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ABSTRACT

In recent years, random subspace methods have been actively studied for
large-dimensional nonconvex problems. Recent subspace methods have im-
proved theoretical guarantees such as iteration complexity and local con-
vergence rate while reducing computational costs by deriving descent direc-
tions in randomly selected low-dimensional subspaces. This paper proposes
the Random Subspace Homogenized Trust Region (RSHTR) method with
the best theoretical guarantees among random subspace algorithms for non-
convex optimization. RSHTR achieves an e-approximate first-order station-
ary point in O(e~3/2) iterations, converging locally at a linear rate. Fur-
thermore, under rank-deficient conditions, RSHTR satisfies e-approximate
second-order necessary conditions in O(e73/2) iterations and exhibits a lo-
cal quadratic convergence. Experiments on real-world datasets verify the

benefits of RSHTR.

1 INTRODUCTION

We consider unconstrained nonconvex optimization problems as follows:

min f(z),

(1.0.1)

where f : R® — R is a possibly nonconvex C? function and bounded below. Nonconvex
optimization problems are often encountered in real-world applications, such as training
deep neural networks, and they are often high-dimensional in recent years. Therefore, there
is a growing need for nonconvex optimization algorithms with low complexity relative to

dimensionality.

Recently, subspace methods have been actively investigated for
problems with large dimension n; they compute the search di-
rection at each iteration on a low s-dimensional space (i.e.,
s < n), reducing the computational cost involved in gradient
computation and Hessian matrices. Among these methods, the
method using random projection, where the function f is re-
stricted at each iteration k£ to a subspace PkT R® with the use
of a random matrix P, € R**™ is referred to as random sub-
space method. When finding the search direction at the it-
erate xj, mingeg. f(zr + P d) can be considered instead of
mingerr f(2x + d) in the random subspace method, and various
solution methods can be derived depending on how a solution d
is found.
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Figure 1: Ilustration
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eration restricts the up-
date to a 1-dim. ran-
domly selected subspace.
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Table 1: Comparison of random subspace algorithms for nonconvex optimization. The
SOSP column indicates whether the convergence point is a second-order stationary point
or not. The "Feas." column indicates whether numerical experiments were given, implying
the implementation is possible. The number in the "Local" column indicates the rate of
convergence: 1 for linear, 14 for superlinear, and 2 for quadratic. The { represents the
condition that the Hessian at the local minimizer is rank deficient. The * signifies that the
objective function has low effective dimensionality. The «indicates that in addition to the
same assumption as the previous work in v/, this property holds under another assumption.

Underlying algo. Subprob. cost/iter Global Local SOSP  Feas.
Roberts & Rover (RO23) Direct search Multi. line-search O(e7?) v
Dzahimi & Wald (202d) Zeroth order Finite diff. grad. 0(e™?) v
Kozak et all (2023) Zeroth order Finite diff. grad. O(e™?) 1 v
Kozak etall (2O21) Grad. descent Gradient O(e72) 1 v
Carfisef all (2020) Gauss-Newton Cond.quad.prog. (QP) 0(e™?) v

Shad (2022) Cubic Newton Cond. cubic.reg.QP 0(e73/?) v

Zhao ef_all (2024) Cubic Newton Cubic.reg.QP 0(573/2) v v
Fuji et all (2022) Reg. Newton Solve eq. O(e72) 1+F v
Ours Trust Region Min eigenvalue O(e73/?) 2% v v

Overview of existing random subspace methods: = We can use ideas from existing
optimization algorithms for dealing with min j_p. f(z —i—P,;r d), and various random subspace
optimization methods have been proposed for convex optimization in e.g., Berahas ef all
(P020); Gower_ef-all (2019); Grishchenka ef all (2021); Lacoffe & Pilanci (2027); Pilanci &
Wainwrightl (2004). Recently, some random subspace algorithms have started to be devel-
oped for nonconvex optimization and the main ones related to our research are summarized
in Table M. It may not be so challenging to construct a random subspace variant for each
optimization method. What is difficult is to show that the sequence of iterates computed
in subspaces converges with high probability to a stationary point of the original problem.
The derivation of the faster local convergence rate (e.g., superlinear rate) is complicated
when it comes to subspace methods. Indeed, Fuji et al] (2022) proved that even for strongly
convex f locally around a strict local minimizer, we cannot aim, with high probability, at
local superlinear convergence using random subspace, even though the full dimensional reg-
ularized Newton method allows it. Based on the above and the discussion in Section Il
shown later, the following question naturally arises:

To what extent can theoretical guarantees be improved by performing gradient-vector and
Hessian-matriz operations in a low-dimensional subspace?

Our research idea: Trust region methods are known to be fast and stable with excellent
theoretical guarantees. Nevertheless, with conventional methods of solving subproblems, it
is challenging to develop a subspace algorithm with convergence guarantees. In fact, prior
to a recent series of subspace method studies, [Erway & Gill (2000) proposed a trust region
method based on projection calculations onto a low-dimensional subspace, but there was
no discussion of convergence speed. To the best of our knowledge, random subspace trust
region methods with complexity analysis have not been developed until now. Only recently,
a new type of trust region method was developed by Zhang et all (2022), and we realized
that we could develop a subspace variant with convergence guarantees based on this method.
However, deriving local convergence rates is still tricky. The trust region method in Zhang
ef_all (2022) treats the trust region subproblem as a basic minimum eigenvalue problem,
which makes theoretical analysis possible. This approach contrasts with the intricate design
of update rules in the previous trust region methods and makes the theoretical analysis of
dimension reduction using the random subspace method more concise.

Contribution: We propose a new random subspace method, Random Subspace Homog-
enized Trust Region (RSHTR), which efficiently solves high-dimensional nonconvex opti-
mization problems by identifying descent directions within randomly selected subspaces.
RSHTR does not need to compute the restricted Hessian, PV?f(x)PT € R*** making
our algorithm more advantageous than other second-order methods numerically. It also has
excellent theoretical properties as in Table 0: more concretely,
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e convergence to an e—approximate first-order stationary point with a global convergence
rate of O(¢73/2), giving an analysis of the total computational complexity and confirming
that the total computational complexity, as well as space complexity, are improved over
the existing algorithm (Zhang et all, 2022) in full space,

e convergence to a second-order stationary point under the assumption that the Hessian
at the point is rank-deficient or under the same assumption as Shad (2022),

¢ local quadratic convergence under the assumption on f being strongly convex within its
low effective subspace.

This rank-deficient assumption includes cases commonly observed in recent machine-learning
optimization problems. Indeed, the structure of the Hessian in neural networks has been
studied both theoretically and experimentally, revealing that it often possesses a low-rank
structure (Wuef—all, 2020; Sagun et all], 2017; POI6; Ghorbanief all, 2009). Thus, our
theoretical guarantee is considered important from a practical perspective.

1.1 EXISTING RANDOM SUBSPACE ALGORITHMS FOR NONCONVEX OPTIMIZATION

As summarized in Table O, various types of random subspace methods have been proposed
in recent years to tackle high-dimensional machine learning applications characterized by
over-parametrization. Several papers (Hanzely et all, 2020; Shad, 2022) investigate subspace
cubic regularization algorithm. It can be noticed that Shad (2022) achieves the current best
global convergence rate for a random subspace method of O(£~3/2) for a nonconvex function.
Although it guarantees the convergence to a second-order stationary point under some strong
assumptions on the condition number and the rank of the Hessian around that point, it does
not discuss local convergence rates. We also noticed a concurrent work (Zhao ef all, 2024),
which was uploaded after finishing our project, ensuring the convergence rate of O(¢=3/2) to
a second-order stationary point. However, their algorithm requires a subspace size s = Q(n)
in general for the guarantee, which is larger than ours s = Q(logn), and leads to larger
computation cost per iteration (see Theorem B2).

In contrast, the study by [Fuji et al] (2022) proves that a subspace variant of the regu-
larized Newton method achieves linear local convergence in general and superlinear local
convergence under the rank-deficiency assumption for the Hessian. However, the global con-
vergence rate is limited to O(e72), and they only guarantee the convergence to a first-order
stationary point. Other random subspace algorithms for nonconvex optimization include
Roberts & Rover (2023), where the algorithm converges to first-order stationary points with
O(¢72) and the local convergence rates are not studied. A series of studies (Carfis_ef all,
p022; 2023; Cartis & Ofemissod, 2021) assume the use of a global optimization method to
solve subproblems, and do not discuss local convergence rates.

Notations. We define I as the identity matrix. For related quantities  and 3, we write
a = O(p) if there exists a constant ¢ > 0 such that a < ¢f for all 8 sufficiently small.
We also write o = o(3) if limg—,0 § = 0 holds, and a = Q(B) if § = O («). For a positive

semi-definite matrix S, we denote by /S its squared root, i.e., vV'SV'S = S.

2 PROPOSED METHOD

2.1 EXISTING ALGORITHM: HSODM

Before proposing our method, we briefly describe a new type of trust region method, a homo-
geneous second-order descent method (HSODM), for the nonconvex optimization problem
(I); see Appendix A for the details. One of the exciting points of HSODM (Zhang et all,
D27) is that it uses eigenvalue computations to solve trust region subproblems (TRSs). The
TRS is a subproblem constructed and solved in each iteration of the trust region method.
Various solution methods have been proposed for TRS so far, and due to the improvement
in eigenvalue computation, solving the TRS with eigenvalue computation has recently at-
tracted much attention (see, e.g., Adachiefall (2007); [ieden (2020)). HSODM is a method
that incorporates the idea of homogenization into TRS and solves it by eigenvalue compu-
tation in the trust region method.
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2.2 RANDOM SUBSPACE HOMOGENIZED TRUST REGION: RSHTR

Now we propose Random Subspace Homogenized Trust Region (RSHTR), which is an al-
gorithm that reduces the dimension of the subproblems solved in HSODM with random
projection and solves it by eigenvalue computations.

For the sake of detail, we will first define by f; the function f restricted to a low s-
dimensional subspace P,] R® (i.e., s < n) containing the current iterate zy, that is, Vu € R®,
fe(u) == f(zr + P u), using a random matrix P, € R¥*" where each element follows an
independent normal distribution A (0,1/s). Random Gaussian matrices Py are sampled in-
dependently at each iteration k. Using the notation g := Vf(xy) and Hy := V2f(zx), we
can write the gradient and Hessian matrix of fk as g = Prgk, Hy = PkaP,;r. The tilde
symbol denotes the subspace counterpart of the corresponding variable. Using the notation,
the subproblem we need to solve at each iteration can be written as:

51 [He gi) [0
. E 9k
mlnl\[ﬁ,t]\lél |:t:| [gl;r _5:| |:t:| ) (221)
where § > 0 is a parameter appropriately selected to meet the desired accuracy. The relation
between ¢ and the accuracy will be shown in Section B. This subproblem is a lower dimen-
sional version of the subproblem solved in Zhang et al] (2022). We explain in Appendix A
the motivation of the above subproblem. Similar to the subproblem solved in Zhang et all
(2022), (2221) can also be regarded as a problem of finding the leftmost eigenvector of a
matrix. Hence, (2221) is solved using eigenvalue solvers, such as Lanczos tridiagonalization
algorithm (Golubh & Van Toan, 2013) and the randomized Lanczos algorithm (Kuczynski
8z Wozniakowski, 1992). The random projection decreases the subproblem dimension from
n+1 to s+ 1. Therefore, unlike HSODM, RSHTR allows for other eigensolvers beyond the
Lanczos method.

Using the solution of (22211) denoted by [0k, tx], we can approximate the solution of the full-
space subproblem by [P, ¥, t;]. We then define the descent direction dj, and the iterates
update as®

o P];r’fjk/tk, if tp #0 oz medy, i ||di|| > A
di = { P, o, otherwise & Tppr = Tk + dg, if ||dgl]] <A - (2.2.2)

In RSHTR, the step size selection is fixed to n; = A/||dk||, and we do not address line
search strategy. However, it should be noted that it is also possible to give theoretical
guarantees when we adopt a usual line search strategy in RSHTR to compute n;. The
complete algorithm is given in Algorithm .

As shown in Section B, the output & of our algorithm is an e—approximate first-order sta-
tionary point (e-FOSP), i.e., it satisfies ||V f(Z)] < O(e). If some assumption is satis-
fied, it will be an e—approximate second-order stationary point (e-SOSP), i.e., it satisfies
Amin(V2£(2)) > Q(—+/€). More precisely,

o if the condition ||dg|| < A is satisfied, the algorithm can either terminate and output
Zg41, thereby obtaining an e-FOSP (or e-SOSP if stronger Assumption 2 holds),

e or reset 6 = 0, fix the update rule to zx+1 = zy + di and continue, thereby achieving
local linear convergence (or quadratic convergence if stronger Assumption @ holds).

2.3 TOTAL COMPUTATIONAL COMPLEXITY AND SPACE COMPLEXITY

We also discuss the computational cost per iteration in Algorithm M. The main cost involving
P, and P,;r is dominated by the computation of PkaPkT v for a vector v in Line B of
Algorithm 0. Indeed, we notice that it is not needed to compute the whole matrix Py H kP,;r

! Tt might seem to be more natural to describe |tx| > v instead of ¢, # 0 as in HSODM (see
Algorithm B) for pure random subspace variant of HSODM. However, in the fixed-radius strategy,
on which we focus (see (ZZ22)), even if we obtain theoretical guarantees for any v € (0,1/2), the
results do not depend on v. Therefore, we discuss the case with v — +0 for simplicity and clarity.
Theoretical guarantees regarding a general v are provided in Appendix 0.
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Algorithm 1 RSHTR: Random Subspace Homogenized Trust Region Method

1: function RSHTR(s, n,d, A, max__iter)

2 global_mode = True

3 for k=1,... ,max_iter do

4: Py, + s x n random Gaussian matrix with each element being from N(0,1/s)

5: Gk < Prgr

6: (tg, D) < optimal solution of (ZZZ) by eigenvalue computation

P,;rf)k/tk, if tx #0

7 di P, oy, otherwise

8: if global_mode and ||dk|| > A then

9: e < A/ dg]| > or get from backtracking line search
10: Th+1 < T + rdy
11: else
12: terminate > or continue with (J, global_mode) < (0,False) for local conv.
13: Tp+1 < T + dg

in order to solve the subproblem (EZ2) by the Lanczos algorithm. This can be done by
computing the Hessian-vector product V2 fi,(0)v where we recall that fi(u) = f(zy + P, u).
Assuming the use of the Hessian-vector product operation, we discuss below the computation
cost of Line B, as well as the total computational complexity of Algorithm .

Assuming that the full-space Hessian-vector product can be computed in O(n) using back-
propagation (see (Pearimufier, 1994)), the total complexity of computing Vka(O)v becomes
O(sn). Furthermore, Lanczos tridiagonalization algorithm solves, using a random initial-
ization, (E22) exactly (Gohith—& Van Loan, 2013, Theorem 10.1.1). The computational
cost boils down to computing s+ 1 matrix vector products. Hence, by using Hessian-vector
product, the computational complexity to solve (Z221) exactly is (s + 1) - O(sn) = O (s*n) .
Furthermore, the iteration complexity, under the gradient and Hessian Lipschitz assump-
tions (Assumption M) and the low effective setting (Assumption B), is O((n/s)/4c=3/2) as
detailed in Section B. Consequently, the total computational complexity of RSHTR in this
setting is O(e73/255/4n7/4). On the other hand, the total computational complexity of the
full-space algorithm HSODM (Zhang et all, 2022) is O(c~3/2n?) because the complexity of
solving exactly the subproblem, using Hessian vector products, becomes O(n?). Therefore,
when s = o(n) (for example s = O(log(n))), the total computational complexity of the
proposed method is smaller than that of HSODM. Notice that in any case (for any value
of s < n) the actual execution time of the proposed method outperforms HSODM. This is
because HSODM’s space complexity? explodes to O(n?) due to the Hessian, whereas the
proposed method’s space complexity is limited to O(sn) taking into account that the s x n
random matrix is larger than the restricted Hessian.

3 THEORETICAL ANALYSIS

We analyze the global and local convergence properties of RSHTR. First, we show that
RSHTR. converges, with high probability, to an e-FOSP in at most O(g~3/2) iterations.
Secondly, we prove that, under some conditions, the algorithm actually converges to an e—
SOSP. Lastly, we investigate local convergence: proving local linear convergence and, under
a rank deficiency condition, local quadratic convergence. Note that the analysis in this
section is inspired by Zhang et all (2022).

Assumption 1. f has L-Lipschitz continuous gradient and M-Lipschitz continuous Hes-
sian, that is, for all =,y € R”,

IVf(z) = Vil < Lz —yll, [[V?*f(2) = V(Y| < Mllz —y]|.

2Here, we assume the Hessian matrix is stored because rigorously evaluating the space complexity
of the Hessian-vector product is challenging.
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To prove the global convergence property, we first state that when ||dg| > A holds, the
objective function value decreases sufficiently at each iteration.

Lemma 3.1. Suppose that Assumption O holds. If ||dg| > A, then for all § > 0

_ 1 A2 M A3
f(wpgr) — flog) < 2(W+C)QA i+ FA

with probability at least 1 — 2exp(—s). Here C® is an absolute constant.

The following lemma shows that if the descent direction once get small enough, the norm
of the gradient in the subsequent iteration is bounded using § and A.

Lemma 3.2. Suppose that Assumption O holds. If |dg| < A < 575, then
AS C
r [Hng <4A (L n/s+C + m)} >1—2exp (—Zs) — 2exp(—s).

Notice that we can assume that A < 5 f holds w.l.o.g. as we want to take A as small as
possible to ensure a better convergence rate. Next, we show a lower bound on the minimum
eigenvalue of the Hessian.

Lemma 3.3. Suppose that Assumption 0 holds. If ||dg]| < A < then we have

2f’
Pr[f{kt— AQQ(\f—FC) L+6)+4 l>1—2exp(—fs)—2ex (—s).
Although' Lemma dobs nét diréctly prdvide wer bound on tfie eigenvalues of Hy, it

is proportional to the bound in Lemma B=3 under certain conditions. We later discuss this
in Section B™2.

3.1 GLOBAL CONVERGENCE TO AN ¢-FOSP

We now prove that our algorithm converges to an e-FOSP under a general assumption.
Theorem 3.1 (Global convergence to an e-FOSP). Suppose that Assumption O holds. Let

O<e<™ 5=(/T+C)° Ve and A=L. (3.1.1)

If there exists a positive constant T such that s = O(nel/'r), then RSHTR outputs an e-FOSP
in at most O (5_3/2) iterations with probability at least

1—4exp(—Cs/4) — (2U. + 2) exp (—s), (3.1.2)
where C and C are absolute constants and U := [3M? (f(x0) — infpepn f(2))e™3/2] + 1.

Theorem Bl leads to the following corollary on the probability bound, which is confirmed
by rewriting (B12) as 1 — 4n~C¢/4 — (2U. + 2)n~° with s = clogn for some ¢ > 0. Notice
that s = O(ne'/7) holds for a small value of 7 if n is large and s is not too small.

Corollary 3.1. If s = Q(logn), then the probability bound (BI2) is in the order of 1 —o(1).

For comparison with the full-space algorithm HSODM (Zhang et all, 2022), when considering
the dependency on n and s, the norm of the gradient at the output point is O((n/s)(>+7)/2¢).
This result is obtained by substituting the given parameters into Lemma B=. This is
O((n/s)*t7)/2) times worse than the HSODM. Since we want to obtain an e FOSP in-
stead of an ((n/s)?*7)/2¢)-FOSP, we need to scale down e by O((n/s)~(3+7)/2) leading

the number of iterations increased by a factor (n/ s) . We have added some detailed
explanations in Appendix O3 just after the proof of Theorem B. This is the price to pay
for utilizing random subspace.

We should emphasize that under the assumption of low-effectiveness (Assumption @) intro-
duced in Section B3, the exponent of the n/s factor can be improved to 3/4. Therefore, the
total complexity of RSHTR becomes smaller than that of HSODM as discussed in Section
3. See Appendix 4 for more details.

As mentioned in the footnote M, these results (essentially Lemma B) can also be demon-
strated for any v € (0,1/2), i.e., the similar statement also holds for the pure random
subspace variant of HSODM shown in Algorithm B. Refer to Appendix O for the proof.

3See Wainwright| (20019) for more details.
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3.2 GLOBAL CONVERGENCE TO AN e—SOSP

Section Bl demonstrated that RSHTR globally converges to an e—~FOSP. In this section, we
show that the output z* of RSHTR is also an e-SOSP under one of two possible assumptions
about the Hessian at the point, one of which is presented in Shad (2022). For clarity and
brevity, we move the result under the assumption from Shad (2022) in Appendix D3 while
focusing on the more practical one in this section.

Assumption 2. Let r = rank(V?2f(z*)) for the output z* of RSHTR. We assume r < s.

Notice that this includes many cases commonly observed in recent machine-learning opti-
mization problems. Indeed, the structure of the Hessian in neural networks has been studied
both theoretically and experimentally, revealing that it often possesses a low-rank structure
(Mm—ef~all, P020; Sagun et all, 2007, 2016; Ghorbani ef all, 2009). We also introduce some
problems satisfying a stronger condition than Assumption B at the beginning of Section B
Thus, our theoretical guarantee is considered important from a practical perspective. We
guarantee in Theorem B2 that the output x* of RSHTR is a e-=SOSP when the Hessian
at x*, denoted by H*, is rank deficient. Before proceeding to the theorem, we show in
Lemma B3 that the lower bound of the minimum eigenvalue of H* is proportional to the
lower bound of the minimum eigenvalue of P* H*P*T or non-negative with high probability.
Here P* denotes the matrix Py used at the last iteration of the algorithm.

Lemma 3.4. Let C and ¢ be absolute constants®. If Assumption B holds, then for all ¢ > 0,
the following inequality holds with probability at least 1 — (C¢)S~"T1 — e=°5,

-2
Amin(H*) > ¢2 (1 o= 1)/5) min {Amin (P*H*P*T),0} .
This lemma implies that under Assumption B, it is sufficient to guarantee that the output of

RSHTR is e-SOSP in full space if it is e-SOSP in a subspace. Since the minimum eigenvalue
of H* is bounded as shown in Lemma B3, the following theorem holds.

Theorem 3.2 (Global convergence to an e-SOSP under rank deficiency). Suppose that
Assumptions O and B hold. Set €,§ and A as in (82) of Theorem BA. If there exists a
positive constant T such that s = O(nsl/T), then RSHTR outputs an e¢-SOSP in at most
O(e3/?) iterations with probability at least

1—6exp(—Cs/4) — (2U. + 4)exp (—s) —exp(—s+r — 1) — exp(—¢cs),
where ¢ and C are absolute constants and U, := |3M? (f(z0) — infrern f) e 3/2| +1.

For comparison with the full-space algorithm HSODM (Zhang et all, 2022), when considering
the dependency on n and s, the minimum eigenvalue of the Hessian at the output point
is Q(—(n/s)/€). This is n/s times worse than the full-space method. In other words, the
number of iterations required to achieve the same accuracy as the full-space algorithm is
(n/s)? times larger. Unlike convergence to an e-FOSP, convergence to an e-SOSP requires
an additional assumption, Assumption B. The convergence guarantee to e-SOSP is not
easy because the algorithm is run until the termination condition is satisfied, considering
only subspaces, while convergence to e-SOSP can be shown without any extra assumption
thanks to Johnson-Lindenstrauss lemma, Lemma BTl. Recall that other random subspace
algorithms (Zhao e all, 2024; Shad, 2022) also showed convergence to an e-=SOSP, but Zhad
efall (2024) required the dimension of the subspace s to be (n) in general, and Shad (2022)
required stronger assumptions as explained at the beginning of this subsection.

3.3 LOCAL LINEAR CONVERGENCE

In this section, we discuss the local convergence of RSHTR to a strict local minimizer z.
Here, we consider the case when we continue to run Algorithm O after ||dg| < A is satisfied,
by setting 6 = 0 and global_mode = False. We consider a standard assumption for local
convergence analysis.

Assumption 3. Assume that RSHTR converges to a strict local minimizer z such that

Vf(z)=0,V2f(z) = 0.

“We refer the reader to Rudelson & Vershynin (2009) for estimations on these constants.
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We denote the Hessian at Z by H and introduce the norm ||z| 5 = Va T Hz. This assumption
implies that for any & > 0, there exists ko such that 20Z=2) < § for vk > k.

lzr =2
Theorem 3.3 (Local linear convergence). Suppose Assumptions 0 and @ hold. Then, for
k large enough, i.e., there exists ko such that for all k > ko,

Prllowes = allg < T o T o = 2l 2 1~ exp (-9),

where k(H) := Amax(H)/Amin(H).

Trust region method closely resembles Newton’s method in a sufficiently small neighborhood
of a local minimizer. Consequently, we expect that the impossibility of achieving local
superlinear convergence for RSHTR in general can be shown, similar to Fuji et al] (2022).
Indeed, in order to prove local superlinear convergence, Zhang et all (2022) decompose the
direction dj = d{y + 7, where d{cv corresponds to the direction in a Newton step. In the
subspace setting, this strategy would fail because the de part of the descent direction dj
would hinder superlinear convergence, as proved in [Fuji et al] (2022).

3.4 LOCAL CONVERGENCE FOR STRONGLY CONVEX f IN ITS EFFECTIVE SUBSPACE

We now consider the possibility of our algorithm achieving local quadratic convergence by
making stronger assumptions than Assumption B on the function f. Concretely, we focus
on so-called “functions with low dimensionality”™ (Wang et all, 2016), which satisfy the
following condition:

3 € R™", rank(IT) < n—1, st. Vo € RY, f(z) = f(Ilz), (3.4.1)

where II is an orthogonal projection matrix. These are the functions that only vary over
a low-dimensional subspace (which is not necessarily be aligned with standard axes), and
remain constant along its orthogonal complement. Such functions are frequently encountered
in many applications. For instance, the loss functions of neural networks often have low rank
Hessians Gur-Ari_ef all (201R); Sagun et all (2017); Papyan (2008). This phenomenon is
also prevalent in other areas such as hyper-parameter optimization for neural networks
(Bergstra & Bengid, P017), heuristic algorithms for combinatorial optimization problems
(Huffer_ef all, 2014), complex engineering and physical simulation problems as in climate
modeling (Knight et all], 2007), and policy search (Erchlich efall, 20TY).

, 200
Now we show a stronger assumption than Assumption B on the function f.

Assumption 4. f has s-low effective dimensionality as defined in (B2) with an additional
restriction rank(IT) < s. Furthermore, f is p-strongly convex within its effective subspace.

The assumption indicates that for R € R#k(IDX" heing a matrix whose columns form an
orthonormal basis for Im(IT), the function I(y) := f(RTy) is p-strongly convex. To measure

the distance within the effective subspace, we use the semi-norm ||z||;; = +/||z T Ilz|| = ||Rz|| .

Now we show the local quadratic convergence property of RSHTR with parameters § and
global_mode being reset to 0 and False, respectively, similarly to the local convergence
discussion in Section BZ3. This is the first theoretical result of random subspace methods
having quadratic convergence properties for some classes of functions.

Theorem 3.4 (Local quadratic convergence under p—strong convexity in effective subspace).
Suppose Assumptions @ and B hold. Then, for k large enough, i.e., there exists ko such that
for all k > kg, the following inequalities hold:

Pr [ — i < MRl g omin(RT) g — 3l13] 21— 3677 — e,
Pr [ f(wka1) = F(2) < SLMPIRIPp~*omin (RT)72 (f () = f(@))7] 2 1= 3¢ — ™,

where r = rank(II), ¢ is a universal constant, L; and M; are the Lipschitz constants of Vi
and V21 respectively, and T is the strict local minimizer of f.

5They are also called objectives with “active subspaces" (Consfantine_ef"all, 2014), or “multi-
ridge" (Fornasier_ef_all, 20017).
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Figure 2: Log plot of the convergence of RSHTR  Figure 3: The impact of the choice of
on low effective Rosenbrock problems. The sub-  subspace dimension s (= 50,100, 200) on
space dimension s is fixed at 100, and the prob- convergence in random subspace algo-
lem rank r is varied (r = 25,50, 100, 150). rithms (RSGD, RSRN, RSHTR) for MF.

4  NUMERICAL EXPERIMENTS

We compare the performance of our algorithm and existing methods: HSODM (Zhang et all,
2022), RSRN (Fuji et all, P022), Gradient Descent (GD), and Random Subspace Gradient
Descent (RSGD) (Kazak et all, 021). We used backtracking line search in all algorithms to
determine the step size. Unless otherwise noted, the subspace dimension s is set to 100 for
all the algorithms utilizing random subspace techniques. In HSODM and our method, we
solve subproblems using the Lanczos method. The numerical experiments were conducted
in the environment: CPU: Intel(R) Xeon(R) CPU E5-2697 v2 @ 2.70GHz, GPU: NVIDIA
RTX A5000, RAM: 32 GB. The details of datasets we used are provided in Appendix [El.

Low Effective Rosenbrock function (LER): To illustrate the theoretical properties
proved in this paper, we conducted numerical experiments on a Low Effective Rosenbrock
(LER) function, chosen for its property of satisfying Assumptions M and 2. This function is

defined as mingegn R(AT Az), where R(z) = 3277 100(z; 11 —22)>+ (z;—1)? and A € R™*"

K3

with 7 < n. We set n = 10000 to represent a high-dimensional setting.

Figure @ shows experiments varying r with fixed s. When the rank deficiency r < s holds,
we observe the predicted quadratic convergence. However, when r > s, convergence slowed
significantly. In Figure Ba, we set r = 50 (< s = 100). The results show that the full-space
algorithm did not complete even a single step (and is thus omitted from the figure), while our
algorithm outperformed the other algorithms, which supports the discussion in Section 2=3.
Moreover, our method surpasses the other random subspace methods, consistently achieving
the fastest global convergence rate.

Matrix factorization (MF): We evaluate the real-world performance for MF us-
ing MovieLens 100k (Harper & Konstan, 201H): mingcgnuxk verixny [|[UV — R||fp/(nunv)7
where R € R™*" and ||-|| » denotes the Frobenius norm.

We first examine the effect of changing s on each algorithm. Figure B shows that despite
varying s, the relative performance among these methods remained consistent, and no par-
ticular method benefited from specific subspace dimensions. This finding justifies our choice
of a fixed subspace dimension (s = 100) for all subspace methods in all the other experi-
ments. Next, the performance of our proposed method is compared against other algorithms,
as shown in Figure EH. Although RSGD initially exhibits the fastest decrease, likely due to
its advantage of not using the Hessian, our method soon surpasses RSGD.

Classification: = We test classification tasks using cross-entropy loss:

mingern  —& X0, X0 Ty = 5110 (exp(e), (@) /S exp(ol (@) ) -

where N is the number of data and its label, K is the number of classes in the classification,
(w4, ;) is the i-th data, and ¢y, (2;) = (L (z5),. .., ¢ (2;)) is the model’s predicted logit.
We explore the following specific instances.
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Figure 4: Comparison of our method to existing methods regarding the function value v.s.
computation time. Each plot shows the average £ the standard deviation for five runs.
Algorithms that did not complete a single iteration within the time limit are omitted.

o Logistic Regression (LR): K = 2 and ¢, (x;) = w”[z;;1] (with adaptation for the second
class). News20 (Lang, 1995) and RCV1 datasets (Lewisefall, PO04) were used.

« Softmax Regression (SR): K > 2 and ¢J,(x;) = w] [x;;1]. News20 (Lang, 1995) and
SCOTUS (Chalkidis_ef all, 2021) datasets were used.

o Deep Neural Networks (DNN): ¢,,(x;) represents the output of a 16-layer fully connected

neural network. MNIST (Deng, 2002) and CIFAR-10 (Krizhevskyl, 2009) were used.

In all the experiments (Figures Ed, &d, g4, A, gg, EH) and additional ones in Appendix @,
our algorithm outperforms existing methods. A notable feature of our method is its rapid
escape from flat regions. This can be attributed to the algorithm’s second-order nature, the
homogenization of the subproblem and the utilization of random subspace techniques. In
addition, as discussed in the introduction, the rank-deficient assumptions (Assumptions B
and H) reflect scenarios commonly encountered in modern machine learning optimization
problems. Consequently, our method is well-suited to applying Theorems B2 and B4.

5 FUTURE WORK

We proposed a new random subspace trust region method and confirmed its usefulness
theoretically and practically. We believe that our proposed method can be made faster by
incorporating various techniques if theoretical guarantees such as convergence rate are not
required. For example, the parameter ¢ is fixed, once and for all, at the beginning of the
algorithm. In some future work, it would be interesting to develop an adaptive version of
this algorithm where the parameter § > 0 adapts to the current iterate.

Recently, authors of HSODM (Zhang et all, 20022) have been vigorously using the idea of
HSODM to develop various variants (He et all, 2023) of HSODM, application to stochastic
optimization (Tan_ef all, 2023), and generalization of the trust region method (Jiang et all,
2023). We want to investigate whether random subspace methods can be developed similarly.

10
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A EXISTING WORK: HSODM

Homogeneous Second-Order Descent Method (HSODM) proposed by Zhang et all (2022) is
a type of trust region method, which globally converges to an e-SOSP at a rate of O(e~3/2)
and locally converges at a quadratic rate. The algorithm determines the descent direction
based on the solution of the eigenvalue problem obtained by homogenizing the trust region
subproblem. The algorithm procedure is described below.

At each iteration, HSODM minimizes the homogenized quadratic model. In other words, it
solves the following subproblem:

v Vi g v
. k k
Il<1 H {913 —5] H ’ (A.0.1)

where § > 0 is a parameter appropriately determined according to the required accuracy.
The motivation behind is to force the Hessian matrix Hy to have negative curvature. To do
that (see [Ye & Zhang (2003)), we homogenize the second order Taylor expansion, my(d), of
flzr +d): .

mg(d) = ngd + §dTde.

By rewriting d = ¥, we have
2 1 2( T 1 T 1
t mk(d)—§5 =1 9, (U/t)+§(v/t) Hk(v/t)—§5

1 1
= tg];rv + §/UTH]€'U — §6t2

[ [ =)l

Notice that (BT) can be regarded as a problem of finding the leftmost eigenvector of
a matrix. Hence, the randomized Lanczos algorithm (Kuczynski & Wozniakowsk], 1992)
can be utilized to solve (BT). The solution of (AT) is denoted by [vg;tx]. Using this
solution, HSODM calculates the direction as follows:

JF — Vg /T, if |tx|> v
O sign(—gy vi)vg, if [tk < v

where v € (0,1/2) is an arbitrary parameter.

Then, the algorithm updates the iterates according to the following rule:

. _ Tk + medy, if d}: > A
k1 a4 dyp, if ||dE|| <A

Here, 7, denotes the step size, and A € [0, v/2/2] is a parameter set to the appropriate value
to achieve the desired accuracy. If the first condition ||d} || > A is met, the step size can be
either set to n;, = A/||d¥|| or determined by a line search. If the second condition ||df || > A
is satisfied, this algorithm can either terminate and output zjy1, thereby obtaining an e—
SOSP, or reset both § and v to 0 and continue, thereby achieving local quadratic convergence.
These steps are shown in Algorithm B.

B PREPARATION OF THE THEORETICAL ANALYSIS

B.1 EXISTING LEMMAS
We introduce two important properties of random projections. The first property is that

random projections approximately preserve norms with high probability. Formally, the
following Johnson-Lindenstrauss (JL) lemma holds:

15
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Algorithm 2 Homogeneous Second-Order Descent Method (HSODM) (Zhang et all, 2022)

1: function HSODM(n, d, A, v, max_ iter)

2 for k=1,...,max_iter do

3: (tx, vk ) + solve_subproblem (g, Hy,0)
4 dy Vg /ths if |tx| > v

sign(—g, Ok )vg, otherwise
if ||di|| > A then
M < A/ dg|| > or get from backtracking line search
Tht1 < T + Mdg
else
Tht1 & T + d
terminate > or continue with (d,v) < (0,0) for local convergence

Lemma B.1. [Lemma 5.5.2 in [Vershynin (2018)] Let P € R**™ be a random Gaussian
matriz and C be an absolute constant. Then, for any x € R™ and any £ € (0,1), the

following inequality holds with probability at least 1 — 2 exp (—szs) :
1 =& =l < [[Pzll < (1 +&) [l=] -

The second property is described by the following lemma, which states that P is an ap-
proximate isometry with high probability.

Lemma B.2 (Theorem 4.6.1, Exercie 4.6.2, 4.6.3 in [Vershynin (200R)). Let P € R**™ be a
random Gaussian matriz and C be an absolute constant. The following inequality holds with
probability at least 1 — 2 exp(—s):

wer, (2=}l <Pl < (/2 +¢) bl

We recall the following lemma from Nesferov (201R).
Lemma B.3. Suppose Assumption @ holds. Then for any x,y € R™, we have

1F) — F(@) = V@) T~ )| < 2y —
IV5() ~ V() = V2 5@y - D) < 5 1y — I,

F@) = 1@) = V@) (- 2) — 5l -0 V@ - )| <y -l BL)

B.2 THE OPTIMALITY CONDITIONS OF THE DIMENSION-REDUCED SUBPROBLEM

We recall the fundamental property in probability theory. For any events F; and F,, we
have

Pr[ElﬂEg] 2 1—(1—PI‘[E1D—(].—PT[E2])

This is used throughout this paper without further explicit mention. The optimality con-
ditions of the dimension-reduced subproblem (EZ=21) are given by the following statements:
there exists a non-negative random variable 6, such that

(B + 0k1) [ ;’: } =0, (B.2.1)
Fk + 0,1 = 0, (B.2.2)
Ok (II[0k; te]ll = 1) =0, (B.2.3)

where
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It immediately follows from (B=Z239) that
Amin (Fr) > —0g. (B.2.4)
We also obtain from (B27)
0 < bk, (B.2.5)
by considering the direction [0,--- ,0, I]T.
We directly deduce the following result from (B=T).
Corollary B.1. (BZZ) implies the following equations
(Hi + 0I) O, = —t g, (B.2.6)
Ghve =15, (5 — 0y).
Furthermore, if t, = 0, then

(ﬁk + QkI) U = 0, (B27)
Gr e =0
hold. If ty, # 0, then
a2k =5, (B.2.8)
ty
(ﬁk + Qkf) ;Lk = —3Jk (B.2.9)
k

hold.

We also obtain a slightly stronger inequality 6 < 6 under an additional condition.
Lemma B.4. If g, # 0, then § < 0y holds with probability 1.

Proof. We first prove the following inequality:
Amin (Fr) < —0. (B.2.10)

To prove this inequality, it suffices to show that Fj, + 61 has negative curvature. Let us
define

fln,t) = [_’7 ’CT (Fy + 61 {—ng]
"

t
*98 (Hi + 81)gi — 201t || x]|*
Then for any fixed ¢ > 0, we have

9]
fo.0 =0, 20— g2

Since g # 0, we have ||gr|| # 0 with probability 1, which implies %g’t) < 0. Thus, for

sufficiently small > 0, we have that f(n,t) < 0. This shows that F} + 6 has negative
curvature. Finally, by combining (B=24) and (B=2T0), the proof is completed. O

C PURE RANDOM SUBSPACE VARIANT OF HSODM

Unlike the pure random subspace variant of HSODM®, RSHTR excludes the parameter v
present in HSODM. This exclusion is because our theoretical analysis in the fixed-radius
strategy, which we focus on, does not depend on v. Therefore, we discussed it under v — 40
for clarity. This section discusses that similar theoretical guarantees can be provided for
any v € (0,1/2) as in the case of v — +0.

SHere, we cite the algorithm used in Zhang et all (2022). Notice that in the newest version,
Zhang et all (2024), the stopping criterion is written differently, but it is equivalent to the one in
Zhang et al] (P022).
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Algorithm 3 Pure random subspace variant of HSODM

1: function RSHTR(s,n,d, A, v, max__iter)
2 global_mode = True
3 for k=1,... ,max_iter do
4: Py, + s x n random Gaussian matrix with each element being from N(0,1/s)
5: Gk < Prg
6 (tg, V) < optimal solution of (ZZZ) by eigenvalue computation
7 (Gk, Hy, 0)
) P,;r@k/tk, if |tk| > v
8 di = { sign(—g o) P/ 0, otherwise
9: if ||di|| > A then
10: Nk < A/ dg|| > or get from backtracking line search
11: Tp+1 < T + Nrdy
12: else
13: Tyl < T+ dy,
14: terminate > or continue with (d, v, global_mode) < (0,0,False) for local
conv.
C.1 ANALYSIS ON FIXED RADIUS STRATEGY

Here, we consider the case of a fixed step size, A. When |t;| < v, d}, is given by dj, = P,;'—f)k.

Lemma C.1. Suppose that Assumption @ holds. Let v € (0,1/2),d), = P,;rﬁk and ng =
A/lldg|l- If [te] < v, gk # 0 and ||di|| > A, then we have

A?6 + %A:”

1
J(@pg1) = fog) < —W 5

with probability at least 1 — 2 exp(—s).

Proof. By Corollary B, we have

ﬁ,;rgkf}k = —GkHﬁkHQ — tkﬁ,jgk, (C.l.l)

o Gr = t1(0 — k). (C.1.2)

Since we have § < 6 with probability 1 from Lemma B4, it follows that

sign(—g, 0y) = sign(ty,) (C.1.3)

with probability 1. Therefore we obtain

Since

df Hydy, = o Hy®y,  (by definition of dy,)
—0k[|Tk]1* — a0y G (by (CIT))
= —Oxl|Te]|* — t2(6 — ) (by (CT2)), (C.1.4)
gn di, = sign(—g, )Gy v (by definition of dy,)
= sign(—gy 0)tx (6 — 6x)  (by (CI2))
|te|(6 — 6x)  (by (C13)). (C.1.5)

|di|| > A, it follows that n = A/||dk|| € (0,1). Thus, we have nx — 72 /2 > 0. Hence

(nk = 772’%) (6 —0) <0. (C.1.6)
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Algorithm 4 Backtracking Line Search

1: function BACKTRACKLINESEARCH(z, dg,y > 0,5 € (0,1))
2 e =1

3 for 5, =0,1,... do

4: if f(zx +mde) — f(zr) < —ynelldi|?/6 then

5: return 7

6 else

7 Nk < Bk

Hence, the following inequality holds with probability at least 1 — 2 exp(—s).
flarr) = fla) = flor + medi) — f(ar)
2 M
< migl di + L d{ Hidy + i dil* - (by (BTT)

772 772 M
= il (6 — Ok) — f@k”f}k”2 - 3’%%(6 —0r) + Fﬁiﬂdkﬂg’ (by (CT3) and (CI3))
n2 772 M
< ety (8 — Ok) — 3’“9k||17k||2 - ?kti(é —0r) + gﬁi||dk||3 (by 0 < [tg| < 1)

2 2
n n _ M
= (nk - 2’“) (6 — O) — *2k9k||vkz||2 + 5 nillde?

7);%~2M33
< o0 ol + okl (by (CT))

n? 1
< Mg .2
= 2N (nfs+0)?

1 M
<—— = A%5+ A3 (by (BEEZH) and np = A/||dg]]) .
S e AT (by (BT and e = A/l

This completes the proof. O

M
ld || + Fﬁz||dk||3 (by Lemma B=)

We now consider the case where [t;| > v. In this case, dj is given by dj, = P, 9 /tx. Since
|tx| > v implies ¢ # 0, we have the following result by using the same argument as in the
proof of Lemma [O2.

Lemma C.2. Suppose Assumption 0 holds. Let d, = P, Oy /t. If |tx| > v, ||dk| > A and
M = A/ldxl], then

f(@pgr) = flog) < A%§ + %A?’

1
2(v/n/s +C)?

holds with probability at least 1 — 2 exp(—s).

By Lemmas O and T3, we can state that, when ||dg|| > A holds, the objective function
1 25 _ M A3 : . . -
value decreases by at least Y m_w)ZA 0 — % A° at each iteration, with probability at

least 1 — 2exp(—s).

C.2 ANALYSIS CONSIDERING A LINE SEARCH STRATEGY

In this subsection, we analyze the case where the step size is selected by the line search
algorithm shown in Algorithm B. Specifically, we show that Algorithm B guarantees a
sufficient decrease in the function value, similar to the fixed step size case. As in the previous
subsection, we consider the cases |tx| < v and |tx| > v separately, providing a guarantee of
function value decrease for each case (Lemma 3 and Lemma 4, respectively).

Lemma C.3. Suppose that Assumption O holds. Let v € (0,1/2), |ty] < v, dp =
sign(—g, o) P, 9%, B € (0,1), > 0, and ny, be chosen by Algorithm . Then, with probability
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at least 1 — 2exp(—s), the number of iterations of Algorithm B is bounded above by

e (5255 (50) )]

and the decrease in the function value is bounded as follows:

N T AN 973353
f(xk+1)—f(xk)<—m1n{167<\/:—c> M+77\/%+c }

Proof. Let ji be the number of iterations at which Algorithm H stops in the k-th outer
iteration. If the line search terminates with jr = 0, i.e., nx = 1, then

Fen+meds) = f(ox) < = il ds

Y ~ 13
< —L|P
6|| % Ukl

3
< 7% <\/ﬁc> || (by Lemma B32)
S
V3y [ [n ’
S_16( S_c) (since [|[Tg]| = /T — [t > V1 — 12 = V3/2).

Let us consider the case where Algorithm B does not stop at the j-th (j > 0) iteration. Then
f @k + mrdy) — f(2r) > —Zn}||di||®. Following the proof of Lemma LTI, we have

Sl < J (x4 medy) = S (o)

2 -2
_k n o M 53
o, (\J2c) e + o]
n? n -2 M
<5 (/2 ee) o+ Eatia® oy ez

.. . 36 D -2 - 34 T -2
This 1mphes e > [erE=I ] (\/E + C) and 7] < logﬂ (m (\/g + C) )
Since ||dr] = [Pkl < (VE4C) okl < (V2+C) due to Lemma B2 and
96|l < 1, the number j; of iterations where Algorithm H stops is bounded above by
[logﬁ ( Y (\/> + C) 3)—‘ Moreover, the decrease in the function value can be bounded

as follows:

F(en+mds) = fax) < —Zntldu?
- —gﬁsjkndkn?’
9v3353
2(M +~)3(y/n/s+C)8

. . i1 36 - .
where the last inequality follows from 7%=+ > BT (\/§ + C) . Note that since we

used only Lemma BZ as a probabilistic result, the probability that this proof holds is at
least 1 — 2exp(—s).

O

Lemma C.4. Suppose Assumption holds. Letv € (0,1/2), |tx| > v, dx = P 0y /ty, ||dx|| >
A,B € (0,1),y > 0, and nx be chosen by Algorithm B. Then, with probability at least
1 —2exp(—s), the number of iterations of Algorithm [ is bounded above by

o (855 5+ )]
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and the decrease in the function value is bounded as follows:

3 3¢3
J(es1) — f(ex) < — min { A 996% }

6 " 2(M +~)3(/n/s+C)8

Proof. Let j be the number of iterations at which Algorithm @ stops in the k-th outer
iteration. If the line search terminates with ji = 0, i.e., g = 1, then

P+ mdi) = Flan) < = Zndlldl?
< —%AB (since ||dy|| > A).

Let us consider the case where Algorithm B does not stop at the j-th (j > 0) iteration. Then
f (@ + medi) — f(xe) > —2n3||de||®. Following the proof of Lemma T2, we have

677kHdk||3 < f(og + nrdr) — f(xr)

9 -2
_ Mk n 2 M 5 .3
o (\J2c) anl? + il
i n - 2, M 3
< Bs (2 e) s e oy @),
- . 5 -2 . 5 7 -2
This implies 7, > m (\/é—l—C) and j < logg (m (\/g—i—C) ) There-

fore, ji, the number of iterations where Algorithm B stops, is bounded above by
[logﬂ ( 30v (VZE+ C)fg)—‘. Here, we have used the fact that

M+~

| —\

(e
(-

[t

< <\/E+C> —  (since |tg| > v).
s v

The decrease in the function value can be bounded as follows:
F @i+ mede) = fax) < —%nilldkll3
97[3353
2(M +7)*(y/n/s +C)°

where the last inequality follows from B7+~1 > ar +,y)” o (VE+ C) . Note that since we

used only Lemma BZ as a probabilistic result, the probability that this proof holds is at
least 1 — 2exp(—s). O

) O (by Lemma B™)

From the above two lemmas (Lemmas 23 and C4), we can bound the number of line search
iterations and the decrease in the function value for general t; as follows.

Corollary C.1. Suppose Assumption O holds. Let v € (0,1/2),8 € (0,1),7 > 0,A > 0,
and 0 > 0. Then, with probability at least 1 — 2 exp(—s), the number of linesearch iterations
of Algorithm B is bounded above by

o (3155 (45+) )]

and the decrease in the function value is bounded as follows:
V3y ( \/ﬁ )3 yA? 975353
x — f(ag) £ —min { — -—-C) , ,
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D PROOFS FOR THEORETICAL ANALYSIS

D.1 ANALYSIS OF THE CASE WHERE ||d| > A

Let us consider the case where ||dg|| > A and evaluate the amount of decrease of the objective
function value at each iteration (Lemmas D and D3, leading to Lemma Bl). Note that,
under ||dg|| > A, the update rule is given by

Tht1 = T + Medr,
e = A/l|d]|.

First, we consider the case where ¢ty = 0. In this case, dj is given by dy = P,;'—ﬂk.

Lemma D.1. Suppose that Assumption O holds. Let dy = P %y and ni, = AJ||dk|l. If
tr =0,9r # 0 and ||di|| > A , then we have

1 M
x — flap) < ——— A+ —A3
f(@r) = flag) < 2 s 1+ O 5
with probability at least 1 — 2 exp(—s).
Proof. By t = 0 and Corollary BT, we have
o) Hyp = —0||0e||%, (D.1.1
o7 G = 0. (D.1.2)

Therefore we obtain

df Hydy, = o) Hyop,  (by definition of dy,)

= —O]|ox|*  (by (OC)), (D.1.3)
g di, = sign(—g; o)gy ox  (by definition of dy,)
=0 (by (OI3)). (D.1.4)

Hence, the following inequality holds with probability at least 1 — 2 exp(—s).
f@rg1) = f(xe) = f(@e + medi) — f(2k)

2
M
< gl di + “ed] Hid + i di* - (by (ETD)

2
_ M . )
= 0= “B0u|on]” + ZnEldell® (by (OT3) and ()

U 1

=T (el rer

1 M
<—— = A%+ —A3 (by (BZH) and n. = A/||ds|) .
S A nls 1 0 5 (by ( ) and 7 /)

This ends the proof. O

M )
lldi||” + FU}%”dkHd (by Lemma B22)

Next, we consider the case where t; # 0. In this case, dj is given by dy = P,:f)k/tk.

Lemma D.2. Suppose Assumption @ holds. Let dy = P, o /ti. If tx # 0, |dk|| > A and
N = A/||dg]|, then

f(@pgr) = flog) < A%§ + %A?’

1
2(y/n/s +C)?

holds with probability at least 1 — 2exp(—s).
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Proof. Since tj, # 0, we obtain from (B=29)

ST = SN2 5T
Yk i, %k~ g, ”U’;H — Ik Yk (D.1.5)
tk tk tk tk
Therefore, it follows that
df Hydy, = “5 .~
179 7%
el gl o
A L ==
k k
g Il Ty (by definition of dj,) D.1.6)
= kti Gy Ok y definition of dy) , (D.1.
grdy =60 (by (BEZR))
<0 (by (BZZR)). (D.1.7)
Since ny = A/||dg| € (0,1), we have nr —n?/2 > 0. Thus we obtain
2
(nk - ”2) ld, <0 (by (OCT2)). (D.1.8)

Therefore, the following inequality holds with probability at least 1 — 2 exp(—s).
f(@esr) = flan) = flae + mcdk) — f(zk)

M
< gy, i, + dedek + 777kHdk||3 (by (BL))

n v M
=Wd@+k(4ﬂk”—%d)wmw (by (D))

2 2
n M 5 okl
(=) alan - o, Lo 4 By
Vg,
< Mg IIE L Mo oy (orm))
k
77k 1 o, M 4 3
< ——=0, ——||d + —nylld by Lemma B2

M
A% 4 A% (by (BZE) and ny = A/||dy]).

1
= Ta(Jas o

O

By Lemmas D and 032, we can state that, when ||dg|| > A holds, the objective function
1 A25_ MA3 . . . .

value decreases by at least ENCYIYSE A2§ — % A° at each iteration with probability at least

1 — 2exp(—s). This proves Lemma B.

D.2 ANALYSIS OF THE CASE WHERE ||di| < A

Now we consider the case where RSHTR satisfies [|dy|| < A at the k-th iteration and outputs

x. To investigate the property of x, we analyze ||gx| and Amin(Hy).

We first derive an upper and lower bound on the eigenvalues of V2 f(x).

Lemma D.3. Suppose Assumption O holds. Then for all z € R™,
Amin(V2f(2)) > —L, (D.2.1)
Amax(V2f(2)) < L

hold.
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Proof. Let v be a unit eigenvector corresponding to the smallest eigenvalue. By definition
of V2 f(z), we have
. Vf(xz+h)—-Vf(x)
2 _
N
To bound the right-hand side, we use the L-Lipschitz property. We obtain

IV (z + hv) = V(@)

2 < li
|92/ (@)o] < lim

I
Lijhv|
< = Lifv]|.
I
Finally, since |[V2f(z)v]| = [Amin(V2f(2))|||v]], we obtain Amin(V2f(z)) > —L. The proof
of the second inequality is similar. O

Next, we derive upper and lower bounds on the eigenvalues of H,.

Lemma D.4. Suppose Assumption O holds. Then we have

Amin (Hi) > — (\/§+C>2 L, (D.2.2)
Amax (Hi) < (\/Z+ C>2L (D.2.3)

with probability at least 1 — 2 exp(—s).

Proof. Let us consider the first inequality. Let F = {55 e R® | T Hpz < O}. Then we have

~T ~
r . €T Hkx

Amin (Hg) > min {0,min~}.
( ) icE ||z

2
~ n _
el < ({2 +¢) la? D25)

with probability at least 1 — 2exp(—s). Therefore, we obtain

T H, i 2 T Py Hy P &
min {0, min W} (\/ﬁ—i— C ) min {0, min W} (by (D=23))
s

zee ||Z|? el ||P) 3|2
(5
S
2
n
(-
S

C) min {0, Amin (Hx)}

> (\/f+c)2L (by (ET)).

Hence, by (D24), the first inequality (I22) holds with probability at least 1 — 2 exp(—s).
The proof of (D=X3) is similar. O

(D.2.4)

By Lemma BZ, we have

2 T
) min {O, min IHME} (by Im(P,") c R™)

>
>
- zeR |22

Using this lemma, we can derive an upper bound on ||gk||.

Proof of Lemma B2
Proof. Notice that by Lemma Bl

Ug,
Pyrgr = PyHydy, + QkE-
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Hence, by Lemma B and B= we deduce that with probability at least 1 — 2exp (—%S) —
2exp(—s),

0
gkl < 2Ly /= + CA + 2———A.
Furthermore, by (BZ24), we have that
Or < 0+ Allgkll-

Therefore, we have

2A2 In Ad

Combining with A < -1 we deduce that

2v/2°
1 n Ao
“gsll <28 Ly = +C+ ———= |,
9 ”ng = ( s \/m)
which completes the proof. O

We can also derive a bound on )\min(ﬁk).

Proof of Lemma B3

Proof. By (BZZ2) and Cauchy’s interlace theorem, we have Hj, + 6,1 = 0. With (IIZ3)

and Lemma B3, it follows that
- 2
8A? <(\/:+C> L+5> +6

with probability at least 1 — 2exp (,%5) — 2exp (—s). This implies
2
Hyp = — [SA"’ <<\/E+C> L+5> +6
s

D.3 PROOF OoF THEOREM B

0 > —

I.

Proof. Let us consider how many times we iterate the case where |d;| > A at most. Ac-
cording to Lemma O and Lemma D=4, the objective function decreases by at least

1 A25 3/2
2(\/11/8—1—6)2 6 SM*

with probability at least 1 — 2exp (—s). Since the total amount of decrease does not exceed
D := f(xg) — infiern f(z), the number of iterations for the case where ||di|| > A is at
most |3M?De~3/2| with probability at least 1 — 2|3M?De~3/2| exp (—s). Also, since the
algorithm terminates once it enters the case ||di|| < A, the total number of iterations is at
most U, = |3M 2De—3/ 2| 4+ 1 at least with the same probability as the above.

%A“ifé—

We can compute an e-FOSP with probability at least 1 — 4exp (—$s) — 4exp (—s), which
can be easily checked by applying Lemma B3 to the given é and A.

Therefore, RSHTR converges in [3M?2De3/2| 41 = O(e~3/2) iterations with probability
at least

1—2|3M2De™3/2 | exp (—s) — 4exp (—fs) —4exp(—s)

>1—4exp <is> — (2U: +2)exp (—s).
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Algorithm 5 RSHTR (modified)

1: function MODIFIED RSHTR(s, n,d, A, max_ iter)

2 global_mode = True

3 for k=1,... ,max_iter do

4: Py, + s x n random Gaussian matrix with each element being from N(0,1/s)

5: Jr < Prg

6: (tx, U ) < optimal solution of (222I) by eigenvalue computation

Pl oy ty, if tx #0

4 di { P, vy, otherwise

8: if global_mode and ||di|| > A then

9: e — A/ dg]| > or get from backtracking line search
10: Tht1 < Tk + Mdg
11: else
12: Tht1 & T + di
13: terminate > or continue with (J, global_mode) < (0,False) for local conv.

Notice that by Theorem Bl and Lemma B, we obtain that
low- Il < O ((n/s) @712},

where k* denotes the last iteration, k, where ||dx|| > A. Therefore, in order to obtain an e-
FOSP, we need to scale down ¢ by (n/s)+7)/2. We obtain therefore an iteration complexity

f
o o (((Z)(2+T)/2 5) —3/2) 0 ((Z)(6+ST)/4 5_3/2) .

This has (n/ s)(6+3T)/ * times the iteration complexity compared to a full-space algorithm.
Especially, when 7 is sufficiently small, it becomes almost (n/ 5)3/ % times.

D.4 IMPROVEMENT OF ITERATION COMPLEXITY UNDER THE ASSUMPTION OF
Low-EFFECTIVENESS

In this section, we show that the total complexity is improved under the assumption of low-
effectiveness (Assumption #) and the slight modification of the algorithm. The modified
algorithm is shown in Algorithm B. The difference from the original Algorithm [ is that the
algorithm updates = before stopping after the algorithm satisfies the stopping criterion. In
order to evaluate the gradient norm at the output point, we first introduce the following
lemma.

Lemma D.5. Assume that f satisfies (B2) and assume that s > m = rank(I). If
tr # 0,dx = P o /ty, ||di|] < A, then we have

1 0A + |lgk]| A

¢(1-y/25) Vn/s—C

with probability at least 1 — 2 exp (—%s) —2exp (—s) — (CC)*~ ™+ — e~ for any ¢ > 0.

| Hedi + gill <

Proof. Notice that since f(z) = f(Ilz) for all z, where II is a rank m projection matrix, we
have that there exists an orthogonal matrix U € R™*™ such that

Hydy + g, =U <78€> ;
where 7, € R™. Since P, has the same distribution as P,U, we can assume that

Py(Hydy, + gi) = P (T(?) = Pury,

26



Published as a conference paper at ICLR 2025

where P, is an s x m random matrix whose elements are sampled independently from
N(0,1/s). By Lemma B2, we deduce that

Omin(Pe) || Hrdi + gi|| < || Pi (Hydy, + gi)|| (D.4.1)
Plo n v

el = 1% ol ( —C> 2] (D.4.2)
[t s [t

with probability at least 1—2exp (—%s) —2exp (—s). Moreover, by (BZZ8) in Corollary B,
we deduce
Ok — 6 = =g di < |lgrlllldell < Allgrl- (D.4.3)

Hence,

1
|Hrdk + gkl| < ——=~ [[Px (Hrdk + gx) ||
Umin(Pk)

1
Umin(Pk)
< 1 0
a Umin(Pk) \/ TL/S -C

_1 A g?
_Umln Pk v n /S_C

Moreover, by (Rudelson & Vershynin, 2009, Theorem 1.1), we have

(by (BZZ9) in Corollary B)

el (by (C22))

(by (D233) and ||dg|| < A).

S

~ - 1 —~ o
V¢ >0, Pr lamin (Pr) > ¢ (1 AL )] >1— (CC)s—mFl —emcs
for some constants C,é. Therefore, for any ¢ > 0, the following inequality holds with
probability at least 1 — 2exp (—%s) —2exp (—s) — (C¢)s—m+t — =0,
1 OA + ||gi||A?

¢(1-y/25) Vn/s—C

| Hedi + gill <

O
Here, we evaluate the gradient norm at the output point of RSHTR by using Lemma [D3.

Lemma D.6. Suppose that Assumption I] holds. Assume that f satisfies (B2) and assume
that s > m = rank(Il). If ||di] < A < 2\[, then we have

lgrsrll < HA% +

v <2<SA+(8A\/3T1) (L n/s+C+ w%))

with probability of at least 1 —dexp (—$s) — dexp (—s) — (CC)*~™ ! — e~ for any ¢ > 0.

Proof. This is proved by the following inequalities.
lgk+1ll < llgk+1 — Hrdr — gill + | Hrdx + gkl

2
§%||dk||2+w (by Lemma [I3)
2 Vn/s—C
4A3 Ad
ngQ 5A+<L W5+ C 4 ———=2
£/ /S—C C(]-_ ms—1> \/n/s—c

Here, ¢ is any positive number. The second and the third inequalities both hold with
probability at least 1 —2exp (f%s) —2exp (—s) — (C¢)*~™*! —e=%. Therefore, this lemma
holds with probability at least 1 — 4exp (—%s) —dexp (—s) — (C¢)*~m+! — e~ | O

27
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To evaluate the iteration complexity using the same parameters as in Theorem B, we substi-
tute these parameters into Lemma [D@. This shows that Algorithm B achieves /n/se-FOSP
in O(¢7%/2) iterations. Therefore, by rescaling ¢, it achieves e-FOSP in O((n/s)3/4e=3/2)
iterations.

D.5 &-SOSP UNDER THE ASSUMPTION OF SHAQ (2022)

Let us introduce the following assumption.

Assumption 5. Let ¢ € (0,1), define r = rank(V?f(z*)), A\; be the maximum non-zero
eigenvalues of V2f(x*), and A, be the minimum non-zero eigenvalues of V2f(z*). Then,
the following inequality holds

T711+§&>0'

1-— 1 —_—
EH16T Ty 2

By the contraposition of (Shad, 2022, Lemma 5.6.6), under Assumption B, the lower bound
on the minimum eigenvalue of H* is proportional to the lower bound on the minimum
eigenvalue of P*H*P*" with high probability. Therefore, Lemma B=3 leads to the following
theorem.

Theorem D.1 (Global convergence to an e-SOSP under Assumption B). Suppose Assump-
tions 0 and @ hold. Set e, and A the same as Theorem [Z, i.e.,

M2 / 2
O0<e< —, 6:< n+C> Ve and A:ﬁ.
8 S M

If there exists a positive constant T such that s = O(m—:l/T), then RSHTR converges to an
£-SOSP in at most O(e=3/2) iterations with probability at least

(0.9999)" ! (1 — 2exp (—"’éj)) — Gexp (—Zs) — (2U. 4 2) exp (—s),

where U, := |3M?De=3/2| +1.

Proof. By Theorem &1, RSHTR converges to an e FOSP in at most O(¢~3/?) iterations
with probability at least,

|~ dexp (_ZS) (U + 2) exp (—s).

Let z* denotes the e-FOSP. We now proceed to prove that z* is also an e-SOSP as well.
By applying Lemma B=3 to the given § and A, we have

N (PPH P T) > — (EZ <\/Z+c>2 (L+VE) + <\/§+c>2 ﬁ) (D.5.1)

with probability at least 1 — 2exp (—%s) — 2exp (—s). Hence, by using the contraposition
of (Shad, P22, Lemma 5.6.6) and denoting xy = min{0, A; /A, }, we have

r—11+¢ \ !
—K
s 1-¢& H

(i) e (599

= ()
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with probability at least (0.9999)" ! (1 — 2exp (7%)) This shows that z* is an e-SOSP
and the lower bound on the probability is given as follows:

(0.9999)" 1 (1 —2exp (‘i))

 (sew (-55) + 01 421000 ()

(pewn (-C2) 20 )

> (0.9999)" (1 — 2exp (—i)) —6exp (—is) — (2U: + 4) exp (=) -

Proof of Lemma B4

Proof. H* can be expressed as H* = U*D*U*' using an orthogonal matrix U* and a
diagonal matrix D*. Here,

D* = diag(A1,. .., Ar)
is the diagonal matrix with eigenvalues Aq,..., A,. Note that A1 =--- = A, = 0. Hence,
it follows that

PP — prrpryrT prT

— prpeprT

= PyDiP;T, (D.5.2)
where Pj is the first r columns of P*, and D7 is the leading principal minor of order r of

D*. Here, P~ is also a random Gaussian matrix due to the orthogonality of U*. Therefore,
Py is full column rank with probability 1. This implies that

Vy eR",Jz e R®st. Pflax=y (D.5.3)
with probability 1. Hence, the following holds with probability 1.
2TH*z
im(H) = min ==
A () = 3008 e
. y'Diy
=mm e
yer™ ||y

x PrDiPr T

> min —————— (by (23

2 i BT e (by ( )

TP*D*p*T

> min < min %, 0

w€B ||Pf x|

where F := {J: eR® | 2" PrDIP Ta < 0}
, 1 T PyDI P T
o ()

(by 1257l = i (£7) )

A*
Omin P1

— | =

= ———— min {)\min (P*H*P*T) ,0} (by (D52)).
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Moreover, by (Rudelson & Vershynin, 2009, Theorem 1.1), we have
D* r—1 ~\Ss—r-+1 —cCs
crmin(P1>Z§ 1- >1-(C¢) s
s

for some constants C,¢. _ Therefore, for any ¢ > 0, the following inequality holds with
probability at least 1 — (C¢)*~ "+ — e,

V¢ >0, Pr

Amin (H*) > m min { Apin (P*H*P*"),0} .

w

Proof of Theorem B2

Proof. By following the same argument as in the proof of Theorem [ up to (OB), we
obtain

Amin (P*H*P*T) > Q(—/z)
with probability at least 1 — 6exp (—$s) — (2U. + 4) exp (—s). Applying Lemma B4 with
¢ = C/e, we have Apin (H*) > Q (—/2) with probability at least

C
1—6exp (—45) —(2U.+4)exp(—s) —exp(—s+1r —1) —exp(—cs)
for some constant ¢. This completes the proof. O

D.6 LOCAL CONVERGENCE
We note that under Assumption B, there exists 4 > 0 and R > 0 such that
Vx € B(z,R), V?f(x) = pul, (D.6.1)

where B(z,R) := {y € R" | ||y — z|| < R}. Let us first discuss the special case, zj, = Z,
which is equivalent to gr = 0 by convexity from Assumption B.

o
=

Lemma D.7. Suppose that Assumption @ holds. If g, = 0, then xi11 = ) with probability
1.

Lemma D77 states that the iterates do not move away from & once it is reached. Since
staying at x achieves any local convergence rate, we ignore this case.

Proof. By applying (B=2H) to gr = 0, we have (Hy, + 0;,1);, = 0. This implies that 7 = 0
or (—6, ) is an eigenpair of Hy.

We show that the latter case is impossible by supposing it and leading to a contradiction.

Suppose that (—0, 0) is an eigenpair of Hy. This implies Apin (Hk) < —0; < 0. Thus, we

get

y" Hyy
lyll?

Since y # 0, we have 0 < || P, y|| with probability 1. Therefore, ||y?|/|| P/ y/|*> > 0 follows.
Thus, by multiplying (IE62) by ||y2||/|| P, y||?> > 0, we obtain

Jy € R*\ {0} s.t.

Sy
y Hypy
Jy € R? s.t. <
15yl
By taking z = P,;'—y, it follows that
-
H
Jz € R” s.t. ZH H’;Z <
z
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Therefore Amin(Hi) < 0 follows. However, this contradicts Assumption B.

From the above argument, we have ¥ = 0. Since 0 = 0 implies t; # 0 from (B=X3), dj is
defined as

di = P];r’f)k/tk =0.
Therefore, ||dk|| < A holds and zx41 = x) + dp = 2, follows. O

Next, we show that in a sufficiently small neighborhood of a local minimizer, we have
|ldk]| < A. To this end, we first present the following auxiliary lemma.

Lemma D.8. Under Assumption B, t; # 0 with probability 1.

Proof. Suppose on the contrary that ¢y = 0, then (=0, Ux) is an eigenpair of H;, by (B=272)

in Corollary Bl. Thus we have Apin(Hg) < —0r < —0 < 0 with probability 1 by gx # 0

and Lemma BZ. This implies that

y Hyy
llylI?

Note that [|y|| # 0 and || P, y|| # 0 hold since the numerator and denominator of (ID632)
are both non-zero. By multiplying (IX62) by [jy||?/|| P y||? > 0, it follows that

Jy € R® s.t.

<0. (D.6.2)

-
y Hypy
Jy € R® s.t. <0.
1P ylI?
By considering z = P,;r 1, we obtain
TH
Jz € R" s.t. z TkE < 0.
12]?

Therefore Apmin(Hy) < 0 follows. However, this contradicts Assumption B. The proof is
completed. O

By Lemma D8, under Assumption B, we have di = PkT f—: with probability 1. This leads to
the following lemma.

Lemma D.9. Under Assumption @, we have ||di|| < A for sufficiently large k with proba-
bility at least 1 — 2 exp (f%s) —4exp (—s).

Proof. From Lemma DX and (B=24), we have the following with probability 1.
U

= —(Hg +6:.1) gy
tk

Therefore, by multiplying P,;r from the left, it follows that
0 ~ ~
dy, = P,Ii = —P] (Hy + 0,1) " 'Gir.

Thus, we obtain
il < 1P I (Hx + 6x1) (1|3
<P (He + 661) " lllgkll /2 (by Lemma B)

n/s+C, = .
§@||(Hk+9kl) Ylgrll  (by Lemma B2).

Here the second and third inequalities hold with probability at least 1—2exp (—%8) and 1—
2exp (—s) respectively. By Lemma D0 and (D), we have Hy, +01 = (/2 — C)2 0y
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with probability at least 1 — 2exp (—s). Hence, we have

(vV/n/s+C)/2
< (—\/n/s""CWHng
~ (Vn/s=C)*pu
_ a5t gl
T 2(nfs—C2 u

We have ||gi|| — 0 by Assumption B, which leads to ||dg| < A for sufficiently large k. O

Here, we present an auxiliary lemma for the proof of Theorem BZ3.

Lemma D.10. We have
2

Amin (Hr) ( n—C) Amin (Hr),

v

S

Amax (Hr) (\/f + C>2 Amax (Hr)

with probability at least 1 — 2 exp (—s).

IN

Proof. Tt follows that for any x € R™, we have 2 Hyw > Amin(Hg). Therefore, by set-

[E3R
T T
% > Amin(Hg) for any y € R*. Using Lemma B3, we
k

have (/2 — C)2 lylI? < || P y||* with probability at least 1 — 2exp (—s). This implies the
following inequality holds.

TP HLP 2
vy ALy, (f c) A ().

This inequality holds for any y € R?®, which proves the first equation. The proof of the
second equation follows a similar argument. O

ting x = P,;'—y, we have

D.6.1 PROOF OF THEOREM
Proof.
\/E(xkﬂ —I) = \/E(l’k+1 —xg) + \/E(xk —I)
= VHdy, + \/E(xk — )
= *\/EPJ(HJC + 0x1) "' Prgi + \/E(Ik — )
— VAP (H), + 0, 1) ' P Hy (z) — 7)
- \/IT{PJ(ﬁk + 0, D) " Pelgr — He(zr — Z1))
+ \/ij(xk —T)
= —A—B—i—\/ﬁ(xk—f).
Here, we define
A= \HP] (Hy +0,1)" P.Hy (24 — )
and

B = \/EPJ(I;’]C + O;J)_lPk(gk — Hk(mk — j?k))
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To bound B, we give a bound to ||P,] (PyH P, + 0xI)"1P;||. By Lemma D0, P, Hy P, is
invertible with probability at least 1 — 2exp (—s). Therefore, we have
|P) (PeHp P, + 0,I) " Py|| < | P (PeH P, ) Py (D.6.3)
Moreover, the right-hand side satisfies the following inequality.
-1

2
n
1B (PLHE D) Pl < BT <<\/: C> Amm<Hk>> (by Lemma [110)

Vn C)?
\/# i Gy (by Lemma B3 and (EE5D) (D.6.4)
s —
Here, the first and the second inequalities both hold with probability at least 1 —2exp (—s).
Therefore, combining (D63) and (O54), we have

2
\PT (PoH P+ 0,1)~ Py < W HET (D.6.5)

(Vn/s=C) n

with probability at least 1 — 6exp (—s).

By Taylor expansion at Z of V f, we obtain ||gy — Hg(zy — Z)|| = O(|lz), — z[|*). Combining
this with (D63H), we get B = O(||a), — Z||?) with probability at least 1 — 6 exp (—s).

Next, to bound A, we further decompose A = A; + A, such that
Ay = VHAPI(PHP] + 0,1)" P H (w), — 7)
A := VAP (PHP] +6,1) " Po(Hy, — H)(xy, — 7).
Since ||H), — H|| tends to 0 and (DZ63), we have || Aa|| = o(||zx — Z||). This leads to

| V@ - 2)|| < || -4+ VEG = 2)| + 0w - 21,

which holds with probability at least 1 — 6exp (—s). Therefore, it remains to bound
H—A1 + VH(zy, — ir)H This is further decomposed as ||Az — Ay4]|, where

A= (1= VHP](PHP]) 7 PVE) VH (@ - 2),

Ay:=VHP/] (P.HP] +6,1)"" — (PHP, )™ ") PoH(z), — 7).
Here, ||A4|| = o(||zr — Z||) holds for the following reason. By (BZH), Lemma [0 8 and § = 0,
we have 0, = —grd with probability 1 and thus
1051 < gl |
< Allgell (by Lemma £X0)

with probability at least 1 — 2exp (—$'s) — 4exp (—s). This leads to 6, — 0 since ||gx||
tends to 0. Therefore, ||(PyHP, + 0,1)~' — (PoHP,[ )~ tends to 0, which implies || A4 =

o(||zx—Z||). Hence, it remains to bound ||A3||. Using the fact that \/EP,;'— (PkHPJ)_lPk\/ﬁ
is an orthogonal projection, this is bounded from above by

1——ln H\/ xk—x H
)\max 1 kli} T
Thus we obtain that

Wmmuswmuf =)+ ot

max PkHPT

Therefore, when

N . L N 7 P T

max Pk:HPT max .P]C.Z;I.P—r
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we have that

max PkHPT

[Vt o) < 1~ 522 Vi 2] o

Notice that the condition above is implied when

%_ Awin () \/1_ Aon(H) oz —zl)
4/\maX(PkHP,:) 2)\maX(PkHP];r) N )\min(H)ka _ i,H

Thus, we obtain (OG4) for sufficiently large k.

Since we have, by Lemma D10, )\max(Pkﬁ P,~C (\f + C) max( _) with probability at
least 1 — 2exp (—s), the upper bound can be rewrltten as

[V =) 1 - 5D Vi)

Since the probabilistically valid propertles that we used in this proof are Lemmas B2, DX,
D10 and O, the probability lower bound is given by 1 — 2exp (—%5) — 8exp (—$). O

D.6.2 LOCAL QUADRATIC CONVERGENCE

Let y = Rz, where we recall that & be the strict local minimizer of f. Then the following
properties hold:

f(x) = f(R" Rx) = I(Rx),
Vf(z)=VfIlz) ="V f(z) =TV f(z), (D.6.7)
IV£@) = IV i) TV F@)]12 = IV £2) TV f(2)]| = RV £ ()]
Jp>0st. (VI = plly =l
Sy > 05t V@) 2 YIR@ - D) (7 = Cuin(BRT)p)- (D.6.8)

Next, we show some lemmas regarding Lipschitz continuity.

Lemma D.11. Suppose Assumptions O and B hold. There exist constants L;, M; > 0 such
that for any y1,y2 € R", the following inequalities hold:

IVI(y1) = Vi(y2)ll < Lillyr — w2, (D.6.9)
IV21(y1) = VZ(y2)ll < Millyr — o (D.6.10)
Proof. Since I(y) = f(R"y), by the Lipschitz continuity of f, we have
I¥1n) = Vi) = | R VI @)oegry, — B V@),
<RI VI @)y = VI@opr
<RI L{[RTy1 — R ys|
<IRII* L [l — vl

Moreover, we have
||V21(y1) - VQZ(W)” = HR (v2f('r)|m:RTy1 o VQf(x)LU:RTy?) RTH
= ||RH2 HVQf(:E)‘z:RTyl N vZf(m)|r:RTyz

<|RI*M |RTys — Ry
<|IRI M Jlyr — vl

Therefore, by setting L; = ||R||® L and M; = ||R||> M, the lemma is proved. O
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Lemma D.12. Suppose Assumptions O and | hold. There exists a constant Ly > 0 such
that for any x1,xo € R™, the following inequality holds:

IVf(x1) = Vf(z2)ln < Lullzr — 22|

Proof. Since

IV 5e2) = V)l = /(9 1(e0) — V1) 1T sa0) — VrGe)|

= w5 Vs @9 - n s

= st~ Vr)T (st - Vs ey @)
< (IVf(@1) = Vf(z2)l

- HRT (V1) y=ra, = VHD)y ) H
< Li || R | Ry — Rao[,

the lemma is proved by setting Ly = L; | R|. O

From this lemma, it immediately follows that ||gx|| = ||gx|lm = O(||zx — Z|m)-

In the following, we analyze the convergence rate of ||z, —Z||r1, which leads to the convergence
rate of f(x) — f(Z). First, note that ¢t # 0 (a.s.) is derived from the fact that the Hessian
is positive semi-definite near . However, the proof is omitted since it is similar to that of

Lemma D8. This implies dy = PJ?—:

Next, we show two auxiliary lemmas.

Lemma D.13. Suppose Assumption | holds. Then,
r/s+C
[ Hrdy + gill < F—Ilgklln\ldkllﬁ

(=)

holds for r = rank(II), a universal constants C and ¢, and any ¢ > 0 with probability at

least 1 — 2exp(—r) — (C¢)s~ L — e=%s,

Proof. Let Ur be an orthogonal matrix whose first r rows are given by R. It follows that
URPI,;r has the same distribution as P,CT , meaning that each element of U, RP,CT is distributed
according to N'(0,1/s). As RP, is the first r rows of Ug P,|, RP,] is an r x s random matrix
with elements independently drawn from A(0,1/s). Define ka := RP,], using (), we
have

1
7~)|‘Pk(dek + 1)l

Hyd, +
| Hydr + gi |l )

IN

Jmax p
Gwax By 2T (Hyd + o).

Umin(Pk>

IN

From (Rudelson & Vershynin, 2009, Theorem 1.1), we have

Omin (pk) > C (1 — \/ﬁ>‘| > 1— (CC)S_T+1 _ 6_55

for some constants C, ¢ and from Lemma B, we have

Pr [amax(ﬁk) < \/§+ c} > 1— 2exp(—r).

V¢ >0, Pr
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Therefore, for any ¢ > 0, the following inequality holds with probability at least 1 —
2exp(—r) — (CC)s~+L — e,

s+C
s+ gl < Y RET B (i + ) (D.6.11)
(1=y)
By multiplying RP, to both sides of (BZZR), we obtain
RP/ P(Hydy, + gr) = —0xRdy,. (D.6.12)

Thus we have

r/s+C
e + g1l < P EE Y RET BBy + g0 (by (OTD)

¢(1-y/5)
__VTSC o Ra (by (OEI))
C (1 - 7"51)
_ VSHC i
C (1 _ Tsl)
_ Me)k”dknn (D.6.13)

(V)
Moreover, from (BZZR) and ¢ = 0, we have

O, = —gp di
—(Tgy) " dy,

—(Rgx) " (Rdy)
< llgklInllde |l (D.6.14)

Combining (DBT3) and (D614), we obtain

Wr/s+C
C( \/») g el | -

| Hidy + gl <

Lemma D.14. Suppose Assumptions @ and @ hold. The following inequality holds:

1
lgr+1 — (Hrdr + gi)|| < §Ml|\dk||2n-

Proof. By considering the Taylor expansion of ¢t — V f(x + td)), we obtain the following
equation:

1
Jk+1 = gk + / VQf(mk + tdk)dkdt.
0
By subtracting Hydy + g5 from both sides, we obtain

1
Gk+1 — (Hypdy, + gk) = / (VQf(l‘k + tdk) — Hk) dpdt.
0
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By evaluating the norm of both sides, we obtain the following inequality:

1
kst — (Hudi + o)) < / (V2 (e + tdy) — Hy) dy | dt

01

_ /0 IR (V210), o sray — V20, ) ]
1

< 1R (T, 1) = TID, ) 1700

1
<IR] [ M |G+ td) — Ra [ Rl dt - (by (005

1
:Ammmmwwftﬁ
0

1 2
= o Mi||RI| ||l -

Thus, the lemma is proved. O
Proof of Theorem B4

Proof. At first, we will show the first inequality in Theorem B2. The following inequality
holds with probability at least 1 — 2exp(—7) — (C¢)*~ "t — = for any ¢ > 0:

_ 1
2kt = 2o < Zllgrsall (by (OEF))

Y
1
< 5 (1 Hydy + gell + llgr+1 — (Hrdy + gx)|)
1 \r/s+C
<= r/s gl + Ml”RH”dk”H (by Lemma D3 and Lemma [D-T4)
T\l
1 \Vr/s+C _
= DL o~ + 3R] | el Gy gl = O~ o))
<(1-/=)

(D.6.15)

Now, we have

ldilln < |lzks1 — 2l + lze — 2o

1 s+C
LBy a4 LanR

Ay

which can be rearranged as

IN

ldxllf + llex — 2|,

d +C =
p sl [ Vrsve L S MR
T (-

Since ||z — Z|ln — 0 and ||dg||m — 0, for sufficiently large k, we have 3 ||dx|ln < [|z) — Z|n-
Combining this with (OB 1H), for sufficiently large k, we obtain

4 r/s+¢C

Tpt1 —Zn < — | —F/———F—

ldilln < |lzx — Z[m-

_ 1 _
lzr = 2l + S MBI llew — z|I

IN

—z||}  (since k is sufficiently large).
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Therefore, we have derived the first statement in Theorem B2. Next, we move to the next
inequality in Theorem B.

flaw) = f(2) = /0 (V@ +t(wy — 7)) — V(@) (24 — T)dt

1 T
_ /0 (VU)o s — Vs Rlasn — D)t

(D.6.16)
(DTTM) is bounded above by
1
/0 V1= r i) — TED]y s | 1 Bi = D)t
1
< Li| Ry - 3) P [ tdt (by (OB)
0
L _
= 5 =k — 2l (D.6.17)
(ODETM) is bounded below by
1 T tR(x, — T
‘/0 (Vl(y)|y:R(i+t(mk7i’)) - VZ(y)|y:R:E) 1 )dt‘
1 _ 22
> / 2p||tR(xtk 2l dt (by strong convexity of 1)
0
1
=2yl —ally | tar
— ek — 2 (D.6.15)

We are now ready to prove the theorem.

Florsn) = F@) < Sl — 2l (by (O5T)

8L M?||R||? .
< w||xk —Z||f  (by Theorem BA)
8L MZ||R||? - OB
< S (o) - @2 oy (o)

We recall that all of the above hold with probability at least 1—2exp(—r)—(C¢)* "1 —e—
for any ¢ > 0. If we set ¢ sufficiently small, the probability is bounded from below by
1 —3exp(—r) — e, which ends the proof. O

E CONVERGENCE THEOREMS UNDER ALGORITHM B

We provide additional theoretical considerations regarding subspace dimension s such as s <
Qlogn). In practice, s = Q(logn) is sufficiently small, and Algorithm 0 works effectively;
this analysis is primarily of theoretical interest.

While setting s = o(logn) means that the success probability of each iteration is no longer
high, the algorithm can simply retry until success. Specifically, in this section, we present
a slight modification (see Algorithm B) of Algorithm M, where line [d-line I& are added
to decrease the value of the objective function f at every iteration. For Algorithm 0, we
can prove the convergence to an e-FOSP with arbitrarily high probability under the same
hypothesis even for small s independent of the dimension n (s needs only to be greater than
some constant). Notice that all the results proved for Algorithm O also hold for Algorithm
B. This is because the probability that the function decreases at each iteration is already
taken into account in the probabilistic results that we prove.
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Algorithm 6 RSHTR: Random Subspace Homogenized Trust Region Method (variant)

1: function RSHTR(s,n,d, A, max_ iter)
2 global_mode = True
3 for k=1,... ,max_iter do
4: Py, + s x n random Gaussian matrix with each element being from N(0,1/s)
5: Jr < Prg
6: (tx, U ) < optimal solution of (222I) by eigenvalue computation
Pl oy ty, if tx #0
4 di { P, vy, otherwise
8: if global_mode and ||di|| > A then
9: e — A/ dg]| > or get from backtracking line search
10: Yk+1 < T + Mdg
11: if f(ye+1) < f(zx) then
12: Tht1 = Yk+1
13: else
14: Tyl = Tk
15: end if
16: else
17: Tp+1 < o + dg
18: terminate > or continue with (0, global_mode) + (0,False) for local
convergence

Theorem E.1 (Global convergence to an e-FOSP). Suppose that Assumption @ holds. Let
0<e<™M §—(/E+C)°VE and A=

Then modified RSHTR (Algorithm B) outputs an e-FOSP in at most O (6_3/2) iterations
with probability at least

1 C
1 —exp <—8(1 - 65)U€) —4exp (—45) —4exp(—s),
where C and C' are absolute constants, U, := L%MQ (f(z0) — infrern f(x))e3/2] +1, and

ds :=1—2exp(—s).

Proof. Let us consider how many times we iterate in the case where |di| > A at most.
According to Lemma D and Lemma D7, the objective function decreases by at least
1 M 3/2
N g
2 (\/ n/s+ C>
with probability at least 1 — 2exp (—s). Let Y, € {0,1} be a random variable equal to 1

if and only the objective function decreases at least by the above quantity. Then, after K
iterations, the objective function decreases by at least:

£

£3/2 K
e > Vi
k=1
Since, for all k, E[Y;] > 1—2exp(—s) := 1—4J,, we have by a Chernoff bound (see Vershynin
(200R)) that for all ¢ € (0,1),

2

X b
P (Z V> (1—6)(1— 55)K> >1—exp (2(1 - 55)K> :
k=1

Hence with probability at least 1 — exp (—%(1 — 5K ), after K iterations, the objective
function decreases by at least

£3/2

602

(1 —2exp(—s))K.
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Since the total amount of decrease does not exceed D := f(xg)—inf,ern f(z), we deduce that
6M2De~3/2 Al :

mj . SO, sice
the algorithm terminates once it enters the case ||di|| < A, the total number of iterations is

at most U, = L%j + 1 at least.

the number of iterations for the case where ||dg|| > A is at most |

We can compute an e-FOSP with probability at least 1 — 4 exp (—%s) — 4exp (—s), which
can be easily checked by applying Lemma B to the given ¢ and A.

Therefore, RSHTR converges in LMJ + 1 = O(¢3/?) iterations with probability at

1—2exp(—s)
least
1 C
1—exp —§(1—5S)Ue — 4dexp -7 —4exp(—s),
where U, = [ 84D 25| 41, 0

F  EXPERIMENTAL DETAILS

Throughout all experiments, the parameters of the algorithms were set as follows:

« HSODM: (5,A,v) = (102,103,101

e« RSGD: s =100

e RSRN: (v,¢1,¢2,8) = (1/2,2,1,100)

« RSHTR: (3, A, v,s) = (103,103,101, 100)

Here, we denote the dimensionality of subspace as s.

The datasets and other details of each task are described below.

F.1 MATRIX FACTORIZATION

In this task, no preprocessing is performed. We chose 50 as the feature dimension k. Here
is the dataset we used for this task.

MovieLens 100k (Harper & Konstan, 20T5)

o Shape of R: (943, 1682)
e Problem dimension: 131,250
o Source: downloaded using scikit-learn (Pedregosa et all, DITil)

F.2 LOGISTIC REGRESSION

In this task, all datasets were preprocessed as follows:

e 10,000 features were selected to limit the problem dimensionality for the datasets with
features more than 10,000.

¢ 1,000 samples were selected to save the computational resource for the datasets with
samples of more than 1,000.

Here is a list of the datasets we used for this task.

news20.binary (Kogan et all, 2009)

e Problem dimension: 10,001

e Source: http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html
rcvl.binary (Lewis et all, 2004)

e Problem dimension: 10,001
e Source: http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html
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Internet Advertisements (Kushmericki, T99R)

e Problem dimension: 1,558
e Source: https://archive.ics.uci.edu/dataset/51/internet+advertisements

F.3 SOFTMAX REGRESSION

In this task, all datasets were preprocessed in the same way as [E2.

o For datasets with more than 10,000 features, the first 10,000 features were selected to
limit problem dimensionality.

o For datasets with more than 1,000 samples, 1,000 samples were selected to conserve
computational resources.

Here is a list of the datasets we used for this task.

news20 (Lang, T995)

o Number of classes: 20
e Problem dimension: 200,020

e Source: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
mulficlass . html

SCOTUS (Chalkidis_ef_all, 202T)

e« Number of classes: 13
e Problem dimension: 130,013

¢ Source: https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
multiclass. html

F.4 DEEP NEURAL NETWORKS

In this task, we used a 16-layer fully connected neural network with bias terms and the
widths of each layer are:

[input_dim, 128,64, 32,32, 32,32, 32, 32, 32, 32, 32, 32, 32, 32, 32, output_din]

We utilized subsets of 1,000 images from each of the following datasets. Here is a list of the
datasets we used for this task. When using the test data, we sampled an additional 1000
data points.

MNIST (Deng, 2012)

e Input dimension: 28 x 28 = 784

e Output dimension: 10

e Problem dimension: 123,818

e Source: downloaded using scikit-learn (Pedregosa et all, 2ari)

CIFAR-10 (Krizhevsky, 2009)

e Input dimension: 32 x 32 x 3 = 3,076

e Output dimension: 10

e Problem dimension: 416,682

e Source: downloaded using scikit-learn (Pedregosa et all, 2011)

G ADDITIONAL NUMERICAL EXPERIMENTS

In all experiments in this section, the proposed method exhibited the fastest convergence.
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Matrix factorization with mask (MFM): We first recall matrix factorization (without
mask) formulation:

1 2
UeR™u g}’lll/leRanU ”UV - R”F/(nunv);

where R € R™ > and ||H?, denotes the squared Frobenius norm. The masked version
of the problem introduces a mask matrix X € {0,1}"=*" to handle missing entries in R.
Using this mask matrix, MFM is formulated as

i UV —R)® X|%/(nuny),
vemm D 1€ ) © X/ (nuny)
where X;; = 1 if R;; is not null and X;; = 0 otherwise and the symbol ® denotes element-
wise multiplication. The problem dimension is calculated as n = (n, + ny)k. The result of
MFM on MovieLens 100k dataset (Harper & Konstan, 2015) is shown in Figure Ba.

Classification: =~ The formulation of this task is the same as Section B. The result of
logistic regression on the Internet Advertisement dataset (KushmericK, I99R) is shown in
Figure BH.

m 6D s HSODM B RSGD (s=100) Il RSRN (s=100) Il RSHTR (5=100)
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3 3 \
© ©
2 &0 04
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© ©
c 40 c 0.2
2 2
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0 80 160 240 0 8 160 240
time (s) time (s)
(a) MFM: MovieLens 100k (dim=131,250) (b) Logistic reg.: Internet Ads (dim=1,558)

Figure 5: Comparison of our method to existing methods regarding the function value v.s.
computation time. Each plot shows the average + the standard deviation for five runs.
Algorithms that did not complete a single iteration within the time limit are omitted.

Classification Accuracy To compare several methods from perspectives other than the
loss function, we also evaluated train and test classification accuracies at the end of training
(4,000 seconds for MNIST and 16,000 seconds for CIFAR-10), where training was stopped
due to the time limit. The results are presented in Table B. While the limited training data
restricts generalization and results in moderate test accuracy, our approach still demon-
strates superior performance compared to other methods.

Table 2: Train and test accuracies on MNIST and CIFAR-10 datasets. Our method,
RSHTR, achieved the highest accuracy on both datasets.

MNIST CIFAR-10
Algorithm  Train  Test  Train  Test
RSGD 0412 0.355 0.315 0.146
RSRN 0.735 0376  0.523  0.150

RSHTR 0.998 0.680 0.959 0.211

Comparison with Heuristic Algorithms We conducted further experiments to evalu-
ate the performance of our algorithm against popular heuristics used in training deep neural
networks. Specifically, we compared our proposed method with Adam (Kingma, 2014) and
AdaGrad (Duchietall, 2011) on the MNIST and CIFAR-10 datasets for classification using
a neural network. The formulation of the task is the same as Section B. What differs is that,
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to ensure a meaningful comparison with fast optimization methods beyond random subspace
methods, we adjusted the subspace dimension of our proposed algorithm to a smaller value
than used in Section B. The result and the hyperparameter settings are shown in Figure B.
While our proposed method does not surpass Adam in terms of convergence speed, it demon-
strates superior numerical stability. This is likely attributed to the method’s ability to avoid
directions with rapidly increasing gradient norm by utilizing Hessian information. Further-
more, our method can match or outperform AdaGrad in convergence speed depending on
the parameter settings. Specifically, when using numerically stable parameters for Ada-
Grad, our method exhibits a faster convergence rate. Moreover, our method saves time to
tune hyperparameters due to its consistent stability across different hyperparameter choices.
Conversely, Adam and AdaGrad can become drastically unstable with increased learning
rates aimed at faster convergence, necessitating trial and error for parameter optimization.

4 T T T 4+ I
= Adam (Ir=1e-3) = Adam (Ir=1e-3)
= Adam (Ir=1e-4) = Adam (Ir=1e-4)
= AdaGrad (Ir=1e-3) —— AdaGrad (Ir=1e-3)
Q —— AdaGrad (Ir=1e-4) 5} —— AdaGrad (Ir=1e-)
S 31 s RSHTR (5=10, delta=1e-4, Delta=1e-4) S 39 —— RSHTR (5=10, delta=1e-4, Delta=1e-4)
E e RSHTR (5=10, delta=1e-5, Delta=1e-5) E === RSHTR (5=10, delta=1e-5, Delta=1e-5)
> > -
c c Ll n
o R—— | o \ i “I‘ ‘
9] (9]
c c ‘
S 1 E > 1
Y— Y— \
‘I
0 y y 7 0 . : :
0 40 80 120 0 40 80 120
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(a) DNN: MNIST (dim=123,818) (b) DNN: CIFAR-10 (dim=416,682)

Figure 6: Comparison of our method to heuristic algorithms.
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