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Supplementary Material for ”Constrained Multi-Objective Optimization”

A SOME USEFUL LEMMA

To simplify the notions, we use ω(t) = (x(t),λ(t), z(t)) in the following proof.

Lemma A.1 Yao et al. (2024) Lemma A.1. Under Assumption 4.3 and 4.4, for
the Moreau envelope-based Lagrange Multiplier function Ls(x,λ, z with γ1 ∈
(0, 1/ρf ) and γ2 > 0. That is,

(1) The function Ls(x,λ, z) is continuously differentiable;

(2) The gradient of Ls(x,λ, z) has closed-form given by

∇xLs(x,λ, z) = argmin
u

{H(u,θ∗) +
1

2
∥u− x∥2}+

n∑
i=1

µ∗
i∇gi(x),

∇λLs(x,λ, z) =
λ− θ∗

γ1
,

∇λLs(x,λ, z) =
µ∗ − z

γ2
,

where θ∗ := θ∗(x,λ, z) and µ∗ := µ∗(x,λ, z) is the unique saddle point of the
following min-max problem:

min
θ

max
µ

{
H(x,θ) +

N∑
i=1

µigi(x) +
1

2γ1

N∑
i=1

∥θi − λi∥2 −
1

2γ2

N∑
i=1

∥zi − µi∥2
}
.

(3) Furthermore, for any ρv ≥ ρf/(1− γ1ρf ), Ls(x,λ, z) is ρv-weakly convex with
respect to variables (x,λ) on for any fixed z.

Proof: The proof is similar to the proof of Lemma A.1 in Yao et al. (2024).

Lemma A.2 Yao et al. (2024) Lemma A.2 and Lemma A.4.

Under Assumption 4.3 and 4.4, let γ1 ∈ (0, 1/ρf ) and γ2 > 0. Then, for any
ρv ≥ ρf/(1− γ1ρf ), the following inequality holds:

−Ls(x1,λ, z) ≤− Ls(x2,λ, z)− ⟨∇xLs(x2,λ, z), x1 − x2⟩+
ρv
2
∥x1 − x2∥2 ,

−Ls(x,λ1, z) ≤− Ls(x,λ2, z)− ⟨∇λLs(x,λ2, z),λ1 − λ2⟩+
ρv
2
∥λ1 − λ2∥2 ,

−Ls(x,λ, z1) ≤− Ls(x,λ, z2)− ⟨∇λLs(x,λx, z2), z1 − z2⟩+
Lz

2
∥z1 − z2∥2 ,

where Lz := (γ2ρT + 1)/(γ2
2ρT ).

Proof: The first 2 conclusions follow directly from Lemma A.2 that Ls(x,λ, z) is
ρv-weakly convex with respect to variables (x,λ) on for any fixed z, and the third
conclusion is similar to the proof of Lemma A.4 in Yao et al. (2024).

Lemma A.3 Yao et al. (2024) Lemma A.3. Under Assumption 4.3 and 4.4, let
γ1 ∈ (0, 1/ρf ) and γ2 > 0. Then, for any (x1,λ1, z1) and (x2,λ2, z2), the following

12
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Lipschitz property holds:

∥(θ∗(x1,λ1, z1),µ
∗(x1,λ1, z1))− (θ∗(x2,λ2, z2),µ

∗(x2,λ2, z2))∥

≤Lf + Lg + CZLg

ρT
∥x1 − x2∥+

1

γ1ρT
∥λ1 − λ2∥+

1

γ2ρT
∥z1 − z2∥

≤Lθ,µ ∥(x1,λ1, z1)− (x2,λ2, z2)∥ ,

where ρT := min{1/γ1−ρf , 1/γ2}, CZ = maxz∈Z ∥z∥, and Lθ,µ :=
√
3max{Lf+

Lg + CZLg, 1/γ1, 1/γ2}/ρT .

Proof: The proof is similar to the proof of Lemma A.3 in Yao et al. (2024).

B PROOF OF MAIN THEOREM AND LEMMAS

B.1 PROOF OF THEOREM 4.6

Theorem 4.6 If Assumptions of Assumptions 4.2, 4.3 and 4.4 hold, let γ1 ∈
(0, 1/ργ), γ2 > 0, ct = c(t+1)p with p ∈ (0, 1/2) and c > 0. Pick ηt ∈ (0, ργ/L

2
B),

then there exists cα, cβ > 0 such that when α ∈ (α, cα) andβ ∈ (β, cβ), with
α, β > 0, the sequence of (x(t),λ(t), z(t),θ(t),µ(t)) generated by Algorithm 1:
MLM-CMOO satisfies

min
t

∥∥(θt,µt)− (θ∗
r(x

(t),λ(t), z(t)),µ∗
r(x

(t),λ(t), z(t)))
∥∥ = O(

1√
T
),

and

min
t

Rt(x
(t),λ(t), z(t)) = O(

1√
T 1−2p

).

Proof: First, using the descent lemma in Lemma 4.5 and its condition, telescoping
the inequality for t = 0, 1, ..., T − 1, we get

VT − V0 ≤− 1

4α

T−1∑
t=0

(∥∥x(t+1) − x(t)
∥∥2 + ∥∥λ(t+1) − λ(t)

∥∥2)− 1

4β

T−1∑
t=0

∥∥z(t+1) − z(t)
∥∥2

− ηρTCθ,µ

T−1∑
t=0

∥∥(θ(t),µ(t))− (θ∗(x(t),λ(t), z(t)),µ∗(x(t),λ(t), z(t))
∥∥2 .

From assumptions, we have
∑T−1

t=0

∥∥(θ(t),µ(t))− (θ∗(x(t),λ(t), z(t)),µ∗(x(t),λ(t), z(t))
∥∥2

is upper bounded, which is

T−1∑
t=0

∥∥(θ(t),µ(t))− (θ∗(x(t),λ(t), z(t)),µ∗(x(t),λ(t), z(t))
∥∥2 ≤ +∞.

Thus, we have

min
t

∥∥(θ(t),µ(t))− (θ∗(x(t),λ(t), z(t)),µ∗(x(t),λ(t), z(t))
∥∥ = O(

1√
T
).

13
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Secondly, according to the update rule of variables (x, y, z), we have

0 ∈ ct(d
(t)
x , d

(t)
λ ) +MC(x

(t),λ(t)) +
ct
α
((x(t+1),λ(t+1))− (x(t),λ(t))),

0 ∈ ctd
(t)
z +MZ(z

(t+1)) +
ct
β
(z(t+1) − z(t)).

where d
(t)
x = 1

c(t)
∇xF (x(t),λ(t)) + U +

∑n
i=1 µ

(t+1)
i ∇xgi(x

(t)), d(t)λ = 1
c(t)

(λ(t) −
λ′) + V − 1

γ1
(λ)(t) − θ)(t+1)), and d

(t)
z = µ(t+1) − z(t). Note, U =

argminu{H(u,λ(t)) + 1
2

∥∥u− x(t)
∥∥2} − argminu{H(u,θ(t+1)) + 1

2

∥∥u− x(t)
∥∥2},

λ′ = argminλ

∥∥∑m
i=1 λi∇fi(x

(t))
∥∥, and V = argminv{H(x(t),v) +

1
2

∥∥v − λ(t)
∥∥2} − argminv{H(u,θ(t+1)) + 1

2

∥∥u− x(t)
∥∥2}.

By the meanings of d(t)x , d(t)λ , and d
(t)
z , we obtain

(e
(t)
x,λ, e

(t)
z ) ∈(∇F (x(t+1),λ(t+1)), 0) + ct(

n∑
i=1

µi∇gi(x
(t+1)), 0)

− ct(∇Li,s,r(x
(t+1),λ(t+1), z(t+1)) +MC×Z(x

(t+1),λ(t+1), z(t+1)),

where
e
(t)
x,λ :=∇x,λϕct(x

(t),λ(t), z(t))− ct(d
(t)
x , d

(t)
λ )− ct

α
− ((x(t+1),λ(t+1))− ((x(t),λ(t))),

e(t)z :=∇zϕct(x
(t),λ(t), z(t))− ct(d

(t)
x , d

(t)
λ )− ctd

(t)
z − ct

β
− (z(t+1) − z(t))).

Next, we estimate
∥∥∥e(t)x,λ

∥∥∥. Using the estimates in Yao et al. (2024), we have∥∥∥e(t)x,λ

∥∥∥ ≤ctLϕ1

∥∥(x(t+1),λ(t+1), z(t+1))− (x(t),λ(t), z(t))
∥∥

+
ct
α

∥∥(x(t+1),λ(t+1))− (x(t),λ(t))
∥∥+ ctCϕ1

+
∥∥(θ(t),µ(t))− (θ∗(x(t),λ(t), z(t)),µ∗(x(t),λ(t), z(t))

∥∥ ,
where Cϕ1 :=

√
max{2(Lg + CzLg)2, 2L2

g}.

For
∥∥∥e(t)z

∥∥∥, we have∥∥e(t)z

∥∥ ≤(
ct
β
+

ct
γ2

)
∥∥z(t+1) − z(t)

∥∥+ ct
γ2

∥∥µ(t) − µ∗(x(t),λ(t), z(t))
∥∥ .

Thus,

Rt(x
(t),λ(t), z(t)) ≤(

ct
β
+

ct
γ2

)
∥∥z(t+1) − z(t)

∥∥+ ct
α

∥∥(x(t+1),λ(t+1))− (x(t),λ(t))
∥∥

+ ct(Cϕ1 +
1

γ2
)
∥∥(θ(t),µ(t))− (θ∗(x(t),λ(t), z(t)),µ∗(x(t),λ(t), z(t))

∥∥
+ ctLϕ1

∥∥(x(t+1),λ(t+1), z(t+1))− (x(t),λ(t), z(t))
∥∥ .

Let αt ≥ α and βt ≥ β for some positive constants α and β, we can show that there
exists CR > 0 such that
1

c2t
R2

t (x
(t),λ(t), z(t)) ≤CR

(
1

4α

∥∥(x(t+1),λ(t+1))− (x(t),λ(t))
∥∥2 + 1

4β

∥∥z(t+1) − z(t)
∥∥2

14
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+ηρTCθ,µ

∥∥(θ(t),µ(t))− (θ∗(x(t),λ(t), z(t)),µ∗(x(t),λ(t), z(t))
∥∥2) .

This completes the proof.

B.2 PROOF OF LEMMA 4.7

Lemma 4.7. Under Assumption 4.3 and 4.4, let γ1 ∈ (0, 1/ρf ), γ2 > 0 and pick
η ∈ (0, ρT/L

2
b , where Lb := max{Lf + Lg +CZLg + 1/γ1, Lg + 1/γ2}. Then, the

sequence generated by Algorithm 1 satisfies∥∥(θ(t+1),µ(t+1))−
(
θ∗(ω(t)),µ∗(ω(t))

)∥∥
≤(1− ηρT )

∥∥(θ(t),µ(t))−
(
θ∗(ω(t)),µ∗(ω(t))

)∥∥ .
Proof: The proof is similar to the proof of Lemma A.5 in Yao et al. (2024).

B.3 PROOF OF LEMMA 4.8

Lemma 4.8. Suppose the assumption of 4.2, 4.3 and 4.4 hold, and let γ1 ∈
(0, 1/ρg), γ2 > 0. Pick η ∈ (0, ργ/L

2
B) with LB := max{2Lg+CzLg+1/γ1, Lg+

1/γ2} then the sequence of (ω(t)) generated by Algorithm 1: MLM-CMOO satis-
fies

ϕct(ω
(t+1)) ≤ ϕct(ω

(t))− (
1

2β
− Lvz

2
)
∥∥z(t+1) − z(t)

∥∥2
−
(

1

2α
− Lϕk

2
−

βL2
θ,µ

γ2
2

)(∥∥x(t+1) − x(t)
∥∥2 + ∥∥λ(t+1) − λ(t)

∥∥2)
+

α

2

(
2(Lg + CzLg)

2 +
1

γ2
1

)∥∥θ(t+1) − θ∗(ω(t))
∥∥2

+ (αL2
g +

β

γ2
2

)
∥∥µ(t+1) − µ∗(ω(t))

∥∥2 ,
where Lϕt := Lf/ct + Lg + ρv.

Proof: Given Assumptions 4.2, 4.3, and4.4 that ∇F and ∇g are LF - and Lg-
Lipschitz continuous on their domain, respectively, and applying Lemma 5.7
in Beck (2017)] and previous Lemmas, we obtain

ϕct(ω
(t+1)) ≤ϕct(ω

(t)) +
〈
∇x,λϕct(ω

(t)), (x(t+1),λ(t+1))− (x(t),λ(t))
〉

+
Lϕt

2

∥∥(x(t+1),λ(t+1))− (x(t),λ(t))
∥∥2 ,

with Lϕt := LF/ct + Lg + ρv. Based on the update rule of variable x(t),λ(t), the
convexity and the property of the proximal operator, we have〈

(x(t),λ(t))− α(d(t)x , d
(t)
λ )− (x(t+1),λ(t+1)), (x(t),λ(t))− (x(t+1),λ(t+1))

〉
≤ 0,

thus, we have〈
(d(t)x , d

(t)
λ ), (x(t+1),λ(t+1))− (x(t),λ(t))

〉
≤ − 1

α

∥∥(x(t+1),λ(t+1))− (x(t),λ(t))
∥∥2 .
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Considering the formula of ∇x,λLs,r derived in Lemma A.2 and the meanings of
d
(t)
x , d

(t)
λ provided in the previous proof, we can obtain that∥∥∥∇x,λLs,r(ω

(t))− (d(t)x , d
(t)
λ )
∥∥∥2

=

∥∥∥∥∥∇xH(x(t),θ∗(ω(t))) +
n∑

i=1

µ∗
i (ω

(t))∇xg(x
(t))−∇xH(x(t),θ(t+1))−

n∑
i=1

µ
(t+1)
i ∇xg(x

(t))

∥∥∥∥∥
2

+
1

γ2
1

∥∥θ(t+1) − θ∗(ω(t))
∥∥2

≤2

∥∥∥∥∥∇xH(x(t),θ∗(ω(t))) +
n∑

i=1

µ∗
i (ω

(t))∇xg(x
(t))−∇xH(x(t),θ∗(ω(t)))−

n∑
i=1

µ
(t+1)
i ∇xg(x

(t))

∥∥∥∥∥
2

+ 2

∥∥∥∥∥∇xH(x(t),θ∗(ω(t))) +
n∑

i=1

µ
(t+1)
i ∇xg(x

(t))−∇xH(x(t),θ(t+1))−
n∑

i=1

µ
(t+1)
i ∇xg(x

(t))

∥∥∥∥∥
2

+
1

γ2
1

∥∥θ(t+1) − θ∗(ω(t))
∥∥2

≤
(
2(Lf + CZLg +

1

γ2
1

)∥∥θ(t+1))− θ∗(ω(t))
∥∥2 + 2L2

g

∥∥µ(t+1))− µ∗(ω(t))
∥∥2 ,

which yields〈
∇x,λLs,r(ω

(t))− (d(t)x , d
(t)
λ ),λ(t+1)), (x(t+1),λ(t+1))− (x(t),λ(t))

〉
≤α

2

(
2(Lf + CZLg +

1

γ2
1

)∥∥θ(t+1))− θ∗(ω(t))
∥∥2 + αL2

g

∥∥µ(t+1))− µ∗(ω(t))
∥∥2

+
1

2α

∥∥(x(t+1),λ(t+1))− (x(t),λ(t))
∥∥2 ,

Combing with the above inequalities, we have

ϕct(ω
(t+1)) ≤ϕct(ω

(t)) +

(
1

2α
− Lϕt

2

)∥∥(x(t+1),λ(t+1))− (x(t),λ(t))
∥∥2

+
α

2

(
2(Lf + CZLg +

1

γ2
1

)∥∥θ(t+1))− θ∗(ω(t))
∥∥2 + αL2

g

∥∥µ(t+1))− µ∗(ω(t))
∥∥2

For variable z, we have

ϕct(ω
(t+1)) ≤ϕct(ω

(t)) +
〈
∇zϕct(ω

(t)), z(t+1) − z(t)
〉
+

Lz

2

∥∥z(t+1) − z(t)
∥∥2 .

According to the property of the proximal gradient, we have〈
d(t)z , z(t+1) − z(t)

〉
≤ − 1

β

∥∥z(t+1) − z(t)
∥∥2

Thus, we have

ϕct(ω
(t+1)) ≤ϕct(ω

(t)) +
〈
∇zϕct(ω

(t))− d(t)z , z(t+1) − z(t)
〉
+ (

Lz

2
− 1

β
)
∥∥z(t+1) − z(t)

∥∥2 .
16
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Based on the definition of d(t)z provided in the previous section, we have∥∥ω(t) − d(t)z

∥∥2 ≤ 1

γ2
2

∥∥µ(t+1) − µ∗(x(t+1),λ(t+1), z(t))
∥∥2 ,

and〈
∇zϕct(ω

(t))− d(t)z , z(t+1) − z(t)
〉
≤ β

2γ2
2

∥∥µ(t+1) − µ∗(x(t+1),λ(t+1), z(t))
∥∥2 + 1

2β

∥∥z(t+1) − z(t)
∥∥2

The, for variable z, we can get

ϕct(ω
(t+1)) ≤ϕct(ω

(t)) +
β

2γ2
2

∥∥µ(t+1) − µ∗(x(t+1),λ(t+1), z(t))
∥∥2 + (

Lz

2
− 1

2β
)
∥∥z(t+1) − z(t)

∥∥2
≤ϕct(ω

(t)) +
β

2γ2
2

∥∥µ(t+1) − µ∗(x(t),λ(t), z(t))
∥∥2 + (

Lz

2
− 1

2β
)
∥∥z(t+1) − z(t)

∥∥2
+

βL2
θ,µ

2γ2
2

∥∥(x(t+1),λ(t+1))− (x(t),λ(t))
∥∥2 .

Combining the inequities for variable (x,λ) and z, we can get Lemma 4.8.

B.4 PROOF OF LEMMA 4.5

Lemma 4.5 Under Assumptions 4.2, 4.3 and 4.4 hold, let γ1 ∈ (0, 1/ρT ), γ2 > 0,
ct ≤ ct+1 and ηt ∈ (η, ργ/L

2
B) with η > 0, then there exist constants cα, cβ > 0

such that when 0 < α ≤ cα and0 < β ≤ cβ , the sequence of (x(t),λ(t), z(t))
generated by Algorithm 1: MLM-CMOO satisfies

Vt+1 − Vt ≤− 1

4α

∥∥x(t+1) − x(t)
∥∥2 − 1

4α

∥∥λ(t+1) − λ(t)
∥∥2 − 1

4β

∥∥z(t+1) − z(t)
∥∥2

− ηρTCθ,µ

∥∥(θ(t),µ(t))− (θ∗(x(t),λ(t), z(t)),µ∗(x(t),λ(t), z(t))
∥∥2 .

Proof: From Lemma 4.8 and server aggregation rule, we have

ϕct(ω
(t)) ≤ ϕct(ω

(t))− (
1

2β
− Lvz

2
)
∥∥z(t+1) − z(t)

∥∥2 (8)

−
(

1

2α
− Lϕk

2
−

βL2
θ,µ

γ2
2

)(∥∥x(t+1) − x(t)
∥∥2 + ∥∥λ(t+1) − λ(t)

∥∥2)
+

α

2

(
2(Lg + CzLg)

2 +
1

γ2
1

)∥∥θ(t+1) − θ∗(ω(t))
∥∥2

+ (αL2
g +

β

γ2
2

)
∥∥µ(t+1) − µ∗(ω(t))

∥∥2 .
Since ct+1 ≥ ct, we can infer that (F (x(t),λ(t))−F )/ct+1 ≤ (F (x(t),λ(t))−F )/ct.
Combining with inequality equation 8 leads to

Vt+1 − Vt =ϕct+1(ω
(t+1)))− ϕct(ω

(t))) + Cθ,µ

∥∥(θ(t+1),µ(t+1))− (θ∗(ω(t+1)),µ∗(ω(t+1))
∥∥2
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− Cθ,µ

∥∥(θ(t),µ(t))− (θ∗(ω(t)), µ∗(ω(t)))
∥∥2

≤− (
1

2α
− Lϕt

2
−

βL2
θ,µ

γ2
2

)
∥∥(x(t+1),λ(t+1))− (x(t),λ(t))

∥∥2 − (
1

2β
− Lvz

2
)
∥∥z(t+1) − z(t)

∥∥2
+ (αL2

g +
β

γ2
2

)
∥∥µ(t+1) − µ∗(ω(t))

∥∥2 + α

2

(
2(Lg + CzLg)

2 +
1

γ2
1

)∥∥θ(t+1) − θ∗(ω(t))
∥∥2

+ Cθ,µ

∥∥(θ(t+1),µ(t+1))− (θ∗(ω(t+1)),µ∗(ω(t+1))
∥∥2

− Cθ,µ

∥∥(θ(t),µ(t))− (θ∗(ω(t)), µ∗(ω(t)))
∥∥2

≤− (
1

2α
− Lϕt

2
−

βL2
θ,µ

γ2
2

)
∥∥(x(t+1),λ(t+1))− (x(t),λ(t))

∥∥2 − (
1

2β
− Lvz

2
)
∥∥z(t+1) − z(t)

∥∥2
+ Cθ,λ

{
−
∥∥(θ(t),µ(t))− (θ∗(ω(t)), µ∗(ω(t)))

∥∥2 + ∥∥(θ(t),µ(t))− (θ∗(ω(t)),µ∗(ω(t))
∥∥2

+2max{α, β}
∥∥(θ(t+1),µ(t+1))− (θ∗(ω(t)),µ∗(ω(t))

∥∥2} ,

where the last inequality follows from the fact that Cθ,λ := max{(Lg + CZLg)
2 +

1/(2γ2
1) + L2

g, 1/γ
2
2}.

Then, for the last 3 terms in the previous equation, we have

−
∥∥(θ(t),µ(t))− (θ∗(ω(t)), µ∗(ω(t)))

∥∥2 + ∥∥(θ(t),µ(t))− (θ∗(ω(t)),µ∗(ω(t))
∥∥2

+ 2α
∥∥(θ(t+1),µ(t+1))− (θ∗(ω(t)),µ∗(ω(t))

∥∥2
a

≤(1 +
1

ϵt
)
∥∥(θ∗(ω(t+1)),µ∗(ω(t+1))− (θ∗(ω(t)),µ∗(ω(t))

∥∥2
−
∥∥(θ(t),µ(t))− (θ∗(ω(t)), µ∗(ω(t)))

∥∥2
+ (1 + ϵt + 2α)

∥∥(θ(t+1),µ(t+1))− (θ∗(ω(t)),µ∗(ω(t))
∥∥2

b

≤(1 +
1

ϵt
)Lθ,µ

∥∥ω(t+1) − ω(t)
∥∥2 − ∥∥(θ(t),µ(t))− (θ∗(ω(t)), µ∗(ω(t)))

∥∥2
+ (1 + ϵt + 2α)(1− ηρT )

2
∥∥(θ(t+1),µ(t+1))− (θ∗(ω(t)),µ∗(ω(t))

∥∥2
≤(1 +

2

ηρT
)L2

θ,µ

∥∥ω(t+1) − ω(t)
∥∥2 − ηρT

∥∥(θ(t),µ(t))− (θ∗(ω(t)), µ∗(ω(t)))
∥∥2 ,

where a from Lemma A.5 and A.7 for ϵ > 0, and b from setting ϵ = ηρT/2 and
picking α ≤ ηρT/4 where holds that (1 + ϵ+ 2α)(1− ηρT ) ≤ 1.

Similarly, we can show that when β ≤ ηρT/4, it holds that

−
∥∥(θ(t),µ(t))− (θ∗(ω(t)), µ∗(ω(t)))

∥∥2 + ∥∥(θ(t),µ(t))− (θ∗(ω(t)),µ∗(ω(t))
∥∥2

≤(1 +
2

ηρT
)L2

θ,µ

∥∥ω(t+1) − ω(t)
∥∥2 − ηρT

∥∥(θ(t),µ(t))− (θ∗(ω(t)), µ∗(ω(t)))
∥∥2 .

Combining the above inequities, we have

Vt+1 − Vt ≤−
(

1

2α
− Lϕt

2
−

βL2
θ,µ

γ2
2

− (1 +
2

ηρT
)L2

θ,µCθ,λ

)∥∥(x(t+1),λ(t+1))− (x(t),λ(t))
∥∥2

−
(

1

2β
− Lvz

2
− (1 +

2

ηρT
)L2

θ,µCθ,λ

)∥∥z(t+1) − z(t)
∥∥2
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+ ηρTCθ,λ

∥∥(θ(t),µ(t))− (θ∗(ω(t)), µ∗(ω(t)))
∥∥2 .

When ct+1 ≥ ct, η ≥ η > 0, α ≤ ηρT/4 and β ≤ ηρT/4, then Lϕt

2
+

βL2
θ,µ

γ2
2

+

(1 + 2
ηρT

)L2
θ,µCθ,µ ≤ Lϕ0

2
− ηρTL2

θ,µ

γ2
2

− (1 + 2
ηρT

)L2
θ,µCθ,µ =: Cα and Lvz

2
+ (1 +

2
ηρT

)L2
θ,µCθ,µ ≤ Lvz

2
+ (1 + 2

ηρT
)L2

θ,µCθ,µ =: Cβ

Consequently, if Cα, Cβ > 0 satisfies Cα ≤ min
{

ηρT
4
, 1
4Cα

}
and Cβ ≤

min
{

ηρT
4
, 1
4Cβ

}
, it holds that Lϕt

2
+

βL2
θ,µ

γ2
2

+ (1 + 2
ηρT

)L2
θ,µCθ,µ ≥ 1

4α
and

Lvz

2
+ (1 + 2

ηρT
)L2

θ,µCθ,µ ≥ 1
4β

This completes the proof.
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