
A List of Constants590

In this appendix, we list all the constants used in our main results, Theorems 3 and 5. They are finite591

and their expressions do not affect the understanding of the theorems. Since their expressions are592

quite long and complicated, we begin with the following set of constants, based on which we will be593

able to present the constants used in the theorems and the proofs of the theorems in an easier way. We594

hope that this way can also help the readers to better understand and follow our results and analyses.595

The first constant ζ1 is defined as follows. Recall that ε is given in (6) as596

ε =

(
1 +

2bmax

Amax
− πminβ

2L

2δmax

)
(1 + αAmax)2L − 2bmax

Amax
(1 + αAmax)L.

ζ1 is defined as the unique solution for which ε = 1 if α = ζ1. The following remark shows why ζ1597

uniquely exists.598

Remark 5 From (6), it is easy to see that ε is monotonically increasing for α > 0. Define the599

corresponding monotonic function as600

f(α) =

(
1 +

2bmax

Amax
− πminβ

2L

2δmax

)
(1 + αAmax)2L − 2bmax

Amax
(1 + αAmax)L.

Note that 0 < f(0) < 1 and f(+∞) = +∞. Thus, f(α) = 1 has a unique solution ζ1. �601

The other constants are defined as follows:602

ζ2 =
4b2max

A2
max

[
(1 + αAmax)L − 1

]2
+ 2bmax

(1 + αAmax)L − 1

Amax
(1 + αAmax)L (12)

ζ3 =
(
144 + 4A2

max + 912τ(α)A2
max + 168τ(α)Amaxbmax

)
‖θ∗‖22

+ τ(α)A2
max

[
152

(
bmax

Amax
+ ‖θ∗‖2

)2

+
48bmax

Amax

(
bmax

Amax
+ 1

)2

+
87b2max

A2
max

+
12bmax

Amax

]
+ 2 + 2b2max + 4‖θ∗‖22 +

48b2max

A2
max

(13)

ζ4 =
√
Nbmax

(
2 +

12b2max

A2
max

+ 38‖θ∗‖22
)

(14)

ζ5 = 144 + 916A2
max + 168Amaxbmax (15)

ζ6 = 4b2maxαL
2(1 + αAmax)2L−2 + 2bmaxL(1 + αAmax)2L−1 (16)

ζ7 = (148 + 916A2
max + 168Amaxbmax)‖θ∗‖22 + 2 +

48b2max

A2
max

+ 152

(
bmax +Amax‖θ∗‖2

)2

+ 89b2max + 12Amaxbmax + 48Amaxbmax

(
bmax

Amax
+ 1

)2

(17)

ζ8 = 144 + 916A2
max + 168Amaxbmax + 144Amaxµmax (18)

ζ9 =

[
2 + (4 + ζ8)‖θ∗‖22 + 48

(bmax + µmax)2

A2
max

+ 152 (bmax + µmax +Amax‖θ∗‖2)
2

+ 12Amaxbmax + 48Amax(bmax + µmax)

(
bmax + µmax

Amax
+ 1

)2

+ 89(bmax + µmax)2

]
(19)

Here µmax = (N + 1)AmaxCθ, where Cθ is a finite number defined in Lemma 18 which can be603

regarded as an upper bound of 2-norm of each agent i’s state θit generated by the Push-SA algorithm604

(9).605
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A.1 Constants used in Theorem 3606

K1 = min

{
ζ1,

γmax

0.9

}
K2 = 144 + 4A2

max + 912τ(α)A2
max + 168τ(α)Amaxbmax (20)

C1 =
γmax

γmin
(8 exp {2αAmaxT1}+ 4)E

[
‖〈θ〉0 − θ∗‖22

]
+ 8

γmax

γmin
exp {2αAmaxT1}

(
‖θ∗‖2 +

bmax

Amax

)2

C2 =
2ζ2

1− ε
+
γmax

γmin
· 2αζ3γmax + 4γmaxζ4

0.9

C3 =
2ζ6

1− ε
C4 = 2ζ7α0C

γmax

γmin

C5 = 2α0ζ4
γmax

γmin

C6 = 2LT2
γmax

γmin
E
[
‖〈θ〉LT2 − θ∗‖22

]

T1 is any positive integer such that for all t ≥ T1, there hold t ≥ τ(α) and 36
√
Nbmaxηt+1γmax +607

K2αγmax ≤ 0.1.608

Remark 6 We show that T1 must exist. From 0 < α < min{K1,
log 2

Amaxτ(α) ,
0.1

K2γmax
}, it is easy to609

see that the feasible set of α is nonempty and K2αγmax < 0.1. Since limt→∞ ηt = 0 by Lemma 8610

and τ(α) ≤ −C logα by Assumption 3, there exists a time instant T ≥ −C logα such that for any611

t ≥ T , there hold t ≥ τ(α) and ηt+1 ≤ (0.1 −K2αγmax)/(36
√
Nbmaxγmax), which implies that612

T1 exists. �613

T2 is any positive integer such that for all t ≥ LT2, there hold αt ≤ α, 2τ(αt) ≤ t, τ(αt)αt−τ(αt) ≤614

min{ log 2
Amax

, 0.1
ζ5γmax

} and ζ5αt−τ(αt)τ(αt)γmax + 36
√
Nbmaxηt+1γmax ≤ 0.1.615

Remark 7 We explain why T2 must exist. Since αt = α0

t+1 is monotonically decreasing for t616

and τ(αt) ≤ −C logαt = −C logα0 + C log(t + 1) from Assumption 3, there exists a positive617

S1 such that for any t ≥ S1, we have αt ≤ α and t ≥ 2τ(αt) for any constant 0 < α <618

min{K1,
log 2

Amaxτ(α) ,
0.1

K2γmax
}. Moreover, it is easy to show that619

lim
t→∞

t− τ(αt) ≥ lim
t→∞

t+ C logα0 − C log(t+ 1) = +∞,

lim
t→∞

τ(αt)αt−τ(αt) ≤ lim
t→∞

−Cα0 logα0 + Cα0 log(t+ 1)

t− τ(αt) + 1
= 0.

Then, there exists a positive S2 such that for any t ≥ S2, we have τ(αt)αt−τ(αt) ≤620

min{ log 2
Amax

, 0.1
ζ5γmax

}. In addition, since limt→∞ ηt = 0 from Lemma 8, when τ(αt)αt−τ(αt) ≤621

0.1
ζ5γmax

, there exists a positive S3 such that for any t ≥ S3, we have ηt+1 ≤ (0.1 −622

ζ5αt−τ(αt)τ(αt)γmax)/(36
√
Nbmaxγmax). Therefore, T2 must exist as we can simply set T2 =623

max{S1, S2, S3}. �624
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A.2 Constants used in Theorem 5625

C7 =
16

ε1
E

[∥∥∥ N∑
i=1

θ̃i0 + α0A(X0)θ̃i0 + α0b
i(X0)

∥∥∥
2

]
C8 =

16

ε1
· AmaxCθ + bmax

1− ε̄
C9 = 2AmaxCθ + 2bmax

C10 = 2Nζ9α0C
γmax

γmin

C11 = 2α0N
γmax

γmin

C12 = 2T̄N
γmax

γmin
E
[
‖〈θ̃〉T̄ − θ∗‖22

]

Here ε1 is a positive constant defined as ε1 = inft≥0 mini∈V(Ŵt · · · Ŵ01N )i. From Corollary 2 (b)626

in [1] and the fact that each Ŵt is column stochastic, ε1 ∈ [ 1
NNL , 1]. See Lemma 19 for more details.627

T̄ is any positive integer such that for all t ≥ T̄ , there hold 2τ(αt) ≤ t, µt+τ(αt)αt−τ(αt)ζ8 ≤ 0.1
γmax

628

and τ(αt)αt−τ(αt) ≤ min{ log 2
Amax

, 0.1
ζ8γmax

}.629

Remark 8 From Lemma 20, limt→∞ µt = 0. Then, using the similar arguments as in Remark 7, we630

can show the existence of T̄ . �631

B Analysis and Proofs632

In this appendix, we provide the analysis of our two algorithms, (1) and (9), and the proofs of all the633

assertions in the paper. We begin with some notation.634

B.1 Notation635

We use 0n to denote the vector in IRn whose entries all equal to 0’s. For any vector x ∈ IRn, we use636

diag(x) to denote the n× n diagonal matrix whose ith diagonal entry equals xi. We use ‖ · ‖F to637

denote the Frobenius norm. For any positive diagonal matrix W ∈ IRn×n, we use ‖A‖W to denote638

the weighted Frobenius norm for A ∈ IRn×m, defined as ‖A‖W = ‖W 1
2A‖F . It is easy to see that639

‖ · ‖W is a matrix norm. We use P(·) to denote the probability of an event and E(X) to denote the640

expected value of a random variable X .641

B.2 Distributed Stochastic Approximation642

In this subsection, we analyze the distributed stochastic approximation algorithm (1) and provide the643

proofs of the results in Section 2. We begin with the asymptotic performance.644

Proof of Lemma 1: Since the uniformly strongly connectedness is equivalent to B-connectedness as645

discussed in Remark 2, the existence is proved in Lemma 5.8 of [2], and the uniqueness is proved in646

Lemma 1 of [3].647

Proof of Theorem 1: Without loss of generality, let {Gt} be uniformly strongly connected by648

sub-sequences of length L. Note that for any i ∈ V , we have649

0 ≤ πmin‖θit − 〈θ〉t‖22 ≤ πmin

N∑
j=1

‖θjt − 〈θ〉t‖22 ≤
N∑
j=1

πjt ‖θ
j
t − 〈θ〉t‖22, (21)
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where πmin is defined in Lemma 1. From Lemma 9,650

lim
t→∞

N∑
i=1

πit‖θit − 〈θ〉t‖22

≤ lim
t→∞

ε̂qt−T
∗
4

N∑
i=1

πiT∗
4 L+mt

‖θiT∗
4 L+mt

− 〈θ〉T∗
4 L+mt

‖22 + lim
t→∞

ζ6
1− ε̂

(
α0ε̂

qt−1
2 + αd qt−1

2 eL

)
= 0. (22)

Combining (21) and (22), it follows that for all i ∈ V , limt→∞ πmin‖θit − 〈θ〉t‖22 = 0. Since651

πmin > 0 by Lemma 1, limt→∞ ‖θit − 〈θ〉t‖2 = 0 for all i ∈ V .652

Proof of Theorem 2: From Theorem 1, all θit, i ∈ V , will reach a consensus with 〈θ〉t and the653

update of 〈θ〉t is given in (4), which can be treated as a single-agent linear stochastic approximation654

whose corresponding ODE is (5). From [4, 5],1 we know that 〈θ〉t will converge to θ∗ w.p.1,655

which implies that θit will converge to θ∗ w.p.1. In addition, from Theorem 3-(2) and Lemma 8,656

lim→∞
∑N
i=1 π

i
tE[‖θit − θ∗‖22] = 0. Since πit is uniformly bounded below by πmin > 0, as shown in657

Lemma 1, it follows that θit will converge to θ∗ in mean square for all i ∈ V .658

We now analyze the finite-time performance of (1). In the sequel, we use K to denote the dimension659

of each θit, i.e., θit ∈ IRK for all i ∈ V .660

B.2.1 Fixed Step-size661

We first consider the fixed step-size case and begin with validation of two “convergence rates” in662

Theorem 3.663

Lemma 2 Both ε and (1− 0.9α
γmax

) lie in the interval (0, 1).664

Proof of Lemma 2: Since 0 < α < K1 = min{ζ1, γmax

0.9 } as imposed in Theorem 3, we have665

0 < α < ζ1 and 0 < α < γmax

0.9 . The latter immediately implies that 1 − 0.9α
γmax

∈ (0, 1). From666

Remark 5, ε is monotonically increasing for α > 0. In addition, from the definition of ζ1 in Section A667

that if α = ζ1, then ε = 1. Since 0 < α < ζ1, it follows that 0 < ε < 1.668

To proceed, we need the following derivation and lemmas.669

Let Yt = Θt − 1N 〈θ〉>t = (I − 1Nπ
>
t )Θt. For any t ≥ s ≥ 0, let Ws:t = WtWt−1 · · ·Ws. Then,670

Yt+1 = Θt+1 − 1N 〈θ〉>t+1

= WtΘt + αWtΘtA
>(Xt) + αB(Xt)− 1N (〈θ〉>t + α〈θ〉>t A>(Xt) + απ>t+1B(Xt))

= Wt(I − 1Nπ
>
t )Θt + αWt(I − 1Nπ

>
t )ΘtA

>(Xt) + α(I − 1Nπ
>
t+1)B(Xt)

= WtYt + αWtYtA
>(Xt) + α(I − 1Nπ

>
t+1)B(Xt). (23)

For simplicity, let Y it be the i-th column of matrix Y >t . Then,671

Y it+1 =

N∑
j=1

wijt Y
j
t + αA(Xt)

N∑
j=1

wijt Y
j
t + α

(
bi(Xt)−B>(Xt)πt+1

)
. (24)

1On page 1289 of [4], it says that the idea in [5] can be adapted to get the w.p.1 convergence result.
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From (23), we have672

Yt+L = Wt+L−1Yt+L−1(I + αA>(Xt+L−1)) + α(I − 1Nπ
>
t+L)B(Xt+L−1)

= Wt+L−1Wt+L−2Yt+L−2(I + αA>(Xt+L−2))(I + αA>(Xt+L−1))

+ αWt+L−1(I − 1Nπ
>
t+L−1)B(Xt+L−2)(I + αA>(Xt+L−1))

+ α(I − 1Nπ
>
t+L)B(Xt+L−1)

= Wt:t+L−1Yt(I + αA>(Xt)) · · · (I + αA>(Xt+L−1)) + α(I − 1Nπ
>
t+L)B(Xt+L−1)

+ α

t+L−2∑
k=t

Wk+1:t+L−1(I − 1Nπ
>
k+1)B(Xk)

(
Πt+L−1
j=k+1(I + αA>(Xj))

)
, (25)

and673

Y it+L =
(
Πt+L−1
k=t (I + αA(Xk))

) N∑
j=1

wijt:t+L−1Y
j
t + αb̂it+L,

where674

b̂it+L = (bi(Xt+L−1)−B(Xt+L−1)>πt+L)

+

t+L−2∑
k=t

(
Πt+L−1
j=k+1(I + αA(Xj))

) N∑
j=1

wijk+1:t+L−1(bj(Xk)−B(Xk)>πk+1).

Lemma 3 Suppose that Assumption 1 holds and {Gt} is uniformly strongly connected by sub-675

sequences of length L. Then, for all t ≥ 0,676

N∑
i=1

πit+L

N∑
j=1

N∑
k=1

wijt:t+L−1w
ik
t:t+L−1‖Y

j
t − Y kt ‖22 ≥

πminβ
2L

δmax

N∑
i=1

πit‖Y it ‖22,

where β > 0 and πmin > 0 are given in Assumption 1 and Lemma 1, respectively.677

Proof of Lemma 3: We first consider the case when K = 1, i.e., Y it ∈ IR,∀i. From Lemma 1, we678

have679

N∑
i=1

πit+L

N∑
j=1

N∑
l=1

wijt:t+L−1w
il
t:t+L−1‖Y

j
t − Y lt ‖22

≥ πmin

N∑
i=1

N∑
j=1

N∑
l=1

wijt:t+L−1w
il
t:t+L−1‖Y

j
t − Y lt ‖22.

Let j∗ and l∗ be the indices such that680

|Y j
∗

t − Y l
∗

t | = max
1≤j,l≤N

|Y jt − Y lt |.

From the definition of Yt, Y
j
t − Y lt = θjt − θlt for all j, l ∈ V , which implies that681

|Y j
∗

t − Y l
∗

t | = max
1≤j,l≤N

|Y jt − Y lt | = max
1≤j,l≤N

|θjt − θlt| = |θ
j∗

t − θl
∗

t |.

Since ∪t+L−1
k=t Gk is a strongly connected graph for all t ≥ 0, we can find a shortest path from682

agent j∗ to agent l∗: (j0, j1), · · · , (jp−1, jp) with j0 = j∗, jp = l∗, and (jm−1, jm) is the edge of683

graph ∪t+L−1
k=t Gk, for 1 ≤ m ≤ p, which implies that684

N∑
i=1

N∑
j=1

N∑
l=1

wijt:t+L−1w
il
t:t+L−1‖Y

j
t − Y lt ‖22

≥
N∑
i=1

p∑
m=1

w
ijm−1

t:t+L−1w
ijm
t:t+L−1(Y

jm−1

t − Y jmt )2. (26)
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Moreover, we have685

N∑
i=1

w
ijm−1

t:t+L−1w
ijm
t:t+L−1 ≥ w

jm−1jm−1

t:t+L−1 w
jm−1jm
t:t+L−1 + w

jmjm−1

t:t+L−1w
jmjm
t:t+L−1 ≥ β

2L. (27)

Then, from Jensen’s inequality, (26) and (27), we have686

N∑
i=1

πit+L

N∑
j=1

N∑
l=1

wijt:t+L−1w
il
t:t+L−1‖Y

j
t − Y lt ‖22

≥ πmin

N∑
i=1

p∑
m=1

w
ijm−1

t:t+L−1w
ijm
t:t+L−1(Y

jm−1

t − Y jmt )2

≥ πminβ
2L

p
(Y j

∗

t − Y l
∗

t )2 =
πminβ

2L

δt
(θj

∗

t − θl
∗

t )2. (28)

For the case when K > 1, let Y ikt be the k-th entry of vector Y it . Then,687

N∑
i=1

πit+L

N∑
j=1

N∑
l=1

wijt:t+L−1w
il
t:t+L−1‖Y

j
t − Y lt ‖22

=

K∑
k=1

N∑
i=1

πit+L

N∑
j=1

N∑
l=1

wijt:t+L−1w
il
t:t+L−1(Y jkt − Y lkt )2.

For each entry k, we have688

N∑
i=1

πit+L

N∑
j=1

N∑
l=1

wijt:t+L−1w
il
t:t+L−1(Y jkt − Y lkt )2 ≥ πminβ

2L

δmax
max

1≤j,l≤N
(θjkt − θlkt )2, (29)

where θikt is the k-th entry of vector θit. Moreover, let Θ·k
t be the k-th column of matrix Θt.689

Since 2x1x2 ≤ x2
1 + x2

2, we have for any entry k = 1, . . . ,K,690

N∑
i=1

πit(Y
ik
t )2 =

N∑
i=1

πit‖θikt − π>t Θ·k
t ‖22

≤ max
1≤i≤N

[
θikt − π>t Θ·k

t

]2
= max

1≤i≤N

[
π>t (1Nθ

ik
t −Θ·k

t )
]2

= max
1≤i≤N

 N∑
j=1

πjt (θ
ik
t − θ

jk
t )

2

= max
1≤i≤N

N∑
j=1

N∑
l=1

πjtπ
l
t(θ

ik
t − θ

jk
t )(θikt − θlkt )

≤ max
1≤i≤N

N∑
j=1

(πjt )
2(θikt − θ

jk
t )2 ≤ max

1≤i≤N

N∑
j=1

πjt (θ
ik
t − θ

jk
t )2

≤ max
1≤i≤N

max
1≤j≤N

(θikt − θ
jk
t )2.

Then, combining this inequality with (28) and (29), we have691

K∑
k=1

N∑
i=1

πit+L

N∑
j=1

N∑
l=1

wijt:t+L−1w
il
t:t+L−1(Y jkt − Y lkt )2

≥ πminβ
2L

δmax

K∑
k=1

max
1≤j,l≤N

(θjkt − θlkt )2

=
πminβ

2L

δmax

K∑
k=1

N∑
i=1

πit(Y
ik
t )2 =

πminβ
2L

δmax

N∑
i=1

πit‖Y it ‖22.

This completes the proof.692
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Lemma 4 Suppose that Assumptions 1 and 2 hold and {Gt} is uniformly strongly connected by693

sub-sequences of length L. Then, when α ∈ (0, ζ1), we have for all t ≥ τ(α),694

N∑
i=1

πit‖θit − 〈θ〉t‖22 ≤ εqt
N∑
i=1

πimt
‖θimt

− 〈θ〉mt
‖22 +

ζ2
1− ε

,

where ζ1 is defined in Appendix A, ε and ζ2 are defined in (6) and (12), respectively.695

Proof of Lemma 4: Let Mt = diag(πt). Recall the update of Y it+L,696

Y it+L =
(
Πt+L−1
k=t (I + αA(Xk))

) N∑
j=1

wijt:t+L−1Y
j
t + αb̂it+L.

Then, we have697

‖Yt+L‖2Mt+L
=

N∑
i=1

πit+L‖Y it+L‖22

=

N∑
i=1

πit+L‖
(
Πt+L−1
k=t (I + αA(Xk))

) N∑
j=1

wijt:t+L−1Y
j
t ‖22 (30)

+ α2
N∑
i=1

πit+L‖b̂it+L‖22 (31)

+ 2α

N∑
i=1

πit+L(b̂it+L)>
(
Πt+L−1
k=t (I + αA(Xk))

) N∑
j=1

wijt:t+L−1Y
j
t . (32)

For (30), since 2(x1)>x2 = ‖x1‖22 + ‖x2‖22 − ‖x1 − x2‖22 and π>t = π>t+LWt:t+L−1, we have698

N∑
i=1

πit+L‖
(
Πt+L−1
k=t (I + αA(Xk))

) N∑
j=1

wijt:t+L−1Y
j
t ‖22

≤ (1 + αAmax)2L
N∑
i=1

πit+L‖
N∑
j=1

wijt:t+L−1Y
j
t ‖22

= (1 + αAmax)2L
N∑
i=1

πit+L

N∑
j=1

N∑
l=1

wijt:t+L−1w
il
t:t+L−1

1

2

[
‖Y jt ‖22 + ‖Y lt ‖22 − ‖Y

j
t − Y lt ‖22

]

= (1 + αAmax)2L

 N∑
i=1

πit‖Y it ‖22 −
1

2

N∑
i=1

πit+L

N∑
j=1

N∑
l=1

wijt:t+L−1w
il
t:t+L−1‖Y

j
t − Y lt ‖22

 .
From Lemma 3, we have699

N∑
i=1

πit+L

N∑
j=1

N∑
k=1

wijt:t+L−1w
ik
t:t+L−1‖Y

j
t − Y kt ‖22 ≥

πminβ
2L

δmax

N∑
i=1

πit‖Y it ‖22,

which implies that700

N∑
i=1

πit+L‖
(
Πt+L−1
k=t (I + αA(Xk))

) N∑
j=1

wijt:t+L−1Y
j
t ‖22

≤ (1 + αAmax)2L(1− πminβ
2L

2δmax
)

N∑
i=1

πit‖Y it ‖22. (33)
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As for (31), since for any agent i we have ‖bi(Xt)−B>(Xt)πt+1‖2 ≤ 2bmax for all i, then701

‖b̂it+L‖2 ≤ ‖(bi(Xt+L−1)−B(Xt+L−1)>πt+L)‖2

+

t+L−2∑
k=t

‖
(

Πt+L−1
j=k+1(I + αA(Xj))

)
‖2

N∑
j=1

wijk+1:t+L−1‖(b
j(Xk)−B(Xk)>πk+1)‖2

≤ 2bmax

L−1∑
j=0

(1 + αAmax)j ≤ 2bmax(1 + αAmax)L−1
L−1∑
j=0

1

(1 + αAmax)j

≤ 2bmax
(1 + αAmax)L − 1

αAmax
,

which implies that702

α2
N∑
i=1

πit+L‖b̂it+L‖22 ≤
4b2max

A2
max

(
(1 + αAmax)L − 1

)2
. (34)

In addition, since for any vector x, there holds 2‖x‖2 ≤ 1 + ‖x‖22, then, for (32), we have703

2α

N∑
i=1

πit+L(b̂it+L)>
(
Πt+L−1
k=t (I + αA(Xk))

) N∑
j=1

wijt:t+L−1Y
j
t

≤ 2α

N∑
i=1

πit+L‖b̂it+L‖2‖Πt+L−1
k=t (I + αA(Xk))‖2

N∑
j=1

wijt:t+L−1‖Y
j
t ‖2

≤ 4αbmax
(1 + αAmax)L − 1

αAmax
(1 + αAmax)L

N∑
i=1

πit‖Y it ‖2

≤ 2bmax
(1 + αAmax)L − 1

Amax
(1 + αAmax)L

(
N∑
i=1

πit‖Y it ‖22 + 1

)
. (35)

From (33)–(35), we have704

‖Yt+L‖2Mt+L

≤ (1 + αAmax)2L(1− πminβ
2L

2δmax
)

N∑
i=1

πit‖Y it ‖22 +
4b2max

A2
max

(
(1 + αAmax)L − 1

)2
+ 2bmax

(1 + αAmax)L − 1

Amax
(1 + αAmax)L

(
N∑
i=1

πit‖Y it ‖22 + 1

)

=

(
(1 + αAmax)2L(1− πminβ

2L

2δmax
) + 2bmax

(1 + αAmax)L − 1

Amax
(1 + αAmax)L

)
‖Yt‖2Mt

+
4b2max

A2
max

(
(1 + αAmax)L − 1

)2
+ 2bmax

(1 + αAmax)L − 1

Amax
(1 + αAmax)L.

From Lemma 2, 0 < ε < 1 when 0 < α < ζ1. With the definition of ε and ζ2 in (6) and (12), we705

have706

‖Yt+L‖2Mt+L
≤ ε‖Yt‖2Mt

+ ζ2 ≤ εqt+L‖Ymt
‖2Mmt

+ ζ2

qt+L−1∑
k=0

εk

≤ εqt+L‖Ymt
‖2Mmt

+
ζ2

1− ε
,

which implies that707

N∑
i=1

πit‖θit − 〈θ〉t‖22 ≤ εqt
N∑
i=1

πimt
‖θimt

− 〈θ〉mt
‖22 +

ζ2
1− ε

,

where qt and mt are defined in Theorem 3. This completes the proof.708
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Lemma 5 Suppose that Assumptions 2 and 3 hold. If {Gt} is uniformly strongly connected, then709

when the step-size α and corresponding mixing time τ(α) satisfy710

0 < ατ(α) <
log 2

Amax
,

we have for any t ≥ τ(α),711

‖〈θ〉t − 〈θ〉t−τ(α)‖2 ≤ 2αAmaxτ(α)‖〈θ〉t−τ(α)‖2 + 2ατ(α)bmax (36)

‖〈θ〉t − 〈θ〉t−τ(α)‖2 ≤ 6ατ(α)Amax‖〈θ〉t‖2 + 5ατ(α)bmax (37)

‖〈θ〉t − 〈θ〉t−τ(α)‖22 ≤ 72α2τ2(α)A2
max‖〈θ〉t‖22 + 50α2τ2(α)b2max ≤ 8‖〈θ〉t‖22 +

6b2max

A2
max

. (38)

Proof of Lemma 5: Recall the update of 〈θ〉t at (4) with αt = α for all t ≥ 0:712

〈θ〉t+1 = 〈θ〉t + αA(Xt)〈θ〉t + αB(Xt)
>πt+1.

Then, we have713

‖〈θ〉t+1‖2 ≤ ‖〈θ〉t‖2 + αAmax‖〈θ〉t‖2 + αbmax

≤ (1 + αAmax)‖〈θ〉t‖2 + αbmax.

By using (1 + x) ≤ exp(x), for all u ∈ [t− τ(α), t], we have714

‖〈θ〉u‖2 ≤ (1 + αAmax)u−t+τ(α)‖〈θ〉t−τ(α)‖2 + αbmax

u−1∑
l=t−τ(α)

(1 + αAmax)u−1−l

≤ (1 + αAmax)τ(α)‖〈θ〉t−τ(α)‖2 + αbmax

u−1∑
l=t−τ(α)

(1 + αAmax)u−1−t+τ(α)

≤ exp(ατ(α)Amax)‖〈θ〉t−τ(α)‖2 + ατ(α)bmax exp(ατ(α)Amax).

Since we have ατ(α)Amax ≤ log 2 < 1
3 , then exp(ατ(α)Amax) ≤ 2, which meas that715

‖〈θ〉u‖2 ≤ 2‖〈θ〉t−τ(α)‖2 + 2ατ(α)bmax.

Thus, we can use this to prove (36) for all t ≥ τ(α), i.e.,716

‖〈θ〉t − 〈θ〉t−τ(α)‖2 ≤
t−1∑

u=t−τ(α)

‖〈θ〉u+1 − 〈θ〉u‖2

≤ αAmax

t−1∑
u=t−τ(α)

‖〈θ〉u‖2 + ατ(α)bmax

≤ αAmax

t−1∑
u=t−τ(α)

(
2‖〈θ〉t−τ(α)‖2 + 2ατ(α)bmax

)
+ ατ(α)bmax

≤ 2ατ(α)Amax‖〈θ〉t−τ(α)‖2 + 2α2τ2(α)Amaxbmax + ατ(α)bmax

≤ 2ατ(α)Amax‖〈θ〉t−τ(α)‖2 +
5

3
ατ(α)bmax

≤ 2ατ(α)Amax‖〈θ〉t−τ(α)‖2 + 2ατ(α)bmax.

Moreover, we can prove (37) by using the equation above for all t ≥ τ(α) as follows:717

‖〈θ〉t − 〈θ〉t−τ(α)‖2 ≤ 2ατ(α)Amax‖〈θ〉t−τ(α)‖2 +
5

3
ατ(α)bmax

≤ 2

3
‖〈θ〉t − 〈θ〉t−τ(α)‖2 + 2ατ(α)Amax‖〈θ〉t‖2 +

5

3
ατ(α)bmax

≤ 6ατ(α)Amax‖〈θ〉t‖2 + 5ατ(α)bmax.

9



Next, using the inequality (x+ y)2 ≤ 2x2 + y2 for all x, y, we can show (38) with (37), i.e.,718

‖〈θ〉t − 〈θ〉t−τ(α)‖22 ≤ 72α2τ2(α)A2
max‖〈θ〉t‖22 + 50α2τ2(α)b2max

≤ 8‖〈θ〉t‖22 +
6b2max

A2
max

,

where we use ατ(α)Amax <
1
3 in the last inequality.719

Lemma 6 Let Ft = σ(Xk, k ≤ t) be a σ-algebra on {Xt}. Suppose that Assumptions 2–4 and 6720

hold. If {Gt} is uniformly strongly connected, then when721

0 < α <
log 2

Amaxτ(α)
,

we have for any t ≥ τ(α),722 ∣∣E [(〈θ〉t − θ∗)>(P + P>)
(
A(Xt)〈θ〉t +B(Xt)

>πt+1 −A〈θ〉t − b
)
| Ft−τ(α)

]∣∣
≤ αγmax

(
72 + 456τ(α)A2

max + 84τ(α)Amaxbmax

)
E
[
‖〈θ〉t‖22 | Ft−τ(α)

]
+ αγmax

[
2 + 4‖θ∗‖22 +

48b2max

A2
max

+ τ(α)A2
max

(
152

(
bmax

Amax
+ ‖θ∗‖2

)2

+
48bmax

Amax

(
bmax

Amax
+ 1

)2

+
87b2max

A2
max

+
12bmax

Amax

)]

+ 2γmaxηt+1

√
Nbmax

(
1 + 9E[‖〈θ〉t‖22 | Ft−τ(α)] +

6b2max

A2
max

+ ‖θ∗‖22
)
.

Proof of Lemma 6: Note that for all t ≥ τ(α), we have723

|E[(〈θ〉t − θ∗)>(P + P>)(A(Xt)〈θ〉t +B(Xt)
>πt+1 −A〈θ〉t − b) | Ft−τ(α)]|

≤ |E[(〈θ〉t − θ∗)>(P + P>)(A(Xt)−A)〈θ〉t | Ft−τ(α)]|
+ |E[(〈θ〉t − θ∗)>(P + P>)(B(Xt)

>πt+1 − b) | Ft−τ(α)]|
≤ |E[(〈θ〉t−τ(α) − θ∗)>(P + P>)(A(Xt)−A)〈θ〉t−τ(α) | Ft−τ(α)]| (39)

+ |E[(〈θ〉t−τ(α) − θ∗)>(P + P>)(A(Xt)−A)(〈θ〉t − 〈θ〉t−τ(α)) | Ft−τ(α)]| (40)

+ |E[(〈θ〉t − 〈θ〉t−τ(α))
>(P + P>)(A(Xt)−A)〈θ〉t−τ(α) | Ft−τ(α)]| (41)

+ |E[(〈θ〉t − 〈θ〉t−τ(α))
>(P + P>)(A(Xt)−A)(〈θ〉t − 〈θ〉t−τ(α)) | Ft−τ(α)]| (42)

+ |E[(〈θ〉t − 〈θ〉t−τ(α))
>(P + P>)(B(Xt)

>πt+1 − b) | Ft−τ(α)]| (43)

+ |E[(〈θ〉t−τ(α) − θ∗)>(P + P>)(B(Xt)
>πt+1 − b) | Ft−τ(α)]|. (44)

First, by using the mixing time in Assumption 3, we can get the bound for (39) and (44) for all724

t ≥ τ(α) as follows:725

|E[(〈θ〉t−τ(α) − θ∗)>(P + P>)(A(Xt)−A)〈θ〉t−τ(α) | Ft−τ(α)]|
≤ |(〈θ〉t−τ(α) − θ∗)>(P + P>)E[A(Xt)−A | Ft−τ(α)]〈θ〉t−τ(α)|
≤ 2αγmaxE[‖〈θ〉t−τ(α) − θ∗‖2‖〈θ〉t−τ(α)‖2 | Ft−τ(α)]

≤ αγmaxE[‖〈θ〉t−τ(α) − θ∗‖22 + ‖〈θ〉t−τ(α)‖22 | Ft−τ(α)]

≤ αγmaxE[2‖θ∗‖22 + 3‖〈θ〉t−τ(α)‖22 | Ft−τ(α)]

≤ 6αγmaxE[‖〈θ〉t − 〈θ〉t−τ(α)‖22 | Ft−τ(α)] + 6αγmaxE[‖〈θ〉t‖22 | Ft−τ(α)] + 2αγmax‖θ∗‖22

≤ 54αγmaxE[‖〈θ〉t‖22 | Ft−τ(α)] + 36αγmax(
bmax

Amax
)2 + 2αγmax‖θ∗‖22, (45)
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where in the last inequality, we use (36) from Lemma 5. Then, from the definition of π∞ in726

Assumption 6,727

|E[(〈θ〉t−τ(α) − θ∗)>(P + P>)(B(Xt)
>πt+1 − b) | Ft−τ(α)]|

≤ |E[(〈θ〉t−τ(α) − θ∗)>(P + P>)(

N∑
i=1

πit+1(bi(Xt)− bi) +

N∑
i=1

(πit+1 − πi∞)bi) | Ft−τ(α)]|

≤ |(〈θ〉t−τ(α) − θ∗)>(P + P>)(

N∑
i=1

πit+1E[bi(Xt)− bi | Ft−τ(α)] +

N∑
i=1

(πit+1 − πi∞)bi)|

≤ 2γmax(α+ ηt+1

√
Nbmax)E[‖〈θ〉t−τ(α) − θ∗‖2 | Ft−τ(α)]

≤ 2γmax(α+ ηt+1

√
Nbmax)

(
E[‖〈θ〉t−τ(α)‖2 | Ft−τ(α)] + ‖θ∗‖2

)
≤ 2γmax(α+ ηt+1

√
Nbmax)

(
1 +

1

2
E[‖〈θ〉t−τ(α)‖22 | Ft−τ(α)] +

1

2
‖θ∗‖22

)
≤ 2γmax(α+ ηt+1

√
Nbmax)

(
1 + E[‖〈θ〉t − 〈θ〉t−τ(α)‖22 + ‖〈θ〉t‖22 | Ft−τ(α)] + ‖θ∗‖22

)
≤ 2γmax(α+ ηt+1

√
Nbmax)

(
1 + 9E[‖〈θ〉t‖22 | Ft−τ(α)] + 6(

bmax

Amax
)2 + ‖θ∗‖22

)
, (46)

where we also use (36) from Lemma 5 in the last inequality.728

Next, by using Assumption 2, (36) and (38), we have729

|E[(〈θ〉t−τ(α) − θ∗)>(P + P>)(A(Xt)−A)(〈θ〉t − 〈θ〉t−τ(α)) | Ft−τ(α)]|
≤ 4γmaxAmaxE[‖〈θ〉t−τ(α) − θ∗‖2‖〈θ〉t − 〈θ〉t−τ(α)‖2 | Ft−τ(α)]

≤ 4γmaxAmaxE[‖〈θ〉t−τ(α)‖2‖〈θ〉t − 〈θ〉t−τ(α)‖2 | Ft−τ(α)]

+ 4γmaxAmax‖θ∗‖2E[‖〈θ〉t − 〈θ〉t−τ(α)‖2 | Ft−τ(α)]

≤ 8ατ(α)γmaxA
2
maxE[‖〈θ〉t−τ(α)‖22 | Ft−τ(α)] + 8ατ(α)γmaxAmaxbmax‖θ∗‖2

+ 8ατ(α)γmaxA
2
max

(
bmax

Amax
+ ‖θ∗‖2

)
E[‖〈θ〉t−τ(α)‖2 | Ft−τ(α)]

≤ 8ατ(α)γmaxA
2
maxE[‖〈θ〉t−τ(α)‖22 | Ft−τ(α)] + 8ατ(α)γmaxAmaxbmax‖θ∗‖2

+ 4ατ(α)γmaxA
2
maxE[‖〈θ〉t−τ(α)‖22 | Ft−τ(α)] + 4ατ(α)γmaxA

2
max

(
bmax

Amax
+ ‖θ∗‖2

)2

≤ 12ατ(α)γmaxA
2
maxE[‖〈θ〉t−τ(α)‖22 | Ft−τ(α)] + 8ατ(α)γmax (bmax +Amax‖θ∗‖2)

2

≤ 24ατ(α)γmaxA
2
maxE[‖〈θ〉t − 〈θ〉t−τ(α)‖22 | Ft−τ(α)] + 8ατ(α)γmax (bmax +Amax‖θ∗‖2)

2

+ 24ατ(α)γmaxA
2
maxE[‖〈θ〉t‖22 | Ft−τ(α)]

≤ 216ατ(α)γmaxA
2
maxE[‖〈θ〉t‖22 | Ft−τ(α)] + 144ατ(α)γmaxb

2
max

+ 8ατ(α)γmax (bmax +Amax‖θ∗‖2)
2

≤ 216ατ(α)γmaxA
2
maxE[‖〈θ〉t‖22 | Ft−τ(α)] + 152ατ(α)γmax (bmax +Amax‖θ∗‖2)

2
. (47)

In additional, by using (36) and (38), we have730

|E[(〈θ〉t − 〈θ〉t−τ(α))
>(P + P>)(A(Xt)−A)〈θ〉t−τ(α) | Ft−τ(α)]|

≤ 4γmaxAmaxE[‖〈θ〉t − 〈θ〉t−τ(α)‖2‖〈θ〉t−τ(α)‖2 | Ft−τ(α)]

≤ 8ατ(α)γmaxAmaxE[Amax‖〈θ〉t−τ(α)‖22 + bmax‖〈θ〉t−τ(α)‖2 | Ft−τ(α)]

≤ 4ατ(α)γmaxAmax(2Amax + bmax)E[‖〈θ〉t−τ(α)‖22 | Ft−τ(α)] + 4ατ(α)γmaxAmaxbmax

≤ 8ατ(α)γmaxAmax(2Amax + bmax)E[‖〈θ〉t − 〈θ〉t−τ(α)‖22 | Ft−τ(α)]

+ 8ατ(α)γmaxAmax(2Amax + bmax)E[‖〈θ〉t‖22 | Ft−τ(α)] + 4ατ(α)γmaxAmaxbmax

≤ 72ατ(α)γmaxAmax(2Amax + bmax)E[‖〈θ〉t‖22 | Ft−τ(α)]

+ 48ατ(α)γmaxAmaxbmax(
bmax

Amax
+ 1)2. (48)
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Moreover, we can get the bound for (42) by using (38) as follows:731

|E[(〈θ〉t − 〈θ〉t−τ(α))
>(P + P>)(A(Xt)−A)(〈θ〉t − 〈θ〉t−τ(α)) | Ft−τ(α)]|

≤ 4γmaxAmaxE[‖〈θ〉t − 〈θ〉t−τ(α)‖22 | Ft−τ(α)]|
≤ 4γmaxAmaxE[72α2τ2(α)A2

max‖〈θ〉t‖22 + 50α2τ2(α)b2max | Ft−τ(α)]

≤ 96ατ(α)A2
maxγmaxE[‖〈θ〉t‖22 | Ft−τ(α)] + 67ατ(α)b2maxγmax. (49)

Finally, using (37) we can get the bound for (43):732

|E[(〈θ〉t − 〈θ〉t−τ(α))
>(P + P>)(B(Xt)

>πt+1 − b) | Ft−τ(α)]|
≤ 4γmaxbmaxE[‖〈θ〉t − 〈θ〉t−τ(α)‖2 | Ft−τ(α)]

≤ 4γmaxbmaxE[6ατ(α)Amax‖〈θ〉t‖2 + 5ατ(α)bmax | Ft−τ(α)]

≤ 12ατ(α)γmaxAmaxbmaxE[‖〈θ〉t‖22 | Ft−τ(α)] + 12ατ(α)γmaxAmaxbmax + 20ατ(α)b2maxγmax.
(50)

Then, by using (45)–(50), we have733

|E[(〈θ〉>t − θ∗)>(P + P>)(A(Xt)〈θ〉t +B(Xt)
>πt+1 −A〈θ〉t − b) | Ft−τ(α)]|

≤ 54αγmaxE[‖〈θ〉t‖22 | Ft−τ(α)] + 36αγmax(
bmax

Amax
)2 + 2αγmax‖θ∗‖22

+ 216ατ(α)γmaxA
2
maxE[‖〈θ〉t‖22 | Ft−τ(α)] + 152ατ(α)γmax (bmax +Amax‖θ∗‖2)

2

+ 72ατ(α)γmaxAmax(2Amax + bmax)E[‖〈θ〉t‖22 | Ft−τ(α)]

+ 48ατ(α)γmaxAmaxbmax(
bmax

Amax
+ 1)2 + 20ατ(α)b2maxγmax

+ 96ατ(α)A2
maxγmaxE[‖〈θ〉t‖22 | Ft−τ(α)] + 67ατ(α)b2maxγmax

+ 12ατ(α)γmaxAmaxbmaxE[‖〈θ〉t‖22 | Ft−τ(α)] + 12ατ(α)γmaxAmaxbmax

+ 2γmax(α+ ηt+1

√
Nbmax)

(
1 + 9E[‖〈θ〉t‖22 | Ft−τ(α)] + 6(

bmax

Amax
)2 + ‖θ∗‖22

)
≤ αγmax

(
72 + 456τ(α)A2

max + 84τ(α)Amaxbmax

)
E[‖〈θ〉t‖22 | Ft−τ(α)]

+ αγmax

[
2 + 4‖θ∗‖22 + 48(

bmax

Amax
)2 + τ(α)A2

max

(
152

(
bmax

Amax
+ ‖θ∗‖2

)2

+ 48
bmax

Amax
(
bmax

Amax
+ 1)2 + 87(

bmax

Amax
)2 + 12

bmax

Amax

)]
+ 2γmaxηt+1

√
Nbmax

(
1 + 9E[‖〈θ〉t‖22 | Ft−τ(α)] + 6(

bmax

Amax
)2 + ‖θ∗‖22

)
. (51)

This completes the proof.734

Lemma 7 Suppose that Assumptions 2–4 and 6 hold. Then, when735

0 < α < min

{
log 2

Amaxτ(α)
,

0.1

K2γmax

}
,

we have for any t ≥ T1,736

E
[
‖〈θ〉t − θ∗‖22

]
≤
(

1− 0.9α

γmax

)t−T1 γmax

γmin
E
[
‖〈θ〉T1

− θ∗‖22
]

+
γmax

γmin
· αζ3γmax + 2γmaxζ4

0.9

≤
(

1− 0.9α

γmax

)t−T1 γmax

γmin
(4 exp {2αAmaxT1}+ 2)E

[
‖〈θ〉0 − θ∗‖22

]
+ 4

(
1− 0.9α

γmax

)t−T1 γmax

γmin
exp {2αAmaxT1}

(
‖θ∗‖2 +

bmax

Amax

)2

+
γmax

γmin
· αζ3γmax + 2γmaxζ4

0.9
,

where ζ3, ζ4 and K2 are defined in(13), (14) and (20), respectively.737
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Proof of Lemma 7: Let H(〈θ〉t) = (〈θ〉t − θ∗)>P (〈θ〉t − θ∗). From Assumption 4, we know that738

γmin‖〈θ〉t − θ∗‖22 ≤ H(〈θ〉t) ≤ γmax‖〈θ〉t − θ∗‖22.

Moreover, from Assumption 2, for all t ≥ 0 we have739

H(〈θ〉t+1)

= (〈θ〉t+1 − θ∗)>P (〈θ〉t+1 − θ∗)
= (〈θ〉t + αA(Xt)〈θ〉t + αB(Xt)

>πt+1 − θ∗)>P (〈θ〉t + αA(Xt)〈θ〉t + αB(Xt)
>πt+1 − θ∗)

= (〈θ〉t − θ∗)>P (〈θ〉t − θ∗) + α2(A(Xt)〈θ〉t)>P (A(Xt)〈θ〉t)
+ α2(B(Xt)

>πt+1)>P (B(Xt)
>πt+1) + α2(A(Xt)〈θ〉t)>(P + P>)(B(Xt)

>πt+1)

+ α(〈θ〉t − θ∗)>(P + P>)(A(Xt)〈θ〉t +B(Xt)
>πt+1 −A〈θ〉t − b)

+ α(〈θ〉t − θ∗)>P (A〈θ〉t + b) + α(A〈θ〉t + b)>P (〈θ〉t − θ∗)
= H(〈θ〉t) + α2(A(Xt)〈θ〉t)>P (A(Xt)〈θ〉t)

+ α2(B(Xt)
>πt+1)>P (B(Xt)

>πt+1) + α2(A(Xt)〈θ〉t)>(P + P>)(B(Xt)
>πt+1)

+ α(〈θ〉t − θ∗)>(P + P>)(A(Xt)〈θ〉t +B(Xt)
>πt+1 −A〈θ〉t − b)

+ α(〈θ〉t − θ∗)>(PA+A>P )(〈θ〉t − θ∗), (52)

where we use the fact that Aθ∗ + b = 0 on the last equality.740

Next, we can take expectation on both sides of (52). From Assumption 4 and Lemma 6, for t ≥ T1741

we have742

E[H(〈θ〉t+1)]

= E[H(〈θ〉t)] + α2E[(A(Xt)〈θ〉t)>P (A(Xt)〈θ〉t)]− αE[‖〈θ〉t − θ∗‖22]

+ α2E[(B(Xt)
>πt+1)>P (B(Xt)

>πt+1)] + α2E[(A(Xt)〈θ〉t)>(P + P>)(B(Xt)
>πt+1)]

+ αE[(〈θ〉t − θ∗)>(P + P>)(A(Xt)〈θ〉t +B(Xt)
>πt+1 −A〈θ〉t − b)]

≤ E[H(〈θ〉t)]− αE[‖〈θ〉t − θ∗‖22] + α2A2
maxγmaxE[‖〈θ〉t‖22] + 2α2AmaxbmaxγmaxE[‖〈θ〉t‖2]

+ α2b2maxγmax + α2γmax

(
72 + 456τ(α)A2

max + 84τ(α)Amaxbmax

)
E[‖〈θ〉t‖22]

+ α2γmax

[
2 + 4‖θ∗‖22 + 48(

bmax

Amax
)2 + τ(α)A2

max

(
152

(
bmax

Amax
+ ‖θ∗‖2

)2

+ 48
bmax

Amax
(
bmax

Amax
+ 1)2 + 87(

bmax

Amax
)2 + 12

bmax

Amax

)]
+ 2αγmaxηt+1

√
Nbmax

(
1 + 9E[‖〈θ〉t‖22] + 6(

bmax

Amax
)2 + ‖θ∗‖22

)
≤ E[H(〈θ〉t)]− αE[‖〈θ〉t − θ∗‖22] + 2α2A2

maxγmaxE[‖〈θ〉t‖22] + 2α2b2maxγmax

+ α2γmax

(
72 + 456τ(α)A2

max + 84τ(α)Amaxbmax

)
E[‖〈θ〉t‖22]

+ α2γmax

[
2 + 4‖θ∗‖22 + 48(

bmax

Amax
)2 + τ(α)A2

max

(
152

(
bmax

Amax
+ ‖θ∗‖2

)2

+ 48
bmax

Amax
(
bmax

Amax
+ 1)2 + 87(

bmax

Amax
)2 + 12

bmax

Amax

)]
+ 2αγmaxηt+1

√
Nbmax

(
1 + 9E[‖〈θ〉t‖2] + 6(

bmax

Amax
)2 + ‖θ∗‖22

)
.
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Since E[‖〈θ〉t‖22] ≤ 2E[‖〈θ〉t − θ∗‖22] + 2‖θ∗‖22, we have743

E[H(〈θ〉t+1)]

≤ E[H(〈θ〉t)]− αE[‖〈θ〉t − θ∗‖22] + 2α2b2maxγmax

+ α2γmax

(
72 + 2A2

max + 456τ(α)A2
max + 84τ(α)Amaxbmax

)
(2E[‖〈θ〉t − θ∗‖22] + 2‖θ∗‖22)

+ α2γmax

[
2 + 4‖θ∗‖22 + 48(

bmax

Amax
)2 + τ(α)A2

max

(
152

(
bmax

Amax
+ ‖θ∗‖2

)2

+ 48
bmax

Amax
(
bmax

Amax
+ 1)2 + 87(

bmax

Amax
)2 + 12

bmax

Amax

)]
+ 2αγmaxηt+1

√
Nbmax

(
1 + 18E[‖〈θ〉t − θ∗‖22] + 6(

bmax

Amax
)2 + 19‖θ∗‖22

)
≤ E[H(〈θ〉t)]

+
(
−α+ 2α2γmax

(
72 + 2A2

max + 456τ(α)A2
max + 84τ(α)Amaxbmax

))
E[‖〈θ〉t − θ∗‖22]

+ 2α2γmax

(
72 + 2A2

max + 456τ(α)A2
max + 84τ(α)Amaxbmax

)
‖θ∗‖22

+ α2γmax

[
2 + 2b2max + 4‖θ∗‖22 + 48(

bmax

Amax
)2 + τ(α)A2

max

(
152

(
bmax

Amax
+ ‖θ∗‖2

)2

+ 48
bmax

Amax
(
bmax

Amax
+ 1)2 + 87(

bmax

Amax
)2 + 12

bmax

Amax

)]
+ 2αγmaxηt+1

√
Nbmax

(
1 + 18E[‖〈θ〉t − θ∗‖22] + 6(

bmax

Amax
)2 + 19‖θ∗‖22

)
≤ E[H(〈θ〉t)] +

(
−α+ α2γmaxK2 + 36αηt+1

√
Nbmaxγmax

)
E[‖〈θ〉t − θ∗‖22]

+ α2ζ3γmax + αγmaxηt+1ζ4.

From Lemma 2, 1− 0.9α
γmax

∈ (0, 1). In addition, from the definition of T1 and α < 0.1
K2γmax

, we have744

E[H(〈θ〉t+1)]

≤ E[H(〈θ〉t)]− 0.9αE[‖〈θ〉t − θ∗‖22] + α2ζ3γmax + αγmaxηt+1ζ4

≤
(

1− 0.9α

γmax

)
E[H(〈θ〉t)] + α2ζ3γmax + αγmaxηt+1ζ4

≤
(

1− 0.9α

γmax

)t+1−T1

E[H(〈θ〉T1
)] +

(
α2ζ3γmax + 2αγmaxζ4

) t∑
k=T1

(1− 0.9α

γmax
)t−k

≤
(

1− 0.9α

γmax

)t+1−T1

E[H(〈θ〉T1)] + (αζ3γmax + 2γmaxζ4)
γmax

0.9
, (53)

which implies that745

E[‖〈θ〉t+1 − θ∗‖22]

≤ 1

γmin
E[H(〈θ〉t+1)]

≤
(

1− 0.9α

γmax

)t+1−T1 γmax

γmin
E[‖〈θ〉T1

− θ∗‖22] +
γmax

γmin

αζ3γmax + 2γmaxζ4
0.9

. (54)
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Next, we consider the bound for E[‖〈θ〉T1 − θ∗‖22]. Since 1 + x ≤ exp{x} for any x, we have for746

any t,747

‖〈θ〉t+1 − 〈θ〉0‖2
= ‖〈θ〉t − 〈θ〉0 + αA(Xt)(〈θ〉t − 〈θ〉0) + αB(Xt)

>πt+1 + αA(Xt)〈θ〉0‖2
≤ (1 + αAmax)‖〈θ〉t − 〈θ〉0‖2 + α (Amax‖〈θ〉0‖2 + bmax)

≤ α (Amax‖〈θ〉0‖2 + bmax)

t∑
l=0

(1 + αAmax)
l

≤ (Amax‖〈θ〉0‖2 + bmax)
(1 + αAmax)

t+1

Amax

≤
(
‖〈θ〉0 − θ∗‖2 + ‖θ∗‖2 +

bmax

Amax

)
exp {αAmax(t+ 1)} ,

which implies that748

‖〈θ〉T1
− 〈θ〉0‖2 ≤

(
‖〈θ〉0 − θ∗‖2 + ‖θ∗‖2 +

bmax

Amax

)
exp {αAmaxT1} .

Then, we have749

E[‖〈θ〉T1
− θ∗‖22] ≤ 2‖〈θ〉T1

− 〈θ〉0‖22 + 2‖〈θ〉0 − θ∗‖22
≤ (4 exp {2αAmaxT1}+ 2)E[‖〈θ〉0 − θ∗‖22]

+ 4 exp {2αAmaxT1} (‖θ∗‖2 +
bmax

Amax
)2. (55)

From (54) and (55), we have750

E[‖〈θ〉t+1 − θ∗‖22] ≤
(

1− 0.9α

γmax

)t+1−T1 γmax

γmin
(4 exp {2αAmaxT1}+ 2)E[‖〈θ〉0 − θ∗‖22]

+ 4

(
1− 0.9α

γmax

)t+1−T1 γmax

γmin
exp {2αAmaxT1} (‖θ∗‖2 +

bmax

Amax
)2

+
γmax

γmin

αζ3γmax + 2γmaxζ4
0.9

.

This completes the proof.751

We are now in a position to prove the fixed step-size case in Theorem 3.752

Proof of Case 1) in Theorem 3: From Lemmas 4 and 7, for any t ≥ T1, we have753

N∑
i=1

πitE[‖θit − θ∗‖22]

≤ 2

N∑
i=1

πitE[‖θit − 〈θ〉t‖22] + 2E[‖〈θ〉t − θ∗‖22]

≤ 2εqt
N∑
i=1

πimt
E[‖θimt

− 〈θ〉mt
‖22] +

2ζ2
1− ε

+
γmax

γmin
· 2αζ3γmax + 4γmaxζ4

0.9

+

(
1− 0.9α

γmax

)t−T1 γmax

γmin
(8 exp {2αAmaxT1}+ 4)E[‖〈θ〉0 − θ∗‖22]

+ 8

(
1− 0.9α

γmax

)t−T1 γmax

γmin
exp {2αAmaxT1} (‖θ∗‖2 +

bmax

Amax
)2

≤ 2εqt
N∑
i=1

πimt
E
[∥∥θimt

− 〈θ〉mt

∥∥2

2

]
+ C1

(
1− 0.9α

γmax

)t−T1

+ C2,

where C1 and C2 are defined in Appendix A.1. This completes the proof.754
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B.2.2 Time-varying Step-size755

In this subsection, we consider the time-varying step-size case and begin with a property of ηt.756

Lemma 8 Suppose that Assumption 6 holds. Then, limt→∞ ηt = 0 and limt→∞
1
t+1

∑t
k=0 ηk = 0.757

Proof of Lemma 8: From Assumption 6, we know that πt will converge to π∞, and thus ηt will758

converge to 0. Next, we will prove that limt→∞
1
t+1

∑t
k=0 ηk = 0. For any positive constant c > 0,759

there exists a positive integer T (c), depending on c, such that ∀t ≥ T (c), we have ηt < c. Thus,760

1

t

t−1∑
k=0

ηk =
1

t

T (c)∑
k=0

ηk +
1

t

t−1∑
k=T (c)+1

ηk ≤
1

t

T (c)∑
k=0

ηk +
t− 1− T (c)

t
c.

Let t→∞ on both sides of the above inequality. Then, we have761

lim
t→∞

1

t

t−1∑
k=0

ηk ≤ lim
t→∞

1

t

T (c)∑
k=0

ηk + lim
t→∞

t− 1− T (c)

t
c = c.

Since the above argument holds for arbitrary positive c, then limt→∞
1
t+1

∑t
k=0 ηk = 0.762

Recall the updates corresponding to the time-varying step-size case given in (3) and (4),763

Θt+1 = WtΘt + αtWtΘtA(Xt)
> + αtB(Xt),

〈θ〉t+1 = 〈θ〉t + αtA(Xt)〈θ〉t + αtB(Xt)
>πt+1.

From (25), we get the update for Yt with the time-varying step-size as follows:764

Yt+L = Wt:t+L−1Yt(I + αtA
>(Xt)) · · · (I + αt+L−1A

>(Xt+L−1))

+ αt+L−1(I − 1Nπ
>
t+L)B(Xt+L−1)

+

t+L−2∑
k=t

αkWk+1:t+L−1(I − 1Nπ
>
k+1)B(Xk)

(
Πt+L−1
j=k+1(I + αjA

>(Xj))
)
,

and765

Y it+L =
(
Πt+L−1
k=t (I + αkA(Xk))

) N∑
j=1

wijt:t+L−1Y
j
t + b̃it+L,

where766

b̃it+L = αt+L−1(bi(Xt+L−1)−B(Xt+L−1)>πt+L)

+

t+L−2∑
k=t

αk

(
Πt+L−1
j=k+1(I + αjA(Xj))

) N∑
j=1

wijk+1:t+L−1(bj(Xk)−B(Xk)>πk+1).

To prove the theorem, we need the following lemmas.767

Lemma 9 Suppose that Assumptions 1 and 2 hold and {Gt} is uniformly strongly connected by768

sub-sequences of length L. Given αt and T2 defined in Theorem 3, for all t ≥ T2L,769

N∑
i=1

πit‖θit − 〈θ〉t‖22

≤ εqt−T2

N∑
i=1

πiT2L+mt
‖θiT2L+mt

− 〈θ〉T2L+mt‖22 +
ζ6

1− ε

(
ε

qt−1
2 αmt + αd qt−1

2 eL+mt

)
≤ εqt−T2

N∑
i=1

πiT2L+mt
‖θiT2L+mt

− 〈θ〉T2L+mt‖22 +
ζ6

1− ε

(
α0ε

qt−1
2 + αd qt−1

2 eL

)
,

where ε and ζ6 are defined in (6) and (16), respectively.770

16



Proof of Lemma 9: Similar to the proof of Lemma 4, we have771

‖Yt+L‖2Mt+L
=

N∑
i=1

πit+L‖
(
Πt+L−1
k=t (I + αkA(Xk))

) N∑
j=1

wijt:t+L−1Y
j
t ‖22 (56)

+

N∑
i=1

πit+L‖b̃it+L‖22 (57)

+ 2

N∑
i=1

πit+L(b̃it+L)>
(
Πt+L−1
k=t (I + αkA(Xk))

) N∑
j=1

wijt:t+L−1Y
j
t . (58)

By using Lemma 3, the item given by (56) can be bounded as follows:772

N∑
i=1

πit+L‖
(
Πt+L−1
k=t (I + αkA(Xk))

) N∑
j=1

wijt:t+L−1Y
j
t ‖22

≤ Πt+L−1
k=t (1 + αkAmax)2

 N∑
i=1

πit‖Y it ‖22 −
1

2

N∑
i=1

πit+L

N∑
j=1

N∑
l=1

wijt:t+L−1w
il
t:t+L−1‖Y

j
t − Y lt ‖22


≤ Πt+L−1

k=t (1 + αkAmax)2(1− πminβ
2L

2δmax
)

N∑
i=1

πit‖Y it ‖22. (59)

Since ‖bi(Xt)−B(Xt)
>πt+1‖2 ≤ 2bmax holds for all i, then773

‖b̃it+L‖2
≤ αt+L−1‖(bi(Xt+L−1)−B(Xt+L−1)>πt+L)‖2

+

t+L−2∑
k=t

αk‖
(

Πt+L−1
j=k+1(I + αjA(Xj))

)
‖2

N∑
j=1

wijk+1:t+L−1‖(b
j(Xk)−B(Xk)>πk+1)‖2

≤ 2bmax

[
αt+L−1 +

t+L−2∑
k=t

αk

(
Πt+L−1
j=k+1(1 + αjAmax)

)]
.

Then, we can bound the item given by (57) as follows:774

N∑
i=1

πit+L‖b̃it+L‖22 ≤ 4b2max

(
αt+L−1 +

t+L−2∑
k=t

αk

(
Πt+L−1
j=k+1(1 + αjAmax)

))2

. (60)

As for the item given by (58), we have775

2

N∑
i=1

πit+L(b̃it+L)>
(
Πt+L−1
k=t (I + αkA(Xk))

) N∑
j=1

wijt:t+L−1Y
j
t

≤ 2

N∑
i=1

πit+L‖b̃it+L‖2‖Πt+L−1
k=t (I + αkA(Xk))‖2

N∑
j=1

wijt:t+L−1‖Y
j
t ‖2

≤ 2bmax

(
αt+L−1 +

t+L−2∑
k=t

αk

(
Πt+L−1
j=k+1(1 + αjAmax)

))(
Πt+L−1
k=t (I + αkAmax)

)
×(

N∑
i=1

πit‖Y it ‖22 + 1

)
. (61)
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From (59)–(61), we have776

‖Yt+L‖2Mt+L

≤ Πt+L−1
k=t (1 + αkAmax)2(1− πminβ

2L

2δmax
)

N∑
i=1

πit‖Y it ‖22

+ 4b2max

(
αt+L−1 +

t+L−2∑
k=t

αk

(
Πt+L−1
j=k+1(1 + αjAmax)

))2

+ 2bmax

(
αt+L−1 +

t+L−2∑
k=t

αk

(
Πt+L−1
j=k+1(1 + αjAmax)

))(
Πt+L−1
k=t (I + αkAmax)

)
×

(
N∑
i=1

πit‖Y it ‖22 + 1

)

=

(
2bmax

(
αt+L−1 +

t+L−2∑
k=t

αk

(
Πt+L−1
j=k+1(1 + αjAmax)

))(
Πt+L−1
k=t (I + αkAmax)

)
+ Πt+L−1

k=t (1 + αkAmax)2(1− πminβ
2L

2δmax
)

)
‖Yt‖2Mt

+ 4b2max

(
αt+L−1 +

t+L−2∑
k=t

αk

(
Πt+L−1
j=k+1(1 + αjAmax)

))2

+ 2bmax

(
αt+L−1 +

t+L−2∑
k=t

αk

(
Πt+L−1
j=k+1(1 + αjAmax)

))(
Πt+L−1
k=t (I + αkAmax)

)
= εt‖Yt‖2Mt

+ 4b2max

(
αt+L−1 +

t+L−2∑
k=t

αk

(
Πt+L−1
j=k+1(1 + αjAmax)

))2

+ 2bmax

(
αt+L−1 +

t+L−2∑
k=t

αk

(
Πt+L−1
j=k+1(1 + αjAmax)

))(
Πt+L−1
k=t (I + αkAmax)

)
,

where777

εt = 2bmax

(
αt+L−1 +

t+L−2∑
k=t

αk

(
Πt+L−1
j=k+1(1 + αjAmax)

))(
Πt+L−1
k=t (I + αkAmax)

)
+ Πt+L−1

k=t (1 + αkAmax)2(1− πminβ
2L

2δmax
).

Since for all t ≥ T2L, we have αt ≤ α, then for t ≥ T2L we have 0 ≤ εt ≤ ε ≤ 1 and778

αt+L−1 +

t+L−2∑
k=t

αk

(
Πt+L−1
j=k+1(1 + αjAmax)

)
≤
t+L−1∑
k=t

αk(1 + αAmax)t+L−k−1

≤ (1 + αAmax)L−1
t+L−1∑
k=t

αk.

Since we have
∑t+L−1
k=t αk ≤ Lαt ≤ Lα. Then, we can get779

‖Yt+L‖2Mt+L

≤ ε‖Yt‖2Mt
+ 4b2max(1 + αAmax)2L−2

(
t+L−1∑
k=t

αk

)2

+ 2bmax(1 + αAmax)2L−1

(
t+L−1∑
k=t

αk

)
≤ ε‖Yt‖2Mt

+
(
4b2maxαL

2(1 + αAmax)2L−2 + 2bmaxL(1 + αAmax)2L−1
)
αt

≤ ε‖Yt‖2Mt
+ ζ6αt,
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where ε and ζ6 are defined in (6) and (16) respectively. Then,780

‖Yt+L‖2Mt+L

≤ ε‖Yt‖2Mt
+ ζ6αt

≤ εqt+L−T2‖Ymt+T2L‖2Mmt+T2L
+ ζ6

qt∑
k=T2

εqt−kαkL+mt

≤ εqt+L−T2‖YT2L+mt‖2MT2L+mt
+ ζ6

b qt2 c∑
k=0

εqt−kαkL+mt +

qt∑
k=d qt2 e

εqt−kαkL+mt


≤ εqt+L−T2‖YT2L+mt

‖2MT2L+mt
+

ζ6
1− ε

(
ε

qt
2 αmt

+ αd qt2 eL+mt

)
,

which implies781

N∑
i=1

πit‖θit − 〈θ〉t‖22

≤ εqt−T2

N∑
i=1

πiT2L+mt
‖θiT2L+mt

− 〈θ〉T2L+mt
‖22 +

ζ6
1− ε

(
ε

qt−1
2 αmt

+ αd qt−1
2 eL+mt

)
≤ εqt−T2

N∑
i=1

πiT2L+mt
‖θiT2L+mt

− 〈θ〉T2L+mt
‖22 +

ζ6
1− ε

(
α0ε

qt−1
2 + αd qt−1

2 eL

)
.

This completes the proof.782

Lemma 10 Suppose that Assumptions 2 and 3 hold. When the step-size αt and corresponding mixing783

time τ(αt) satisfy784

0 < αtτ(αt) <
log 2

Amax
,

we have for any t ≥ T2L,785

‖〈θ〉t − 〈θ〉t−τ(αt)‖2 ≤ 2Amax‖〈θ〉t−τ(αt)‖2
t−1∑

k=t−τ(αt)

αk + 2bmax

t−1∑
k=t−τ(αt)

αk, (62)

‖〈θ〉t − 〈θ〉t−τ(αt)‖2 ≤ 6Amax‖〈θ〉t‖2
t−1∑

k=t−τ(αt)

αk + 5bmax

t−1∑
k=t−τ(αt)

αk, (63)

‖〈θ〉t − 〈θ〉t−τ(αt)‖
2
2 ≤ 72α2

t−τ(αt)
τ2(αt)A

2
max‖〈θ〉t‖22 + 50α2

t−τ(αt)
τ2(αt)b

2
max

≤ 8‖〈θ〉t‖22 +
6b2max

A2
max

. (64)

Proof of Lemma 10: Recall the update of 〈θ〉t in (4):786

〈θ〉t+1 = 〈θ〉t + αtA(Xt)〈θ〉t + αtB(Xt)
>πt+1.

Then, we have787

‖〈θ〉t+1‖2 ≤ ‖〈θ〉t‖2 + αtAmax‖〈θ〉t‖2 + αtbmax ≤ (1 + αtAmax)‖〈θ〉t‖2 + αtbmax.
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Similar to the proof of Lemma 5, for all u ∈ [t− τ(αt), t], we have788

‖〈θ〉u‖2

≤ Πu−1
k=t−τ(αt)

(1 + αkAmax)‖〈θ〉t−τ(αt)‖2 + bmax

u−1∑
k=t−τ(αt)

αkΠu−1
l=k+1(1 + αlAmax)

≤ exp{
u−1∑

k=t−τ(αt)

αkAmax}‖〈θ〉t−τ(αt)‖2 + bmax

u−1∑
k=t−τ(αt)

αk exp{
u−1∑
l=k+1

αlAmax}

≤ exp{αt−τ(αt)τ(αt)Amax}‖〈θ〉t−τ(αt)‖2 + bmax

u−1∑
k=t−τ(αt)

αk exp{αt−τ(αt)τ(αt)Amax}

≤ 2‖〈θ〉t−τ(αt)‖2 + 2bmax

u−1∑
k=t−τ(αt)

αk,

where we use αt−τ(αt)τ(αt)Amax ≤ log 2 < 1
3 in the last inequality. Thus, for all t ≥ T2L, we can789

get (62) as follows:790

‖〈θ〉t − 〈θ〉t−τ(αt)‖2

≤
t−1∑

k=t−τ(αt)

‖〈θ〉k+1 − 〈θ〉k‖2

≤ Amax

t−1∑
k=t−τ(αt)

αk‖〈θ〉k‖2 + bmax

t−1∑
k=t−τ(αt)

αk

≤ Amax

t−1∑
k=t−τ(αt)

αk

2‖〈θ〉t−τ(αt)‖2 + 2bmax

k−1∑
l=t−τ(αt)

αl

+ bmax

t−1∑
k=t−τ(αt)

αk

≤ 2Amax‖〈θ〉t−τ(αt)‖2
t−1∑

k=t−τ(αt)

αk +
(
2Amaxτ(αt)αt−τ(αt) + 1

)
bmax

t−1∑
k=t−τ(αt)

αk

≤ 2Amax‖〈θ〉t−τ(αt)‖2
t−1∑

k=t−τ(αt)

αk +
5

3
bmax

t−1∑
k=t−τ(αt)

αk

≤ 2Amax‖〈θ〉t−τ(αt)‖2
t−1∑

k=t−τ(αt)

αk + 2bmax

t−1∑
k=t−τ(αt)

αk.

Moreover, by using the above inequality, we can get (63) for all t ≥ T2L as follows:791

‖〈θ〉t − 〈θ〉t−τ(αt)‖2

≤ 2Amax‖〈θ〉t−τ(αt)‖2
t−1∑

k=t−τ(αt)

αk +
5

3
bmax

t−1∑
k=t−τ(αt)

αk

≤ 2Amaxτ(αt)αt−τ(αt)‖〈θ〉t − 〈θ〉t−τ(αt)‖2 + 2Amax‖〈θ〉t‖2
t−1∑

k=t−τ(αt)

αk

+
5

3
bmax

t−1∑
k=t−τ(αt)

αk

≤ 6Amax‖〈θ〉t‖2
t−1∑

k=t−τ(αt)

αk + 5bmax

t−1∑
k=t−τ(αt)

αk.
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Next, by using (63) and the inequality (x+ y)2 ≤ 2x2 + y2 for all x, y, we can get (64) as follows:792

‖〈θ〉t − 〈θ〉t−τ(αt)‖
2
2 ≤ 72A2

max‖〈θ〉t‖22(

t−1∑
k=t−τ(αt)

αk)2 + 50b2max(

t−1∑
k=t−τ(αt)

αk)2

≤ 72α2
t−τ(αt)

τ2(αt)A
2
max‖〈θ〉t‖22 + 50α2

t−τ(αt)
τ2(αt)b

2
max

≤ 8‖〈θ〉t‖22 + 6(
bmax

Amax
)2,

where we use αt−τ(αt)τ(αt)Amax <
1
3 in the last inequality.793

Lemma 11 Suppose that Assumptions 2–6 hold and {Gt} is uniformly strongly connected. When794

0 < αt−τ(αt)τ(αt) <
log 2

Amax
,

we have for any t ≥ T2L,795 ∣∣E [(〈θ〉t − θ∗)>(P + P>)
(
A(Xt)〈θ〉t +B(Xt)

>πt+1 −A〈θ〉t − b
)
| Ft−τ(αt)

]∣∣
≤ αt−τ(αt)τ(αt)γmax

(
72 + 456A2

max + 84Amaxbmax

)
E[‖〈θ〉t‖22 | Ft−τ(αt)]

+ αt−τ(αt)τ(αt)γmax

[
2 + 4‖θ∗‖22 +

48b2max

A2
max

+ 152 (bmax +Amax‖θ∗‖2)
2

+ 12Amaxbmax

+ 48Amaxbmax

(
bmax

Amax
+ 1

)2

+ 87b2max

]
+ 2γmaxηt+1

√
Nbmax

(
1 + 9E

[
‖〈θ〉t‖22 | Ft−τ(α)

]
+

6b2max

A2
max

+ ‖θ∗‖22
)
.

Proof of Lemma 11: Note that for all t ≥ T2L, we have796

|E[(〈θ〉t − θ∗)>(P + P>)(A(Xt)〈θ〉t +B(Xt)
>πt+1 −A〈θ〉t − b) | Ft−τ(αt)]|

≤ |E[(〈θ〉t − θ∗)>(P + P>)(A(Xt)−A)〈θ〉t | Ft−τ(αt)]|
+ |E[(〈θ〉t − θ∗)>(P + P>)(B(Xt)

>πt+1 − b) | Ft−τ(αt)]|
≤ |E[(〈θ〉t−τ(αt) − θ

∗)>(P + P>)(A(Xt)−A)〈θ〉t−τ(αt) | Ft−τ(αt)]| (65)

+ |E[(〈θ〉t−τ(αt) − θ
∗)>(P + P>)(A(Xt)−A)(〈θ〉t − 〈θ〉t−τ(αt)) | Ft−τ(αt)]| (66)

+ |E[(〈θ〉t − 〈θ〉t−τ(αt))
>(P + P>)(A(Xt)−A)〈θ〉t−τ(αt) | Ft−τ(αt)]| (67)

+ |E[(〈θ〉t − 〈θ〉t−τ(αt))
>(P + P>)(A(Xt)−A)(〈θ〉t − 〈θ〉t−τ(αt)) | Ft−τ(αt)]| (68)

+ |E[(〈θ〉t − 〈θ〉t−τ(αt))
>(P + P>)(B(Xt)

>πt+1 − b) | Ft−τ(αt)]| (69)

+ |E[(〈θ〉t−τ(αt) − θ
∗)>(P + P>)(B(Xt)

>πt+1 − b) | Ft−τ(αt)]|. (70)

Similar to the proof of Lemma 6, by using the mixing time in Assumption 3, we can get the bound797

for (65) and (70) for all t ≥ T2L:798

|E[(〈θ〉t−τ(αt) − θ
∗)>(P + P>)(A(Xt)−A)〈θ〉t−τ(αt) | Ft−τ(αt)]|

≤ |(〈θ〉t−τ(αt) − θ
∗)>(P + P>)E[A(Xt)−A | Ft−τ(αt)]〈θ〉t−τ(αt)|

≤ 2αtγmaxE[‖〈θ〉t−τ(αt) − θ
∗‖2‖〈θ〉t−τ(αt)‖2 | Ft−τ(αt)]

≤ αtγmaxE[‖〈θ〉t−τ(αt) − θ
∗‖22 + ‖〈θ〉t−τ(αt)‖

2
2 | Ft−τ(αt)]

≤ αtγmaxE[2‖θ∗‖22 + 3‖〈θ〉t−τ(αt)‖
2
2 | Ft−τ(αt)]

≤ 6αtγmaxE[‖〈θ〉t − 〈θ〉t−τ(αt)‖
2
2 | Ft−τ(αt)] + 6αtγmaxE[‖〈θ〉t‖22 | Ft−τ(αt)] + 2αtγmax‖θ∗‖22

≤ 54αtγmaxE[‖〈θ〉t‖22 | Ft−τ(αt)] + 36αtγmax(
bmax

Amax
)2 + 2αtγmax‖θ∗‖22, (71)
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where in the last inequality, we use (64) from Lemma 10.799

|E[(〈θ〉t−τ(αt) − θ
∗)>(P + P>)(B(Xt)

>πt+1 − b) | Ft−τ(αt)]|

≤ |E[(〈θ〉t−τ(αt) − θ
∗)>(P + P>)(

N∑
i=1

πit+1(bi(Xt)− bi) +

N∑
i=1

(πit+1 − πi∞)bi) | Ft−τ(αt)]|

≤ |(〈θ〉t−τ(αt) − θ
∗)>(P + P>)(

N∑
i=1

πit+1E[bi(Xt)− bi | Ft−τ(αt)] +

N∑
i=1

(πit+1 − πi∞)bi)|

≤ 2γmax(αt + ηt+1

√
Nbmax)E[‖〈θ〉t−τ(αt) − θ

∗‖2 | Ft−τ(αt)]

≤ 2γmax(αt + ηt+1

√
Nbmax)

(
1 +

1

2
E[‖〈θ〉t−τ(αt)‖

2
2 | Ft−τ(αt)] +

1

2
‖θ∗‖22

)
≤ 2γmax(αt + ηt+1

√
Nbmax)

(
1 + E[‖〈θ〉t−τ(αt) − 〈θ〉t‖

2
2 + ‖〈θ〉t‖22 | Ft−τ(αt)] + ‖θ∗‖22

)
≤ 2γmax(αt + ηt+1

√
Nbmax)

(
1 + 9E[‖〈θ〉t‖22 | Ft−τ(αt)] + 6(

bmax

Amax
)2 + ‖θ∗‖22

)
, (72)

where in the last inequality we use (64).800

Next, by using Assumption 2, (62) and (64), we have801

|E[(〈θ〉t−τ(αt) − θ
∗)>(P + P>)(A(Xt)−A)(〈θ〉t − 〈θ〉t−τ(αt)) | Ft−τ(αt)]|

≤ 4γmaxAmaxE[‖〈θ〉t−τ(αt) − θ
∗‖2‖〈θ〉t − 〈θ〉t−τ(αt)‖2 | Ft−τ(αt)]

≤ 4γmaxAmaxE[‖〈θ〉t−τ(αt)‖2‖〈θ〉t − 〈θ〉t−τ(αt)‖2 + ‖θ∗‖2‖〈θ〉t − 〈θ〉t−τ(αt)‖2 | Ft−τ(αt)]

≤ 8γmaxA
2
maxE[‖〈θ〉t−τ(αt)‖

2
2 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk + 8γmaxAmaxbmax‖θ∗‖2
t−1∑

k=t−τ(αt)

αk

+ 8γmaxA
2
max

(
bmax

Amax
+ ‖θ∗‖2

)
E[‖〈θ〉t−τ(αt)‖2 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

≤ γmaxA
2
max

(
12E[‖〈θ〉t−τ(αt)‖

2
2 | Ft−τ(αt)] + 8

(
bmax

Amax
+ ‖θ∗‖2

)2
)

t−1∑
k=t−τ(αt)

αk

≤ 24γmaxA
2
maxE[‖〈θ〉t − 〈θ〉t−τ(αt)‖

2
2 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 24γmaxA
2
maxE[‖〈θ〉t‖22 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 8γmaxA
2
max

(
bmax

Amax
+ ‖θ∗‖2

)2 t−1∑
k=t−τ(αt)

αk

≤ γmax

(
216A2

maxE[‖〈θ〉t‖22 | Ft−τ(αt)] + 152 (bmax +Amax‖θ∗‖2)
2
) t−1∑
k=t−τ(αt)

αk. (73)
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In additional, as for the bound of (67), by using (62) and (64), we have802

|E[(〈θ〉t − 〈θ〉t−τ(αt))
>(P + P>)(A(Xt)−A)〈θ〉t−τ(αt) | Ft−τ(αt)]|

≤ 4γmaxAmaxE[‖〈θ〉t − 〈θ〉t−τ(αt)‖2‖〈θ〉t−τ(αt)‖2 | Ft−τ(αt)]

≤ 8γmaxAmaxE[Amax‖〈θ〉t−τ(αt)‖
2
2 + bmax‖〈θ〉t−τ(αt)‖2 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

≤ 4γmaxAmax

(
(2Amax + bmax)E[‖〈θ〉t−τ(αt)‖

2
2 | Ft−τ(αt)] + bmax

) t−1∑
k=t−τ(αt)

αk

≤ 8γmaxAmax(2Amax + bmax)E[‖〈θ〉t − 〈θ〉t−τ(αt)‖
2
2 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 8γmaxAmax(2Amax + bmax)E[‖〈θ〉t‖22 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 4γmaxAmaxbmax

t−1∑
k=t−τ(αt)

αk

≤ 72 γmaxAmax(2Amax + bmax)E[‖〈θ〉t‖22 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 48γmaxAmaxbmax(
bmax

Amax
+ 1)2

t−1∑
k=t−τ(αt)

αk. (74)

Moreover, by using (64), we can get the bound for (68) as follows:803

|E[(〈θ〉t − 〈θ〉t−τ(αt))
>(P + P>)(A(Xt)−A)(〈θ〉t − 〈θ〉t−τ(αt)) | Ft−τ(αt)]|

≤ 4γmaxAmaxE[‖〈θ〉t − 〈θ〉t−τ(αt)‖
2
2 | Ft−τ(αt)]|

≤ 4γmaxAmaxE[72A2
max‖〈θ〉t‖22 + 50b2max | Ft−τ(αt)](

t−1∑
k=t−τ(αt)

αk)2

≤ 96A2
maxγmaxE[‖〈θ〉t‖22 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk + 67b2maxγmax

t−1∑
k=t−τ(αt)

αk. (75)

Finally, we can get the bound of (69) by using (63):804

|E[(〈θ〉t − 〈θ〉t−τ(αt))(P + P>)(B(Xt)
>πt+1 − b) | Ft−τ(αt)]|

≤ 4γmaxbmaxE[‖〈θ〉t − 〈θ〉t−τ(αt)‖2 | Ft−τ(αt)]

≤ 4γmaxbmaxE[6Amax‖〈θ〉t‖2 + 5bmax | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

≤ γmax

(
12AmaxbmaxE[‖〈θ〉t‖22 | Ft−τ(αt)] + 12Amaxbmax + 20b2max

) t−1∑
k=t−τ(αt)

αk. (76)
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Then, by using (71)–(76), we have805

|E[(〈θ〉t − θ∗)>(P + P>)(A(Xt)〈θ〉t +B(Xt)
>πt+1 −A〈θ〉t − b) | Ft−τ(αt)]|

≤ 54αtγmaxE[‖〈θ〉t‖22 | Ft−τ(αt)] + 36αtγmax(
bmax

Amax
)2 + 2αtγmax‖θ∗‖22

+ 216γmaxA
2
maxE[‖〈θ〉t‖22 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 152γmax (bmax +Amax‖θ∗‖2)
2

t−1∑
k=t−τ(αt)

αk + 67b2maxγmax

t−1∑
k=t−τ(αt)

αk

+ 12 γmaxAmax(20Amax + 7bmax)E[‖〈θ〉t‖22 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 48γmaxAmaxbmax(
bmax

Amax
+ 1)2

t−1∑
k=t−τ(αt)

αk + (12Amaxbmax + 20b2max)γmax

t−1∑
k=t−τ(αt)

αk

+ 2γmax(αt + ηt+1

√
Nbmax)

(
1 + 9E[‖〈θ〉t‖22 | Ft−τ(αt)] + 6(

bmax

Amax
)2 + ‖θ∗‖22

)
≤ αt−τ(αt)τ(αt)γmax

(
72 + 456A2

max + 84Amaxbmax

)
E[‖〈θ〉t‖22 | Ft−τ(αt)]

+ αt−τ(αt)τ(αt)γmax

[
2 + 4‖θ∗‖22 + 48(

bmax

Amax
)2 + 152 (bmax +Amax‖θ∗‖2)

2
+ 12Amaxbmax

+ 48Amaxbmax(
bmax

Amax
+ 1)2 + 87b2max

]
+ 2γmaxηt+1

√
Nbmax

(
1 + 9E[‖〈θ〉t‖22 | Ft−τ(α)] + 6(

bmax

Amax
)2 + ‖θ∗‖22

)
,

where we use αt ≤ αt−τ(αt) from Assumption 5 and τ(αt) ≥ 1 in the last inequality. This completes806

the proof.807

Lemma 12 Under Assumptions 1–6, when the τ(αt)αt−τ(αt) ≤ min{ log 2
Amax

, 0.1
ζ5γmax

}, we have for808

any t ≥ T2L,809

E
[
‖〈θ〉t − θ∗‖22

]
≤ T2L

t

γmax

γmin
E[‖〈θ〉T2L − θ∗‖22] +

ζ7α0C log2( t
α0

)

t

γmax

γmin

+ α0ζ4
γmax

γmin

∑t
l=T2L

ηl

t
,

where T2 is defined in Appendix A.1, and ζ4, ζ5, ζ7 are defined in (14), (15), (17), respectively.810

Proof of Lemma 12: Recall the update of 〈θ〉t in (4):811

〈θ〉t+1 = 〈θ〉t + αtA(Xt)〈θ〉t + αtB(Xt)
>πt+1.

24



Note that E[‖〈θ〉t‖22] ≤ 2E[‖〈θ〉t − θ∗‖22] + 2‖θ∗‖22 ≤ 2
γmin

E[H(〈θ〉t)] + 2‖θ∗‖22, then from (52)812

and Lemma 11, for t ≥ T2L we have813

E[H(〈θ〉t+1)]

≤ E[H(〈θ〉t)]− αtE[‖〈θ〉t − θ∗‖22] + α2
tA

2
maxγmaxE[‖〈θ〉t‖22] + α2

t b
2
maxγmax

+ 2α2
tAmaxbmaxγmaxE[‖〈θ〉t‖2]

+ αtE[(〈θ〉t − θ∗)>(P + P>)(A(Xt)〈θ〉t +B(Xt)
>πt+1 −A〈θ〉t − b)]

≤ E[H(〈θ〉t)]− αtE[‖〈θ〉t − θ∗‖22] + 2α2
tA

2
maxγmaxE[‖〈θ〉t‖22] + 2α2

t b
2
maxγmax

+ αtαt−τ(αt)τ(αt)γmax

(
72 + 456A2

max + 84Amaxbmax

)
E[‖〈θ〉t‖22]

+ αtαt−τ(αt)τ(αt)γmax

[
2 + 4‖θ∗‖22 + 48(

bmax

Amax
)2 + 152 (bmax +Amax‖θ∗‖2)

2

+ 12Amaxbmax + 48Amaxbmax(
bmax

Amax
+ 1)2 + 87b2max

]
+ 2αtγmaxηt+1

√
Nbmax

(
1 + 9E[‖〈θ〉t‖22] + 6(

bmax

Amax
)2 + ‖θ∗‖22

)
≤ E[H(〈θ〉t)] + 2αtαt−τ(αt)τ(αt)γmax

(
72 + 458A2

max + 84Amaxbmax

)
‖θ∗‖22

+
(
−αt + 2αtαt−τ(αt)τ(αt)γmax

(
72 + 458A2

max + 84Amaxbmax

))
E[‖〈θ〉t − θ∗‖22]

+ αtαt−τ(αt)τ(αt)γmax

[
2 + 4‖θ∗‖22 + 48(

bmax

Amax
)2 + 152 (bmax +Amax‖θ∗‖2)

2

+ 12Amaxbmax + 48Amaxbmax(
bmax

Amax
+ 1)2 + 89b2max

]
+ 2αtγmaxηt+1

√
Nbmax

(
1 + 18E[‖〈θ〉t − θ∗‖22] + 6(

bmax

Amax
)2 + 19‖θ∗‖22

)
≤ E[H(〈θ〉t)] +

(
−αt + αtαt−τ(αt)τ(αt)γmaxζ5 + 36αtγmaxηt+1

√
Nbmax

)
E[‖〈θ〉t − θ∗‖22]

+ αtαt−τ(αt)τ(αt)γmaxζ7 + αtγmaxηt+1ζ4,

where ζ4, ζ5 and ζ7 are defined in (14), (15) and (17), respectively. Moreover, from αt = α0

t+1 ,814

α0 ≥ γmax

0.9 and the definition of T2, we have for all t ≥ T2L815

E[H(〈θ〉t+1)] ≤
(

1− 0.9αt
γmax

)
E[H(〈θ〉t)] + αtγmaxηt+1ζ4 + αtαt−τ(αt)τ(αt)γmaxζ7

≤ t

t+ 1
E[H(〈θ〉t)] + α0γmaxζ4

ηt+1

t+ 1
+

α2
0C log( t+1

α0
)γmaxζ7

(t+ 1)(t− τ(αt) + 1)

≤ T2L

t+ 1
E[H(〈θ〉T2L)] + α0γmaxζ4

t∑
l=T2L

ηl+1

l + 1
Πt
u=l+1

u

u+ 1

+ α2
0γmaxζ7

t∑
l=T2L

C log( l+1
α0

)

(l + 1)(l − τ(αl) + 1)
Πt
u=l+1

u

u+ 1

≤ T2L

t+ 1
E[H(〈θ〉T2L)] + α0γmaxζ4

∑t
l=T2L

ηl+1

t+ 1
+
ζ7α0γmaxC log2( t+1

α0
)

t+ 1

≤ T2L

t+ 1
E[H(〈θ〉T2L)] + α0γmaxζ4

∑t+1
l=T2L

ηl

t+ 1
+
ζ7α0γmaxC log2( t+1

α0
)

t+ 1
,

where we use816

t∑
l=T2

2α0 log( l+1
α0

)

l + 1
≤ log2(

t+ 1

α0
)
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to get the last inequality. Then, we can get the bound of E[‖〈θ〉t+1 − θ∗‖22] as follows817

E[‖〈θ〉t+1 − θ∗‖22] ≤ 1

γmin
E[H(〈θ〉t+1)]

≤ T2L

t+ 1

γmax

γmin
E[‖〈θ〉T2L − θ∗‖22] +

ζ7α0C log2( t+1
α0

)

t+ 1

γmax

γmin

+ α0ζ4
γmax

γmin

∑t+1
l=T2L

ηl

t+ 1
.

This completes the proof.818

We are now in a position to prove the time-varying step-size case in Theorem 3.819

Proof of Case 2) in Theorem 3: From Lemmas 9 and 12, for any t ≥ T2L, we have820

N∑
i=1

πitE[‖θit − θ∗‖22] ≤ 2

N∑
i=1

πitE[‖θit − 〈θ〉t‖22] + 2E[‖〈θ〉t − θ∗‖22]

≤ 2εqt−T2

N∑
i=1

πiT2L+mt
E[‖θiT2L+mt

− 〈θ〉T2L+mt
‖22]

+
2T2L

t

γmax

γmin
E[‖〈θ〉T2L − θ∗‖22] +

2ζ7α0C log2( t
α0

)

t

γmax

γmin

+ 2α0ζ4
γmax

γmin

∑t
l=T2L

ηl

t
+

2ζ6
1− ε

(α0ε
qt−1

2 + αd qt−1
2 eL)

≤ 2εqt−T2

N∑
i=1

πiLT2+mt
E
[∥∥θiLT2+mt

− 〈θ〉LT2+mt

∥∥2

2

]
+ C3

(
α0ε

qt−1
2 + αd qt−1

2 eL

)
+

1

t

(
C4 log2

( t

α0

)
+ C5

t∑
k=LT2

ηk + C6

)
,

where C3 − C6 are defined in Appendix A.1. This completes the proof.821

B.3 Push-SA822

In this subsection, we analyze the push-based distributed stochastic approximation algorithm (9) and823

provide the proofs of the results in Section 3. We begin with the proof of asymptotic performance.824

Proof of Theorem 4: From Lemma 19, since ε̄ ∈ (0, 1) and αt = α0

t , we have limt→∞ ‖θit+1 −825

〈θ̃〉t‖2 = 0, which implies that all θit+1, i ∈ V , will reach a consensus with 〈θ̃〉t. The update of826

〈θ̃〉t is given in (82), which can be treated as a single-agent linear stochastic approximation whose827

corresponding ODE is (10). In addition, from Theorem 5 and Lemma 20, lim→∞
∑N
i=1 E[‖θit+1 −828

θ∗‖22] = 0, it follows that θit+1 will converge to θ∗ in mean square for all i ∈ V .829

We now analyze the finite-time performance of (9).830

Let Ŵt be the matrix whose ij-th entry is ŵijt . Then, from (9) we have831

θit+1 =
θ̃it+1

yit+1

=

∑N
j=1 ŵ

ij
t (θ̃jt + αtA(Xt)θ

j
t + αtb

j(Xt))

yit+1

=

N∑
j=1

ŵijt y
j
t∑N

k=1 ŵ
ik
t y

k
t

[
θ̃jt

yjt
+ αtA(Xt)

θjt

yjt
+ αt

bj(Xt)

yjt

]

=

N∑
j=1

w̃ijt

[
θjt + αtA(Xt)

θjt

yjt
+ αt

bj(Xt)

yjt

]
, (77)
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where w̃ijt =
ŵij

t y
j
t∑N

k=1 ŵ
ik
t y

k
t

and W̃t = [w̃ijt ] is a row stochastic matrix, i.e.,832

N∑
j=1

w̃ijt =

∑N
j=1 ŵ

ij
t y

j
t∑N

k=1 ŵ
ik
t y

k
t

= 1, ∀i.

Let Θt = [θ1
t , · · · , θNt ]> and Θ̃t = [θ̃1

t , · · · , θ̃Nt ]>. Then (9) and (77) can be written as833

Θ̃t+1 = Ŵt

Θ̃t + αt

 (θ̃1
t )
>/y1

t
· · ·

(θ̃Nt )>/yNt

A(Xt)
> + αtB(Xt)

 (78)

Θt+1 = W̃t

Θt + αt

 (θ1
t )
>/y1

t
· · ·

(θNt )>/yNt

A(Xt)
> + αt

 (b1(Xt))
>/y1

t
· · ·

(bN (Xt))
>/yNt

 . (79)

Since each matrix W̃t = [w̃ijt ] is stochastic, from Lemma 1, there exists a unique absolute probability834

sequence {π̃t} for the matrix sequence {W̃t} such that π̃it ≥ π̃min for all i ∈ V and t ≥ 0, with the835

constant π̃min ∈ (0, 1).836

Lemma 13 Suppose that {Gt} is uniformly strongly connected. Then, Πt
s=0Ŵs will converge to the837

set {v1>N : v ∈ IRN} exponentially fast as t→∞.838

Proof of Lemma 13: The lemma is a direct consequence of Theorem 2 in [6].839

Lemma 14 Suppose that {Gt} is uniformly strongly connected. Then, (Πt
l=sW̃l)

ij =840

yjs
yit+1

(Πt
l=sŴl)

ij and π̃i
s

yis
= 1

yis
limt→∞(Πt

l=sW̃l)
ji = 1

N for all i, j ∈ V and s ≥ 0.841

Proof of Lemma 14: Note that for all l ≥ 0, we have w̃ijl =
ŵij

l y
j
l

yil+1

. Let Ŵs:t = Πt
l=sŴl for all842

t ≥ s ≥ 0. We claim that843

(Πt
l=sW̃l)

ij =
yjsŵ

ij
s:t

yit+1

,

where ŵijs:t is the i, j-th entry of the matrix Ŵ ij
s:t. The claim will be proved by induction on t. When844

t = s+ 1,845

(W̃s+1W̃s)
ij =

N∑
k=1

w̃iks+1 · w̃kjs

=

N∑
k=1

yks+1ŵ
ik
s+1

yis+2

yjsŵ
kj
s

yks+1

=
yjs
yis+2

N∑
k=1

ŵiks+1ŵ
kj
s =

yjs
yis+2

ŵijs:s+1.

Thus, in this case the claim is true. Now suppose that the claim holds for all t = τ ≥ s, where τ is a846

positive integer. For t = τ + 1, we have847

(Πτ+1
s=1W̃s)

ij =

N∑
k=1

w̃ikτ+1 ·
yjsŵ

kj
s:τ

ykτ+1

=

N∑
k=1

ŵikτ+1y
k
τ+1

yiτ+2

· y
j
sŵ

kj
s:τ

ykτ+1

=
yjs
yiτ+2

N∑
k=1

ŵikτ+1 · ŵkjs:τ =
yjs
yiτ+2

ŵijs:τ+1,

27



which establishes the claim by induction.848

From Lemma 13, for given s ≥ 0, we have limt→∞ Ŵs:t = vs,∞1>N , with the understanding here849

that vs,∞ is not a constant vector. Then, since yt+1 = Ŵtyt = Πt
l=sŴlys for all t ≥ s, we have850

lim
t→∞

(Πt
l=sW̃l)

ij = lim
t→∞

yjsŵ
ij
s:t

yit+1

= lim
t→∞

yjsŵ
ij
s:t∑N

k=1 Ŵ
ik
s:ty

k
s

=
yjs limt→∞ ŵijs:t

limt→∞
∑N
k=1 Ŵ

ik
s:ty

k
s

=
yjsv

i
s,∞∑N

k=1 v
i
s,∞y

k
s

=
yjs
N
,

where we use the fact that 1>Nys = N for all s ≥ 0 in the last equality. This completes the proof.851

To proceed, let852

hj(Θn, yn) = A
θin
yin

+
bi

yin

M j
n =

(
A(Xn)− E[A(Xn)|Fn−τ(αn)]

) θjn
yjn

+
1

yjn

(
bj(Xn)− E[bj(Xn)|Fn−τ(αn)]

)
Gjn =

(
E[A(Xn)|Fn−τ(αn)]−A

) θjn
yjn

+
1

yjn

(
E[bj(Xn)|Fn−τ(αn)]− bj

)
.

From (77)853

θin+1 =

N∑
j=1

w̃ijn
[
θjn + αnh

j(θn, yn) + αnM
j
n + αnG

j
n

]
.

Let h = [h1, · · · , hN ]>, M = [M1, · · · ,MN ]> and G = [G1, · · · , GN ]>. Since854

E[M j
n|Fn] =

(
E[A(Xt)|Fn]− E[E[A(Xt)|Fn−τ(αn)]|Fn]

) θjt
yjt

+
1

yjt

(
E[bj(Xt)|Fn]− E[E[bj(Xt)|Fn−τ(αn)]|Fn]

)
= 0

and for all n ≥ τ(αn)855

E[‖Mn‖2F |Fn] =

N∑
j=1

E[‖M j
n‖22|Fn]

=

N∑
j=1

E[‖
(
A(Xn)− E[A(Xn)|Fn−τ(αn)]

) θjt
yjt

+
1

yjt

(
bj(Xt)− E[bj(Xt)|Fn−τ(αn)]

)
‖22|Fn]

≤
N∑
j=1

(
2Amax + α0

β
‖θjt‖2 +

2bmax + α0

β

)2

≤ 2(2Amax + α0)2

β2
‖Θt‖2F +

2N

β2
(2bmax + α0)2,

then {Mn} is a martingale difference sequence satisfying E[‖Mn‖2F |Fn] ≤ Ĉ(1 + ‖Θt‖F ), where856

Ĉ = max{ 2(2Amax+α0)2

β2 , 2N
β2 (2bmax + α0)2}.857

Define hc : IRN×K × IRN → IRN×K as hc(x, y) = h(cx, y)c−1 with some c ≥ 1. In addition, by858

using Lemma 14, define h̃c(z) : IRK → IRK as h̃c(z) = hc(1N · z>, yn)>π̃n, i.e.,859

hc(Θn, yn) =

 (A
θ1n
y1n

+ b1

y1nc
)>

· · ·
(A

θNn
yNn

+ bN

yNn c
)>

 , h̃c(z) = Az +

N∑
i=1

bi

Nc
.
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Then h̃c(z)→ h̃∞(z) = Az as c→∞ uniformly on compact sets. Let φc(z, t) and φ∞(z, t) denote860

the solutions of the ODE:861

ż(t) = h̃c(z(t)), z(0) = z (80)

ż(t) = h̃∞(z(t)) = Az(t), z(0) = z

respectively. Furthermore, since the origin is the unique globally asymptotically stable equilibrium of862

the ODE, then we have the following lemma.863

Lemma 15 There exist constant c0 > 0 and T > 0 such that for all initial conditions z with the864

sphere {z|‖z‖2 ≤ 1
N1/2 } and all c ≥ c0, we have ‖φc(z, t)‖2 < 1−κ

N1/2 for t ∈ [T, T + 1] for some865

0 < κ < 1.866

Proof of Lemma 15: Similar to the proof of Lemma 5 in [7].867

Define t0 = 0, tn =
∑n
i=0 αn, n ≥ 0. Define Θ̄(t), t ≥ 0 as Θ̄(tn) = Θn with linear interpolation868

on each interval [tn, tn+1]. In addition, let T0 = 0 and Tn+1 = min{tm : tm ≥ Tn + T} for all869

n ≥ 0. Then, Tn+1 ∈ [Tn + T, Tn + T + supn αn]. Let m(n) be the value such that Tn = tm(n) for870

any n ≥ 0. Define the piecewise continuous trajectory Θ̂(t) = Θ̄(t) · r−1
n for t ∈ [Tn, Tn+1), where871

rn = max{‖Θ̄(Tn)‖F , 1}.872

Lemma 16 There exists a positive constant Cθ̂ <∞ such that supt ‖Θ̂(t)‖F < Cθ̂.873

Proof of Lemma 16: First, we write the update of Θ̂(tk) for k ∈ [m(n),m(n+ 1))874

Θ̂(tk+1) = W̃tk

Θ̂(tk) + αtk

 (θ̂1(tk))>/y1
tk

· · ·
(θ̂N (tk))>/yNtk

A(Xtk)> + αtk

 (b1(Xtk))>/(y1
tk
rn)

· · ·
(bN (Xtk))>/(yNtkrn)

 .
(81)

Since Wtk is a column matrix, thus we have875

‖Θ̂(tk+1)‖∞

≤ ‖W̃tk‖∞

‖Θ̂(tk)‖∞ + αtk

∥∥∥∥∥∥
 A(Xtk)θ̂1(tk)/y1

tk
· · ·

A(Xtk)θ̂N (tk)/yNtk

∥∥∥∥∥∥
∞

+ αtk

∥∥∥∥∥∥∥∥


b1(Xtk
)

y1tk
rn

· · ·
bN (Xtk

)

yNtk
rn


∥∥∥∥∥∥∥∥
∞


≤ ‖Θ̂(tk)‖∞ +

αtk
√
KAmax

β
‖Θ̂(tk)‖∞ +

αtk
√
Kbmax

βrn

≤ ‖Θ̂(tm(n))‖∞ +
√
K

k−m(n)∑
l=0

αtk+l
Amax

β
‖Θ̂(tk+l)‖∞ +

αtk+l
bmax

βrn

≤
√
K +

(T + supl αl)
√
Kbmax

β
+

k−m(n)∑
l=0

αtk+l

√
KAmax

β
‖Θ̂(tk+l)‖∞,

where we use the fact that ‖Θ̂(tm(n))‖F = 1 and rn ≥ 1 in the last inequality. Therefore, by using876

discrete-time Grönwall inequality, we have877

sup
m(n)≤k<m(n+1)

‖Θ̂(tk+1)‖∞ ≤
√
K(1 + (T + sup

l
αl)bmax) exp

{
Amax

√
K

β
(T + sup

l
αl)

}
.

Since T + supl αl <∞, we have supm(n)≤k<m(n+1) ‖Θ̂(tk+1)‖∞ <∞ for all n. By equivalence878

of vector norms, we further obtain that supt ‖Θ̂(t)‖F <∞.879

For n ≥ 0, let zn(t) denote the trajectory of ż = h̃c(z) with c = rn and zn(Tn) =
∑N
i=1 π̃

i
Tn
θ̂Tn

,880

for [Tn, Tn+1).881
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Lemma 17 limn supt∈[Tn,Tn+1) ‖Θ̂t − 1⊗ zn(t)‖ = 0.882

Proof of Lemma 17: From (77) and (81), for any k ∈ [m(n),m(n+ 1)), by Lemma 14, we have883

N∑
i=1

π̃in+1θ
i
n+1 = Θ>n+1π̃n+1

=

Θn + αn

 (A(Xn)θ1
n)>/y1

n
· · ·

(A(Xn)θNn )>/yNn

+ αn

 (b1(Xn))>/y1
n

· · ·
(bN (Xn))>/yNn

> π̃n
=

N∑
i=1

π̃inθ
i
n + αn

N∑
i=1

π̃in(A(Xn)θin/y
i
n + bi(Xn)/yin)

=

N∑
i=1

π̃inθ
i
n +

αn
N
A(Xn)

N∑
i=1

θin +
αn
N

N∑
i=1

bi(Xn).

Similarly, we have884

N∑
i=1

π̃itk+1
θ̂itk+1

=

N∑
i=1

π̃itk θ̂
i
tk

+ αt

N∑
i=1

π̃itk(A(Xtk)θ̂itk/y
i
tk

+ bi(Xtk)/(yitkrn))

=

N∑
i=1

π̃itk θ̂
i
tk

+ αtk

(
A(Xtk)

N∑
i=1

π̃itk θ̂
i
tk

+
1

Nrn

N∑
i=1

bi(Xtk)

)

+ αtk
A(Xtk)

N

N∑
i=1

(
θ̂itk −

N∑
i=1

π̃itk θ̂
i
tk

)

=

N∑
i=1

π̃itk θ̂
i
tk

+ αtk

(
A

N∑
i=1

π̃itk θ̂
i
tk

+
1

Nrn

N∑
i=1

bi

)
+ αtk

A(Xtk)

N

N∑
i=1

(
θ̂itk −

N∑
i=1

π̃itk θ̂
i
tk

)

+ αtk

(
A(Xtk)− E[A(Xtk)|Ftk−τ(αtk

)]
) N∑
i=1

π̃itk θ̂
i
tk

+
αtk
Nrn

N∑
i=1

(
bi(Xtk)− E[bi(Xtk)|Ftk−τ(αtk

)]
)

+ αtk

((
E[A(Xtk)|Ftk−τ(αtk

)]−A
) N∑
i=1

π̃itk θ̂
i
tk

+
1

Nrn

N∑
i=1

(
E[bi(Xtk)|Ftk−τ(αtk

)]− bi
))

.

Let885

M̂tk =
(
A(Xt)− E[A(Xtk)|Ftk−τ(αtk

)]
) N∑
i=1

π̃itk θ̂
i
tk

+
1

Nrn

N∑
i=1

(
bi(Xtk)− E[bi(Xtk)|Ftk−τ(αtk

)]
)

Ĝtk =
(
E[A(Xtk)|Ftk−τ(αtk

)]−A
) N∑
i=1

π̃itk θ̂
i
tk

+
1

Nrn

N∑
i=1

(
E[bi(Xtk)|Ftk−τ(αtk

)]− bi
)

+
A(Xtk)

N

N∑
i=1

(
θ̂itk −

N∑
i=1

π̃itk θ̂
i
tk

)
.
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It is easy to verify that {M̂tk} is a martingale difference sequence satisfying E[‖M̂tk‖22|Ftk ] ≤886

C̄(1 + ‖
∑N
i=1 π̃

i
tk
θ̂itk‖

2
2) for some C̄ ≤ ∞. In addition, we have887

θ̂itk −
N∑
j=1

π̃jtk θ̂
j
tk

=

N∑
j=1

(w̃ijts:tk
− π̃jts)θ̂jts +

k∑
r=s+1

αtr

N∑
i=1

(w̃ijtr:tk
− π̃jtr )(A(Xtr )θ̂jtr/y

j
tr + bj(Xtr/y

j
tr ).

Since {Gt} is uniformly strongly connected, then for any s ≥ 0,Ws:t converges to 1π>s exponentially888

fast as t→∞ and there exist a finite positive constant C and a constant 0 ≤ λ < 1 such that889

|w̃ijs:t − π̃js| ≤ Cλt−s

for all i, j ∈ V and s ≥ 0. Then,for any k ∈ [m(n),m(n+ 1)), we have890

‖θ̂itk −
N∑
j=1

π̃jtk θ̂
j
tk
‖2

≤
N∑
j=1

‖w̃ijtm(n):tk
− π̃jtm(n)

‖2‖θ̂jtm(n)
‖2 +

k∑
r=m(n)+1

αtr

N∑
i=1

‖w̃ijtr:tk
− π̃jtr‖2

Amax‖θ̂jtr‖2 + bmax

β

≤
N∑
j=1

Cλtk−tm(n)‖θ̂jtm(n)
‖2 +

k∑
r=m(n)+1

αtr

N∑
i=1

Cλtk−tr (
Amax‖θ̂jtr‖2 + bmax

β
)

≤ NCλtk−tm(n) +
αtm(n)

NC

1− λ
AmaxCθ̂ + bmax

β
,

where in the last inequality, we use the fact that for all n ≥ 0, we have ‖Θ̂(tm(n))‖F = 1, αn+1 ≤ αn891

and the boundedness of ‖Θ̂n‖F from Lemma 16. Since αtk → 0 as k →∞, then892

lim
k→∞

‖θ̂itk −
N∑
j=1

π̃jtk θ̂
j
tk
‖2 = 0,

which implies that893

lim
k→∞

∥∥∥∥∥∥A(Xtk)

N

N∑
i=1

(θ̂itk −
N∑
j=1

π̃jtk θ̂
j
tk

)

∥∥∥∥∥∥
2

= 0.

Then,894

lim
k→∞

‖Ĝtk‖2 ≤ lim
k→∞

αtk(‖
N∑
j=1

π̃jtk θ̂
j
tk
‖2 + 1) + lim

k→∞

∥∥∥∥∥∥A(Xtk)

N

N∑
i=1

(θ̂itk −
N∑
j=1

π̃jtk θ̂
j
tk

)

∥∥∥∥∥∥
2

= 0.

Therefore, by Corollary 8 and Theorem 9 in Chapter 6 of [8], we obtain that
∑N
i=1 π̃

i
tk
θ̂itk → zn(t)895

as n → ∞, namely k → ∞. Furthermore, we obtain that θ̂itk+1
→ zn(t) as n → ∞ for all i ∈ V ,896

which concludes the proof following Theorem 2 in Chapter 2 of [8].897

Lemma 18 The sequence {Θn} generated from (79) is bounded almost surely, i.e., Cθ =898

supn ‖Θn‖F <∞ almost surely.899

Proof of Lemma 18: In order to prove this lemma, we need to show that supn ‖Θ̄(Tn)‖F < ∞900

first. If this does not hold, there will exist a sequence Tn1
, Tn2

, · · · such that ‖Θ̂(Tnk
)‖F → ∞,901

i.e., rnk
→ ∞. If rn > c0 and ‖Θ̂(Tn)‖F = 1, then ‖zn(Tn)‖2 = ‖

∑N
i=1 π̃Tn θ̂

i
Tn
‖2 ≤ N−1/2.902

Using Lemma 15, we have ‖1N · (zn(T−n+1))>‖F = N1/2‖zn(T−n+1)‖2 ≤ 1− κ. In addition, using903
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Lemma 17, there exists a constant 0 < κ′ < κ such that ‖Θ̂(T−n+1)‖F < 1− κ′. Hence for rn > c0904

and n sufficiently large,905

‖Θ̄(Tn+1)‖F
‖Θ̄(Tn)‖F

=
‖Θ̂(T−n+1)‖F
‖Θ̂(Tn)‖F

≤ 1− κ′.

It shows that if ‖Θ̄(Tn)‖F > c0, ‖Θ̄(Tk)‖F for all k ≥ n falls back to the ball of radius c0 at an906

exponential rate.907

Thus, if ‖Θ̄(Tn)‖F > c0, then ‖Θ̄(Tn−1)‖F is either greater than ‖Θ̄(Tn)‖F or is inside the ball of908

radius c0. Since we assume rnk
→ ∞, then we can find a time Tn such that ‖Θ̄(Tn)‖F < c0 and909

‖Θ̄(Tn+1)‖F =∞. However, by using discrete-time Grönwall inequality, we have910

‖Θ̄(Tn+1)‖∞ ≤ ‖Θ̄(Tn+1 − 1)‖∞ + αTn+1−1

√
KAmax

β
‖Θ̄(Tn+1 − 1)‖∞ + αTn+1−1

√
K
bmax

β

≤ ‖Θ̄(Tn)‖∞ +
√
K

Tn+1−Tn∑
s=0

αTn+s
Amax

β
‖Θ̄(Tn + s)‖∞ + αTn+s

bmax

β

≤
√
Kc0 +

√
K(T + sup

n
αn)

bmax

β
+

√
KAmax

β

Tn+1−Tn∑
s=0

αTn+s‖Θ̄(Tn + s)‖∞

≤
√
K(c0 + (T + sup

n
αn)

bmax

β
) exp

{
(T + sup

n
αn)

√
KAmax

β

}
,

which implies that ‖Θ̄(Tn+1)‖F can be bounded if ‖Θ̄(Tn)‖F < c0. This leads to a contradiction.911

Moreover, let Cθ̄ = supn ‖Θ̄(Tn)‖F <∞, then Cθ = supn ‖Θn‖F ≤ Cθ̄Cθ̂ <∞.912

Recall the update of θ̃it in (9):913

θ̃it+1 =

N∑
j=1

ŵijt

[
θ̃jt + αt

(
A(Xt)θ

j
t + bj(Xt)

)]
.

From the definition that 〈θ̃〉t = 1
N

∑N
i=1 θ̃

i
t and 〈θ〉t = 1

N

∑N
i=1 θ

i
t, we have914

〈θ̃〉t+1 = 〈θ̃〉t + αtA(Xt)〈θ〉t +
αt
N

N∑
i=1

bi(Xt)

= 〈θ̃〉t + αtA(Xt)〈θ̃〉t +
αt
N

N∑
i=1

bi(Xt) + αtρt, (82)

where ρt = A(Xt)〈θ〉t −A(Xt)〈θ̃〉t. From Lemma 18, we have ‖〈θ〉t‖2 ≤ maxi∈V ‖θit‖2 ≤ Cθ for915

all t ≥ 0, which implies that ‖〈θ̃〉t‖2 ≤ NCθ and916

µt = ‖ρt‖2 =
∥∥∥A(Xt)〈θ〉t −A(Xt)〈θ̃〉t

∥∥∥
2
≤ µmax,

where µmax = (N + 1)AmaxCθ.917

Lemma 19 Suppose that Assumptions 2 and 5 hold and {Gt} is uniformly strongly connected by918

sub-sequences of length L. Let ε1 = inft≥0 mini∈V(Ŵt · · · Ŵ01N )i. For all t ≥ 0 and i ∈ V ,919

‖θit+1 − 〈θ̃〉t‖2 ≤
8

ε1
ε̄t‖

N∑
i=1

θ̃i0 + α0A(X0)θi0 + α0b
i(X0)‖2

+
8

ε1

AmaxCθ + bmax

1− ε̄

(
α0ε̄

t/2 + αd t
2 e

)
+ αtAmaxCθ + αtbmax,

where ε1 > 0 and ε̄ ∈ (0, 1) satisfy ε1 ≥ 1
NNL and ε̄ ≤ (1− 1

NNL )1/L.920
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Proof of Lemma 19: Since ε1 = inft≥0 mini∈V(Ŵt · · · Ŵ01N )i and all weight matrices Ŵs are921

column stochastic matrices for all s ≥ 0, from Corollary 2 (b) in [1], we know that ε1 ≤ 1
NNL . If the922

weight matrices are doubly stochastic matrices, then ε1 = 1.923

From Assumption 2 and Lemma 18, we know that ‖A(Xt)θ
i
t + bi(Xt)‖2 ≤ AmaxCθ + bmax. Then,924

by using Lemma 1 in [1], for all t ≥ 0 and i ∈ V we have925

‖θit+1 − 〈θ̃〉t − αtA(Xt)〈θ〉t −
αt
N

N∑
i=1

bi(Xt)‖2

≤ 8

ε1
(ε̄t‖

N∑
i=1

θ̃i0 + α0A(X0)θi0 + α0b
i(X0)‖2 +

t∑
s=0

ε̄t−sαs(AmaxCθ + bmax))

≤ 8

ε1
ε̄t‖

N∑
i=1

θ̃i0 + α0A(X0)θi0 + α0b
i(X0)‖2

+
8

ε1
(AmaxCθ + bmax)

b t
2 c∑
s=0

ε̄t−sαs +
t∑

s=d t
2 e

ε̄t−sαs


≤ 8

ε1
ε̄t‖

N∑
i=1

θ̃i0 + α0A(X0)θi0 + α0b
i(X0)‖2 +

8

ε1

AmaxCθ + bmax

1− ε̄

(
α0ε̄

t/2 + αd t
2 e

)
,

which implies that926

‖θit+1 − 〈θ̃〉t‖2

≤ ‖θit+1 − 〈θ̃〉t − αtA(Xt)〈θ〉t −
αt
N

N∑
i=1

bi(Xt)‖2 + αt‖A(Xt)〈θ〉t +
1

N

N∑
i=1

bi(Xt)‖2

≤ 8

ε1
ε̄t‖

N∑
i=1

θ̃i0 + α0A(X0)θi0 + α0b
i(X0)‖2 +

8

ε1

AmaxCθ + bmax

1− ε̄

(
α0ε̄

t/2 + αd t
2 e

)
+ αtAmaxCθ + αtbmax.

This completes the proof.927

Lemma 20 limt→∞ µt = limt→∞ ‖ρt‖2 = 0 and limt→∞

∑t
k=0 µk

t+1 = limt→∞

∑t
k=0 ‖ρk‖2
t+1 = 0.928

Proof of Lemma 20: From Lemma 19, we have929

µt = ‖ρt‖2 =
∥∥∥A(Xt)〈θ〉t −A(Xt)〈θ̃〉t

∥∥∥
2

≤ 8Amax

ε1
ε̄t‖Θ̃0‖1 +

8Amax

ε1

N
√
K(AmaxCθ + bmax)

1− ε̄

(
α0ε̄

t/2 + αd t
2 e

)
.

Since ε̄ ∈ (0, 1), then limt→∞ ‖ρt‖2 = 0. Next, we will prove that limt→∞
1
t+1

∑t
k=0 ‖ρk‖2 = 0.930

For any positive constant c > 0, there exists a positive integer T (c), depending on c, such that931

∀t ≥ T (c), we have ‖ρt‖2 < c. Thus,932

1

t

t−1∑
k=0

‖ρk‖2 =
1

t

T (c)∑
k=0

‖ρk‖2 +
1

t

t−1∑
k=T (c)+1

‖ρk‖2 ≤
1

t

T (c)∑
k=0

‖ρk‖2 +
t− 1− T (c)

t
c.

Let t→∞ on both sides of the above inequality. Then, we have933

lim
t→∞

1

t

t−1∑
k=0

‖ρk‖2 ≤ lim
t→∞

1

t

T (c)∑
k=0

‖ρk‖2 + lim
t→∞

t− 1− T (c)

t
c = c.

Since the above argument holds for arbitrary positive c, then limt→∞
1
t+1

∑t
k=0 ‖ρk‖2 = 0.934
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Lemma 21 Suppose that Assumptions 2 and 3 hold. When the step-size αt and corresponding mixing935

time τ(αt) satisfy 0 < αtτ(αt) <
log 2
Amax

, we have for any t ≥ T̄ ,936

‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖2 ≤ 2Amax‖〈θ̃〉t−τ(αt)‖2
t−1∑

k=t−τ(αt)

αk + 2(bmax + µmax)

t−1∑
k=t−τ(αt)

αk, (83)

‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖2 ≤ 6Amax‖〈θ̃〉t‖2
t−1∑

k=t−τ(αt)

αk + 5(bmax + µmax)

t−1∑
k=t−τ(αt)

αk, (84)

‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖
2
2 ≤ 72α2

t−τ(αt)
τ2(αt)A

2
max‖〈θ̃〉t‖22 + 50α2

t−τ(αt)
τ2(αt)(bmax + µmax)2

≤ 8‖〈θ̃〉t‖22 +
6(bmax + µmax)2

A2
max

. (85)

Proof of Lemma 21: From the update of 〈θ̃〉t in (82):937

〈θ̃〉t+1 = 〈θ̃〉t + αtA(Xt)〈θ̃〉t +
αt
N

N∑
i=1

bi(Xt) + αtρt.

Then, we have938

‖〈θ̃〉t+1‖2 ≤ (1 + αtAmax)‖〈θ̃〉t‖2 + αtbmax + αtµmax.

For all u ∈ [t− τ(αt), t], we have939

‖〈θ̃〉u‖2 ≤ Πu−1
k=t−τ(αt)

(1 + αkAmax)‖〈θ̃〉t−τ(αt)‖2

+ (bmax + µmax)

u−1∑
k=t−τ(αt)

αkΠu−1
l=k+1(1 + αlAmax)

≤ exp{
u−1∑

k=t−τ(αt)

αkAmax}‖〈θ̃〉t−τ(αt)‖2

+ (bmax + µmax)

u−1∑
k=t−τ(αt)

αk exp{
u−1∑
l=k+1

αlAmax}

≤ exp{αt−τ(αt)τ(αt)Amax}‖〈θ̃〉t−τ(αt)‖2

+ (bmax + µmax)

u−1∑
k=t−τ(αt)

αk exp{αt−τ(αt)τ(αt)Amax}

≤ 2‖〈θ̃〉t−τ(αt)‖2 + 2(bmax + µmax)

u−1∑
k=t−τ(αt)

αk,
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where we use αt−τ(αt)τ(αt)Amax ≤ log 2 < 1
3 in the last inequality. Thus, for all t ≥ T̄ , we can940

get (83) as follows:941

‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖2

≤
t−1∑

k=t−τ(αt)

‖〈θ̃〉k+1 − 〈θ̃〉k‖2

≤ Amax

t−1∑
k=t−τ(αt)

αk‖〈θ̃〉k‖2 + (bmax + µmax)

t−1∑
k=t−τ(αt)

αk

≤ Amax

t−1∑
k=t−τ(αt)

αk

2‖〈θ̃〉t−τ(αt)‖2 + 2(bmax + µmax)

k−1∑
l=t−τ(αt)

αl


+ (bmax + µmax)

t−1∑
k=t−τ(αt)

αk

≤ 2Amax‖〈θ̃〉t−τ(αt)‖2
t−1∑

k=t−τ(αt)

αk +
(
2Amaxτ(αt)αt−τ(αt) + 1

)
(bmax + µmax)

t−1∑
k=t−τ(αt)

αk

≤ 2Amax‖〈θ̃〉t−τ(αt)‖2
t−1∑

k=t−τ(αt)

αk +
5

3
(bmax + µmax)

t−1∑
k=t−τ(αt)

αk

≤ 2Amax‖〈θ̃〉t−τ(αt)‖2
t−1∑

k=t−τ(αt)

αk + 2(bmax + µmax)

t−1∑
k=t−τ(αt)

αk.

Moreover, by using the above inequality, we can get (84) for all t ≥ T̄ as follows:942

‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖2

≤ 2Amax‖〈θ̃〉t−τ(αt)‖2
t−1∑

k=t−τ(αt)

αk +
5

3
(bmax + µmax)

t−1∑
k=t−τ(αt)

αk

≤ 2Amaxτ(αt)αt−τ(αt)‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖2 + 2Amax‖〈θ̃〉t‖2
t−1∑

k=t−τ(αt)

αk

+
5

3
(bmax + µmax)

t−1∑
k=t−τ(αt)

αk

≤ 6Amax‖〈θ̃〉t‖2
t−1∑

k=t−τ(αt)

αk + 5(bmax + µmax)

t−1∑
k=t−τ(αt)

αk.

Next, by using (84) and the inequality (x+ y)2 ≤ 2x2 + y2 for all x, y, we can get (85) as follows:943

‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖
2
2 ≤ 72A2

max‖〈θ̃〉t‖22(

t−1∑
k=t−τ(αt)

αk)2 + 50(bmax + µmax)2(

t−1∑
k=t−τ(αt)

αk)2

≤ 72α2
t−τ(αt)

τ2(αt)A
2
max‖〈θ̃〉t‖22 + 50α2

t−τ(αt)
τ2(αt)(bmax + µmax)2

≤ 8‖〈θ̃〉t‖22 +
6(bmax + µmax)2

A2
max

,

where we use αt−τ(αt)τ(αt)Amax <
1
3 in the last inequality.944
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Lemma 22 Suppose that Assumptions 2–5 hold and {Gt} is uniformly strongly connected by sub-945

sequences of length L. When 0 < αt−τ(αt)τ(αt) <
log 2
Amax

, we have for any t ≥ T̄ ,946

|E[(〈θ̃〉t − θ∗)>(P + P>)(A(Xt)〈θ̃〉t +B(Xt)
>πt+1 −A〈θ̃〉t − b) | Ft−τ(αt)]|

≤ αt−τ(αt)τ(αt)γmax

(
72 + 456A2

max + 84Amaxbmax + 72Amaxµmax

)
E[‖〈θ̃〉t‖22 | Ft−τ(αt)]

+ αt−τ(αt)τ(αt)γmax

[
2 + 4‖θ∗‖22 + 48

(bmax + µmax)2

A2
max

+ 152 (bmax + µmax +Amax‖θ∗‖2)
2

+ 12Amaxbmax + 48Amax(bmax + µmax)(
bmax + µmax

Amax
+ 1)2 + 87(bmax + µmax)2

]
.

Proof of Lemma 22: Note that for all t ≥ T̄ , we have947

E[(〈θ̃〉t − θ∗)>(P + P>)(A(Xt)〈θ̃〉t +
1

N
B(Xt)

>1N −A〈θ̃〉t − b) | Ft−τ(αt)]|

≤ |E[(〈θ̃〉t − θ∗)>(P + P>)(A(Xt)−A)〈θ̃〉t | Ft−τ(αt)]|

+ |E[(〈θ̃〉t − θ∗)>(P + P>)(
1

N
B(Xt)

>1N − b) | Ft−τ(αt)]|

≤ |E[(〈θ̃〉t−τ(αt) − θ
∗)>(P + P>)(A(Xt)−A)〈θ̃〉t−τ(αt) | Ft−τ(αt)]| (86)

+ |E[(〈θ̃〉t−τ(αt) − θ
∗)>(P + P>)(A(Xt)−A)(〈θ̃〉t − 〈θ̃〉t−τ(αt)) | Ft−τ(αt)]| (87)

+ |E[(〈θ̃〉t − 〈θ̃〉t−τ(αt))
>(P + P>)(A(Xt)−A)〈θ̃〉t−τ(αt) | Ft−τ(αt)]| (88)

+ |E[(〈θ̃〉t − 〈θ̃〉t−τ(αt))
>(P + P>)(A(Xt)−A)(〈θ̃〉t − 〈θ̃〉t−τ(αt)) | Ft−τ(αt)]| (89)

+ |E[(〈θ̃〉t − 〈θ̃〉t−τ(αt))
>(P + P>)(

1

N
B(Xt)

>1N − b) | Ft−τ(αt)]| (90)

+ |E[(〈θ̃〉t−τ(αt) − θ
∗)>(P + P>)(

1

N
B(Xt)

>1N − b) | Ft−τ(αt)]|. (91)

By using the mixing time in Assumption 3, we can get the bound for (86) and (91) for all t ≥ T̄ :948

|E[(〈θ̃〉t−τ(αt) − θ
∗)>(P + P>)(A(Xt)−A)〈θ̃〉t−τ(αt) | Ft−τ(αt)]|

≤ |(〈θ̃〉t−τ(αt) − θ
∗)>(P + P>)E[A(Xt)−A | Ft−τ(αt)]〈θ̃〉t−τ(αt)|

≤ 2αtγmaxE[‖〈θ̃〉t−τ(αt) − θ
∗‖2‖〈θ̃〉t−τ(αt)‖2 | Ft−τ(αt)]

≤ αtγmaxE[‖〈θ̃〉t−τ(αt) − θ
∗‖22 + ‖〈θ̃〉t−τ(αt)‖

2
2 | Ft−τ(αt)]

≤ αtγmaxE[2‖θ∗‖22 + 3‖〈θ̃〉t−τ(αt)‖
2
2 | Ft−τ(αt)]

≤ 6αtγmaxE[‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖
2
2 | Ft−τ(αt)] + 6αtγmaxE[‖〈θ̃〉t‖22 | Ft−τ(αt)] + 2αtγmax‖θ∗‖22

≤ 54αtγmaxE[‖〈θ̃〉t‖22 | Ft−τ(αt)] + 36αtγmax
(bmax + µmax)2

A2
max

+ 2αtγmax‖θ∗‖22, (92)

where in the last inequality, we use (83) from Lemma 21.949

|E[(〈θ̃〉t−τ(αt) − θ
∗)>(P + P>)(

1

N
B(Xt)

>1N − b) | Ft−τ(αt)]|

≤ |(〈θ̃〉t−τ(αt) − θ
∗)>(P + P>)

1

N

N∑
i=1

E[bi(Xt)− bi | Ft−τ(αt)]|

≤ 2γmaxαtE[‖〈θ̃〉t−τ(αt) − θ
∗‖2 | Ft−τ(αt)]

≤ 2γmaxαt

(
1 +

1

2
E[‖〈θ̃〉t−τ(αt)‖

2
2 | Ft−τ(αt)] +

1

2
‖θ∗‖22

)
≤ 2γmaxαt

(
1 + E[‖〈θ̃〉t−τ(αt) − 〈θ̃〉t‖

2
2 | Ft−τ(αt)] + E[‖〈θ̃〉t‖22 | Ft−τ(αt)] + ‖θ∗‖22

)
≤ 2γmaxαt

(
1 + 9E[‖〈θ̃〉t‖22 | Ft−τ(αt)] + 6

(bmax + µmax)2

A2
max

+ ‖θ∗‖22
)
, (93)
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where in the last inequality we use (83).950

Next, by using Assumption 2, (83) and (85), we have951

|E[(〈θ̃〉t−τ(αt) − θ
∗)>(P + P>)(A(Xt)−A)(〈θ̃〉t − 〈θ̃〉t−τ(αt)) | Ft−τ(αt)]|

≤ 4γmaxAmaxE[‖〈θ̃〉t−τ(αt) − θ
∗‖2‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖2 | Ft−τ(αt)]

≤ 4γmaxAmaxE[‖〈θ̃〉t−τ(αt)‖2‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖2 | Ft−τ(αt)]

+ 4γmaxAmax‖θ∗‖2E[‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖2 | Ft−τ(αt)]

≤ 8γmaxA
2
maxE[‖〈θ̃〉t−τ(αt)‖

2
2 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 8γmaxAmax(bmax + µmax)‖θ∗‖2
t−1∑

k=t−τ(αt)

αk

+ 8γmaxA
2
max

(
bmax + µmax

Amax
+ ‖θ∗‖2

)
E[‖〈θ̃〉t−τ(αt)‖2 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

≤ 12γmaxA
2
maxE[‖〈θ̃〉t−τ(αt)‖

2
2 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 8γmaxA
2
max

(
bmax + µmax

Amax
+ ‖θ∗‖2

)2 t−1∑
k=t−τ(αt)

αk

≤ 24γmaxA
2
maxE[‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖

2
2 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 24γmaxA
2
maxE[‖〈θ̃〉t‖22 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 8γmaxA
2
max

(
bmax + µmax

Amax
+ ‖θ∗‖2

)2 t−1∑
k=t−τ(αt)

αk

≤ 216γmaxA
2
maxE[‖〈θ̃〉t‖22 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 152γmax (bmax + µmax +Amax‖θ∗‖2)
2

t−1∑
k=t−τ(αt)

αk. (94)
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In additional, as for the bound of (88), by using (83) and (85), we have952

|E[(〈θ̃〉t − 〈θ̃〉t−τ(αt))
>(P + P>)(A(Xt)−A)〈θ̃〉t−τ(αt) | Ft−τ(αt)]|

≤ 4γmaxAmaxE[‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖2‖〈θ̃〉t−τ(αt)‖2 | Ft−τ(αt)]

≤ 8γmaxAmaxE[Amax‖〈θ̃〉t−τ(αt)‖
2
2 + (bmax + µmax)‖〈θ̃〉t−τ(αt)‖2 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

≤ 4γmaxAmax(2Amax + bmax + µmax)E[‖〈θ̃〉t−τ(αt)‖
2
2 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 4γmaxAmax(bmax + µmax)

t−1∑
k=t−τ(αt)

αk

≤ 8γmaxAmax(2Amax + bmax + µmax)E[‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖
2
2 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 8γmaxAmax(2Amax + bmax + µmax)E[‖〈θ̃〉t‖22 | Ft−τ(αt)]
t−1∑

k=t−τ(αt)

αk

+ 4γmaxAmax(bmax + µmax)

t−1∑
k=t−τ(αt)

αk

≤ 72 γmaxAmax(2Amax + bmax + µmax)E[‖〈θ̃〉t‖22 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 48γmaxAmax(bmax + µmax)(
bmax + µmax

Amax
+ 1)2

t−1∑
k=t−τ(αt)

αk. (95)

Moreover, by using (85), we can get the bound for (89) as follows:953

|E[(〈θ̃〉t − 〈θ̃〉t−τ(αt))
>(P + P>)(A(Xt)−A)(〈θ̃〉t − 〈θ̃〉t−τ(αt)) | Ft−τ(αt)]|

≤ 4γmaxAmaxE[‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖
2
2 | Ft−τ(αt)]|

≤ 4γmaxAmaxE[72A2
max‖〈θ̃〉t‖22 + 50(bmax + µmax)2 | Ft−τ(αt)]

 t−1∑
k=t−τ(αt)

αk

2

≤ 96A2
maxγmaxE[‖〈θ̃〉t‖22 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk + 67(bmax + µmax)2γmax

t−1∑
k=t−τ(αt)

αk.

(96)
Finally, we can get the bound of (90) by using (84):954

|E[(〈θ̃〉t − 〈θ̃〉t−τ(αt))(P + P>)(
1

N
B(Xt)

>1N − b) | Ft−τ(αt)]|

≤ 4γmaxbmaxE[‖〈θ̃〉t − 〈θ̃〉t−τ(αt)‖2 | Ft−τ(αt)]

≤ 4γmaxbmaxE[6Amax‖〈θ̃〉t‖2 + 5(bmax + µmax) | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

≤ 12γmaxAmaxbmaxE[‖〈θ̃〉t‖22 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ (12Amax + 20bmax + 20µmax)γmaxbmax

t−1∑
k=t−τ(αt)

αk. (97)
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Then, by using (92)–(97), we have955

|E[(〈θ̃〉t − θ∗)>(P + P>)(A(Xt)〈θ̃〉t +B(Xt)
>πt+1 −A〈θ̃〉t − b) | Ft−τ(αt)]|

≤ 54αtγmaxE[‖〈θ̃〉t‖22 | Ft−τ(αt)] + 36αtγmax
(bmax + µmax)2

A2
max

+ 2αtγmax‖θ∗‖22

+ 2γmaxαt

(
1 + 9E[‖〈θ̃〉t‖22 | Ft−τ(αt)] + 6

(bmax + µmax)2

A2
max

+ ‖θ∗‖22
)

+ 216γmaxA
2
maxE[‖〈θ̃〉t‖22 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 152γmax (bmax + µmax +Amax‖θ∗‖2)
2

t−1∑
k=t−τ(αt)

αk

+ 72 γmaxAmax(2Amax + bmax + µmax)E[‖〈θ̃〉t‖22 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ 48γmaxAmax(bmax + µmax)(
bmax + µmax

Amax
+ 1)2

t−1∑
k=t−τ(αt)

αk

+ 96A2
maxγmaxE[‖〈θ̃〉t‖22 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk + 67(bmax + µmax)2γmax

t−1∑
k=t−τ(αt)

αk

+ 12γmaxAmaxbmaxE[‖〈θ̃〉t‖22 | Ft−τ(αt)]

t−1∑
k=t−τ(αt)

αk

+ (12Amax + 20bmax + 20µmax)γmaxbmax

t−1∑
k=t−τ(αt)

αk

≤ αt−τ(αt)τ(αt)γmax

(
72 + 456A2

max + 84Amaxbmax + 72Amaxµmax

)
E[‖〈θ̃〉t‖22 | Ft−τ(αt)]

+ αt−τ(αt)τ(αt)γmax

[
2 + 4‖θ∗‖22 + 48

(bmax + µmax)2

A2
max

+ 152 (bmax + µmax +Amax‖θ∗‖2)
2

+ 12Amaxbmax + 48Amax(bmax + µmax)(
bmax + µmax

Amax
+ 1)2 + 87(bmax + µmax)2

]
,

where we use αt ≤ αt−ταt from Assumption 5 and τ(αt) ≥ 1 in the last inequality. This completes956

the proof.957

Lemma 23 Suppose that Assumptions 2–4 hold and αt = α0

t+1 . When µt+ τ(αt)αt−τ(αt)ζ8 ≤ 0.1
γmax

958

and τ(αt)αt−τ(αt) ≤ min{ log 2
Amax

, 0.1
ζ8γmax

}, we have for t ≥ T̄ ,959

E[‖〈θ̃〉t+1 − θ∗‖22] ≤ T̄

t+ 1

γmax

γmin
E[‖〈θ̃〉T̄ − θ∗‖22] +

ζ9α0C log2( t+1
α0

)

t+ 1

γmax

γmin

+ α0
γmax

γmin

∑t+1
l=T̄ µl
t+ 1

,

where T̄ is defined in Appendix A.2, ζ8 and ζ9 are defined in (18) and (19), respectively.960

Proof of Lemma 23: Let H(〈θ̃〉t) = (〈θ̃〉t − θ∗)>P (〈θ̃〉t − θ∗). From Assumption 4, we know that961

γmin‖〈θ̃〉t − θ∗‖22 ≤ H(〈θ̃〉t) ≤ γmax‖〈θ̃〉t − θ∗‖22.

Recall the update of 〈θ̃〉t in (82):962

〈θ̃〉t+1 = 〈θ̃〉t + αtA(Xt)〈θ̃〉t +
αt
N

N∑
i=1

bi(Xt) + αtρt.
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From Assumption 2, for t ≥ T̄ we have963

H(〈θ̃〉t+1)

= (〈θ̃〉t+1 − θ∗)>P (〈θ̃〉t+1 − θ∗)

=

(
〈θ̃〉t + αtA(Xt)〈θ̃〉t +

αt
N

N∑
i=1

bi(Xt) + αtρt − θ∗
)>

P ·(
〈θ̃〉t + αtA(Xt)〈θ̃〉t +

αt
N

N∑
i=1

bi(Xt) + αtρt − θ∗
)

= (〈θ̃〉t − θ∗)>P (〈θ̃〉t − θ∗) + α2
t (A(Xt)〈θ̃〉t)>P (A(Xt)〈θ̃〉t)

+
α2
t

N2
(B(Xt)

>1N )>P (B(Xt)
>1N ) +

α2
t

N
(A(Xt)〈θ̃〉t)>(P + P>)(B(Xt)

>1N ) + α2
tρ
>
t Pρt

+ α2
t (A(Xt)〈θ̃〉t +

1

N
B(Xt)

>1N )>(P + P>)ρt + αt(〈θ̃〉t − θ∗)>(P + P>)ρt

+ αt(〈θ̃〉t − θ∗)>(P + P>)(A(Xt)〈θ̃〉t +
1

N
B(Xt)

>1N −A〈θ̃〉t − b)

+ αt(〈θ̃〉t − θ∗)>P (A〈θ̃〉t + b) + αt(A〈θ̃〉t + b)>P (〈θ̃〉t − θ∗)

= H(〈θ̃〉t) + α2
t (A(Xt)〈θ̃〉t)>P (A(Xt)〈θ̃〉t) +

α2
t

N2
(B(Xt)

>1N )>P (B(Xt)
>1N )

+
α2
t

N
(A(Xt)〈θ̃〉t)>(P + P>)(B(Xt)

>1N ) + α2
tρ
>
t Pρt

+ α2
t (A(Xt)〈θ̃〉t +

1

N
B(Xt)

>1N )>(P + P>)ρt + αt(〈θ̃〉t − θ∗)>(P + P>)ρt

+ αt(〈θ̃〉t − θ∗)>(P + P>)(A(Xt)〈θ̃〉t +
1

N
B(Xt)

>1N −A〈θ̃〉t − b)

+ αt(〈θ̃〉t − θ∗)>(PA+A>P )(〈θ̃〉t − θ∗), (98)

where we use the fact that Aθ∗ + b = 0 on the last equality.964
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Next, we can take expectation on both sides of (98). From Assumption 4 and Lemma 22, for t ≥ T̄965

we have966

E[H(〈θ̃〉t+1)]

= E[H(〈θ̃〉t)] + α2
tE[(A(Xt)〈θ̃〉t)>P (A(Xt)〈θ̃〉t)]− αtE[‖〈θ̃〉t − θ∗‖22] + E[α2

tρ
>
t Pρt]

+
α2
t

N2
E[(B(Xt)

>1N )>P (B(Xt)
>1N )] +

α2
t

N
E[(A(Xt)〈θ̃〉t)>(P + P>)(B(Xt)

>1N )]

+ α2
tE[(A(Xt)〈θ̃〉t +

1

N
B(Xt)

>1N )>(P + P>)ρt] + αtE[(〈θ̃〉t − θ∗)>(P + P>)ρt]

+ αtE[(〈θ̃〉t − θ∗)>(P + P>)(A(Xt)〈θ̃〉t +
1

N
B(Xt)

>1N −A〈θ̃〉t − b)]

≤ E[H(〈θ̃〉t)] + α2
tA

2
maxγmaxE[‖〈θ̃〉t‖22]− αtE[‖〈θ̃〉t − θ∗‖22] + 2αtγmax‖ρt‖2E[‖〈θ̃〉t − θ∗‖2]

+ α2
tγmaxb

2
max + 2α2

tγmaxAmaxbmaxE[‖〈θ̃〉t‖2] + α2
tγmaxµ

2
max

+ 2α2
tγmaxµmax(AmaxE[‖〈θ̃〉t‖2] + bmax)

+ αtαt−τ(αt)τ(αt)γmax

(
72 + 456A2

max + 84Amaxbmax + 72Amaxµmax

)
E[‖〈θ̃〉t‖22]

+ αtαt−τ(αt)τ(αt)γmax

[
2 + 48

(bmax + µmax)2

A2
max

+ 152 (bmax + µmax +Amax‖θ∗‖2)
2

+ 4‖θ∗‖22 + 12Amaxbmax + 48Amax(bmax + µmax)(
bmax + µmax

Amax
+ 1)2 + 87(bmax + µmax)2

]
≤ E[H(〈θ̃〉t)] + (−αt + αtγmax‖ρt‖2)E[‖〈θ̃〉t − θ∗‖22] + αtγmax‖ρt‖2

+ αtαt−τ(αt)τ(αt)γmax

(
72 + 458A2

max + 84Amaxbmax + 72Amaxµmax

)
E[‖〈θ̃〉t‖22]

+ αtαt−τ(αt)τ(αt)γmax

[
2 + 48

(bmax + µmax)2

A2
max

+ 152 (bmax + µmax +Amax‖θ∗‖2)
2

+ 4‖θ∗‖22 + 12Amaxbmax + 48Amax(bmax + µmax)(
bmax + µmax

Amax
+ 1)2 + 89(bmax + µmax)2

]
.

Using the facts that E[‖〈θ̃〉t‖22] ≤ 2E[‖〈θ̃〉t − θ∗‖22] + 2‖θ∗‖22 and γmin‖〈θ̃〉t − θ∗‖22 ≤ H(〈θ̃〉t) ≤967

γmax‖〈θ̃〉t − θ∗‖22, then968

E[H(〈θ̃〉t+1)]

≤ E[H(〈θ̃〉t)] + (−αt + αtγmaxµt)E[‖〈θ̃〉t − θ∗‖22] + αtγmaxµt

+ 2α2
tγmax(bmax + µmax)2

+ 2αtαt−τ(αt)τ(αt)γmax

(
72 + 458A2

max + 84Amaxbmax + 72Amaxµmax

)
E[‖〈θ̃〉t − θ∗‖22]

+ 2αtαt−τ(αt)τ(αt)γmax

(
72 + 458A2

max + 84Amaxbmax + 72Amaxµmax

)
‖θ∗‖22

+ αtαt−τ(αt)τ(αt)γmax

[
2 + 48

(bmax + µmax)2

A2
max

+ 152 (bmax + µmax +Amax‖θ∗‖2)
2

+ 4‖θ∗‖22 + 12Amaxbmax + 48Amax(bmax + µmax)(
bmax + µmax

Amax
+ 1)2 + 87(bmax + µmax)2

]
≤ E[H(〈θ̃〉t)] + (−αt + αtγmaxµt + αtαt−τ(αt)τ(αt)γmaxζ8)E[‖〈θ̃〉t − θ∗‖22]

+ αtαt−τ(αt)τ(αt)γmaxζ9 + αtγmaxµt.
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Moreover, from αt = α0

t+1 , α0 ≥ γmax

0.9 and the definition of T̄ , for all t ≥ T̄ we have969

E[H(〈θ̃〉t+1)] ≤ (1− 0.9αt
γmax

)E[H(〈θ̃〉t)] + αtαt−τ(αt)τ(αt)γmaxζ9 + αtγmaxµt

≤ t

t+ 1
E[H(〈θ̃〉t)] + α0γmax

µt
t+ 1

+
α2

0C log( t+1
α0

)γmaxζ9

(t+ 1)(t− τ(αt) + 1)

≤ T̄

t+ 1
E[H(〈θ̃〉T̄ )] + α0γmax

t∑
l=T̄

µl
l + 1

Πt
u=l+1

u

u+ 1

+ α2
0γmaxζ9

t∑
l=T̄

C log( l+1
α0

)

(l + 1)(l − τ(αl) + 1)
Πt
u=l+1

u

u+ 1

=
T̄

t+ 1
E[H(〈θ̃〉T̄ )] + α0γmax

t∑
l=T̄

µl
t+ 1

+
α2

0γmaxζ9
t+ 1

t∑
l=T̄

C log( l+1
α0

)

l − τ(αl) + 1

≤ T̄

t+ 1
E[H(〈θ̃〉T̄ )] + α0γmax

∑t
l=T̄ µl
t+ 1

+
α2

0γmaxζ9
t+ 1

t∑
l=T̄

2C log( l+1
α0

)

l + 1

≤ T̄

t+ 1
E[H(〈θ̃〉T̄ )] + α0γmax

∑t+1
l=T̄ µl
t+ 1

+
ζ9α0γmaxC log2( t+1

α0
)

t+ 1
, (99)

where we use970

t∑
l=T̄

2α0 log( l+1
α0

)

l + 1
≤ log2(

t+ 1

α0
)

to get the last inequality. Then, we can get the bound of E[‖〈θ̃〉t+1 − θ∗‖22] from (99) as follows:971

E[‖〈θ̃〉t+1 − θ∗‖22]

≤ 1

γmin
E[H(〈θ̃〉t+1)]

≤ T̄

t+ 1

γmax

γmin
E[‖〈θ̃〉T̄ − θ∗‖22] +

ζ9α0C log2( t+1
α0

)

t+ 1

γmax

γmin
+ α0

γmax

γmin

∑t+1
l=T̄ µl
t+ 1

.

This completes the proof.972

We are now in a position to prove Theorem 5.973

Proof of Theorem 5: Note that974

N∑
i=1

E[‖θit+1 − θ∗‖22] ≤ 2
N∑
i=1

E[‖θit+1 − 〈θ̃〉t‖22] + 2NE[‖〈θ̃〉t − θ∗‖22].

By using Lemmas 19 and 23, for any t ≥ T̄ , we have975

N∑
i=1

E
[∥∥θit+1 − θ∗

∥∥2

2

]
≤ 16

ε1
ε̄tE[‖

N∑
i=1

θ̃i0 + α0A(X0)θi0 + α0b
i(X0)‖2] +

16

ε1

AmaxCθ + bmax

1− ε̄

(
α0ε̄

t/2 + αd t
2 e

)
+ 2αtAmaxCθ + 2αtbmax +

2T̄N

t

γmax

γmin
E[‖〈θ̃〉T̄ − θ∗‖22]

+
2Nζ9α0C log2( t

α0
)

t

γmax

γmin
+ 2α0N

γmax

γmin

∑t
l=T̄ µl
t

≤C7ε̄
t + C8

(
α0ε̄

t
2 + αd t

2 e

)
+ C9αt +

1

t

(
C10 log2

( t

α0

)
+ C11

t∑
l=T̄

µl + C12

)
.

This completes the proof.976
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