1
+ (bmax + /J/max) Z Qg GXP{ Z alAmax}
k=t—7(ay) l=k+1

< exp{at—r(at)T(at)Amax} H <9~>t—7(at) ||2

u—1
+ (bmax + ,Ufmax) Z (697 exp{at—r(at)T(at)Amax}
k=t—7(ay)
N u—1
< 2H <0>t—7(at) ||2 + 2(bmax + ,Umax) Z (0778
k=t—7(ay)
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40 where we use ()7 (0t¢) Amax < log2 < % in the last inequality. Thus, for all ¢ > T', we can
941 get (83) as follows:

166 = (0)t—r (a2

t—1
< D KOksr — (B)ll2
k=t—7(ay)
t—1 _ t—1
S Amax Z ak||<9>k”2 + (bmax + Mmax) Z (677
k=t—7 (o) k=t—7(ay)
t—1 _ k—1
S Amax Z ay 2” <0>t7‘r(o¢t) ||2 + 2(bmax + ﬂmax) Z aq
k=t—7 (o) I=t—7(a)
t—1
+ (bmax + Nmax) Z (077
k=t—7(a)
B t—1 t—1
< 2Amax‘|<0>t—7—(at) ||2 Z ok + (QAmaxT(at)at—T(at) + 1) (bmax + N/max) Z 873
k=t—7(ay) k=t—7(ay)
B t—1 5 t—1
S 2AmaxH <9>t7'r(at) ||2 Z ap + g(bmax + ,U/max) Z (675
k=t—7(ay) k=t—7(ay)
B t—1 t—1
S 2AmaxH <0>t—7'(04,,) ||2 Z Qg + 2(bmax + ,LLmax) Z QL.
k=t—7(ay) k=t—7(a)

942 Moreover, by using the above inequality, we can get (84) for all ¢ > T as follows:

16} = (O)t—r(an)ll2

t—1 t—1

_ 5
S 2Amax|| <9>t7‘r(at) ||2 Z (077 + g(bmax + /J/max) Z (077
k=t—7(ay) k=t—7(ay)

- ~ ~ t—1

< 2Amax7_(at)at—7'(o¢t) || <9>t - <9>t—‘r(at) HZ + 2Amax|| <9>t||2 Z (677
k=t—7(ay)
5 t—1
+ g(bmax + ﬂmax) Z (077
k=t—7(ay)
R t—1 t—1
S 6Amax||<9>t||2 Z o + 5(bmax + Mmax) Z Q.
k=t—7(ay) k=t—7(ay)

943 Next, by using (84) and the inequality (z + y)? < 222 + y? for all x,y, we can get (85) as follows:

t—1 t—1

10 = (0)1—r(apll3 < T2AZ 1O) 30 D" an)? +50(bmax + fmax)*( Y )’
k=t—7(ov) k=t—7 (o)

S 720‘152—7'(041,)7-2 (at)AfnaxH <é>tH§ + 50@?—T(at)72(at)(bmax + IUJm‘dX)z
6(bmax + Nmax)2

< 8)1(0)lI3 + ,
Ar2nax
saa  where we use (o) T(0¢) Amax < % in the last inequality. [ ]

35



945 Lemma 22 Suppose that Assumptions 2-5 hold and {G} is uniformly strongly connected by sub-

a6 sequences of length L. When 0 < oy (0T () < 1140g2 , we have for any t > T,

[B[((6): — 0") (P + PT)(A(X0)(0): + B(Xe) "m0 — AlB) — b) | Freriap]l
S O[t_T(at)T(Olt)’Ymax (72 + 456A12nax + 84Amaxbmax + 72Amaxﬂmax) E[” <é>t|‘§ | ft—"’(at)]

bmax + Umax 2 *
(142—/1’) + 152 (bmax + ,Ufmax + Amaxne ||2)2

max

+ Ozt_T(at)T(at)’Ymax 2+ 4“9*”3 + 48

bmax + Hmax

) +1)% + 87(bmax + fmax)”

+ 12Amaxbmax + 48Amax(bmax + ﬂmax)(

947 Proof of Lemma 22: Note that for all ¢t > T, we have
~ _ 1 .
E[((0): — 6") T (P + PT)(A(X)(0): + NB(Xt)TlN —A(0)t = b) | Fir(a)l
+ =0 (P+PT)AXy) = A)O)¢ | Foran)l

< [BI(6)
FIBI@)— )T (P 4+ PT) (B Ly =) | Foro]

< ‘E[(<§>t77(at) - 9*)T(P+ PT)(A(Xt) - A)<é>t7‘r(at) ‘ "T-vtf‘r(at)]‘ (86)
+ [E[(B)t-r(a) =) (P + PTYACK) = (B = Be-rian) | Frran]l 6D
+[BI(6): = (0)i—r(a) T (P + PTYAXD) = A)Oer(a) | Fimrian]| (88)
[BI(8): = (0)i—r(a) T (P + PTIAX) = A)((): = O)i-ra) | Froran]l 89
FIBI(): — B)eran) (P+ P15 B 1y =) | Focrga] (90)
+ [B{({D)1—r(an =) (P+ PU(%B(Xt)TlN =) | Feerian]l- O1)

a8 By using the mixing time in Assumption 3, we can get the bound for (86) and (91) for all ¢ > T
EI(0)—r(a) = 09) T (P + PT)AXe) = A)0)t—r(ae) | Frrian)l

S |(<0>t—7(at) - 9*)T(P+ PT)E[A(Xt) —-A ‘ ]:t—'r(at)]<0>t—'r(at)|

< 2at7maxE[||<0>t—7—(at) - 9*”2H<9>t—‘r(at)‘|2 | ft—r(at)]

< @ YmaxB[{0):—r(ae) — 07113 + [0 s—r(an) 13 | Fi-r(an]

< at'}/maxEPHH*”g + 3||<9>t77(at)||§ | ‘th‘r(at)]

< Gat’}/ﬂlaXEHKG% - <9>t77(at)”§ | ‘th‘r(at)] + 6atr7maxE[||<6>tH§ | ]:tfr(at)] + 2at7rnax||9*”%
(bmax + ,umax)2 *
B L1004 167 3 ©2)

max

< 54at’7maxE[H<é>tH% | ]:tf'r(at)] + 36at’ymax
949 where in the last inequality, we use (83) from Lemma 21.

BI@1—rte) — )T (P + P B Ly =) | Foro]

N
< (e rta = 07T (P PT) o S B (X ~ 8| Forrga]
i=1
< 29max B[ (0)i—r(ar) = 0712 | Fioran]
< 2t (1+ FBh-ap | Fimrtan) + 31015 )
< Nt (14 B )1 ray — O0l3 | Frrto] + BB | Focriap] + 16°12)

N bmax + max 2 *
< e (14 SBI G | Ficsa] + 62 ) o) ©3)

max
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950 where in the last inequality we use (83).

951 Next, by using Assumption 2, (83) and (85), we have

E((0)t—r(ar) — )T (P + PTYAXe) = A)((0) = (0)i—r(a) | Frmrian]l
< Dmax AmaxE[[(0)t—r(a) = O [210)s = (O)t—r(anll2 | Frran)]
< Dymax AmaxE[[(0) e —r (o) [12]10)s = (O)e—r(anll2 | Frr(a)]

+ 47maxAmax||9*‘|2E[||<é>t - <0~>t—7(at)H2 | ]:t—T(ou,)]

t—1
< 8’YmaXA?naxE[”<6>t—7'(at)||g ‘ ft—‘r(at)] Z Ok
k=t—7(c)
t—1
+ 8’YmaxAmax(bmax + Mmax) He* ||2 Z af
k=t—7(ay)
bmax + ,umax * s
b S (2 0 ) Bl | Firt)
max
B t—1
< 12eraXAI?naXE[||<0>t—T(OQ)||g | ‘Ft—T(Olt)] Z (875
k=t—7 (o)
bm x T Mmax * 2 =
Sl (22 ) S
max k=t—7(ay)

t—1
< 24'VmaxAi1axE[”<9>t - <0>t—7'(0¢t)||% | -Ft—‘r(at)] Z

k=t—7(ay)
B t—1
+ 247maxA§1axE[”<0>t”g ‘ -Ft—‘r(at)] Z Qg
k=t—7 (o)
bl’l’l X + max * 2 t_l
S (P o)) Y
max k=t—7(ay)
B t—1
< 2167maxAx211axE[‘|<9>t||§ | ft—T(at)] Z Ak
k=t—71(ay)
t—1

+ 1527max (bmax + Hmax + Amax||0*||2)2 Z .

k=t—7(ay)
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952

953

954

In additional, as for the bound of (88), by using (83) and (85), we have

IE[((0)t — (0)t—r(a)) (P +PT)AXe) — A)O)t—r(a) | Fror(an]l
S 4PYInaxAmaxE[||<§>t - <é>t—7’(at)||2||<§>t—‘l'(0¢t)||2 | ]:t_T(at)]

t—1
< 8’YmaxAmaXE[AmaX||<9>t77(m)”g + (bmax + UmaX)H<0>t77(a1)”2 | ]:tf‘r(oct)} Z Qg
k=t—7(ay)
~ t—1
< 4'7maxAmax(2Amax + bmax + Mmax)E“|<9>t77(o¢t) ”% | ]:tf'r(at)] Z g
k=t—7 (o)
t—1
+ 4’7maxAmax(bmax + Nmax) Z (077
k=t—7(a)
t—1
S 8’YmaxAmaX(2Amax + bmax + ,Umax) H|< > < >t (o) ||2 ‘ -/rt ‘r(at)] Z Qg
k=t—7(a)
B t—1
+ 8'7maxAmax(2Amax + bmax + Mmax)EHKa)tH% | ]:tf'r(at)] Z A
k=t—7 (o)
t—1
+ 4’7maxAmax(bmax + Nmax) Z (077
k=t—7(a)
B t—1
<72 ’YmaxAmax(QAmax + bax + MmaX)EH|<0>t”§ ‘ ft*"—(at)] Z Qf
k=t—7(c)
A t—1
max max 2
+ 487maxAmax(bmaX + Mmax)(m + 1) Z Q. (95)
k=t—7(ay)
Moreover, by using (85), we can get the bound for (89) as follows:
[EI(0): = (0)1—r(an) T (P + PT)AX) = A)((0)e = (O)1—r(a) | Frrian)]]
S 4')/maxAmaxE[||<8>t - <0>t—'r(o¢t)H% | ‘Ft—T(Oét,)”
. t—1 2
< 4’7maxAmaxE[72Ar2nax”<0>t”§ + 50(bmax + /~Lmax)2 | ft—T((xt)} Z Qe
kzt—‘f'(()ét)
~ t—1 t—1
< 96A?nax'7maxE[||<9>tH§ ‘ ]:tfr(at)] Z o + 67 (bmax + MmaX)Q'Ymax Z Q-
k=t—7(c) k=t—7(ay)
(96)
Finally, we can get the bound of (90) by using (84)'
[E[(0): = (0)1—r(an) (P + PT)(5 B(Xt)TlN =) | Frr(anl
< 4’Yma,x max H|< > < >t (o) ||2 ‘th 7( at)]
~ t—1
S 4’YmaxbmaxE[6Amax||<9>t||2 + 5<bmax + /’Lmax) ‘ ]:tf‘r(at)] Z Qe
k=t—7(c)
t—1
< 12’YmaxAmaX max [||< > ||g ‘ ft—‘r(at)] Z Qg
k=t—7(ay)
t—1
+ (12Amax + 2Obmax + QOHmax)’Ymaxbmax Z Q. (97)
k=t—7(ay)
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955 Then, by using (92)—(97), we have
[E[((0): — 0) " (P + PT)(A(X:)(0): + B(Xe) o1 — A0)e = ) | Firan]|

(bmax + Hmax ) 2

< 54at’7maxEH|<9~>t”§ | ]:t—‘r(at)] + 36at7max + 2at7max‘|9*”§

AIQIlaX
s bmax + ﬂmax 2 *
Dt (14 9B 15 | Firno] + 622 00 )
max
t—1
+2167max max H|< > ”% | ft—f(m)] Z Ak
k=t—7(c)

t—1
+ 1527max (bmax + Hmax + Amaxna* ||2)2 Z (697

k=t—7(a)
t—1
+ 72 'YmaxAmaX(2Amax + bmax + MmaX)EH|<9>t”§ | }-tf‘r(at)] Z Qg
k=t—7 (o)
48 A b bmax + Mmax 1)2 —
+ Ymax max( max + Mmax)(Tlax + ) Z (0753
k=t—7(ay)
t—1 t—1
+ 96Ar2nax’YmaXE[”<9>t”§ ‘ ft_T(at)] Z ag + 67(bmax + Nmax)z%nax Z Qg
k=t—7 (o) k=t—7(a)
t—1

+ 12Vmax Amaxbmax [||< > ||§ I]:tff(at)] Z Ok

k=t—7(ay)

t—1
+ (12Amax + 20bmax + 20Nmax)7maxbmax Z Qg
k=t—7(ay)

< at—T(at)T(at)’ymax (72 + 456A12nax + 84Amaxbmax + 72Amax/14max) E[” <é>tH§ | -Ft—T(a,,)]

(bmax + ,LLmax)2

+ O‘t—T(at)T(O‘t)’Ymax 2 4 40" ||§ +48 + 152 (bmax + Hmax + Amax||0” ”2)2

AI2H8.X
bmax + HMmax 2 2
+ 12Amaxbmax + 48Amax(bmax + Hmax)(Ai + 1) + 87(bmax + Mmax) )
956 where we use oy < ai—rq, from Assumption 5 and 7(ay) > 1 in the last inequality. This completes
957 the proof. ]
958 Lemma 23 Suppose thatAssumptions 2—4 hold and oy = +1 When juy + 7 (0 )0ty —7(a,)Cs < VO 1
959 and T(ay)oy_ o) < m1n{ 10g2 =, Cg'v } we have fort > T,
. T ~ CoarClog? (L)
E 0 _ 0* 2 < max 9* max
B ess = 0°13) < g T BBy — 03] 4+ e T
t+1
+ Ymax Zl:T Hi
Qg — 1
“Ymin t+ 1

o0 where T is defined in Appendix A.2, (s and Cy are defined in (18) and (19), respectively.

961 Proof of Lemma 23: Let H((6),) = ((8); — 6*)T P((); — 6*). From Assumption 4, we know that
Yaninl[(B)e — 6713 < H((B)e) < maxl(6) — 673
g2 Recall the update of (A); in (82):

<é>t+1 = <§>t + O[tA(Xt)<9 t + — Z bz Xt + QP
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963 From Assumption 2, for ¢t > T we have

H((0)¢+1)
= ((0)41 — 0")TP((0)e41 — 07)
N T
= <<é)t + a A(X,)(0), + % Zbi(xt) + aypr — 9*) P

N
(0); + a A(X)(0); + % Z b (Xy) + aupr — 9*)
= ((0)e = 0") T P((0) — 0%) + o (A(X:)(0)e) " P(A(X)(0)e)

+ F(B(Xt)TlN)TP(B(Xt)TlN) + %(A(Xt)<é>t)T(P+ P (B(Xy)"1n) + afp/ Pp

+af (A(X:) (0) + %B(Xt)TlN)T(P +PNYpr + au((B), — )T (P+ P )p,

(@)~ 6) (P + PTIAX) )+ - BX) 1y — Af), ~b)
+ () = 0) T P(A(); +b) + ar(A(6): +b) " P((0) — 67)

= H((B)0) + o (ACX)(0)) TP B)0) + w5 (BOO) T 16) T PB(X) 1y)
+ S0 (P + PTIB) ) + 2ol Py
F oA+ B T10) (P + P+ anl(B)—0%)T (P+ P )y

(@)= 00T (P + PTY(AX) @) + 1 BOWD) Ly = AB)e — )
+ar({f) = 07) T (PA+ ATP)({0): — 0), (98)

964 where we use the fact that A0* + b = 0 on the last equality.
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965 Next, we can take expectation on both sides of (98). From Assumption 4 and Lemma 22, for¢t > T
96 we have

[H(<5>t+1)]

E[H((0)0)] + of E[(A(X0)(0):) " P(A(X.)(0)0)] — ae B[ (0): — 0°3] + Elai o Ppi]
2 2
+ S5EBO) 1) TP(BX) 1x)) + TEEIAX)(8))T (P + PT)(B(X,) " 1y)

+ a7 B[(A(X0)(0) + iB(Xze)lev)T(P + PT)Pt] +aE[() —0") T (P+ PT)pi

+aE[((0), — ") (P + PT)(AX,)(6), + B(Xt)T]-N A(f)e = b)]

S E[H((0)e)] + 0f A2 o YmaxBI[(0): ]3] — atE[H( ) — 0% |13] + 20 Ymax || ot 2E[|(0) — 07|2]
+ & Ymaxbax + 207 Ymax Amaxbmax B[ (0)¢]|2] + 0 YmaxitZiax
+ 207 Ymaxmax (AmaxE[|[(0)¢]|2] + bmax)
+ @0 r(a)T(@)Tmax (72 + 456474 + 84 Amaxbmax + T2 Amaximax) E[[(0)¢13]
(Dmax + Hmax)?
A2

max

+ atatf'r(at)T(at)’ymax |:2 + 48 + 152 (bmax + Hmax + AmaxHe* ||2)2

bmax + fimax
Amax
< E[H(@)t)] + (—at + ayymaxllptl2) E [||<é>t - 9*”%] + Q¢ Ymax | ot 2
F (o) T () max (72 + 45842, + 84 Amaxbmas + T2 Amax imax) B[ (8)]|3]
(bmax + ,Umax)2
A2

max

+ 4H9* ||§ + 12Amaxbmax + 48Amax(bmax + lffmax)( + 1)2 + 87(bmax + Nlmax)2:|

+ atat—‘r(at)’r(at)’ymax |:2 + 48 + 152 (bmax + ,U/max + Amaxna* H2)2

bmax + Hmax

Jr 4H9* ||§ + 12Amaxbmax Jr 48Amax(bmax Jr ,Ufmax)( A
max

+ 1) + 89(bymax + umax)Q] .

o7 Using the facts that E[||(6)[[3] < 2B[||(6): — 6*|13] + 2[|6*||3 and Ymin||(6): — 67 (|3 < H(():) <
968 Ymax||(0): — 0% |3, then

E[H((0):+1)]
S E[H((0)1)] + (— + e Ymaxtte) B[ (0) — 0°(|3] + 0 Ymaxhte
+ 207 Ymax (Bmax + Hmax )
2000 () () Y (72 + 45842, + 84 Apacbma + T2 Amaschimax) Bl (0) — 07[|2]
+ 2040 — 7 (0) T () Yimax (72 + 45842 4, + 84 Amaxbmax + T2Amax/tmax) |07 13
(Do + fimax)?
AQ

max

+ atO‘t—T(oct)T(O‘t)P)/max 2+48 + 152 (bmax + Hmax + AmaxHG* ||2)2

bmax + Hmax
Amax
< E[H((0)0)] + (=0 + armaxkie + 010t (a,) () YmasxGs) B[ (0): — 673]
+ O‘tat—T(at)T(at)’YmaxCQ + Ot Ymax Mt -

+ 4H9* ||§ + 12Amaxbmax + 48Amax(bmax + ,Umax)( + 1)2 + 87(bmax + ,u'max)2
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969 Moreover, from o = 7 +1’ g > 7’"” and the definition of T, for all t > T we have
~ 0.9c
E[H((0)t+1)] < (1 - :

)E[H(<0~>t)] + atat—T(ozf,)T(Oét)’ymax(Q + Ot Vmax it
i
max
t ~ 1253 oz%C’ log(%)’}/maxg)

< T BHUO] + comma T+ O e 7 1)

= t

T ~ J17— U
< —E[H((0)7 max —I0,  —
< PO + a0 T

+1
Clog(“:") - m
I+ —7() +1) “=Hut1

+ a(Q)'YmaxC

1M

T ~ ‘ OF Vmax : C’log(ai)
= BHO)D)] + 0 Y 7 OV@ZZ

t+1 l_Tt+1 t+1 o) +

T ; Sp | 03 YmaxCo 2Clog(i)
< —EIH 9 _ max =T 0 /max
“t+1 [H({0)7)] + o P Z I+1

T ~ Zt+1 i gaO’YmaxOlOg (t+1)
< —E[H({0)7 max =7
< T BHO)0)] + 00mman =L e ©9)

970 where we use
2204 olog(42) <1o2(EL
ul l+1 - g Qo

o71  to get the last inequality. Then, we can get the bound of E[[|(6),11 — 6*||3] from (99) as follows:
E[[|(0)e1 — 0[13)

1 ~
< P~ E[H((0)1+1)]
= t+1
T Amax gy B35 — 6°[2] + CoaoClog?(E) g T 21T Mt
ot + 1 “Ymin t + 1 Ymin Ymin t + 1
972 This completes the proof. ]

973 We are now in a position to prove Theorem 5.

974 Proof of Theorem 5: Note that
N , N , . }
D E[I67 — 07151 <2 E[l[6;, — (0)ll3] + 2NE[[|(6): — 673)-
= i=1

975 By using Lemmas 19 and 23, for any ¢ > T, we have

ZE [l — o]

16 _ ~i i i 16 Am XC + bm b'e 4
< TGtE || ZGO + OéQA(Xo)HO + agb (X())HQ] + g% (Oéoet/Q + Oé[%*\)
=1
2TN max «
+ 204 A Oy + 20bas + =~ B (07 — 03]
2N (gagC'lo -
CQ 0 g ( ) Ymax + QQON’YH'I&X ZZ:T Hi
4 Ymin Ymin t
t
t 1
SC7€t+Cg (QQEQ +Ol|';'|)+090zt+t<01010g ( )+011lz,1;,ul+012)-
976 This completes the proof. ]
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